SCUOLA

IMT ALTI STUDI

LUCCA

Scuola IMT Alti Studi Lucca

Block-coordinate and incremental aggregated proximal gradient methods for nonsmooth
nonconvex problems

Questa ¢ la versione sottoposta a revisione paritaria (postprint) della seguente opera:

Original

Block-coordinate and incremental aggregated proximal gradient methods for nonsmooth nonconvex
problems / Latafat, P.; Themelis, A.; Patrinos, P.. - In: MATHEMATICAL PROGRAMMING. - ISSN 0025-5610. -
193:1(2022), pp. 195-224.[10.1007/s10107-020-01599-7]

Availability:
This version is available at: 20.500.11771/32219

Publisher:

Published
DOI:10.1007/s10107-020-01599-7

Terms of use:

This publication is made accessible in accordance with the terms for deposit in the institutional repository,
as defined by the IMT School for Advanced Studies Lucca’s Open Access Policy.
(https://library.imtlucca.it/sites/default/files/regolamento-policy-open-access-imtlib_0.pdf).

Si prega di consultare le pagine informative dell'editore relative alle politiche di autoarchiviazione.

(Article begins on next page)

02 May 2026



BLOCK-COORDINATE AND INCREMENTAL AGGREGATED PROXIMAL GRADIENT METHODS FOR NONSMOOTH
NONCONVEX PROBLEMS

PUYA LATAFAT, ANDREAS THEMELIS AND PANAGIOTIS PATRINOS

AssTracT. This paper analyzes block-coordinate proximal gradient methods for minimizing the sum of a separable
smooth function and a (nonseparable) nonsmooth function, both of which are allowed to be nonconvex. The main
tool in our analysis is the forward-backward envelope (FBE), which serves as a particularly suitable continuous and
real-valued Lyapunov function. Global and linear convergence results are established when the cost function satisfies
the Kurdyka-Lojasiewicz property without imposing convexity requirements on the smooth function. Two prominent
special cases of the investigated setting are regularized finite sum minimization and the sharing problem; in particular,
an immediate byproduct of our analysis leads to novel convergence results and rates for the popular Finito/MISO
algorithm in the nonsmooth and nonconvex setting with very general sampling strategies.

1. INTRODUCTION
This paper addresses block-coordinate (BC) proximal gradient methods for problems of the form

minimize  ®(x) = F(x) + G(x), where F(x) =+ X, fi(x), (1.1)

x=(x1,....xy)ERZi i
in the following setting.
Assumption I (problem setting). In problem (1.1) the following hold:
A1 function f; : R" — R is Lg-smooth (Lipschitz differentiable with modulus Lg), i € [N] = {1,...,N};
A2 function G : REi" — R := R U {+0o} is proper and lower semicontinuous (Isc);
A3 a solution exists: argmin @ # (.

Unlike typical cases analyzed in the literature where G is separable [57, 60, 40, 6, 13, 49, 33, 15, 27, 63], we
here consider the complementary case where it is only the smooth term F that is assumed to be separable. The
main challenge in analyzing convergence of BC schemes for (1.1) especially in the nonconvex setting is the fact
that even in expectation the cost does not necessarily decrease along the trajectories. Instead, we demonstrate
that the forward-backward envelope (FBE) [43, 56] is a suitable Lyapunov function for such problems.

Several BC-type algorithms that allow for a nonseparable nonsmooth term have been considered in the liter-
ature, all however in convex settings. In [59, 61] a class of convex composite problems is studied that involves
a linear constraint as the nonsmooth nonseparable term. A BC algorithm with a Gauss-Southwell-type rule is
proposed and the convergence is established using the cost as Lyapunov function by exploiting linearity of the
constraint to ensure feasibility. A refined analysis in [38, 39] extends this to a random coordinate selection strat-
egy. Another approach in the convex case is to consider randomized BC updates applied to general averaged
operators. Although this approach can allow for a fully nonseparable structure, usually separable nonsmooth
functions are considered in the literature. The convergence analysis of such methods relies on establishing quasi-
Fejér monotonicity [29, 18, 45, 10, 44, 31]. In a primal-dual setting in [23] a combination of Bregman and
Euclidean distance is employed as Lyapunov function. In [26] a BC algorithm is proposed for strongly convex
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functions that involves coordinate updates for the gradient followed by a full proximal step, and the distance from
the (unique) solution is used as Lyapunov function. The analysis and the Lyapunov functions in all of the above
mentioned works rely heavily on convexity and are not suitable for nonconvex settings.

Thanks to the nonconvexity and nonseparability of G, many machine learning problems can be formulated as
in (1.1), a primary example being constrained and/or regularized finite sum problems [7, 53, 21, 20, 36, 48,47, 52]

minimize,egr (x) = % L, fi(x) + g(x), (1.2)

where f; : R” — R are smooth functions and g : R” — R is possibly nonsmooth, and everything here can be
nonconvex. One way to cast (1.2) into the form of problem (1.1) is by setting

G(x) = % 2N, g(x) + c(x), (1.3)

where C = {az eRWY|xj=x="--= xN} is the consensus set, and d¢ is the indicator function of set C, namely
O0c(x) = 0 for & € C and oo otherwise. Since the nonsmooth term g is allowed to be nonconvex, formulation (1.2)
can account for nonconvex constraints such as rank constraints or zero norm balls, and nonconvex regularizers
such as €7 with p € [0, 1), [28].
Another prominent example in distributed applications is the “sharing” problem [14]:
P . 1 YN N

minimize O(x) = § Xt filxi) + g(Z,»zl xi), (1.4)
where f; : R” — R are smooth functions and g : R” — R is nonsmooth, and all are possibly nonconvex. The
sharing problem is cast as in (1.1) by setting G := go A, where A :=[I, ... I,] € R™™N (1, denotes the r X r
identity matrix).

1.1. The main block-coordinate algorithm. While gradient evaluations are the building blocks of smooth min-
imization, a fundamental tool to deal with a nonsmooth Isc term ¢ : R” — R is its V-proximal mapping

prox, (x) := arg %ﬁn {l//(w) + 3w - xll%,}, (1.5)
weR”

where V is a symmetric and positive definite matrix and || - ||y indicates the norm induced by the scalar product
(x,y) — (x,Vy). It is common to take V = r~'I, as a multiple of the r x r identity matrix I, in which case
the notation prox,, is typically used and 7 is referred to as a stepsize. While this operator enjoys nice regularity
properties when g is convex, such as (single valuedness and) Lipschitz continuity, for nonconvex g it may fail to
be a well-defined function and rather has to be intended as a point-to-set mapping proxl‘; : R” =3 R’". Nevertheless,
the value function associated to the minimization problem in the definition (1.5), namely the Moreau envelope

v/ (0 = inf {y(w) + glw - 2lip). (1.6)

is a well-defined real-valued function, in fact locally Lipschitz continuous, that lower bounds ¢ and shares with
¢ infima and minimizers. The proximal mapping is available in closed form for many useful functions, some
of which are widely used regularizers in machine learning; for instance, the proximal mapping of the £ and ¢!
regularizers amount to hard and soft thresholding operators.

In many applications the cost to be minimized is structured as the sum of a smooth term 4 and a proximable
(i.e., with easily computable proximal mapping) term . In these cases, the proximal gradient method [25, 3]
constitutes a cornerstone iterative method that interleaves gradient descent steps on the smooth function and
proximal operations on the nonsmooth function, resulting in iterations of the form x* € prox,,(x — yVh(x)) for
some suitable stepsize 7.

Our proposed scheme to address problem (1.1) is a BC variant of proximal gradient, in the sense that only
some coordinates are updated according to the proximal gradient rule, while the others are left unchanged. This
concept is synopsized in Algorithm 1, which constitutes the general algorithm addressed in this paper.

