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Abstract

Building upon recent works on linesearch-free adaptive proximal gradient methods, this paper pro-
poses AdaPG?", a framework that unifies and extends existing results by providing larger stepsize
policies and improved lower bounds. Different choices of the parameters ¢ and r are discussed and
the efficacy of the resulting methods is demonstrated through numerical simulations. In an attempt
to better understand the underlying theory, its convergence is established in a more general setting
that allows for time-varying parameters. Finally, an adaptive alternating minimization algorithm is
presented by exploring the dual setting. This algorithm not only incorporates additional adaptivity,
but also expands its applicability beyond standard strongly convex settings.

Keywords: Convex minimization, proximal gradient method, alternating minimization algorithm,
locally Lipschitz gradient, linesearch-free adaptive stepsizes

1. Introduction

The proximal gradient (PG) method is the natural extension of gradient descent for constrained and

nonsmooth problems. It addresses nonsmooth minimization problems by splitting them as
minimize ¢(x) = f(z) + g(x), (P)

ze€R™

where f is here assumed locally Lipschitz differentiable, and g possibly nonsmooth but with an

easy-to-compute proximal mapping, while both being convex (see Assumption 2.1 for details). It

has long been known that performance of first-order methods can be drastically improved by an

appropriate stepsize selection as evident in the success of linesearch based approaches.

Substantial effort has been devoted to developing adaptive methods. Most notably, in the context
of stochastic (sub)gradient descent, numerous adaptive methods have been proposed starting with
Duchi et al. (2011). We only point the reader to few recent works in this area Li and Orabona
(2019); Ward et al. (2019); Yurtsever et al. (2021); Ene et al. (2021); Defazio et al. (2022); Ivgi et al.
(2023). However, although applicable to a more general setting, such approaches tend to suffer from
diminishing stepsizes, which can hinder their performance.

Closer to our setting are recent works Grimmer et al. (2023); Altschuler and Parrilo (2023)
which consider smooth optimization problems, and propose predefined stepsize patterns. These
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methods obtain accelerated worst-case rates under global Lipschitz continuity assumptions. We
also mention the recent work Li and Lan (2023) in the constrained smooth setting which, while
also being bound to a global Lipschitz continuity assumption, uses an adaptive estimate for the
Lipschitz modulus and achieves an accelerated worst-case rate.

In this paper, we extend recent results pioneered in Malitsky and Mishchenko (2020) and later
further developed in Latafat et al. (2023a); Malitsky and Mishchenko (2023), where novel (self-)
adaptive schemes are developed. We provide a unified analysis that bridges together and improves
upon all these works by enabling larger stepsizes and, in some cases, providing tighter lower bounds.
Adaptivity refers to the fact that, in contrast to linesearch methods that employ a look forward
approach based on trial and error to ensure a sufficient descent in the cost, we look backward to
yield stepsizes only based on past information. Specifically, we estimate the Lipschitz modulus of
V f at consecutive iterates 21, 2% € R” generated by the algorithm using the quantities

(Vf(a*) =V f(a*h), ok — a7t _ V@R = ViEEY

d Ly:= . 1.1
[oF — < 1e S FERr b

by, =

Throughout, we stick to the convention 8 = 0 so that ; and L are well-defined, positive real

numbers. In addition, we adhere to % = o0. Note also that
b, <L <Lysy (1.2)

holds whenever Ly is a Lipschitz modulus for V f on a convex set V containing z*~1 and z*.
Despite the mere dependence of these quantities on the previous iterates, they provide a sufficiently
refined estimate of the local geometry of f. In fact, a carefully designed stepsize update rule not
only ensures that the stepsize sequence is separated from zero, but also that a sufficient descent-type
inequality can be indirectly ensured between (z*!, z¥) and (2*, 2%~1) without any backtracks.

The ultimate deliverable of this manuscript is the general adaptive framework outlined in Algo-
rithm 2.1. A special case of it is here condensed into a two-parameter simplified algorithm.

AdaPG?" Fix 2z~ ! € R" and vy = v_; > 0. With £}, and L;, as in (1.1), starting from
2% = prox  (x7' — 4V f(z™1)), iterate for k = 0,1, ...

— ~, mi 1y m 14
Tk+1 = Tk I {\/q + "/kil’ \/[W%Li+2’7kﬁk(rql)(2r1)]+ } (1.32)
k1 — prokaﬂg(xk — 1 VI () (1.3b)

T

Theorem 1.1 Under Assumption 2.1, for any ¢ > r > % the sequence (z*) wen generated by
AdaPG?" converges to some x* € arg min . If in addition q < %(3 +/5), then

N S S| 1
Ve Z Ymin = \| max(ty T,y holds for all k > 2[logy 1 (5575) ]

where Ly is a Lipschitz modulus for V f on a convex and compact set V that contains (ack) kEN-

Moreover, ming< g (¢(2*) —min ¢) < ;}((f:zy holds for every K > 1, where Uy (z*) is as in (2.4).
- k=1 Tk

The above worst-case sublinear rate depends on the aggregate of the stepsize sequence, provid-
ing a partial explanation for the fast convergence of the algorithm observed in practice. AdaPG?%"
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and Theorem 1.1 are particular instances of the general framework provided in Section 2, see Re-
mark 2.2 and Theorem 2.7 for the details. Specific choices of the parameters g, r nevertheless allow
AdaPG?%" to embrace and extend existing algorithms:

T =3 Land ¢ = 1. Then, 11 = W mln{4/ + 'szl \/2 Lk —n } coincides with the

update in (Latafat et al., 2023a, Alg. 2.1) with second term improved by a f 2 factor.

