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Abstract

An inf-sup stable FE formulation for the thermo-chemo-mechanical simulation of thermoresponsive hydro-
gels is herein proposed by approximating the displacement field via quadratic shape functions and both
the chemical potential (fluid pressure) and the temperature fields by linear functions. The formulation is
implemented into a stable thermo-chemo-mechanical user-element subroutine (UEL) in Abaqus, denoted as
Q2Q1Q1. The proposed formulation has been validated in relation to thermoresponsive hydrogels to interpret
several examples of transient diffusion-driven swelling deformations. First, the upper/lower critical solution
temperature behaviors of thermoresponsive hydrogels has been captured, studying several peculiarities com-
prising the diffusion length influence at the instantaneous loading state and the overlooked influence of the
mass flux and the hyperelastic stretching on the temperature field. Subsequently, the analysis has been
conducted to investigate the impact of temperature-dependent swelling ratio on the mechanical behavior of
spheres undergoing compression. Moreover, the accuracy has been assessed by numerically replicating the
seminal experiments that explore the influence of cross-linking density on the thermally driven swelling of
PNIPAAm hydrogels.

Keywords: Thermoresponsive hydrogels; Inf-sup stability; Mixed Finite Element formulation; Critical
solution temperature; Hydrogel swelling

1. Introduction

Hydrogels are elastic polymeric networks that can absorb large quantities of water and consequently show
reversible large swellings. Their applications are widespread ranging from smart valves [1-3], sensors [4-7],
tissue engineering [8-11], to drug delivery systems [12-16]. The reason behind this displayed versatility is
related to their ability to withstand large deformations combined with the dependence of their mechanical
response on environmental changes such as chemical fields and pH [17, 18], electric fields [19, 20], light
[21, 22], humidity [23, 24] and temperature [25-27], among others. Focusing on the latter property, there
exists a subclass of hydrogels called thermoresponsive hydrogels, which exhibit large swelling when being
heated above or cooled down a critical temperature. The former ones exhibit an upper critical solution
temperature (UCST) point, belonging to this behavior natural hydrogels such as like agarose, agar, collagen
and gelatin [28-30]. On the other side, hydrogels exhibiting a lower critical solution temperature (LCST)
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swells when they are cooled below the typical temperature, being framed within this pattern considerably
employed hydrogels like poly(N-isopropylacrylamide) (PNIPAAm) [31-34] and polyethylene glicol (PEG)
[35-37], among others. The proposed framework is able to analyze the complex LCST and UCST behaviors.

Within the field of Computational Mechanics, a comprehensive examination is conducted on the proposed
Finite Element/eXtended-Finite Element methods (FEM/XFEM) simulations of the equilibrium swelling
of gels. In the first place, the seminal works by Dolbow et al. [38] and Ji et al. [39] set the stage for
continuum models modelling chemically and thermally induced volume transitions in hydrogels, respectively,
by employing the XFEM combined with the Element-Set technique. This approach establishes the coupling
between the deformation and solute concentration solely through the interfacial normal configurational
force balance. Subsequently, Hong et al. [40, 41] takes a step forward by formulating the thermodynamics
problem considering the coupling between the large deformation and the diffusion problems. Based on this
approach, the variational formulation derived by Kang and Huang [42] and the pivotal works by Chester
and Anand, first for isothermal problems [43], and, then for, thermoresponsive hydrogels [44] establish the
landmark in considering the problem of hydrogel swelling as a coupled deformation-diffusion problem by
developing a constitutive theory consistent with the basic mechanical balance laws and the balance law
for the fluid content and implementing it into a commercial Finite Element (FE) package. This means
that, for the numerical modeling of a thermoresponsive behavior of gels, the displacement, the chemical
field and the temperature require separate approximation as the primary field driving forces of the chemo-
thermomechanical problem [45-47].

The short time behavior of hydrogels make them resemble a fully incompressible or quasi-incompressible
hyperelastic materials, as the diffusion of water occurs on a longer timescale. To tackle this, mixed methods
are adopted to solve volumetric locking issues related to the incompressible limit, such as the F-bar method
developed by de Souza Neto et al. [48] that is implemented in the referential work from Chester and Anand
[44]. However, these papers do not address that the independent discretization of primary fields carries the
risk of the appearance on severe oscillations in the solution of the chemical potential field, thus resulting in a
violation of the Ladyzshenskaya-Babuska-Brezzi (LBB) condition, also called the inf-sup condition [49-52].
When this condition is not met, spurious oscillations in the chemical potential field start to arise which
can serve as perturbations to trigger mechanical instabilities for the response of a nearly incompressible
poroelastic medium. In addition to these instability effects, Murad and Loula [53] and Wan [54] state
that there are also numerical oscillations dominant in the early stage of transient responses due to sharp
boundary conditions, which would decay in time and eventually converge towards the equilibrium of the
problem. Therefore, for hydrogel formulations with a fully coupled chemo-mechanical nature, modeling the
continuous mass flow is required the usage of special order interpolations to satisfy the balance of mass and,
at the same time, fulfill the LBB conditions. Some examples of stable mixed FE applied for hydrogels can
be observed in the mixed element formulation based on the Enhanced Assumed Strain technique developed
by Krischok and Linder [55] or in the multiple works carried out by Bouklas et al. [56, 57] where it is
employed a standard Taylor-Hood element [58] with quadratic displacement and a linear chemical potential
field. Efficient subdivision-stabilized mixed isogeometric models of hydrogels also exist [52, 59]. Notably, in
these formulations, Chester and Anand [44] disregard the dependence of the temperature variation due to
fluid flow and elastic stretching in the hydrogel mechanical behavior, which we demonstrate as a prevailing
effect is the coupling is present. Several experiments elucidating the swelling behavior have underscored this
intricate interplay between the mechanical and thermal fields [60-62].

In this work, we are modelling a fully-coupled numerically stable thermo-chemo-mechanical FE in order
to study the complex material behavior of thermoresponsive hydrogels along several examples of transient
diffusion-driven swelling deformations. For this pursuit, we present a three-field mixed FE element that
approximates the displacement via quadratic shape functions and both the chemical potential and the
temperature by linear shape functions, denoted as Q2Q1Q1. Throughout this paper, the proposed formulation
will be validated through its capacity to accurately depict the LCST and UCST behaviors exhibited by the
thermoresponsive hydrogels. Subsequently, it will be used from a quantitative standpoint to address, initially,
its robustness with the study of spheres subject to compressive load under different temperatures; and then,
its accuracy in capturing the free swelling experimental tests carried out by Oh et al. [63] with various
crosslinking concentrations. This paper aims to contribute to the field of Computational Mechanics by

2



Reference
configuration

0

Current
configuration

€3

Figure 1: Deformation process from the reference configuration to the current one.

including an inf-sup stable formulation for the modeling of thermoresponsive hydrogels. It also demonstrates
the accuracy of this approach by resolving and capturing representative experimental problems.

