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Laplacian renormalization group: an introduction to heterogeneous coarse-graining

Abstract. The renormalization group (RG) constitutes a fundamental frame-
work in modern theoretical physics. It allows the study of many systems showing
states with large-scale correlations and their classification into a relatively small
set of universality classes. The RG is the most powerful tool for investigating
organizational scales within dynamic systems. However, the application of RG
techniques to complex networks has presented significant challenges, primar-
ily due to the intricate interplay of correlations on multiple scales. Existing
approaches have relied on hypotheses involving hidden geometries and based on
embedding complex networks into hidden metric spaces. Here, we present a prac-
tical overview of the recently introduced Laplacian RG (LRG) for heterogeneous
networks. First, we present a brief overview that justifies the use of the Laplacian
as a natural extension of well-known field theories to analyze spatial disorder. We
then draw an analogy to traditional real-space RG procedures, explaining how
the LRG generalizes the concept of ‘Kadanoff supernodes’ as block nodes that
span multiple scales. These supernodes help mitigate the effects of cross-scale
correlations due to small-world properties. Additionally, we rigorously define the
LRG procedure in momentum space in the spirit of the Wilson RG. Finally, we
show different analyses for the evolution of network properties along the LRG
flow following structural changes when the network is properly reduced.

Keywords: network dynamics, random graphs, networks
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1. Introduction

In 1911, Paul and Tatiana Ehrenfest introduced the notion of coarse-graining in many-
body systems [1]. The idea was to introduce an operation to transform a probability
density in phase space into a ‘coarse-grained’ density, a piece-wise constant function
resulting from density averaging in small but finite cells. Many decades later, the idea
of coarse-graining had a dramatic impact everywhere in statistical physics (both equi-
librium and non-equilibrium). In particular, it was the central idea of the Kadanoff
transformation. In 1966, Kadanoff applied the concept of coarse-graining for statistical
mechanical systems close to a second-order phase transition point to introduce the con-
cepts of the scaling theory and ‘block-spin’ renormalization group (RG) for this class of
systems [2, 3]. This innovative approach, known as the ‘blocking idea’, provides a method
for characterizing the components of a theory at arbitrarily large resolution scales by
considering them as collective combinations of components at smaller distances, and
can be considered as a precursive conceptualization of the RG theory introduced in a
field theory formalism by Wilson [4] (see also [5]) both as a microscopic foundation and
a natural approach to scaling theories in critical phenomena, and a tool for calculating
the system properties around the critical point. In its original formulation proposed by
Gell-Mann and Low [6], this apparatus was a simple mathematical trick to deal with
the appearance of infinities in quantum field perturbation theories. Thanks mainly to
Kadanoft’s and Wilson’s work, it became a solid theory with a deep physical meaning
rapidly adopted to describe equilibrium critical phenomena [7].

In the last twenty years, the RG field of applicability has been extended to out-
of-equilibrium systems defined in homogeneous spaces, i.e. regular lattices, such as
contact processes (e.g. epidemic models), dynamical and directed percolation, opin-
ion dynamics (e.g. voter models), and models for synchronization of oscillators (e.g.
the Kuramoto model of non-linear coupled oscillators) [8, 9]. This large class of sys-
tems has proven useful to model many real-world phenomena, where the pattern of
interactions between system constituents can rarely be represented by a regular lattice.
Instead, they more properly form an irregular network characterized by heterogeneous
topology and geometry. A modern version of coarse-graining and renormalization deals
with topology, particularly the contacts (whatever they could represent according to the
different many-body interaction scenarios considered) that one element in a system may
have. The branch of mathematics able to describe such systems is graph theory [10],
where vertices and edges represent the elements and their connections, respectively. The
declination of graph theory in the diverse schemes of many-body interactions gave way
to the complex network theory [11, 12] that now represents an almost universal way to
model a variety of processes, from fake news diffusion [13] in the society [14] to financial
markets [15], urban development [16], software [17], medicine [18], and ecology [19]. In
network representation of real systems, nodes represent the constituent elements connec-
ted by links representing their interactions. In this way, a graph provides a topological
network structure characterized by complex connectivity patterns with coupled short-
and long-range connections. These structures sustain dynamical processes, defined by
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appropriate node variables, typically represented by the models mentioned above, defin-
ing the time-varying states of nodes. Also, in this heterogeneous case, at certain values of
the model parameters, transitions from noisy decoupled states (e.g. no macroscopic epi-
demic spread) to collective critical ones (e.g. macroscopic epidemic spread) are observed.
To study these transitions, one would like to generalize the RG approach to the case of
irregular networks. However, the core assumptions that underpin the successes of the
ordinary RG approach, such as the locality and spatial homogeneity of interactions, no
longer apply to systems defined on complex networks. Instead, the extremely hetero-
geneous, small-world, and multiscale architecture of interactions cannot be treated as
a mere topological perturbation of simple homogeneous cases but demands an entirely
new multiscale theory that combines ab initio the complex topological structure of
the networked space with the ‘physical’ processes running on it. Transitions arise from
the complex interplay between the irregular space topology and the parameters of the
dynamical process. A general and formal theory for the complex interplay between the
coupled multiscale structures of real networks and the physical interactions between the
elements of the system determining the formation of critical collective states or ‘phases’
is still an open problem, despite its central importance in modern science and society
[20]. Indeed, the lack of topological homogeneity and the small-world features of the
embedding space make the definition of the coarse-graining procedure at the base of
the RG approach quite problematic and arbitrary: it is unclear how to define equival-
ent neighborhoods for the different nodes at an arbitrary scale. This problem can be
rephrased as the difficulty of defining appropriate spaces of representations of networks
in which the concepts of locality and proximity can be recovered to define equivalent
neighborhoods of arbitrary ‘diameter’ of network nodes, which are the main ingredient
in implementing the coarse-graining procedure and the consequent RG scheme.
Numerous efforts have been undertaken to elucidate the transition from microscopic
to macroscopic properties in complex networks [21-25]. Here is a concise overview of the
key studies. Newman and Watts [21] studied the small-world network model of Watts
and Strogatz using an asymptotically exact real-space RG method. They found that in
all dimensions d, the model undergoes a continuous phase transition as the density p
of shortcuts tends to zero, and that the characteristic length £ diverges according to
¢ ~p 7 with 7=1/d. Song et al [22] proposed transforming a network using a box-
covering technique, in which a box includes nodes such that the distance between each
pair of nodes within a box is smaller than a threshold /5. After tiling the network, the
nodes of each box and their mutual links are replaced by a supernode: supernodes are
connected if there is at least one link between the nodes of their corresponding boxes
in the original network. This defines a renormalization transformation R;,. For some
real networks, such as the WWW, social, metabolic, and protein—protein interaction
networks, a few iterated applications of this procedure leave their degree distribution
invariant, which led to the claim that they are self-similar. Radicchi et al [23] pro-
posed iterated applications of R;, to generate renormalization flows in the space of all
possible graphs. They showed that renormalization flows in graphs, as defined by the
box-covering method, are similar to the renormalization of spin systems, leveraging on
the analysis of classic renormalization for percolation and the Ising model on the lattice.
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Accordingly, Rozenfeld et al [24] showed that the RG flow readily identifies a small-
world /fractal transition by finding a trivial stable fixed point of a complete graph, a non-
trivial point of a pure fractal topology that is stable or unstable according to the number
of long-range links in the network, and another stable point of a fractal with short-
cuts that exists exactly at the small-world /fractal transition. Finally, Aygiin and Erzan
[25] explored the possibilities offered by the eigenvectors and eigenvalues of the graph
Laplacian to develop a field theoretic RG approach to order—disorder phenomena on
complex networks. In brief, they expanded order parameter fluctuations in eigenvectors
of the graph Laplacian, wrote down the equivalent of a Ginzburg—Landau Hamiltonian,
and then performed partial summations over the partition function to eliminate the
high-eigenvalue components. They showed that the proliferation of higher-order terms
in the renormalized Hamiltonian was controlled by going over to a quenched average over
different realizations of the stochastic network using a replica approach. Recently, two
more founded approaches have been proposed: (i) geometric renormalization [26, 27],
based on embedding networks into underlying hidden metric spaces, and (ii) stochastic
ensemble renormalization [28].

