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Most of the analyses concerning signed networks have focused on balance theory, hence identifying frustration
with undirected, triadic motifs having an odd number of negative edges; much less attention has been paid to
their directed counterparts. To fill this gap, we focus on signed, directed connections, with the aim of exploring
the notion of frustration in such a context. When dealing with signed, directed edges, frustration is a multifaceted
concept, admitting different definitions at different scales: if we limit ourselves to consider cycles of length 2,
frustration is related to reciprocity, i.e., the tendency of edges to admit the presence of partners pointing in
the opposite direction. As the reciprocity of signed networks is still poorly understood, we adopt a principled
approach for its study, defining quantities and introducing models to consistently capture empirical patterns
of the kind. In order to quantify the tendency of empirical networks to form either mutualistic or antagonistic
cycles of length 2, we extend the exponential random graph framework to binary, directed, signed networks with
global and local constraints and then compare the empirical abundance of the aforementioned patterns with the
one expected under each model. We find that the (directed extension of the) balance theory is not capable of
providing a consistent explanation of the patterns characterizing the directed, signed networks considered in this
work. Although part of the ambiguities can be solved by adopting a coarser definition of balance, our results call
for a different theory, accounting for the directionality of edges in a coherent manner. In any case, the evidence
that the empirical, signed networks can be highly reciprocated leads us to recommend to explicitly account for
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the role played by bidirectional dyads in determining frustration at higher levels (e.g., the triadic one).
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I. INTRODUCTION
A. A brief history of balance

The interest in the study of networks with positive, nega-
tive, or missing edges can be traced back to the formulation
of the so-called balance theory, first proposed by Heider [1]
and further developed by Cartwright and Harary, who adopted
signed graphs to model it [2]. The balance theory deals with
the concept of balance: a complete, signed graph is said to
be balanced if all triads have an even number of negative
edges, i.e., either zero (in this case, the three edges are all
positive) or two. The so-called structure theorem states that a
complete, signed graph is balanced if and only if its set of
nodes can be partitioned into k = 2 disjoint subsets whose
intramodular edges are all positive and whose intermodular
edges are all negative. Cartwright and Harary extended the
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definition of balance to incomplete graphs [2] by including
cycles of length larger than three: a network is deemed bal-
anced if all cycles have an even number of negative edges
(although the points of each subset are no longer required to
be connected). Taken together, the criteria above define the
so-called (structural) strong balance theory. Such a framework
has been further extended by Davis [3], who introduced the
concept of k-balanced networks, according to which signed
graphs are balanced if their set of nodes can be partitioned into
k > 2 disjoint subsets with positive, intramodular edges and
negative, intermodular edges. This generalized definition of
balance has led to the formulation of the so-called (structural)
weak balance theory, according to which triads whose edges
are all negative are balanced as well, since each node can
be thought of as a group on its own. Taken together, the
strong and the weak variants of the balance theory define
the so-called (structural) traditional balance theory; hence,
k-balanced networks are traditionally balanced.

From a mesoscopic perspective, however, both versions
of the balance theory require the presence of positive blocks
along the main diagonal of the adjacency matrix (k = 2, ac-
cording to the strong variant; k > 2, according to the weak
variant) and of negative, off-diagonal blocks. As noticed in
[4], the block structure defining the traditional balance theory

Published by the American Physical Society
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is overly restrictive, dooming the vast majority of real-world,
signed networks to be quickly dismissed as frustrated: in order
to overcome what was perceived as a major limitation of
the traditional balance theory, the proposal of replacing the
(traditional) notion of frustration, F (o) = L] + LT (i.e., the
total amount of misplaced connections, coinciding with the
number of negative edges found within communities, L, plus
the number of positive edges found between communities,
L7T), with its softened variant, G(o|a) = oL + (1 — @)L},
was advanced. Even ignoring the ambiguity due to the lack
of a principled way for selecting « (the so-called o prob-
lem in [5]), the criterion embodied by the G test is still too
strict [6]. In the light of such a result, the second attempt
pursued by Doreian and Mrvar to overcome the perceived
limitations of the traditional balance theory was more radical,
as they proposed to relax it by allowing for the presence of
positive, off-diagonal blocks and negative, diagonal blocks—a
generalization that has gained the name of relaxed balance
theory [4]. Such a formulation of the relaxed balance theory
lacks a proper mathematization, as a score function such as
F(0), or G(o|a), cannot be easily individuated. Besides, it
is affected by the problem highlighted in [7]: "if the number
of clusters is left unspecified a priori, the best partition is
the singletons partition (i.e. each node in its own cluster)." A
recent attempt of overcoming such a limitation is represented
by the contribution from [6]: recasting the theory of balance
within a statistical framework solves several problems at once,
allowing an inference scheme for assessing if a signed graph
is traditionally or relaxedly balanced to be defined.

The task of evaluating which variant of the traditional
balance theory is best supported by empirical data has re-
cently received considerable attention: several metrics have
been proposed to evaluate the level of balance [8-14], or
of the complementary notion of frustration [5,15-17], and
the question concerning the variant of the traditional balance
theory that is best supported by data has been reformulated
in statistical terms, by comparing the empirical abundance of
the set of patterns that characterizes each of them with the
one predicted by a properly defined benchmark model [6,18—
26]. Surprisingly, the answer crucially depends on a number
of factors, such as (i) the nature of the data, (ii) the measure
adopted to quantify balance, and (iii) the null model employed
to carry out the analysis [26]. In particular, (i) null models
induced by global constraints tend to favor the weak variant of
the balance theory (according to which only the triangle with
one negative edge should be underrepresented in real-world
networks); (ii) null models induced by local constraints tend
to favor the strong variant of the balance theory, according
to which the triangle with three negative edges should be
underrepresented as well.

Although popular, the balance theory disregards the direc-
tion of edges, a piece of information that is accounted for
by the status theory, implicitly proposed in [27], where the
meaning of the negative, directed edges was first discussed.
There, the authors focused on the model called the "web of
trust," according to which users establish connections on the
basis of trust or rating scores: "distrust" is, thus, modeled via a
negative, directed edge, a methodological innovation allowing
it to be explicitly distinguished from "absence of an opinion,"
which instead is represented by the absence of an edge. The
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FIG. 1. Cyclic triads headed at node i: according to the status
theory, [(a)—(f)] blue triangles are balanced while [(g), (h)] orange
triangles are unbalanced. While solid lines represent positive edges,
dashed lines represent negative edges.

status theory has been formally developed in [28]. According
to it, the sign of an edge between any two nodes depends
on the (perceived) difference between their status: while a
positive edge directed from node i to node j indicates that the
status of j is perceived by i as "higher" than its own status, a
negative edge directed from i to j indicates that the status of j
is perceived by i as "lower" than its own status. Figures 1 and
2 depict the (directed, triadic) patterns classified as balanced
(in blue) and unbalanced (in orange) according to the status
theory.

