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Abstract

Conformance checking is central in process mining (PM). It studies deviations
from reference processes. Historically, the focus was on qualitative aspects, rather
than on quantitative ones. Recently, however, approaches for stochastic confor-
mance checking emerged, with state-of-the-art ones based on stochastic distances
like the Earth Mover’s Distance (EMD). The software performance engineering
(PE) community developed techniques to synthesize Markov Chains (MC) that
describe the stochastic process underlying programs. We propose a novel, PE-
inspired, approach to stochastic conformance checking. We aim at bridging PE
and PM, fostering cross-fertilization. This may result, e.g., in importing in PM
verification, control, and repair techniques popular in PE. We base on techniques
for the synthesis of Variable-length MC (VLMC), higher-order MC able to com-
pactly encode complex dependencies in the control-flow. We equip VLMCs with a
notion of likelihood to efficiently and reliably study the conformance of traces from
a control-flow perspective. We compare with EMD using a novel dataset from PE
containing traces of two implementations of the sorting algorithmic task, as well
as a classic PM dataset. We outperform EMD in runtime and accuracy, while we
have limited flexibility for incomplete logs. We find that EMD is very sensible
to the used threshold distance beyond which traces are marked non-conformant,
while our approach is threshold-free, avoiding this critical requirement. We can
check the conformance of single traces, while EMD performs best for groups
of traces. This paves the way for future applications of stochastic conformance
checking, e.g., in online PM, or in process-oriented classification tasks.
Keywords: Stochastic conformance checking, Earth Mover’s Distance, Higher-order
Markov chain, Software Performance Engineering



1 Introduction

Process Mining (PM) is an interdisciplinary research area that aims at extracting
insights and knowledge from execution traces of a process, bridging the gap between
data science and process science [1]. PM involves a wide collection of techniques that
can be grouped in three macro areas: process discovery, process enhancement, and
conformance checking. Process discovery involves mining a graphical representation of
the executed process, while process enhancement regards the enrichment of a model
with additional information, such as the frequency of executed activities or paths.
Conformance checking is a pivotal problem in PM, enabling the identification, analysis
and fix of deviations among reference and mined processes [2]. Historically, approaches
to conformance checking have emphasized qualitative aspects. Recently, there has
been a growing interest towards stochastic conformance checking (see, e.g., [3-5]),
i.e., approaches to conformance checking that emphasize quantitative aspects like the
frequency and probability of traces. The most recent among these approaches, there-
fore the state-of-the-art in stochastic conformance checking, are based of stochastic
distances like the famous Earth Mover’s Distance (EMD, also known as Wasserstein
distance) [6]. In these approaches, the reference model and a group of traces are trans-
formed in two stochastic languages, respectively, and the EMD distance among such
languages is used to establish the conformance of the group of traces to the model.

Over the years, the so-called software performance engineering (PE) community,
inherently interested in quantitative aspects, developed techniques for synthesizing
Markovian models that accurately describe the stochastic process underlying programs
(see., e.g., [T-15]). However, surprisingly, stochastic conformance checking is not cen-
tral in PE. In this paper, we propose a novel approach to stochastic conformance
checking inspired by PE results. We show how to synthesize Variable-length Markov
Chains (VLMC, higher-order Markovian models equipped with memory) [7] from pro-
gram execution traces as well as from event logs in general. VLMCs are particularly
well-suited for compactly expressing complex memory and path dependencies in the
process. We equip VLMCs with a notion of likelihood that a trace conforms to the
mined stochastic process. The likelihood of a trace corresponds to the probability for
the model to generate that trace. Therefore, it is greater than 0 if the trace belongs
to the language of the model (i.e., if it is conformant from the control-flow perspec-
tive), and 0 otherwise. We obtain an innovative method for stochastic conformance
checking that is efficient and accurate. We identify two major differences among our
approach and EMD-based ones: (i) EMD requires the choice of a threshold beyond
which traces are considered non conformant, while our approach is threshold-free; (ii)
our approach allows to check the conformance of single traces, while EMD-based ones
work best when more traces are considered at once. We show that these differences
are crucial, because EMD appears to be sensitive to the choice of threshold, and to
have low performance in detecting the conformance of single traces.

Our claims are supported by an experimental evaluation involving two datasets: (i)
a new dataset coming from the PE field containing traces of different implementations
of an algorithmic task, sorting; (ii) a dataset on Italian vehicle fines popular within the
PM community [16]. Using these datasets, we compare several aspects of VLMC- and
EMD-based methods. Our approach outperforms the other in terms of runtime and



accuracy in all tested settings, but it may be limited in terms of flexibility to handle
incomplete logs (the accuracy of VLMC in correctly identifying conformant traces
appears to be closely correlated to the completeness of the logs). Notably, dataset (i),
which we make available to the community at [17] together with replicability material,
is one of the contributions of this paper.

This work aims to bridge the PM and PE communities, fostering cross-disciplinary
proposals. It paves the way to a number of novel applications of stochastic confor-
mance checking. For example, the improved performances for single traces may enable
the stochastic extension of online conformance checking techniques (e.g., [18, 19]),
and of multi-labeled classification tasks: to which stochastic process belongs a given
trace? (e.g., [20], where one of the results is that non-stochastic conformance check-
ing alone is not enough to succeed in classification tasks, requiring to integrate it with
machine learning approaches). Even though the focus of this paper is on stochastic
conformance checking, we remark an additional benefit in bridging the two: once an
accurate stochastic process is mined from execution traces, it is possible to verify that
the underlying process satisfies required performance measures (e.g., [7]).

2 On stochastic conformance checking in process

mining
Traditional approaches to conformance checking had emphasis on qualitative aspects,
while, more recently, stochastic extensions focused on quantitative aspects emerged.
The paper by Bogdanov et al. [21] focuses on environments where event logs are
assumed to be uncertain (known stochastically). They develop an algorithm incorpo-
rating a cost function reflecting event uncertainty, enabling optimal alignment between
a process model and stochastic event observations, improving the reliability in handling
uncertain data. Further exploration considered stochastic extensions of models popu-
lar in the community, such as Petri nets. An approach based on stochastic Petri nets,
exploiting silent transitions, is detailed in [22]. The considered formalism offers a reli-
able way to forecast process behavior and improve stochastic conformance checking by
combining automata-based methods with absorbing Markov chains. The introduction
of kth-order Markovian abstractions [23] allows for a scalable evaluation of complex
stochastic variations in process models in the presence of large datasets. Another
development is the application of entropy measures to assess the recall and precision
of process models and event logs in comparison to stochastic automata [24]. Ongoing
efforts towards stochastic notions of conformance checking are further demonstrated
by the development of a framework for estimating weights in Generalized Stochastic
Petri Nets (GSPNs) [25] and the adaptation of process discovery algorithms to man-
age infrequent behaviors in event logs [26]. Research into the effectiveness of business
process simulation models [27] and innovative approaches for the concept of drift detec-
tion [28] emphasize the need for dynamic adaptation and integrating time attributes
in concept drift frameworks.