* Owing to the relation ykLQ — Yl < ykLz, the case above is also a proximal extension of

(Malitsky and Mishchenko, 2023, Alg. 1) which considers v¢1 = min {fyk 1+ WZ’VI \/§Lk }

when g = 0, and which in turn is also a strict improvement over the previous work Malitsky and
Mishchenko (2020).

° — ; — § — 3 Yk 1
r = 3 and ¢ = 5. Then, Y41 = ¥, min { 3+ 50 \/m} recovers the update
rule (Malitsky and Mishchenko, 2023, Alg. 2) (in fact tighter because of the extra —v ¢}, term).

The interplay between the parameters can then be understood by noting that , / + 7’“ allows the

algorithm to recover from a potentially small stepsize, which can only decrease for a controlled
number of iterations and will then rapidly enter a phase where it increases linearly until a certain
threshold is reached, see the proof of Theorem 2.7. A smaller ¢ allows for a more aggressive recov-
ery, but comes at the cost of more conservative second term. As for r, values in the range [1/2, 1],
such as in the combinations reported in Table 1, work well in practice.

1_T/q q r Vmian,V Table 1. S d . f d r in AdaPG%"
1/4 10/9 5/6 3/2\/:|-/710~404:7 aple 1. uggeste Optlons or g and 7 1n a .

5 3 51 T Green cells strike a nice balance between aggressive
1/ > 5/ > 5/ 2 5 /2 increases and large lower bounds (ymin) for the step-
/2 /3 /6 /%10 % 0.55 size sequence, while the orange cell yields the largest

/2 2 3/ Y/v3 = 0.57 theoretical lower bound. Here, Ly is a local Lipschitz

/2 1 /2 Y/v2 ~0.71 modulus for V f as in Theorem 1.1.
3/5 5/2 1 V6/5 ~ 0.49

As a final contribution, an adaptive variant of the alternating minimization algorithm (AMA) of
Tseng (1991) is proposed that addresses composite problems of the form

minimize 1 (z) + ¢2(Az). (CP)

AMA is particularly interesting in settings where v; is either nonsmooth or its gradient is compu-
tationally demanding. Its convergence was established in Tseng (1991) by framing it as the dual
form of the splitting method introduced in Gabay (1983), and acceleration techniques have also
been adapted to this setting Goldstein et al. (2014). In contrast to existing methods, ours not only
incorporates an adaptive stepsize mechanism but also relaxes the strong convexity assumption to
mere local strong convexity, see Assumption 3.1 for details.
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2. A general framework for adaptive proximal gradient methods
In this section we consider plain proximal gradient iterations of the form

k+1

" = prox%Hg(a;k — Y1V (2)), 2.1

where (k) 1S @ sequence of strictly positive stepsize parameters. The main oracles of the method
are gradient and proximal maps (see (Beck, 2017, §6) for examples of proximable functions). When-
ever g is convex, for any v > 0 it is well known that prox., is firmly nonexpansive (Bauschke and
Combettes, 2017, §4.1 and Prop. 12.28), a property stronger than Lipschitz continuity. We here
show that even when the stepsizes are time-varying as in (2.1) a similar property still holds for the
iterates therein. This fact is a refinement of (Malitsky and Mishchenko, 2023, Lem. 12) that follows
after an application of Cauchy-Schwarz and that will be used in our main descent inequality.

Lemma 2.1 (FNE-like inequality) Suppose that g is convex and that f is differentiable. Then, for
any (Vi) pen C Ry and with Hy, == id — ,V f, proximal gradient iterates (2.1) satisfy

2" — 2F|12 < pppr (Hi(2F71) — Hy(a), 2% — 251 < P%HHHIC(»’UFI) — Hy(z")|*. 2.2)
Throughout, we study problem (P) under the following assumptions.

Assumption 2.1 (Requirements for problem (P))

A1 f : R™ — R is convex and has locally Lipschitz continuous gradient.
Az g : R" — R is proper, Isc, and convex.
Ag There exists t* € argmin f + g.
The main adaptive framework, involving two time-varying parameters g, &, is given in Algo-

rithm 2.1. The shorthand notation 1., ¢, >1 equals 1 if 74f; > 1 and O otherwise, while for ¢ € R
we denote [t]; = max {0, t}.