The paper is structured as follows. The basic concepts where the three-field problem and the local
equations are introduced is included in Section 2. Section 3 displays the development of the balance of energy
to shape the constitutive behavior and the material model and the derivation of the formulation to introduce
the weak form of the problem. Further insight on the implementation is provided in Section 4, where the
Q2Q1Q1 element is presented to model the problem of thermoresponsive hydrogels. Efforts delineated in
Section 5 are directed to simulate numerical examples, first to verify the proposed numerical formulation
and then, into more intricate problems, to test its functionality in checking the temperature dependence
on compressive tests and reproducing numerical experiments concerning the influence of cross-linking in
thermal-dependent swelling. Some final remarks and conclusions are provided in Section 6.

2. Theoretical formulation

This section outlines the fundamental concepts and definitions of the current numerical framework ad-
dressing the use of a mixed displacement-mass diffusion-temperature formulation for the large deformation
analysis of diffusion in solids. The ultimate goal is to specialize this formulation for the analysis of ther-
moresponsive hydrogels.

2.1. Basic definitions

Complying with standard non-linear Continuum Mechanics, let an arbitrary spatial point defined in
the current configuration be defined as x := (X, t), being (X, ) the non-linear deformation map which
projects the material points X from the initial configuration Qo C R™ to the current one Q C R™ (where n is
the dimension of analysis). This transformation is plotted in Fig. 1. The transformation of the differential
line elements throughout the deformation process is characterized by the deformation gradient F whose
definition renders

dp (X, t 0x
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Figure 2: Schematic representation of the three-field boundary value problem: (a) displacement, (b) mass transport, and (c)
temperature.

The Jacobian, i.e. the ratio of the deformed to the undeformed volume, being the determinant of F shall
fulfill the condition of J = det[F] > 0.

The boundary-value problem for the modelling of this problem is treated as a coupled four-field problem,
characterized by the displacement field u, the concentration field C, the chemical potential p and the
temperature T. Variational approaches are proposed for thermomechanical and dissipative solids, e.g.,
in [64, 65] and deformation-diffusion problems, e.g., in [66]. Following the approach in [66], the transition
from a Cahn-Hilliard-type model to a standard Fickian-type model is achieved through the degeneration
of the definition of the chemical potential. As the chemical potential drives the flux C of the species, this
transformation is made by optimizing the chemical potential with respect to the concentration, performing
its local update at the integration points, defining a condensed incremental potential that only depends on
the displacement field and the chemical potential. The reader is referred to [66] for further information
regarding this operation.

Following the scheme plotted in Fig. 2, we make a brief description of the problem for both three fields.
Starting from a mechanical perspective, in order to track the motion of the body from the material to the
spatial configuration at time ¢, the displacement vector is defined as:

u(X,t) :=x(X,t) - X (2)

Accordingly, the right and left Cauchy-Green tensors are obtained as, respectively:

C:=F".F;, b:=F.F" (3)

The delimiting surface of the body is decomposed into two regions: one where the displacements u are
prescribed through Dirichlet-type boundary conditions (BCs), 9, and one where the nominal tractions
T are prescribed via a Neumann-type BC, 99 ¢, such that 9Q = 9 ,, U 9 and 990, NI+ = 0. For
the Neumann condition, we can establish a linear dependency between the nominal traction vector T and
the reference normal outward N through the following theorem

T=P-N (4)

where P is the first Piola-Kirchhoff stress tensor. Equivalently, the Cauchy stress tensor P can be defined
via this theorem by performing a push-forward operation to refer to the current configuration €:

t=0-n with o=J"'P-FT (5)



The relation between Eqs. (4) and (5) is obtained by considering TdA = tda. In order to compute a
symmetric Langragian tensor, the second Piola-Kirchoff stress tensor S serves for this duty in the reference
configuration and it reads as:

S=F!'P=JF?! o FT (6)

Moving to the diffusion problem, again, this can be divided into two sub-domains: one where the chemical
potential 4 is prescribed through a Dirichlet BC, 9€)g ,; and 02 ;, where we perform an analogous operation
to the nominal tractions theorem (Eq. (4)) to obtain the referential species out-flux jg, that depends linearly
on the outward normal N

where J,, denote the scalar mass flux. The spatial species flux j relies on a analogous relation to the Cauchy
stress, therefore its definition yields as:

j=J 'F jr (8)

Assuming that the fluid transport follows a Fickian diffusion relation, we can establish a relation to
obtain the nominal fluid flux jgr from the product of the mobility tensor M based on the gradient of the
chemical potential:

Jr =-M-Vxu (9)
The remaining unknown in this three-field mixed-formulation problem is the thermal field and also can
be traced into two sub-domains: the region 9 r, where the temperature T is prescribed, and the region

09,4, where the evolution of the heat flux qgr is applied considering the Stokes flux with the following
definition

Qn=9qr-N (10)

where @,, denotes the scalar heat flux for the problem. Then, the spatial heat flux q can be obtained as

and then, by establishing a Fourier-type relation, we trace the value of qg by the product of the thermal
conductivity tensor K with the gradient of the temperature
ar = -K - VxT (12)

2.2. Local equations and balance of energy

The general equations that drive the coupled deformation-diffusion-temperature problem are presented
in their local form for the reference configuration. Before the balance of total energy, we need to define some
local balances for every field. The conservation of solid mass reads as:

po=Jp (13)



where p(x,t) and po(X) are the density fields in the current and reference configuration, respectively. From
here, we can obtain the material version of the balance of linear momentum, which adopts the form of:

Vx-P-i-pon =0 (14)

where the operator Vx - [¢] denotes the divergence with respect to the reference setting, and F identifies
the prescribed body forces per unit of reference volume.

For the mass transport, we consider C as the concentration of fluid content inside the hydrogel, i.e. the
number of moles of fluid molecules absorbed by the polymer network, reckoned per unit volume of the dry
reference configuration. For this field, the balance species content equation takes the local form of:

C=-Vx - jr (15)

For the balance in the temperature, we refer to the entropy variable ng by introducing the second law
of thermodynamics as:

. qr| R
nr > —Vx [ A } tr (16)
All this information that we collect for the three-field formulation global balance is plotted in the box

below as a summary in the reference configuration for this quasi-static problem

1. Balance of solid mass: pg = Jp (17a)

2. Balance of species content: C' = —Vx -jr (17b)

3. Balance of entropy: 71 > —Vx - [(g{} + % (17¢)

4. Balance of linear momentum: py$ =Vx P+ poFV =0 (17d)
5. Constitutive stress: S =20cV(C,C,T) (17e)

6. Chemical potential: p=0c¥(C,C,T) (171)

7. Entropy: nr=-0rV(C,C,T) (17g)

8. Fourier’s Law: qr = -K-VxT (17h)

9. Fick’s Law: jr=-M Vxpu (171)

where p accounts as the fluid pressure and v is the number of solvent molecules per volume reference unit.
Our discussion of thermodynamics involves the following fields: the specific internal energy e, the second
Piola-Kirchhoff stress S, the heat flux per unit reference area qgr, the external heat supply per unit reference
volume R and the material flux of fluid molecules jg. With these magnitudes, the proposed DOF's and Egs.
(17a)-(17i) at hand, we can express the local form of the balance of the total energy like:

poé:S:E—VX~qR+R+MC*jR'VXﬂ (18)

where E is the variation of the Green-Lagrange deformation tensor. The expression can be developed upon
considering the second law of Thermodynamics, where the equation for the evolution of the entropy (Eq.
(17¢)) can be extended as:



R 1 1
Vx - {qﬂ + 2 = 7(R= Vx - ar) + mdr - VxT (19)

Then, by considering Legendre transformation: ¥ = e — T, and Eq. (18), we reach the expression
for the Clausius-Duhem inequality that guarantees the local consistency of the equation, where the local
dissipated global potential D is expressed as:

. . 1 .
DZS1E+MC—JR'VXM—TQR-VXT—PO(‘I"*‘T??)20 (20)

Note that D can be split into three parts due to: (i) local actions Dj,c, (ii) heat conduction Deong and
(iil) mass diffusion Dqs¢

Dioe =S : E+ puC — po(¥ +Tn) > 0 (21a)
1

Dcond = _TqR . VXT > 0 (21b)

Dyify = —jr - Vxp >0 (21c)

where Eq. (21a) is known as the Clausius-Planck inequality, Eq. (21b) stands for the Fourier inequality and
Eq. (21c) is an inequality to satisfy the chemical potential driving the fluid diffusion in hydrogels.

