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Abstract

Chemical reaction networks are a popular formalism for modeling biological processes which supports both a deter-
ministic and a stochastic interpretation based on ordinary differential equations and continuous-time Markov chains,
respectively. In most cases, these models do not enjoy analytical solution, thus typically requiring expensive com-
putational methods based on numerical solvers or stochastic simulations. Exact model reduction techniques can be
used as an aid to lower the analysis cost by providing reduced networks that preserve the dynamics of interest to the
modeler without incurring any approximation error. We hereby consider a family of techniques for both deterministic
and stochastic networks which are based on equivalence relations over the species in the network, leading to a coarse
graining which provides the exact aggregate time-course evolution for each equivalence class. We present a large-
scale empirical assessment on the BioModels repository by measuring their compression capability over 579 models.
Through a number of selected case studies, we also show their ability in yielding physically interpretable reductions
that can reveal dynamical patterns of the bio-molecular processes under consideration, independently of the values of
the kinetic parameters used in the models.

Keywords: Model reduction, Chemical Reaction Networks, Equivalence relations

1. Introduction

Computational models in systems biology combine biochemical and physiological knowledge to inform highly
detailed mechanistic models of biological networks such as signaling pathways, protein-protein interaction networks,
and genetic cascades. Mathematical models which equip such interaction networks with kinetic information gener-
ally lead to a dynamical-system representation in terms of a formal chemical reaction network (CRN) 1, with two
main interpretations based on ordinary differential equations (ODEs) and continuous-time Markov chains (CTMCs),
respectively. In either case the model tracks the time-course evolution of all biochemical species in the network. In
the ODE interpretation each species is associated with a variable of a system of (typically nonlinear) ODEs, which are
analyzed from an initial condition that represents the initial concentration of each species [55]. In the CTMC inter-
pretation [28], species are tracked discretely and each state is a vector of molecular counts, one component for each
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1The paper uses a number of acronyms summarized in Table 1.
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species. It is well known that these two representations can be formally related to each other under appropriate condi-
tions, with the ODEs being the limit behavior when the number of molecules in the CRN is large enough [36]. Often
it is useful to consider both interpretations—one would take the CTMC semantics as the ground-truth representation
and the ODE as an approximation that estimates the first-order moments of the species’ populations.

Unfortunately, in both cases the analysis can be expensive due to the lack of analytical solutions in general. Indeed,
the modeler is typically left with computational approaches such as the numerical integration of ODEs (e.g., [3])
or stochastic simulation [28]. This is a major motivating issue for several lines of research aiming at easing the
computational cost of the analysis, including efficient simulation methods (e.g., [29]) and approximation methods
for stochastic chemical kinetics (e.g., [49]). Model reduction is a major line of research concerned with lowering
the computational cost of the analysis of dynamical models. Under this term belong several techniques which exploit
various properties such as time-scale separation (i.e., by identifying reactions evolving at considerably different rates),
lumping (i.e., grouping variables into macro-variables for which it is possible to construct a coarse-grained model), and
sensitivity analysis (i.e., by removing variables that have little influence on the dynamics of interest to the modeler).
For a thorough review in the field of computational biology, the reader is referred to [50], and to [44] for a classical
earlier review in chemical engineering. It is worth noting that the problem of model reduction transcends chemistry
and biology, and is of relevance in many other computational sciences; see, for instance, the book by Antoulas for
applications to control theory [1].

For the purposes of the present paper it is useful to distinguish between exact and approximate model reduc-
tion methods. The former class identifies a reduced model which preserves an aggregate dynamics of the original
model precisely, i.e., without any approximation error [40, 53]. In other words, the reduction induces some loss of
information, but the information which is kept remains exact. The latter class gives aggregate dynamics with some
approximation error, whose degree of controllability depends on the specific technique under consideration. Exact
model reduction methods can be seen as a universal pre-processing step for computational analysis because they do
not add further inaccuracy beyond the inevitable disagreement between a model and the real (biological) system under
study. On the other hand, they may require stricter criteria to guarantee exactness, which may limit their applicability
in practice.

The main goal of this paper is to carry out a systematic evaluation on benchmark biological models of a class of
methods for the exact reduction of a CRN. These methods are based on the computation of equivalence relations be-
tween its species. Here the original set of species is partitioned into blocks such that every original species belongs to
exactly one block. The simplification consists in defining an aggregate CRN where each macro-species represents the
overall dynamics (i.e., the sum of the original dynamics) of the species in each block. According to established termi-
nology, such an equivalence relation identifies a so-called proper lumping [44], whereby every variable is guaranteed
to contribute to precisely one of the macro-variables. We remark that, although methods concerned with improper
lumping are available (e.g., [40, 45], they are outside the scope of the present contribution.

We consider five different techniques [10, 11, 13, 18, 17]. These are all defined as equivalence relations which
share a common property, namely the possibility of developing an algorithm for computing the coarsest lumping
using partition refinement, based on the seminal algorithm in [46]. Such algorithms apply iterative refinements to a
given initial partition of species with which, for instance, one can isolate the observable species to be preserved in
the reduction. The techniques differ according to the dynamical interpretation that they consider (i.e., deterministic
versus stochastic), the assumption on the structure of the input CRN, and the dynamical property that they preserve.

• Forward equivalence (FE) and backward equivalence (BE) apply to CRNs with deterministic semantics based
on ODEs with polynomial derivatives (including mass-action kinetics as a notable instance), and lead to reduced
models where the solution of each macro-species exactly corresponds to the sums of the solutions of the original
variables belonging to a block [13].

– With FE the reduced model can be used for any choice of the initial concentrations of the original model,
but the time course of the concentration of one original species cannot be recovered from the reduced
model in general.

– BE aggregates species that have the same solutions at all time points, hence an individual solution may
be recovered by simply dividing the solution of the corresponding aggregate by the cardinality of the
equivalence class; however the dynamics of the reduced model can be related to that of the original one
only if all species in the same partition block start with the same initial concentration in the original model.
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Acronym Meaning

ODE Ordinary differential equation
CTMC Continuous-time Markov chain

CRN Chemical reaction network
MRN Chemical reaction network with mass-action kinetics (either stochastic or deterministic semantics)
PRN Chemical reaction network with deterministic semantics yielding polynomial ODEs
NRN Chemical reaction network with deterministic semantics yielding arbitrary nonlinear ODEs

FE Forward equivalence (applied to PRNs and MRNs with deterministic semantics)
BE Backward equivalence (applied to PRNs and MRNs with deterministic semantics)

FDE Forward differential equivalence (applied to NRNs with deterministic semantics)
BDE Backward differential equivalence (applied to NRNs with deterministic semantics)
SE Species Equivalence (applied to MRNs with stochastic semantics)

SMT Satisfiability Modulo Theories (used to check the validity of logical formulas with real predicates)

Table 1: Acronyms for semantic models, reaction networks, equivalence relations, and other techniques used in the paper.

• Forward differential equivalence (FDE) and backward differential equivalence (BDE) are generalizations of
FE and BE, respectively, that can be applied to CRNs where the underlying ODEs have nonlinearities beyond
polynomials, e.g., rational expressions as in Hill kinetics [11].

• Species equivalence (SE) is an equivalence relation for mass-action CRNs with CTMC interpretation. It iden-
tifies a reduced CRN where the marginal probability distribution of each macro-species gives the marginal
probability distribution of the sum of the molecular counts of all species in that block.

FDE and BDE (hence, FE and BE) are shown to be conservative generalizations of the notions of ordinary and exact
lumpability for CTMCs [9], respectively, when one considers their forward equations of motion, which are a system
of linear ODEs. As a consequence of the fact that ordinary and exact lumpability are not comparable—i.e., neither
implies the other)—FDE (resp., FE) and BDE (resp., BE) are not comparable either. This will also show in the models
analyzed in this paper.

Assisted by ERODE [14], a publicly available software tool that implements the aforementioned equivalences,
we carry out an assessment of the BioModels database [39], a well-known repository of quantitative models of bio-
chemical systems. The models are available at https://www.erode.eu/examples.html. Our goal is to answer
the following three main evaluation questions:

Q1. How restrictive are the assumptions required by the considered notions of equivalence? We answer this question
by detailing how we translated the BioModels descriptions, available in the SBML format, into the input format
of ERODE.