The study of directed, signed networks has been also ap-
proached with different purposes. In [29-32] the problems
of edge and sign prediction are addressed. In [14,16,33] a
statistical validation of the level of frustration characterizing
directed, signed networks is carried out—to be noticed that
the notion of frustration employed there is the one defined
for undirected networks. In [34] the concept of status factor
is formalized, i.e., an index quantifying the social status of
the nodes belonging to overlapping communities. In [35] the
authors address the problem of opinion formation by labeling
each edge with a sign that is determined by the similarity
of the two interacting agents. In [36] the level of frustration
characterizing directed, signed networks is proxied by the
percentage of acyclic triads not satisfying the principle of
transitivity while cyclic triads are excluded from the analysis.
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FIG. 2. Acyclic triads headed at node i: according to the status
theory, [(a)—(f)] blue triangles are balanced while [(g), (h)] orange
triangles are unbalanced. While solid lines represent positive edges,
dashed lines represent negative edges.
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B. A brief history of reciprocity

The study of reciprocity in binary, directed networks
[37,38], i.e., the tendency of vertex pairs to form mutual
connections, has received increasing attention over the years
[39-50]. Reciprocity has been shown to play a crucial role
in classifying [39] and modeling [40] directed networks, un-
derstanding the effects of a network structure on dynamical
processes such as diffusion and percolation [41-43], explain-
ing patterns of growth in out-of-equilibrium networks such
as Wikipedia [44] and the World Trade Web [45,46], shaping
social relationships [51,52], and studying the onset of higher-
order structures such as correlations [47,48] and triadic motifs
[49,50,53,54]. Reciprocity also quantifies how much informa-
tion is lost when a directed network is regarded as undirected:
if the reciprocity of the original network is a maximum, then
the full information can be retrieved from the undirected pro-
jection; if, on the other hand, no reciprocity is observed, the
uncertainty about the directionality of the original edges that
have been converted into undirected ones is maximal [39].

Generally speaking, directed networks range between two
extremes: being purely bidirectional, such as the Internet,
where information always travels both ways along computer
cables, or being purely unidirectional, such as citation net-
works, where recent papers can cite less recent ones while
the opposite cannot occur. A traditional way of quantifying
where a real network lies is measuring the ratio of the number
of edges pointing in both directions, L, to the total number
of edges, L[38,55,56], i.e.,

N
L~ Doimt 2 ji) Dijdij

= N
L Dini Zj(;éi) dij

Clearly, r = 1 for purely bidirectional networks while r = 0
for purely unidirectional ones. Social networks [38], email
networks [55], the World Wide Web [55] and the World Trade
Web [56] display intermediate values of r.

In order to assess if mutual edges occur more or less (or
just as) often than expected by chance, the empirical value
of reciprocity must be compared with the one expected in a
random graph with the same number of vertices [55]. To this
aim, the definition of reciprocity reading

(D

_r—{r)
PET0y @
with
(r) = (L*) _ Ziv=1 Zj(;é[)(aijaij> _ NN — 1)p? _
L YN Y@y NN =Dp
3)

was proposed. Still, such a measure suffers from two major
limitations: (i) it implements a comparison with the overall too
simple benchmark known as the directed random graph model
[39], according to which p = L/N(N — 1), and (ii) it does not
admit a clear, statistical interpretation. In order to overcome
these limitations, p has been replaced by the z-score

L —(L*)

where o[L] = +/Var[L<] and
N

Var[LT] = Z Z Var([2a;;a ;]

i=1 j(>i)

N
=4Z Zpijpji(l — PijPji)- (5)
i=1 j(>i)
The z-score z[L<"] quantifies the number of standard devia-
tions by which the empirical abundance of reciprocal edges
differs from the expected one [57]. After checking for the
Gaussianity of L* under the chosen benchmark—since it is
a sum of dependent random variables, this is ensured by the
generalization of the central limit theorem—a result |z,,| < 2
(Jzm| < 3) indicates that the empirical abundance of the pat-
tern under study is compatible with the one expected under
the chosen benchmark at the 5% (1%) level of statistical
significance. On the other hand, a value |z,,| > 2 (|z,| > 3)
indicates that the empirical abundance of pattern m is not com-
patible with the chosen benchmark at the same significance
level: in the latter case, a value z,, > 0 (z, < 0) indicates
the tendency of the pattern to be overrepresented (underrepre-
sented) in the data with respect to the null model. Real-world
directed networks have been shown [54,57] to display a value
of reciprocity that neither the directed random graph model
nor the directed configuration model is capable of reproducing
[54,57].

The present paper is devoted to exploring the concept of
signed reciprocity as well as its relationship with that of frus-
tration. To this aim, we adopt a principled approach for its
study, introducing models to quantify the tendency of empiri-
cal networks to form either mutualistic or antagonistic cycles
of length 2, that are suitable to analyze graphs with "plus one,"
"minus one," and "zero" edges as well as those with just "plus
one" and "minus one" edges. More specifically, we extend
the exponential random graph framework to binary, directed,
signed networks with global and local constraints. As in the
undirected case [26], our approach has the clear advantage of
being analytically tractable; besides, its versatility allows it
to be employed either in the presence of full information—to
spot the degree of self-organization of a signed network by
detecting the patterns that are not explained by lower-level
constraints [57-61]—or in presence of partial information—
to infer the missing portion of a given signed network [62].

The rest of the paper is organized as follows. Section II
introduces the formalism and the basic quantities we will con-
sider in our analysis. Section III is devoted to the description
of the maximum-entropy models we will employ to carry out
our analysis. Section IV illustrates their application to a bunch
of real-world networks. Section V discusses the main results
of the paper and presents an outlook on future extensions of
our work.

II. SETTING UP THE FORMALISM

In a signed graph, each edge can be positive, negative, or
missing. In what follows, we will focus on binary, directed,
signed networks: each edge will be, thus, "plus one," "minus
one," or "zero." More formally, the generic entry of the adja-
cency matrix A reads a;; = —1, 0, +1. Since the total number
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of node pairs reads N(N — 1) and any "directed" node pair can
be "positively connected," "negatively connected," or "discon-
nected," the cardinality of the ensemble of binary, directed,
signed graphs is |A| = 3V¥=D_ Mathematical manipulations
can be eased by employing Iverson’s brackets to define the
three functions of the entries reading a;; = [a;; = —11, a?j =
[a;; = 0], and af]. = [a;; = +1] These new variables, induc-
ing the definition of the matrices A* and A~ (see Appendix A
in the Supplemental Material [63]), are mutually exclusive,
ie., {al], ij> +} ={(1,0,0), (0, 1,0), (0,0, 1)}, and sum to
L, ie., a; + au + au = 1. The advantage of adopting such
a formalism becomes evident when considering that each
quantity is, now, computed on a matrix whose entries are, by
definition, positive; as a consequence, it is positive as well.