Algorithm 2.1 General adaptive proximal gradient framework

REQUIRE starting point z~! € R", stepsizes yg = y_1 > 0
parameters % < ¢min < Gmax, 0 < gmin < 2¢min — 1,
0 = prox, (7" =V f(@™)), po=1, @ € [dmin; Gmax]s €0 > &min
REPEAT FOR k = 0, 1, . .. until convergence

INITIALIZE x

2.1.1: Let ¢ and Ly, be as in (1.1), and choose g1, £k+1 such that

. q 1 :
£k+1 > Emin, Tk+1 = 1+]2:1+1 > 55  Qmin < gg+1 < min {Qmaxa qr + ﬂ-wkﬁkZl}

_ : [ 14+qkpk Tkt &k
2.1.2: = min ——abs
T+l = Tk { At1 9k+1 [’YiL%Jr?’Mk(TkH*1)*(2rk+1*1)]+

k+1

Ve+1

2.1.3: Set ppy1 = -

and update 2" = prokaﬂg(mk — Vo1 Vf(2F))
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Remark 2.2 (relation to AdaPG?%"). Whenever ¢x = ¢min = Gmax = ¢ and & = Emin = &, the
conditions in Algorithm 2.1 reduce to ¢ > %, r = 5% > %, and £ = % — 1 > 05 equivalently,

q>r> % as in Theorem 1.1.

In what follows, for z € dom ¢ we adopt the notation
Pi(x) = o(a") — o(z). (2.3)

Our convergence analysis revolves around showing that under appropriate stepsize update and pa-
rameter selection the function

Uy (z) = L|a* — 2| + (1 + qepr) Peoi (z) + & [|2% — 25712, (2.4)

monotonically decreases along the iterates for all z € arg min . The main inequality, outlined in
Theorem 2.3, extends the one in (Latafat et al., 2023a, Eq. (2.8)) by blending it with Lemma 2.1.
This combination is achieved by adding and subtracting a multiple of the residual scaled by a newly
added parameter &;. The proof is otherwise adapted from that of (Latafat et al., 2023a, Lem. 2.2),
and is included in full detail in the appendix.

Theorem 2.3 (main PG inequality) Consider a sequence (x*) wen generated by PG iterations

(2.1) under Assumption 2.1, and denote ppy, = k+L  Then, for any x+ € dom 0, qg, € > 0

Vi
andvg >0,k € N,

U1 () < Up(x) = (1 + arpr — ah1Pp1) Pea(z) — 512" — xlez{l + & — o

— P Wit1 + 1) [W%Lz + 27k€k(7uk+qf++§k+l 1) — (2 ukfffglkg - 1)} }>
(2.5

where Uy (x) is as in (2.4). In particular, with vy, = 1, if p(x) < infren @(2) (for instance, if
x € arg min ), and

0 < p?,; <min jjffk, qfk - (2.6)
(14&k+1) [VﬁLiJr?Wk ( e _1) +(1—2 e )}
+

(with &, > 0) holds for every k, then the coefficients of Py_1(x) and ||z* — 2*~1||? in (2.5) are
negative, U1 (z) < Uy, (z) and thus Uy(z)),,c converges and (z*), oy is bounded.

Consistently with what was first observed in Malitsky and Mishchenko (2020), inequality (2.6)
confirms that stepsizes should both not grow too fast and be controlled by the local curvature of
f. We next show that, under a technical condition on g, all that remains to do is ensuring that
the stepsizes do not vanish, which is precisely the reason behind the restrictions on the parameters
qr and &, prescribed in Algorithm 2.1, as Theorem 2.7 will ultimately demonstrate. The technical
condition turns out to be a controlled growth of ¢, needed to guarantee that a sequence gx+1 ~

\/% will eventually stay above 1.
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Theorem 2.4 (convergence of PG with nonvanishing stepsizes) Consider the iterates generated
by (2.1) under Assumption 2.1, with yx+1 = Yrpr+1 complying with (2.6). If qx+1 < 1 + qi, holds
for every k and infrpen vi > 0, then:

(i) The (bounded) sequence (xk )ken has exactly one optimal accumulation point.
(i) If, in addition, (qx),cn and (§k)pen are chosen bounded and bounded away from zero, then

the entire sequence (x"), . converges to a solution r* € arg min o, and Uy (x*) 0.

We now turn to the last piece of the puzzle, namely enforcing a strictly positive lower bound on
the stepsizes. The following elementary lemma provides the key insight to achieve this.

Lemma 2.5 Let f be convex and differentiable, and consider the iterates generated by Algorithm 2. 1.
Then, for every k € N such that .0, < 1 it holds that

Vi1 > min {’Yk\/ L+ ok émi“rm“‘Ll}- 2.7

Jmax dmax k

Proof We start by observing that the assumptions on f guarantee that 0 < ¢}, < Lj. The (squared)
second term in the minimum of step 2.1.2 can be lower bounded as follows

Tk+1 &k > Emin Tmin
dk+1 [WI%Li+2'Yk€k(Tk+l_1)+(1_2Tk+1)] T Gmax [’Y}%Li'i'z’ykzk(rrrlin_1)+(1_2Trrlirl)]

+ +
— gmin Tmin > fminrmin (28)

Gmax [YZLE—lict (ks —1) @rmin—1)], = Gmax12 L3

where the first inequality follows from the fact that the left-hand side is increasing with respect
to rx+1, and the second inequality follows since rmin, > 1/2. In turn, the claimed inequality (2.7)
follows from the fact that qx11 < g < gmax Whenever ;0 < 1, see step 2.1.1. |

This lemma already hints at a potential lower bound for the stepsize, since boundedness of
the sequence (a:k)ke]N ensures lower boundedness of the second term in the minimum. As for the
first term, as long as ¢, is upper bounded, the stepsize can only decrease for a controlled number
of iterations. This arguments will be formally completed in the proof of Theorem 2.7, where the
following notation will be instrumental.