Q2. What is the effectiveness of exact model reduction by the equivalence relations? We measure effectiveness as the
percentage of models that can be aggregated, as well as the compression ratio provided by the largest equivalence
that preserves the observables specified in the original model.

Q3. What is the robustness of the reductions with respect to the original parameter values? For this question, we
present a more detailed discussion of a selected number of models, for which we also provide a physical inter-
pretation of the obtained reductions.

Relationship with [47]. This paper is based on and extends [47], where

• a prototypical version of our SBML importer has been presented;

• a less detailed evaluation has been performed on the BioModels repository;

• no indication on the robustness of our reduction techniques to specific parameter values has been provided;
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• a preliminary, now superseded, notion of reduction for the CTMC semantics of MRN has been considered.

Specifically, as discussed in the reworked Section 3 (especially Section 3.2), we improved the quality of our
SBML importer and fully integrated it into ERODE, allowing us to automatize all the importing and analysis tasks.
Despite the number of supported models has not changed considerably with respect to what reported in [47], these
improvements have allowed us to identify more mass-action models (70 rather than 43), and to considerably decrease
the number of models on which the reduction techniques failed with errors or timeouts (22 rather than 198). Differently
from [47], the analysis is provided separately for the curated and non-curated branches of the BioModels repository.
In addition, in this paper we now consider three classes of CRNs instead of two classes in [47] (i.e., with mass-action
and non-mass-action kinetics) by adding the class of polynomial reaction networks, that is CRNs with ODEs that
have polynomial derivatives but do not obey the mass-action law. Furthermore, a section on selected case studies now
shows novel applications of the techniques to identify reductions that are not dependent from the actual values of the
model parameters. Finally, SMB [15], the reduction technique for the stochastic semantics of elementary MRNs has
been replaced by the novel SE [18]. SE generalizes SMB because it can be applied to any MRN (rather than only to
elementary ones with at most two reactants for SMB) and has more reduction power.

2. Background

In order to make the paper self-contained, in this section we briefly overview the main results regarding the
equivalence notions used in our assessment. We refer to the original papers for the details and further examples, while
tutorial-like presentations are given in [52, 54].

2.1. Chemical reaction networks
First, we fix the notation and terminology for reaction networks. A CRN is a pair (S,R) consisting of a finite set

of species S and a finite set of reactions R, where each reaction is in the form ρ
f
−→ π where:

• ρ is a multiset of species which represents the reactants, where the multiplicity of species S is denoted by ρS ;

• π is a multiset of species which represents the products of the reaction;

• f : RS → R≥0 is the propensity function, which, roughly speaking, gives the rate at which the reaction fires.

The domain of f denotes the current state of the system: in the deterministic ODE interpretation, this is the current
concentration of each species; in the stochastic CTMC representation, the state is represented by the number of
molecules of each species. The net stoichiometry π − ρ gives the state update upon the reaction firing. As usual, the
+ and - operators denote multiset union and difference, respectively, while the multiplicity of a species denotes its
stoichiometric coefficient.

Deterministic semantics. According to the deterministic semantics of CRNs [55], a CRN is associated with an ODE
system which tracks the time course of the concentrations of the species at time t, X(t) = (XS (t))S∈S, as follows:

dXS (t)
dt

=
∑

(ρ
f
−→π)∈R

(πS − ρS ) · f (X(t)). (1)

In a CRN with mass-action kinetics [55] (denoted by MRN throughout the remainder of this paper) with deterministic
semantics, the form of each propensity function depends on a kinetic parameter λ > 0 and on the products of the
concentrations of the reactants, considering also their multiplicities. A mass-action reaction is usually represented as

ρ
λ
−→ π and the propensity function, denoted by fλ,ρ, is given by fλ,ρ(X(t)) = λ

∏
S∈S X(t)ρS

S .

Example 1. Let us consider the MRN with species S 1,S 2,S 3,S 4, and S 5, and reactions

S 1
2
−−→ S 5 S 1

1
−−→ 2S 3 S 3 + S 5

3
−−→ S 3

S 2
2
−−→ S 3 S 2

1
−−→ 2S 5 S 4 + S 5

3
−−→ S 3.
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According to (1), the ODEs are given by:

dXS 1 (t)
dt

= −3XS 1 (t)

dXS 2 (t)
dt

= −3XS 2 (t)

dXS 3 (t)
dt

= +2XS 1 (t) + 2XS 2 (t) + 3XS 4 (t)XS 5 (t)

dXS 4 (t)
dt

= − 3XS 4 (t)XS 5 (t)

dXS 5 (t)
dt

= − 3XS 3 (t)XS 5 (t) − 3XS 4 (t)XS 5 (t)+2XS 1 (t) + 2XS 2 (t).

(2)

With this ODE system is associated an initial value problem by taking an initial condition X(0) =
(
XS 1 (0), . . . , XS 5 (0)

)
representing the initial concentration for each species in the CRN.

Stochastic semantics. According to the stochastic semantics, a CRN is represented as a Markov population process.
This is a CTMC where each state is a vector n = (nS )S∈S of nonnegative integers that tracks the molecular counts of

each species. Each reaction ρ
f
−→ π may fire a transition between a state n and n + π − ρ2 according to an exponential

distribution with parameter f (n). The underlying CTMC can be derived by exhaustively applying the reactions on
all reachable states, starting from a given one that defines the initial population count for each species. Although the
stochastic semantics can be defined for propensities with arbitrary functional form, the equivalence relation studied
in this paper, SE [18], applies to MRNs only. The stochastic semantics of MRNs have the well-known interpretation
of exponentially distributed reaction times with rates that are proportional to the total number of possible collisions
between molecules occurring in a well-stirred solution, building on a celebrated result by Gillespie [28]. Specifically,

for a given kinetic parameter λ > 0, the mass-action propensity function for a reaction ρ
λ
−→ π in state n is given by

fλ,ρ(n) = λ
∏

S∈S

(
nS
ρS

)
.

Let us consider Example 1 assuming a stochastic semantics with initial state n = (nS 1 , . . . , nS 5 ) = (1, 1, 1, 0, 0).
Then, the following are the transitions of the CTMC from this state:

(1, 1, 1, 0, 0)
2
−−→ (0, 1, 1, 0, 1)

(1, 1, 1, 0, 0)
2
−−→ (0, 1, 3, 0, 0)

(1, 1, 1, 0, 0)
2
−−→ (1, 0, 2, 0, 0)

(1, 1, 1, 0, 0)
1
−−→ (1, 0, 1, 0, 2)

(3)

where we have used the customary notation ns
q
−−→ nt where ns is the source state, nt is the target state and q is the

transition rate computed according to mass-action kinetics evaluated at the source state.

2.2. Equivalence realtions
Forward and backward equivalence. By (1), it is clear that a deterministic MRN gives rise to a system of ODEs
with polynomial derivatives. However, not every system of polynomial ODEs can be represented as an MRN. Indeed,
according to (1) every monomial with negative coefficient appearing in the derivative of some variable XS must feature
XS itself with a positive exponent. It turns out that it is possible to represent any polynomial ODE system as a CRN
by further allowing kinetic parameters of mass-action reactions to be negative [12, 13]. Although negative kinetic
parameters do not carry any physical interpretation, mathematically the finitary representation of a polynomial ODE
system in terms of a reaction network enables the definition of FE and BE as equivalence relations over species which

2With a slight abuse of notation, here and in the rest of the paper we use multisets π and ρ to denote also vectors nπ = (πS )S∈S and nρ = (ρS )S∈S
counting the multiplicity of each species in the multiset.
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can be checked by using only structural conditions on the reactions [13]. Because of this, throughout the reminder of
this paper we will use the term polynomial reaction networks (PRN) to indicate CRNs which lead to polynomial ODE
systems that do not follow the mass-action kinetics.

The next example further clarifies the relationship between polynomial ODEs and PRNs by sketching how to
systematically convert the former into the latter.