3. Constitutive formulation

3.1. Objective free energy function

The constitutive equations are constructed such that the dissipation condition plotted in Eq. (20) is a
priori satisfied for all processes. The free energy is thought to depend on the primary variables and their
gradients:

¥ =VU(C,VxC,C,VxC,T,VxT) (22)

at X € Qp. With a view towards determining the restrictions imposed by the local free energy imbalance
(Eq. (20)), and by dismissing the minimal influence of primary gradients, the temporal rate of Eq. (22) can
be expressed as:

. ov . B ov . Jov.
\II7%C+%C+ a—TT (23)

Substituting Eq. (23) into Eq. (20), we obtain:
1 . . . 1
D = |:2S—8C\I’:| : C+[77—8T\I/]T+[u—ac\I/]C—jR-qu— qu~VxTZO (24)

This inequality should hold for all values of C, C, T, Vxu and VxT'. Since there is a linear dependence
on the temporal rates of deformation gradient, concentration and temperature, the terms between brackets
must vanish, thus reaching the expressions for Eqgs. (17¢)-(17g). In addition to this, the expressions for the
constraint on the fluid-flux inequality render

—qgR VxT 2 0 when VxT 7é 0 (25)
and the heat-flux inequality:

—jr-Vxpu >0  when Vxu#0 (26)



Further derivations can be done by considering the previous Legendre transformation carried out, where
we reached the balance for the entropy:

ponl' = R—Vx-qr —jr - Vxu (27)

From here, the rate of entropy yields:

poi) = po[—0F7 YT — %5%0‘1’ : C — 07 UC] (28)
The left-hand side of Eq. (27) may be expressed as

ponT = ;T — poH (29)

where the heat capacity ¢, and the latent heat H are expressed as
1 . | . .
cp = —poTO3,¥;  H= iTc‘)%C\IJ :C+T07.VC = 31Z:C+TYC (30)

where Z and Y relate to the second-order tensor and the scalar term associated with the coupling of the
motion and the mass transport in the Helmholtz free energy function, respectively. From here, the final
expression for the transient heat equation reads:

T :=poH + R~ Vx -qr — jr - Vxp (31)

3.2. Time discrete mized u—p potential and material model

The total potential model of the system can be divided into internal II;,; and external contributions
Hext-

M(u,C, p, T5 t) = it (u, C, 1, T5 t) — Hexe (0, C, pu, T t) (32)

Complying with the formulation proposed by Miehe and coauthors [66] for Cahn-Hilliard diffusion-type
problems, the proposed potential in Eq. (32) can be adjusted for a displacement-potential-density problem
or gradient type-dissipative solids at a time interval At = ¢, — t,, in absence of external contributions as:

Hint(07 H, VX/L, Oa T) = lp(cv T) - :u(cn-‘rl - Cn) — At ¢(VXM7 F”? Cn) (33)

where ¢ is the convex dissipation potential. From here on, the subscript n refers to magnitudes of the
previous increment. It is crucial to emphasize that the u—p problem is formulated without incorporating
the dissipative components of the thermal problem. This approach is intentionally chosen to provide a
variational foundation for the other two fields, thereby simplifying the implementation process. By excluding
these dissipative terms, the derivatives of the mobility tensor naturally cancel out, as a result of the push-
forward operation being applied at the preceding time step.

Since the proposed framework is dedicated for hydrogels, the attention is driven to materials with a
quasi-incompressible behavior under loading at the instantaneous behavior. To account for this, they are
considered to change their volume only due to swelling when absorbing solvents, since both the cross-linked
polymer network and the solvent molecules are incompressible [40, 44]. Thus, this constraint is introduced
as follows

J=1+vC (34)

where v refers to the volume of one solvent molecule. Considering the incremental character of the proposed
model, this constraint is modified to:

Jn_;,_l — Jn = Z/(Cn_;,_l — Cn) (35)



With the consideration of Eq. (35), the potential proposed in Eq. (33) can be postulated by reducing
the set of arguments

where p is the scaled chemical potential, denoted in units of fluid pressure per mass. This magnitude and
its gradient are introduced as follows:

w
p="5 P=—Vap (37)
Expressing the approach on the current configuration, based on the formulation proposed by Flory and
Rehner [67], we postulate the existence of a local free energy function ¥, which has three contributions, one
associated to the stretching of the polymer W,,s, which reads

1
\I’elas(c) = §NkBT(Il -3- 210g ']) (38)

another one related to the mixing of the polymer and solvent molecules ¥, [68, 69]

(J —1)log (‘];1> +X(T)(JJ_1)] (39)

where I is the first invariant of the left Cauchy-Green tensor that is defined as I; := tr[C], N is the number
of chains segments per unit reference volume, T is the temperature, kg is the Boltzmann constant and x(7')
refers to a material-specific and temperature-dependent interaction parameter. x(7T) is evaluated as the
following expression proposed for LCST hydrogels in [44]:

kT
\I/mix(caT) = i

() = 50+ ) = et~ v tank (27 (40)

which is easily adopted to UCST hydrogels by changing the sign of the term with the hyperbolic tangent

(D) = S0+ xa) + 5 v = o) i (7 (a1)
where x, and xg are the lower and upper limits of the parameter; T, is the LCST/UCST value and A is
the width of temperature range in the transition from both limits.

The final contribution of the energy is composed of the thermal contribution Wiepp, which follows a
classical thermoelastic contribution

T
Uiemp(C,T) = ¢, (T — Tp) — T'log |~ 3ka(T — Tp) log J (42)
0
where Tj is the reference temperature, a stands for the coefficient for thermal expansion and  is the bulk
modulus of the gel.
The sum of these three contributions makes the expression for the local free energy function, for the last
term in expression.

