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Abstract

In fields such as autonomous and safety-critical systems, online
optimization plays a crucial role in control and decision-making pro-
cesses, often requiring the integration of continuous and discrete
variables. These tasks are frequently modeled as mixed-integer pro-
gramming (MIP) problems, where feedback data are incorporated as
parameters. However, solving MIPs within strict time constraints is
challenging due to their NP-complete nature. A promising solution
to this challenge involves leveraging the largely invariant struc-
ture of these problems to perform most computations offline, thus
enabling efficient online solving even on platforms with limited
hardware capabilities. In this paper we present a novel implemen-
tation of this strategy that uses counterexample-guided inductive
synthesis to split the MIP solution process into two stages. In the
offline phase, we construct a mapping that provides feasible as-
signments for binary variables based on parameter values within a
specified range. In the online phase, we solve the remaining contin-
uous part of the problem by fixing the binary variables to the values
predicted by this mapping. Our numerical evaluation demonstrates
the efficiency and solution quality of this approach compared to
standard mixed-integer solvers, highlighting its potential for real-
time applications in resource-constrained environments.
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1 Introduction

Mathematical programming is a powerful tool to represent decision-
making problems. Mixed-integer programming (MIP), in particular,
has several applications in a wide spectrum of domains including job
scheduling [23, 38], cyber-physical systems [9], and neural network
verification [44]. Unfortunately, finding an optimal solution for MIP
problems is known to be NP-complete [47]. Exact techniques to
solve this problem usually rely on branch-and-bound (B&B) algo-
rithms, which explore the discrete variable state space efficiently
by pruning nodes associated with infeasible or low-quality solu-
tions [11]. Various techniques have been developed to improve the
performance of B&B [32], including relaxation methods for lower
bounds computation [18] and decomposition into smaller subprob-
lems [21, 4]. Despite the significant improvements [2], however,
solving MIP problems is still challenging.

The issue is especially problematic in those applications where
a MIP problem is solved online, i.e., when its solution has to be
delivered within a precise time window, as often required to ensure
performance, reliability, and safety of a system [7]. In this context,
much work has been devoted to developing schemes to accelerate
finding (possibly sub-optimal) solutions, exploiting either some
regularity of the problem [6] or domain-specific knowledge [36].
Indeed, in many real-time applications, one must repeatedly solve a
problem with a fixed structure that depends on external (feedback)
information, represented as a set of parameters for the problem,
as seen in control applications for robotics [46] or autonomous
driving [39], and also in state-space models of unknown dynamical
systems extracted from data through system identification tech-
niques [28, 17]. In particular, the approach in [17] constructs hybrid
dynamical models, which are the ones considered in this paper. This
structure can be exploited to partially precompute the solution in
an offline phase, significantly reducing the operations to be carried
out within real-time constraints.

Within the domain of cyber-physical system control, these ap-
proaches are commonly referred to as explicit Model Predictive
Control [3] (MPC). In its original formulation, this technique ex-
ploited multi-parametric optimization arguments [37] to compute
the explicit map between the external input information (the “pa-
rameters”) and the optimal decision associated with them [3]. Ex-
plicit MPC, however, suffers from the curse of dimensionality and
is therefore impractical for most applications [5], although related
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works have been devoted to reducing its computational and storage
burden by approximating the exact map [8, 25].

A related line of research has focused on constructing a mapping
between parameters and feasible (though not necessarily optimal)
assignments of binary variables [26], allowing numerical solvers to
compute the remaining real-valued decision variables during the
online phase. These feasible, potentially sub-optimal solutions can
be used either to "warm-start" the mixed-integer solvers or fixed
directly in the optimization problem. This approach leverages the
fact that many optimization problems, such as linear and quadratic
programs, can be solved efficiently [13, 33]. Numerous studies have
explored the use of machine learning to approximate solutions
for these types of optimization problems. For example, [27] uses
a neural network to learn approximate binary solutions for con-
trol tasks, while [10] predicts both binary decision variables and
the set of active constraints, and [12] focuses on predicting the
set of relaxed big-M constraints. However, these machine learning
approaches often lack a formal soundness guarantee, necessitat-
ing fallback strategies to handle cases where the predictor may
produce invalid outputs (or hallucinate). In most studies, when
provided, fallback strategies rely heavily on domain-specific knowl-
edge. For instance, [30] employs a rule-based approach drawn from
established power-engineering principles to handle failures in their
ML-based decision-making engine for microgrid applications.

In the context of functional synthesis, we cite Counter-Example
Guided Inductive Synthesis (CEGIS), a family of approaches that has
achieved significant success due to its ability to certify specification
requirements, a critical aspect where machine learning approaches
often fall short [15]. This iterative, data-driven approach generates
functions that meet specified preconditions and postconditions
using input-output pairs. CEGIS alternates between synthesis and
verification steps: the synthesizer generates a candidate function
from a set of template functions using a sample of input-output
pairs, while the verifier checks if the function satisfies the required
postconditions for all valid inputs. If the function is verified, the
process concludes; otherwise, a counterexample that guides the next
synthesis step is identified. CEGIS has been successfully applied
across various domains of system verification and control, including
the synthesis of controllers [40], Lyapunov functions [1], barrier
certificates [35], and control Lyapunov functions [29].