Here, we present a comprehensive summary of the recently proposed dynamical and
geometry-free theoretical approach to define an RG for complex networks [29], based on
a fundamental dynamical process evolving on the graph structure: the Laplacian diffu-
sion of information among nodes [30, 31] governed by the Laplacian evolution operator of
the graph. To begin with, we establish an intuitive real-space variant of the RG, drawing
inspiration from the Migdal-Kadanoff RG approach [3, 32]. This framework introduces
a recursive procedure for coarsening network nodes (i.e. decimation) while preserving
their diffusion characteristics at progressively larger spatiotemporal scales. Following
the principles of real-space RG techniques [2], we introduce the concept of Kadanoff
supernodes, guided by the inherent resolution scales of the system. This approach effect-
ively addresses issues related to small-world networks and efficiently resolves decimation
problems when constructing downscaled replicas.

Subsequently, we move toward a more rigorous formulation of the diffusion-driven
RG, akin to the k-space RG, in the spirit of Wilson’s approach in statistical field theory.
This permits us to establish a full proposal of a novel Laplacian RG (LRG) theoret-
ical framework, wherein fast diffusion modes are systematically integrated out from
the Laplacian operator, analogous to the conjugate Fourier space. In this way, we can
afford the problem of scale transformation and renormalization, opening the door to
future applications, in particular dynamical processes, for which a field theory-like rep-
resentation is possible (e.g. contact process). Finally, we present here, for the first time,
different analyses of the evolution of different network metrics on the LRG flow and show
different coarse-grainings of weighted networks that could be of utmost importance for
different biological applications.

The structure of the paper is as follows. Section 2 briefly reviews the fundamental
aspects of classical field theories, initially describing some general concepts and con-
necting them with the need for a complete RG formulation of systems with quenched
disorder. The familiar reader can safely skip this section and move to section 2.3. In par-
ticular, we present previous results legitimating the connection of the Gaussian model
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with the Laplacian of any network structure. In section 3, we present the main points of
the LRG, emphasizing the importance of performing coarse-graining in heterogeneous
systems. Moreover, we present different examples of how different structural properties
evolve under coarse-grain transformations. Finally, we present a broader discussion of
our results.

2. Methods

2.1. Zooming out scales in field theories

Let us start with an overarching perspective of the issue. We refer, however, to [33-36]
for a detailed description of the framework. We first focus on physical systems embedded
in homogeneous spaces (i.e. d-dimensional Euclidean space or regular lattice) with local
and homogeneous interactions whose thermal fluctuations near the transition temper-
ature can be described by a scalar field [37, 38]. In particular, we begin by defining the
bare order parameter ¢ = ¢(r,t) and its average over time corresponding to (¢(r,t)).
Specifically, we pivot towards the so-called Model B in Hohenberg—Halperin [39], which
describes the Ising model for ferromagnetism. Note that, in this specific case, the gen-
eralized Landau—Ginzburg Hamiltonian reads

gt d i (es) L2 A B
H[¢]_/dx{2(v¢> TR AT AR TR (1)
and the associated Langevin equation as
. oH
=V; i< t&¢, 2
6=V {’N 5¢+5} 2

where 12> =T — T, represents the distance to the critical temperature of the system,
N
<V¢> describes the diffusive coupling of the scalar field with its nearest neighbors,

and ¢; is Gaussian white noise with zero mean, and ‘delta-correlated’: ({(x,t){(x’,t"))
d(x—x")0(t —t). It is important to underline that the first two quadratic terms in the
parenthesis in equation (1) define the so-called Gaussian approximation for the stat-
istical field theory, which is exactly solvable through Gaussian functional integrals (we
will discuss below its extension to heterogeneous structures). The minimum (Euclidean)
spatial dimension d., above which the Gaussian approximation gives the same solution
of the complete model, is called the ‘upper critical dimension’ and plays a fundamental
role in the RG approach.

