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Abstract A novel computational framework integrat-
ing the phase field approach with the solid shell for-
mulation at finite deformation is proposed to model
the anisotropic fracture of silicon solar cells in the
thin-walled photovoltaic laminates. To alleviate the
locking effects, both the enhanced assumed strain and
assumed natural strain methods are incorporated in the
solid shell element formulation. Aiming at tackling
the poor convergence performance of standard New-
ton schemes, the efficient and robust quasi-Newton
scheme is adopted for the solution of phase field mod-
eling with enhanced shell formulation in a monolithic
manner. Due to fracture anisotropy of the brittle sili-
con solar cells, the second-order structural tensor that
is defined by the normal of preferential crack plane is
introduced into the crack energy density function in
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the phase field modeling. On the other hand, to effi-
ciently predict the crack growth of silicon solar cells, a
global–local approach in the 3D setting proposed in the
previous work is adopted here for the fracture model-
ing. In this approach, both mechanical deformation and
phase field fracture are accounted for at the local model,
while only mechanical deformation is addressed at the
global level. At each time step, the solution of the global
model is used to drive the local model, which corre-
sponds to the one-way coupling in line with experimen-
tal evidence that the silicon cell cracking has negligi-
ble influence on the stiffness of photovoltaic modules.
The capability of the modeling framework is demon-
strated through numerical simulation of silicon solar
cell cracking in the photovoltaic modules when sub-
jected to different loading cases.

Keywords Global–local approach · Phase field
fracture · Solid shell element · Quasi–Newton scheme

1 Introduction

Nowadays, crystalline silicon photovoltaic (PV) mod-
ules have been massively deployed all over the world
since the last century, and according to Xu et al. (2021),
the installed capacity of PV approximately increases
from 40 GW to 715 GW in the recent 10 years. Among
the major components of PV products, including tem-
pered glass, ethylene-co-vinyl acetate (EVA), silicon
cells, and backsheet, the silicon wafer accounts for
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Fig. 1 Different crack patterns in silicon solar cells (Papargyri et al. 2020)

more than 40% of the manufacturing cost of crystalline
modules (Papargyri et al. 2020). It was proposed in
the 2010 International Technology Roadmap for Pho-
tovoltaics that the thickness of silicon cell should be sig-
nificantly decreased so as to save cost of cystalline PV
modules. However, the decrease of silicon cell thick-
ness could reduce its robustness under mechanical load-
ing and potentially leading to the formation of micro-
cracking events within the conductor layer. Hence, the
identification of crack initiation and propagation that
may trigger performance degradation of PV modules
has received a lot of attention in the recent decades.

During the fabrication process of silicon solar cells,
permanent deformations are induced from the thermo-
mechanical loadings, which corresponds to the residual
stress that leads to cracks. It was pointed out in Rup-
nowski and Sopori (2009) that 2% of the silicon wafers
present defects, causing the increase of production cost
and material losses. Even though the fabrication pro-
cess can be optimized, the imperfections inside the sili-
con cells during production are unavoidable, especially
when the wafer thickness is reduced (Pingel et al. 2009;
Liu et al. 2023). Besides, crack formation of silicon
cells can also take place during the transportation and
installation of PV modules in the field, as well as during
the operation when subjected to the harsh environmen-
tal conditions such as wind, snow loading, hail impacts
and so on Köntges et al. (2016), Assmus et al. (2011),
Liu et al. (2023), Liu et al. (2022). The cracks of silicon
solar cells are usually invisible, but could produce over
time due to ageing electrically disconnected regions
that significantly increase the electrical resistance, and
hence reduce the power output of PV modules. Overall,
the length, width and orientation of cracks in the silicon
wafers directly influence the output of solar panels as
pointed out in Munoz et al. (2011), Javvaji et al. (2018),
Buerhop et al. (2018). According to the survey of over
200 PV modules, more than 20% of power loss has
been detected due to the cell cracks in combination with
EVA delamination and degradation (Käsewieter et al.

2014). Experimental studies in Chaturvedi et al. (2013)
reported that approximately 4% power degradation are
caused by cracks of solar cells in the mechanical load
tests. When the disconnected cell area caused by crack
formation and propagation is greater than 8% of the
total cell layer, the associated power loss was found to
be roughly proportional to the electrically inactive area
(Köntges et al. 2017). Regarding the crack direction
in solar cells, several types of cracks can be observed
from previous experimental studies, including paral-
lel and perpendicular cracks, +45 and −45 cracks, and
multiple direction cracks (Kajari-Schröder et al. 2011),
as shown in Fig. 1. Different cracks lead to different
power degradation of PV modules. Therefore, it is of
utmost importance to develop reliable simulation tools
for the fracture modeling of brittle solar cells in order
to understand the impact of cracks on the performance
of PV modules.