There exists a recent line of research which uses the Earth Mover’s Distance [6] to
perform stochastic conformance checking. EMD is a notion of distance among stochas-
tic languages to assess the conformance between stochastic process models and event



logs. For example, the work by Leemans et al. [3] introduces a method based on EMD
where both the process model and a group of event logs are mapped onto stochastic
languages that are then compared in terms of EMD distance. The method takes into
account event frequencies and their probabilities, and uses a reallocation matrix and
stochastic trace alignments to identify discrepancies and align observed behaviours
with modelled probabilities. Another example is the Toothpaste Miner [29]. It mines
stochastic Petri nets, and applies EMD not on the mined process, but on traces sim-
ulated by it. Another recent approach based on EMD is [4]. It presents a flexible
framework for stochastic conformance checking supporting partially matching traces.

The capabilities of process mining have been greatly expanded by developments tai-
lored to stochastic conformance checking. However, integrating stochastic information
in the picture is still a challenge, particularly when it comes to controlling complexity
and scalability, as well as the ability in practice in detecting conformant traces. In this
paper, we present our own contribution in this line of research, aiming at addressing
these open issues. Given that the several recent approaches to stochastic conformance
checking are connected to EMD, we consider EMD-based approaches state-of-the-art,
and present a thorough comparison with EMD only.

3 Performance engineering meets stochastic
conformance checking

In this section, we review approaches from the software performance engineering com-
munity for the synthesis of stochastic processes (Sections 3.1-3.2), and propose a novel
approach for stochastic conformance checking based on such results (Section 3.3).

3.1 Overview

Stochastic processes, such as Markov chains, play a critical role in the community
of software performance engineering because they provide a mathematical framework
for modeling and analyzing the probabilistic behavior of software systems [30]. These
processes allow engineers to capture the randomness inherent in system performance,
such as varying execution times, user interactions, and system workloads [31]. By
representing a software system as a sequence of events with probabilistically deter-
mined transitions, Markov chains help in predicting system behavior under different
conditions, identifying performance bottlenecks, and evaluating the impact of opti-
mizations. This approach is essential for designing software that is not only efficient,
but also resilient to the variability and uncertainty of real-world operating environ-
ments, enabling automated reasoning about a range of extra-functional, quantitative
properties such as reliability, performance, and energy consumption [32, 33].

Within PE, various techniques have been developed to automatically extract (i.e.,
to mine) Markov chains from executions of computer programs (i.e., from logs of
program executions). As discussed, the aim of this paper is to bridge PM and PE by
demonstrating that techniques from the latter can be effectively tailored to central
tasks of PM. In particular, focusing on stochastic conformance checking, we show how
leveraging techniques from PE can enhance PM towards more accurate and efficient
stochastic process-oriented analyses. To unite these two domains, the key insight is to
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Listing 1: Python-like pseducode for a program with two highly inter-dependent if

prepareForNewTrace ()
x = #Toss a fair coin: pick O or 1 with probadbility 0.5
addEvent ( )

if x ==

addEvent ( )
else:

addEvent ( )

addEvent ( )
if x ==

addEvent ( )
else:

addEvent ( )

addEvent ( )
Case id  Timestamp  Activity Case id  Timestamp  Activity
TO 1 Begin T1 1 Begin
TO 2 0 T1 2 1
TO 3 Test T1 3 Test
TO 4 0 T1 4 1
TO 5 End T1 5 End

Table 1: The two possible traces/logs generated by Listing 1.

view a program as a low-level representation of the operational behavior of a business
process. Using this interpretation, we can directly apply PE techniques to business
process analysis, allowing to study the processes underlying software programs from
the quantitative and stochastic point of view of PE.

3.2 Synthesis of stochastic processes

Let us consider the program in Listing 1. It logs a sequence of events, i.e., {Begin,
Test, 0, 1, End}, representing a simple process where the outcome of a fair coin toss
(line 2) determines which events are recorded (lines 3, 6, 8, 10, 12, 14) followed by an
End event (line 16). To track the behavior of the program in an event log, we included a
logging infrastructure based on two functions: prepareNewTrace and addEvent. The
former resets the events counter to zero, which is used to represent time, and generates
a new case ID to group the events that belong to the same program execution. The
latter, instead, increments the events counter and adds an entry to the event log for
the activity name given as input, associating to it the latest generated case ID and
time. Given that the random value is sampled once at the beginning of each execution
(Line 2), it is easy to see that this program can generate only the two traces in Table 1.
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Fig. 1: Markov chains (MC) for Listing 1: (a) MC not encoding memory; (b) MC
encoding full memory; (¢) MC encoding relevant memory.

Synthesis of Markov chains

By executing programs across multiple statistically independent runs, it is possible to
collect event traces used to synthetize Markov chains representing the probabilistic
behavior of the program [7, 11-13, 34, 35]. For example, Figure 1a illustrates a simple
Markov chain that represents the behavior of Listing 1, where each state corresponds
to the emission of a specific event whose probability is reported on the edge connecting
two states. As it can be observed, the structure of this Markov chain closely follows
the control-flow of the program. Indeed, in their simplest formulation, PE techniques
for the synthesis of Markov chains underlying programs simply follow the branching
structure of the program considering one instruction at a time, ignoring any depen-
dence from previous instructions, that is, ignoring any dependency in the control-flow
on history/memory. This approach tends to produce compact models which, however,
may not faithfully reflect the actual behavior of the program under analysis. Specifi-
cally, when simulating the generated model, it is possible to produce event traces that
could actually not be generated by the original program. Considering the example in
Listing 1, from both nodes Begin and Test of Figure la we have two outgoing edges
towards nodes 0 and 1 depending on the sampled value. However, this representation
is accurate only for Begin. Instead, the chain is not able to express that when we get to
Test, the next step is already pre-determined by the choice done in Begin: Begin,0,Test
can only be followed by 0, and Begin,1,Test by 1.