Although seemingly wasteful, in many cases one can efficiently compute individual blocks without the need
of full operations. In fact, the BC Algorithm 1 bridges the gap between a BC framework and a class of incre-
mental methods where a global computation typically involving the full gradient is carried out incrementally via
performing computations only for a subset of coordinates. Two such broad applications, problems (1.2) and (1.4),
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Algorithm 1 General forward-backward block-coordinate scheme

ReQuRE  a” € RZi%, vi € (0,N/L;), i € [N]
I' = blkdiag(y11,,, ..., ynln,), £=0
REPEAT until convergence
1: 2k € proxL ' (z* — [VF(zh))
2: select a set of indices 7%*! C [N]
3: update xkl = zf forie 7! and X! = x{‘ fori¢ 7! ke—k+1

i i
ReTurRN ZF

are discussed in the dedicated Sections 3 and 4, where among other things we show that Algorithm 1 leads to the
well known Finito/MISO algorithm [21, 36].

1.2. Contribution.

1) To the best of our knowledge this is the first analysis of BC schemes with a nonseparable nonsmooth term and
in the fully nonconvex setting. While the original cost @ cannot serve as a Lyapunov function, we show that the
forward-backward envelope (FBE) [43, 56] decreases surely, not only in expectation (Lemma 2.5).

2) This allows for a quite general convergence analysis for different sampling criteria. This paper in particular
covers randomized strategies (Section 2.3) where at each iteration one or more coordinates are sampled with
possibly time-varying probabilities, as well as essentially cyclic (and in particular cyclic and shuffled) strategies
in case the nonsmooth term is convex (Section 2.4).

3) We exploit the Kurdyka-Lojasiewicz (KL) property to show global (as opposed to subsequential) and linear
convergence when the sampling is essentially cyclic and the nonsmooth function is convex, without imposing
convexity requirements on the smooth functions (Theorem 2.11).

4) As immediate byproducts of our analysis we obtain (a) an incremental algorithm for the sharing problem [14]
that to the best of our knowledge is novel (Section 4), and (b) the Finito/MISO algorithm [21, 36] leading to
a much simpler and more general analysis than available in the literature with new convergence results both
for randomized sampling strategies in the fully nonconvex setting and for essentially cyclic samplings when the
nonsmooth term is convex (Section 3).

1.3. Organization. In the next subsection we introduce the adopted notation. The core of the paper lies in the
convergence analysis of Algorithm 1 detailed in Section 2: Section 2.1 introduces the FBE, fundamental tool of
our methodology and lists some of its properties whose proofs are detailed in the dedicated Appendix A.1, fol-
lowed by other ancillary results documented in Appendix A.2. The algorithmic analysis begins in Section 2.2
with a collection of facts that hold independently of the chosen sampling strategy, and later specializes to ran-
domized and essentially cyclic samplings in the dedicated Sections 2.3 and 2.4. Sections 3 and 4 discuss two
particular instances of the investigated algorithmic framework, namely (a generalization of) the Finito/MISO
algorithm for finite sum minimization and an incremental scheme for the sharing problem, both for fully noncon-
vex and nonsmooth formulations. Convergence results are immediately inferred from those of the more general
BC Algorithm 1. Section 5 concludes the paper.

1.4. Notation. With id we indicate the identity function x — x defined on a suitable space, and with I the identity
matrix of suitable size. For a symmetric and positive definite matrix V, we denote by || - ||y the norm induced by
the scalar product (x,y) — (x, Vy), namely ||x||y := v{x, Vx). We denote by || - || the standard Euclidean norm.
For a set E and a sequence (x*),  we write (x*),_ € E to indicate that x* € E for all k € N, and we say that
(X9, o 18 summable if Y |1x¥]| is finite. We say that (x*),  converges at Q-linear rate (resp. R-linear rate) to
a point x if there exist ¢ € (0, 1) such that |[x**! — x| < c||x* — x|| (resp. ||x* — x| < pc* for some p > 0) holds for
all k € N.

We use the notation H : R” =3 R to indicate a point-to-set mapping H : R” — 2R", where 2R" is the power
set of R™ (the set of all subsets of R™). The graph of H is the set gph H = {(x,y) € R" X R" | y € H(x)}. We say
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that H is outer semicontinuous (osc) if gph H is a closed subset of R” X R, and locally bounded if for every
bounded U c R” the set |,y H(x) is bounded.

The domain and epigraph of an extended-real-valued function 4 : R” — R := RU({co} are the sets respectively
defined as dom / := {x € R" | h(x) < oo} and epih = {(x,@) € R" X R | h(x) < «}. Function £ is said to be proper
if domh # 0, and lower semicontinuous (Isc) if epih is a closed subset of R"*!. For & € R, leve, h is the a-
sublevel set of h, i.e., leve, h = {x € R" | h(x) < a}. We say that h is level bounded if lev<, h is bounded for all
a € R. We denote by dh : R" =3 R" the regular subdifferential of h, where

vedn® o liminf P TAD=wx=H

A% llx — x| a
X#X

A necessary condition for local minimality of x for his 0 € éh(x), see [51, Th. 10.1]. The (limiting) subdifferential
of his 0h : R" 3 R", where v € dh(x) iff x € dom & and there exists a sequence (x*, vk)ke]N C gph Oh such that
(K, h(xXk), vE) — (x, h(x),v) as k — co.

The B-subdifferential (also known as Bouligand or limiting Jacobian) of a locally Lipschitz-continuous func-
tion G : R" — R™ at X € R" is the set-valued mapping d5G : R" =3 R™" defined as

9pG(%) = {H € R™" | A(x"), . € Cg with x* > %, JG(x") - H},

where Cg € R” denotes the (dense) set of points at which G is differentiable (in the classical sense) and JG
denotes the Jacobian of G. If G : R” — R is locally Lipschitz on R”, then dpG(x) is a nonempty and compact
subset of R™*" matrices, and as a set-valued mapping it is osc at every x € R". The interested reader is referred
to the textbooks [17, 22, 51] for the details.

2. CONVERGENCE ANALYSIS

We begin by observing that Assumption I is enough to guarantee the well definedness of the forward-backward
operator in Algorithm 1, which for notational convenience will be henceforth denoted as T["(x). Namely, T[® :
RZi" =3 RZi" is the point-to-set mapping

T®(x) = proxl; (z — ['VF(x))
= argmin {F(z) + (VF(@),w — ) + G(w) + i|lw — z|%.,}. 2.1

weRZi"i
Lemma 2.1. Suppose that Assumption I holds, and let T := blkdiag(y1,,, ..., ynls,) withy; € (0,N/L;,), i € [N].
Then proxgl and TF are locally bounded, outer semicontinuous (osc), nonempty- and compact-valued mappings.

Proof. See Appendix A.1. ([l

2.1. The forward-backward envelope. The fundamental challenge in the analysis of (1.1) is the fact that,
without separability of G, descent on the cost function cannot be established even in expectation. Instead, we
show that the forward-backward envelope (FBE) [43, 56] can be used as Lyapunov function. This subsection
formally introduces the FBE, here generalized to account for a matrix-valued stepsize parameter I', and lists
some of its basic properties needed for the convergence analysis of Algorithm 1. Although easy adaptations of
the similar results in [43, 56, 55], for the sake of self-containedness the proofs are detailed in the dedicated
Appendix A.1.

Definition 2.2 (forward-backward envelope). In problem (1.1), let f; be differentiable functions, i € [N], and for
Yi,...,Yn > 0let T = blkdiag(yi1,,, ..., vy~ ). The forward-backward envelope (FBE) associated to (1.1) with
stepsize T is the function O : RZi% — [—c0, 00) defined as
(@)= inf (F(x)+ (VF(@),w - z)+Gw) + §llw - x|} . (2.2a)
weRZini
Definition 2.2 highlights an important symmetry between the Moreau envelope and the FBE: similarly to
the relation between the Moreau envelope (1.6) and the proximal mapping (1.5), the FBE (2.2a) is the value
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function associated with the proximal gradient mapping (2.1). By replacing any minimizer z € T{(x) in the right-
hand side of (2.2a) one obtains yet another interesting interpretation of the FBE in terms of the I'"!-augmented
Lagrangian associated to (1.1)

Lr(x, 2, y) = F(x) + G(z) +(y,x — z) + %H:l: - zII%,1 ,

namely,
O (x) = F(x) + (VF(x),z —x) + G(z) + %Ilz - ar:ll%,l (2.2b)
= % 1(x, z,-VF(x)). (2.2¢)
Lastly, by rearranging the terms it can easily be seen that
O(z) = F(z) - LIVF(2)IIf + G"'(z - TVF(2)), (2.2d)

hence in particular that the FBE inherits regularity properties of F', VF', and the Moreau envelope G™' (ef. (1 .0)),
some of which are summarized in the next result.