Notably, it is possible to generalize this field-theoretical description for different out-
of-equilibrium models. The contact process (CP) is an instance of this, where, in the
spirit of the time-dependent Landau—Ginzburg method for critical dynamics [38, 39],
one can formulate the general Langevin equation,

¢ = ap—bd? —cd® + ...+ DV2p+ /o€ (x,1) (3)
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where ¢(x,t) is the local order parameter now representing the density of active states,
and £ is a Gaussian white noise with zero mean and delta-correlated. If the system
is assumed to be statistically symmetric under reflection, the even power terms in
equation (3) are not present.

In principle, one can consider the expansion up to an arbitrary coupling of the form
gn@" either in equations (1) and (3) (under the constraint of respecting the physical
symmetries defining the underlying problem). The number of significant or relevant
couplings, i.e. that do not vanish under the RG flow, is defined below depending on the
spatial dimension of the system [34]. The theory is called renormalizable if this number
is finite. The same applies to higher-order contributions to the noise [8]. All terms under
the RG flow vanish are called irrelevant and can, therefore, be safely neglected to study
the system’s behavior around the critical points. Marginal terms introduce logarithmic
corrections to the theory obtained by neglecting their contribution. For instance, for
the Ising and CP cases, the corresponding Langevin equations, excluding terms that
are irrelevant in all spatial dimensions, can be written as

(4)

¢ =12p +\p* + DV2¢p +£(x,t)  (Ising)
¢ =ap —bp®+ DV2¢ + /o€ (x,t) (CP)

which define two of the most studied universality classes—with characteristic critical
exponents—in statistical physics that stand as fundamental cornerstones upon which
nearly any model in this field is built.

What is, then, the core structure of the RG approach in statistical physics? It consists
of a theoretical framework to determine the scaling behavior of the thermodynamic
features of a physical system when subjected to coarse-graining and rescaling of the
lengths in the neighborhood of a second-order phase transition, where the only physically
relevant scale is the diverging correlation length, & which is of the order of the system
size. Indeed, the coarse-graining step integrates out the small-scale features of the system
from the lower cut-off € up to an arbitrary limit €’ > € (smaller than ). In contrast,
the rescaling step changes the length unit to re-establish the original value of the lower
cut-off, i.e. €’ is contracted to €. In this way, the original correlation length of the system
is also reduced by the scaling factor €/¢’. The only case in which the correlation length
is unchanged is when it diverges, i.e. the system is scale-invariant. This situation defines
a fixed point of the RG transformation coinciding with a second-order phase transition.
From the velocity at which the interaction parameters of the field theory change under
these two RG steps, one can derive the scaling behavior of the thermodynamic features
of the system around the critical fixed point.

In principle, the RG procedure can be performed in real space (Kadanoff’s RG) or
in the conjugate Fourier space (Wilson’s RG), with this second solution more suitable
for quantitative calculations.

Let us start with the real-space RG. This can be performed either directly on the lat-
tice model (e.g. the Ising model) or in the field theory representation (e.g. equation (1)).
Kadanoff originally proposed the real-space coarse-graining idea in 1966 [2, 32] for the
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Figure 1. Sketch the decimation process employing Kadanoff blocks on a square
lattice of side a, where blue (red) points represent up (down) spins or active (inact-
ive) sites, respectively. The lattice is divided into several blocks with b2 sites, which
are now coarse-grained, replacing it with a single block following the rule R (o),
finally reducing all system scales by a factor b. This scheme produces a reduced
version of the original system.

lattice Ising model and followed the subsequent three-step procedure (also schematized
in figure 1). This defines the RG process according to Kadanoff:

(i) Group the lattice points into groups of b sites in identical d-dimensional cubic
cells. This is possible thanks to the homogeneity and translational invariance of
the embedding space and the Hamiltonian.

(ii) Replace each block of micro-spins s; with a single macro-spin ¢;, adopting some
physically meaningful rule to associate a value of ¢; (e.g. =1) to each configuration
of the micro-spins in the cell (e.g. a majority rule). Write the Hamiltonian for
the macro-spins appropriately, transforming the coupling constants and eventually
considering the appearance of higher-order interactions.

(iii) Rescale all lengths by a factor b to return to the original lattice spacing and repeat
all the steps.

The transformation equations for the interaction constants of the model define the
RG flow whose fixed point represents the scale-invariant condition related to the critical
point.

While the above ‘real space’ version of the RG is conceptually very clear, it is rarely
accurate enough for quantitative calculations, which are more conveniently performed
within Wilson's k-space formulation of the RG [4]. In order to briefly illustrate it, let us
start from the partition function of the field theory defined by the following functional
integral:

Z = /ng (x,t) e T1oxD (5)

where F[p(x,t)] is the Hamiltonian or the Lagrangian function of the field theory.
For instance, for the Ising model, it is given by equation (1) (and ¢(x,t) does not
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depend on time). The partition function Z determines all the thermodynamic properties
of the system. Let us call Fg[p(x,t)] the quadratic part of F[¢(x,t)], giving rise to
the Gaussian approximation of the theory. On a very general ground (see [8, 40] and
references therein), this is substantially determined by the Laplacian V? operator of
the embedding Euclidean space for the equilibrium models and by the heat equation
operator §; — DV? for out-of-equilibrium models (e.g. contact process), which satisfy the
simple requirement of locality of interactions and spatio-temporal homogeneity”. Before
applying the RG, it is convenient to use the Lagrangian on the basis that its exactly
solvable Gaussian part takes a diagonal form. Due to the homogeneity of the Euclidean
embedding space and the statistical translational invariant of the model, this is the
ordinary Fourier k-space. Indeed, the plane waves exp|ik - x| are the eigenfunctions of
the translation operator and, consequently, of the Laplacian V? with eigenvalues —k2.
The non-Gaussian part of the Lagrangian, in which different £ modes of the field ¢ are
coupled together, is then considered in the framework of perturbation theory around
the Gaussian approximation. This aspect is of great importance for the extension we
propose of the RG approach to dynamical processes defined on irregular networks. At
this point, the RG approach proceeds along the following steps:

(i) Integrate out high-momentum modes, %< k < A, where A is the upper cut-off
of the momenta & (i.e. A~ 1/e of the real-space approach) and {>1 is a scale
parameter. This implies a corresponding change of the coupling constants in the
new Lagrangian defined for k£ < %

(ii) Rescale the momenta k’= (Ck to re-establish the original upper cut-off for the
momenta.