In other words, in order to accurately describe only the admitted traces, it is
necessary to encode a notion of memory within the chain to include the (hidden)
constraints present in the control-flow (i.e., the actual business process logic). To
address this issue, the main idea is to enrich the Markov chain inserting in its states
the relevant memory. This leads to so-called higher-order Markov chains [36] which
are then compiled back in (classic) Markov chains, at the cost of a much larger state
space. Figure 1b illustrates a Markov chain where each state has been expanded to
encode the path followed so far: state Begin,0,Test corresponds to state Test from



Figure 1a reached after executing Begin and 0. This new Markov chain describes more
accurately the program behavior, i.e., it expresses only the two traces in Table 1.
However, it incurs in the so-called state space explosion problem [37]

Synthesis of Variable-length Markov chains

In order to address this dimensionality problem, approaches have been proposed in PE
where the model does not explicitly enumerate all possible states, but only implicitly
represents them. The state space can be obtained by ezxecuting the model. This is
akin, e.g., to Petri nets and BPMN models which generate, the traces. A well-known
such approach, established within PE [7], Bioinformatics [38, 39], NLP [40], and data
compression [41], is based on Variable-Length Markov Chains (VLMCs) [42, 43]. This
is a formalism capable of compactly encoding a stochastic process with complex path
dependencies in its control-flow by resorting to wvariable-length memory. Intuitively,
e.g., in the example in Listing 1, the relevant memory is only the outcome of the
first if statement, and this information is relevant only when executing the second if
statement. This is intuitively depicted in the hand-made Markov chain in Figure 1c.

Informally, VLMCs are able to implicitly represent Markov chains with only rel-
evant memory such as in Figure lc. Formally, VLMCs make use of a particular data
structure used to track which part of the process history is relevant in each state to
determine the outgoing probability distribution. This is encoded in the context func-
tion, hereby denoted by C. Let us consider a trace of states zgzy ---x,, where xg is
the initial state, and x,, the final one.! The context of this trace, i.e., C(zox1 - ),
is the longest prefix x,,_gy1 - - -z, such that

Pr(zpq1 | ozt xn) = Pr(ensr | Tn—ps1 - Tn)

for all possible one-step next states 41, where Pr(x,11 | --+) is the probability of
generating event x,,+1 conditioned by the previous events in the trace. In other words,
the context is the discussed relevant memory. The contexts of all states of a VLMC
are compactly represented in the so-called probabilistic suffix tree (PST) [44]. In what
follows, we informally discuss how to use PSTs and VLMCs. We refer to [7] for details
on the algorithms to synthesise them.

The PST of the program in Listing 1 is shown in Figure 2. Nodes are labeled with
probability distributions of the next event, conditioned on the relevant history (i.e.,
the labels of the edges from the node to the root). The PST is traversed to compute
the probability distribution of the next event. In particular, the traversal starts from
the root, following the edge labeled with the latest produced event. If the target node
has an outgoing edge labeled with the second-latest produced event, it means that
more memory can be used to refine the probability distribution, and so on. Otherwise,
we return the probability distribution labeling the current node. Let us consider, the
case in which the program has produced only the sub-trace Begin. In the PST, we
need to follow the top-left edge labeled with Begin. The target node has label [0.5(0);
0.5(1)], implying that after the execution of Begin, the program will execute either

n theory of VLMC and stochastic processes in general, traces (actually sequences) are usually denoted
in reverse order, i.e., £,Tyn—1 ---xo. Here we avoid this for consistency with PM notation.



[0.5(0); 0.5(1)]

[0.5(Test): 0.5(End)] [0.5(Test); 0.5(End)] [0.?(0); 0.5(1)] 0
Begin Test 0
Begin Test
[1.0(Test)] { [1.000)] [1.0(1)]
[1.0(End)]  [[1.0(Test)]] [1.0(End)] ’ '

Fig. 2: PST modeling the behavior of program in Listing 1. Each edge is labeled with
the name of an event emitted by the program while in each node the next symbol
probability distribution is reported. With € we denote the empty context (i.e., the first
symbol of an events’ sequence). Each path from the root to an edge identifies the next
symbol distribution given the traversed edge symols.

0 or 1 with probability 0.5. Let us consider, instead, the case in which the program
has produced the sub-trace Begin,0,Test. We start by considering the latest event,
Test, ignoring the previous ones. That is, we consider the red edge with label Test
in Figure 2. The target node tells us that after the execution of this event, we have
probability 0.5 for 0, and 0.5 for 1. This would be the result obtained without using any
memory, akin to Figure la. However, given that the target node has outgoing edges,
the PST tells us that this probability distribution can be refined by using one more
step of memory. For doing so, we follow the edge labeled with 0, the event preceding
Test in the considered trace. We get to a state with probability 1 for event 0. In other
words, given that two steps ago the program has executed 0, it can now only execute 0.

Given that no path in the PST has length greater than two, this program can be
described by using only memory on up to two steps before the newly generated one.

3.3 Stochastic conformance checking with VLMC

Here we will see how to use VLMCs and PSTs to enable VLMC-based stochastic
conformance checking. We do this by introducing a notion of likelihood for VLMCs.
In the theory of stochastic processes, the likelihood of a trace (actually a sequence) of
events (or symbols, or states, depending on the domain) is a well-known notion [45]. It
is connected to the probability that a trace is generated by a stochastic process. E.g.,
it is used in maximum likelihood estimation [46], where one searches for the model
that best fits the data (e.g., the model with highest average likelihood for all traces).
We define the notion of likelihood for VLMCs as follows.

Definition 1 (Likelihood of a trace in a VLMC). Let X = zoz1 ...z, be a trace,
and M be a VLMC with a corresponding PST and context function C. The likelihood
L(X) of observing the trace X in M is defined as:

n

LX) =] Pr(zns1 | Clan i, .. Tn-12s)) (1)

i=1



where k; is the length of the context used at step 1.

