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 A B S T R A C T

This study presents an advanced numerical framework that integrates experimentally acquired 
Atomic Force Microscope (AFM) data into high-fidelity simulations for adhesive rough contact 
problems, bridging the gap between experimental physics and computational mechanics. 
The proposed approach extends the eMbedded Profile for Joint Roughness (MPJR) interface 
finite element method to incorporate both surface topography and spatially varying adhesion 
properties, imported directly from AFM measurements. The adhesion behavior is modeled 
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using a modified Lennard-Jones potential, which is locally parameterized based on the AFM-
extracted adhesion peak force and energy dissipation data. The effectiveness of this method 
is demonstrated through 2D and 3D finite element simulations of a heterogeneous PS-LDPE 
(polystyrene matrix with low-density polyethylene inclusions) sample, where the bulk elastic 
properties are also experimentally characterized via AFM. The results highlight the significance 
of accounting for both surface adhesion variability and material bulk heterogeneity in accurately 
predicting contact responses.

1. Introduction

Contact problems between bodies are a fundamental topic in theoretical and applied mechanics and physics, with several critical 
applications for tribology in many engineering fields [1,2]. Surface-surface interactions play a key role in stress transfer, friction, 
wear, heat, and electric conduction. Miniaturization observed nowadays in technology requires the development of high-fidelity 
contact mechanics simulations accounting for surface textures and microscopic roughness, which are observable over multiple length 
scales [3].

Adhesion plays a crucial role in micro-scale and nano-scale contact problems, where adhesive tractions influence contact 
mechanics to varying degrees [4,5]. Adhesion becomes particularly important in micro- and nano-scale contacts, low-load conditions, 
and soft materials. Thus, adhesive tractions are of great interest especially for the design of nano-devices, bio-systems, thin films, 
coatings, and layered structures, and affect the performance and durability of components in many engineering applications [6–10]. 
Moreover, many real-world materials are heterogeneous, introducing further complexities in the contact response. Inhomogeneities 
can be the source of stress concentrations, leading to fatigue crack nucleation and reduced fatigue strength. However, today, their 
impact on the adhesive contact of rough surfaces remains challenging to be predicted using numerical methods, often requiring 
simplified assumptions on the surface roughness and/or the adhesive behavior [11–15].

In this context, numerical solution methods based on the Boundary Element Method (BEM) have seen considerable develop-
ment [16–20] since they benefit from the sole discretization of the boundary and not of the bulk. To overcome the limitations 
of this approach, which was originally conceived to deal with linear elastic problems where the Green functions –relating the 
displacements of the points belonging to the boundary to the applied contact tractions– are known and the principle of superposition 
can be invoked, significant efforts have been made. In this regard, polarization stress approaches that are used in FFT-based 
homogenization [21,22] have been applied to generalize volume-based Green’s functions methods to solve contact mechanics 
problems [23] with nonlinear interface and bulk constitutive relations [24–29], thermo-elastic coupled problems [30,31], and also 
problems with arbitrary heterogeneous inclusions [32–34]. In the method, polarization stress approaches allow treating all the 
nonlinear and heterogeneous terms as eigen-stress contributions to a linear problem, again allowing the use of Green’s functions. 
However, the convergence of fully coupled (monolithic) treatments of multi-field problems is still an open issue in such methods. 
Applications of BEM to adhesive contact problems [35–38] and viscoelasticity [39,40] have recently been put forward. Another 
possible solution strategy consists of semi-analytical solutions as in [24], where they analyzed adhesive contact behavior in 
heterogeneous elastic materials with engineered rough surfaces. The proposed equivalent inclusion method (EIM), however, assumes 
idealized inhomogeneities, which may not fully capture complex material structures with graded or anisotropic properties, and the 
rough surfaces are modeled based on the statistical description of the height field distributions.

To overcome the above limitations in a setting suitable for the treatment of nonlinear coupled problems, the Finite Element 
Method (FEM) would be the natural remedy. However, due to the higher computational cost associated with the discretization 
of the bulk and the complexity in meshing nonplanar interfaces, its application to contact problems with roughness has been 
primarily confined to a few instances [41–48]. Moreover, the convergence of contact search algorithms in multi-scale roughness 
can be problematic.