(iii) Rescale the fields to normalize the gradient term (i.e. the Laplacian term of the
Gaussian approximation).

This defines the coupling constants as a function of the scale parameter (. The
fixed points are defined as before the critical points, and the behavior of the coupling
constants around a critical point defines relevant and irrelevant coupling constants and
the thermodynamic behavior of the system around the critical point.

Through the work of Kadanoff in real space and Wilson in k-space, the RG presents
a sophisticated and accurate framework for studying criticality. This theory allows us
to connect diverse spatiotemporal scales, comprehend the fundamental concept of scale
invariance through the scaling hypothesis, and, finally, provide precise computing tools
for the critical exponents in various spatial dimensions, utilizing the epsilon expansion as
a perturbative approach (as outlined in Wilson’s celebrated paper ‘Critical Exponents
in 3.99 Dimensions’ [41]). Hence, one of the striking implications of the RG is the
classification of many different dynamical models and physical systems—at criticality—
in a relatively small set of universality classes.

9 Note that V? is the simplest regular differential operator satisfying locality, symmetry by reflection and that does not contain an
intrinsic scale length.
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2.2. Disorder and fluctuations: an RG perspective

Many real-world processes, such as opinion dynamics, epidemic spreading, or economic
shocks, can be modeled as dynamic stochastic processes embedded in heterogeneous
interactions among the elements involved. Many spreading processes, such as infections,
do not have a uniform transmission rate or a regular topology of contacts. They can
vary in space and time and often occur in non-uniform environments. Neuronal interac-
tions in brain networks lead to synchronized states that regulate circadian rhythms or
epileptic seizures, while opinion spreading can lead to polarization in social networks,
or financial contagion in an interbank network may result in a large cascade of defaults.
Most models introduced to study these phenomena have been initially defined on regular
lattices with interactions satisfying the minimal locality and homogeneity requirements.
All these systems are characterized by an irregular pattern of interactions, often show-
ing hierarchical structures, strong heterogeneity of contacts, and small-world features.
Hence, it is crucial to study how this persistent topological disorder of the processes’
embedding space can impact the physical system’s critical properties. In short, the
problem can be reduced to the following question: What is the interplay between the
dynamic process parameters and the presence of irregular topological features of the
embedding space in determining transitions, as in the contact processes, from noisy
inactive states to collective ordered ones (e.g. the transition from an inactive infection
to a global epidemic state)?

A complete formulation of this question is still an open problem and thus goes beyond
the scope of this manuscript. Here, we want to highlight some known facts on the effect of
the introduction of quenched disorder in lattice models. Since in these out-of-equilibrium
lattice models, ‘time’ and ‘space’ act differently on the process, it is customary to
distinguish between spatial and temporal properties, denoting them respectively by the
indices L and ||. Indeed, non-equilibrium phase transitions are usually characterized by
two independent correlation lengths: a spatial length scale £, and a temporal length
scale & [8].

What is known about the introduction of disorder in such lattice models is the
following: in general, quenched disorder leads to irrelevant perturbations to the RG
fixed point, as long as the system can be studied in the annealed approximation [8].
However, it has been demonstrated that the only introduction of temporal quenched
disorder is generally a relevant perturbation of the directed percolation universality
class in all dimensions. Consequently, the critical behavior and the associated critical
exponents change entirely and vary continuously depending on the disorder strength. For
instance, the temporal disorder has been shown to be relevant at the Ising transition only
at and above three dimensions, and to induce the so-called temporal Griffiths phases
characterized by generic power-law scaling of some magnitudes and generic divergences
of the susceptibility [42].

Similarly, the spatially quenched disorder is a marginal perturbation that may, there-
fore, seriously affect the critical behavior of the system at criticality, depending on its
specific spatial dimension (we refer to [43] for a complete discussion of the issue). In par-
ticular, the quenched spatial disorder can lead to a singularity in the free energy, thus
having dramatic consequences for the properties of continuous phase transitions and
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generating rare region effects characterized by generalized slow dynamics: the so-called
Griffiths phases [44].

However, when dealing with dynamical models defined on strongly irregular net-
works, the topological disorder due to the embedding space can no longer be treated
as a perturbation concerning the homogeneous lattice case. A new approach has to be
formulated, as shown below.

2.3. Zooming out heterogeneous networks

In order to deal with the case of strong spatial disorder, as in the case of a complex het-
erogeneous networked embedding space, let us start with some considerations. As shown
above, regarding the k-space RG approach, an important point to bear in mind is that
Gaussian field theories can always be exactly solved, and in general, the related interac-
tions are governed by the Laplace differential operator. Moreover, the Gaussian approx-
imation works well above the upper critical dimension d > d.. Therefore, an important
starting point for Wilson's RG is to write the model on the basis that diagonalizes
such Gaussian approximation, i.e. the basis of eigenstates of the Laplacian operator
(in homogeneous spaces, these are the plane waves). The Gaussian model on random
graphs has been studied in [45, 46]. In this case, the Hamiltonian, in analogy with the
Gaussian approximation of equation (1), can be rewritten as

H= %Zsﬁz (Lij +midij) ¢ (6)
ij

where ¢; is a real field, and m? = a;m?, with 1/K < o; < K for some positive K rep-
resenting the square masses. Note that, now, L=D— Ais the analog of the continuous
Laplace operator (—V?¢) (by historical reason in graph theory, the Laplacian operator
is the network generalization of —V? instead of V?), defined on a graph or a discrete
grid, A being the adjacency matrix of the network and D the diagonal degree matrix
of the network.