V= \Ijelas + \Ilmix + \I/temp (43)



Then, from Eq.(43), the Cauchy stress tensor o can be computed as follows:

oU(C)
aC

S:=2 —pJC™' = NkpT(1-C™ )+ JC™1 (44)

kgT J—-1 1 x
- [log (J) +J+J2} —3ka(T—Ty)—p

In order to implement the present model into the general purpose FE software, ABAQUS, via the UEL
subroutine, the local tangent operator C is required to compute the Jacobians. C can be obtained directly
from the derivation of Eq. (44):

88 kBT J_]- 1 X sym
(45)
kBT X J—l 1 1 —1
. [JQ log( 7 ) J—J +3ka(T —Tp) +p|JCT®C

where Ii%ym is a fourth-order tensor that has the following expression: Ig™ := [CT'®@C~' + C~'@C~!]/2 =

clc P c;'c ﬁj] /2, which employs the non-standard dyadic products.
For the mass diffussion problem, a dissipation function ¢ is postulated

8P, T) = 50— VPP (46)

2
where D is the diffusivity coefficient and |e| is the absolute value operator. From this expression, one can

derive it to obtain the flux vector referred to the current configuration j = J,; 12—‘;, that reads as

. (J,—1) Dv
_ 47
S A (47)
and then, by doing the pull-back operation, we obtain the nominal mass flux jgr
Dv
ir=F,"(J,-1)—F,"-P 48

where P = —Vxp. Keep in mind that the mixing potential (Eq. (46)) is due to the incremental changes of
the species concentration with respect to the previous increment. This justifies the appearance of F, in Eq.
(48).

At last, to account for the thermal problem, the entropy 7 is obtained from the derivation of the tem-
perature on Eq. (42).

ov T 1
NR=—am = 3nozlogJ+cplog?0 — §Nk3(11 —3—2logJ)
[ g (221 L XD =] U= DkaT 0(T) 1)
s\ J Jv ar
Therefore, from this expression, the latent heat H reads:
1 9 . 9 . 1 .
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Obtained from Eq. (49), only the deformation problem contributes to the latent heat, therefore Y = 0
and Z (i.e., the structural heating for hydrogels) is easily obtained by deriving Eq. (49) with respect to
the temperature (see Eq. (55¢)). To conclude with the temperature part, we define the expression for the
current heat flux which reads

q= -k VyT (51)

and by performing the pullback operation we reach the nominal flux qg.

qr=—-JF 1 k- F1.VxT=-K -VxT (52)

It is a common practice to identify an initial preswollen state due to Wi« being singular for J =1, i.e.,
in the dry state [41]. Therefore, there is a huge convenience in establishing a pre-swollen state in chemo-
mechanical equilibrium as a referential state [70], which results in the decomposition for the deformation
gradient as

F*=F-Fy (53)

and the expression of II;,; reads:

1 1
Hint<C*7pa p7F07FnaT) = TO\II(C*’T) _p(Jn+1 - J’n) - joAt ¢<p7F07Fn’T) (54)

resulting this in an alternative representation for the stress, the mass flux and the displacement-temperature
coupling tensor

NkBT 2/3 -1 kBT JJO —1 1 X(T) 3I<EOé(T7T0) 1
S:= Jy"1-C — 1 —_— — —pl|JC
7o o s el el G Ty | J22 Jo b
(55a)
. JnJo —1 Dv _T _T _T _T
— FT.rpT. p=mrT.Fr-T.p 55b
JR JOQ k‘BT n n mi, n ( )

NkB 2/3 1 kBJ J—l 1 X(T) 1 kBTJ XL — XH -1
z=""L(5"1-C ! = C '+ C™' - 3kal
) T A AU R R vJ2J§ 2A cosh® (155) "

(55¢)

with m = J"§3_1 kg"T. The expression for Z depends on whether it is a UCST or LCST hydrogel.
0

3.8. Derivation of the formulation

In this subsection, the basis of the mixed coupled displacement-pressure-temperature problem is outlined.
First, for displacement and pressure equations, the total potential of the system can be expressed in the
reference position of the arbitrary body by considering the dependence on the primary variables as follows

M(u,p,T,t) = / ing(w, p, T, 8)dV — Mexy (0, p, T, t) (56)
Qo

while for the temperature expression, the derivations are obtained from Eq. (31), which is obtained after
applying the Legendre transformation. The reason behind dedicating special attention to the thermal com-
ponent is detailed in [65]. This shows that our formulation is partially variational, as only the contributions
for displacement and pressure are derived from the potential defined in Section 3.2.

To solve the problem, consider the variation of primary fields (u, p,T) as (du, dp, 6T in the appropriate
spaces (0", 07, 07). It is worth noting that U* = {du € [H'(Q)] : du =0 on I} is the space of

11



admissible displacement variations, 0?7 = {dp € H'(Q) : —jr - Vxvdp > 0 on dQp ;} is the field space of
the admissible pressure and U7 = {0T € H*(Qo) : —qr - Vx6T > 0 on dQp 4} denotes the admissible test
functions for the temperature field.

The problem is first ruled via the linear momentum equilibrium for the mechanical part, defined in
Eq. (14) and for the dissipation function for the mass transport, postulated in Eq. (46). By combining
the first two terms, we define the expression for total internal potential postulated in Eq. (33), and from
here, we define the weak form of both equations, which stand for the most convenient setting to write the
corresponding numerical approximation based on FEM based on the standard Galerkin procedure:

DII(5u) = / [D U(ou) — pD J[au]} dV — DIl (du) = 0, Vdu (572)
Qo
DI = [ [ =7 = 5,0 p(én) = AD 9G]V ~ DTl () = 0. Vi (57D)

The weak definition of the thermal contribution is obtained from the energy balance in entropy form for
the thermal part, defined in Eq. (31), which reads

/ [chT((ST) +DV . qr(6T) - DT(6T)Z : € — muDVp((ST)]dV — DIl (6T) =0, V6T  (58)
Qo

where the operator D F'(de) denotes the Gateaux derivative which reads as:

0
D F(de) = a—nF(o + nde)|p—o (59)
By introducing the second Piola-Kirchhoff stress S, the nominal heat flux qgr and the nominal mass
flux jr, it is obtained the weak form of the coupled displacement-pressure-temperature problem for large
deformation solids with diffusion problems:

/ s E(éu)} dV — D Iex(6u) = 0, You (60a)
Qo B
[ [0 = op+ Atin - Fcp(6m)]av — DTl (59) = 0. (60b)
QD B
r . 1 .
/ & T(9T) = 572 : C(OT) + JVXT - K - Vx(6T) ~ jr(67) - Vxp|dV — D e (6T) = 0, V6T
Qo B

(60c)

4. Finite Element formulation and implementation details

4.1. Discretisation scheme

Being the domain discretized into finite elements, for which the displacement, scaled chemical potential
and the temperature are approximated by Galerkin’s method as it follows

m

n m
u=>» Ng-d, p=>» Np-p, T=) Np-T (61)
i=1 i=1 1=1

where d represents the nodal displacement vector; p is the nodal values of the pressure variable and T stands
for the nodal interpolation of the temperature. In order to satisfy the Babuska-Brezzi conditions [71] and
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Figure 3: 2-D illustration of a u-p-T mixed finite element, displaying the degrees of freedom and the Gauss quadrature points.
8-node quadratic element is used for the displacement while 4-node bilinear quadrilateral elements are utilized for pressure and
temperature.

avoid poor numerical performance, we employ a Taylor-Hood element discretization, where the displacement
shape functions are taken to correspond to a biquadratic 8-node serendipity element (20-node in 3-D), while
for temperature and scaled chemical potential we employ bilinear shape functions for a 4-node quadrilateral
element (8-node in 3-D). A schematic illustration of the discretization for two dimensions is provided in Fig.
3.