In words, the likelihood of a trace is the product of the probabilities of having
each event in the trace as next event of the ones preceding it. Therefore, it is the
probability of generating the trace in the considered model. Once the PST has been
built, likelihoods can be easily calculated by adequately traversing the PST.

As a first example, we compute the likelihood of one of the two traces in Table 1
which, as discussed, belongs to the program in Listing 1 and its PST in Figure 2. In
particular, we compute L(Begin, 0, Test,0,End). We divide the trace in five prefixes,
for which we compute the following conditional probabilities:

Pr(Begin|e) = 1.0

(
Pr(o|Begin) = 0.5
Pr(Test|Begin,0) = 1.0
(
(

T

r(0|Begin,0,Test) = 1.0
Pr(End|Begin,0,Test,0) = 1.0

By multiplying all such probabilities we compute 0.5 as the likelihood of the trace.

As a second example, we compute £(Begin, 0, Test, 1, End). That is, we compute the
likelihood of a trace that does not belong to the program, nor to its PST. This time,
we divide the trace in four prefixes, for which we compute the following conditional
probabilities:

Pr(Begin|e) = 1.0
Pr(0|Begin) = 0.5
Pr(Test|Begin,0) = 1.0
Pr(1|Begin,0,Test) = 0.0

We have considered one prefix less than in the previous case because prefix
Begin,0,Test,1 does not belong to the PST. By multiplying such probabilities, we
obtained 0 as likelihood.

We can see that for the first trace, which belongs to the program and therefore
“conforms” to it, we got a positive likelihood (i.e., it has non-zero probability to be
generated by the model). Instead, for the second trace, which does not belong to the
program and therefore “does not conform” to it we got 0 as likelihood (i.e., it has
zero probability of being generated by the model). Armed with this, we are now in a
position to define the notion of VLMC-based stochastic conformance checking.
Definition 2 (VLMC-based stochastic conformance checking). Let M be a VLMC,
and X a trace. Then X is stochastic conformant to M if and only if L(X) > 0 in M.

We remark that, for performing stochastic conformance checking, it suffices to
consider the likelihood of a trace as a qualitative information: if it is greater than 0,
then the trace is conformant, otherwise it is non-conformant. In contrast to EMD, this
has the important benefit of not requiring the user to come up with any threshold in
deciding for the conformance of a trace. We will see in the next sections that needing
thresholds is an important limitation of EMD. Furthermore, comparing again with



EMD, we have that the notion of likelihood is directly defined for single traces and
the model. We do not have to transform one or more traces as well as the model itself
in a stochastic language. We will see that this is another limitation of EMD.

4 Numerical evaluation on program execution logs

In this section, we present a comprehensive numerical evaluation that showcases
the capabilities of VLMC for stochastic conformance checking. We benchmark our
approach against EMD, a method on which several state-of-the-art stochastic con-
formance checking approaches in PM are based (see, e.g., [3-5]). In this section , we
consider a newly created dataset of program execution traces, in line with the example
from Listing 1, which we make available to the community. Section 4.1 presents the
scenario and the dataset. Sections 4.2—4.4 evaluate different aspects of our approach,
showcasing merits and cons with respect to EMD-based ones.

All experiments were made using the implementation of EMD as available on
pm4py and our own implementation of VLMC 2. We used a common Apple M1 Pro
equipped with 16GB of RAM.

4.1 Scenario: logs generated from two sorting algorithms

We consider logs generated running two implementations for the same algorithmic
task. In particular, we consider as specific case study two famous sorting algorithms,
namely Bubble sort and Selection sort [47]. We chose these two algorithms because
they follow a similar logic, therefore the logs produced will be “similar”, making it a
complex and interesting test-bed for (stochastic) conformance checking. In particular,
as we will see, the generated traces have same alphabet of events, possibly appearing
with different frequencies and patterns. This setting is inspired by the one in [20],
where the goal was to classify the right Microsoft Process Advisor® connector based
on recorded user’s behavior.

We generated a dataset of logs of reference behavior containing 10000 executions
of Bubble sort on lists with 6 randomly generated reals from 0 to 100. Then, we have
built a dataset of logs for validation behavior of 20 000 new traces. In particular, 10 000
are conformant, meaning that they have been generated using again Bubble sort, and
10000 mon-conformant, i.e., obtained using Selection sort. The dataset is available
at [17]. We remark that this dataset can be considered as one of the contributions of
this paper.

Listing 2 reports the Python-like pseudocode of Bubble sort used as a reference
process. Bubble sort is a simple sorting algorithm that repeatedly steps through a
list, compares adjacent elements, and swaps them if they are in the wrong order. This
process continues until the list is fully sorted. Specifically, the two loops in lines 5
and 7 implement the scan of the list’s elements, while the test on line 9 is active when
a swap is required.

2Code and replicability material is available at [17]
3https://learn.microsoft.com/en-gb/power- platform-release-plan/2021wavel /power-automate/
process-advisor

10


https://learn.microsoft.com/en-gb/power-platform-release-plan/2021wave1/power-automate/process-advisor
https://learn.microsoft.com/en-gb/power-platform-release-plan/2021wave1/power-automate/process-advisor

10
11

12

Listing 2: Python-like pseducode for Bubble Sort with logging

prepareForNewTrace ()

1lst= #Randomly generated list with n entries
addEvent ( )

n = len(lst)

for i in range(n):

addEvent ( )
for j in range(O,n-i-1):
addEvent ( )
if 1st[j] > lst[j+1]:
addEvent ( )
1st[jl,1st[j+1] = 1st[j+1],1st[j]
addEvent ( )

We use the same logging infrastructure as for Listing 1. The behavior of interest
observed in the logs involves 5 activities:

The begin and end of the algorithm (line 3 and 12, respectively),
The execution of a new iteration of the outer loop (line 6),

The execution of a new iteration of the inner loop (line 8),

The establishment that a swap is required (line 10).

For example, the logs generated for the input lists [1,3,5,4] and [8,2,4] are shown
in Table 2 (left).