Definition 2.6 Lete > 0. With 01 = /¢ and 9141 = v/ + ot fort > 1, we denote
te =max{t € N|o1,...,00 <1} and m(e):= Hi;l 0.

Notice that m(e) < 1 and equality holds iff £ > 1 (equivalently, iff ¢. = 0). Fore € (0, 1), t. is
a well-defined strictly positive integer, owing to the monotonic increase of g; and its convergence to
the positive root of the equation p> — ¢ — ¢ = 0. In particular, m(g) < g; = /¢ and identity holds
if t. = 1, thatis, /& + /¢ > 1 (and € < 1). This leads to a partially explicit expression

{ te=1 and m(e) = \/min{1,e} ife > 355 ~ (.382

29
I <t < [E(QI_E)W and Vels <m(e) <+ /e otherwise. 9




ON THE CONVERGENCE OF ADAPTIVE FIRST ORDER METHODS: PG AND AMA

The bound on ¢. in the second case is obtained by observing that
te
— 2 —
1> o0 =01 — 0, +e+0t.—1 =" Z ot — 07) + (te = 1)e > (te — De(1 —&) + (t. — 1)e,

where we used the fact thate < g; <1 —ecand thus g; — 07 > e(1 —¢)fort =1,...,t. — 1. We
also remark that the lower bound in the simplified setting of Theorem 1.1 pertains to the case when
te = 1,since ¢ = % falls under the first case above.

Theorem 2.7 (convergence of Algorithm 2.1) Under Assumption 2.1, the sequence (") keN 8en-
erated by Algorithm 2.1 converges to a solution x* € arg min o and (Uy(x*)),cn \« 0. Moreover,
there exists kg < 2 ﬂog1Jr (%Lf 5 )—| N such that

Vi = Ymin = m(l/qmax)\/%ﬁ Vk > ko,

where Ty = infren rE > %, m( - ) is as in Definition 2.6 (see also (2.9)), and Ly y is a Lipschitz
modulus for ¥V f on a compact convex set V that contains (x*) kEN

Proof The conditions prescribed in step 2.1.1 entail that the requirements of Theorem 2.4(ii) are
met, so that the proof reduces to showing the claimed lower bound on (7% )< Boundedness of the
sequence (") ren established in Theorem 2.3 ensures the existence of Ly, > 0 as in the statement.
In particular, recall that £, < Lj, < Ly holds for all £ € N, cf. (1.2). Lemma 2.5 then yields that

Gmax Lyfy

Gmax

Yl <1 = gy1 > min {%\/ + Pk, 5‘““”““1} (2.10)

We first show that v Ly > 4/ &nqi;% holds for some kg > 0 upper bounded as in the statement.

To this end, suppose that vy Ly < \/w for k = 0,1,..., K. The bounds &, > &y and
qr < Qgmax enforced in step 2.1.1 imply that % < Thin <1 < 131:% for any k. In particular,

SminTmin < SminTk < 1-%?10- < 1 holds for every k. Then, v < YLy < \/75":1‘;:?" < 1, and

Qmax —  ({max min

(2.10) hold true for all such k, leading to V41 > Y&/ Yamax + px for k = 0,..., K — 1. Since
po > 1, it follows that pg11 = Yk+1/v, > \/Vgmax + 1 for k =0,..., K — 1. Thus,
. K
1> @i > (e Lpy)? > (14 =) (yr-1Lpy)? > - > (T4 2) 7 (oLypy)?,
from which the existence of ky bounded as in the statement follows.

Let k > ko be an index such that v, Ly > 4/ %, and suppose that vy, Ly < 1/ 5"221%
fort =1,...,T. As before, the inequalities in (2.10) hold true for all such iterates, leading to

Phit > m, t=1,...,7+1, andinparticular pp4; > qn}ax'

It then follows from the definition of m(e) and ¢. as in Definition 2.6 with & = q— that v, =
Yi-+t—1Pk+¢ can only decrease for at most ¢ < ¢, iterations (that is, 7' < ¢.), at the end of which

1 gminrmin 1 (ﬂ) .
Qmax )’Yk > (qmax) V Qmax Lf.,V - ’len’

and then increases linearly up to when it is again larger than 4/ % Lf%, proving that vx > Ymin
holds for all £ > k. |

Gmax

Vit = ([Ti—y Prri) Ve > m(:2
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3. A class of adaptive alternating minimization algorithms

Leveraging an interpretation of AMA as the dual of the proximal gradient method, an adaptive
variant is developed for solving (CP) under the following assumptions.

Assumption 3.1 (requirements for problem (CP))
A1* 9 : R™ — R is proper, closed, locally strongly convex, and I1-coercive;
Ag2* 19 : R™ — R is proper, convex and closed;

Ag" A € R™*" and there exists x € relint dom 1 such that Ax € relint 1)s.