Lemma 2.3 (FBE: fundamental inequalities). Suppose that Assumption 1 is satisfied and let y; € (0,N/L;), i € [N].
Then, the FBE O is a (real-valued and) locally Lipschitz-continuous function. Moreover, the following hold for
any © € RZi":

(i) PP () < O(x).

(ii) Y=l _, < OF@)-0(=2) < Sllz—al.,,, foranyz € TP (x), where Ar := % blkdiag(Ly L, .., Ly, Ly, ).

Proof. See Appendix A.1. ([

Another key property that the FBE shares with the Moreau envelope is that minimizing the extended-real
valued function @ is equivalent to minimizing the continuous function ®*. Moreover, the former is level bounded
iff so is the latter. This fact will be particularly useful for the analysis of Algorithm 1, as it will be shown in
Lemma 2.5 that the FBE (surely) decreases along its iterates. As a consequence, despite the fact that the same
does not hold for @ (in fact, iterates may even be infeasible), coercivity of @ is enough to guarantee boundedness
of (z"), . and (25, -

Lemma 2.4 (FBE: minimization equivalence). Suppose that Assumption I is satisfied and that y; € (0,N/L),
i € [N]. Then the following hold:
(i) min CDF“ = min O;
(ii) arg min @ = arg min ®;
(iii) O is level bounded iff so is ®.

Proof. See Appendix A.1. ([

We remark that the kinship of ®F and ® extends also to local minimality; the interested reader is referred to
[54, Th. 3.6] for details.

2.2. A sure descent lemma. We now proceed to the theoretical analysis of Algorithm 1. Clearly, some assump-
tions on the index selection criterion are needed in order to establish reasonable convergence results, for little can
be guaranteed if, for instance, one of the indices is never selected. Nevertheless, for the sake of a general analy-
sis it is instrumental to first investigate which properties hold independently of such criteria. After listing some
of these facts in Lemma 2.5, in Sections 2.3 and 2.4 we will specialize the results to randomized and (essentially)
cyclic sampling strategies.

Lemma 2.5 (sure descent). Suppose that Assumption I is satisfied. Then, the following hold for the iterates

generated by Algorithm 1:
_ N-vily,

(i) OB (@) < O(2F) — Ticqun z»iy"l_nz{f — XN, where & = =, i € [N), are strictly positive;

(ii) (@;B(wk))keN monotonically decreases to a finite value @4 > min ®;

(iii) O is constant (and equals @, as above) on the set of cluster points of (wk)keN;

k+1 _

(iv) the sequence (||x a:k||2)keJN has finite sum (and in particular vanishes);
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(v) if ® is coercive, then (w")kelN and (zk)kEIN are bounded.

Proof.

& 2.5(i) To ease notation, let Ar := 1 blkdiag(L,L,,,...,Ly1,,) and for w € RZi™ let w; € RZier™ denote
the slice (w;)ier, and let Ap,,I's € RZier nxZier i be defined accordingly. Start by observing that, since P =
proxgl (M1 = TVF(z**1)), from the proximal inequality on G it follows that

G(zk+1) _ G(Zk) < %sz _ :Bk+1 + FVF(wk+1)||12—~,l _ %“zk+1 _ :Bk+1 + FVF(Q:]H—])”]Z—‘,I
= gllzt — 2R = gl - 2+ (TR, 2 - 2, 2.3)
We have
q)FB(IBk_H) _ q)FB(wk) — F(wk+1) + <VF(ZBk+l), Zk+1 _ wk+l> + G(Zk+l) + %”zk+l _ wk+]||12—~,1
— (F@") + (VF(@"), 2 - ) + G(2h) + LI12* - 2|2
apply the upper bound in (A.1) with w = 2**! and the proximal inequality (2.3)
< (VF(:Bk),:Bk+1 _ Zk> + %”mk+1 _ :Ck“iF + <VF(CCk+1), Zk _ mk+1>
o ARl IR [ FAR [
To conclude, notice that the £-th block of &*+! — z¥ is zero if £ € T%*!, and the £-th block of VF(xX) — VF(z**!)
is zero for £ ¢ IT**! (due to separability of F). Hence, the scalar product vanishes. For similar reasons, one has
Iz~ e Nt =28t =~ =3l and it —afL, = Nop, IR, | yielding the claimed
expression.

& 2.5(ii) Monotonic decrease of (CDf.B(a:k))kelN is a direct consequence of assertion 2.5(i). This ensures that the
sequence converges to some value @, , bounded below by min @ in light of Lemma 2.4(i).

& 2.5(iii) Directly follows from assertion 2.5(ii) together with the continuity of @7, see Lemma 2.3.

& 2.5(iv) Denoting émin = min;eyg (£} which is a strictly positive constant, it follows from assertion 2.5(i) that
for each k € N it holds that

k+1 k i 1k k)2
O (@) - op@h) < - ) i -
iE[kH

min -1k 2
— &2 3 v -l

jeJk+1

IA

min k+1 k2
= — Skt _ k2

By summing for k € N and using the positive definiteness of I'"! together with the fact that min OF = min® >
—oo0 as ensured by Lemma 2.4(i) and Requirement I.a3, we obtain that 3 [|2**! — 2¥|” < 0.

o 2.5(v) Tt follows from assertion 2.5(ii) that the entire sequence (ack)ke]N is contained in the sublevel set
{w | OF(w) < (I);“(azo)}, which is bounded provided that @ is coercive as shown in Lemma 2.4(iii). In turn,
boundedness of (zk)ke]N then follows from local boundedness of T[", cf. Lemma 2.1. O

2.3. Randomized sampling. In this section we provide convergence results for Algorithm 1 where the index
selection criterion complies with the following requirement.

Assumption II (randomized sampling requirements). There exist pi,..., py > 0 such that, at any iteration and
independently of the past, each i € [N] is sampled with probability at least p;.

Our notion of randomization is general enough to allow for time-varying probabilities and mini-batch selec-
tions. The role of parameters p; in Assumption II is to prevent that an index is sampled with arbitrarily small
probability. In more rigorous terms, Pi[i € I’ k11 > p; shall hold for all i € [N], where P, represents the prob-
ability conditional to the knowledge at iteration k. Notice that we do not require the p;’s to sum up to one, as
multiple index selections are allowed, similar to the setting of [10, 31] in the convex case.

Due to the possible nonconvexity of problem (1.1), unless additional assumptions are made not much can be
said about convergence of the iterates to a unique point. Nevertheless, the following result shows that any cluster
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point * of sequences (w")kdN and (z")ke]N generated by Algorithm 1 is a stationary point, in the sense that it
satisfies the necessary condition for minimality O € §<D(w*), see [51, Th. 10.1].

Theorem 2.6 (randomized sampling: subsequential convergence). Suppose that Assumptions I and Il are satis-
fied. Then, the following hold almost surely for the iterates generated by Algorithm 1:

(i) the sequence (lz* - zkllz)ke]N has finite sum (and in particular vanishes);
(ii) the sequence ((D(zk))ke]N converges to O, as in Lemma 2.5(ii);

(iii) (x*), _, and (2¥),  have the same cluster points, all stationary and on which ® and O equal ®,.
keN keN r

Proof. In what follows, E; denotes the expectation conditional to the knowledge at iteration k.