In this paper, we present a novel application of CEGIS to synthe-
size an explicit map that links the input parameters of non-convex
mixed-integer nonlinear programming problems with polynomial
constraints to feasible binary variable assignments. The proposed
approach provides a feasibility certificate for the output of the syn-
thesized predictor, addressing the limitations of existing machine
learning-based approximations that lack such guarantees. This map
serves as the basis for a suboptimal decision-making engine, signifi-
cantly reducing the computational load during the online phase. To
our knowledge, this is the first application of CEGIS for generating
a feasible binary solution map for MIP problems.

The proposed procedure is schematically depicted in Figure 1.
The figure illustrates a two-phase approach for solving mixed-
integer programming (MIP) problems, where the computational
burden of real-time MIP solving is alleviated by pre-computing
part of the problem offline. In the offline phase (left side of the
figure), we initialize the function (or map) A* that associates input
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parameters belonging to a domain to feasible binary variable assign-
ments and we refine it iteratively through cycles of synthesis and
verification steps until it is verified. In the online phase (right side
of the figure), the certified function A* is evaluated for the given
parameter values and the binary variables in the MIP problem are
fixed to the function output, reducing it to an optimization problem
over only continuous variables, for which the numerical solver
quickly computes a sub-optimal solution.

The remainder of the paper is organized as follows: Section 2
introduces the mathematical concepts and notation. In Section 3,
we describe our method. In particular, Section 3.1 describes the
offline phase of our procedure, which is meant to construct our
binary variables predictor; Section 3.2 details how such a function
is exploited online. Section 4 evaluates the method using simple nu-
merical examples to assess its practical advantages and limitations
compared to techniques for mixed-integer optimization proposed
in related works. Section 5 discusses the limitations of the proposed
procedure, along with some possible mitigation strategies.

2 Preliminaries

We consider the following multi-parametric mixed-integer nonlin-
ear programming problem (mp-MINLP):

5 = i 0,x,8
(xg:6p) arg min f(6.x,6)

(1)
st. g(6,x,0) <0,

where 0 € ® € RNo_ is the parameter vector, x € RN~ is the con-
tinuous decision variable vector, and § € {0,1}" is the binary
decision variable vector, with Ny, Ny, Ns € N being the dimensions
of corresponding vectors. The function f denotes a nonlinear ob-
jective function, while g is a vector-valued polynomial function
representing problem constraints, with the inequality evaluated
element-wise. Problem (1) is said to be feasible for a given parame-
ter @ if there exists an assignment of decision variables (x, §) that
satisfies the constraints g. To simplify the exposition, we introduce
a predicate, feas(0), representing this condition, defined as follows

feas(0) =3x,5: g(0,x,5) <0.

Additionally, we introduce the optimization problem in which bi-
nary decision variables are fixed to a constant value 8. This problem
belongs to the class of multi-parametric nonlinear programming
(mp-NLP) problems:

xF := arg min 0, x, 5)
0 g 1 f A @
st g(0,x,06) <0.

Solving this problem using numerical solvers is simpler than
solving (1) as it avoids the need to traverse the discrete state space
(e.g., via a B&B strategy [11]) to certify feasibility and optimality.

To distinguish between the feasibility conditions of the original
mp-MINLP problem (1) and its counterpart (2), which has fixed
binary variable values, we introduce the predicate feas 5(0)

feasS(Q) =3x:¢(0,x, 5) <0,

where feas 5(9) evaluates the feasibility of (2) based solely on the
existence of at least one assignment of real decision variables x
satisfying the constraints g.
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Figure 1: Overview of the proposed two-phase methodology for solving online optimization problems. (a) During the offline
phase, a function between real-time parameter realizations and feasible binary variable assignments is synthesized through a
CEGIS procedure. This phase is computationally expensive and is executed offline; thus, it does not impact operations during
the system execution. (b) In the online phase, the pre-computed map is used to quickly compute feasible values for binary
variables, while the remaining continuous decision variables are computed by numerical solvers in real time.

In what follows, we adopt the assumption [26, Assumption 1],
where the overlap with respect to problem (1) and the set of feasible
parameters © is positive, i.e, V0 € 0, there exists a neighborhood
of the parameter such that its intersection with the feasible region
associated with a binary value § is non-degenerate.

2.1 Running example

The formalism in (1) is commonly used in the context of Model Pre-
dictive Control [19] (MPC) to formulate optimal control problems
for hybrid dynamical systems. At each time step an optimization
problem is solved to compute the optimal decision variables based
on the current state of the system and a finite time horizon N. The
optimal assignment of decision variables for the controls at the first
time step is then applied as the action to the system.