Under these requiremets, problem (CP) admits a unique solution z*, and by virtue of (Rockafel-
lar, 1970, Thm.s 23.8, 23.9, and Cor. 31.2.1) also its dual

minimize ¢} (—A"y) + ¥3(y) (D)
yeR™

has solutions y* characterized by y* € Ovo(Ax*) and —ATy* € ¢y (x*), and strong duality
holds. In fact, Assumption 3.1.A1* ensures that the conjugate 9] is a (real-valued) locally Lipschitz
differentiable function (Goebel and Rockafellar, 2008, Thm. 4.1). We note that the weaker notion
of local strong monotonicity of Ji; relative to its graph would suffice, and that this minor departure
from the reference is used for simplicity of exposition. Problem (D) can then be addressed with
proximal gradient iterations y= = prox,,(y — vV f(y)) analized in the previous section, with
= ¢T(—ATy) and ¢g := 3. In terms of primal variables x and z, these iterations result in the
alternating minimization algorithm. We here reproduce the simple textbook steps. First, observe that

z=VYi(-Aly) & -Alyedii(z) & 0e€ATy+di(e)=0[(A,y) + ().
Hence, by strict convexity, x = arg min {¢; + (A4 -, y) }. By the Moreau decomposition,
prox.,(y — YV f(y)) = prox,y: (y + vAz) = y + vAz — yprox,,, (v 'y + Az).
AMA iterations thus generate a sequence (y*) ken givenin (3.1), where
(@, 2,y) = 1(2) + ¥2(2) + (y, Az — 2) + § [ Az — 2|?

is the y-augmented Lagrangian associated to (CP).

AdaAMA?" Fix y~! € R™ and o = vy_1 > 0. With £}, and Ly, as in (3.2), starting from
7! = argmingegn {¥1(z) + (v, Az)}
20 = argmin, cgm Lo (27, 2,47 1)
Y=yt +(daT = 20),
iterate for k = 0,1, ...

zF = arg min {Ql)l(x) + <yk, A:C>} (= argmin % (z, 2*,y")) (3.1a)
TER™ zER"
_ : 1 Yk -7
V1 = Vk mln{ [+ 705 \/[(12r)+v,3Li+q2%€k(rl)]+} (3.1b)
ZFH = Pfoxwz/wkﬂ(’ygjﬂk + Axk) (= arg |l<l/l~i“ L (", z,4%)) 3.1¢)
Y = b oy (Aak - 2R (3.1d)
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The chosen iteration indexing reflects the dependency on the stepsize 7;: =¥ depends on 3"
but not on v;41, whereas z**! does depend on it. Moreover, this convention is consistent with the
relation V f (y’C ) = — Az*. Local Lipschitz estimates of V f as in (1.1) are thus expressed as

<A$k o A:Ek_17yk o yk—1> ||Axk _ A.’Ek_IHZ
ly* — y*= 1|12 [y — yF= 12

Being dually equivalent algorithms, convergence of AdaAMA?" is deduced from that of AdaPG?".

51@ = — and Lk = (3.2)

Theorem 3.1 Under Assumption 3.1, for any ¢ > r > % the sequence (mk)keJN generated by
AdaAMA?" converges to the (unique) primal solution of (CP), and (y*) ke to a solution of the
dual problem (D).

4. Numerical simulations

Performance of AdaPG?" with five different parameter choices from Table 1 is reported through
a series of experiments on (i) logistic regression, (ii) cubic regularization for logistic loss, (iii)
regularized least squares. The two former simulations use three standard datasets from the LIBSVM
library Chang and Lin (2011), while for Lasso synthetic data is generated based on (Nesterov, 2013,
§6); for further details the reader is referred to (Latafat et al., 2023a, §4.1) where the same problem
setup is used. When applicable, the following algorithms are included in the comparisons.'

PG-Is® Proximal gradient method with nonmonotone backtracking

Nesterov Nesterov’s acceleration with constant stepsize 1/L; (Beck, 2017, §10.7)
adaPG (Latafat et al., 2023a, Alg. 2.1)

adaPG-MM | Proximal extension of (Malitsky and Mishchenko, 2020, Alg. 1)

The backtracking procedure in PG-Is® is meant in the sense of (Beck, 2017, §10.4.2), (see
also (Salzo, 2017, LS1) and (De Marchi and Themelis, 2022, Alg. 3) for the locally Lipschitz
smooth case), without enforcing monotonic decrease on the stepsize sequence. To improve per-
formance, the initial guess for 41 is warm-started as by, where ~y; is the accepted value in the
previous iteration and b > 1 is a backtracking factor. For each simulation we tested all values of
be {1, 1.1, 1.3, 1.5, 2} and only reported the best outcome.

5. Conclusions

This paper proposed a general framework for a class of adaptive proximal gradient methods, demon-
strating its capacity to extend and tighten existing results when restricting to certain parameter
choices. Moreover, application of the developed method was explored in the dual setting which led
to a class of novel adaptive alternating minimization algorithms.

Future research directions include extensions to nonconvex problems, variational inequalities,
and simple bilevel optimization expanding upon Malitsky (2020) and Latafat et al. (2023b). It would
also be interesting to investigate the effectiveness of time-varying parameters in our framework for
further improving performance and worst-case convergence rate guarantees.