If we want to extend the RG approach to models with identical nearest-neighbor
interactions but defined on heterogeneous graphs, the fundamental step is a physically
meaningful formulation of a correct coarse-graining procedure, either in real space,
through the derivation of mesoscopic collective variables (i.e. block variables) from a
local resummation of the microscopic ones inside ‘equivalent’ mesoscopic cells tiling the
whole space, or in the conjugate ‘Fourier’ space, by rewriting the model in a suitable
Fourier basis and explicitly integrating all the ‘modes’ with ‘wavelength’ smaller than an
arbitrary mesoscopic determined by a scale factor s. In both cases, the new lower cut-off
of the model is given, respectively, by s. As aforementioned, given a homogeneous model
(i.e. with interaction constants identical for all interacting neighboring pairs, as the Ising
model with nearest-neighbor interactions, for instance), the definition of coarse-graining
in identical mesoscopic cells or integrating small-wavelength modes all over the space is
immediate both in homogeneous spaces (e.g. R?) or homogeneous lattices or trees due to
the continuous or discrete translational invariance of the space itself. This fundamental
property is completely lost in heterogeneous networks. Consequently, both the definition
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of real-space block variables and the resummation procedure of small wavelengths of
the model in Fourier space may appear completely arbitrary or even meaningless.

Our Laplacian scheme for connected undirected graphs tackles this point as a natural
extension of the coarse-graining in homogeneous spaces. First, let us note that the
Laplacian operator V2 in such spaces can be strictly related to the progressive coarse-
graining procedure in the RG: it is an operator with the spectrum of eigenvalues given
by eigenvalues -k?, with k Fourier wave-vector, i.e. the inverse of the wavelength, which
has no characteristic scale. The corresponding eigenvectors are exactly given by the
Fourier basis of plane waves e**, which are also eigenfunctions of the translation group.
In other words, the Laplacian operator is a telescopic ‘scanner’ of the coarse-graining
scales. Second, the diffusion equation d;p = —Lp with L = —V?2 couples the spatial scales
scanned by V2 to corresponding diffusion times, which are proportional to the square of
the wavelengths or, inversely, at each value of the time. The diffusion, therefore, reaches
from each point an identical length of the order of the square root of the time itself,
defining in this way identical coarse-graining cells around each point a la Kadanoff.
In other words, the Wilson approach in a homogeneous space can be performed by
integrating out all wavelengths smaller than the square root of an arbitrary diffusion
time and then increasing this time. o

The symmetric graph Laplacian operator L = D — A is the natural graph discrete
representation of the continuous operator — V2. It exactly describes the same diffusion
dynamics p = —Lp on a heterogeneous connected network with the difference that, for a
given time, such dynamics cover different structures at different locations in the network
due to the connectivity heterogeneity of the space. However, these structures share the
fundamental property of being covered by diffusion simultaneously. In this strict sense,
our formulation of Laplacian RG for graphs can be seen as a natural extension to
heterogeneous networks of the usual RG approach in statistical physics and statistical
field theory. Being impossible to define identical coarse-graining cells or an integration
scheme over small wavelengths due to the lack of spatial translational invariance, i.e. due
to the topological inhomogeneity of the space, we can, however, adopt the Laplacian
operator and the diffusion equation as a tool to define the coarse-graining procedure
both on homogeneous spaces and on inhomogeneous graphs.

It is noteworthy that LRG is optimal for intrinsic scale detection and scale transform-
ations in dynamical processes defined on heterogeneous networks also for the following
reason: most of these processes (e.g. Ising, contact, epidemic, Kuramoto, and voter mod-
els) when defined on regular lattices, where interactions between nodes satisfy minimal
requirements of locality and homogeneity, give rise to statistical field theories in which
the Laplacian operator of the embedding space defines the Gaussian approximation [8,
9]. The RG analysis of these models, therefore, develops along the following steps: (i)
exactly solving the Laplacian/Gaussian approximation, writing the theory on the basis
on which the Gaussian theory is diagonal, i.e. based on eigenvectors of the operator
L; (ii) taking into account higher power terms in the framework of perturbation the-
ory; (iii) integrating out the contribution of larger and larger scale eigenvectors of the
Gaussian kernel, appropriately rescaling the length scales at each step. These are the
steps to develop a full LRG theory to define an RG approach to irregular networked
spaces.
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3. Results: the Laplacian RG

The first step is, thus, to develop a successful coarse-graining method for heterogeneous
systems relying on the definition of a canonical formulation of information diffusion in
heterogeneous environments. This can be based on the communication of information in
complex networks whose evolution is governed by the Laplacian matrix [31, 47], defined
for general weighted but undirected networks as

Lij = [(@j ZAzk:> — Ajj
k

where A;; are the elements of the adjacency matrix A, and §;; is the Kronecker delta
function.
Note that, using equation (7), we can now analyze how any scalar field evolves with

: (7)

time from a given initial specific state ¢(0). This can be written as ¢(7) = e’Tﬁgb(O),
where the temporal evolution of ¢ will depend on the network propagator,

A

K = e_TL’ (8)

representing the discrete counterpart of the path-integral formulation of general dif-
fusion processes [35, 48], where now each matrix element K;; describes the sum of
diffusion trajectories along all possible paths connecting nodes i and j at time 7 [46,
49]. In terms of the network propagator, K , it is possible to define the ensemble of
accessible information diffusion states [30, 50, 51]; namely,

~

Y
" (&) (o) o

where p(7) is tantamount to the canonical density operator in statistical physics (or to
the functional over field configurations) [36, 52, 53]. We assume that connected networks
fulfill the ergodic hypothesis.

At this point, it is natural to define the canonical system entropy [30, 51|, S[p(7)] =
—Tr[p(7)log p(7)]. Indeed, the temporal derivative of the entropy represents the heat
capacity of a network [51],

ds
d(logT)’

C(r)=- (10)

being the counterpart of the specific heat in classical statistical mechanics and linked to
the correlation length of the system. In particular, C' is a detector of structural transition
points corresponding to the intrinsic characteristic diffusion scales of the network [29,
51]. Indeed, a pronounced peak of C defines 7 =7" and reveals the starting point of
a strong deceleration of the information diffusion, separating regions sharing a rather
homogeneous distribution of information from the rest of the network. If more well-
separated diffusion timescales exist, C'(7) can show a multi-peak structure.
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Figure 2. (a) LRG process for a 2D lattice of size N = 16? employing 7 = 1.5. Each
layer represents the LRG step of order . (b) Entropy parameter for the 2D lattices
considering different lattice sizes (IV = L?, see legend). The first peak allows us to
identify the characteristic network scale to perform the coarse-graining process. (c)
Probability distribution of Laplacian eigenvalues for a 2D lattice of size N = 1282,
The spectrum presents a characteristic scale at A=4 (the number of neighbors),
while the flat region leads to the constant value C' =1.