To illustrate our approach, we introduce a running example in-
volving a two-dimensional state-space model predictive control
problem that tracks a fixed target point. This example features a
circular input dead zone and polyhedral obstacle avoidance, both
of which are represented using binary variables. We consider the
following two-dimensional piece-wise affine (PWA) controlled dy-
namical system

T
[px(k 1) |o.0] if (k)2 < 0

py(k+1)

= [pX(k)] +At-
py(k) T ‘
[Ux k), Uy(k)] otherwise,

(3a)
where At € R is the discrete time step length, p(k) = (px (k), py(k))
is the system state representing the position in the plane, and
(k) = (vx(k),vy(k)) is the input velocity, which is known to have

a deadzone. We impose upper and lower bounds on the position
p < p(k) <pVk, (3b)
with p,p € R2, while we represent the set of possible velocities as
lo(k)ll2 € [0,0] VO VK, (3¢)

where v,0 € R. Additionally, we require this system to remain
outside a specified polyhedral exclusion zone, thus we impose that

p(k) ¢ O VK,

3d
0:={peR*|Hp—w <0}, G4

where H € R™*? and w € R™ represent the m half-spaces that
define the polyhedron.

By restricting to a finite temporal horizon (i.e., considering only
k =0,...,N), we transform (3) into an equivalent Mixed Logical
Dynamical (MLD) representation involving constraints over binary
variables which is more suitable for optimization [9]. This modeling
approach introduces auxiliary binary and continuous variables that
numerical solvers subsequently optimize. We illustrate this model-
ing procedure by demonstrating how to convert the constraint (3c).
Firstly, we impose an upper bound on the velocity norm:

llo(k)l2 < @. ©

We then introduce a binary variable &, (k) at each time step, which
indicates whether ||lo(k)||2 < v, using the following constraints

Méy (k) = v — |lo(k)ll2 (5a)
M(1 =6y (k) > llo(k)llz -2, (5b)
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where M € R is a sufficiently large positive constant used to
relax constraints. Notably, when §, (k) evaluates to true, the con-
straints ensure that |[v(k)||2 < v, while if &, (k) is false, they en-
force ||v(k)||2 = v. Note that numerical solvers cannot handle strict
inequalities, thus they are approximated as non-strict ones in prac-
tice. We can define a real auxiliary variable z(k) = (zx (k), zy(k)),
which is set to (0, 0) when &, (k) is false and to (vx (k), vy (k)) when
Oy (k) is true. These conditions are enforced using the following
constraints:

~Mby (k) < zx(k) < M8, (k) (6a)
—M(1 - 8u(k)) < zx(k) —vx (k) < M(1-8,(k))  (6b)
~M8y (k) < zy(k) < MSu (k) (6¢)
—M(1 = 8,(k)) < zy(k) —vy(k) < M(1=8u(k)).  (6d)

We can implement the polyhedral exclusion zone constraints (3d)

by adding a binary variable for each face of each obstacle at each
time step. These auxiliary binary variables are evaluated as true if
the system state is outside the corresponding plane of the obstacle.
We introduce a binary variable 55 for each of the i = 1, ..., m half-
spaces defining an obstacle o and enforce their value through the
following big-M constraints at each time step k:

M8} (k) > Hip(k) — w' (7a)
M(1 -8} (k) > —H'p(k) +w', (7b)

here H' represents the row corresponding to the i-th half-space of
the obstacle polyhedron. When the binary variable & (k) is true,
the condition H'p(k) — w’ > 0 is enforced. Conversely, if it is false,
the condition H'p(k) —w' < 0 holds. Additionally, we include a con-
straint ensuring that at least one of the binary variables associated
with the faces of an obstacle must be true

SE(k) > 1. (8)

M

Il
—

Finally, we rewrite the system dynamics in terms of the newly
introduced auxiliary variable:
vx (k) _ [Zx(k)]) ) )
vy(k)]  [zy(k)

_ [px(k) AL (
py(k)

Optimal Control Problem. We can now encode our mission as
an optimal control problem. We select a quadratic cost function that
minimizes both the distance of the state from a target point and the
state velocity. In particular, in our implementation, we are tracking
the target point p” = (0, 0). The problem objective function is

Nz’l [p(k)}T 0 [p(k)
Zifoo)]| 2otk

Here, matrices Q and P of appropriate dimensions represent weights
for the objective function terms.

The resulting optimization problem belongs to the category
of non-convex mixed-integer quadratically constrained problem
(MIQCP), which is an instance of the optimization problem (1) and

[Px(k +1)
py(k+1)

+[p(N)] P [p(N)] . (10)
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Algorithm 1: CEGIS procedure
Data: P, ©, A*
Result: A*

1 cex <« null;

2 do

3 A* « refine(A*, P, cex);

4 cex «— verify(A*, P, ©);

5 while cex # null;

6 return A*

is stated as follows

(xp, 8p) = arg migl (10) (11a)
st (3b)(7) (8) Vk = 0.N (11b)

@®G)6) (9 Vk=0.(N-1) (110

p(0) =96, (11d)

where x represents the vector of real decision variables, § the
vector of binary decision variables, and the vector of parameters 0
represents the initial position of the system.

3 Methodology

In this section, we outline the methodology used in our approach,
covering both the offline and online phases. We begin by describing
the construction process for the certified predictor, using the opti-
mization problem (11) as a representative example. Subsequently,
we detail the steps of the online phase and discuss the complexity
of the transformed optimization problem.