1. https://github.com/pylat/adaptive-proximal-algorithms-extended-experiments
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Figure 1: First row: regularized least squares, second row: /;-regularized logistic regression, third
row: cubic regularization with Hessian generated for the logistic loss problem evaluated
at zero. For the linesearch method PG-Is?, in each simulation only the best outcome for
be {1, 1.1, 1.3, 1.5, 2} is reported.
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Appendix A. Proof of Lemma 2.1

We have
k—1\__ k -1
<Hk(ac '}?k Hy(z ),iL'k _ xk—&-l) <Hk( - )—x +Vf< )’ ackH)
1 E+1 k2 k_k+1 Hi(@*H—aF  Hypo(ab)—azFF!
o 7k+1”a: z " +_<x L ’I Yk o Ve+1
> |l — R cag(aF) cog(ah )
Vk+1

owing to monotonicity of dg. Invoking the Cauchy-Schwarz inequality completes the proof.

Appendix B. Proof of Theorem 2.3

Following Latafat et al. (2023a), we denote Hy, := id — 74V f, and remind that the sequence gener-
ated by (2.1) is characterized by the inclusion

k. Hp(@*—H—ak _ gh-1_gk k—1 k
VY= n = V(") € 0g(z"). (B.1)
Then,
0 < g(z) — ga®*h) + (Vf(zF),z — 2F 1) — #ﬂ(mk — gkt g — gk
= gla) — gH*) + (V1 (aR) 0 =) gl (b =l [k et — o)
(A)

holds for any z. We next proceed to upper bound the term (A) as

(A) = (Vf(zF),z — %) + (Vf(aF), 2% — 2FH)

— <Vf(l“k),$—$k> + %(Hk(xkfl) —Jik,CCkJrl _$k> + 7%<Hk($k71) —Hk(a:k),xk —$k+1>
(B.1)

< f(@) = f(@®) +g(a™h) —g(a®) + L (Hyp (@) — Hy(aF), 2® — ). (B.2)
L (B) I

We bound the term (B) by Young’s inequality with parameter €51 as

k k
(B) < Pt ||a — M2 4 ol || Hy (2% — Hy (o))
k k k k k
= (S - ) — P2 o R - 2 () — Hi(a)

2Vk41

Lemma 2.
¢ k k4112 3 k—1 kN2
(g e ok — P () ) - Hi(eb)]

k k+12 2712 k—1 k2
= (%2 - 2 Yt - P (ks + R ) (1 - 29l + L) 2R - b,

where we added and subtracted %ka xF*12 in the first identity, and used the relation

| Hy(z%) — Hp(z" " H|? = (1 — 29le + v2L2)||2* — 2F71||%, see (Latafat et al., 2023a, Lem.
2.1(ii)), in the second. We emphasize once again that the introduction of £;; allowed us to apply

13
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Lemma 2.1 on the added term, this being the only departure in this proof from that of (Latafat et al.,
2023a, Lem. 2.2). With v* € dg(z*) as in (B.1), we have that

0 < P (") = o) = (VF(aF) + oF, 2h 1 = ah))
= i1 (p(@* 1) = p(aF) = Lk — PR+ (VAR - Vf(ah), o - )

_ 1=~ l _
= D (1p(ah ) — plak) — L2 ok — ). (B.3)
By summing the last two inequalities, multiplying by 71, and observing that

p(z) = (a*) + I (p(z" ) — (%) = D1 Poo1(x) — (1 + Fpp1) Pr(w),
we obtain

%ka-&-l o xHQ + 'YkJrl(l 4 19]6+1)Pk('r) + w,‘xk _ kaHZ
< 32" — @) + Pp 1741 Pio1 (2)

+ Pr41 ((1 — 2vily + ’Yz%L%)< L+ gszrlPkH) — g1 (1 — 'Ykgk)) (e |

2ek41

Selecting Vg1 = qr+1pk+1 and €x11 = /vgy1pr41, results in the claimed inequality (2.5).

Negativity of the coefficients is precisely what the upper bound on pi 1 enforces, and the mono-
tonic decrease of (U (x)), <y then follows. In turn, boundedness of the sequence follows from the
fact that ||z% — 2*||? < Uy, (2*) < Up(2*) holds for every k € N and 2* € arg min ¢.

Appendix C. Useful lemmas

This section contains some results which will be useful in the proof of Theorem 2.4 given in Ap-
pendix D.

Lemma C.1 Let (qi),cn be a sequence contained in an interval [qumin, max] With ¢umin > 0 and

sulch that qx+1 < 1 + qy. Starting from some oo > 0, let (o) keN Satisfy the relation Qi 412
dk+1

(1 + qror) — eg+1 for every k, where 0 < e, — 0 as k — oo. Then, liminfy_, ox > 1.