In particular, as S € [0,1], it can reflect the emergence of entropic transitions (or
information propagation transitions, i.e. diffusion) over the network [51]. Indeed, by
increasing the diffusion time 7 from 0 to oo, S[p(7)] decreases from 1 (segregated and
heterogeneous phase—the information diffuses from single nodes only to the local neigh-
borhood) to 0 (integrated and homogeneous phase—the information has spread all over
the network).

For the sake of clarity, we present here the simplest trivial case: a regular two-
dimensional lattice. As shown in figure 2(b), the smallest 7~ peak reflects the charac-
teristic resolution scale of the system: it is related to the cut-off A, opening the door to
formulate the LRG framework. Figure 2(a) shows several LRG steps for this trivial case
(see below). Note that fine-grained transformations are consistent over all the grayish
areas of figure 2(b), after which, in small networks, Kadanoff supernodes may become
too large, and finite-size effects can alter the renormalization process.

3.1. Real-space formulation

The canonical formulation of the network presented above permits us to manage the
characteristic system scales. We want to emphasize that the original real-space dynam-
ical RG scheme requires the consideration of two fundamental scales: the lattice space
(a) and the correlation length of the system (£,). In concomitance with the original
formulation, the peaks in the specific heat of the information diffusion flow allow us to
identify the characteristic scales of the system: they are the counterpart to the correl-
ation length or the lattice spacing when the process is carried out over blocks of spins
or active sites in percolation [54].

One of our main points is to define how to extract the network ‘building blocks’,
i.e. to generate what we call a metagraph at each time 7, to link the different network
mesoscales. Note that, when 7 =0, p is the diagonal matrix p;;(0) = 6;;/N. Hence, p(7)
will be subject to the properties of the network Laplacian, ruling the current information
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Figure 3. Sketch of the Kadanoff supernodes procedure. (a) The lower layer shows
the case of a BA network (N =24, m=1), and the upper layer, ¢ for 7=1.96.
Different colors identify the Kadanoff supernodes. (b) Each block becomes a single
node incident to any edge to the original ones. (¢) Scheme for a three-step LRG
process. (d) LRG transformations for a random tree.

flow between nodes and reflecting the RG flow. So far, we need to consider a rule (in
a similar way to the ‘majority rule’) to scrutinize the network substructures at all
resolution scales (i.e. 7). For the sake of simplicity, we choose the following one: two
nodes reciprocally process information when they reach a value greater than or equal
to the information contained on one of the two nodes [51], thereby introducing

/ Pij
= 11
P min (,07:7:, Pjj ) ( )

This is expected to give the set of minimal disjoint blocks in the system. In addition,
to simplify the network reduction process, and depending on the particular p; matrix
element at time 7, it is possible to define a metagraph, (;; = ©(p;; — 1), where © stands
for the Heaviside step function. As expected, for 7 — oo, p converges to p;; =1/N, and
¢ becomes the all-ones matrix. For a given scale, the metagraph ( is thus the binarized
counterpart of the disjoint set of nodes as given by the canonical density operator at
some specific time 7. Note that, after examining all continuous paths traveling along
the network [35] and starting from node i at time 7 =0, our particular choice selects
the most probable paths from equation (9), giving information about the prominent
information flow paths of the network in the interval 0 < ¢ < 7. In statistical mechanics,
we consider the analogy to the Wiener integral and build the RG diffusion flow of the
network structure [4, 35]. The last step is to recursively group the network nodes into
subsequent supernodes, i.e. how to perform decimation. Figure 3 shows a snapshot of
the procedure.

In full analogy with the Kadanoff picture, it is possible to consider nodes—under
the accurate selection of particular blocking scales of the network—within regions up
to a critical mesoscale, which behaves like a single supernode [2, 54]. Analogously to
the real-space RG, there is no unique way to generate new groups of supernodes or
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Figure 4. LRG coarse-graining. (a) LRG transformation for a particular selection
of a BA network (N =512, m =1). Kadanoff supernodes are plotted in a different
color for every scale. (b) Degree distribution for a BA network (solid lines), with a
characteristic exponent v =3 (dashed line) at different RG steps with 7=1.26 (see
legend). (c)-(f) Mean connectivity flow under subsequent LRG transformations
for different 7 values (see legend): (¢) an Erd6és—Rényi network of (k)y =30, (d) a
BA scale-free network with m =1 and, (e) random tree. (g) Spectral probability
distribution, P()), of the downscaled Laplacian replicas for different LRG steps
in a BA network (see legend). All curves have been averaged over 10? network
realizations with Ny =4096.

coarse-graining. For example, in a 2D squared lattice, there is no general rule about
the size £ of the squared Kadanoff blocks to perform decimation and rescaling. If the
system is scale-invariant, we expect it to be unaffected by RG transformations. In this
perspective, using the specific heat, C, we propose an RG rule over scales 7 ~ 7", where
7" stands for the C peak at short times, realizing the small network scales and dividing
the network into the smallest possible supernodes.

Therefore, as a general rule, we propose the following scheme using Kadanoft's
method [29]:

e Build a network meta graph for 7 ~ 7, i.e. a set of heterogeneous disjoint blocks of
n; nodes.

e Replace each block of connected nodes with a single supernode.

e Consider supernodes as a single node incident to any edge of the original n; nodes.

e Realize the scaling, i.e. write the Laplacian matrix for the new graph.

Figure 4 shows the application of multiple steps [ of the LRG over different networks.
FErdos—Rényi networks exhibit only a characteristic resolution scale. In other words, such
a network cannot maintain its intrinsic properties under any coarse-graining transform-
ation and, consequently, presents a continuous flux through the collapse of the network,

https://doi.org/10.1088/1742-5468 /ad57b1 16


https://doi.org/10.1088/1742-5468/ad57b1

Laplacian renormalization group: an introduction to heterogeneous coarse-graining

i.e. to a single-node state reflecting the existence of a well-defined network scale. Hence,
for any possible grouping of nodes—at every scale, 7—the mean connectivity of the net-
work decreases after successive RG transformations. On the other hand, random trees
and Barabasi—Albert networks maintain their intrinsic properties when performing net-
work reduction, as shown in figures 4(d) and (e).