In order to accurately predict the failure and crack
propagation, several formulations on the basis of dif-
ferent numerical techniques have been developed in
the past decades. Simplified phenomenological cohe-
sive zone models specific for the crack modeling along
internal boundaries have been proposed in Paggi and
Wriggers (2011a), Paggi and Wriggers (2011b), Paggi
et al. (2013), Paggi and Wriggers (2012), Infuso et al.
(2014), in which cracking events are triggered by the
evaluation of traction-separation constitutive laws. This
modeling technique has been widely employed to iden-
tify crack paths along the element edges by incor-
porating a characteristic length scale, see the discus-
sions in Ortiz and Pandolfi (1999), Paggi et al. (2013),
Mergheim et al. (2005), Mergheim and Steinmann
(2006), Spannraft et al. (2023), among many others.
In contrast to the cohesive zone models, the extended
finite element method has also been developed to model
crack propagation, and it does not explicitly depend on
the finite element discretization corresponding to the
physical domain (Moës et al. 1999). Other alternative
computational techniques such as enhanced finite ele-
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ment method (Simo et al. 1993; Oliver et al. 2006) and
generalized finite element method (Simone et al. 2006),
can also be used to model crack events although pos-
sible operative difficulties to identify crack initiation
and paths might arise. In order to overcome the dis-
advantages of the above-mentioned explicit modeling
method for complex crack topologies, the phase field
approach (Miehe et al. 2010a; Borden et al. 2012) that
is based on the Griffith’s theory has been proposed to
address the crack modeling of quasi-brittle materials
such as silicon solar cells (Paggi et al. 2018; Carollo
et al. 2017). In this approach, the sharp crack is gener-
ally diffused through the definition of so-called phase
field variable and the crack propagation is character-
ized by the evolution of the corresponding governing
equations. According to the �-convergence theory in
Francfort and Marigo (1998), the crack discontinuities
are regularized by a characteristic phase field length
scale. Note that the phase field formulation shares sev-
eral common aspects with the gradient enhanced dam-
age formulations, which is one of the most appeal-
ing advantages of this crack modeling method (Fré-
mond and Nedjar 1996; Peerlings et al. 2001; Comi
and Perego 2001). In view of this feature, the phase
field approach accounting for thermodynamic consis-
tency (Miehe et al. 2010a; Hofacker and Miehe 2013)
has been extended to the modeling of ductile frac-
ture (Ambati et al. 2015), anisotropic fracture (Gül-
tekin et al. 2016), multiphysics fracture (Miehe et al.
2015), and polycrystalline materials (Clayton and Knap
2015, 2016), among many others. Given the promising
aspects of phase field approach, this technique has been
employed to model the crack propagation of brittle sil-
icon solar cells in this work.

As mentioned above, to reduce the production cost
of silicon solar panels, the average thickness of solar
cells has decreased from 300 μm to 150 μm dur-
ing the recent decades (Wohlgemuth et al. 2008; Ter-
heiden et al. 2015; Wang 2006), which increases the
breakage rates and crack events. Based on the com-
putational framework developed in Liu et al. (2022),
the solid shell formulation combined with anisotropic
phase field model at finite deformation is proposed
to model the preferential crack propagation in thin-
film solar cells. In the literature, phase field models
have been coupled with shell kinematics for the frac-
ture modeling of thin-walled structures through many
different ways, see Liu et al. (2022), Reinoso et al.
(2017) and references therein. Previous attempts in

Ulmer et al. (2012) have been made to model geometri-
cally linear problems according to the Reissner-Midlin
theory, but the developments are limited to standard
finite elements. Alternative investigation adopting the
Local Maximum-Entropy approximation is proposed
in Amiri et al. (2014), making it difficult to be imple-
mented into the standard finite element method. The
tension-compression split method by integrating the
energy contribution through the shell element thickness
has been proposed in Paul et al. (2020), Kiendl et al.
(2016), and later extended to the isogeometric model-
ing of multipatch structures (Proserpio et al. 2020; Paul
et al. 2020). Recently, this approach has been adopted
in Kikis et al. (2021), Pillai et al. (2020) for phase field
fracture modeling of the Reissner-Mindlin shells and
plates. Besides, other models have been developed in
combination of phase field theory with solid shell and
Kirchhoff-Love formulations to model brittle and duc-
tile fracture (Reinoso et al. 2017; Ambati and De Loren-
zis 2016; Areias et al. 2016; Proserpio et al. 2021).
Hence, the attempt to employ the phase field solid shell
formulation, extended to account for the anisotropic
fracture orientation, is a proper choice for the crack
modeling of solar cells in thin-walled PV laminates.

The structure of this work is organized as follows.
In Sect. 2, the primary aspects of phase field approach
for fracture modeling and solid shell kinematics at
finite deformation are described in detail. The numeri-
cal implementation and quasi-Newton monolithic solu-
tion scheme are outlined in Sect. 3. Then the numerical
examples are presented in Sect. 4, and finally some con-
cluding remarks are summarized in Sect. 5.