Case id Timestamp Activity Case id Timestamp Activity
B1 1 Begin S1 1 Begin
B1 2 Outer-loop S1 2 Outer-loop
B1 3 Inner-loop S1 3 Inner-loop
B1 4 Inner-loop S1 4 Inner-loop
B1 5 Inner-loop S1 5 Inner-loop
B1 6 Swap-required S1 6 Outer-loop
B1 7 Outer-loop S1 7 Inner-loop
B1 8 Inner-loop S1 8 Inner-loop
B1 9 Inner-loop S1 9 Outer-loop
B1 10 Outer-loop S1 10 Inner-loop
B1 11 Inner-loop S1 11 Swap-required
B1 12 Outer-loop S1 12 Outer-loop
B1 13 End S1 13 End
B2 1 Begin S2 1 Begin
B2 2 Outer-loop S2 2 Outer-loop
B2 3 Inner-loop S2 3 Inner-loop
B2 4 Swap-required S2 4 Swap-required
B2 5 Inner-loop S2 5 Inner-loop
B2 6 Swap-required S2 6 Outer-loop
B2 7 Outer-loop S2 7 Inner-loop
B2 8 Inner-loop S2 8 Swap-required
B2 9 Outer-loop S2 9 Outer-loop
B2 10 End S2 10 End

Table 2: Logs generated for Bubble sort (left) and Selection sort (right) algorithms.
Traces (B1 and S1) have been generated while sorting the input list [1,3,5,4] while
traces B2 and S2 have been generated while sorting the input list [8,2,4].

11
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Listing 3: Python-like pseducode for Selection Sort with logging

prepareForNewTrace ()

lst= #Randomly generated list with n entries
addEvent ( )

n = len(lst)

for i in range(mn):

min_index = i
addEvent ( )
for j in range(i+1l, n):
addEvent ( )
if 1st[j] < 1lst[min_index]:
min_index = j
addEvent ( )
1st[i],1lst[min_index] = lst[min_index],lst[i]
addEvent ( )

Listing 3 shows the pseudocode of Selection sort used to generate the not confor-
mant traces. Differently from Bubble sort, it divides the input list into two parts: a
sorted sublist (initially empty) and an unsorted sublist (initially the whole input list).
In each iteration (lines 5-13), it finds the smallest element in the unsorted sublist
(lines 7-13) and swaps it with the first element of the unsorted sublist (line 13). This
effectively expands the sorted sublist while shrinking the unsorted one. For example,
the logs generated for the input lists [1,3,5,4], and [8,2,4] are shown in Table 2
(right). Notably, in this specific case, the two algorithms generated the same number
of events, albeit in a different order. However, this is not generally the case, as the two
algorithms follow a different logic. By informally testing on a number of instances, we
noted that differences in traces length increased when considering lists with 6 or more
elements. This is the reason why in our experiments we consider lists of size 6.

4.2 Comparison of the two approaches trace by trace

We start the evaluation by comparing the ability of EMD and VLMC in identifying
traces conformant to a given process (traces belonging to Bubble sort), and traces non
conformant (traces belonging to Selection sort). In particular, in this section we do
this trace by trace.

We check the conformance of each of the validation traces against all the reference
traces. For each validation trace from Bubble sort, we check whether it is correctly
classified as conformant (Cy), while for each validation trace from Selection sort we
check whether it is correctly classified as not conformant (Cs). We do this using
both VLMC and EMD. The results are shown in Table 3. For VLMC, we get near-
optimal performance: C,%=100 of conformant traces are identified as conformant; and
C,%=97.27 of non conformant traces are identified as non-conformant. Creating the
VLMC once on the reference behavior took less than 10 seconds. Instead, as stated in
the caption of the first two columns, running VLMC for computing the conformance
of all 20000 validation traces (RT) took overall just a few milliseconds.
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VLMC, RT=1.30e-2s EMD, RT=1.66e+4s, EMDy,=0.19, EMDs;=0.26

No threshold required Th=.001 Th=.19 Th=.26 Th=.33
Cp% C.% Cpv% Cs% Cp% Cs% Cp% Cs% Cp% Cs%
100.00 97.27 0.00 100.00 42.83 99.85 100.00 52.33 100.00 0.00

Table 3: Comparison of VLMC and EMD in detecting the conformance of 10000
traces from Bubble sort (Cy), and the non-conformance of 10000 traces from Selection
sort (C) for different thresholds (Th.). We consider traces one by one: for each trace,
we compute its VLMC likelihood and EMD distance from a reference process (10000
Bubble sort traces). A trace is conformant for EMD if the EMD distance is below the
threshold, and for VLMC if the likelihood is greater than 0. Values EMDy and EMD,
are the average EMD distance computed for each validation trace from Bubble sort
and Selection sort, respectively. Finally, RT is the cumulative runtime for running
VLMC and EMD, respectively, for each validation trace.

The results obtained for EMD, shown as well in Table 3, require a deeper discus-
sion. Overall, they appear to be significantly worse in terms of accuracy and runtime
than the ones obtained for VLMC. The caption specifies the average EMD value
obtained for the 10000 conformant traces (EMD;) and the 10000 non conformant
ones (EMD,). Such average is higher in the latter case, as expected. However, the
two values are actually close, suggesting that EMD may not be particularly perfor-
mant in establishing the conformance of single traces of this dataset. In fact, we use
the EMD values computed for each trace to decide whether the trace is conformant
or not. This operation requires a threshold against which comparing each EMD value.
In Table 3 we consider 4 reasonable thresholds (Th): a very low value (0.001), the
two mentioned average EMD values (EMD,=.19 and EMD,=.26), and a higher value
(0.33) obtained by adding the difference among the two mean EMD values (0.07) to
EMD,. We can see that threshold 0.001 is too small. In fact, it leads to a trivial pro-
cedure that marks all traces as non-conformant. Likewise, 0.33 is too large. In fact,
we get a trivial procedure that marks all traces as conformant.

The two intermediate thresholds show better accuracy, but still not comparable
to the VLMC ones: 0.19 leads to erroneously marking about 57% of the conformant
traces as non conformant, while 0.26 leads to erroneously marking about 48% of non
conformant traces as conformant.

We have shown that EMD is very sensitive to the chosen threshold. Therefore, the
need of carefully choosing such thresholds is a crucial aspect, and at the same time a
limitation, of EMD-based approaches.

The caption of Table 3 provides the runtime for EMD. We can see that computing
the EMD distance of each validation trace against all reference traces requires 6 orders
of magnitude more time than in the VLMC case.