Example 2. Let us consider a CRN where species S 1, S 2, and S 3 are involved in the single reaction

S 1
f
−−→ S 2, f (X(t)) = λXS 1 (t)XS 3

(t), for some λ > 0. (4)

By (1), this leads to the following polynomial ODE system:

dXS 1 (t)
dt

= −λXS 1 (t)XS 3 (t),
dXS 2 (t)

dt
= λXS 1 (t)XS 3 (t),

dXS 3 (t)
dt

= 0. (5)

By [12, 13], this can be turned into a PRN by encoding each monomial m appearing in the right-hand side of the
ODE of species S i as a mass-action reaction having: all species in m with positive exponents as reagents; S i as well
as all species in m as products; the coefficient of the monomial as kinetic parameter. This transformation leads to the
following PRN:

S 1 + S 3
−λ
−−→ S 1 + S 3 + S 1 S 1 + S 3

λ
−−→ S 1 + S 3 + S 2.

As a side remark, we note that the above systematic transformation is not unique. Indeed, reaction (4) implicitly uses
species S 3 as a catalyst, i.e., a species that affects the actual propensity function of the reaction, but that is neither
consumed nor produced by it. The same ODE system (5) is generated by the following single mass-action reaction:

S 1 + S 3
λ
−−→ S 2 + S 3. (6)

Both notions of FE and BE adhere to the same template which can be summarized as follows.

For χ ∈ {FE,BE}, given a PRN (S,R), a partition H of species is χ if and only if for any two blocks
H,H′ ∈ H and any two species S i, S j ∈ H it holds

cχ(S i, η,H′)=cχ(S j, η,H′) ∀η. ∃(S k +η
λ
−−→π)∈R for k = i, j, (7)

where cχ maps a species (S i,S j), a multiset of reagent partners (η) and a block of species (H′) into a real number
computed by inspecting the reactions once [13]. The appropriate definition of cχ characterizes the type of dynamical
aggregation that can be obtained at the level of the underlying polynomial ODEs, as introduced in Section 1.

Specifically, if a partition of species that satisfies the FE criteria then there exists an aggregated polynomial ODE
system which describes the dynamics of the sums of the solutions of the species in each partition block/equivalence
class. In fact, this turns out to be a characterization result, namely if such an aggregated system can be found, then
the FE conditions are satisfied [13]; in practice, this is a relevant property because it ensures that with the syntactic
checks based on the aforementioned template, no dynamical aggregations are missed.

As an example, it is possible to show that the partitionH given by

H = {{S 1, S 2}, {S 3, S 4}, {S 5}} (8)

is an FE for the MRN of Example 1. This is can be verified by simple algebraic manipulations of its ODE system,
showing that one can write a self-consistent ODE system in terms of the sums of variables XS 1 + XS 2 and XS 3 + XS 4 ,
as well as XS 5 on its own:

d(XS 1 (t) + XS 2 (t))
dt

= −3(XS 1 (t) + XS 2 (t))

d(XS 3 (t) + XS 4 (t))
dt

= +2(XS 1 (t) + XS 2 (t))

dXS 5 (t)
dt

= −3XS 5 (t)(XS 3 (t) + XS 4 (t)) + 2(XS 1 (t) + XS 2 (t)).

6



That is, by introducing the change of variables Y1,2 = XS 1 + XS 2 , Y3,4 = XS 3 + XS 4 , and for consistency Y5 = XS 5 , one
gets the aggregated ODE system

dY1,2(t)
dt

= −3Y1,2(t)

dY3,4(t)
dt

= +2Y1,2(t)

dY5(t)
dt

= −3Y5(t)Y3,4(t) + 2Y1,2(t).

(9)

This means that the solution to this three-variable ODE system satisfies Y1,2(t) = XS 1 (t)+XS 2 (t), Y3,4(t) = XS 3 (t)+XS 4 (t)
and Y5(t) = XS 5 (t) at all time points, thus yielding an exact, albeit aggregate, relationship with the solution of the
original system (1). In particular we note that, in general, from the solution of the aggregated system it is not possible
to recover all the individual solutions of the original variables.

Importantly, this FE relationship holds for any initial concentration of species. BE, instead, aggregates species
that have the same solutions at all time points, but only when initialized equally. For example it is easy to see that the
partitionH ′ given by

H ′ = {S 1, S 2}, {S 3}, {S 4}, {S 5}}

is a BE for the MRN of Example 1. This descends from the fact that the equations for XS 1 and XS 2 are not coupled;
indeed their solutions are XS i (t) = XS i (0)e−3t, for i = 1, 2, from which it is apparent that they have equal trajectories if
XS 1 (0) = XS 2 (0). Similarly to FE, also the BE criteria characterize this dynamical property. Finally, we observe that
the BE partition H ′ is a refinement of the FE partition H in this specific example. In general, however, FE and BE
are not comparable [10, 12].

Given an FE or a BE, the reduction algorithm presented in [13] constructs a quotient CRN from the original
CRN such that the analysis of the former gives the solution of the aggregated ODE system. For either equivalence,
each macro-species in the quotient CRN represents the dynamics of each equivalence class. For example, let us
consider again the FE in Equation (8). Denoting by S 1,2 and S 3,4 the macro-species for the blocks {S 1, S 2}, {S 3, S 4},
respectively, the quotient MRN is given by:

S 1,2
1
−−→ S 5 S 1,2

1/2
−−→ 2S 3,4 S 3,4 + S 5

3
−−→ S 3,4 S 1,2

1
−−→ S 3,4 S 1,2

1/2
−−→ 2S 5.

It is easy to see that applying the deterministic mass-action semantics to this MRN yields the ODE system in (9).
Using the same reduction algorithm, with the BEH ′ one gets the following quotient MRN:

S 1,2
1
−−→ S 5 S 1,2

1/2
−−→ 2S 3 S 3 + S 5

3
−−→ S 3 S 1,2

1
−−→ S 3 S 1,2

1/2
−−→ 2S 5 S 4 + S 5

3
−−→ S 3

This yields the following aggregated ODE system:

dXS 1,2 (t)
dt

= −3XS 1,2 (t)

dXS 3 (t)
dt

= +2XS 1,2 (t) + 3XS 4 (t)XS 5 (t)

dXS 4 (t)
dt

= −3XS 4 (t)XS 5 (t)

dXS 5 (t)
dt

= −3XS 3 (t)XS 5 (t) − 3XS 4 (t)XS 5 (t) + 2XS 1,2 (t).

(10)

However, since this is related to BE, the relationship S 1,2(t) = S 1(t) + S 2(t) only holds when S 1(0) = S 2(0). Indeed,
since S 1(t) = S 2(t) under this constraint, one gets that S i(t) = S 1,2(t)/2 for i = 1, 2. More in general, BE allows one to
recover the individual ODE solutions from the original model by dividing the aggregated solution by the size of each
corresponding block.
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Forward and backward differential equivalence. FDE and BDE are generalizations of FE and BE, respectively, for
CRNs with deterministic semantics that lead to ODEs with nonlinearities beyond polynomial [11, 17]. For applica-
tions in computational systems biology, these include, e.g., derivatives with rational expressions as used in Michealis-
Menten or Hill kinetics. Throughout the remainder of this paper, we shall refer to this class of networks with the term
nonlinear reaction networks (NRNs). The greater generality of FDE/BDE comes at the cost of more computationally
expensive checks based on encodings in satisfiability modulo theories (SMT) [11, 17].

For example, checking BDE can be done by encoding the property that, for species to be in the same block, their
corresponding ODE variables must have the same derivative whenever they are equal. For instance, the following
formula ψ encodes the check whether partitionH ′ introduced above is a BDE:

ψ := (XS 1 = XS 2 ) =⇒ (−3XS 1 = −3XS 2 ) (11)

By using an SMT solver, we can check if H ′ is a BDE by checking for the satisfiability of ¬ψ. If there exists an
assignment for XS 1 and XS 2 that makes ¬ψ true, then H is not a BDE. This is not the case, and hence it is a BDE
(as expected from it being a BE). Otherwise, the SMT solver returns a counterexample, i.e. an evaluation for the
variables that falsifies ψ. This means that the solver identified an assignment for the variables such that variables in
same block get assigned same value, but the updated functions of variables in the same block evaluate to different
values. Such counterexample is used in the partition-refinement algorithm to compute the maximal BDE. In ERODE,
this computation is done using the well-known solver Z3 [24].