2 Phase field solid shell formulation

In this section, the phase field solid shell formulation is
presented for the modeling of anisotropic crack prop-
agataion in the thin-film brittle solar cells. Firstly, the
basics of phase field approach are revisited in Sect. 2.1.
For a more comprehensive description, the detailed
derivation of this theory can be found in the significant
work (Miehe et al. 2010a; Miehe et al. 2010b; Bourdin
et al. 2000). In Sect. 2.2, the solid shell kinetics at finite
deformation are described in the convective curvilinear
coordinate system.
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2.1 Basics of the phase field approach to fracture

In the 3D setting, let B0 ⊂ R
3 and Bt ⊂ R

3 denote the
reference configuration and current configuration of an
arbitrary solid body with existing crack represented by
�, and X and x stand for the position vectors in the cor-
responding configurations, respectively. Furthermore,
let ∂B0 and ∂Bt be the exterior boundary of the solid
body in the reference and current configuration, respec-
tively. The motion of the material point X inside the
body is denoted by ϕ(X, t) : B0 × [0, t] → R

3 that
maps into the corresponding position x in the current
configuration during the time interval [0, t]. The defor-
mation gradient Fu is defined as Fu := ∂Xϕ(X, t),
where ∂X represents the partial derivative with respect
to the position X in the reference configuration, and
its determinant Ju = det[Fu] denotes the Jacobian.
The phase field approach is conceived as the regu-
larization of sharp crack topology within a diffusive
crack zone characterized by the scalar-valued func-
tion d : B0 × [0, t] → [0, 1] to model brittle frac-
ture. The phase field variable d smears out the sharp
crack by a diffusive crack area of width l, as shown in
Fig. 2. It is noted that the width of regularization area
depends on the parameter l, which is called the phase
field length scale that controls the transition between
intact and damaged parts. In the modeling framework,
d is regarded as a smooth function of (X, t), and d = 0
and d = 1 denote intact and cracked states, respec-
tively.

According to the variational theory of fracture
(Bourdin et al. 2000), the total energy functional that
governs the cracked body under external loadings takes
the form of

�(u, �) = �int (u, d, �) + �ext(u) (1)

where u denotes the displacement field, and �int and
�ext represent the internal and external energy func-
tionals, respectively. Note that the internal energy func-
tional term �int is defined as the sum of elastic energy
stored in the solid body �B and the energy dissipated
through crack propagation �� . Based on the Griffith’s
theory, the internal energy functional �int is defined as

�int (u, d, �) = �B(u, d) + ��(�)

=
∫
B\�

�(u, d) d� +
∫

�

Gc d� (2)

where � denotes the specific elastic energy, and Gc
is the critical energy release rate. The dissipated frac-
ture energy during the crack propagation is evaluated

through the Griffith theory. It should be pointed out
that the competition between the elastic energy in the
solid body and fracture energy is directly defined in the
context of minimization problem. The evaluation of
this competition is computationally challenging when
the space discretization methods are used to track the
crack propagation. To circumvent the use of tracking
algorithms, the phase field approach that smears the
crack over the whole domain of the body is employed
in the same line with gradient damage formulations
(Francfort and Marigo 1998; Bourdin et al. 2000; For-
est 2009).

In the context of this approach, the dissipated surface
energy can be approximated by a volume integral∫

�

Gc d� ≈
∫
B0

Gcγ (d,∇Xd) d� (3)

where γ (d,∇Xd) is the crack surface density per unit
volume, and ∇Xd is the gradient of phase field vari-
able. In this way, the sharp crack is regularized over the
body inducing the diffusive representation, as shown in
Fig. 2. The crack surface density γ (d,∇Xd) is defined
according to the modified Ambrosio-Tortorelli func-
tional (Gültekin et al. 2018)

γ (d,∇Xd,ω) = 1

2l
d2 + l

2
ω : (∇Xd ⊗ ∇Xd) (4)

where ω is the second order structural tensor charac-
terising the material anisotropy. In order to make the
energy release rate orientation-dependent (Clayton and
Knap 2015; Nguyen et al. 2017), the structural tensor
can be defined as

ω = I2 + αp(I2 − Np ⊗ Np) (5)

where I2 is the second-order identity tensor, Np repre-
sents the unit vector normal to the preferential cleavage
plane, and αp is the penalty parameter that is used to
prevent damage to develop on planes not normal to Np.
According to the previous study (Clayton and Knap
2014), this parameter should be greater than 1.0, and
in case of isotropic material, the value is equal to 0.0.

The specific elastic energy � is influenced by the
phase field variable d, which is motivated by the fact
that this energy in the damage transition zone has to
decrease so as to ensure the thermodynamic equilib-
rium. Furthermore, to avoid the asymmetric damage
behaviour, the elastic energy density can be split into
the active contribution �+ and the passive contribution
�− (Miehe et al. 2010b). During the reversal loading
process, the crack closing precludes the damage evolu-
tion, and also provokes the stiffness discovery (Cavuoto
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Fig. 2 Schematic diagram of solid body with (a) sharp crack topology, and (b) diffusive crack topology

et al. 2022). Based on the aforementioned viewpoints,
the elastic energy � can be defined as

� = g(d)�+ + �− (6)

where g(d) = (1 − d)2 + K denotes the monotonic
degradation function, K ≈ 0 is a positive parameter
to ensure numerical stability in case of fully material
degradation, and is set to 1.0e−7 in this work.