The material and spatial gradients of the shape functions N can be read as

VxN=J, T VeN(E),  ViN=j. T VN (62)

with & referring to the parametric coordinate system with coordinates & = {£,7,(}; and Je and jo as the
material and spatial Jacobians of the isoparametric transformation, which allow the computation of the
deformation gradient F as follows:

det je]

F=ij.-J.,°! i = F] =
je - Je with J, = det[F] det[d)

(63)

With the previous definitions at hand, the corresponding material gradient quantities can be discretized
as, for a material description,

Vxou=dd ® VxNa,  Vxdp~dp®VxN,, Vx0T ~ T ® VxNr (64)
13



where [6d, 0P, 6T"] are the nodal test functions.

4.2. Consistent linearization of the coupled displacement-pressure-temperature problem

Considering a finite time increment At := t,11 —t, > 0, where all the DOFs at t,, are assumed to be
known. The target is to obtain the independent variables at the time ¢%,, for the k-th iteration. To do
so, we solve the coupled problem through the use of the incremental and iterative solvers. This requires
the computation by the consistent lineralization of the previous residual equations in the sense of the
Gateaux directional derivative. Within this frame, the temporal variation of the displacement, pressure and
temperature reads:

Pnt1 — Dn . b Toi1 — 1Ty
At At

dn+1 - dn .

At ’ (65)

The point of departure for the finite element formulation of the displacement-pressure recalls the formal-
ism defined in Egs.(60a)-(60c), defining a coupled problem. The insertion of the interpolation scheme for u,

p and T leads to a discrete version of the residual forms denoted by R4, R? and R that are defined as:

RA(d,p,T) = (6d)" [/ vxNI.sdv - [ NI.F dv - N2 -Tdav} =0 (66a)
Qo Qo Qo
A R At
R?(d,p,T) = (5;3)T{ i ~Ny(J = Jn)dV +/Q T F, T VxN} - jr dv] =0 (66b)

A R R T-T
R7(d,p,T) = (6T)" Nice, (—2)av+ | VxNL.K.vxTdV
9 T%p At T

0 Qo

NT (66¢)
- =XE@Z':¢)1dv+ | NL.jgr- prdV] =0
Q() 2 QO

For the application of Newton-type solution algorithms for the iterative solution of the boundary value
problem, the linearization of the weak form has been computed, leading to the following linearised system
of equations that is solved by the global N-R monolithic scheme

Kdd  Kdp KdT Ad Rd
Krd K KT| |Ap| =— |RP (67)

being the tangent operators of the proposed finite element for the fully-coupled implicit solution scheme
derived from the residual operators as
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OR?
Kdd — -0 = VxNI-C-VxNgdV +/ [VxN§ - S-VxNg|-1dV (68a)
Qo Qo
ap _ (gepayr _ ORY T -1
KY = (KP)T = - JVxN}.C™1.N,dV (68b)
dp Qo
. d
KaT — ORT _ VxN}Y.Z . Npdv (68c)
T Ja,
. ORP At m J,
K=" — | 22T gyuNT.F-1. VN, dV 68d
o /QOJ()nxpnxp (634)
.+ ORP At
KT = = - — F, 7 - VxN] - jr - Np dV 68
T /Qo 7 X JrR T (68e)
R T
KTd - &4 8R - / —NT ZT . VxNg dV (68f)
Tp ORT T s -T
K'?=""_ = [ mNL.jg -F;7 VxN,dV (68g)
op Qo
A aRT ¢ (ZT . C)
KT = 2 / N?A”t-NTf N$T.NTdV
Qo . v (68h)
+ [ VxNE. K. FT.UxNpdV — [ NLIRYXP gy
Qo Qo

The Q2Q1Q1 fully-coupled element that we are presenting is programmed via an UEL user element sub-
routine from the FE commercial package ABAQUS. The solution scheme employed for the aforementioned
simulation is an incremental-iterative Newton-Raphson and the performance of the presented formulation
will be put into test in the next Section via the conduction of various numerical examples concerning several
applications of thermoresponsive hydrogels.

5. Numerical experiments

The organization within this Section is based on the evaluation of distinct numerical examples and the
corresponding outcomes derived from each of them. Section 5.1 presents a benchmark example featuring
a bidimensional square LCST hydrogel. This initial test aims to test the functionality of the Q2Q1Q1 for-
mulation. To achieve this objective, the sample is subject to free transient swelling and subsequently, to
deswelling caused by a temperature increase in Section 5.1.1. Subsequently, this specimen is used in address-
ing a couple of distinctive aspects within our study. First, in Section 5.1.2, we delve into the dependence
of the mesh refinement on the increment of the diffusion length. For this, our analysis analyzes the oscil-
lations in pressure during the initial phases of the swelling test for different mesh discretizations. Then,
in Section 5.1.3, the influence of the mass flux and the hyperelastic stretching in the temperature field is
addressed for this specimen.

Aiming for more complex problems, the compression behavior of UCST hydrogel sphere-like specimens
that are already in a swollen state is evaluated for different initial temperatures in Section 5.2. Eventually, in
Section 5.3, the seminal experiments of Oh et al. [63] concerning the effect of cross-linking and temperature
in the swelling ratio of PNIPAAm hydrogels are replicated with the modelling numerical framework.

5.1. Benchmark problem: 2-D square LCST hydrogel

5.1.1. Verification: free swelling and thermal deswelling
The first of the experiments consists of a validation example adopted for the experiment from Sec. 10.4
in the work by Chester and Anand [44]. In the light of this, it is modelled a 2-D plane-strain square brick
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Figure 4: Configuration for the 2-D free swelling and thermal deswelling problem. Symmetry conditions are considered on the
planes X and Y.

Table 1: Material properties employed for the isothermal square under free transient swelling and thermal-deswelling conditions.

NkgT =u (MPa) Nv T.(K) xr~x D (mm?/s) X
0.4 0.01 320 0.1 5x 1073 1.001

of L = 20 mm with 1,600 Q2Q1Q1 elements, displayed in Fig. 4. The hydrogel is subject to the following
initial boundary conditions (BCs):

e Concerning mechanical BCs, symmetry conditions are considered on the planes X and Y (see Fig. 4).
Therefore, in the FE commercial package ABAQUS is modelled the quarter of the problem.

e Concerning mass flux BCs, initial condition for the pressure with py for the whole domain in a stress-
free equilibrium state is pg = —188.86 MPa with the fixed edges prescribed to a zero fluid flux.

e Concerning thermal BCs, the entire body is prescribed to a temperature of Ty = 298 K under isothermal
conditions (i.e., no external flux, Z = 0), this means that the hydrogel is below the LCST temperature,
therefore, according to Eq. (40), we can approximate y, & x.

The material properties employed are represented in Tab. 1 and the main goal is to display the func-
tionality of the proposed Q2Q1Q1 formulation. Such demonstration is made for a free swelling state and
subsequent deswelling caused by a temperature gradient. To perform this task, the test is comprised of the
following stages:

e The first stage consists of a pressure decrease at the edges that are in contact with the solvent. This
is performed via definition of a linear ramp in ¢ = 300 s from py to 0 MPa with a fixed time increment
of At = 3 s. The motivation behind the choice of such time conditions is discussed in detail in
Section 5.1.2.
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Figure 5: Steps of the swelling-deswelling process: states for (a) 0's, (b) 300s, (c) 12 h, (d) 24h, (e) 33h and (f) 49h. Represented
within this plots is the solvent pressure p.

e Subsequently, the solid is subject to free transient swelling for 24 h.

e Then, when the model has swollen for such time, simulating a heating of the solvent, the edges in
contact with it are prescribed for a linear ramp in temperature from Ty to 333 K in 1 h, thus meaning
that the hydrogel will overpass the LCST, reducing its swelling rate considerably.

e This last temperature is held for another 24 h to analyze properly how the hydrogel will be compressed
under this thermal conditions.