A. Total number of positive and negative links

Our formalism allows us to define a number of quantities
of interest. For instance, the number of positive and negative
edges can be, respectively, defined as

N
=ZZai’; and L™ =

i=1 j(#0)

N
2.2 @ ©

i=1 j(#0)

Naturally, L = L* + L™ = Y10, 3, (@ + a;)).

B. Degree sequences

The positive and negative out-degrees of node i (i.e., the
total number of positive and negative edges "outgoing from"
node i) can be, respectively, defined as

OIS SO
(J#l) (jsﬁt)

while the positive and negative in-degrees of node i (i.e., the
total number of positive and negative edges "entering into"
node i) can be, respectively, defined as

Zaﬂ and h; Za (3

(/#l) (j;ﬁt)

Naturally, LT = ZN ki =
S by

Zz 1h+ and L™ = vazl ki =

C. Reciprocity

In the case of unsigned networks, the percentage of edges
having a "companion" pointing in the opposite direction is
defined as in Eq. (1). In the case of signed networks, four types
of reciprocal patterns can be identified [64], i.e., those leading
to (i) positive reciprocity, when nodes i and j trust each other;
(i1) negative reciprocity, when nodes i and j distrust each
other; (iii) positive antireciprocity, when node i trusts node
Jj but node j distrusts node i; and (iv) negative antireciprocity,
when node i distrusts node j but node j trusts node i. These
patterns can be compactly represented via the family of dyadic

o=
o=,
o=

k o ko ko
(a) (b) (c)

FIG. 3. Dyadic motifs for binary, directed, signed networks: (a) a
pair of edges, with discordant signs, pointing in opposite directions;
(b) a pair of positive edges pointing in opposite directions; and (c) a
pair of negative edges pointing in opposite directions. According to
the balance theory, pattern (a) is unbalanced while patterns (b) and
(c) are balanced; according to the status theory, pattern (a) is balanced
while patterns (b) and (c) are unbalanced.

motifs reading

ZZ% ,z—ZZZaZ, at, ©)

i=1 j(#i) i=1 j(>i)

counting the pairs of positive edges pointing in opposite
directions,

Y Y

i=1 j(£i)

22 Z ana;;, (10)

i=1 j(>i)

counting the pairs of negative edges pointing in opposite
directions,

LY = Z Z(auaﬂ + al}aﬂ)

i=1 j(#i)

=2 Z Z(aljaﬂ +a;a}), an

i=1j(>i)

and counting the pairs of edges, with different signs, pointing
in opposite directions (see Fig. 3). The tendency to establish
antireciprocal (or single) connections can be quantified as
well, upon defining

Z Z‘ﬁ(l li a;i)

i=1 j(#i)

—ZZW(l—a —a;) +aj(l —af; —a;)] (12)

i=1 j(>i)
and
N
=2 2 oy == ay)
i=1 (i)
= Z[au(l —ay) +a;(1 —aj; — a;)].
i=1 j(>i)
(13)
As a consequence, the following notions of reciprocity,
LY L™ LT
ro =t == == 14
7L - L 7L (14

remain naturally defined, with r{” quantifying the percentage
of edges appearing in reciprocal positive pairs, ¥~ quantifying
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the percentage of edges appearing in reciprocal negative pairs,
and r{" quantifying the percentage of edges appearing in a
reciprocal pair with discordant signs. Besides,

r;=—, r_ =—,
L L
with r” quantifying the percentage of edges appearing in
a positive, antireciprocal pair and r— quantifying the per-
centage of edges appearing in a negative, antireciprocal pair.
Similarly,

pas
<—>_L+
+_L<—>’

Lz o _L¥

<~ —_—
S = _L<_>7

s = (16)
quantify the percentage of reciprocal edges that are both posi-
tive, the percentage of reciprocal edges that are both negative,
and the percentage of reciprocal edges with discordant signs.

As first noticed in [65], the concepts of reciprocity and
frustration are not independent: in [14], the authors consider
reciprocated dyads as generating two semicycles, whose de-
gree of frustration is to be evaluated in the light of the balance
theory; in [28,51], the authors notice that the balance theory
has a larger statistical evidence on the subgraph defined by
reciprocal edges. For the moment, we would simply like to
stress that frustration and reciprocity are related by the mean-
ing one attributes to (anti)reciprocal patterns: if the collected
data reflect a relationship such as "friendship," then Fig. 3(b)
is balanced (i sees j as a friend, hence a;; = +1, and j sees i
as a friend, hence aj; = +1); if, on the contrary, the collected
data reflect a relationship like "subordination," then Fig. 3(b)
is frustrated (i sees j as leading, hence a;; = +1, but j sees i
as leading as well, hence a;; = +1).

III. BENCHMARKS FOR BINARY, DIRECTED,
SIGNED NETWORKS

Let us now generalize the exponential random graph
(ERG) framework to binary, directed, signed networks. To this
aim, we will follow the analytical approach introduced in [26]
and carry out a constrained maximization of Shannon entropy,

S=-> PA)InPA). 7)

AcA

where the sum runs over the ensemble of |A| = 3¥V™=D pj-
nary, directed, signed networks, a generic entry of which can
assume the values —1, 0, +1. Let us now discuss the models
induced by two different sets of constraints.

A. Signed directed random graph model

The signed directed random graph model (SDRGM) is
induced by the Hamiltonian

H(A) =aLt(A)+ BL™(A), (18)
i.e., by the two global constraints L*(A) and L™ (A).

1. Free-topology SDRGM

According to the free-topology variant of the SDRGM,
each entry of a directed, signed network is a random variable

whose behavior is described by the finite scheme

-1 0 441 . .
a;; ~ _ , Vi , 19
j <p pO p+) #Jj (19)
with
e h y
T = = , 20
P l+e@+e? 1+x+y (20)
LP LA .. 21
P T l4ev4e P 14x+y’ @

and p® =1 — p~ — p™. In other words, a; j obeys a general-
ized Bernoulli distribution whose probability coefficients are
determined by the (Lagrange multipliers of the) imposed con-
straints (see Appendix B in the Supplemental Material [63]):
each positive edge appears with probability p™, each negative
edge appears with probability p~, and each missing edge has
a probability p°.

In order to employ the SDRGM to study real-world net-
works, the parameters that define it need to be properly tuned.
More specifically, one needs to ensure that (L™ )sprom =
LT (A*) and that (L™ )sprgm = L™ (A*). To this aim, the log-
likelihood maximization principle can be invoked [66]: it
prescribes to maximize the function

Lsprem(x, y) = In Pspram(A™|x, y)
N
—\d. . 0 af
=In [ [T]eO)u@" %@ | @2
i=1 j(i)
with respect to the unknown parameters that define it. Such a
recipe leads to the set of relationships

L LAY
NN =1

L~ (A%)

“sv-np B

andp’=1—-p —p™.