2.2 Solid shell kinematics

In the concept of solid shell theory, the position vectors
X and x in the reference and current configurations,
and the phase field variable d at any material point can
be approximated by the corresponding vectors on the
bottom and top surfaces of solid-like shell element, and
can be defined as

X
(
ξ1, ξ2, ξ3

)
= 1

2

(
1 + ξ3

)
Xt

(
ξ1, ξ2

)

+1

2

(
1 − ξ3

)
Xb

(
ξ1, ξ2

)
(7a)

x
(
ξ1, ξ2, ξ3

)
= 1

2

(
1 + ξ3

)
xt

(
ξ1, ξ2

)

+1

2

(
1 − ξ3

)
xb

(
ξ1, ξ2

)
(7b)

d
(
ξ1, ξ2, ξ3

)
= 1

2

(
1 + ξ3

)
dt

(
ξ1, ξ2

)

+1

2

(
1 − ξ3

)
db

(
ξ1, ξ2

)
(7c)

where the parametric space is identified as: A :={
ξ = (

ξ1, ξ2, ξ3
) ∈ R

3 | −1 ≤ ξ i ≤ +1; i = 1, 2, 3
}
,

the subscript b and t represent bottom and top surfaces,
respectively, and

(
ξ1, ξ2, ξ3

)
represent the coordinates

in the parametric space.
The kinematics of solid shell element can be

described by the use of the convective curvilinear sys-
tem so that the ANS interpolation for the transverse nor-
mal and shear strain components can be implemented.

The covariant tangent vectors Gi (ξ) and gi (ξ) in the
reference and current configuration are defined as the
partial derivatives of corresponding position vectors X
and x with respect to the convective coordinates ξ i

Gi (ξ) := ∂X(ξ)

∂ξ i
, gi (ξ) := ∂x(ξ)

∂ξ i
, i = 1, 2, 3 (8)

The contravariant basis vectors can be determined in a
standard manner by Gi · G j = δ

j
i and gi · g j = δ

j
i ,

and metric tensors are defined as G = Gi jGi ⊗ G j =
Gi jGi ⊗ G j , g = gi jgi ⊗ g j = gi jgi ⊗ g j .

In curvilinear setting, the deformation gradient Fu

is given by

Fu = ∂x
∂X

= gi ⊗ Gi (9)

where the Einstein summation convention on repeated
indices is adopted here. Through the definition of met-
ric tensor components Gi j = Gi ·G j and gi j = gi · g j

in the reference and current configuration, the displace-
ment derived Green-Lagrange strain tensor is defined
as

Eu := 1

2

[(
Fu)T Fu − I2

]
= 1

2

[
gi j − Gi j

]
Gi ⊗ G j

(10)

The energetically conjugated second Piola-Kirchhoff
stress tensor is defined as

S = Si jGi ⊗ G j (11)

where Si j represents the contravariant component.

3 Numerical implementation

In this section, the numerical strategy rooted in the use
of finite element method for the spatial approximation
is described briefly. Since this work is restricted to
quasi-static analysis, no temporal integration scheme
is required, which leads to an equilibrium problem at
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each pseudo-time step. Firstly, the variational formu-
lation and finite element interpolations are derived in
Sect. 3.1. More specific details regarding the discretiza-
tions are ignored here for brevity, but can be found in
the previous work (Liu et al. 2022). Secondly, the solu-
tion schemes proposed for the phase field solid shell
formulation are depicted in Sect. 3.2.

3.1 Finite element interpolation

The mixed Hu-Washizu variational principle is adopted
for the derivation of phase field solid shell formulation
incorporating the Enhanced Assumed Strain (EAS) and
Assumed Natural Strain (ANS) methods to alleviate
the locking pathologies. It should be pointed out that
the EAS method is employed to remedy volumetric and
Poisson thickness locking, while the membrane and in-
plane locking effects are tackled by the ANS method
(Simo and Rifai 1990; Dvorkin and Bathe 1984). Given
the enhancement based on the EAS method at finite
deformation, the Green-Lagrange strain consists of
two parts following the approach proposed in Bischoff
and Ramm (1997), including the displacement derived
compatible strain Eu and incompatible strain Ẽ, and its
complete form reads: E = Eu + Ẽ.

The multi-field variational functional of the solid
body takes the form of

�(S, Ẽ,u, d) =
∫
B0

�
(
Eu, Ẽ, d

)
d�

+
∫
B0

Gcl
2

[
d2

l2
+ ω : (∇Xd ⊗ ∇Xδd)

]
d� − �ext

ss (12)

where �ext identifies the external energy functional.
Note that the displacement u, the phase field variable
d, and the imcompatible strain Ẽ are the independent
variables. Given the orthogonality condition between
the stress and strain fields, the stress field is ignored in
line with the previous work (Simo and Armero 1992).
The first variation of Eq. (12) with respect to the inde-
pendent fields is given by

Ru(u, δu, Ẽ, d) =
∫
B0

∂�

∂E
: ∂Eu

∂u
δud�

−δ�ext(u) = 0,∀δu ∈ Vu (13a)

RẼ (u, Ẽ, δẼ, d) =
∫
B0

∂�

∂E
: δẼ d� = 0,∀δẼ ∈ VẼ (13b)

Rd(u, Ẽ, o, δd) =
∫
B0

−2(1 − d)δd�+d�

+
∫
B0

Gcl
[

1

l2
dδd + ω : (∇Xd ⊗ ∇Xδd)

]
d� = 0,

∀δd ∈ Vd (13c)

where Vu , VẼ and Vd are the admissible spaces of
independent variables.