& 2.6(i) Leté; = % > 0,7 € [N], be as in Lemma 2.5(i). We have

5(i)
Ek[cbﬁ(wk“)]zs AL CO T Y
jeJk+1
= 02" - ) AT = 1] ) il - P
IeQ iel
N
=op@) - Yo Y P I = Tl - AP
i=1 7eQ,I>i
N
< OP(at) - ) Bl - HIP, 24
=1
where Q C 2! is the sample space. Therefore,
Ei 0] < of(ah) - §llz* - 22, where o = min pi; > 0. (2.5)

The claim follows from the Robbins-Siegmund supermartingale theorem, see e.g., [50] or [7, Prop. 2].

# 2.6(ii) Observe that O (x¥) — ||2* — wk”?]w < O(2F) < OF(xk) - ||2F - mk||§,_AF holds (surely) for k € N

in light of Lemma 2.3(ii). The claim then follows by invoking Lemma 2.5(ii) and assertion 2.6(i).

& 2.6(iii) In the rest of the proof, for conciseness the “almost sure” nature of the results will be implied without
mention. It follows from assertion 2.6(7) that a subsequence (ar:")ke « converges to some point * iff so does the
subsequence (2), . Since Tf*(x*) 3 z* and both x* and z* converge to ¢* as K 3 k — oo, the inclusion
0 € SCD(:E*) follows from Lemma A.1. Since the full sequences (@‘;“(:B"))keN and (dD(zk))kE]N converge to the
same value @, (cf. Lemma 2.5(ii) and assertion 2.6(ii)), due to continuity of ®F (Lemma 2.3) it holds that
OF(x*) = Dy, and in turn the bounds in Lemma 2.3(ii) together with assertion 2.6(i) ensure that ®(x*) = ®,
too. O

When G is convex and F is strongly convex (that is, each of the functions f; is strongly convex), the FBE
decreases Q-linearly in expectation along the iterates generated by the randomized BC Algorithm 1.
Theorem 2.7 (randomized sampling: linear convergence under strong convexity). Additionally to Assumptions I

and I1, suppose that G is convex and that each f; is j1s-strongly convex. Then, for all k the following hold for the
iterates generated by Algorithm 1:

Ei 0 (") - min @] < (1 - o)(@f(*) — min @) (2.6a)
E[d)(zk) — min cp] < (D) - min ®)(1 — o) (2.6b)
1B[lIz° - 2*I2, | < (@@°) - min®)(1 - o)f (2.6¢)
where * = argmin @, yp = ﬁblkdiag(/,tfl L, ...uzL, ), and denoting &; = #, i €[N],
_ e [Epi N—yipy;
= min{) max {2} e
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Moreover, by setting the stepsizes y; and minimum sampling probabilities p; as

2
Yi= ;%(1 - m) and p; = (\/EJF “ 1) 2 2.8)
h SEi (Ve + Ve =)

. L . . .
with k; == # i € [N], then the constant c in (2.6) can be tightened to

_ 1
c= SR =5 2.9)
Proof. The claimed Q-linear convergence rate (2.6a) with factor c as in (2.7) is obtained by combining the upper
bound in Lemma A.2(vi) with (2.4). The R-linear rates in terms of the cost function and distance from the solution
are obtained by repeated application of (2.6a) after taking (unconditional) expectation from both sides and using
Lemma 2.3 and the lower bound in Lemma A.2(vi).
To obtain the tighter estimate (2.9), observe that (2.4) with the choice

-1
pii= N-yipy, ¥ N-vity
U vikg, N=yilg \“T yipg; N=vils; )

which equals the one in (2.8) with vy; as prescribed, yields

N
-1

FB k] ]< FB kY L Novmy ZN—%#/} k _ k12

Ek[q)F (@)] < Or () (2NZJ Vil N—%Lf) Vi Iz =

i=1
-1
— OFB(pk 1 N-viw k k12
= 0@ - (2N %) 7 32 et - M
The assertion now follows by combining this with the upper bound in Lemma A.2(vi) and replacing the values
of y; as proposed in (2.8). Notice that as «;’s approach 1 the linear rate tends to 1 — 1/n. (]

2.4. Cyclic, shuffled and essentially cyclic samplings. In this section we analyze the convergence of the BC
Algorithm 1 when a cyclic, shuffled cyclic or (more generally) an essentially cyclic sampling [58, 57, 27, 16,
63] is used. As formalized in the following standing assumption, an additional convexity requirement for the
nonsmooth term G is needed.

Assumption III (essentially cyclic sampling requirements). In problem (1.1), function G is convex. Moreover,
there exists T > 1 such that in Algorithm I each index is selected at least once within any interval of T iterations.

Note that having 7 < N is possible because of our general sampling strategy where sets of indices can be
sampled within the same iteration. For instance, 7 = 1 corresponds to ' k+1 = [N] for all k, in which case
Algorithm 1 would reduce to a (full) proximal gradient scheme.

Two notable special cases of single index selection rules are the cyclic and shuffled cyclic sampling strategies.
SHUFFLED CYCLIC SAMPLING: corresponds to setting

I = {7y (mod(k, N) + 1)} forall k € N, (2.10)
where 7y, 7y, ... are permutations of the set of indices [/V] (chosen randomly or deterministically).
CycLic sAMPLING: corresponds to the case (2.10) with 7y = id, i.e.,
T = {mod(k, N) + 1} forall k € N. (2.11)

Consistently with the deterministic nature of the essentially cyclic sampling, all the results of the previous section
hold surely, as opposed to almost surely.

Theorem 2.8 (essentially cyclic sampling: subsequential convergence). Suppose that Assumptions I and 111 are
satisfied. Then, all the assertions of Theorem 2.6 hold surely.

Proof. We first establish an important descent inequality for @ after every T iterations, cf. (2.18). Convexity of
G, entailing proxgl being Lipschitz continuous (cf. Lemma A.2(7)), allows the employment of techniques similar
to those in [6, Lemma 3.3]. Since all indices are updated at least once every T iterations, one has that

t,(i) := min{z € [T]| i is sampled at iteration Tv + 1 — 1} (2.12)
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is well defined for each index i € [N] and v € N. Since i is sampled at iteration Tv + 1,(i) — 1 and x7” = x/"*! =

—_ x?”tva)*l by definition of (i), it holds that
xiTv+zv(i) _ xl?"v+tv(i)—l + UIT(TFB( o rH-1y _ wTV+tV(i)—l)
_ xl?"v+tv(i)—l + U;I'(TFB(QDTV+IV(i)—1) _ J:TV)’ (2.13)
where U; € RZi"*" denotes the i-th block column of th?_ t}]dentity matrix so that for a vector v € R"
Uy =(0,...,00,...,0)" (2.14)
For all ¢ € [T] the following holds
(DIF_B(mT(erl)) _ cblp_a(mTV) — ZT: ((Dii_n(mTVﬂ') _ q)f_s(wTvrrfl))
=1
< O (@) — QR
< STV g T2 (2.15)
where &; = W as in Lemma 2.5(i), émin := minepny {£;}, and the two inequalities follow from Lemma 2.5(i).

Moreover, the triangular inequality for i € [N] yields

t,()—-1

”mTVH‘V(i)—l _ wTV”r—l < Z ”mTV+‘r _ wTwr—l”Fl
=1
1/2
< Z=(oP@™) - op@ ™))", (2.16)

where the second inequality follows from (2.15) together with the fact that #,(i) < T. For all i € [N], from the
triangular inequality and the Ly-Lipschitz continuity of T (Lemma A.2(iv)) we have

—1 —1 —
Y, PV @™ = TR < o PIU] @ = TR O))

" /y;l/z”U;r(TFB(wTV+tV(i)_1) —_ T;B(wTV))”

CID Ty -1 _

Tv+t,(i
< Pllx; |

1
+ TR @™ 07 = TR @)
< |IwTV+tv(i)—1 _ {BTV+[V(i)”]‘71 + LT”:BTV-HV(I')—I _ :I:TV”]’LI

(2.15), (2.16) 1
< HTLy (cDIF_B(wTV) _ q);B(xT(V+1))) /2' 2.17)

T VEmin/2

By squaring and summing over i € [N] we obtain

OF (2O — o (™) < — —2N<ff¥LT>z 27— 2|2, (2.18)

By telescoping the inequality and using the fact that min @ = min ® by Lemma 2.4(i), we obtain that (12T -
wT"Ilﬁ,, ),en has finite sum, and in particular vanishes. Clearly, by suitably shifting, for every ¢ € [T] the same can
be said for the sequence (||z7"* — mT"”H%,, ),en- The whole sequence (12* - a:kl|2)k€]N is thus summable, and we
may now infer the claim as done in the proof of Theorem 2.6. (]

In the next theorem explicit linear convergence rates are derived under the additional strong convexity as-
sumption for the smooth functions. The cyclic and shuffled cyclic cases are treated separately, as tighter bounds
can be obtained by leveraging the fact that within cycles of N iterations every index is updated exactly once.