2. Fixed-topology SDRGM

The way the SDRGM has been defined allows a network
topological structure to vary along with the signs of the edges.
A variant of the SDRGM that keeps the (directed) topology of
the network under analysis fixed while (solely) randomizing
the signs of the edges is, however, definable. The role of
random variables is now played by the entries of the adjacency
matrix corresponding to connected pairs of nodes. Each of
them obeys the finite scheme

-1 +1 .
ai_;~< - +>, Vi j | lajl =1, (24)

p p
with
e P y

T = = , 25
= e e P Tt y (%)

L e ¢ X

= = . 26

P= e e P Tt y (26)

In other words, each entry satisfying |a;;| =1 obeys a
Bernoulli distribution whose probability coefficients are de-
termined by the (Lagrange multipliers of the) imposed
constraints (see Appendix B in the Supplemental Material
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[63]): each existing edge is assigned a "plus one" with proba-
bility p* and a "minus one" with probability p~.
The maximization of the log-likelihood function

Lspromrr (¥, ¥) = In Pspromrr(A™[x, y)

N
=mn | ][] @ 27)
i=1 j(D)

with respect to the unknown parameters that define it leads to
the set of relationships

_ L*(AY)
T LAY

L™ (A")

—+ 7
L(A*)’

(28)

with L(A*) representing the (empirical) number of edges
characterizing the fixed topology under consideration.

B. Signed directed configuration model

The two aforementioned versions of the SDRGM are de-
fined by global constraints; let us now consider a more refined
null model, induced by local constraints. The signed directed
configuration model (SDCM) is induced by the Hamiltonian

N
D ek (A) + Bik; (A) + vih (A) + 8ik (A)],

i=1

H(A) =
(29)

., by the four vectors of local constraints, {k*(A)}l 1
{k (A)}, 1 (i (AL, and {h7 (A)YY).

1. Free-topology SDCM

According to the free-topology variant of the SDCM, each
entry of a directed, signed network is a random variable whose
behavior is described by the finite scheme

-1 0 +1
ai~ | _ , Vi, 30
ij (pij p?j p;;> #J (30)
with
—(Bi+5)) W
e i w
Py = . = @&
J 1 + e~ @ty 4 o= (Bit+d)) 1+ xz; + yiw;
—(@ity)) e
e i Xz
P = = = ., (32
J l + e*(ot,u‘r)//') + ef(ﬂi+8.f) 1 +xlzj + ylw]
and p; =1 - p;; — pj. . In other words, a;; obeys a general-

ized Bernoulh distribution whose probability coefficients are
determined by the (Lagrange multipliers of the) imposed con-
straints (see Appendix B in the Supplemental Material [63]):
given any two nodes i and j, they are connected by a positive

edge with probability p;;-, connected by a negative edge with
probability p;;, and are disconnected with probability p‘i)j.
In order to ensure that (k" )spcm = kT (A*), (k; )spcm =

k- (A*), (h)spem = b (A%), and (h; )spem = h; (A%), Vi,

let us maximize the log-likelihood function

= In Pspcm(A¥|X, y, z, W)

]—[]_[(p,, () "(p*)”

i=1 j(#i)

Lspem(X, Y, Z, W)

(33)

with respect to the unknown parameters that define it. Such a
recipe leads to the set of relationships

N
iz,
kF(A*) = — T —(kh), Vi, 34
AN Zl+x,z,+y,w, U, Vi, (34

(J#l)

N
KAy =) —

— = — k7Y, Vi, 35
= I+ xz; + yiw; i (33)

j_
(j#i)
N
It (A%) = Z U _wh, Vi, (6)
I +xzi +yjw;
(J#l)
N

— A% YjWwi _ .
hi (A™) = —— = (h;), Vi (37)
; 1+ x;zi + yjw
G#0)
Such a system can be solved only numerically (see Ap-
pendixes C and D in the Supplemental Material [63]).

2. Fixed-topology SDCM

As for the SDRGM, a variant of the SDCM that keeps
the (directed) topology of the network under analysis fixed
while (solely) randomizing the signs of the edges is definable.
Again, the role of random variables is played by the entries
of the adjacency matrix corresponding to connected pairs of
nodes. Each of them obeys the finite scheme

-1 +1 .
aij~< - +), Vi j| laijl =1, (38)

Pij  Pij
with
—(Bi+38;) Ry
e J w
Py = =2 3y
1 e*(ai‘i‘]/j) + e*(ﬂl“l’aj) le/ + yle
—(aity;) o
e J XiZ
ph= =— (40
U g—(@ity)) 4 o= (Bitd)) xizj + yiw;

In other words, each entry satisfying |a;;| =1 obeys a
Bernoulli distribution whose probability coefficients are de-
termined by the (Lagrange multipliers of the) imposed
constraints (see Appendix B in the Supplemental Material
[63]): given any two connected nodes i and j, their edge is
assigned a "plus one" with probability pl.*i and a "minus one"
with probability p;;.
The max1m1zat1on of the log-likelihood function

Lspem-rr(X, Y, 2, W) = In Pspemrr(AIX, Y, Z, W)

N

[TTT@ whe | @b

i=1 j(i)
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with respect to the unknown parameters that define it leads to
the set of relationships

N
XiZ
KFAH =) afl—— = (!, Vi, (4
; XiZj + yiw;
(jaﬁi)
* Yiw; _ .
ki (AY) = Z| aj; x,z,+§,w, = (k7). Vi 43
(J;ét)
.
ht(A*) = |—L=— = (n"), Vi, 44
(A) Z|,,xﬂi+ijl_ (") (44)
(Jaéz)
* yjw; _ .
h (A)_Z| j,m:<hi>, Vi (45)
(Jaét)

Such a system can be solved only numerically (see Ap-
pendixes C and D in the Supplemental Material [63]).

The meaning of our benchmarks can be understood from a
behavioral perspective: according to our intuition, in fact, they
can be employed to set the "level of tolerance" characterizing
the agents that constitute a given social system. More specif-
ically, null models constraining global quantities assume all
agents to be animated by a comparable level of tolerance while
null models constraining local quantities explicitly account for
the different levels of tolerance that animate different agents
[26].

C. The SIMONA matlab package

As an additional result, we release a matlab-coded package
that implements all the aforementioned models: its name is SI-
MONA, an acronym standing for "signed models for network
analysis," and is freely downloadable [67].