According to the concept of isoparametric interpo-
lation, the position vectors X and x in the reference and
current configurations, the displacement vector u and
its variation δu, and the phase field variable d and its
variation δd can be approximated by

X = NX̃, x = Nx̃ (14a)

u = Nd, δu = Nδd (14b)

d = Ndd̄, δd = Ndδd̄ (14c)

where X̃ and x̃ are the corresponding nodal position
vectors, d denotes the nodal displacement vector, and
d̄ represents the nodal phase field vector. The shape
function matrix Nd is defined as

Nd = [N1, N2, N3, N4, N5, N6, N7, N8] (15)

where its component NI is given by

NI = 1

8

(
1 + ξ1

I ξ1
) (

1 + ξ2
I ξ2

) (
1 + ξ3

I ξ3
)

(16)

with ξ1
I , ξ2

I , ξ3
I = ±1. The material gradient of phase

field ∇Xd and its variation ∇Xδd can be defined as

∇Xd = G−T∇ξ d̄ = Bd(ξ)d̄,

∇Xδd = G−T∇ξ δd̄ = Bd(ξ)δd̄ (17)

where ∇ξ denotes the gradient with respect to the nat-
ural coordinates.

The vector form of the Green-Lagrange strain ten-
sor is given byE = [E11, 2E12, 2E13, E22, 2E23, E33]T.
To alleviate the curvature thickness locking effects, the
ANS method proposed in Betsch and Stein (1995) is
adopted to modify the transverse normal strain com-
ponent E33 by four collocation points defined in con-
vective coordinates ξCi as ξC1 = (−1,−1, 0), ξC2 =
(1,−1, 0), ξC3 = (1, 1, 0), and ξC4 = (−1, 1, 0), see
Fig. 3. Besides, to prevent transverse shear locking, the
ANS method proposed in Dvorkin and Bathe (1984)
is also employed in this work. The four collocation
points for the enhancement of transverse shear strain
components are ξA1 = (0,−1, 0), ξA2 = (0, 1, 0),
ξB1 = (−1, 0, 0), and ξB2 = (1, 0, 0), see Fig. 3. Given
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Fig. 3 Position of collocation points in the element parametric space for the ANS method

Fig. 4 Schematic of the
benchmark problem for
anisotropic fracture
modeling

the aforementioned ANS interpolations, the strain vec-
tor is given by

Eu =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2 (g11 − G11)

(g12 − G12)(
1 − ξ2

) (
g

A1
13 − G

A1
13

)
+

(
1 + ξ2

) (
g

A2
13 − G

A2
13

)
1
2 (g22 − G22)(

1 − ξ1
) (

g
B1
23 − G

B1
23

)
+

(
1 + ξ1

) (
g

B2
23 − G

B2
23

)
∑4

i=1
1
4

(
1 + ξ1

i ξ1
) (

1 + ξ2
i ξ2

)
1
2

(
g

Ci
33 − G

Ci
33

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(18)

where the superscripts A1, A2, B1, B2, and Ci with
i = 1, 2, 3, 4 stand for the corresponding collocation
points. The approximation of virtual strain is given by

δEu = Bδd

with B = [B1,B2,B3,B4,B5,B6,B7,B8] (19)

where BI is the interpolation matrix for each node I.
According to the previous work (Klinkel and Wagner
1997; Vu-Quoc and Tan 2003), the interpolations of
incompatible strain vector Ẽ and its variation δẼ are
given by

Ẽ ≈ M(ξ)ζ , δẼ ≈ M(ξ)δζ (20)

whereM(ξ) is the interpolation matrix of the enhancing
modes ζ , and is defined as

M(ξ) =
[

det J0

det J

]
T−T

0 M̃(ξ) (21)

whereJ = [G1,G2,G3]T,J0 is its evaluation at the ele-
ment center, T0 is the tranformation matrix, and M̃(ξ)

is the interpolation matrix in the parametric space (Liu
et al. 2022).
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Fig. 5 The phase field
contour plots of fully
cracked specimen with the
preferential crack
orientation of Grain 1 equal
to 0 degree, 22.5 degree, 45
degree, and 67.5 degree

Fig. 6 The obtained force vs. displacement curves with the pref-
erential crack orientation of Grain 1 equal to 0 degree, 22.5
degree, 45 degree, and 67.5 degree

Inserting the aforementioned interpolations into
Eqs. (13), the discretes residual equations are given
by

Rd (d, δd, d̄, ζ ) =
∫
B0

g(d)B(d)TS d� − Rd
ext (22a)

Rζ (d, d̄, ζ , δζ ) =
∫
B0

g(d)M(ξ)TS d� (22b)

Rd(d, d, δd, ζ ) =
∫
B0

−2(1 − d)N(ξ)T�+d�

+
∫
B0

Gcl
[(

Bd
)T

W∇Xd + 1

l2
N(ξ)Td

]
d�

(22c)