Species equivalence. Among the notions of equivalence considered in this paper, SE is the only one developed for
stochastic semantics and is defined MRNs [18]. It is defined in a similar fashion as FE and BE by identifying criteria
at the level of the reaction network. These induce a notion of aggregation for the underlying CTMC that, essentially,
enables the description of the stochastic dynamics of macro-species representing the sum of the original species in
each block. For instance, it can be shown that the partitionH ′′ = {{S 1}, {S 2}, {S 3, S 4}, {S 5}} is an SE for the MRN of
Example 1. In [18] it is shown that the same reduction algorithm as for FE and BE can be used to obtain the quotient
network, which reads:

S 1
2
−−→ S 5 S 1

1
−−→ 2S 3,4 S 3,4 + S 5

3
−−→ S 3,4 S 2

2
−−→ S 3,4 S 2

1
−−→ 2S 5.

In order to exemplify the relationship with the original CTMC, let us consider the initial state n = (n1, n2, n3,4, n5) =

(1, 1, 1, 0). Notice that this corresponds to the original state n = (n1, n2, n3, n4, n5) = (1, 1, 1, 0, 0) from which we
obtained the sample transitions (3), by summing the initial population counts for species S 3 and S 4, as identified by
SE. These two CTMCs are related by the property that the probability distribution of species S 3,4 corresponds to the
probability distribution of the overall population for species S 3 and S 4 in the original CTMC. Technically, SE proves
that the original CTMC enjoys an aggregation according to ordinary lumpability [9], where all original states that
have the same overall counts for species S 3 and S 4 can be collapsed into a single macro-state of the CTMC, and this
aggregated CTMC corresponds to that generated by the above quotient network.

In this example H ′′ is a refinement of the FE H . This is a specific case of the general result that SE implies FE,
but not vice versa [15]. In Section 4 we will show that the different reduction power of these two equivalences can be
observed in practice in the BioModels instances.

Partition refinement. Thus far, the overviewed criteria for equivalence require a candidate partition to be provided. For
all equivalence notions there exists the maximal equivalence, i.e., the largest one leading to the coarsest aggregation.
In all cases, this can be computed by means of a partition refinement algorithm which refines an initial partition of
species (splitting its blocks) until a fixed point, corresponding to the partition that is the coarsest refinement of the
input one. The maximal equivalence is thus computed in the case where the input partition is the trivial one where all
species are in the same block. Other interesting equivalences can be computed by choosing different initial partitions.
For example, the modeler may choose to preserve the full dynamics of a given species of interest when using FE, by
isolating such species in an singleton initial block. With BE, some domain knowledge that two species cannot have
the same initial condition may be realized by placing such species in distinct initial block.

For FE, BE, and SE, which are based on the template criterion in (7), the iterations are based on computing those
quantities and splitting the blocks of the current candidate partition into sub-blocks with equal values. For FDE and
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Figure 1: Workflow overview. Models were downloaded from the BioModels repository in the SBML format. We implemented in ERODE an
importer to translate the SBML description into the CRN-like input (.ode format) of ERODE. The output of ERODE is a reduced CRN with
reactions involving macro-species, each representing the sum within an equivalence class of original species. We manually inspected the ERODE
output to provide a physical interpretation of the obtained equivalences.

BDE, which are based on SMT checks, the approach is similar but it is based on the provided counterexample: the
current candidate partition is refined such that the values of the counterexample within each sub-block are equal.

3. Experimental set-up

3.1. Overview of the BioModels repository

The BioModels Database is a repository of computational models of biological processes [39]. It hosts dynamical
quantitative models described in peer-reviewed scientific literature as well as models generated automatically from
pathway resources such as KEGG [34], BioCarta [43], MetaCyc [19], PID [48] and SABIO-RK [57]. BioModels
covers a wide range of models from several biological categories such as biochemical reaction systems, kinetic mod-
els, metabolic networks, steady-state models and signaling pathways. Models are available in the Systems Biology
Markup Language (SBML) [31], a well-known machine-readable format based on XML for representing quantitative
models of biological systems.

The BioModels repository is divided into two sections: the curated branch and the non-curated branch. The
former contains models that have been manually checked to match the outputs presented in the scientific articles where
they are presented. Furthermore, the model components are annotated using unambiguous identifiers [33] that refer to
external biological databases [27, 51, 22] or ontologies (such as Gene Ontology [4], SBO [23] or ChEBI [25]). Models
are curated following the Minimum Information Required in the Annotation of Models guidelines (MIRIAM) [37].
Models that are not MIRIAM-compliant are stored in the non-curated branch, which also contains non-kinetic models
such as flux balance analysis models. A more detailed description of BioModels is available at [21].

In our experiments we used the BioModels repository snapshot 26 July 2017, the latest available at the time of
writing this paper.3 The repository consists of 640 models in the curated branch (from id BIOMD0000000001 to
BIOMD0000000640) and 1000 models in the non-curated branch (with ids ranging from MODEL0072364382 to
MODEL9811206584).

3.2. Model conversion

We implemented an importer within ERODE for translating SBML models into ERODE’s format, using the
workflow in Figure 1. SBML files were read using the jsbml library (version 1.2) [38, 26]. Here we briefly explain
the main phases of the conversion process, which, unlike the prototype first presented in [47], is now fully automated.

3Downloaded from ftp://ftp.ebi.ac.uk/pub/databases/biomodels/releases/.
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1 <reaction id="reaction_0000001" metaid="metaid_0000046" name="binding MAPKK on Tyr site of MAPK">
2 <listOfReactants >
3 <speciesReference metaid="_063184" species="M"/>
4 <speciesReference metaid="_063196" species="MAPKK"/>
5 </listOfReactants >
6 <listOfProducts >
7 <speciesReference metaid="_063208" species="M_MAPKK_Y"/>
8 </listOfProducts >
9 <kineticLaw metaid="_063220">

10 <math xmlns="http://www.w3.org /1998/ Math/MathML">
11 <apply>
12 <times/>
13 <ci>cell</ci>
14 <apply>
15 <minus/>
16 <apply>
17 <times/><ci>k1</ci><ci>M</ci><ci>MAPKK</ci>
18 </apply >
19 <apply>
20 <times/><ci>k_1</ci><ci>M_MAPKK_Y </ci>
21 </apply >
22 </apply >
23 </apply >
24 </math>
25 </kineticLaw >
26 </reaction >

Figure 2: Sample SBML reaction adapted from BIOMD0000000030 .

3.2.1. From SBML to ERODE format: parameters and species
The input format of an ERODE specification contains three lists: parameters (to be used, e.g., in kinetic rates);

species (with corresponding initial conditions); and reactions. These are followed by a list of commands for analysis,
reduction, and export.

The following SBML snippet, from BIOMD0000000030 , specifies a parameter

<parameter id="k1" metaid="metaid_0000019" name="k1" value="0.02"/>

This is translated into a simple assignment k1 = 0.02 within the parameter list in the ERODE specification.
The next SBML snippet, adapted from the same model by removing the annotation tag containing links to

external databases, defines the species M:

<species compartment="cell" id="M" initialConcentration="800" metaid="metaid_0000005" name="MAPK"/>

It describes the compartment in which the species is located, the initial concentration and an identifier. This is
translated this into the assignment M = 800 within ERODE’s species list.