Proof We first show that there exist § > 0 and ¢ > 1 such that g, > 1 + ¢ holds at least once every

t iterations. Up to discarding early iterates, e, < 2qiax holds for all k. Then,

1
qk+1

(14 qrok) — ek+1 > 5 vk,

2
Ok 2 2@max

implying that for ¢ small enough g — § > 0 for all k. Fix sucha § > 0, and let k € N and ¢, > 1
be such that 1, .., 054, < 1+ 0. Then, 0, ; — 0 > (054 — 5)?% > Q%H — 200y, ;» hence

14
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~ 12 - B D
OF+j = 525 %y 0 holds for every j = 1,...,tz, which gives
1 5 > - > 1 1 qE+t1—€71 _ -
T0 2 0y 2 Thms Ty + Gire, ORHE—1 7 kg
1 1 qE+tE—1 1 1 Qk+t -2 e e
= 1420\ dpqey Tty 1420 [GRpep 1 QR — L Okt —2 7 Chttg-1 k+ty

. 1 qk+t -2 1 ~ qE-&-tE—l ~
= G <1+25 + (1+25)2) + (7o Gty Qk+tk 2~ (325%hte t roey q,;ﬂl,cfkﬂ,;—l)

g
= gy, 4 1(1+26)J (1+26)qu+t- (1+26)J qm k+tzz+1—ﬂ
J:
tg 1 ~ tr
— Qmax (1+25)J = 2¢max (1+2§)J’
j=1 j=1

where in the last inequality we remind that e; < 5

necessary, it is apparent that ¢; cannot be arbitrarily large, i.e., t; < ¢ forall k € N. Let K =
{k1, ko, ...} be the (infinite) set of all indices k satisfying o > 1 + ¢; then,

k‘i+1 —k; < t Vi

By further discarding early iterates if necessary, we may assume that g5, < ﬁ“ﬁ& holds for every
k. Then,

dk; qk
Qk +1 = \/Qk +1 k;+1 Qk €k1+1 - \/Qk +1 + dk; +1( + 6) 6k +1

— 1+qki 1 _ min — !
_\/Qki+1+%+15 Ek+1>\/1+2 6 1+5
| I—

>1

where ¢ = /1 + qm"‘ 2§ —1 € (0,0). By the exact same arguments, up to possibly discarding
early iterates such that e < ﬁ(gl holds for every &, we have that

Otz 2 )1+ gl = 144"

Iterating ¢ times, we have that

Oki; > 146, VieN,j=1,....1

where 09 = dand 6; = , /1 + 2‘“”‘ dj—1—1€(0,0;) for j =1,...,¢t. In particular,

Okivj 2 1+0; 21406 Vi=1,... kiy1—ki—1

and by the definition of k;, ¢ € IN, we conclude that o, > 1+ 6z > 1 holds for all k£ large enough. l
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Lemma C.2 Let ¢ = f + g where f is continuously differentiable, and g is convex and Isc. Sup-
pose that a sequence (Ik) reN converges to a point z* € argmin, and for every k let k=
prox%ﬂg(a:k — Y1 V f (@) with (k) yen C Ry bounded and bounded away from zero. Then,
(Z) wen too converges to x*. Additionally, if either ¢(z*) — min ¢ orinf v;, > 0, then (p(Z%)),cny —
min .

Proof The proof is standard. Using nonexpansiveness of prox,, ., and optimality of x*,

128 —a*|| = | prox,, ,  4(a" — %t VF () — prox,, , (@ — w1 V.f ("))l

< lz* = a*|| + [V (@) = V(@) =0 ask — oo

k

Since f is continuous and ¥ — z*, it remains to show that g(z¥) — g(x*). For every k € N,

convexity of g and the inclusion x,}:k;jk — Vf(z*) € 9g(z"*) imply

g(a¥) = g(a*) + (=2 = Vf(aF), " — 7)
and
g(z*) > g(@*) + (£ — v f(ah),a* — zb).

Ve+1

If p(2*F) — min @, that is, g(x*) — g(x*), the first inequality combined with lower semicontinuity
of g concludes the proof. If instead (Y1), is bounded away from zero, the same conclusion follows
from the second inequality. |

Appendix D. Proof of Theorem 2.4

The sequence ("), .y is bounded and the coefficients of P,_1(z) and ||z¥ — 2*~1||? in (2.5) are
negative owing to Theorem 2.3. Let us consider x € arg min ¢, and for notational conciseness let
us write P, = Pi,(x) = ¢(2*) — min ¢. In particular, telescoping (2.5) yields that

lim (1 + qrpr — Qe10p41)Pi1 = 0. (D.1)
k—o0

(i) We proceed by intermediate claims.

Claim 1: There exists an optimal limit point x, of (xk)ke]N'

Since (z¥), .y is bounded, it suffices to show that liminfy_,o Py = 0. If limsup,_, (1 +
Pk — Qka1 pi 4+1) > 0, then the assertion directly follows from (D.1). If (), is unbounded,
then the claim follows from the fact that

VePr—1 < Ui (z) < Ui (). (D.2)

We now argue that no other case is possible. To this end, to arrive to a contradiction, suppose that
1+ qrpr — Qrs1P 41 — 0 and that (), is bounded. In particular, since it is also bounded
away from zero, (px),cn too is both bounded and bounded away from zero, and in particular so
is (qx)pen- Then, Lemma C.1 applies and yields that liminf;_, pr > 1, hence that (vx),cn
eventually diverges (exponentially fast), contradicting its assumed boundedness.
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Claim 2: x is the only limit point that belongs to arg min .
Suppose that 2, € arg min ¢ is a limit point. Since (Uy(},)),cn and (Uk(Too)) e are both
convergent, then so is

(@, 20 — aho) = Un(ale) = Un(zoo) + 3llzcol® — 3ll2l .