3.1 Offline Phase

The offline phase involves constructing the map, as illustrated in
Figure 1(a). Our goal is to generate a function A* : © — {0, 1}Vs
that accepts parameters within the parameter set © and returns fea-
sible assignments of binary variables for problem (1). A high-level
outline of the algorithm is presented in Algorithm 1. The algorithm
takes as input a problem instance P having the structure described
as in (1), the parameter set ©, and an initial candidate function A*
to be refined. The output is the certified function. In line 3, the
refine function uses a learner to synthesize a candidate predictor
based on pairs of parameter inputs and their corresponding binary
optimizers, obtained by solving the optimization problem (1). In
line 4, the function verify either certifies the correctness of the
candidate predictor or identifies a counterexample that violates
the desired properties. Figure 2 visually illustrates the steps of the
iterative process.

3.1.1 Function Structure. In this work, we consider functions
A* that take the form of a piecewise constant map over subsets of
the parameter set:

51 0 e Q4
INGER SN (12)
on 0€Q.
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(a) Verification Phase

(b) Point Sampling

(c) Synthesis Step

Figure 2: Example iterative verification and refinement process for synthesizing the piecewise function A*. (a) The verification
of the domain Q (filled in gray) results in the identification of a counterexample (marked as a big cross). (b) Points from the
domain Q are randomly sampled for refinement (marked as dots and crosses depending on their optimal binary assignment).
(c) The domain Q is split into two subdomains QM and Q?), forming new branches of the piecewise function.

Here, Q;, for i = 1,...,n, partition the parameter set ©, that is,
UL, Qi=0and Q; N Q; =0,Vi # j € {1,...,n}. This template
function can be refined indefinitely by further subdividing each
subset, allowing for the approximation of functions with arbitrary
precision. Various machine learning methods, such as decision trees,
k-means clustering algorithms [24], or ReLU-activated neural net-
works [31], can be used to synthesize an initial candidate predictor
in this form. Moreover, this template function is composed of dis-
joint regions, allowing the verification and refinement processes to
be conducted independently and in parallel at each branch.

Building on the running example introduced earlier (Example 2.1),
we illustrate a valid initial candidate function. In particular, a trivial
way to initialize the predictor function could involve constructing a
piecewise constant function with only one branch, defined over the
entire domain ©, and assigning a random binary variable § such
that A*(0) = 6,V0 € ©.

3.1.2 Function Verification. The initial candidate function de-
scribed in the previous section does not provide any formal certifi-
cation of the feasibility of the returned binary solutions. The critical
step in the procedure is the formal verification of the constructed
predictor. We assume that every parameter within the domain © is
feasible, i.e, feas(6) VO € ©. It is important to note that this is not a
strict assumption, as we can partition the domain of interest into
multiple disjoint subdomains and synthesize a predictor for each.

We frame the requirements of our function in terms of pre-
conditions and post-conditions, which are predicates that must be
satisfied by the function inputs and outputs, respectively. Specif-
ically, we require that the input parameters are contained within
the subset of interest € ©. Additionally, we require that each
output A*(0) maintains the feasibility of the optimization prob-
lem. This condition can be expressed with the first-order formula
feas(0) = feasy: (9) (0). Since we assumed each parameter 6 in
the domain is feasible, the implication simplifies to feasy- (g)(6),
which is easier to verify. Given the desired pre-conditions and post-
conditions, we define the first-order formula that must be verified
to certify the predictor A™:

V6 € © : feasy: (g (). (13)

We are interested in identifying counterexamples where the
formula (13) is not satisfied, as these counterexamples enable a more
informed refinement process. Therefore, we query the negation of
the formula (13):

0 €0O: ﬁfeaSA*(e) (9) (14)

If the verifier evaluates formula (14) as true, it will return the
parameter 6¢ that satisfies the formula, representing a counterex-
ample. Conversely, if the formula is false, we obtain a certificate for
the candidate function outputs, allowing us to use our predictor to
generate feasible binary variable assignments confidently.

In this work, we focus on certifying piecewise constant functions
such as (12), where each region can be verified independently by ad-
justing the pre-conditions of formula (14) accordingly. Specifically,
for a particular branch i of the candidate function, defined in the
region Q;, we modify the query (14) to search for a counterexample
within that specific region:

30 € Q; : —feass, (0). (15)

If the formula (15) is evaluated as unsatisfiable, we can mark that
branch as verified. Conversely, if a model satisfying the formula
is found, it indicates that the branch domain contains at least one
parameter associated with an unfeasible variable assignment and
will need further refinement. Note that formula (15) includes poly-
nomial terms involving variables 6 and x, and consequently belongs
to the theory of Nonlinear Real Arithmetic (NRA) with quantifiers.
This class of satisfiability problem is decidable using procedures
for the quantifier elimination [43], ensuring that every query will
terminate in a finite number of steps.

Using our running example as a reference, we review the steps
involved in verifying a specific branch of the predictor function.
Consider the candidate function A* introduced earlier, and suppose
we want to verify its sole branch. The adapted formula from (15)
for verifying the corresponding region is:

36 € © : Vx : =((11b) A (11¢)),

where the constraints (11b) and (11c) are evaluated with fixed §
values given by A*(0).
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3.1.3 Function Synthesis. Suppose that the query of the for-
mula (15) applied to a specific branch i of the piecewise function (12)
results in a counterexample 6¢. This indicates that the candidate
predictor needs to be refined. We conduct the refinement step using
data-driven techniques, starting with the generation of a finite sub-
set of parameters Q; from the domain associated with the branch

Q;. We derive a set of observations C = {(9, 52) |0 € Qi}, where

5; represents the binary solution of the optimization problem (1).
The synthesizer partitions the unverified region Q; into disjoint

regions Qi(l), e Qi("). Each newly created region is assigned its

corresponding value 51.(] ) and is added as a new branch in the func-
tion (12), replacing the refined branch.