IV. INFERENCE UNDER BINARY, DIRECTED, SIGNED
BENCHMARKS

Let us now compare the empirical abundance of the quan-
tities defined in the previous sections with the one expected

J

ar[L] = 4 Z Z Var[ajay; + aaf]

i=1 j(>i)

under (any of) our null models. As anticipated, a useful indi-
cator is the so-called z-score, i.e.,
Niu(A*) — (N)
m = T x> 46
) oIN,.] o

where N,,(A*) is the empirical abundance of motif m as mea-
sured on A*, (N,,) is its expected value under the chosen null
model, and o [N,,] = \/(N2) — (N,,)? is the standard deviation
of N,, under the same null model. For some of the afore-
mentioned quantities, the z-score can be explicitly computed.
In particular, the expected values of the abundances of the
reciprocal dyads read

N
TY=2Y">" phrh (47)

i=1 j(>i)
N
(L7)=2>"%" piips (48)
i=1 j(>i)
and

N
(L) =2 (phpsi + Py i) (49)

i=1 j(>i)

while the corresponding variances read

Var[LT] = 4 Z > Varlaja]

i=1 j(>i)

_422pupﬂ(l_pupﬂ)’ (50)

i=1 j(>i)

Var[LT] =4 Z Z Var[a;;a};]

i=1 j(>i)
N

=43 "> pppi(l—pyp;). (51
i=1 j(>i)

and

=4 Z Z Var[ata>] + Var[aat] + 2Cov[ala~, a-at]

ij“ji
i=1 j(>i)

N
=4 Ipfpy(l

i=1 j(>i)

—pipi) + pipnd

ij7Jji ij=rjio Yijtji

— PP = 2p5pippi]

N
=4> > Iphpu(l = phips — popl) + pp i — poph — pip)), (52)

i=1 j(>i)

: + +
glien thhat N Cov[au ”,a”aﬂ] (al]aﬂizr”aﬂ)

(al]a”)(aua”)_—p”pupﬂpﬂ, as the events a;a; =1
and a;; ]a i = 1 are mutually exclusive. The expected values

(

and the variances of the abundances of the single dyads
are provided in Appendix E in the Supplemental Material
[63]. Let us remind that z,, returns the number of standard
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TABLE I. Descriptive statistics of the largest connected component of each of the 11 snapshots of the MMOG dataset [33]. The table
shows the total number of nodes, N, the total number of edges, L, the total number of positive and negative edges, Lt and L™, the edge
density, c = L/N(N — 1), the percentage of reciprocated edges, r = L /L, and the empirical value of the reciprocity measures that we have
introduced. Overall, these networks are very sparse but very reciprocated: the few existing edges are paired in dyads, the vast majority of which

have a +/+ signature.

MMOG N L Lt L~ c r rf re ry r: r- sf g sy

Day 10 1001 5448 5402 46 0.0054 0.89 0.89 0.002 0.0011 0.10 0.006 0.99 0.003 0.0012
Day 11 1079 6203 6118 85 0.0053 0.88 0.87 0.004  0.0010 0.11 0.010 0.99 0.004 0.0011
Day 12 1142 6833 6651 182 0.0052 0.87 0.86 0.008 0.0015 0.11 0.018 0.99 0.009 0.0017
Day 13 1220 7400 7152 248 0.0050  0.87 0.86 0.012 0.0016 0.11 0.021 0.98 0.013 0.0019
Day 14 1296 7936 7617 319 0.0047 0.86 0.84 0.012 0.0025 0.11 0.027 0.98 0.014 0.0029
Day 15 1328 8416 8055 361 0.0048 0.86 0.85 0.014  0.0024 0.11 0.028 0.98 0.016 0.0028
Day 16 1371 8789 8352 437 0.0047 0.86 0.84 0.015 0.0036 0.11 0.033 0.98 0.017 0.0042
Day 17 1414 9184 8646 538 0.0046 0.85 0.83 0.016 0.0046 0.11 0.040 0.98 0.019 0.0054
Day 18 1448 9451 8847 604 0.0045 0.85 0.83 0.017 0.0042 0.11 0.045 0.98 0.020 0.0050
Day 19 1489 9780 9104 676 0.0044 0.84 0.82 0.018 0.0037 0.11 0.049 0.97 0.021 0.0044
Day 20 1520 10109 9384 725 0.0044 0.84 0.82 0.018 0.0042 0.11 0.052 0.97 0.021 0.0049

deviations by which the empirical and the expected abundance
of motif m differ: while a result |z,,| < 2 (|z,| < 3) would
indicate that the empirical abundance of m is compatible
with the chosen null model at the 5% (1%) level of statistical
significance, a result |z,,| > 2 (|z,,] > 3) would indicate that
the empirical abundance of m is not compatible with the
chosen null model at the same significance level.

V. DATASETS DESCRIPTION

Let us now provide a brief description of the three datasets
we have considered for the present analysis.

MMOG dataset. This dataset collects information about
the relationships among the 2~ 300 000 players of a massively
multiplayer online game (MMOG). A positive edge directed
from node i to node j indicates that user i perceives user j
positively; conversely, a negative edge directed from node i to
node j indicates that user i perceives user j negatively [33].

Honduras villages dataset. This dataset collects informa-
tion about the relationships among the citizens of 11 rural
villages in the Copan Province (Western Honduras). The sam-
ple population included people older than 12 years to whom
questions such as "Who do you spend your free time with?,"
"Who is your closest friend?," "Who do you discuss personal
matters with?," and "Who are the people with whom you do
not get along well?" were asked (either via the Trellis software
platform [68], or via tablet-based surveys, administered in
a face-to-face fashion). While the answers to the first three
questions induce a positive edge, the answer to the fourth
question induces a negative edge [69].

Spanish high schools dataset. This dataset collects infor-
mation about the relationships among the students of 13 high
schools, 3 of which are located in Madrid and 10 of which
are located in Andalucia. Students were asked to name the
other students they had a connection with and rate each rela-
tionship with a value ranging from —2 to 4-2. Since the data
describe a weighted configuration, we binarized it by consid-
ering each positive weight as a +1 and each negative weight as
a —1. As three schools are characterized by two disconnected

components and one school is characterized by four discon-
nected components, we end up with 19 different snapshots.

VI. PATTERNS OF RECIPROCITY IN BINARY, DIRECTED,
SIGNED NETWORKS

MMOG dataset. Let us start commenting on the empirical
patterns characterizing the MMOG dataset (see also Table I
for a summary of descriptive statistics). Overall, these net-
works are very sparse but very reciprocated: more specifically,
80-90 &percnt; of the edges come in positive, reciprocal
dyads, and the vast majority of the remaining ones coming in
positive, single dyads: as s confirms, 99% of the reciprocal
edges are organized in dyads with a +/+4 signature. Inter-
estingly, there are more negative single dyads than negative
reciprocal dyads: more quantitatively, L= /L~ ~ 0.25, i.e.,
only a quarter of the negative edges appear in negative recip-
rocal dyads. Lastly, it is very unlikely to observe reciprocal
dyads with discordant signs.

The observations above point out the existence of a strong
asymmetry between positive and negative relationships, only
partly confirmed when our dataset is observed through the
lenses of statistics. Figure 4 shows the evolution of the afore-
mentioned z-scores, i.e., e, e, g, AU and z;—~. The
SDRGM and the SDCM return the same picture, i.e., Ly >
e >y 7> = 0> 2L In words, the reciprocal dyads
with concordant signs are overrepresented in the data while
the single positive dyads are underrepresented. Overall, these
results point out the tendency of pairs of nodes to establish
reciprocal relationships having the same sign—irrespective of
the nature of the latter one—under free-topology benchmarks.