Theorem 2.9 (essentially cyclic sampling: linear convergence under strong convexity). Additionally to Assump-

tions I and 111, suppose that each function f; is ug-strongly convex. Then, denoting 6 = miny {%—;\;j’} and
Ly

A = maXen) {VT}, for all v € N the following hold for the iterates generated by Algorithm 1:

O (" D) —min® < (1 - )(@F(x"”) — min @) (2.19a)
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O(z") — min ® < (O(x) — min d)(1 - ¢)” (2.19b)
2" =2 < (@) — min ®)(1 - ¢)’ (2.19¢)
where x* = argmin @, ur = %blkdiag(,uf1 Li,...uplLy), and

. 8(1 - A)
N1+ T(1=6)*1-6)

(2.20)

In the case of shuffled cyclic (2.10) or cyclic (2.11) sampling, the inequalities can be tightened by replacing T
with N and with
61 =A)

A S 2.21
¢ NQ2 =8)*(1-96) (@21)

Proof.

& The general essentially cyclic case. Since T is Ly-Lipschitz continuous with Ly = 1 — ¢ as shown in
Lemma A.2(v), inequality (2.18) becomes

FB ., T (v+1) B/, T 1-A T Tv2
O (x’ ) - Op(x’) < ~ wWraser 1% | =

Moreover, it follows from Lemma A.2(vi) that
OP(x")—min® < 167" - D" - 2| (2.22)

By combining the two inequalities the claimed Q-linear convergence (2.19a) with factor ¢ as in (2.20) is ob-
tained. In turn, the R-linear rates (2.19b) and (2.19c¢) are obtained by repeated application of (2.19a) and using
Lemma 2.3 and Lemma A.2(vi).

& The shuffled cyclic case. Let us now suppose that the sampling strategy follows a shuffled rule as in (2.10) with
permutations g, 7y, ... (hence in the cyclic case &, = id for all v € IN). Let U; be as in (2.14) and &y, as in the
proof of Theorem 2.8. Observe that ¢, (i) = Jr;l(i) < N for t,(i) as defined in (2.12). For all t € [N]

q)?a(mN(erl)) _ (DFB(wNV) < (Dllis(xNert—l) _ (DFB(xNV)

t—1
_ é% Z ”wNv+‘r _ wNvH'—l”lZ_H
=1

IA

- _ {'%l|va+t—l _ .’DNVHI%,], (223)

where the equality follows from the fact that at every iteration a different coordinate is updated (and that I is
diagonal), and the inequalities from Lemma 2.5(7). Similarly, (2.15) holds with T replaced by N (despite the fact
that T is not necessarily N, but is rather bounded as 7 < 2N — 1). By using (2.23) in place of (2.16), inequality
(2.17) is tightened as follows

— v FB v FB v FB Vv 1/2
¥, MU = TR @) < 22 (0 ™) - o @)

Vémin/2

By squaring and summing for i € [N] we obtain

(DFB(wN(V+1)) _ (D;B(wNV) < Emin ”sz _ wNv”l%_l —

Nv Nv 2
T ANU+L)? 12" = x™ -,

1-A
T 2N(+Ly)?
where Lt = 1 — § as discussed above. By combining this and (2.22) (with T replaced by N) the improved
coeflicient (2.21) is obtained. U

Note that if one sets y; = aN/Ly, for some @ € (0, 1), then § = & mine(y {#4/L;} and A = . With this selection,

as the condition number approaches 1 the rate in (2.21) tends to 1 — ¥ (Z(ia/)z'




Block-coordinate and incremental aggregated proximal gradient methods 11

2.5. Global and linear convergence with KL inequality. The convergence analyses of the randomized and
essentially cyclic cases both rely on a descent property on the FBE that quantifies the progress in the minization
of @ in terms of the squared forward-backward residual ||z — z|[%. A subtle but important difference, however,
is that the inequality (2.5) in the former case involves a conditional expectation, whereas (2.18) in the latter does
not. The sure descent property occurring for essentially cyclic sampling strategies is the key for establishing
global (as opposed to subsequential) convergence based on the Kurdyka-Lojasiewicz (KL) property [34, 35, 30].
A similar result is achieved in [63], which however considers the complementary case to problem (1.1) where
the nonsmooth function G is assumed to be separable, and thus the cost function itself can serve as Lyapunov
function.

Definition 2.10 (KL property with exponent ). A proper Isc function h : R" — R is said to have the Kurdyka-
Lojasiewicz (KL) property with exponent 8 € (0, 1) at w € dom h if there exist €,n,0 > 0 such that

' (h(w) — h()) dist(0, dh(w)) > 1

holds for all w such that ||w — w|| < & and h(w) < h(w) < h(W) + 1, where Y(s) = os'~0. We say that h satisfies
the KL property with exponent 6 (without mention of w) if it satisfies the KL property with exponent 8 at any
w € dom Oh.

Semialgebraic functions comprise a wide class of functions that enjoy this property [12, 11], which has been
extensively exploited to provide convergence rates of optimization algorithms [1, 2, 3, 13, 24,42, 32, 62]. Based
on this, in the next result we provide sufficient conditions ensuring global and R-linear convergence of Algo-
rithm 1 with essentially cyclic sampling.

Theorem 2.11 (essentially cyclic sampling: global and linear convergence). Additionally to Assumptions I
and 111, suppose that ® has the KL property with exponent 8 € (0, 1) (as is the case when f; and G are semial-
gebraic), and is coercive. Then, any sequences (ar:k)ke]N and (z")ke]N generated by Algorithm 1 converge to (the
same) stationary point £*. Moreover, if § < /2 then (||z* - wk”)kew’ (:ck)kE]N and (z")ke]N converge at R-linear
rate.

Proof. Let (a:")ke]N and (z")keIN be sequences generated by Algorithm | with essentially cyclic sampling, and
let @, be the limit of the sequence (@;B(xk))kE]N as in Lemma 2.5(ii). To avoid trivialities, we may assume that
CD;‘*(a:k) = O, for all k, for otherwise the sequence (a:k)ke]N is asymptotically constant, and thus so is (zk)kE]N.
Let Q be the set of cluster points of (:ck)ke]N, which is compact and such that @ = @, on €, as ensured by
Theorem 2.8. It follows from Lemma A.3 and [1, Lem. 1(ii)] that ®F enjoys a uniform KL property on Q; in
particular, (//’(C[)?(wk) — @, dist(0, 6<I>FF“(:BI‘)) > 1 holds for all k large enough such that ¥ is sufficiently close to
Q and (I)FB(:BI‘) is sufficiently close to ®,, where ¥(s) = os'™ for some o > 0 and & = max {6, 1/2}. Combined
with Lemma A.2(iii), for all k large enough we thus have

Cc

v (OF (b - @,) > (2.24)

llack — K[|’
where ¢ = Iﬁfn‘“—{{ﬁf}} > 0. Let Ay = y(®F(x) — @,). By combining (2.24) and (2.18) we have that there
exists a constant ¢’ > 0 such that

Apsiyr = Ay <@ (@P @) - 0,)(@F ) — (@) < - ¢l - 27|l (2.25)

holds for all v € IN large enough (the first inequality uses concavity of ¢). By summing over v (sure) summability
of the sequence (||z*7 — zVTII)Ve]N is obtained. By suitably shifting, for every ¢ € [T] the same can be said for
the sequence (||z7"+ — T+ 1), - and since T is finite we conclude that the whole sequence (12* - sc"ll)ke]N is
summable. Since ||x**! — || < ||2* — *|| we conclude that (x has finite length and is thus convergent (to a
single point), and consequently so is (zk)kE]N.