To address the challenges outlined above, a finite element discretization technique relying on the eMbedded Profile for Joint 
Roughness (MPJR) interface finite element, and the associated contact solution scheme, have been firstly proposed in [49] and 
extended in [50–52] to frictional problems. This novel framework has been developed to solve high-fidelity contact mechanics 
simulations accounting for surface textures and microscopic roughness. An interface characterized by any arbitrarily complex shape 
can be globally discretized as smooth. At the same time, any deviation from planarity is embedded into the MPJR interface finite 
elements to be used as a correction of the normal gap function computed if the surfaces were flat. It applies to both rigid-deformable 
and deformable-deformable solids in contact and is particularly efficient from the computational point of view for the following 
principal reasons: (𝑖) the interface is globally discretized as nominally flat; (𝑖𝑖) any height field perturbing the planarity can be 
incorporated, either given by a continuous analytical function when available or directly provided by discrete profilometric data; 
(𝑖𝑖𝑖) no smoothing or regularization of the height field is required; (𝑖𝑣) contact search algorithms can be fully avoided by considering 
fixed pairing of nodes at the interface.

Moreover, the methodology can be extended to other nonlinear phenomena or multi-field problems. It has been applied to 
frictional contacts in partial slip [51] and full sliding regime [50] for viscoelastic solids. Moreover, the method has been extended 
to 3D, including friction and adhesion [52], demonstrating its efficiency through specific benchmark tests on spherical indenters, 
wavy profiles, fractal surfaces, and cyclic loading, comparing predictions with theoretical solutions and benchmark BEM results. 
The solution of contact-induced fracture phenomena has been treated in [53], where the MPJR method combined with the phase 
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Fig. 1. Experimental force-AFM sensor’s position curve measured by the AFM during a cycle of approach-retraction of the tip (having a nominal radius of 
25 nm) on the sample. 𝐹max is the peak adhesive force, 𝐹rep is the maximum value of the repulsive force, and the shaded area indicates the energy dissipated 
during the operation.

field approach to brittle fracture for the substrate has been established for the simulation of smooth and rough spherical indentation 
tests, with a very good agreement with available experimental trends.

The present study extends and exploits the above methodology to solve complex contact problems involving not only experimen-
tally acquired surface topography but also the material heterogeneity and the spatial variation of the adhesive field on the substrate 
surface. The MPJR framework is therefore extended to consider, in addition to the surface roughness, multiple field variables at the 
interface level, in particular, collected with an Atomic Force Microscope (AFM).

AFMs are primarily used to obtain topographic information on solid surfaces at the nanometer scale and below. A sharp tip 
mounted on a cantilever touches the surface, which causes the cantilever to deflect. This deflection is proportional to the forces 
acting between the microscope tip and the investigated surface [54]. The tip is moved towards the sample until comes in contact 
with it, and then it is retracted again, while the interaction between the tip and the sample is recorded in a force-AFM sensor’s 
displacement curve (see the experimental curve shown in Fig.  1). This operation is repeated for each surface point to build a map 
of the tip–surface interaction, and the collected experimental curves are converted to a force versus separation plot for fitting and 
further analysis. Different surface properties, such as morphology, adhesive force, elastic modulus, and surface deformation, can 
simultaneously be derived from the force–separation curve. Note that here and in the remainder of the manuscript, positive force 
values are associated with attractive interactions between the tip and the sample (adhesion); in contrast, repulsive forces have a 
negative sign, contrary to what is generally assumed for AFM curves.

For the modeling approach presented in this work, the most important quantities that can be derived from the AFM curve are 
the sample height field, the adhesion force (which is the maximum force reached during the retraction curve denoted by 𝐹max), the 
energy dissipated during the approach-retraction cycle, represented by the shaded area in Fig.  1, and the elastic modulus. The elastic 
modulus is determined by fitting a portion of the force-distance curves during the retraction phase with a Derjaguin–Muller–Toporov 
(DMT) model [54,55]. This model approximates the AFM tip as a sphere pressing into a flat surface and links the contact force and 
the surface deformation to the material modulus, allowing the computation of the value of the substrate elastic modulus once the 
AFM tip radius and its elastic modulus are known.