4.3 Comparison of the two approaches more traces at a time

We now move our attention to settings more in favour for EMD; namely, we do not
check the conformance of single traces, but of groups of them. The results are shown

13



Th=.001 Th=.19 Th=.26 Th=.33

|Group| EMD, EMD, RT C%  Cs% C% Cs% %  Cs% C% Cs%

2 0.16 0.23 8.38¢+3  0.00  100.00 97.20 99.20 100.00 8.14 100.00  0.00

5 0.12 0.21 3.41e+3 0.00 100.00 100.00 88.95 100.00 0.00 100.00 0.00
10 0.10 0.19 1.74e+3 0.00 100.00 100.00 51.70 100.00 0.00  100.00  0.00
20 0.08 0.18 9.16e+2  0.00  100.00  100.00 5.00 100.00 0.00 100.00  0.00
50 0.06 0.17 3.82e+2 0.00 100.00 100.00 0.00 100.00 0.00 100.00  0.00
200 0.03 0.16 1.29e+2  0.00  100.00 100.00  0.00 100.00  0.00  100.00  0.00
1000 0.01 0.15 3.04e+1 0.00 100.00 100.00  0.00 100.00  0.00 100.00  0.00
5000 0.01 0.15 8.29e+0 0.00 100.00 100.00  0.00 100.00  0.00  100.00  0.00
10000 0.01 0.15 5.65e+0  0.00  100.00  100.00 0.00 100.00 0.00 100.00  0.00

Table 4: Performance of EMD in detecting the conformance and non-conformance
for the 20 000 reference traces and the 10000 tested traces in Table 3. Differently from
Table 3, we do not consider traces one by one, but we compute the EMD distance for
groups of traces of varying size (| Group|). RT is the cumulative runtime for running
EMD on each group of tested traces. EMDy and EMD, are as in Table 3.

in Table 4. We do not repeat analyses with VLMC, as it currently supports only single
traces, and we already got very high accuracy for single traces.

To see how the group size impacts the performances of EMD, we consider groups of
different size (| Group|). For each, we compute the average EMD obtained on the 10 000
Bubble sort validation traces (EMD},), and on the 10000 Selection sort ones (EMDy).
Column RT contains the runtime for computing all such EMD values. We can see that
larger groups sizes lead to lower runtimes. This is because EMD is computed fewer
times: from 5000 times for group size 2, to only once for group size 10000. In other
words, EMD scales well with group size. However, even if we consider the best runtime
obtained, we still get 3 orders of magnitude higher runtimes than in the VLMC case.

We note how EMD, gets significantly smaller at the growing of the group size,
and further away from EMDg. For this reason, EMD has better accuracy when check-
ing the conformance of more traces at a time. Notably, EMD; almost halves from
0.19 for single traces (Table 3) to 0.10 when considering groups of 10 traces. EMD,
keeps decreasing further, but at a slower pace. Interestingly, we observe a curious phe-
nomenon of EMD focusing on EMD, the average EMD distance from non-conformant
traces. In fact, EMD values decrease also for non-conformant traces when increasing
the group size. In particular, for groups of 10 traces it is about twice the corresponding
EMDy, value, but it stabilizes at a much higher value (~0.15 for 200 traces or more).

Similarly to Table 3, we use the EMD values (of each group of traces) to mark traces
as conformant or not by comparing them with chosen thresholds. We intentionally
keep the four reference thresholds from Table 3 to study how the performances of
EMD change with group size. For the two extreme thresholds we find similar patterns:
0.001 is too small, while 0.33 is too large. Differently from Table 3, now threshold 0.26
appears to be too large. Indeed, the average EMD values are smaller than in Table 3.
The threshold 0.19 gives interesting results. Notably, using groups of size 2 or 5 leads
to accuracy comparable, but slightly worse, than the VLMC case for single traces.
Instead, further increasing the group size leads to worse performances due to the fact
that EMD; decreases.
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These experiments show that EMD may have competitive performances when con-
sidering more traces at a time. However, this comes at higher computational costs and,
more importantly, at the important extra burden of having to pick the right threshold
value. For example, even without changing the dataset, the choice of the right thresh-
old appears to be very sensitive to the group size. Finally, we remark that, in many
cases, it might not be possible to compute in advance dataset-specific thresholds as we
did. This is because, e.g., computing FMD; and FMD  requires knowing in advance
all (validation) traces, as well as their conformance to reference traces. For example,
this is not possible in online or streaming scenarios. In other words, picking the right
threshold is crucial and difficult when using EMD for conformance checking.

4.4 Limits of VLMC: flexibility for incomplete logs

So far, we highlighted drawbacks of EMD concerning runtime and the sensitivity to the
threshold. Here, we highlight drawbacks of VLMC concerning the representativeness
and completeness of the event log. For doing this, we consider subsets of decreasing
size of the original 10000 reference traces. The 10000 reference traces contain 720
different trace variants. Notably 6! = 720, that is, the dataset is complete, because it
contains all possible traces observable on this process. In fact, it can be shown that
all initial lists with same ordering (e.g., [1,2,3,4,5,6] and [11,12,13,14,15,16]) will
generate the same trace. Clearly, there are 6! possible such initial orderings.

The results are shown in Table 5. Columns | Var.| and Var.% provide the absolute
and percentage number of trace variants present in the selected traces. For example,
the 8000-case is still representative of the whole process, while the 100-case only
contains about 12.92% of all trace variants.

For VLMC, we use group size 1 as in Table 3. Instead, for EMD we use group
size 10, an intermediate one where EMD gave well-separated EMD;, and EMD  values
(see Table 4). For EMD we selected reasonable thresholds in line with what done in
Table 3: we use a small value, 0.001, the EMD, and EMD, obtained for each subset
(given in the last two columns), and a slightly larger value (0.28).

Table 5 tells us that using FMD,, as threshold gives a stable performance in cor-
rectly identifying conformant traces (Cp%) within 52-58% across all the analyzed
training set sizes. Instead, as highlighted in bold font, the performance of VLMC in
correctly classifying conformant traces follows almost one-to-one the percentage of
preserved trace variants. Therefore, the experiment suggests the following: if the log
is representative for more than 50% of the traces of the process, one could opt for
VLMC, while if the log contains less than 50% of the traces, and it is not important
to check the conformance of single traces, one could go for EMD. This confirms one
aspect of VLMC: it is particularly well suited for learning a language, but it may not
generalize well to unseen traces. Both EMD with threshold EMD;, and VLMC are able
to correctly classify non conformant traces with high accuracy (with a C;% equals to
about 100 and 97/99, respectively).