Suppose now that 8 < 1/2, so that ¥/(s) = o v/s. Then,

(2.24)
e = 27|l > % OP@T) - Dy = z—itﬁ(CDFB(wVT) -0,) = f)_gAvT-

k
)kE]N
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Combined with (2.25) it follows that (A,7), . converges Q-linearly. By rearranging (2.25) as
e’ = 27|l < Avr = Apsnr < Avr,

R-linear convergence of (||z*” — z"T||)VE]N follows. By suitably shifting, for every ¢ € [T] the same can be said
for the sequence (||z7"*" — ¥+ D), > and since T is finite we conclude that the whole sequence (|12F — xF IDien
converges R-linearly. On the other hand, since [l — || < ||zF—F||, also (|ja! —aF ID,cp converges R-linearly,
hence so does (x¥) en- BY combining the two, we conclude that also (25 N converges R-linearly. (]

3. NONCONVEX FINITE SUM PROBLEMS: THE FINITo/MISO ALGORITHM

As mentioned in Section 1, if G is of the form (1.3) then problem (1.1) reduces to the finite sum minimization
presented in (1.2). Most importantly, the proximal mapping of the original nonsmooth function G (in the larger
space R™) can be easily expressed in terms of that of the small function g (in the original space R") in the
reduced finite sum reformulation, as shown in the next lemma. We remark that, when g is convex, this result can
also be deduced from [23, Lem. 5] through duality arguments.

Lemma 3.1. Given y; > 0, i € [N], let T := blkdiag(y1L,,...,yn1,) and % = (Zf\il yi‘l)fl. Then, for G as in
(1.3) and any u € R"™Y

prox5, ' (w) = {(9,....0) | D € proxs (@)}, where i =9 LY, v us.
Proof. Observe first that for every w € R” one has =0
Zi?’,-_l”W —ull* = Zivi‘lllﬁ —ul* + Zi?’,-_IHW ol + 225)’;1@ —uj,w— i)
= v = will + 37w - al. (3.1

Next, observe that since dom G C C (the consensus set),

proxg](u) = arg min {G(w) + 3N Lw, — uillz}

i=1 2y,
weR™ ! Vi
. N 1
= argmin {G(w) + X, 2-lwi = wl? | wy = -+ = wy)
we]R”N
: N 1
= argmin {g(w) + L, 2w - will’}
(w,...,w)
@3.1) ' 1 ™ A o R
= arg min {g(w) + ﬁllw — 1| } = {(v, LY Ve prox,?g(u)}
(w,...,w)
as claimed. O

If all stepsizes are set to the same value vy, so that I' = yI,y, then the forward-backward step reduces to
ze proxgl(m —-IVF(x)) & z=(G...,2,

z € prox,, (5 X, (x; = 2 fi(x))). (3.2)

The argument of prox,,, is the (unweighted) average of the forward operator. By applying Algorithm 1 with
(3.2), Finito/MISO [21, 36] is recovered. Differently from the existing convergence analyses, ours covers fully
nonconvex and nonsmooth problems, more general sampling strategies and the possibility to select different
stepsizes vy; for each block, which can have a significant impact on the performance compared to the case where
all stepsizes are equal. Moreover, to the best of our knowledge this is the first work that shows global convergence
and linear rates even when the smooth functions are nonconvex. The resulting scheme is presented in Algorithm 2.
We remark that the consensus formulation to recover Finito/MISO (although from a different umbrella algorithm)
was also observed in [19] in the convex case. Moreover, the Finito/MISO algorithm with cyclic sampling is also
studied in [37] when g = 0 and f; are strongly convex functions; consistently with Assumption III, our analysis
covers the more general essentially cyclic sampling even in the presence of a nonsmooth convex term g and
allowing the smooth functions f; to be nonconvex. Randomized Finito/MISO with g = 0 is also studied in the
recent work [46]; although their analysis is limited to a single stepsize, in the convex case it is allowed to be
larger than our worst-case stepsize min; y;.
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Algorithm 2 Nonconvex proximal Finito/MISO for problem (1.2)

ReQuRe XM € R", y; € (0,N/L;), i € [N]
R i . : o o ~
=Ny )7 s = - VLG e [N], S=93Y, v s
REPEAT until convergence
1: select a set of indices 7 C [N]
2: 7€ prox&g(f)
3: for i€ I do
4: Ve z— %Vfi(z)

5: update § « §+ yl(v —s) and s <V

RETURN z

The convergence results from Section 2 are immediately translated to this setting by noting that the bold
variable z* corresponds to (z%, ..., Z¥). Therefore, ®(z*) = ¢(z*) where ¢ is the cost function for the finite sum
problem.

Corollary 3.2 (subsequential convergence of Algorithm 2). In the finite sum problem (1.2) suppose that arg min ¢
is nonempty, g is proper and lsc, and each f; is Ly-Lipschitz differentiable, i € [N]. Then, the following hold al-
most surely (resp. surely) for the sequence (zk)k N &enerated by Algorithm 2 with randomized sampling strategy
as in Assumption II (resp. with any essentially cyclic sampling strategy and g convex as required in Assump-
tion II1):
(i) the sequence (¢(z"), . converges to a finite value ¢, < (x™");

(ii) all cluster points of (zk)kejN are stationary and on which ¢ equals @,.
If, additionally, ¢ is coercive, then the following also hold:

(iii) (z")ke]N is bounded (in fact, this holds surely for arbitrary sampling criteria).

Corollary 3.3 (linear convergence of Algorithm 2 under strong convexity). Additionally to the assumptions of
Corollary 3.2, suppose that g is convex and that each f; is jiz-strongly convex. The following hold for the iterates
generated by Algorithm 2:

RANDOMIZED SAMPLING: under Assumption II,

E[p(") - ming| < (¢(™) ~ ming)(1 - 0"
N(p(x"") — min )
2iHf;

holds for all k € N, where c is as in (2.7) and x* = arg min ¢. If the stepsizes y; and the sampling probabilities
pi are set as in Theorem 2.7, then the tighter constant c as in (2.9) is obtained.
SHUFFLED CYCLIC OR CYCLIC SAMPLING: under either sampling strategy (2.10) or (2.11),

(1-c)f

LE[I - 1P| <

@(@™) = ming < (p(x™) — min )(1 - ¢)”
N(p(x™') — min ¢)
LBV - x*|P| <
2 [ ] Zi#ﬁ

I-o

holds surely for all v € N, where c is as in (2.21).
The next result follows from Theorem 2.11 once the needed properties of @ as in the umbrella formulation
(1.1) are shown to hold.

Corollary 3.4 (global convergence of Algorithm 2). In the finite sum problem (1.2), suppose that ¢ has the
KL property with exponent 6 € (0,1) (as is the case when f; and g are semialgebraic) and is coercive, g is
proper convex and Isc, and each f; is Ly-Lipschitz differentiable, i € [N]. Then the sequence (z")ke]N generated by
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Algorithm 2 with any essentially cyclic sampling strategy as in Assumption III converges surely to a stationary
point for ¢. Moreover, if 6 < 1/2 then it converges at R-linear rate.