In the context of running example 2.1, assume that during the
verification step of the candidate function A*, a counterexample
0° within the region © was found, necessitating the refinement
of the function. We start by constructing a set of observations
consisting of pairs (6, 5;) for 6 € ©, where 5; denotes the optimal
assignment of binary variables obtained by solving problem (11) for
an initial state 6. The synthesizer selects an appropriate hyperplane
(a,b) € R? X R to act as a splitter (using, for instance, an iteration
of a linear classifier algorithm), thereby dividing the set © into two
disjoint sets and refining the candidate function as follows:

Ay = 1% if0 c@anda’0-b<0
|6, if6e®anda’d-b>o0.

3.2 Online Phase

The online phase of the procedure, depicted in Figure 1(b), is respon-
sible for solving the optimization problem during system execution
and closely resembles methods used in related works [27, 26, 30].
Given the parameter values measured at a specific time frame and
the map computed during the offline phase, we retrieve a subop-
timal feasible binary solution, which is fixed within the original
problem (11). Numerical solvers are then used to solve the resulting
optimization problem for the remaining continuous variables.

3.2.1 Function Evaluation. The first step of the online phase
involves evaluating the function A*(6), which means finding the
branch of the piecewise function (12) whose domain contains the
point 6. An efficient representation for encoding the function A*
is a binary search tree [45], which allows us to query the function
with O(h) comparisons, where h is the maximum height of the
tree. Since each comparison involves evaluating a dot product in
Ny terms, the total complexity of function evaluation is O(Nyh).

3.22 Online Problem Solution. In the subsequent steps of the
online phase, the feasible assignment 6* = A*(0) is used to com-
pute the complete solution to the problem. By fixing the binary
variables in problem (1), we obtain the purely continuous optimiza-
tion problem (2), which is guaranteed to be feasible. Finding the
optimal solution for problem (2) in its general form remains an
NP-complete problem, as it is a non-convex NLP problem. How-
ever, since there is no longer a need to explore the discrete solution
space for integer variables, we can focus solely on the continuous
solution space using gradient-based methods, which significantly
reduce the number of required operations. In specific cases, such
as when problem (1) is a convex Mixed-Integer Quadratic Program
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(MIQP), the continuous problem (2) simplifies to a convex QP. For
this class of problems, efficient solvers suitable for embedded ap-
plications exist and can offer worst-case polynomial complexity
certification [13], effectively reducing the complexity class of the
problem during the online phase.

4 Experiments

In this section, we evaluate the effectiveness of the proposed online
optimization procedure using numerical examples from hybrid
system optimal control as benchmarks.

The primary goal of our proposed procedure is to transform the
combinatorial optimization problem (1) into a continuous one (2). To
verify the effectiveness of our approach, we measure the reduction
in solving time between the original problem and its transformed
version.

The synthesized function is designed to approximate the optimal
binary solution function, similar to approaches in related works em-
ploying machine learning techniques [27, 30, 10]. However, those
methods cannot guarantee the feasibility of the resulting solutions.
To assess this aspect, we first empirically verify that our predic-
tor consistently computes feasible solutions, whereas predictors
constructed through machine learning techniques may fail to do
so. Next, we compare the suboptimality of the objective function
obtained from solving the continuous problem (2) with integer as-
signments generated by our predictor against the solution obtained
by solving the original problem (1).

The experiments are conducted on two distinct problem bench-
marks. The first benchmark is based on the previously introduced
running example, chosen for its inclusion of nonlinear, non-convex
constraints that existing methods cannot manage. The second
benchmark extends the first, serving as a simple representative
example of more commonly encountered problems.

4.1 Methodology Implementation

We now describe a practical implementation of the algorithm, coded
in Python and tested on numerical benchmarks, along with an
explanation of the related hyperparameters and their roles. Both the
function synthesis procedure and result evaluations were conducted
on a machine equipped with an Intel Xeon E7-4830 v4 CPU at 2.0
GHz and 512 GB RAM, running Python 3.12.

The A* function is represented as a binary decision tree, initially
constructed using an implementation of the Classification and Re-
gression Tree (CART) algorithm with the Gini impurity metric, and
trained iteratively until an initial specified height h is reached. To
train the initial predictor, we sample N; points from the parame-
ter space © using the stochastic Latin Hypercube Sampling (LHS)
technique [20] and solve the optimization problem (1) through the
Gurobi mixed-integer solver [22], treating the resulting binary op-
timizers as labels for the supervised learning algorithm. Each leaf
node of the constructed decision tree corresponds to a branch of
the template function (12), where the predicted value is the most
frequent value among the outputs in that node.