To avoid the irreversible growth of the fracture pro-
cess, a history variable H is introduced to modify the
residual vector Rd (Msekh et al. 2015), which is trans-
formed into
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Fig. 7 Schematic diagram of the local fracture modeling of one single solar cell when the photovoltaic module is subjected to tensile
loading

Rd =
∫
B0

−2(1 − d)N(ξ)THd�

+
∫
B0

Gcl
[(
Bd

)T
W∇Xd + 1

l2
N(ξ)Td

]
d�

(23)

In view of the irrevisibility (Miehe et al. 2010b), the his-
tory variable H must obey the following Kuhn-Tucker
conditions

�+ − H � 0, Ḣ � 0, Ḣ (�+ − H) = 0 (24)

At the certain time point t , the history variable H can
be expressed as

H = max
τ∈[0,t] �+(τ ) (25)

To solve the multi-field problem, an iterative scheme
is adopted, and the consistent linearization of Eqs. (22)
obtained from the concept of Gateaux directional
derivative can be derived as⎡
⎣kdd kdζ 0
kζd kζ ζ 0
0 0 kdd

⎤
⎦

⎡
⎣
d


ζ


d̄

⎤
⎦ =

⎡
⎣Rd

ext
0
0

⎤
⎦ −

⎡
⎣Rd

Rζ

Rd

⎤
⎦ (26)

It is worth mentioning that the derivation of stiffness
terms are omitted here for brevity, see (Liu et al. 2022).
Since inter-element continuity of the enhanced strain
field is not required, the second equation of Eqs. (26)
can be condensed out in the element level in line with
(Bischoff and Ramm 1997), and the condensed equa-
tions can be expressed as[
k∗
dd 0
0 kdd

] [

d

d

]
=

[
Rd

ext
0

]
−

[
Rd∗
Rd

]
(27)

Table 1 Mechanical properties for photovoltaic modules (Paggi
et al. 2011; Corrado et al. 2017)

E (GPa) Density (kg/m3)

Backsheet 2.8 1200

EVA 0.01 1180

Glass 73 2500

where the modified stiffness k∗
dd and residual vector

Rd∗ are defined as

k∗
dd = kdd − kdζk

−1
ζ ζ kζd (28a)

Rd∗ = Rd − kdζk
−1
ζ ζ R

ζ (28b)

3.2 Solution schemes

In order to solve the nonlinear iterative equations, two
different schemes are widely employed for the cou-
pled phase field-displacement problem, including the
monolithic and staggered schemes. Monolithic scheme
retains unconditional stability, but suffers from poor
convergence performance that hinders its wide appli-
cation. On the other hand, the staggered scheme is very
robust and can overcome the convergence issue. How-
ever, very small time increment must be adopted to
prevent the solution deviating from the equilibrium, so
this solution scheme is very time-consuming. In the
following, the quasi-Newton monolithic scheme with
improved performance in terms of both convergence
and computational efficiency is introduced here for the
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Fig. 8 The predicted displacement contour plots of the whole photovoltaic module when subjected to tensile loading at the loading
displacement 1.24 mm, 1.34 mm, 1.42 mm, and 1.48 mm

solution of phase field problem using solid shell for-
mulation.

Given the data {dn, ζ n, d̄n} at the previous con-
verged increment tn , the solution of the next increment[
tn, t

(k)
n+1

]
requires iterations around the intermediate

state {d(k)
n+1, ζ

(k)
n+1, d̄

(k)
n+1}. According to the static con-

densation procedure in the previous section, the nodal
phase field and displacement vectors are defined as
unknowns at the element level, and the enhancing vec-
tor at the next time increment of iteration k, e.g. 
ζ

(k)
n+1,

should be determined for the computational proce-
dure. Based on the algorithm described in Reinoso and
Blázquez (2016), the increment 
ζ

(k)
n+1 is given by


ζ
(k)
n+1 = − [

kζ ζ,n
]−1

[
Rζ

int,n + kζd,n
d(k)
n+1

]
(29)

Note that the increments 
d(k)
n+1 and 
d̄

(k)
n+1 are pro-

vided by the solver, while the element matrices at the
previous increment

[
kζ ζ,n

]−1, Rζ
int,n , kζd,n , and ζ n are

all stored as internal variables.
In the quasi-Newton method, the stiffness will be

updated only after a certain number of iterations with-
out achieving convergence (Wu et al. 2020). Specif-
ically, the approximated stiffness matrix must satisfy
the following equation

K̃δz = δR (30)

for the residual δz := zt+
t −zt , in which the vectors z
and δR are defined as z = [d, d̄]T and δR := Rt+
t −
Rt , respectively. The approximated stiffness K̃ can be
determined by

K̃ = K̃t −
(
K̃tδz

) (
K̃tδz

)T

δzTK̃tδz
+ δRδRT

δzTδR
(31)
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Fig. 9 The predicted phase
field contour plots of the
local model with no fracture
anisotropy at the loading
displacement 1.24 mm, 1.34
mm, 1.42 mm, and 1.48 mm

It is worth noting that the updated stiffness matrix in
case of symmetry can be written as Matthies and Strang
(1979)

K̃−1 =
(
I − δzδRT

δzTδR

)
K̃−1

t

(
I − δzδRT

δzTδR

)T

+ δzδzT

δzTδR
(32)

The initial guess of the stiffness K̃(0) is defined as

K̃(0) =
[
K∗

dd 0
0 Kdd

]
(33)

The stiffness will be reformed whenever the number
of iterations exceed 8 without achieving the required
convergence.