Proof. Function ® = F + G with G as in (1.3) is clearly coercive and satisfies Assumption I. In order to invoke
Theorem 2.11 is suffices to show that there exists a constant ¢ > 0 such that

¢ dist(0, 00(x)) > dist(0, dp(x)) forall x € R" and x = (x,..., x), 3.3)

as this will ensure that ® enjoys the KL property at * = (x*,...,x*) with the same desingularizing function
(up to a positive scaling). Notice that for x € R" and © = (x,...,x), one has v € dG(x) iff Zf\i Vi € 9g(x).
Since () = & XN | Vfi(x;) + 8G(x) and dp(x) = + 2| Vfi(x) + dg(x), see [51, Ex. 8.8(c) and Prop. 10.5], for
x € R" and denoting « = (x, ..., x) we have

i < i LN gf Noyll<e i
dist(0,9p(0) < inf || XL, VA + T vil < e inf -l
for some positive ¢, thus establishing inequality (3.3). ([

4. NONCONVEX SHARING PROBLEM

In this section we consider the sharing problem (1.4). As discussed in Section 1, (1.4) fits into the problem
framework (1.1) by simply letting G := g o A, where A := [I, ... I,] € R™"N_ By arguing as in [5, Th. 6.15] it
can be shown that, given a general matrix A with full row rank, the proximal mapping of G = g o A is given by

proxt, (u) = u + rAT(ArAT)-l(prongm" (Au) - Au). 4.1)
Since ATAT = (Zf\il v, for the sharing problem (1.4),
ve proxgl(u) & v = +YIW, ..., Uy +yyw)
w e 5/‘1(proxig(ﬁ) - ft), y=3SN v, =3V u.
Consequently, the general BC Algorithm 1 when applied to the sharing problem (1.4) reduces to Algorithm 3.

Algorithm 3 Block-coordinate method for the nonconvex sharing problem (1.4)
REQUIRE xi‘m €R", y; €(0,N/L), i€ [N]
Y= S v si= A= FVAQPMY i€ NV], 5= XY, s

REePEAT until convergence

1: select a set of indices 7 C [N]
20 W 7‘1(pr0x7g(§) )

3: for ie 7 do

4 vie s+ yiw = SVfilsi+yiw)
5: update § < §+(v;—s;) and s; < v;
RETURN z = (51 + y1w,..., sy +yyw) withw € 5/‘1(prox7g(§) -5

Remark 4.1 (generalized sharing constraint). Another notable instance of G = g o A well suited for the BC
framework of Algorithm 1 is when g = 6oy and A = [A; ... Ay], A; € R™" such that A is full row rank. This
models the generalized sharing problem

miniglize % Zfil fi(x;) subject to Zﬁl Aix; = 0.
xeRZi"

In this case (4.1) simplifies to

N
(proxgl(u))i =u; — yALA! Z Au;,

i=1
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where A := ATA" can be factored offline and Zﬁ\i ; Aix; can be updated in an incremental fashion in the spirit of
Algorithm 3. 0

The convergence results for Algorithm 3 summarized below fall as special cases of those in Section 2.
Corollary 4.2 (convergence of Algorithm 3). In the sharing problem (1.4), suppose that arg min @ is nonempty, g
is proper and Isc, and each f; is Ly -Lipschitz differentiable, i € [N]. Consider the sequences (Wk)ke]N and (sk)kdN
generated by Algorithm 3 and let (zk)kE]N = (s’f +ywk, s’;\, +7ka)k€]N. Then, the following hold almost surely
(resp. surely) with randomized sampling strategy as in Assumption II (resp. with any essentially cyclic sampling
strategy and g convex as required in Assumption I11):

(i) the sequence (CI)(zk))kE]N converges to a finite value ®, < (MY,

(ii) all cluster points of(zk)kdN are stationary and on which ® equals ®.
If, additionally, ® is coercive, then the following also hold:
(iii) (z")ke]N is bounded (in fact, this holds surely for arbitrary sampling criteria).
Corollary 4.3 (linear convergence of Algorithm 3 under strong convexity). Additionally to the assumptions of
Corollary 4.2, suppose that g is convex and that each f; is p1s-strongly convex. The following hold:
RANDOMIZED SAMPLING: under Assumption II,

E[®(z") - min @] < (@(@™) - min ®)(1 - c)f
1E[I12F - 21, | < (@@™) - min ®)(1 - o)f

holds for all k € N, where * = argmin®, up = %blkdiag(/lfl L,,...uzLy,), and c is as in (2.7). If the
stepsizes y; and the sampling probabilities p; are set as in Theorem 2.7, then the tighter constant ¢ as in (2.9)
is obtained.

SHUFFLED CYCLIC OR CYCLIC SAMPLING: under either sampling strategy (2.10) or (2.11),

O(z") — min ® < (D(x™") — min D)(1 - ¢)*
D™ - 2*|2, < (@@™) - min ®)(1 - ¢)*
holds surely for all v € N, where c is as in (2.21).

We conclude with an immediate consequence of Theorem 2.11 that shows that (strong) convexity is in fact
not necessary for global or linear convergence to hold.

Corollary 4.4 (global and linear convergence of Algorithm 3). In problem (1.4), suppose that ® has the KL
property with exponent 6 € (0, 1) (as is the case when g and f; are semialgebraic) and is coercive, g is proper
convex Isc, and each f; is Lg-Lipschitz differentiable, i € [N]. Then the sequence (zk)kdN as defined in Corol-
lary 4.2 with any essentially cyclic sampling strategy as in Assumption IIl converges surely to a stationary point
for ®. Moreover, if 0 < 1/2 it converges with R-linear rate.

5. CONCLUSIONS

We presented a general block-coordinate forward-backward algorithm for minimizing the sum of a separable
smooth and a nonseparable nonsmooth function, both allowed to be nonconvex. The framework is general enough
to encompass regularized finite sum minimization and sharing problems, and leads to (a generalization of) the
Finito/MISO algorithm [21, 36] with new convergence results and with another novel incremental-type algo-
rithm. The forward-backward envelope is shown to be a particularly suitable Lyapunov function for establishing
convergence: additionally to enjoying favorable continuity properties, sure descent (as opposed to in expecta-
tion) occurs along the iterates. Possible future developments include extending the framework to account for a
nonseparable smooth term, for instance by “quantifying the strength of coupling” between blocks of variables as
in [9, §7.5].
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APPENDIX A. THE KEY TOOL: THE FORWARD-BACKWARD ENVELOPE

This appendix contains some proofs and auxiliary results omitted in the main body. We begin by observing
that, since F' and —F are 1-smooth in the metric induced by Ar = % blkdiag(Lj1,,,...,Ly]L,,), one has

F(x)+ (VF(x),w — x) — %Ilw - £L‘||[2\F < F(w) < F(x) +(VF(x),w — x) + %Ilw - acllf\F (A1)

for all &, w € RZi" gsee [8, Prop. A.24]. Let us denote
Mr(w, x) = F(x) + (VF(x),w — ) + G(w) + %Hw - :c||%,1
the quantity being minimized (with respect to w) in the definition (2.2a) of the FBE. It follows from (A.1) that
d(w) + lw - a:||§,,_AF < Mr(w, z) < O(w) + 1lw - a;||§,,+AF (A.2)
holds for all z,w € RZ". In particular, M is a majorizing model for @, in the sense that Mr(z, ) = O(x)
and Mr(w, x) > ®(w) for all ¢, w € RZ"_ In fact, as explained in Section 2.1, while a I'-forward-backward
step z € T{"(x) amounts to evaluating a minimizer of Mr( -, ), the FBE is defined instead as the minimization
value, namely O(z) = Mr(z, ) where z is any element of T ().
A.1. Proofs of Section 2.1.
Proof of Lemma 2.1. For * € argmin @ it follows from (A.1) that
min ® < F(x) + G(x) < G(x) + F(x*) + (VF(x*), x — x*) + jllz* - z|]3,.

Therefore, G is lower bounded by a quadratic function with quadratic term —%H -3, and thus is prox-bounded

in the sense of [51, Def. 1.23]. The claim then follows from [51, Th. 1.25 and Ex. 5.F23(b)] and the continuity of
the forward mapping id — T'VF. |

Proof of Lemma 2.3 (FBE: fundamental inequalities). Local Lipschitz continuity of the FBE follows from (2.2d)
in light of Lemma 2.1 and [51, Ex. 10.32].

& 2.3(i) Follows by replacing w = x in (2.2a).
# 2.3(ii) Directly follows from (A.2) and the identity ®P(x) = Mr(z, ) for z € TP (). O

Proof of Lemma 2.4 (FBE: minimization equivalence).