The present work describes how the punctual values of adhesion peak force and energy dissipation collected with the AFM 
can be fully integrated into finite element analyses by their embedding in the MPJR interface finite elements, paving the way to 
high-fidelity contact mechanics predictions and bridging the gap between materials science, physics experiments, and numerical 
simulations. The numerical framework is presented in Section 2 and applied to a 3D contact problem in Section 3. The AFM also 
provides information related to the elastic modulus of the analyzed material. This feature is not directly included in the MPJR finite 
element since it is a bulk property, but the effect of the material heterogeneity on the contact solution is discussed in Section 4. 
Specifically, for that special type of heterogeneity stemming from the two polymeric phase materials being considered, the difference 
in contact predictions in the case of a fully heterogeneous continuum model or a homogenized bulk model is investigated.

2. Numerical framework

The derivation of the MPJR interface finite elements is briefly summarized in this section (the interested reader can refer 
to [49,52] for more details), focusing on how not only the experimental height field but also the adhesion and dissipation fields 
have been exploited to formulate the interface constitutive model, allowing for an accurate solution of the contact problem.

Let the contact problem be described by two domains 𝛺𝑖=1,2 separated by an interface 𝛤 ∗ with opposite boundaries 𝛤 ∗
𝑖=1,2

nominally smooth but microscopically embedding the rough surfaces 𝛤𝑖=1,2, as represented in Fig.  2, and by the kinematic quantities 
governing the contact problem.

In general, two indenting rough surfaces can be modeled in the proposed numerical framework by considering their composite 
topography, see [49]. In this work, for simplicity, the case of a smooth surface in contact with a rough surface 𝛤  is considered. 
The elevation of 𝛤  is described by a function ℎ(𝜉, 𝜂) where 𝜉 and 𝜂 are a set of curvilinear coordinates defining a point-wise 
3 
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Fig. 2. Solid domains 𝛺𝑖=1,2 coming into contact at the nominally smooth interface 𝛤 ∗.

Fig. 3. Nominally smooth interface 𝛤 ∗ with embedded rough surface defined by the roughness function ℎ(𝜉, 𝜂), and its discretization in MPJR interface finite 
elements. The embedding operation is shown along one single profile of the 3D surface at a constant coordinate 𝜂𝑗 .

Fig. 4. 2D and 3D interface finite elements. Integration points are coincident with nodes according to Newton–Coates formulae.

correspondence with the coordinates of the same point in the global reference system. The surface elevation is computed with 
respect to a reference smooth surface parallel to the average plane with datum set in correspondence of its deepest valley, see Fig. 
3.

The contact interactions between the solids can be described by the relation between the gap vector 𝒈 = [𝑔𝑛, 𝑔t1, 𝑔t2]⊺ at the 
contact interface 𝛤 ∗ and the contact tractions 𝝉 = [𝑝𝑛, 𝜏1, 𝜏2]⊺. For simplicity, a frictionless contact problem is considered here, 
focusing on the derivation of the normal components. The frictional contribution can be added to the framework as in [51].

The contact interface contribution to the weak form of the equilibrium equation can be written as: 

𝛱𝛤 ∗ = ∫𝛤 ∗
𝑝𝑛(𝐮)𝛿𝑔𝑛(𝐯) d𝛤 . (1)

The numerical solution of the contact problem in the finite element framework requires the discretization of the two bodies and 
of the contact interface into finite elements. In this work, the bulk has been discretized by linear isoparametric finite elements, even 
though there is no restriction on the finite element topology, provided that it is consistent with that of the MPJR interface finite 
elements used, which are represented in Fig.  4 for the 2D and 3D cases.

Introducing a vector of nodal displacements 𝐮 = [𝑢𝑥1, 𝑢𝑦1, 𝑢𝑧1,… , 𝑢𝑥8, 𝑢𝑦8, 𝑢𝑧8]⊺ (in 3D), the gap vector 𝒈 can be computed as: 

𝒈 = 𝐐𝐍𝐋𝐮, (2)

where 𝐋 is a linear operator for computing the relative displacements across the interface, 𝐍 is the shape functions matrix, and 
𝐐 is a rotation matrix for transforming displacements from the global to the local reference frame of the interface finite element 
(see [49] for the operators’ derivation).
4 
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Fig. 5. Traction-relative displacement curve related to the Lennard-Jones potential employed as the interface constitutive law.