To certify the predictor, we use the Z3 SMT solver [16] to evaluate
whether the formulas (15) have a satisfying model. The verifica-
tion process takes a leaf of the binary decision tree as input and
constructs the corresponding formulas for evaluation. We include
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a small tolerance for formula satisfaction, that is selected to be
within the bounds defined by the numerical solvers infeasibility
thresholds, ensuring that feasibility guarantees are maintained. To
speed up verification, we run multiple solvers in parallel, with each
solver instance operating on the same leaf node. The first decisive
result from the portfolio of solvers, whether a satisfying model or
a certification of its absence, determines the verification outcome.
The Z3 SMT solver supports quantified formulas in the theory of
Nonlinear Real Arithmetic (NRA), enabling it to handle the class of
problems discussed in this work.

If a counterexample is identified during the verification step,
we solve the problem at that point and generate N, additional
samples: N, /2 points within a small e-neighborhood around the
counterexample, where ¢ is adaptively determined as one-sixteenth
of the unverified region bounding box length, and N, /2 points from
the whole unverified region, using stochastic LHS for both. We then
split the current tree leaf by performing one iteration of the CART
algorithm on the unverified branch, continuing until all leaf nodes
are verified. Although the process can theoretically refine trees
infinitely, for numerical stability, we stop the algorithm if the leaf
domain becomes too small or if a configured maximum tree height
h'™ is reached during synthesis. This does not affect the usability of
the technique, as sensors have limited bit resolutions and can only
represent a finite set of distinct values.

The algorithm implementation is parallelized to improve effi-
ciency. After the initial synthesis step, each leaf node can be pro-
cessed independently, as the domains of the leaves are disjoint.
We initiate multiple processes that take individual nodes as input,
performing verification and synthesis steps as needed. These pro-
cesses return updated nodes, which are then integrated into the
binary tree. The refinement tasks continue until the termination
conditions are met.

To further enhance the efficiency of constructing the predictor,
as a pre-process step, we divide the parameter domain into multiple
subdomains, and we synthesize certified predictors over each one
of such domains through the process described above. The predic-
tors are then merged into a single decision tree covering the entire
domain of interest. Given the nondeterministic nature of the algo-
rithm, we construct multiple trees for each subdomain and select
the best one based on the maximum tree height and the number of
nodes.

4.2 Nonlinear Controller Obstacle Avoidance

The first benchmark problem involves the optimal control of the
dynamical system (3a) introduced earlier as the running example,
with the associated MPC optimization problem (11). We consider a
time horizon of N = 3 time steps, with a time step length of At = 1.
The system position is constrained within the region bounded by
the lower and upper limits p = (0,0) and p = (1, 1) at each time
step. Additionally, we impose an upper bound on the velocity norm
0 = 0.08 and a lower bound v = 0.03, below which the input dead
zone is activated. Finally, we include a single rectangular obstacle
represented by the lower and upper corner points oD =(0.1,0.4)
and 0¥ = (0.7,0.5).

4.2.1 Predictor Construction Details. To construct the candi-
date function, we divide the problem domain into four distinct
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Figure 3: Domain partition for the nonlinear obstacle avoid-
ance problem: the black area represents the infeasible region
occupied by the rectangular obstacle, while the remaining
states are divided into four feasible regions.

Minimum Median Maximum

18.8 % 92.4 % 97.7 %

Table 1: Nonlinear system relative decrease in solving times
of problem (2) (fixed binary variables) relative to problem (1).

feasible regions, as shown in Figure 3, and synthesize a predictor
for each subdomain. Initially, we sample N; = 60 points to initialize
each predictor; during each function refinement phase, we sample
an additional N, = 20 points, with half from the neighborhood
of the generated counterexample. The decision tree, obtained by
merging the best predictors for each subdomain, has a depth of 8
and was constructed using a total of 340 samples.

To establish a baseline for comparison, we compare the synthe-
sized function with traditional machine learning approaches used to
approximate the function yielding binary optimizers. Both models
were implemented using the scikit-learn library [34]. Specifically,
we trained an uncertified decision tree classifier with a maximum
height of 8 (DT) and an uncertified random forest classifier consist-
ing of 10 estimators, each with a maximum height of 8 (RF). Both
models were trained using a total of 500 samples. These choices are
representatives of predictors lacking formal feasibility guarantees
with a comparable online evaluation computational complexity.

4.2.2 Results. To evaluate the computational benefits provided
by the procedure during online optimization, we sampled 1000 pa-
rameters from the feasible domain. We solved both the associated
mixed-integer problem (1) (MIP) and the fixed delta problem (2)
generated by our certified predictor (CP). Additionally, we consid-
ered the continuous problems created by fixing the binary variables
to the values predicted by the uncertified decision tree classifier
(DT) and the random forest classifier (RF).

In Figure 4, a scatter plot presents the solving times for both
the mixed-integer problem and the continuous problem for the
same set of parameters. Notably, continuous problems are solved
more quickly than mixed-integer ones. This is further confirmed in
Table 1, which provides descriptive statistics on the speedup.
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Figure 4: Solving times in the nonlinear system benchmark
for optimization problems: (1), on y-axis and (2), with binary
variables predicted by A* on x-axis.