We refer to the original work presenting the LRG procedure [29] for further analysis
of coarse-graining applied to different scale-free real networks, i.e. following bona fide
finite-size scaling hypotheses [55], and significant cases previously analyzed in other RG
approaches [24, 27] for producing downscaled network replicas.

3.2. k-space formulation

All of the above explains how to have an operating procedure for the decimation and
scaling part of RG in real space (inspired by Kadanoff's RG theory) [2]. In this section,
we introduce a formulation of the LRG, which can be connected with the field theory
k-space RG approach pioneered by Wilson in statistical physics [56]. This formulation
leads to a Fourier-space version of Kadanoff’s ‘supernodes’ scheme at each LRG step,
offering a deeper insight into this process.

Without sacrificing generality, let us consider a scenario where we intend to renor-
malize the information diffusion on the graph up to a specified time 7/, effectively
retaining only diffusion modes at scales (times) larger than 7’. Note that the point
where C exhibits a peak for short times corresponds to an ultraviolet cut-off A, which
is related to the smallest possible characteristic scale of the system. In other words,
the smallest possible network scale corresponds to the maximum eigenvalue A.x: the
choice of a diffusion timescale 7 ~ t coincides with the finest possible resolution of
the network structures. For the sake of clarity, we adopt the bra-ket formalism, where
(1]\) denotes the projection of the Laplacian eigenvector |A) onto the ith node of the
graph. In this notation, we can represent |i) as a normalized N-dimensional column
vector, with all components equal to zero except for the ith component, which is set
to 1. In bra-ket notation, the Laplacian operator becomes > ©, A|A\)(A|. We then identify
the n < N eigenvalues A >= X" =1/7" and their corresponding eigenvectors |A).

Hence, a single LRG step using Wilson involves [29]:

e Reducing the Laplacian operator to the contribution of the N — n slower eigenvectors
with A <\, denoted as Lo = ,_,, A|A)}(A|.

e Rescaling the time variable, transforming 7 — 7' in such a way that 7’ becomes
the unit interval in the rescaled time variable. This leads to a re-definition of the
coarse-grained Laplacian as L'=1'L.

Clearly, this real-space representation, as happens exactly in statistical physics, is just a
mathematically approximated description of the k-space RG that preserves the physical
meaning. We aim, however, to illustrate how different eigenvalues are canceled out,
rendering distinguishable the different scales of the system. To do that, we consider
here the following rescaled density matrix,

po () =logp(r) +1log (N) (12)
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Figure 5. Network defocusing. (a) Temporal evolution of the logarithm of the dens-
ity matrix (as written in equation (12)). Once network eigenmodes are sequentially
integrated, the different network mesoscales naturally emerge, making the different
hierarchical modules used to build the network evident. (b) Entropy parameter
(dashed lines, (1 —.S5)) and specific heat (solid lines, C') versus the temporal res-
olution parameter of the network, 7. (¢) The hierarchic modular network, with
N =1024 nodes, that has been used for this specific example.

where we have added the final term for the sake of comparison at different times.
We want to remember that when 7=0, p is the diagonal matrix p;;(0) = é;;/N, and,
for 7 — 0o, p is the full matrix with value % Figure 5(a) shows the evolution of the
density matrix for different times 7, in the specific case of a random hierarchical mod-
ular network [57, 58], showing the emergence of different network mesoscales when the
network eigenmodes are integrated out. We want to emphasize that larger times also
imply focusing on larger scales in the network. Therefore, small values of 7 must be
considered to create small Kadanoff supernodes. We highlight how the diffusion time
(see also figure 5(b)) effectively acts as a ‘zoom lens’, evidencing the different network
characteristic scales.

3.3. Evolution of network metrics into the LRG flow

A crucial consideration remains unresolved after defining a way to perform successive
coarse-graining steps on heterogeneous structures: How do various network metrics scale
for different topologies? Does our LRG scheme conserve the same characteristics of the
networks as when well-known rules guide the network’s growth?
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We emphasize that the LRG framework conserves the probability distribution of the
network Laplacian in k-space and coincides with RG transformations on lattices. This
involves a sort of transformation that does not change the intrinsic properties of the
network, and it is, thus, called an isospectral transformation [59].

Here, we have selected three particular network topologies: Barabasi-Albert (BA),
Dorogovstev—Goltsev—Mendes (DGM), and preferential assortative (PA) networks to
analyze how the clustering coefficient, the mean connectivity, and the network assort-
ativity change when we perform a coarse-graining process on the selected networks. In
particular, we have designed the PA networks to grow in the following way: we start
with a clique of M nodes and attach at each time step a new node with m vertices
as in the preferential attachment rule but considering the square of the probabilities to
generate a sparser version of the network (p; = (k;/ ., :)%). As observed in figure 6,
this simple choice generates networks with a high constant value of assortativity.

As shown in figure 6, we have selected different networks of fixed size, performing a
coarse-graining process to reduce the network to very small sizes. Note that by selecting
two of the networks that exhibit constant mean connectivity, a fixed value of the clus-
tering coefficient, and zero assortativity on the infinite size limit, we are able to follow
different key points when performing heterogeneous coarse-grainings of different mag-
nitude: the ability of the LRG to maintain the fixed connectivity, the constant clustering
coefficient, and to predict finite-size effects as the convergence to the asymptotic value of
the different network observables (see, for instance, the evolution of A for BA and DGM
networks). Instead, the choice of the PA network gives us important information in such
cases where different variables evolve within the LRG flow in the growing process of the
architecture. In any case, when performing the LRG process as explained in section 3.1,
we highlight the ability of the LRG to fit the growing process of well-behaved synthetic
networks. That is, when the LRG performs an isospectral transformation, it maintains
the flow path that the network has followed in the growth process.