4 Numerical examples

In this section, the capability of proposed modeling
framework is demonstrated through different numer-
ical examples regarding cracking events in silicon
solar cells of photovoltaics. Firstly, the feasibility to
model anisotropic fracture using the current approach
is shown through a demonstration problem in Sect. 4.1.
Then, the solar cell cracking modeling in the photo-
voltaic module under two different loading cases are
presented in Sect. 4.2.

4.1 Benchmark example of anisotropic fracture

In this example, the model will be assessed through a
benchmark problem consisting in a square specimen
that contains two parts and an initial crack, as shown in
Fig. 4. The size of the specimen is 1 mm, and the initial
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Fig. 10 The predicted
phase field contour plots of
the local model with the
preferential crack
orientation angle equal to 45
degree at the loading
displacement of 1.24 mm,
1.34 mm, 1.42 mm, and
1.48 mm

crack length is 0.2 mm. The elastic modulus and criti-
cal fracture energy release rate are set to 160 GPa and
4.32 N/m, respectively, which are the typical material
properties of silicon solar cells in photovoltaic mod-
ules (Paggi et al. 2018). The preferential crack plane
of the Grain 2 with an initial crack is oriented with a
fixed angle of 45 degree, while the preferential crack
direction of the Grain 1 varies with respect to the hori-
zontal axis of the whole domain. Regarding the bound-
ary condition, the bottom facet is constrained in the
vertical direction, and a tensile loading is applied to
the upper facet of the specimen. The specimen is dis-
cretized using the solid shell elements, and the mesh
size is 0.005 mm, which is approximately five times
smaller than the phase field length scale. The total num-
ber of the elements in this numerical example is 46169.
As mentioned before, αp is the penalty parameter that

should be greater than 1.0, and it is set to 10.0 in the
simulation.

The predicted contour plots of phase field with
different preferential crack orientations of Grain 1
are shown in Fig. 5. Different crack patterns can be
observed with different preferential crack planes. The
crack propagates from the initial crack following the
fixed crack orientation through the domain of Grain
2, and when approaching the boundary between the
two grains, crack deviation occurs due to the different
nature of Grain 1. As shown in Fig. 5, the crack path
through the Grain 1 when the specimen is fully cracked
exactly follows the expected orientation. The force ver-
sus displacement curves for the different crack orien-
tations of Grain 1 are plotted in Fig. 6. It can be seen
that the crack preferential orientation of Grain 1 has
negligible influence on the mechanical response. The
approximate linear behaviour can be observed before
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Fig. 11 Schematic diagram of the local fracture modeling of one single solar cell when the photovoltaic module is subjected to three
point bending

the specimen is fully cracked when the loading dis-
placement reaches around 0.0005 mm. After the peak
values, all the curves drops down to zero immediately
except the curve with crack orientation angle of Grain
1 equal to 67.5 degree, which can be ascribed to the
fact that part of specimen is still constrained even when
reaching the fully cracked state in this case. It should be
pointed out that the different crack patterns can create
different electrically inactive area in the silicon solar
cell, leading to different power loss of the photovoltaic
modules. Hence, the fracture anisotropy must be taken
into account for the modeling of cracking events (Paggi
et al. 2016).

4.2 Silicon solar cell cracking in the photovoltaic
module

The modeling framework is further assessed in this sec-
tion with application to the more realistic simulation of
silicon solar cell cracking inside the photovoltaic mod-
ule when subjected to the different external loadings.
According to the experimental investigations (Sander
et al. 2013; Paggi et al. 2016), the cracking events of sil-
icon solar cells have negligible influence on the global
stiffness of photovoltaic modules, and as a result, the
global–local approach proposed in Liu et al. (2022)
can be employed to reduce the computational cost by
decoupling the elastic modeling of photovoltaic mod-
ule with the fracture modeling of silicon solar cells. In
this approach, the photovoltaic module is assumed to be
purely elastic corresponding to the global model, and
its solution at each time step is used to drive the local
fracture modeling of silicon solar cell with the phase
field approach. Hence, the global and local models are
solved in a staggered manner, which features the one-

way coupling in line with experimental evidence. The
cracking events of one single silicon solar cell when
the photovoltaic modules are subjected to two differ-
ent loading cases are investigated to comprehensively
showcase the capability of the modeling framework