3.2.2. From SBML to ERODE format: reactions
The conversion of the reactions is less straightforward, particularly to identify MRNs, to which the specialized FE,

BE, and SE can be applied, or PRNs, to which FE and BE can be applied. Indeed, SBML allows the direct specification
of mass-action reactions by means of appropriate SBO labels in the kineticLaw tag (other labels identify different
kinetics such as Michaelis-Menten and Hill). However, many situations involved reactions that, although not tagged
with mass-action labels, were clearly so upon inspection of the reactions. One such example is given in Figure 2. It
shows the SBML specification of a reaction containing a list of reactants, products (as well as modifiers, not used in
this reaction, to model, e.g., catalysts or intermediates in the reaction). Such SBML description is translated into a
formal reaction as follows:

M + MAPKK
f
−−→ M MAPKK Y, f (xM, xMAPKK, xM MAPKK Y) = 1 · (k1 ·M ·MAPKK − k 1 ·M MAPKK Y) (12)

where the coefficient 1 denotes the volume of the compartment cell in the SBML specification.
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Dataset MRN PRN NRN Total

Curated branch 50 77 267 394
Non-curated branch 20 76 84 180

BioModels snapshot 26 July 2017 70 153 351 574

Table 2: Preprocessing results of the BioModels repository.

A manual inspection of the form of the propensity function reveals that it subsumes a pair of mass-action reactions
(the forward reaction and its corresponding reversed one) with kinetic parameters k1 and k 1, respectively:

M + MAPKK
k1
−−→ M MAPKK Y M MAPKK Y

k 1
−−→ M + MAPKK (13)

While a straightforward translation of (12) into ERODE would yield an NRN, the identification of an MRN (13)
would enable the faster equivalences FE and BE for deterministic semantics, as well as SE in the case of the stochastic
semantics.

ERODE supports a command to automatically detect such implicit mass-action reactions. Specifically, the propen-
sity function of each reaction is parsed, expecting a polynomial expression over the species defined in the model. The
command separates the positive and negative monomials, and attempts to generate a mass-action reaction for each of
them. For the positive monomials, it checks that they contain the product of the reagents in agreement with the ODE
semantics of MRNs given in Section 2. Instead, negative monomials are used to create reverse reactions, meaning that
the reagents and the products get swapped, therefore the check is done on the products. If any of these checks fails,
the command gives a detailed error message pointing to the problem found. Another ERODE command, implemented
in a similar fashion, can be used to attempt a conversion into a PRN (following the encoding sketched in Example 2).

3.3. Repository Preprocessing

We performed an initial preprocessing step to filter out models that could not be used for the analysis (cf. eval-
uation question Q1 in Section 1). In the non-curated branch only 428 models are kinetic models described as ODE
systems, while the others are described in formalisms, such as logical or flux balance analysis models, that are outside
the scope of applicability of the model-reduction techniques. Overall, we could process 394 models from the curated
branch and 180 from the non-curated one, for an overall sanitized dataset of 574 models. The most frequent reasons
for discarding a model were (within parenthesis we give the frequency in the curated branch, which we assume to be
more stable):

• syntactic limitations in our importer, including the lack of support for models without explicit reactions where
the dynamics is given by rate rules over a set of parameters, e.g., as in BIOMD0000000020 (81);

• models with unsupported propensity functions such as tanh and exp, which make the satisfiability problem
underlying FDE/BDE undecidable (82);

• models with non integer stoichiometries (multiplicities) in the reagents or products of reactions (16).

In particular, we ensured to discard all models which, after importing, resulted in having no dynamics (e.g. due to the
presence of not supported features like those listed above.

On the sanitized dataset, the SBML models were first imported as NRNs, as, for instance, shown in (12). Subse-
quently, using the aforementioned ERODE commands, they were categorized into more specific classes by attempting
a translation into an MRN, and, when this failed, into a PRN. The results of this classification are summarized in Ta-
ble 2. All MRN models turned out to be elementary. Throughout the remainder of this article, when reporting model
sizes the number of reactions will refer to those obtained after translation into MRNs and PRNs, when applicable. In
order to test the correctness of the translation from the SBML description, on a large random selection of models we
verified that the ODE solutions obtained by the ERODE’s and BioModel’s Matlab exports coincided.
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It is worth noticing that the proportion of PRNs is significantly larger in the non-curated branch (ca 42%) than
in the curated branch (ca 28%), while the proportion of NRNs is much smaller (about 46% and 68% in the non-
curated and curated branch, respectively). Although a systematic manual investigation of the possible causes of such
differences is outside the scope of this paper, the following example shows that the higher proportion of PRNs in
the non-curated branch may be due to imprecisions in the original model submission that are fixed after curation.
Let us take the non-curated model MODEL1411130000 , taken from [41]. Every reaction of this model indicates the
presence of a modifier—a species that, according to the SBML specification [32],

“appears in the kinetic rate formula of a reaction but is itself neither created nor destroyed in that reaction
(for example, because it acts as a catalyst or inhibitor).”

The presence of modifiers does not allow the reaction to be recognized as mass-action (where, e.g., a catalyst can be
encoded by indicating the species both in the reactants and in the products). However such a reaction may still be
recognized as a PRN. Model MODEL1411130000 is one such instance, although the use of modifiers may not be
appropriate. For instance, reaction id re4 has species s1 as both reactant and modifier, and species s3 as product,
with a kinetic law defined to be equal to gamma slm · s1, where gamma slm is a model parameter. An inspection

of the generated ODEs, however, reveals that the kinetics is consistent with a mass-action reaction s1
gamma slm
−−−−−−−−→s3,

i.e., without the explicit indication of the modifier. This is also confirmed by an examination of the original article
from which the model was taken, i.e., ref. [42]. Indeed, we found that the propensity function defined in the article
is consistent with the SBML specification, but the articles does not explicitly mention the presence of modifiers in
the reaction. This kind of imprecision misclassifies the model, but does not affect the correctness of the translation
because the underlying ODEs correspond.

4. Reduction results

We hereby report the results of our experiments. Section 4.1 describes the experimental configuration, while
Section 4.2 and 4.3 discuss the reduction power of our techniques in terms of percentage of reduced models and
obtained reduction ratios, respectively. Section 4.4 concludes the section by comparing the results obtained for the
forward and backward reduction notions. Considerations on the actual analysis speedups obtainable thanks to our
techniques are out of the scope of this paper, because the considered SBML models do not contain information related
to this. However, we remark that the speedups obtainable with our techniques have been analyzed in [18] for CTMC
semantics, and in [10] for the ODE one.

4.1. Experiments configuration
Here we report the configurations used for our experiments. MRNs were analyzed using FE, BE, and SE; PRNs

were analyzed using FE and BE; NRNs were analyzed using FDE and BDE. For each equivalence we computed the
reduced model; we used the resulting number of species and reactions as a measure of the effectiveness of the exact
reduction techniques (cf. Q2 in Section 1).

As discussed in Section 2, all the techniques considered in this paper are based on a partition-refinement algorithm.
Hence, the reduction power depends on the choice of the initial partition to be refined. This information, however, can-
not be directly inferred from the original SBML specification. To allow for a uniform, model-independent treatment
across the whole repository, the initial partitions were systematically chosen as follows.

• For BE and BDE reductions we fixed initial partitions where each block contains species with same initial con-
centration; this guarantees that from the solution of the quotient reaction network one can recover the solutions
of the original model when starting from the initial conditions specified in the SBML specification.

• For FE, FDE, and SE we computed the maximal reductions obtained by using initial partitions with one block
only that contains all the species in the model. This gives an indication of the best achievable reductions—
different initial partitions will yield finer quotients. The main limitation is that it may collapse individual
species which are outputs of interest to the modeler. However, this information is not stored in the SBML file,
hindering a systematic identification of model-dependent initial partitions across the whole repository.

In the next sections we present the reduction results for the curated and the non-curated branches separately.
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Figure 3: Pie charts illustrating how many models can be reduced by which techniques. Label N.R. indicates that the models could not be reduced
by any of our techniques as implemented in ERODE within a time limit of 30 minutes.

4.2. Reduction capability

Figure 3 shows how many techniques could reduce a model regardless of the achieved reduction sizes. Overall,
136 models (ca 23%) could not be reduced, while 224 models (ca 64%) could be reduced by at least one technique.
For the remaining 67 models (ca 13%), either FDE or BDE failed to terminate. This was due either to errors raised
by the Z3 solver, or after an imposed timeout expiring when a single SMT check exceeded 30 minutes. 4 FDE failed
on 16 more models where BDE terminated succesfully; this is consistent with the fact that more (and more complex)
SMT checks are required by FDE than BDE [11].