The SDRGM-FT and the SDCM-FT instead return a dif-
ferent picture: the quantities s LS and z;- are, in fact,
positive and of comparable magnitude while 0 >z, > z;>.
In words, the reciprocal dyads with concordant signs and the
single negative dyads are overrepresented in the data while the
reciprocal dyads with discordant signs and the single, positive
dyads are underrepresented. Overall, these results point out
the tendency of pairs of nodes to establish reciprocal rela-
tionships having the same sign—irrespective of the nature of
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FIG. 4. Top: Evolution of the z-scores of our dyadic motifs, under free-topology benchmarks (left, SDRGM; right, SDCM), for the MMOG
dataset. The z-scores induced by the SDRGM are larger, in absolute value, than the z-scores induced by the SDCM, an evidence indicating that
accounting for the heterogeneity of nodes greatly enhances the explanatory power of a model. Moreover, the reciprocal dyads with concordant
signs (in light blue and purple) are overrepresented in the data while the single, positive dyads (in red) are underrepresented in the data.
Bottom: Evolution of the z-scores of our dyadic motifs, under fixed-topology benchmarks (i.e., the SDRGM-FT and the SDCM-FT), for the
MMOG dataset. While the explanatory power of the fixed-topology benchmarks is larger than that of their free-topology counterparts, the
reciprocal dyads with concordant signs (in light-blue and purple) and the single negative dyads (in green) are overrepresented in the data,
while the reciprocal dyads with discordant signs (in yellow) and the single positive dyads (in red) are underrepresented in the data. While the
free-topology benchmarks favor the directed version of the balance theory, the fixed-topology benchmarks lead to contradictory results. The

gray area corresponds to z € [—2, +2].

the latter one—as well as single negative dyads under fixed-
topology benchmarks.

Honduras villages dataset. Let us now comment the em-
pirical patterns characterizing the Honduras villages dataset
(see also Table II for a summary of descriptive statistics).
Overall, these networks are very sparse and only moderately
reciprocated. In fact, (only) one-third of the edges have a
companion pointing in the opposite direction. More specifi-
cally, 25-35 & percnt; of the edges come in positive reciprocal
dyads while more than half of the edges come in positive
single dyads and more than 10% of the edges come in negative

single dyads: as s3° reveals, more than 95% of the reciprocal
edges are organized in dyads with a +/+ signature. Interest-
ingly, there are many more negative single dyads than negative
reciprocal dyads: more quantitatively, L= /L~ ~ 0.05, i.e.,
only 5% of the negative edges appear in negative reciprocal
dyads. Lastly, it is very unlikely to observe reciprocal dyads
with discordant signs.

As for the MMOG dataset, a strong asymmetry between
positive and negative relationships is present. Figure 5 shows
the evolution of the aforementioned z-scores: again, the
SDRGM and the SDCM return the same picture, pointing out
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TABLE II. Descriptive statistics of the largest connected component of each of the 11 rural villages composing our dataset [69]. The table
shows the total number of nodes, N, the total number of edges, L, the total number of positive and negative edges, Lt and L™, the edge
density, c = L/N(N — 1), the percentage of reciprocated edges, r = L /L, and the empirical value of the reciprocity measures that we have
introduced. Overall, these networks are very sparse and only moderately reciprocated; still, the vast majority of the existing dyads have a +/4

signature.

Honduras villages N L Lt L~ c r ry re ry g r- sy g g

A 148 1423 1242 181 0.07 036 033 0.013 0.02 0.53 0.10 091 0.035 0.054
B 101 473 444 29 0.05 035 034 0.004 0 0.60 0.06 099 0012 O

C 59 388 348 40 0.01 036 035 0.015 0 055 009 096 0042 O

D 113 363 306 57 0.03  0.31 0.29  0.011 0.011 0.55 0.14 093 0.036 0.036
E 199 652 602 50 0.02 034 033 0 0.003 059 0.08 0.99 0 0.009
F 101 417 353 64 0.04 032 031 0.005 0.005 054 015 097 0.015 0.015
G 233 1070 924 146 0.02 034 033 0008 0.004 053 0.13 097 0.022 0.011
H 99 582 507 75 0.06 038 037 0.003 0.007 050 012 097 0.009 0.018
| 98 321 285 36 0.03 039 0.38 0 0.006 050 0.11 0.98 0 0.016
J 118 715 535 180 0.05 027 024 0017 0.014 050 023 089 0.062 0.052
K 206 890 708 182 002 032 029 0016 0.018 050 0.18 089 0.049 0.056

the tendency of pairs of nodes to establish reciprocal rela-
tionships having the same sign—irrespective of the nature of
the latter one. More quantitatively, zp > >z > 713 >~ 77> =~
0 > z,, a result confirming that the reciprocal dyads with
concordant signs are overrepresented in the data while the
single positive dyads are underrepresented.

The SDRGM-FT and the SDCM-FT, instead, return a dif-
ferent picture, pointing out the tendency of pairs of nodes to
establish reciprocal relationships with a +/+ signature, as
well as single negative dyads. More quantitatively, z;- and
77~ are, in fact, positive and of comparable magnitude, while
7> ~0> 70 > Ly, a result confirming that the reciprocal
dyads with a 4 /4 signature and the single negative dyads are
overrepresented in the data while the reciprocal dyads with
discordant signs and the single positive dyads are underrepre-
sented.

Spanish schools dataset. Lastly, let us comment on the
empirical patterns characterizing the Spanish schools dataset
(see also Table III for a summary of descriptive statistics).
Overall, the density of connections of these networks varies
over one order of magnitude, ranging from 0.02 to 0.2; the
reciprocity, instead, varies from 0.3 to 0.5. More specifi-
cally, 25-50 & percnt; of the edges come in positive reciprocal
dyads while the same percentage of edges comes in posi-
tive single dyads and 10-30 &percnt; of the edges come in
negative single dyads: as s reveals, 80-90 &percnt; of the
reciprocal edges are organized in dyads with a 4/+ signature.
Interestingly, there are many more negative single dyads than
negative reciprocal dyads: more quantitatively, L* /L~ ranges
from 0.1 to 0.2, i.e., only 10-20 &percnt; of the negative
edges appear in negative reciprocal dyads. Lastly, it is quite
unlikely to observe reciprocal dyads with discordant signs—
although it is more likely than observing negative reciprocal
dyads, for some of the snapshots.