Figs. 5(a)-5(f) depict the contour of the hydrostatic pressure, p, plotted on the deformed solid after
17
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Figure 6: 1-D representation of the diffusion length problem.

different times: (a) 0 s; (b) 300 s; (c¢) 12 h; (d) 24 h; (e) 25 h; (f) 49 h. In summary, the whole evolution
of the square during the test can be observed. Fig. 5(a) shows the application of the initial pg conditions,
while Fig. 5(b) exhibits the results of the decrease of the pressure in the edges in contact with the solvent.
Figs. 5(c)-5(d) exhibit the swollen body at the middle and at the end of the swelling step; and we can relate
that the sample loses its square shape due to the fluid flux that is coming from both edges in contact with
the solvent to the center of the sample. We can see from Figs. 5(b)-5(c) that the specimen grows more than
from Figs. 5(c)-5(d), due to the major difference in mass flux that is on the former state. Subsequently, the
results from thermal deswelling are observed in the last pair of images, Figs. 5(e)-5(f). Both images exhibit
that once the LCST of T, = 320 K has been surpassed, there is a decrease of size in the swollen state,
approaching again the initial square configuration of the body. The results that we have displayed in this
Section match qualitatively with those presented in the aforementioned paper of Chester and Anand [44].
However, some remarks need to be addressed regarding the presented framework, which are being covered
in the forthcoming subsections.

5.1.2. Study of diffusion length at instantaneous loading state

Next, we investigate the observed oscillations that might arise at the instantaneous state once heat and
mass flux boundary conditions are applied requiring a limit on the element size, informed from the diffusion
length. Specifically, for smaller diffusivity coefficients D, as the diffusion length is decreasing, the mesh size
is required to be finer in order to capture the transport problem.

Represented for a 1-D configuration in Fig. 6, we plot two elements with a size h which are experiencing
mass diffusion under a referential flux jg. The problem states that in order to have a smooth transport
problem, for an increment At, the flux should be fast enough to diffuse from at least one element of the
mesh, meaning that the element size should be refined according to this. From here, we define an empirical
rule h < /DAt to establish the minimum discretization that is required to model this. The failure to meet
this condition causes oscillations in the pressure field that leads to convergence issues for the loading step.

To test the mesh dependence, various discretizations of the 2-D square block disposed to free swelling are
simulated, with the properties plotted in Tab. 1. The main target is to assess the pressure oscillations of the
specimen in the step for the unloading pressure linear ramp in the edges of the hydrogel exposed to the solvent
from po to 0 MPa. Adopting a final time of ¢y = 50 s with a fixed time increment of At = 0.5 s, we obtain
from the empirical condition that the maximum element size required to model the hydrogel pre-swelling
step is h = 0.05 mm. It is important to highlight that now we consider the full chemo-thermomechanical
model, i.e., Z # 0, this means that heat sources are considered. However, as no special thermal BCs are
added, we do not address the thermal particularities, leaving that for the following Section.

Displaying the pressure isocontour for the first step of the unloading step in Fig. 7, it can be identified
for the first maps that when the boundaries of the specimen are put in contact with the solvent, the pressure
gradient in that area becomes irregular due to oscillations that are happening within this magnitude. These
are due to the diffusion length problem that we are addressing in this section, since the aforementioned
condition is not fulfilled. It is observed when the specimen is refined, this transition becomes less rough,
leading to a total stable sample for Fig. 7(d), when such criterion is met. A quantitative approach of this
phenomenon can be observed in Fig. 8, where we plot the evolution of the pressure from a vertical path in
x = L — h mm; it is observed how the oscillations in the top right corner are smoothed when the sample is
refined, in addition with a reduction in the minimum of the pressure reached in the bottomost edges of the
specimen. Therefore, it is concluded that the only discretization that does not show any visible oscillations
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Figure 7: First increment of unloading pressure ramps conducted for discretizations with element sizes: (a) h = 0.25 mm,
(b) h = 0.15 mm, (c) h = 0.1 mm and (d) h = 0.05 mm with a time step of At = 0.5 s. It is observed how by increasing
discretization, the variation of the pressure becomes smooth.

is the finest one, h = 0.05 mm, proving this that the empirical condition of h < v/ DAt is required to ensure
pressure stability of the sample.

Repeating the test, now for even a smaller time step: At = 0.15 s for a final unloading time of t; = 15
s, we conduct again the tests for the different discretizations. According to the condition, the maximum
element size to guarantee a stabilized simulation is hpax = 0.027 mm. Therefore, none of the previous
discretizations satisfy such constraint, so we will include in the simulations h = 0.025 mm. In line with
the previous test, we commence by plotting the isocontours for pressure near the top right corner in Fig. 9
and we observe that as we decrease the time step, the observed oscillations are intensified for the coarser
discretizations and further refinement is required to meet the conditions, leading it to a heavily refined
model of 160,000 elements, that is characterized by a huge computational cost, meaning that reducing the
time step leads to an increase of the computation time. The evolution of the pressure in the width of the
thickness is quantified in Fig. 10 for a vertical path at the point z = L — h.

Having studied the diffusion length and subsequently proposed an empirical rule to tackle these instan-
taneous oscillations, it is worth highlighting another aspect that relies on the refinement of the mesh, but
which is more visible during the swelling step: the appearance of swelling induced surface instabilities, a
phenomenon due to the induction of compressive in-plane stresses. These instabilities have been deeply
studied in the bibliography and have appeared in the form of creasing [72-75] and wrinkling [76, 77] in
several experiments and numerical methods have addressed their appearance based on energy or equilib-
rium settings [56, 59, 78-82]. What is stated in the numerical approaches is that the appearance of these
instabilities earlier during the swelling stage due to mesh refinement approaches the theoretical prediction
of a instantaneous instability. Unlike the diffusion length issue, this phenomenon has been deeply addressed
in the theory. Therefore, we just mention it here for the readers’ consideration and do not address it further
since we believe that the study of surface induced instabilities is out of the scope of the current investigation.
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Figure 8: Evolution of the pressure for a vertical path in the sample at * = L — h mm for different discretizations at the
first increment of the pressure unloading step with a time step of At = 0.5 s. Oscillations in pressure are observed for coarser
meshes near the top right corner.