Method  # Feasible # Unfeasible

MIP 1000 0
CP 1000 0
DT 978 22
RF 976 24

Table 2: Nonlinear system feasibility results for continuous
problems, comparing the number of feasible instances when
fixing binary values predicted by different methods.

We now empirically verify the soundness of the integer assign-
ments returned by our certified predictor (CP) compared to those
returned by models trained using unverified machine learning ap-
proaches. Table 2 shows the number of infeasible continuous prob-
lems constructed by fixing binary variables to the values predicted
by the uncertified classifiers. Notably, the certified predictor (CP)
maintains feasibility for all the considered parameters. Although
the number of infeasible continuous problems from traditional ma-
chine learning model predictions may seem low, these occurrences
can significantly impact online optimization, where the problem is
solved multiple times per second.

Next, we examine the suboptimality of solutions obtained by
solving the continuous problems with fixed binary variables com-
pared to the optimal solutions of the mixed-integer problem (1).
Relative suboptimality is measured using the formula S = Voup —
Viup)/ Vaups Where Vi, is the optimal objective value of prob-
lem (1), given that it is considered optimal if the optimality gap
with the known lower bound is below 104 and Vsib is the objective
value of the corresponding continuous problem (2). Table 3 sum-
marizes the results for the various approaches studied, showing
the count of suboptimality occurrences within different percentage
value ranges for S?. The first range, labeled "Opt", corresponds
to relative suboptimality values less than 107#, indicating near-
optimal solutions. Notably, in most cases, the certified predictor A*
generates assignments of binary variables that result in negligible
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Method #Opt #<1% #<5% #2>5%

CP 820 53 40 87
DT 899 39 28 12
RF 905 33 27 11

Table 3: Nonlinear system suboptimality results for contin-
uous problems, comparing the methods by the number of
solutions within various suboptimality percentage ranges

suboptimality when constructing the continuous optimization prob-
lem. Although other tested machine learning approaches slightly
outperform CP in terms of solution quality in the considered bench-
mark, it is important to note that the certified predictor can still
undergo further refinement steps while maintaining feasibility.

4.3 Inertial System with Obstacle Avoidance

For the second benchmark, we extend the optimal control prob-
lem (11) previously presented. Specifically, we augment the system
state to include the velocity of the object along each axis and control
the force applied to the object. To simplify the system, we remove
the circular input dead zone while retaining the polyhedral exclu-
sion zone. The system is still tasked with tracking a fixed target
point. Consequently, the resulting dynamical system is

px(k+1)|  [px(k) ux (k)
Py(k +1) _ Py(k) Uy(k)
ox(k+1) 0x (k) ax(k)|’
oy(k+1) oy (k) ay(k)

where At € R represents the discrete time step length, p(k) =
(px(k), py(k)) denotes the current position in the plane, v(k) =
(vx (k),vy(k)) represents the current velocity, and the newly added
term a(k) = (ax(k), ay(k)) represents the input acceleration. The
state position and velocity are bounded:

+ At - (16)

p<pk)<p v<o(k) <3, (17)

with p,p,0,0 € R2. Additionally, we impose upper and lower
bounds on the acceleration:

a<a(k) <a (18)

with g,@ € R%. The obstacle constraints are encoded using con-
straints (7) and (8), as in the previously introduced non-inertial
dynamical system.

The objective function aims to track the reference point p” =
(0,0) while minimizing the norm of the velocity and acceleration
and is given by

N-1[p(0]" [p(k)
o(k)| Qo) |+

p(N)]T
=0 |a(k) a(k)

o(N)

P i’gﬁ;] . (19)

Here, matrices Q and P of appropriate dimensions represent weights
for the objective function terms.

The resulting optimization problem, which falls into the category
of Mixed-Integer Quadratic Programming (MIQP), is formulated as
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follows:

5,05) = i 19
(s Sp) arg min (19)

-

17)(7) 8) Yk = 0..N

(18) (16) Vk = 0..(N — 1)
p(0),0(0) =6,

where x denotes the vector of real decision variables, § represents
the vector of binary decision variables, and 6 is the vector of param-
eters, which corresponds to the initial state of the system, including
both the initial position and velocity.

In this model, we consider a time horizon of N = 5 time steps,
with a time step length At = 0.2. The system position is bounded
by lower and upper bounds p = (0,0), p = (1, 1) at each time step,
while velocity within v = (—_0.05, —0.05),0 = (0.05,0.05), and the
input acceleration within ¢ = (-0.05,—-0.05),a = (0.05,0.05). We
consider a single rectangular obstacle, represented by the lower
and upper points o) =(0.1,0.4), 0™ = (0.7,0.5).

S

4.3.1 Predictor Construction Details. We consider a subset of
the problem domain © consisting of the rectangle enclosed by the
points 6 = (0.01,0.01, —0.01, —0.01) and 6 = (0.99,0.39,0.01, 0.01).
We divide the problem domain into the four quadrants of the veloc-
ity plane, and synthesize a predictor for each subdomain. Initially,
we sample N; = 60 points to initialize each predictor, and during
each function refinement phase, we sample an additional N, = 20
points, with half sampled from the neighborhood of the generated
counterexample. The decision tree obtained by merging the best pre-
dictors for each subdomain has a depth of 10 and was constructed
using a total of 900 samples.