In the first case, the tensile loading is applied to
the photovoltaic module, and there is an initial notch
perpendicular to the loading direction in the middle
of one single solar cell, as shown in Fig. 7. The photo-
voltaic module is basically a thin-walled laminate struc-
ture that consists of different layers, including glass,
backsheet, solar cells, and so on Liu et al. (2022). The
material properties of photovoltaic modules are listed
in Table 1, which are taken from Paggi et al. (2011),
Corrado et al. (2017). The key component of the photo-
voltaic module is the silicon cell layer that converts the
solar energy into electrical energy. It is very thin with
the thickness of aproximately 0.1 mm (Liu et al. 2023),
and can be broken easily due to the fragility. Each mod-
ule contains 60 silicon solar cells, and the local crack
propagation in the one single thin-film solar cell can be
modeled by the phase field approach using solid shell
formulation. The initial crack in the single solar cell is
vertical to the tensile loading direction, and its length
is 56 mm. The phase field length scale is set to 3 mm,
and the mesh size is set to 1 mm. The predicted con-
tour plots of displacement in the module at the loading
displacement 1.24 mm, 1.34 mm, 1.42 mm, and 1.48
mm are shown in Fig. 8. At each time step, the global
solution is used to drive the crack propagation of local
model with uniform fine mesh by interpolation (Liu
et al. 2022). Hence, the boundary condition of the local
model is determined by the global solution at each time
step. Due to fracture anisotropy, the local model can
have different crack paths. In case of isotropic fracture,
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Fig. 12 The predicted
displacement contour plots
of the whole photovoltaic
module when subjected to
three point bending at the
loading displacement 67.5
mm, 70.5 mm, 73.5 mm,
and 76.5 mm

the phase field contour plots of the local model corre-
sponding to the four loading stages are shown in Fig. 9.
On the other hand, when the preferential crack orienta-
tion angle is set to 45 degree, the crack growth can be
observed from Fig. 10.

In the second example, the three point bending is
simulated, and its schematic is shown in Fig. 11. Dur-
ing the service lifetime in the outdoor environment,
the photovoltaic modules can be subjected to different
environmental loadings from wind, snow, hail impact
and so on. It should be pointed out that in these cases
the resulting bending mode frequently occurs, which
will lead to the cracking of silicon solar cell inside the
photovoltaic modules. Hence, the numerical example
here could be of great practical interest from the photo-
voltaic industry. In this example, the bottom of the pho-
tovoltaic module is supported by two bearing rolls, and
the vertical loading will be applied to the upper of the

module by the loading roll, as shown in Fig. 11. The ini-
tial crack in the single solar cell is parallel to the loading
roll in the middle location, and its length is 56 mm. The
global photovoltaic module is meshed with element
size of 6 mm, while the mesh size of the very refined
local solar cell is 1 mm, which is three times smaller
than the phase field length scale. The predicted dis-
placement contour plots of the module along the load-
ing direction at four loading stages are shown in Fig. 12.
It can be seen that the deformation at the middle area
of the photovoltaic module is very large as expected,
which will lead to the crack growth of the local solar
cell in this area. The local model driven by the global
solution at each time step should have mixed boundary
conditions in this case, including both pure bending and
tension. Figure 13 shows the phase field contour plots of
the local model with no fracture anisotropy at four dif-
ferent loading stages, while Fig. 14 indicates the phase
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Fig. 13 The predicted
phase field contour plots of
the local model with no
fracture anisotropy at the
loading displacement 67.5
mm, 70.5 mm, 73.5 mm,
and 76.5 mm

Fig. 14 The predicted
phase field contour plots of
the local model with the
preferential crack
orientation angle equal to 45
degree at the loading
displacement 100.5 mm,
103.5 mm, 106.5 mm, and
109.5 mm
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field contour plots of the local model with the preferen-
tial crack orientation angle equal to 45 degree, which
presents completely different crack patterns compared
to the former. Note that when the preferential crack ori-
entation is set to 0 degree, the silicon solar cell is fully
cracked when the loading displacement imposed on the
global photovoltaic module reaches 76.5 mm, while in
the case with the preferential crack orientation equal to
45 degree, the silicon solar cell is not fully cracked until
when the loading displacement reaches 109.5 mm. It
can be concluded here that the orientation of silicon
cell will significantly influence the crack growth when
the photovoltaic module is subjected to bending load-
ing, which could provide guidance to the photovoltaic
industry for the better design of photovoltaic products
with excellent crack-resistant performance.

5 Concluding remarks

The present modeling strategy constitutes a major
progress with respect to the state of the art, since
it provides the first proof of concept of a computa-
tional methodology integrating structural mechanics
considerations for real photovoltaic installations and
advanced fracture mechanics models for the assess-
ment of damage distributions in solar cells. To accu-
rately capture the structural deformation of very thin
silicon solar cells, the solid shell element is formulated
at large deformation, which is incorporated into the
phase field approach for the cracking modeling using
the efficient and robust quasi-Newton solution. Note
that the fracture anisotropy is also taken into account
in the phase field solid shell formulation so that exper-
imental crack patterns with varying orientation can be
reproduced. For the sake of reducing computational
cost of phase field fracture modeling, a global local
approach suitable for the local fracture modeling of
solar cells in the global level of photovoltaic module is
explored, which is demonstrated by the simulation of
several different loading cases. Given the complexity of
loading scenarios of photovoltaic modules in the out-
door environment, this global local fracture modeling
method can be very promising for the possible realistic
prediction of crack growth of silicon solar cells.
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