5.1.3. Influence in temperature terms of displacement and pressure field

The additional particularity to be addressed is the inclusion of the last two terms in Eq. (66¢), i.e., the
temperature variation due to fluid flow and elastic stretching. The referential works of Chester and Anand
[44] claims that both terms could be dismissed due to their relative minor influence on the hydrogel behavior
compared to the other terms on the residual terms. This statement has been proven to be in line with other
tests conducted for thermo-mechanical simulations of polymers such as [83, 84]. In the context of hydrogels,
our investigations have unveiled that both terms significantly influence material behavior, primarily because
of their mechanical properties, characterized by their notably low stiffness compared to other polymers. Such
interplay of mechanical and thermal properties plays a major role in swelling experiments like [61, 85, 86].
In order to address this claim, the comparison between the swelling-deswelling results of Section 5.1.1 is
conducted with and without considering these coupling terms. The isocontours for the temperature field at
the beginning of the swelling step can be seen in Fig. 11. When both terms are neglected, an isothermal
condition is observed. However, when both terms are considered, a significant temperature gradient of
approximately 8 units of temperature is located at the top right corner of the square block. If we were
running this analysis near the critical temperature T, such gradient could cause the transition of the LCST
which will lead to a dramatic change of the solvent capacity to make the hydrogel swell. Therefore, the
consideration of these terms cause, by taking a look just on the temperature field itself, significant thermal
changes that alter the swelling behavior, which can be explained by the instantaneous change from a poor
to good solvent and viceversa. Based on this argument the thermal fields should not be dismissed.

In addition to this, we pay attention on the time evolution of the displacement in the top right node
during the full test on Fig. 12 and we observe that, now in the mechanical field, there are also some
influences in the material behavior. It is observed how the trajectory for both tests is slightly different
between both approaches, reaching a 5% difference on the peak of the specimen, and decaying quicker
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Figure 9: First increment of unloading pressure ramps conducted for discretizations with element sizes: (a) h = 0.15 mm, (b)
h = 0.1 mm, (c) h = 0.05 mm and (d) h = 0.025 mm with a time step of At = 0.15 s. It is observed how by increasing
discretization, the variation of the pressure becomes smooth.

during the deswelling stage for the full model. In addition to this, on numerical terms, it is important to
highlight that the convergence of the approach considering both influences is more enhanced than the one
dismissing both terms, which leads to more difficulties on conducting the test. Considering the distinct
performances that are displayed here, we have presented some robust arguments to encourage the usage of
a full formulation considering all the involved terms.

5.2. Free swelling + compression tests on agarose spheres

After the validation of the functionality of the proposed framework and addressed its particularities, we
will focus on the remainder of the paper to show the ability of our model to replicate some complex test
conditions for hydrogels. In the light of this idea, this Section is dedicated to analyzing the compression-based
mechanical behavior of agarose hydrogels, which belong to the UCST gel category. For illustrative purposes,
the micrographs taken showing the evolution of an agarose hydrogel during a experimental compression test
are displayed in Fig. 13(a)-13(c). As we are delving into modeling thermoresponsive hydrogels, the authors
have found compelling the investigation of compression results with respect to the temperature of the
hydrogel. Therefore, to satisfy such requirements, the following test conditions are applied:

o It is modelled as the eighth of a three-dimensional sphere (symmetry conditions are prescribed in the
X, Y and Z planes).

o Initial BCs for pressure with py are applied to the whole domain with the fixed edges prescribed to a
zero fluid flux.

e The entire body is prescribed to a temperature Ty that is different for every conducted test. This is
performed to account the differences in swelling and compression behavior for all the specimens. No
isothermal conditions are considered, i.e., Z # 0.
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Figure 10: Evolution of the pressure for a vertical path in the sample at x = L — h mm for different discretizations at the first
increment of the pressure unloading step with a time step of At = 0.15 s. Oscillations in pressure are observed for coarser
meshes near the top right corner.
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Figure 11: Isocontour displaying the temperature field (a) without and (b) with considering the fluid flow and elastic stretching
influence on the temperature.

The material properties used to perform these analyses are plotted in Tab. 2. The layout of the problem
is presented in Fig. 14, where we can visualize two instances in the problem of contact: a rectangular-shaped
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Figure 12: Time evolution of the vertical displacement in the top right node for the swelling-deswelling test with (red, continuous
line) and without (green, dashed line) considering the fluid flow and elastic stretching influence on the temperature.
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Figure 13: For illustrative purposes, the evolution of an agarose compression experimental test is presented.

plate modelled as a rigid solid that will act as the compressive load applier (it corresponds to the metallic
item exhibited in Fig. 13) on the hydrogel sphere of radius R = 5 mm with a mesh of 432 20-node Q2Q1Q1;
both instances are separated by a considerable distance to let the hydrogel swell freely without contacting
the plate. The main goal of these analysis is to check how the swelling degree affects the compression tests,
in terms of material behavior and maximum displacement reached in the experiment. For that purpose, the
numerical test is divided into the following stages:

e First step consists in the pressure decrease at the edges that are in contact with the solvent. This is
achieved via a linear ramp in ¢ = 300 s from pg to 0 MPa with a fixed time increment of At = 10
s. The choice of such test conditions meet the condition to avoid pressure oscillations established in

23



Table 2: Material properties employed for the 3-D sphere subject to a compression test.

p(MPa) xr yi T.(K) A(K) D(mm?/s) c (J/(mm3-K)) a (K™ K(W/(mm-K)) Ao

0.35 0.1 0.7 320 5 5x 1072 5.02 73 x 106 0.35 x 1073 1.01

Figure 14: Geometry and mesh adopted for the numerical simulation of the compression test.

Section 5.1.2.
e For the next stage, the solid is subject to free transient swelling for 24 h.

e Subsequently, it is applied the quick compression test. With a displacement rate of v = 10 mm/s and
a experiment time of ¢ = 1 s, the rigid solid applies the compressive loading on the swollen hydrogel
sphere following the conditions observed in Fig. 13.

We have studied the swelling-compression behavior of this sphere for the following range of initial tem-
peratures: T = [305, 310, 315, 318, 319, 320, 321, 322, 325, 330, 335] K. In Figs. 15(a)-15(f), the evolution of
this experiment is illustrated for the specimen at 315 K. The micrographs depicted in Figs. 15(a)-15(c)
capture the swelling of the specimen during the initial stages when it comes into contact with the solvent
and subsequently begins to grow due to fluid diffusion within the gel. Then, Fig. 15(d) represents the next
stage of the numerical experiment, wherein rigid plates are introduced in contact with the sphere, and, as
observed in the subsequent Figs. 15(e)-Fig. 15(f), they start compressing it, with a gradual increase of
the stiffness of the sphere until it approaches infinity, ultimately ending the test. The similarities with the
experiment plotted in Fig. 13 can be observed within these numerical simulations, with the small exception
that in here we have a rigid plate compressing the sphere by both top and bottom surfaces.

For the record, Fig. 16 portrays a collection of curves concerning various magnitudes. First, to account
that we manage to capture the UCST behavior, we have depicted the progression of the maximum displace-
ment achieved during the swelling phase in Fig. 16(a). It is observed that the curves for tests with higher
initial temperatures reach significantly higher peak values, thus proving the correlation between temperature
and the swelling rate, which starts augmenting after 7' > T¢, as x ~ xu.