Once it was demonstrated that networks maintain their intrinsic properties due to
the isospectral nature of the transformation [59], we also performed extensive simu-
lations on a new application of the LRG method: the analysis of weighted networks.
As can be deduced from the original definition, the Laplacian matrix of the network
L =D — A can be used to perform coarse-graining both in binarized and weighted net-
works. However, we emphasize that the intrinsic structure of weights on a complex
network can change the nature of the observed heterogeneity of its binarized coun-
terpart. Here, we present an application to weighted networks of particular interest:
road networks. We have taken the European road network between cities [60] and have
computed the specific heat of two networks: the binarized one and a weighted ver-
sion of the network, considering the following rule for the different edges: we build a
network ensemble where for each network realization the weight is randomly selected
between 1 and « times the maximum weight between the two cities representing the
link. Therefore, we mimic the intensity of traffic as the weight interaction between the
nodes ¢ and j. Note that the higher the city, the higher the possibility of having a large
weight in the graph. As shown in figure 7(a), the network road presents a multiscale
structure for the binarized version, which ends in a network that looks like a random
tree for high values of o with the selected weighted rule. Instead, figure 7(b) shows the
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Figure 6. Network observables. Different observables versus system sizes for the
growth process (blue lines) and LRG coarse-graining (red dots) for different syn-
thetic networks: Barabési-Albert (BA, left figures), preferential assortative (PA,
central figures), and Dorogovtsev—Goltsev—Mendes (DGM, right figures). Note that
in all three selected observables, the mean connectivity (x), the average clustering
coefficient C, and the mean assortativity of the network, A, the LRG fits with the
expected theoretical line given by the network growth process. Parameters: The
coarse-graining process has been done using 10? averages on top of an initial net-
work of N =2048 nodes for BA and PA and N =3282 for the DGM network. For
the BA network, we have selected m =1, and for the PA network My=20 and
m=1.

weighted and binarized counterparts of the undirected airport network [61], where each
weight represents the total number of flight networks between US airports (nodes) in
2010. As a direct consequence of this, we pinpoint that different weights can be canceled
out in a different way in both cases, stressing the relevance of considering weights in
real networks to scrutinize their intrinsic heterogeneity properly.
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Figure 7. Weighted networks. Specific heat versus diffusion time for (a) the
European road network between cities with different weights assigned randomly
as a function of the node degree connecting the cities (see legend). The diffusion
time has been rescaled by the mean weight for the sake of comparison. All curves
have been averaged over 10° independent realizations. (b) The USA airport net-
work in its binarized and weighted version. Note that the microscopic heterogeneity,
observable at short-length scales, is lost in the binarized version of the network.

4. Discussion

Starting from the end of the 1960s and for more than 20 years, statistical physics
experienced significant scientific progress thanks to the development of the theory of
critical phenomena and second-order phase transitions. It established the theoretical
framework for many equilibrium and out-of-equilibrium statistical physical systems for
the continuous transition when the system parameters are appropriately tuned from a
disordered noisy phase to an ordered collective one through a critical point characterized
by large fluctuations and long-range correlations [33]. A major step in the development
of this theory has been the formulation of the RG both in real and k-space [2, 4, 32],
which rigorously defines the operation of scale transformations and spatial rescaling to
identify the relevant interactions of the system and quantify its behavior around the
critical point, where the only physically meaningful scale of the system is the large
correlation length.

The RG has been developed under the hypothesis that the physical system’s embed-
ding space is homogeneous or translationally invariant (e.g. a regular lattice). Still, the
theoretical problem of what happens when the homogeneity condition is violated has
been studied for a long time by introducing a specific density of topological defects in
homogeneous spaces/lattices. These studies can, therefore, be seen as the study of the
effect of local ‘pathologies’ of the homogeneous case. Only marginal research activity
was devoted at the same time to more complex cases, such as random graphs or trees
[45, 46, 62].

The role of irregularities and topological heterogeneity in dynamical processes has
become a central research field in the last twenty years, with the advent of the complex
networks research field as a natural paradigm for a vast class of real systems of great
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scientific interest [63, 64]. They range from epidemic networks to biological and socio-
economic systems and the human brain. For these systems, the complex network gives
the skeleton of the interaction. It plays the role of a geometrically irregular space where
the statistical dynamical processes are embedded (e.g. epidemic spreading or human
brain dynamical activity). In all of these systems, the highly inhomogeneous architecture
of interactions cannot be treated as a simple topological perturbation of a homogeneous
case but asks for a completely new theory that combines ab initio in a new theoretical
approach the complex geometrical structure of the space with the ‘physical’ processes
running on top of it. Due to the high topological complexity of the networked space,
the concepts of criticality and phase transition themselves need to be reformulated in a
more general sense that is suitable for this higher level of complexity.

Preliminary but essential steps in this direction have been recently developed by for-
mulating a general approach to the problem [29, 51]: the LRG acts as a ‘zoom lens’ for all
networks [65]. It grounds on two facts: (a) the Laplacian operator of a network describes
the information diffusion dynamics on it so that it gives at each time the informationally
equivalent neighborhood of each node of the network, proposing a natural extension to
networks of the real-space RG in homogeneous spaces a la Kadanoff; (b) the Laplacian
RG can also be seen as a natural extension of the k-space Wilson RG in homogeneous
spaces, and practically all statistical dynamical models used to model physical processes
on networks have a Gaussian approximation determined by the Laplacian operator [29].
It solves, in a general way, the problem of coarse-graining the microscopic interacting
elements into mesoscopic ones in an irregular network. Hence, the LRG has been shown
to have immediate and profound implications in fostering groundbreaking new perspect-
ives of network modularity [66]. Here, we have made further advances by demonstrating
its capability to maintain different network intrinsic properties (e.g. the clustering coef-
ficient or the network assortativity) in synthetic networks where we know the growing
rule of the system, and under well-defined isospectral transformations. In particular, we
have observed that the LRG can fit well with finite-size effects in all networks following
the expected behavior as they grow or, in other words, allowing for a ‘back and forth’
way to analyze networks in different fields. We emphasize that this possibility opens
new avenues for extracting crucial information about different growing rules from real
networks that are still unexplored. Furthermore, we have shown for the first time the
ability of the LRG to perform network reduction in weighted cases, leading to differ-
ent reduced versions of the original network. However, expanding the LRG framework
to various dynamic universality classes poses a significant challenge from a theoretical
perspective. Despite the considerable progress made in this area, further research is still
required to overcome this challenge [20].
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