For the other threshold values for EMD, we can see that 0.001 gives trivial results as
in other tables because too restrictive, while the other values tend to be too permissive.
Indeed, when using EMD; (i.e., 0.19), about half of the non conformant traces are
erroneously marked as conformant. Likewise, threshold 0.28 leads to trivial results.
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VLMC EMD, |Group|=10
Ref. traces No Th. required Th=.001 Th=EMD,, Th=EMD Th=.28
| Traces| |Var.| Var.% Cp% Cs% % Cs% Cy%  Cs% % Cs%  Cy% Cs% EMD, EMDg

8000 720 100.00 100.00 97.27 0.00 100.00 56.20 100.00 100.00 49.20 100.00  0.00 0.10 0.19
4000 717 99.58 99.61 97.27  0.00 100.00 56.90 100.00 100.00 49.40 100.00  0.00 0.10 0.19
2000 680 94.44 94.02 97.71  0.00 100.00 56.20 100.00 100.00 49.20 100.00  0.00 0.10 0.19
1000 549 76.25 74.96 97.97  0.00 100.00 52.50 100.00 100.00 51.40 100.00  0.00 0.10 0.19

500 371 51.53 50.56 98.80  0.00 100.00 56.90 100.00 100.00 50.30  100.00  0.00 0.10 0.19
250 216 30.00 29.64 99.16  0.00 100.00 58.30 100.00 100.00 47.80 100.00  0.00 0.10 0.19
100 93 12.92 12.73 99.89  0.00 100.00 53.00 100.00 100.00 50.80 100.00  0.00 0.10 0.19

Table 5: Comparison of VLMC and EMD in detecting the conformance and non-
conformance for the 20 000 tested traces in Table 3. Differently from Table 3, we do not
consider all 10000 reference traces and their 720 variants, but selections of different
size (Ref. traces). For VLMC we considered the validation traces one by one, while
for EMD we use group size 10 which is intermediate and shows well-separated EMD,
and EMD, in Table 4.

5 Numerical evaluation on classic PM event log

In this section, we evaluate our approach on a real-life event log popular within PM.
Namely, we consider the well-known Road Traffic Fine Management Process [16]. In
Section 5.1 we briefly discuss the event log structure and an extension we do on it,
while in Section 5.2 we report the numerical evaluation of our approach against EMD.
In this case, we focus only on experiments trace-by-trace as in Section 4.2.

5.1 The dataset

The Road Traffic Fine Management dataset [16] is a comprehensive collection that
captures the various steps in the lifecycle of traffic fines, from issuance to resolution.
This dataset is widely used to analyze and enhance the efficiency and effectiveness
of traffic fine management systems and has been extensively utilized in the pro-
cess mining community [48-56]. It contains 145800 fine traces recorded between
January 2000 and June 2012. Each trace documents transitions between events
such as Payment, Receive Result Appeal from Prefecture, Create Fine, Insert Fine
Notification, Send Fine, Send for Credit Collection, Send Appeal to Prefecture,
Insert Date Appeal to Prefecture, Appeal to Judge, Add Penalty, and Notify Result
Appeal to Offender.

Most traces are short, with an average of four events per trace. In 43% of the traces
the process concludes after two events: the fine is paid (Payment) before the notification
letter is sent out (Send Fine). However, 51% of the traces include five or more events,
indicating more complex processes.

In order to use this dataset for conformance checking, we synthetize non-coformant
traces by randomly altering part of the original ones. In particular, we considered 80%
of the traces as the reference behavior, while a new set of logs was constructed for
validation behavior using the following procedure. To test the ability to correctly detect
conformant traces, we included the remaining 20% of the original dataset. To evaluate
the ability to detect non-conformant behavior, we made a copy of such remaining
20% of traces, and we added random noise to them. In particular, we considered a
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VLMC, RT=1.20e-2s EMD, RT=1.25e+3s, EMD,=0.44, EMD,, =0.63

No Th. required Th=.001 Th=.44 Th=.63 Th=.82
99.95 95.08 0.00 100.00 45.09 100.00 99.40 51.71 100.00  0.01

Table 6: Comparison of VLMC and EMD in detecting the conformance of 29994
(20%) roadlines fines from the dataset (C,), and the non-conformance of modified
fines obtained from the considered 29994 ones by randomly duplicating events. As in
Table 3, we consider fines one by one: for each fine, we compute its VLMC likelihood
and EMD distance from a reference process (the remaining 80% of fines in the dataset).
For EMD we use thresholds selected as in Table 3, starting from the average EMD
computed for the two groups of tested fines (EMD, a EMD,,, respectively). RT is the
cumulative runtime for running VLMC and EMD on each of the tested fines.

randomized version of trace with additional event, one of the classic notions of noise
in PM described in Chapter 5.1.1 of [57]. In fact, for each trace we have chosen an
event present in the trace, and we replicated it a random number of times from 1 to 4,
adding the new events in random positions. It is important to note that this method
allowed us to generate non-conformant traces that are non-trivial to detect. The set
of activities appearing in the conformant and non-conformant traces is identical, but
they differ in their patterns.

5.2 Comparison of the two approaches trace by trace

In this section, we discuss the accuracy and runtime of conformance checking using
VLMC and EMD. We do this trace by trace, similarly to Section 4.2. Specifically, we
assess the conformance of each validation trace against all reference traces. For each
validation trace from the original 20% ones, we verify whether it is correctly classified
as conformant (C,). Instead, for each modified validation trace we check whether it is
correctly classified as non-conformant (C,,).

The results are presented in Table 6. For VLMC, we achieve near-optimal accu-
racy: C,%=99.95 of conformant traces are correctly identified as conformant. Similarly,
C,,%=95.08 of non-conformant traces are correctly identified as non-conformant.
Additionally, as noted in the caption of the first two columns, running VLMC to
compute the conformance of all 59988 validation traces (RT) took only about 10 mil-
liseconds in total. Instead, learning once the VLMC from the reference traces took less
than 10 seconds.