Moving forward, the attention is now devoted to the mechanical response during the compression test.
As Fig. 15 states, the compressive load is applied in the Y-direction. Therefore, in Figs. 16(b)-16(c), it is
provided a representation concerning the time evolution of both peak normal (u,) and transversal (u,) nodal
displacements. Initially, the displacement values starts to augment at an earlier stage for specimens with
higher initial temperatures. This serves as compelling proof of the UCST behavior, as these samples have
experienced more growth during the swelling phase. Consequently, the compressive force from the plates is
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Figure 15: Steps of the swelling-compression example at 315K: states for (a) 0 s and (b) 300 s depict the decrease of pressure
in the edges in contact with the solvent, (c) shows the subsequent swelling stage running for 24 hours, while (d)-(f) display the
evolution of the quick compression test happening in the lapse of a second. Represented within these plots is the displacement
Ug .

applied to them sooner in the process. Subsequently, as the volume of the specimen is smaller for lower Ty,
the maximum value for displacement reached is also smaller. The reason behind this is that the point at
which the stiffness of the sphere becomes nearly infinite is attained earlier, thereby prematurely concluding
the test. The reaction force versus time curves, as depicted in Fig. 16(d), provide further confirmation of
this observation, with their slope displaying a noticeable exponential behavior, which tends toward higher
values for specimens with 7" > T,.. These series of swelling with compression tests have not only proven
the reliability and versatility of our modeling framework for conducting experiments with UCST samples
but also highlight its plausible integration with mechanical tests that can be experimentally compared and
correlated with universal testing machines.
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Figure 16: Graphs illustrating the evolution of multiple variables, ordered as follow: (a) maximum u, attained during the
swelling phase, (b) maximum nodal uy, (c) maximum nodal u, and (d) maximum nodal reaction force achieved during
compression time.

5.3. Experimental correlation: free swelling of PNIPAAm hydrogels

Ultimately, important efforts have been devoted in establishing a quantitative correlation with the ex-
perimental data reported by [63], where they study the effect of crosslinking density on the swelling behavior
for PNIPA Am hydrogels for different temperatures.

It is well-known that the PNIPAAm/water system show the type of swelling for a LCST hydrogel.
Therefore, for this system, Oh et al. [63] synthetized various N-isopropylacrylamide (NIPA) gel particles
with various crosslinking concentrations and measured the free swelling behavior of these materials to predict
the swelling equilibrium of the hydrogel/solvent system. The magnitude that they employ to measure the
degree of swelling is the volume ratio of gel particles. Their study shows that, for temperatures below
the LCST, hydrogels with less crosslinking density become considerably more swollen. However, when the
temperature is increased above the LCST, the influence of the crosslinking density is almost negligible, as
the volume that this systems grow is considerably minor compared to cooler temperatures.

Heading back to the current modelling framework, in order to capture this experimental behavior and
correlate with the main findings of [63], we propose the following approach: As the experimental work gives
not enough details regarding the geometry and dimensions of the sample, we assume that the authors mean
that the swelling properties do not depend on these characteristics, but in the material itself. Therefore, we
have modelled one-eighth of a 3-D square block swelling of 20x20x20 mm, imposing symmetry conditions
on the X, Y and Z plane. The employed properties are plotted in Tab. 3, based on the modelled material
in [44].

Imposed chemical BCs are quite similar with respect to those defined in Section 5.1.1 during loading
and swelling steps, but now for 3-D: symmetry surfaces are imposed zero flux conditions, whereas in the
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Table 3: Material properties employed for the 3-D block under free transient swelling conditions.

p(MPa) xr xu T.X) A(K) D (mm?/s) ¢, (J/(mm3 . K)) a (K K (W/(mmK)) Ao

0.4 0.05 0.85 305 5 5x 1072 5.02 73 x 107° 0.35 x 1073 1.01
45 T A T T T T T T T T
40 + O Exp-3.88%C )
—@— Num-Nv=0.01
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Figure 17: Volume of free-swelling hydrogel depending on temperature for different crosslinking densities. To adjust for the
different experiments of [63], we have changed the parameter Nv.

surfaces in contact with the solvent, a pressure of pg = 0 MPa is prescribed for an initial swelling ratio
of Ay = 1.01, meaning that they are in equilibrium with the solvent. As the temperature has to remain
constant for the whole analysis for proper correlation with the experiments, isothermal BCs are applied for
the whole domain, meaning that Z = 0. In accordance with the mesh sensitivity analysis carried out in
Section 5.1.2, a mesh of 8,000 20-node Q2Q1Q1 elements is employed for the whole analysis.

The parameter of our model that is related to the crosslinking density of our model is Nv; therefore, it is
the one to be adjusted to capture the experimental results. To compare with the experimental results that
refer to volume change, we have plotted in Fig. 17 the Jacobian J on the swollen state under equilibrium
(remember that is the magnitude that maps the volume variation from the reference configuration to the
current one like dv = JdV) in front of the imposed temperature on the hydrogel. Experimental results study
a experimental crosslinking of 1.23%, 2.50% and 3.88% and we have calibrated such change by controlling the
Nv parameter following [87]. The results reveal that when reducing the Nv parameter, that is equivalent to
reducing the crosslinking and then, the swelling ratio J of the hydrogel increases considerably when cooled
below the LCST for both numerical and experimental tests. In addition to this, above the LCST, it is
observed how the numerical and experimental results for the three analyzed samples do coincide, meaning
the independence of this parameter when the hydrogel is heated above this temperature. Overall, it can be
observed a strong correlation between the experiments and the numerical model, proving the solidness that
the proposed framework provides in capturing the behavior of thermoresponsive hydrogels.

27



6. Conclusions

We have presented in this work an inf-sup stable mixed element for the modelling of thermoresponsive
hydrogels in the form of a UEL subroutine. Specifically, we have adapted a mixed displacement-temperature-
fluid pressure theory for its FE implementation. In order to achieve fulfillment of the LBB conditions and
thus, gain inf-sup stability, we have adopted a quadratic interpolation for the displacement field and a linear
interpolation for the temperature and the fluid pressure fields, thus employing a Q2Q1Q1 formulation.

First, the functionality of the Q2Q1Q1 element has been tested by analyzing a free swelling state followed
by a subsequent deswelling caused by a temperature gradient in a LCST square block gel, performing very
solidly. Subsequently, the dependence of the diffusion length on the mesh, a topic that has hastily been
covered, has been evaluated by checking the pressure variations in the specimen, proving the importance
of picking an appropiate discretization to avoid any visible oscillations in the fluid pressure. To conclude
the verification part, we have compared the importance in the free swelling behavior of the temperature
variation due to fluid flow and elastic stretching, coupled terms that have been ignored in the referential
works due to their minor influence; we have found that due to the low stiffness that hydrogels present,
such terms should be considered for an appropiate swelling test, not only in terms of accuracy, but also in
convergence.

Subsequently, our research has been extended to more complex experiments. Initially, we have success-
fully delved into the compressive behavior of UCST swollen spheres, studying the effect that the initial
temperature of each hydrogel poses into the mechanical behavior of such gels. Moreover, the model has
achieved accuracy in capturing experimental results by correlating the effect of the cross-linking density on
the swelling behavior for PNIPAAm hydrogels, varying temperature.

Future efforts with this formulation will be devoted towards the implementation of a model for fracture
of thermoresponsive hydrogels that can be experimentally tested. As part of this investigation, the recently
developed mixed formulation for incompressible hyperelastic materials [88] combined with the F-bar method
could be exploited for this purpose. The study of the structural integrity of hydrogels holds a particular
significance, especially in the applications of tissue engineering and drug delivery systems.
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