Passing to the limit along the two converging subsequences thus yields (Zoo, Zoo—2h,) = (T, Too—

2’ ), which after rearranging results in ||z, — 2|2 = 0, establishing the claim.

(ii) Let x* be the optimal accumulation point of (z*) ren (exactly one exists as shown in the
previous assertion). Note that the proof is complete once we show that Uy (z*) — 0. Since this
limit exists, we remark that if (), is bounded (and so are (qx),cn and (§x),cn)- then for a
set of indices K C N such that (z%),_, — 2* one has that ([|z*" — 2*||?),cx» (Pht1) ek
and ([|l2"+2 — 2¥+1||2), _j all vanish by virtue of Lemma C.2 (applied twice), and thus so does
(Up+2(2*)) e - In what follows, we assume that (g ), and (&x),cn are bounded and bounded
away from zero, but make no assumption on boundedness of () ren- We then denote gmin =
infy, gk, Qmax = supy, ¢k, and &nin = infy, &, which are all finite and strictly positive quantities by
assumption.

Observe that, since (q),cy is bounded and bounded away from zero, it follows from the inequality
) 14qupr
Piyr < ﬁ that
Pmax = sSup pg < 00. (D.3)
kEN

Contrary to the claim, suppose that

(by contradiction) U := klim Uy (z*) > 0.
— 00

Contradiction claim 1*: For any K C N, limgsp_o0 2F = 2* holds iff lim g5 p—e0 Vo1 = 00

The implication “<" follows from (D.2), since (z*) ke is bounded and z* is its unique optimal
limit point. Suppose now that (z*) wei — o*. To arrive to a contradiction, up to possibly extracting
suppose that (Ve41)pcxr — 7 < o0. Then, it follows from Lemma C.2 that (z*1), _, — 2* and
(Pet1)pex — 0. Since (Yg42),cx is also bounded owing to (D.3), we may iterate and infer that
also (z"2), - converges to z*. Recalling the definition of U}, in (2.4), boundedness (away from
zero) of (&) then implies that U = lim g 5x 500 Up2(2*) = 0, a contradiction.

Contradiction claim 2*: Suppose that (z*), ;- — «*; then also (z" 1), ;e — ..

It follows from the previous claim that lim g5 —00 Yk+1 = 00. Because of (D.3), one must also
have lim g 5g—00 Yk = 00. Invoking again the previous claim, by the arbitrarity of the index set K
the assertion follows.

Contradiction claim 3*: Suppose that (z*), ;o — x*; then (Yj—1Lg—1)c g — 0©.
Using the previous claim twice yields that both 21, =2 — 2* as K 3 k — oc. Hence,

lim [z" 1 —2*72)? = 0.
K>k—o00

Since (&) ren 1s bounded (away from zero), from the expression (2.4) of Uy, we then have

lim (1 + grpx) P11 = U,
K3>k—o0
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where we remind that U := limy_, o, Uy (z*) > 0. Denoting C' := prax(1 + gmaxPmax), We have

T-1Pe1 = 1 (p(2* 1) — p(a*))
< <l,k:f2 . ij:fl — Vi l(vf( k72) o Vf( kfl))jx* . xk71>
< (@ —af e =) o |V F (2 ) = Vil =2

= (xkfz A )—i—'yk 1L 1||33 ark*2||Hx* — wkilH

for every k, where the last identity uses the definition (1.1). Then,

0<U= lim (14 qrpr)Pr—1 = liminf pp(1 + qrpr)Vr—1Pr-1
K>k—oo K3k—o0

< Pmax(l + Qmaxpmax) ll(%r]lcl—{lfo 'kalkalIHwkil - mkiQH ”1'* - wkilua

—0

which yields the claim.

Contradiction claim 4*: Suppose that (z¥),_,c — @*; then (pg).c i — 0.
Since ¢, < Ly, by (1. 2) it follows from the previous claim that 7; L %/»ykek diverges as K > k —
oo. Recalling that r, = from the ~y;-update at step 2.1.2, we have

—0 >1 —0
——

o L& 2 (1)
k1 s 2 1 —2g, %71@
0 Vo1l Pk Ye-1Li 4 + (1 + gk) +2 TR/ it as K 5k — oo,

Tie

where boundedness of (q),cn and (§x),cn Were used.

We now conclude the whole proof by constructing a specific subsequence that yields the sought
contradiction. Observe first that (73 ), o is necessarily unbounded, which owes to claim 1* and the
fact that =* is an optimal limit point. Then, starting with kg = 1 the sequence recursively defined as

ki1 = min{k > k; |’7k227ki}a 1 € N,
is well defined and such that v, — oo as i — co. A trivial induction reveals that

> Vi > 1.
Vi; 1r<1%ax v Vi>

Moreover, claim 1* implies that 2% ~! — 2* as i — oc and, in turn, claim 4* yields that pj,,_; — 0
as i — oco. In particular, for i large enough py, 1 < p,.L., whence the contradiction

Viei—2 < Vk; < PmaxVk;—1 = PmaxPk;—1Vk;—2 < Vk;—2-

The proof is completed.
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