For MRNs and PRNs, Figures 3a, 3b, 3d, and 3e confirm that BE and FE are not comparable (only a subset of the
models that can be reduced by either is also reducible by both). For the mass-action models, none of the models in
Figures 3a, 3d were able to distinguish FE and SE, meaning that all models reducible by one, could be reduced also
by the other. Figures 3c and 3f similarly confirm that FDE and BDE are not comparable.

For MRNs and NRNs, a comparison of the curated and the non-curated branches highlights that the percentage
of models that could not be reduced by any technique is significantly lower in the latter branch, while it is almost the
same for PRNs. In particular, the percentage of models that can be reduced by BE and BDE is higher in the non-
curated branch (ca 30%) than in the curated one (ca 46%). It is outside the scope of this paper to investigate whether

4It is worth to note that in [47] we reported a much higher number of models in which FDE failed. The better performance reported here is
due to improvements in the implementation of FDE in ERODE and in the importer, and due to the fact that the new class of PRNs is treated with
FE/BE rather than FDE/BDE.
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Figure 4: Distribution of size of original and reduced models (log-log scale). Pairs of dots for an original/reduced model is connected by a line

Table 3: Average reduction ratios ’reduced over original’ for species and reactions

FE FDE SE BE BDE

Curated branch
Species 60% 63% 46% 81% 83%

Reactions 66% 69% 48% 89% 93%

Non-curated branch
Species 70% 50% 49% 85% 75%

Reactions 76% 60% 46% 93% 88%

such statistical differences are due to model-specific properties or by the presence of imprecisions in the models in the
non-curated branch; indeed, this is the very aim of the manual curation process conducted by the BioModels team.
However, for the sake of illustration, the following example shows that more care must be exercised for the analysis of
non-curated models: model MODEL4821294342 is a PRN with 12 species, of which 4 with no dynamics, i.e., their
corresponding equations have derivative equal to zero. Because of their initial conditions, these species are placed
into two distinct blocks in the initial partition, which are never refined. These kinds of species may actually represent
model parameters rather than biochemical compounds and could be effectively removed from the description without
affecting the validity of the results.

4.3. Reduction sizes

Figure 4 shows scatter plots to summarize the distribution of the size of the original (red) and reduced (blue)
models from the two branches. For each model we considered the size corresponding to the best reduction, avoiding
though too aggressive reductions with 1 species. This can happen for FE, SE, and FDE, because, as discussed in
Section 4.1, we considered initial partitions leading to maximal reductions. Each pair of blue/red dots referring to the
same models is connected by a line. We can see that most of such lines are diagonal, indicating that a reduction in the
number of species leads most of the times also to a reduction in the number of reactions. In the curated branch the
original models are mostly concentrated in the region corresponding to the interval [101, 102] for the species axis, and
to [101, 103] for the reactions axis. Visually, the sizes of the reduced models are translated to the bottom-left of the
figures, indicating the effectiveness in practice of the reductions. Focusing on the top-right areas of the two figures
we can see both cases of large models that could be effectively reduced (red dots far away from the corresponding
blue ones), and cases of limited reduction (red dots close to the corresponding blue ones).

Table 3 shows the average reduction ratios for each technique in the respective sets of models where they have
been applied (see Section 4.1) from the two branches, measured as the number of species or reactions in the reduced
model over the corresponding number in the original model. We note that FDE on the non-curated branch has the
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Figure 5: Reduction ratios for species and reactions for all techniques. The y-axis counts the number of models, while the x-axis gives the reduction
ratio of the reduced species (reactions) over the original species (reactions). The number within the rightmost bar refers to the number of models
whose number of reactions could not be reduced.

best performance, followed by the other FE and FDE cases. SE, applied only to MRNs, is the technique that performs
best, in particular better than FE and FDE. This might surprise at first, because SE is stricter than FE (and therefore
of FDE). However, this can be explained by the fact that FE has been appled to both MRNs and PRNs. Indeed, the
average reduction ratios of FE for MRNs only, not shown in the table, coincide with the ones of SE. Therefore, the
models from this repository do not allow us to distinguish FE and SE neither in terms of percentage of reduced models
(Fig 3), nor in terms of actual reduction ratios.

Figure 5 provides more information on the magnitude of the obtained reductions. For each technique, the models
are grouped in 5 bins (0%-20%, . . . , 80%-100%), for which we show the reduction ratios in the number of species
and reactions as separate series. In both branches, the figures for BE and FE present distributions similar to the corre-
sponding techniques for non-mass-action non-polynomial models (FDE and BDE, respectively). The only exception
is that FDE in the non-curated branch has a higher percentage of models in the bins 0%-20%. A similar pattern can
be appreciated comparing each reduction technique in the two branches: all figures are pairwise similar, apart for the
0%-20% bins of FDE.

It is worth to note that the bins 80%-100% of reactions are always the largest one in the corresponding figure. In
fact, these bins also include the cases with models showing no reductions in the number of reactions. This can be due
to an equivalence among species with no dynamical role in the network, as they can be interpreted as distinct auxiliary
species that are used to model zero-order reactions, such as I in reaction I → I + A, a purely catalytic species C in a
reaction like A+C → B+C, or SINK in a degradation reaction such as A→ SINK. In the first two cases, these species
are associated with zero-derivative variable, while in the last case the variable for SINK does not appear in any ODE
in the system. Each figure provides the number of such models in bold text in the middle of the last reactions bin.

4.4. Comparison between forward and backward reductions

The results provided in this section show that a high number of models from the curated branch could be reduced
by at least one of our techniques: 241 (ca 61%) out of the 394 that could be imported. This percentage is even
higher in the non-curated branch, where 130 (ca 70%) models could be reduced by at least one technique. When
considering networks with deterministic semantics, it is possible to compare forward reductions (i.e., FE and FDE)
against backward reductions (i.e., BE and BDE). Forward reductions were applied to 212 curated models (54%), and
118 non-curated ones (66%). Backward reductions, instead, were successful on fewer models: 124 curated models
(31%) and 84 non-curated ones (46%). As shown in Table 3, this trend is confirmed also when looking at the actual
reduction power of the techniques in terms of number of obtained reduced reactions and species. This pattern is less
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evident in Figure 5, however we note that the bins from 0% to 60% for FE and FDE have higher values than the
corresponding ones for BE and BDE.

5. Robustness of the reduction techniques to parameters values on selected case studies

A CRN with deterministic semantics can be extended into a new one with dynamically equivalent ODEs where
the reductions are independent from the actual values of the model parameters. This enables the analysis of the
robustness of the reduction techniques, a property that is particularly relevant in computational systems biology,
where the parameters are not precisely known in general. The main idea behind this extension is to promote each
parameter to a species with no dynamics (i.e., which appears only as catalyst in mass-action reactions, or that appears
only in propensity functions in non-mass-action reactions). For instance, given a mass-action reaction

ρ
λ
−−→ π, (14)

the parameter λ is translated into a new species S λ; the reaction in Equation (14) is replaced with one where S λ is
added to both the reagents and products, with kinetic constant set equal to 1:

ρ + S λ
1
−−→ π + S λ. (15)

According to Section 2, the two reactions describe the same underlying ODEs, apart for the fact that in the latter
case we get an additional ODE for S λ:

dXS λ
(t)

dt
= 0.

The value of S λ does not change and will be equal to its initial value for all time points. Therefore, if the initial
condition is XS λ

(0) = λ, we will get ODEs with same solution in the original and extended models. Intuitively, S λ

can be seen as a symbolic version of parameter λ, allowing to abstract from the actual value of the latter. For non-
mass-action CRNs the transformation is even simpler since it does not involve the modification of the reactants but
only the replacement of all occurrences of the kinetic parameters with their corresponding species in every propensity
function. This CRN extension is further exemplified in Example 3.