For comparison, we also trained an uncertified decision tree
classifier (DT) with a maximum height of 10 and an uncertified
random forest classifier (RF) composed of 10 estimators, each with
a maximum height of 10. Both models were trained using a total of
1000 samples.

4.3.2 Results. We conduct these tests similarly to the nonlinear
dynamical system case. Specifically, we sample 1000 parameters
from the domain used to construct the verified tree and solve both
problem (1) (MIP) and the problem (2). In the latter, integer assign-
ments are generated by our certified predictor (CP), the decision
tree classifier (DT), or the random forest classifier (RF). For this test,
we use the OSQP solver [41] and its extension for solving MIQP
problems [42], which are well-suited for embedded settings where
optimization problems need to be solved with limited computational
resources, as is common in control systems.

In Figure 5, a scatter plot illustrating the solving times for both
the mixed-integer problem 1 and the continuous problem 2 is pre-
sented, while Table 4 provides the corresponding descriptive sta-
tistics. Notably, the reduction in solving times between the two
cases is significant, as the exploration of the binary variable state
space is eliminated. It is essential to note that, in this case, the
problem 2 is a convex QP instance, thus finding an optimal solution
has polynomial complexity [13].

We verify the feasibility of integer assignments from our cer-
tified predictor (CP) against unverified machine learning models.
Table 5 shows the count of infeasible instances for binary variables
predicted by the considered classifiers. The certified predictor (CP)
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Figure 5: Solving times in the inertial system benchmark for
optimization problems: ((1)), on y-axis and ((2)), with binary
variables predicted by A* on x-axis.

Minimum Median Maximum

81.0 % 96.8 % 99.7 %

Table 4: Inertial system relative decrease in solving times of
problem (2) (fixed binary variables) relative to problem (1).

Method  # Feasible # Unfeasible

MIP 1000 0
CP 1000 0
DT 988 12
RF 994 6

Table 5: Inertial system feasibility results for continuous
problems, comparing the number of feasible instances when
fixing binary values predicted by different methods.

Method #Opt #<1% #<5% #2>5%

CP 979 10 10
DT 981 5 2 0
RF 975 9 6

Table 6: Inertial system suboptimality results for continuous
problems, comparing the methods by the number of solu-
tions within various suboptimality percentage ranges

maintained feasibility for all parameters, while infeasible predic-
tions occurred with uncertified predictors.

We also assess suboptimality by comparing solutions from the
continuous problem with fixed binary variables to those from the op-
timal mixed-integer problem. Table 6 reports suboptimality counts
within different percentage value ranges for s Notably, the solu-
tion quality from the certified predictor is comparable to that of
other uncertified machine learning approaches in this case.
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5 Limitations

During the verification phase, we evaluate the formula (15), which
belongs to the theory of Nonlinear Real Arithmetic with quantifiers.
This theory is decidable but has doubly exponential time complex-
ity [14]. The Z3 SMT solver used in our implementation employs
incomplete heuristic decision procedures for the NRA theory with
quantifies, which may not always converge. To prevent infinite
computations, we impose a timeout on the verification process. In
such cases, we mitigate the issue by sampling points from the un-
verified region and applying the refinement cycle again, although
this approach lacks termination guarantees.

Regarding algorithm termination, in [26, Definition 4], the con-
cept of overlap for an optimization problem (1) and the parameter
space O is defined. This condition certifies algorithm divergence
if the overlap is zero, indicating that the predictor would require
infinite precision. Our procedure cannot synthesize a certified pre-
dictor for such problems. One potential mitigation involves detect-
ing these cases and explicitly pre-computing a parameter space
partition where each subset has an overlap greater than zero.

Due to the computational complexity of the verification proce-
dure and the curse of dimensionality in constructing the approxi-
mator function, our approach is currently suitable only for applica-
tions with a limited number of parameters and decision variables.
Moreover, at present, constructing a satisfactory predictor requires
running the algorithm multiple times and selecting the best one
from the results, resulting in a computationally intensive process.
Future work could address these limitations by exploring alter-
native implementations for verifiers and synthesizers, potentially
leveraging specific structures inherent in the considered optimiza-
tion problems. Such improvements would enhance the quality of
the predictors, reduce the number of CEGIS iterations required, and
ultimately decrease the number of replicas needed to compute a
satisfactory predictor.

6 Conclusion

We propose an approach based on the CEGIS method to accelerate
mixed-integer nonlinear programming problems by computing a
map that generates certified feasible integer solutions. The impor-
tance of the synthesized function is demonstrated by the ability
to construct purely continuous optimization problems, which are
easier to solve, albeit possibly leading to suboptimal solutions. We
validate the effectiveness of our method through two numerical
examples, highlighting the computational time gains in solving op-
timization problems and empirically verifying both the soundness
of the predictor and the solution quality of the returned binary
assignments. Future work will focus on applying post-processing
techniques to reduce the number of nodes in the decision tree while
maintaining feasibility, thereby improving evaluation times for the
function A*, and refining the predictor to enhance the suboptimality
of the returned binary assignments, as well as exploring alternative
implementations of verification and synthesis strategies.
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