Figure 6 shows the evolution of the aforementioned z-
scores: according to both the SDRGM and the SDCM, the
reciprocal dyads with concordant signs are overrepresented in
the data while the single positive dyads are underrepresented.
More quantitatively, Ly >z >y 2 20>z,

According to both the SDRGM-FT and the SDCM-FT,
instead, the reciprocal dyads with a 4/+ signature and the
single negative dyads are overrepresented in the data while
the reciprocal dyads with discordant signs and the single posi-
tive dyads are underrepresented. More quantitatively, z;- and
zr~ are, in fact, positive and of comparable magnitude while
2> = 0> Ly > Ay

VII. PATTERNS OF FRUSTRATION IN BINARY,
DIRECTED, SIGNED NETWORKS

The structural patterns characterizing our datasets
highlight the tendency of nodes to establish reciprocal
connections—preferentially, with concordant signs. Do these
findings have a meaning from the point of view of balance?
According to Cartwright and Harary, this question should be
answered by disregarding the directionality of the connections
constituting the cycles. In our opinion, such an approach is not
fully convincing and some index accounting for directionality
should, instead, be considered.

Luckily, the three datasets considered in the present work
have been collected in a similar way, i.e., by letting users
"rate" each other. As a consequence, the concept of balance
better framing our results seems to be closer to the one in-
forming the (directed extension of the) traditional balance
theory than to the one informing the status theory. In other
words, a larger number of positive reciprocal dyads seems to
characterize more balanced configurations.

A. Strong or weak balance?

The negative reciprocal dyads, instead, play a role that
is analogous to the role played by undirected triangles with
all negative edges. In other words, they may be considered
either as a signature of balance or not. The intuition would
suggest to not consider a couple of agents "hating" each
other as balanced; according to references like [28,51], in-
stead negative reciprocal dyads are balanced, the rationale
being that of identifying the notion of "balance" with the
notion of "agreement." That is, any two agreeing agents
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FIG. 5. Top: Evolution of the z-scores of our dyadic motifs, under free-topology benchmarks (left, SDRGM; right, SDCM), for the
Honduras villages dataset. The reciprocal dyads with concordant signs (in light blue and purple) are overrepresented in the data while the
single positive dyads (in red) are underrepresented in the data. Bottom: Evolution of the z-scores of our dyadic motifs, under fixed-topology
benchmarks (i.e., the SDRGM-FT and the SDCM-FT), for the Honduras villages dataset. While the explanatory power of the fixed-topology
benchmarks is larger than that of their free-topology counterparts, the reciprocal dyads with a 4/+ signature (in light blue) and the single
negative dyads (in green) are overrepresented in the data while the reciprocal dyads with discordant signs (in yellow) and the single positive
dyads (in red) are underrepresented in the data. While the free-topology benchmarks favor the directed version of the balance theory, the
fixed-topology benchmarks lead to contradictory results. The gray area corresponds to z € [—2, +2].

constitute a balanced dyad: while in the first case one may
speak of strong balance, in the second, one may speak of
weak balance. Interestingly, the interpretation sustaining the
weak balance obeys the (directed extension of the) following
definition: cycles with an even number of negative edges are
balanced while cycles with an odd number of negative edges
are frustrated. More quantitatively, the number of directed
cycles with zero and two negative edges is quantified by LT
and L=, respectively, while the number of directed cycles
with one negative edge is quantified by LT —and they are
regarded as a signature of frustration irrespective of the vari-
ant of the (directed extension of the) balance theory that is
adopted.

B. Free-topology or fixed-topology benchmarks?

Analogously to what has been noticed in [26], different
benchmarks provide different answers to the question about
the balancedness of a given directed, signed network. More
specifically, free-topology benchmarks such as the SDRGM
and the SDCM point out that the reciprocal dyads with concor-
dant signs are overrepresented in the data: as a consequence,
our three datasets are weakly balanced if free-topology bench-
marks are adopted.

On the contrary, fixed-topology benchmarks such as the
SDRGM-FT and the SDCM-FT do not lead to the same con-
clusions, as they point out that the negative single dyads are
overrepresented as well. Should these dyads be considered?
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TABLE III. Descriptive statistics of the 19 snapshots of the Spanish schools dataset [32]. The table shows the total number of nodes, N,
the total number of edges, L, the total number of positive and negative edges, L™ and L™, the edge density, c = L/N(N — 1), the percentage of
reciprocated edges, r = L /L, and the empirical value of the reciprocity measures that we have introduced. Overall, the density of connections
of these networks varies over one order of magnitude while the reciprocity ranges from 0.3 to 0.5. As for the MMOG and the Honduras villages

datasets, the vast majority of the existing dyads have a +/+ signature.

Spanish schools N L Lt L~ c r rf re g r: r” sf i sy

1 409 8557 7302 1255 0.05 048 044 0.014 0.023 040 0.12 092 0.030 0.047
2 238 3755 3397 358 0.07 046 042 0.008 0.033 047 0.07 091 0.016 0.072
3 534 12812 11024 1788  0.05 0.51 047 0016 0.029 038 0.11 0.91 0.030 0.057
4 2901 5152 3959 1193  0.06 035 0.29 0.031 0.026 046 0.19 084 0.089 0.074
5 702 11190 8242 2948 0.02 033 028 0.026 0.021 045 023 0.86 0.080 0.064
6 97 1805 1055 750 0.19 029 022 0.041 0.029 035 036 076 0.140 0.100
7 98 2080 1243 837 022 044 034 0.072 0.029 025 032 077 0.160 0.066
8 121 1622 1081 541 0.11 0.55 040 0.12 0.036 025 020 072 0.210 0.065
9 60 920 687 233 026 050 038 0.039 0.074 033 0.18 077 0.079 0.150
10 186 3197 2470 727 0.09 0.51 045 0.026 0.032 0.31 0.18 0.88 0.050 0.064
11 145 2229 1844 385 0.11 0.31 0.27 0016 0.027 054 0.14 086 0.052 0.086
12 105 1311 975 336 0.12 035 031 0.015 0.027 042 023 088 0.043 0.078
13 91 935 791 144 0.11 0.27 024 0.009 0.019 060 0.14 090 0.032 0.072
14 132 1035 855 180 0.06 027 025 0.012 0.013 057 0.16 091 0.042  0.049
15 89 593 467 126 0.08 028 0.08 0230 0.030 0.02 055 0.17 0.810 0.110
16 66 448 401 47 0.10 034 0.31 0.005 0.270 0.57 0.09 0091 0.013  0.079
17 124 1365 1097 268 0.09 029 026 0.012 0.019 053 0.18 0.89 0.040 0.065
18 391 4511 3472 1039 0.03 029 024 0.017 0.028 0.51 020 0.84 0.060 0.098
19 458 7028 4701 2327 0.03 033 027 0.028 0.028 038 0.29 083 0.087 0.084

If so, how? The answer to the first question should be, in our
opinion, positive, for (at least) two reasons: (i) the percentage
of reciprocal links can be small, hence ignoring single dyads
would imply ignoring a substantial portion of a directed,
signed configuration, and (ii) the magnitude of the z-scores of
the negative single dyads is comparable with the magnitude
of the z-scores of the reciprocal dyads with concordant signs.
What about the answer to the second question? The way our
data have been collected suggests that the absence of an edge
should be regarded as a lack of interest in reciprocating the
interaction, whether positive or negative. As a consequence,
one is led to consider the single dyads as a signature of
frustration. If this is the case, however, the (directed extension
of the) balance theory leads to contradictory results, as both
balanced and frustrated patterns are overrepresented in the
data; as a consequence, no univocal conclusions can be drawn
if fixed-topology benchmarks are adopted.