& 2.4(i) and 2.4(ii) It follows from Lemma 2.3(7) that inf ® < min ®. Conversely, let (:Bk)kE]N be such that

O (x*) — inf O as k — oo, and for each k let z* € T (x¥). It then follows from Lemmas 2.3(i) and 2.3(ii) that
inf O < min® < h}{& inf O(2F) < h}{& inf O (zk) = inf OF,

hence min ® = inf ®*. Suppose now that © € arg min ® (which exists by Assumption I); then it follows from
Lemma 2.3(ii) that T (x) = {x} (for otherwise another element would belong to a lower level set of ®). Com-
bining with Lemma 2.3(i) with z = = we then have

min ® = O(z) < O (x) < O(x) = min .

Since min ® = inf ®[*, we conclude that x € argmin @, and that in particular inf ®* = min ®*. Conversely,
suppose x € argmin ®;* and let z € T"(x). By combining Lemmas 2.3(i) and 2.3(ii) we have that z = x, that
is, that T(x) = {}. It then follows from Lemma 2.3(ii) and assertion 2.4(i) that

O(z) = D(z) < O (x) = min P = min P,
hence x € arg min .

& 2.4(iii) Due to Lemma 2.3(i), if @ is level bounded clearly so is ®. Conversely, suppose that ®[* is not
level bounded. Then, there exist « € R and (ack)kdN C leve, O such that llzk|| = oo as k — oo. Let A =

min; {y; — LN >0, and for eac € et z" € x"). It then tollows from Lemma 2.3(iz) that
in; {y;' = L;N'l >0, and f h k € N let 2% € TP (x*). It then follows from L 2.3(ii) th

min @ < O(z¥) < OP(xY) - llz* - M < a - 42t - 241,
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hence (2¥), C leve, @ and ||z — 2¥|* < 2(a — min ). Consequently, also the sequence (2), . C leve, @ is
unbounded, proving that ® is not level bounded. (]

A.2. Further results. This section contains a list of auxiliary results invoked in the main proofs of Section 2.

Lemma A.1. Suppose that Assumption I holds, and let two sequences (uk)kdN and ('uk)kelN satisfy vk e T?B(uk)
for all k and be such that both converge to a point u* as k — oo. Then, u* € T (u*), and in particular
0 € HD(u*).

Proof. Since VF is continuous, it holds that u*~I'VF(u*) — u*~T'VF(u*) as k — co. From outer semicontinuity
of proxL ' [51, Ex. 5.23(b)] it then follows that

u* = lim v* € limsup prox; (u! — TVF(u")) € proxl (u* - TVF(u*)) = T®(u*),

k—sco k—oc0

where the limit superior is meant in the Painlevé-Kuratowski sense, cf. [51, Def. 4.1]. The optimality conditions
defining proxgl [51, Th. 10.1] then read
0¢€ 3((; +3 -t - FVF(u*))n%,l)(u*) = G(u*) + F’l(u* - (u* - FVF(u*)))
= 0G(u*) + VF(u*) = dd(u*),
where the first and last equalities follow from [51, Ex. 8.8(c)]. ([l

Lemma A.2. Suppose that Assumption I holds and that function G is convex. Then, the following hold:

(i) proxgI is (single-valued and) firmly nonexpansive (FNE) in the metric || - ||r-1; namely,
-1 —1 -1 -1 —
l| proxg; (w) — proxg (v)ig-, < (proxg (w) — proxg (v),.I ™ (w —v)) < llu—vlf,  VYu,v;
(ii) the Moreau envelope G* ' is differentiable with VG* ' = T~(id — proxg1 );

N+max; YLy, .
N (L) B g

(iii) for every x € RXi" it holds that dist(0, 0P (x)) < Nmini{\é}
(iv) T{® is Ly-Lipschitz continuous in the metric || - |Ir-1 for some Ly > 0;
If in addition f; is uy-strongly convex, i € [N], then the following hold:
(v) In A.2(iv), Ly < 1= 6 for § = & minig {yies };
(vi) For every x € RZin

1 2 : 1 2
§||Z - SB*””F < (D?B(w) —min® < E”z - w”r'zﬂ;](l—rﬂi‘)

where x* = argmin ®, ur = l%lblkdiag(,uf, L,...up Ly ) and z = TP (x).

Proof.
o A.2(i) and A.2(ii) See [4, Prop.s 12.28 and 12.30].

& A.2(iii) Let D € RZi% be the set of points at which VF is differentiable. From the chain rule of differentiation
applied to the expression (2.2d) and using assertion A.2(ii), we have that ®F is differentiable on D with gradient
VOP(z) = [1 - TV?F(2)|T ' [z - T¥(x)] Vx e D.

Since D is dense in RZ:" owing to Lipschitz continuity of VF, we may invoke [51, Th. 9.61] to infer that 0D (x)

is nonempty for every & € RZi" and
D (x) 2 ApDF(x) = [I - TIzVF ()T [z - T(x)] = [[7! - 35VF (z)][x — T ()],
where dp denotes the (set-valued) Bouligand differential [22, §7.1]. The claim now follows by observing that

0gVF(x) = % blkdiag(0pVfi(x1),...,0sVfy(xn)) and that each element of dgVf;(x;) has norm bounded by L.

o A.2(iv) Lipschitz continuity follows from assertion A.2(i) together with the fact that Lipschitz continuity is
preserved by composition.
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& A2(v)By [4], Thm 2.1.12] for all x;,y; € R™

(V) = VD X — yiy = L = yil? + —— Vi) = VO (A3)

Hpi+Ly; Hyi+Ly;

For the forward operator we have
liGid = % VA = (d = LVHOIP

= |lx; — yill* + ;—7;||Vﬁ<xi> — VOGP = 2x; = vi, Vi(xi) = VAGD)
(A3) 2
< (1= 2B Vs = yill® = 2(2 = Beug + L XVAiCx) = VAG, % = )

2, Ly ” :
< (1= 2 s = P = 252 = Ry + L))l = il

. 2
Yikf; 2
= (1= ) I = il

where strong convexity and the fact that y; < N/L, < 2N/q.+L;) were used in the second inequality. Multiplying
by yi’l and summing over i shows that id — I'VF is (1 — §)-contractive in the metric || - ||, and so is T =

proxgl o(id — I'VF) as it follows from assertion A.2(i).
& A2(vi) By strong convexity, denoting @, := min ®, we have

1 2 1 2
O, < O(z) - Lz - 2", < OP@) - Lz - 2*I2,

where the second inequality follows from Lemma 2.3(ii). This establishes the lower bound.
Since z is a minimizer in (2.2a), the necessary stationarity condition reads I'"!(x — z) — VF(x) € 0G(z).
Convexity of G then implies

G(x*) >G(z) + T ' (x - z) - VF(x), z* — 2),
whereas from strong convexity of F we have
F(x*) > F(x) + (VF(z), x* — ) + jllo — =*||; .
By combining these inequalities and (2.2b), we have
DP(x) - Oy < 3z -l - Hlo* -l + Tz - @), 2" - 2)

=3z —@llf_, +(T" = pp)(z - o), z* - 2) - Sllz* - 2,

—up

Next, by using the inequality (a, b) < %|Ia||ZF + %||b||i;, to cancel out the last term, we obtain

P () - Dy < 3llz —alF_, + 31T — pp)@ - Z)IIZ?

=z =2l

where the last identity uses the fact that the matrices are diagonal. |

The next result recaps an important property that the FBE inherits from the cost function @ that is instrumental
for establishing global convergence and asymptotic linear rates for the BC Algorithm 1. The result falls as special
case of [64, Th. 5.2] after observing that

O (x) = inf {O(w) + Dy(w, x)},

where Dy (w, ) = H(w) — H(x) — (VH(x), w — x) is the Bregman distance with kernel H = %H . ||%,1 - F.

Lemma A.3 ([64, Th. 5.2]). Suppose that Assumption I holds and fory; € (0,N/L;,), i € [N], letT" = blkdiag(yi1L,,,...,ynL,).
If © has the KL property with exponent 6 € (0, 1) (as is the case when f; and G are semialgebraic), then so does
D with exponent max {1/2, 6}.
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