Example 3. The CRN from Example 2 can be extended by adding a new species S λ for the parameter λ, changing

the reaction in Equation (4) into S 1
XSλ (t)·XS 1 (t)·XS 3 (t)
−−−−−−−−−−−−−−→ S 2. The ODEs underlying such CRN are the same as those in

Equation (5), apart for the fact that λ is replaced by XS λ
, which also gets assigned an ODE:

dXS 1 (t)
dt

= −XS λ
(t) · XS 1 (t) · XS 3 (t)

dXS 2 (t)
dt

= XS λ
(t) · XS 1 (t) · XS 3 (t)

dXS 3 (t)
dt

= 0
dXS λ

(t)
dt

= 0 (16)

Provided we set XS λ
(0) = λ, then these ODEs have same solution as those in Equation (5). Let us now consider

instead the MRN version of the same system consisting of the reaction in Equation (6). Here we can apply as well the
extension promoting λ to the species S λ. However, this requires to change the reaction in Equation (6) as follows:

S 1 + S 3 + S λ
1
−−→S λ + S 2 + S 3

Such reaction will produce the ODEs in Equation (16).

The advantage in considering an extended CRN rather than the original one is that the considered reduction
techniques ignore the values of the initial concentrations. Indeed, FDE and FE do not depend on the initial conditions.
Thus, any reduction obtained on such expanded CRN will hold for any value of the original parameters. Instead
for BDE and BE it is convenient to initialize the partition-refinement algorithm with an initial partition where every
species corresponding to original model parameters is isolated in a singleton blocks. This would guarantee meaningful
reductions for all initial values of all variables, therefore for all possible values assigned to the parameters.
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Example 4. Here we consider an extended version of the MRN in Example 1 where kinetic constants 1, 2, and 3 have
been first replaced by kinetic parameters λ1, λ2, and λ3, respectively. The extended MRN has species S 1, S 2, S 3, S 4,
S 5, S λ1 , S λ2 , and S λ3 , and reactions

S 1 + λ2
1
−−→ S 5 + λ2 S 1 + λ1

1
−−→ 2S 3 + λ1 S 3 + S 5 + λ3

1
−−→ S 3 + λ3

S 2 + λ2
1
−−→ S 3 + λ2 S 2 + λ1

1
−−→ 2S 5 + λ1 S 4 + S 5 + λ3

1
−−→ S 3 + λ3.

According to (1), the ODEs are given by:

dXS 1 (t)
dt

= −(XS λ1
(t) + XS λ2

(t))XS 1 (t)

dXS 2 (t)
dt

= −(XS λ1
(t) + XS λ2

(t))XS 2 (t),

dXS 3 (t)
dt

= +2XS λ1
(t)XS 1 (t) + XS λ2

(t)XS 2 (t) + XS λ3
(t)XS 4 (t)XS 5 (t)

dXS 4 (t)
dt

= −XS λ3
(t)XS 4 (t)XS 5 (t)

dXS 5 (t)
dt

= −XS λ3
(t)XS 5 (t)(XS 3 (t) + XS 4 (t)) + XS λ2

(t)XS 1 (t) + 2XS λ1
(t)XS 2 (t)

dXS λ1
(t)

dt
= 0

dXS λ2
(t)

dt
= 0

dXS λ3
(t)

dt
= 0.

Let us consider again the FE for the original CRN in Equation (8), extended with singleton blocks for the promoted
species: {{S 1, S 2}, {S 3, S 4}, {S 5}, {λ1}, {λ2}, {λ3}} This is not an FE on the extended CRN because it is not possible
anymore to express the ODE of S 5 in terms of XS 1 + XS 2 . In order to obtain an FE for the extended network we need
to split the first block, obtaining the FE {{S 1}, {S 2}, {S 3, S 4}, {S 5}, {λ1}, {λ2}, {λ3}}.

This extension can be used also for SE reductions. However, given that the CTMC semantics associates integer
populations to species, it is necessary that each kinetic constant is a rational number (See Section 2 of [18] for a deeper
discussion on this aspect. This is the case for the model in Section 5.2 used to study the robustness of both FE and SE.

In the remainder of this section we apply this method to selected case studies to state the robustness of our
reduction techniques to specific parameters values. Furthermore, we also discuss in detail the obtained equivalences
among species, giving insights on their physical meaning.

5.1. BE case study: STAT1 homodimers binding to DNA
Model BIOMOD0000000501 is a PRN describing a mechanism of binding of STAT1 homodimers to DNA, taken

from [5]. The model considers three main kinds of reactions: reversible binding of STAT1 homodimers to non-
GAS sites; reversible binding of STAT1 homodimers to GAS sites; and reversible polymerization of adjacent bound
STAT1 homodimers. Furthermore, for STAT1 to unbind from DNA, polymers need to depolymerize first. The model
considers DNA with 4 sites, of which the middle ones are GAS sites and the external ones are non-GAS sites; the
kinetic parameters of the reaction differ according to the kind of site where the reaction occurs. The state of system
can thus be represented through formal species indicating whether sites are bound or unbound and if a polymer is
formed at adjacent bound site. Each species can thus be represented as DNAxxxx where x can be either 0 (unbound)
or 1 (bound); the presence of a polymer is denoted by a dash between two site identifiers, e.g. DNA001-1 indicates two
bound STAT1 homodimers (one at a GAS site and one at a non-GAS site) that have polymerized.

The two GAS sites are intentionally modeled to be symmetric [5, Supplementary Note 1]; as a consequence, the
authors state that the proportion of DNA with STAT1 occupying the GAS site can be measured at either site. BE math-
ematically confirms this claim (which however holds only if the initial concentrations of symmetric DNA configura-
tions are symmetric, as happens in the original model). Moreover, it proves that also the non-GAS sites are symmetric.
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Figure 6: (a) Adaptation of the SPOC dynamical model from [20]. The SPB compartment is depicted in the yellow-circle background. Reactions
crossing the compartment boundary represent the intrinsic Tem1 (blue rectangle) GTPase-cycle and reversible SPB association in terminal T .
(b) Reduced mechanism where both FE and SE equate all Tem1 molecules up to their GTP (green)- or GDP (red)-bound state (indicated by the
green/red ellipsis).

That is, BE places in the same block species that have equal DNA configuration up to the position in symmetric sites;
for example, it yields the partition blocks {DNA1000,DNA0001} and {DNA1011,DNA1101}. A similar aggregation occurs
also independently of the polymerization state, e.g., BE yields the block {DNA01-11,DNA011-1,DNA1-110,DNA11-10}.
Overall, BE reduces the original model with 35 species to one with 19 species, independently of the values of the 6
kinetic parameters used in the model.

5.2. FE and SE case study: Spindle Position Checkpoint model

Model MODEL1202090002 is an MRN of the Spindle Position Checkpoint (SPOC) [20]. SPOC intervenes in
the process of cell division by verifying all requirements to pass to the next phase in the cell cycle. In particular,
it prevents the separation of the duplicated chromosomes until each chromosome is properly attached to the spindle
apparatus. The most upstream event of the pathway involves GTPase Tem1. Tem1 binds to the yeast centrosomes
(called spindle pole bodies, SPBs) via GAP-dependent and GAP-independent sites (Figure 6a). The intrinsic GTPase
switching cycle of Tem1 is modeled as a reversible first-order reaction that converts Tem GTP

1 into Tem GDP
1 and vice

versa. The model consists of 24 species and 71 irreversible reactions. Both FE and SE equate the two forms of the
GPTase Tem1 (Figure 6), moreover this equivalence extends to all Tem1 molecular complexes, yielding a reduced
model with 16 species and 36 reactions, independently of the values of all 34 kinetic parameters in the model.

5.3. FDE case study: Signaling cascade

Model BIOMOD0000000033 is an NRN modeling a signaling pathway concluding in ERK activation [8]. Its
most upstream event (Figure 7) starts with the binding of EGF and NGF to their respective receptors (EGFR, NGFR).
Once bound, both receptors can activate molecular SOS and trigger the Ras cascade. Here, molecular components are
modeled representing the species active and inactive state, i.e mSOS* and mSOS, yielding a model with 32 species
and 26 reactions. Here FDE collapses the active and inactive form of those species. Moreover, the dynamics of
the active and inactive species sum up to zero if aggregated. Furthermore, also the phosphatases P1,P2, and P3 are
aggregated in the same class. Instead, the free and bound EGF, NGF and EGFR receptors are left in singleton blocks.
This results in the FDE reduction in Figure 7b, with 7 species and 4 reactions, independently of the values of all 48
kinetic parameters in the model.