The results obtained for EMD confirm our observations from Table 3. Overall,
EMD’s accuracy and runtime for single traces are significantly worse compared to
VLMC. In the caption, we report the average EMD value obtained for the conformant
traces (EMD,) and the non-conformant ones (EMD,,,). As expected, the average EMD
is higher for the non-conformant traces, confirming EMD’s ability to spot the devia-
tions in the modified dataset. However, as for the sorting algorithms dataset, the two
values are close, suggesting limited capabilities of EMD in distinguishing the two sets
trace-by-trace.
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EMD
Th=.40 Th=.48

Co% Cm% Co% Cm%
43.79  100.00 52.02 98.53

Table 7: Same as Table 6, but focusing only on EMD for a different selection of
thresholds. We consider computing the average EMD value for the conformant (orig-
inal) fines, EMD,, as a sort of training. We then use this information to select two
threshold values close to it: EMD,, 4+ 10%.

As discussed in Section 4, in order to use EMD for conformance checking it is
necessary to choose appropriate thresholds. In Table 6 we selected four threshold values
following the same approach as in Table 3: a very low value (0.001), the two average
EMD values mentioned earlier (EMD, = 0.44 and EMD,,, = 0.63), and a higher value
(0.82) obtained by adding the difference between the two mean EMD values (0.19)
to EMD,,. It is evident that a threshold of 0.001 is too small, resulting in a trivial
procedure that marks all traces as non-conformant. Similarly, a threshold of 0.82 is too
large, causing all traces to be marked as conformant. The two intermediate thresholds
yield better performance, though still not comparable to VLMC. A threshold of 0.44
results in approximately 55% of conformant traces being mistakenly marked as non-
conformant, while a threshold of 0.63 results in nearly 50% of non-conformant traces
being erroneously classified as conformant.

These results highlight the limitation of EMD-based approaches and their high
sensitivity to the choice of thresholds. Moreover, we observe that computing the EMD
distance for each validation trace against all reference traces requires six orders of
magnitude more time than for the VLMC approach.

To further investigate the impact of different thresholds on EMD accuracy, Table 7
studies it for two additional thresholds. Specifically, we used the computed average
EMD value for the conformant fines (EMD,) as a basis for selecting two threshold
values close to it: EMD, 4+ 10%. The results confirm once again the sensitivity of
EMD-based conformance checking to the chosen thresholds. This further supports the
use of VLMC in this context, as it provides high accuracy without requiring manual
intervention to set threshold values.

6 Conclusion and future works

We introduced a novel approach to stochastic conformance checking inspired by
techniques from software performance engineering (PE) based on the synthesis (i.e.,
mining) of Markovian processes from program execution traces (i.e., from logs). In
particular, we use state-of-the-art techniques from PE based on higher-order Marko-
vian models known as Variable-length Markov Chains (VLMC). We equip VLMCs
with an easy-to-compute and accurate notion of likelihood used to establish whether
a trace belongs to the mined model, or not. We used this notion for stochastic
conformance checking. We also consider state-of-the-art approaches to stochastic con-
formance checking from prcoess mining (PM) based on the well-known Earth Mover’s
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Distance (EMD). We studied pros and cons of VLMC- and EMD-based stochastic
conformance checking. In our experiments, we used both a newly created dataset from
the PE field, and a classic one from PM. We found that VLMC often outperforms
EMD-based ones in runtime and accuracy. This is particularly evident when check-
ing the stochastic conformance of single traces (i.e., when evaluating the conformance
trace by trace). In fact, our experiments suggest that EMD has limited accuracy in
this setting. Another issue of EMD is its high sensitivity to the choice of thresholds to
decide when a trace is non-conformant. Our experiments have demonstrated how even
small changes in such thresholds may lead to drastically different results. In contrast,
VLMC does not require any threshold.

On the other hand, our experiments suggested limitations in the flexibility of

VLMC in handling incomplete logs. In particular, the ability of VLMC in correctly
marking conformant traces appears to be closely correlated to the completeness of the
logs (i.e., the percentage of trace variants contained in the logs).
Future works. We see this work as our first step towards bridging the gap between the
PM and PE communities, fostering cross-fertilizations and opening new avenues for
applications of stochastic conformance checking. For example, the improved accuracy
in stochastic conformance of single traces may enable the stochastic extension of online
conformance checking techniques (e.g., [18, 19]), and enable tasks of multi-labeled
classification: to which stochastic process belongs a given trace? (e.g., [20]).

We also foresee research proposals focusing on making VLMC-like approaches
“closer to PM”. One important aspect is enhancing the flexibility of our approach
to better handle incomplete logs or partially matching traces, settings of interest in
PM. We have discussed how VLMCs give us precise likelihood (or probability) for
a trace to be generated by the model. This is computed iteratively by multiplying
the likelihood of a number of sub-traces, where the number of necessary sub-traces
varies trace by trace encoding complex dependencies on the memory of the model.
One can make VLMCs more flexible by pruning such computation to fewer sub-traces,
i.e., by decreasing the amount of memory considered for a trace. This will lead to
computing less precise but more permissive likelihood. A direction to pursue is evalu-
ating how this may help to handle incomplete logs. As we have seen, VLMCs can be
compactly represented by probabilistic suffix trees (PST). There is a parallel among
PSTs and procedural models like BPMN, Declare or DCR Graphs: all are compact
representations able to represent large complex behavior. In this sense, a direction
to pursue is evaluating and enhancing the explainability of our approach. This might
involve studying how informative for practitioners are PSTs compared to procedu-
ral languages, or inventing encodings of PSTs into procedural languages, thus linking
our approach to information systems. Another direction to pursue is to investigate
alignment procedures, a central feature of conformance checking.

One dataset contained several repeated trace variants. In stochastic-centric
approaches like ours, such “replicas” are important information used to fine tune mod-
els, making them able to estimate the probability of having a given trace. This paves
the way for approaches comparing the stochastic importance of traces. For the other
dataset, instead, we considered traces with noise. In particular, we considered one of
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the “classic notions of noise in PM”, namely trace with additional event (see Chap-
ter 5.1.1 of [57]). Other notions of noise have been considered in the PM literature.
We will extend our study to consider such notions to understand which ones affect
most our approach. VLMCs are discrete-time, that is, they are higher-order discrete-
time Markov chains. In future works, we might extend our approach towards the time
perspective, by introducing notions of continuous-time VLMCs. Finally, we will inves-
tigate the integration of our approach with the one in [58], able to express complex
constraints on data and resources.
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