C. A coarser theory of balance?

As previously highlighted, while classifying reciprocal pat-
terns is relatively straightforward, classifying single dyads is
more problematic. As we will show, a possible solution is that
of grouping all patterns of the same kind by defining the total
number of balanced patterns as Ng = Lf: + L= and the total
number of frustrated patterns as Np = Ly + L” + L” . Upon
doing so, the z-scores reading

_ Ng — (Ng)
BT TSN &)
and
_ Ne — (Np)
T o b

remain naturally defined. As Fig. 7 shows, the balanced pat-
terns become overrepresented in the data while the frustrated
patterns become underrepresented in the data—consistently
across all datasets considered in the present work. In other
words, the two indices above make the contradictory patterns
disappear, leading balance to be recovered at a "coarser" level.

VIII. DISCUSSION

Extending the notion of balance to directed networks is
absolutely not trivial. Although such a topic has been already
addressed in several papers, the later ones have focused on
triangular motifs, disregarding the information brought by
the dyadic ones. Our paper represents an attempt to fill this
gap, by exploring the role played by reciprocity in shaping
directed, signed networks as well as understanding its re-
lationship with the notion of frustration. Our results point
out the tendency of pairs of nodes to establish reciprocal
relationships having the same sign and to avoid reciprocal
relationships having different signs. Is this a signature of
balance or a signature of frustration?

A nonambigouous answer can be provided only after hav-
ing clarified the way data have been collected: in fact, as
stressed in [27], the presence of a signed edge, directed from
one node to another, can be interpreted in several ways, de-
pending on the "intention" pushing the source node to bind
with the other nodes. In other words, a positive edge from i
to j can either mean "node j is a friend of mine"—and the
most suitable framework to interpret the results would be the
one of the (directed extension of the) balance theory—or "the
status of node j is higher than mine"—and the most suitable
framework to interpret the results would be the one of the
status theory.
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FIG. 6. Top: Evolution of the z-scores of our dyadic motifs, under free-topology benchmarks (left, SDRGM; right, SDCM), for the Spanish
schools dataset. The reciprocal dyads with concordant signs (in light blue and purple) are overrepresented in the data while the single, positive
dyads (in red) are underrepresented in the data. Bottom: Evolution of the z-scores of our dyadic motifs, under fixed-topology benchmarks (i.e.,
the SDRGM-FT and the SDCM-FT), for the Spanish schools dataset. The reciprocal dyads with a 4/+ signature (in light blue) and the single
negative dyads (in green) are overrepresented in the data while the reciprocal dyads with discordant signs (in yellow) and the single positive
dyads (in red) are underrepresented in the data. As for the MMOG and the Honduras villages datasets, the free-topology benchmarks favor
the directed version of the balance theory while the fixed-topology benchmarks lead to contradictory results. The gray area corresponds to

ze€[=2,42].

As the way our datasets have been constructed supports
the first hypothesis, we need to interpret reciprocal and single
dyads in the light of the (directed extension of the) balance
theory. A first route would prescribe to consider only cyclic
dyads, the ones with discordant signs being a signature of
frustration and the ones with concordant signs being a sig-
nature of balance. At a finer level, one may even distinguish
a weak, directed extension, considering both +/+ and —/—
dyads as balanced, from a strong, directed extension, solely
considering +/+ dyads as balanced. A second route would
prescribe to consider single dyads as well. From this per-
spective, the literature has basically ignored the problem, just

focusing on the reciprocal subgraph: while this may represent
an acceptable solution for the analysis of configurations with
a large number of edges having a "companion" pointing in
the opposite direction,' it is no longer so when r is small.
A choice like this may, in fact, severely bias the analysis:
as also reported in [28], the statistical evidence gained by
the (directed extension of the) balance theory is larger than

'Observing a large reciprocity usually leads to the conclusion that
specifying the direction of the edges is, after all, unnecessary; see
[39,70,71].
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the one gained by the status theory on the relatively small
subgraph induced by reciprocal edges.

Although such a framework may be adopted to interpret
the results of the analysis carried out on the MMOG dataset,
its use would be much less justifiable to interpret the re-
sults of the analyses carried out on the Honduras villages
and Spanish schools datasets: those results call for a finer
definition of balance, accounting for the meaning of single
dyads. Should they be interpreted as a signature of frustration,
however, the (directed extensions of the) balance theory may
lead to inconsistencies preventing us from drawing univocal
conclusions.

A possible way out has been proposed in [28,29,51,52]
where it has been noticed that a substantial difference exists
between single and reciprocal connections and the adoption
of different theories to explain the patterns characterizing
different portions of the same directed, signed network has
been proposed—more specifically, the balance theory for the
subgraph induced by reciprocal edges and the status theory for
the remaining portion of the network. As such an approach
would assume the simultaneous presence of different—if
not contradictory—processes behind the formation of a di-
rected, signed configuration, we believe it not to represent
the most suitable explanation for the emergence of certain
empirical patterns that, instead, call for a more comprehen-
sive analysis of directed connections in the context of social
theories.

This may be especially relevant to individuate the factors
driving people’s interactions with other people—both offline
and online—hence affecting the perception of the social world
most. From this perspective, a prominent role is played by
(relationships inducing) negative ties, known to be associated
with a person’s core-ness, facilitating information diffusion
and reducing polarization [72]. Since, however, people are
more likely to know who likes them than who dislikes them—
a kind of interaction often kept private, even when compiling

anonymous questionnaires—such information requires ex-
tra care to be collected, fluctuating more than the positive
counterpart.

IX. CONCLUSIONS

As our analysis highlights, directed, signed networks differ
from their undirected counterparts: while the latter ones are,
overall, balanced [26], assessing if the former ones are bal-
anced or not is much less straightforward. In our opinion, this
is ultimately due to an incomplete formulation of the balance
theory for directed networks that ignores the role played by
single dyads. While such a result calls for a rethinking of
the definition of social theories for directed, signed networks,
it also paves the way for a number of future research di-
rections, such as (i) enlarging the number of datasets over
which to repeat the analysis proposed here, (ii) inspecting
higher-order signatures of balance (e.g., triadic motifs) by
employing a benchmark constraining the signed reciprocity,
and (iii) exploring the notion of balance at the mesoscopic
level by extending the approach pursued in [6].
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