5.4. BDE case study: model of cell under limited resources

Model MODEL1502270000, presented in [56], is a mechanistic model of the behaviour of a cell. The model has
been specifically designed to keep into account an aspect often overlooked when studying cells’ models: cells have
finite resources (e.g. finite cellular energy, mass, or levels of ribosomes), and therefore using resources for a task
(e.g. growth or protein expression), reduces resources available for other tasks. The model is recognized as an NRN
because it features Michaelis-Menten kinetics for enzymatically catalyzed reactions; as such it is only analyzable
by means of FDE and BDE. The model consists of 22 species and 61 reactions. In particular, it contains the five
proteins et, em, r, q, and p, each represented using a distinct formal species. Species et is a transporter enzyme for
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Figure 7: (a) Adaptation of the signaling network in [8]. The activation of the molecular SOS by either of the receptors triggers the Ras cascade,
concluding in ERK activation. EGF can also use the left branch involving PI3K to modulate Erk activity through Raf1 downregulation, and NGF
can upregulate Mek using the right branch containing Rap1. P1,P2 and P3 represent unregulated phosphatases. (b) FDE reduction.

nutrients (denoted by species si) into the cell, while em is an enzyme which metabolizes the internalized nutrients si,
producing energy (denoted by species a). The remaining proteins denote ribosomes (r), house-keeping proteins (q)
and gratuitous proteins that do not contribute to the cell growth (p). For each of such proteins, the model contains
three mRNAs species representing their free (mx), ribosome-bound (cx) and bound with ribosome and chlorampheni-
col (zmx) mRNAs, with x ∈ {t,m, r, q, p}). The amount of chloramphenicol is constant and therefore it is modeled as a
parameter rather than as a species. Each protein and related mRNA species undergo a number of reactions which in-
volve the processes of transcription, degradation, ribosome binding/unbinding, translation, chloramphenicol binding,
or dilution. The reactions involving the enzymes et and em and corresponding mRNAs are given in Table 4.

On this model, BDE is able to capture a type of chains of aggregations typical of bisimulation-based reduction
techniques like ours. Indeed, BDE is able to relate et with em and zmt with zme. This is due to the fact that BDE relates
mt with mm, which in turn allows to relate ct with cm, which finally allows to relate zmt with zmm, and et with em.
Actually, zmt and zmm belong to a larger BDE block with five species, including all chloramphenicol-bound mRNAs.
Overall, we obtain a BDE-reduced model with 15 species and 49 reactions.

This model features 25 parameters of which one, nq (originally set to 4), appears as exponent in the ODE of mq; it
is related to a translation reaction of protein q. Promoting such parameter to a species would move the ODEs outside
the decidable theory of reals [11], preventing us from applying BDE to it. For this reason, we promoted only all other
24 parameters, obtaining again the equivalence of et with em coming from the equivalences among their corresponding
mRNAs species. In the extended CRN the block containing all five chloramphenicol-bound mRNAs (zm ) is split into
a block containing zmt and zmm, and three more singleton blocks. This is due to the term (cl · kcm) · rmx, with cl and
kcm two parameters, appearing in the ODE of species zmx, with x ∈ {t,m, r, p, q}. This monomial should distinguish
zmr, zmp, and zmq and relate zmt with zmm, as BDE relates rmt with rmm, and puts the other ribosome-bound species
in singleton blocks. In the original model this does not happen because parameter cl has value zero.

6. Conclusion

The empirical assessment of exact model reduction on the BioModels repository has provided a number of findings
along the main evaluation questions Q1–Q3 introduced in Section 1, which can be summarized as follows.
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Transcription Degradation

∅
f1(a)
−−−→ mx mx

f2(mx)
−−−−−→ ∅

Rib. (un)binding Translation Dilution

r + mx
f3(r,mx)
−−−−−−→ cx

cx
f4(cx)
−−−−→ r + mx

n · a + cx
f6(a,cx)
−−−−−→ r + mx + ex ex

f5(ex)
−−−−→ ∅

Chlor. binding Dilution

cx
f7(cx)
−−−−→ zmx zmx

f5(zmx)
−−−−−→ ∅

Dilution

cx
f5(cx)
−−−−→ ∅

Table 4: Processes involving the enzymatic proteins and related mRNAs in the cell model from [56], for x ∈ {t,m}. The propensity functions and
the stoichiometries n are specified in [56]. Here we provide a different name fi to each different propensity function, and we explicitly provide the
species appearing in them. The free mRNA mx gets transcribed as long as the cell has energy. Such mRNA can then either degrade, or reversibly
bind with ribosome. In the latter case, a ribosome-bound mRNA can be involved into three alternative tasks: (i) as long as the cell has energy, it can
undergo translation unbinding from the ribosome to synthesize an enzymatic protein which can later dilute; (ii) it can bind with chloramphenicol
and later dilute; iii) it can dilute.

Q1 Assumptions for applicability of model reductions. In the preprocessing phase (Section 3.3), we found 494 models
not supported by ERODE. Among the reasons for incompatibility it is worth commenting on the models which
included exponential expressions in rate functions. This is not accepted by FDE/BDE because the underlying theory
is not decidable. A workaround has been sketched in [13, 17] and builds on a systematic technique which transforms
an initial value problem for an ODE system with derivatives containing rational and exponential expressions into
an equivalent problem with polynomial derivatives [30], to which BE and FE can be applied. In future work we
plan to implement such a transformation in order to extend the range of applicability of species equivalences. In
Section 3.3 we discussed that not all models in BioModels are described as ODE systems. Some are logical models
described as Boolean networks [35]. ERODE has been recently extended with support and reduction techniques for
such formalism [2]. In future work we plan to extend the large-scale analysis of this paper also for such formalism.

Q2 Effectiveness of the reductions. Overall, we found exact model reductions effective in terms of the number of
cases in which a CRN could be reduced by at least one technique (64% of the imported ones). With regards to the
compression ratios obtained, SE turned out to be as effective as FE in the considered models, despite they consider
different interpretations for CRNs and the existence of results showing that SE is stricter than FE [18]. The reduction
techniques FE, BE and SE terminated (possibly without reduction) on all considered models. Instead, BDE and FDE
failed on a low percentage (19%) of the NRN models, including instances where such failures were due to timeouts.
For this reason, it might be worth investigating alternative approaches to computing them, especially FDE, for example
by parallelizing the computations.

Q3 Robustness to parameters values. In the selected case studies herein presented, the exact model reductions have
revealed that symmetries in certain signaling pathways carry over to equivalences at the level of the underlying quan-
titative semantics. Given their moderate size, the considered models would be computationally tractable even without
reduction. However, the equivalences can be used as an aid in developing more complex models where such sym-
metries are present in some components. In addition, we remark that exact model reduction can still be useful when
the complexity is due to the many repetitions that are required (e.g., for sensitivity analysis or for simulation with
tight confidence intervals) or for particularly difficult analyses such as parametric inference [49]. In these cases, and
whenever the knowledge of the model parameters are subject to uncertainty, it is particularly relevant to what extent
the reductions are robust with respect to the actual values of such parameters. The robustness analysis conducted
in this paper on the selected case studies indicates that the patterns of aggregations uncovered by the reductions are
mostly insensitive to the parameter values. A systematic analysis to the whole repository was not possible due to the
lack of automated assistance to implement the model translation discussed in Section 5, which is left for future work.

For the future, it might be interesting to consider extensions of our importer or of the ERODE input language so
to be able to import a higher percentage of models from the BioModels repository. The availability of ready-to-use
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model conversions in a simple CRN format such as ERODE’s might stimulate similar assessments with other model
reduction techniques (e.g., [7, 16]), or with techniques for bifurcation analysis based on temporal logic as in [6].
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