The original deviation from planarity between the smoothed and the actual geometry of the contact surface can be restored by 
a suitable correction of the normal component of the gap: 𝑔∗𝑛 = 𝑔𝑛 + ℎ(𝜉, 𝜂), where ℎ(𝜉, 𝜂) establishes a one-to-one correspondence 
between a point on the rough surface in the local and global reference systems.

In the case of AFM data, the surface elevation field is defined as 𝑧𝑖𝑗 ≡ ℎ(𝜉𝑖, 𝜂𝑗 ), sampled on a Cartesian grid for which, at each 
scanning point, the equivalence (𝑥𝑖, 𝑥𝑗 ) ≡ (𝜉𝑖, 𝜂𝑗 ) holds. This elevation field is introduced in the MPJR finite element considering the 
corresponding modified normal gap computed at each integration point as: 

𝑔∗𝑛 (𝑥𝑖, 𝑥𝑗 ) = 𝑔𝑛(𝑥𝑖, 𝑥𝑗 ) + 𝑧𝑖𝑗 . (3)

Using the modified gap in the derivation of the stiffness matrix of the system allows us to account for the complex geometry 
without considering it explicitly during the FE discretization process.

When an adhesive contact problem is considered, the constitutive relation in the normal direction can be written using a 
Lennard-Jones potential-like relationship [56,57]: 

𝑝𝑛 =
𝐴𝑁

6𝜋𝑔30

[

(

𝑔0
𝑔∗𝑛
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(
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]

, (4)

where 𝐴𝑁  is the Hamaker constant; 𝑔0 is the equilibrium spacing between the two half-spaces; and 𝛥𝛾 is the adhesion energy per 
unit area.

The AFM provides the value of the dissipated energy during an approach-withdrawing cycle of the tip, given by the shaded 
area in Fig.  1. Under the hypothesis that the area under the approach curve is negligible, the dissipated energy can be exploited to 
compute the adhesion energy per unit area 𝛥𝛾. This can be accomplished by dividing the dissipated energy value by the area of the 
unit cell scanned by the AFM tip, which depends on the resolution chosen for the acquisition.

Similarly, the peak adhesive force 𝐹max measured by the AFM can be used to compute interface tractions. For instance, the 
maximum adhesive traction, 𝑝max, is obtained by dividing 𝐹max by the unit cell area of the AFM measurement. The experimental 
value of 𝑝max can be exploited to calculate the value of 𝑔0 in Eq. (4) as follows. The stationary point 𝑔max of the equation can be 
expressed in terms of 𝑔0 as: 

𝑔max =
6
√

3𝑔0. (5)

If this value is introduced in Eq. (4), then a functional relationship can be derived linking 𝑝max and 𝑔0: 

𝑔0 =
16

9
√

3

𝛥𝛾
𝑝max

. (6)

Finally, this value can be substituted into Eq. (4) to derive a potential that is only a function of 𝑝max and 𝛥𝛾, that is, the quantities 
acquired by AFM scan. The very same equation can be expressed as: 

𝑝𝑛 = −(𝑎1𝑔
∗𝑏1
𝑛 − 𝑎2𝑔

∗𝑏2
𝑛 ), (7)

where: 

𝑎1 = 3.284
𝛥𝛾9

𝑝8max
, 𝑎2 = 2.809

𝛥𝛾3

𝑝2max
, 𝑏1 = −9, 𝑏2 = −3. (8)

The resulting force–displacement curve potential plotted in Fig.  5 is theoretically defined for any value of 𝑔∗𝑛 , presenting an 
asymptote in 𝑔∗𝑛 = 0. Simulating adhesive contact problems using this model presents several challenges, primarily due to the highly 
nonlinear nature of the Lennard–Jones relation. One of the main difficulties is the absence of an undeformed equilibrium position 
for two interacting deformable bodies. According to the model, interaction forces arise as long as the bodies remain within a finite 
distance, leading to continuous deformation. Another significant challenge is the appearance of attractive instability in cases of 
5 
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Fig. 6. Regularization of the Lennard-Jones traction–displacement relation for the interface finite element.

strong adhesion. This instability, commonly referred to as jump-to-contact and jump-off-contact, can be particularly problematic in 
quasi-static simulations. To mitigate this issue, arc-length methods or dynamic simulation techniques can be used [56]. Additionally, 
the tangent matrix may become ill-conditioned as 𝑔∗𝑛 → 0 because the Lennard-Jones relation and the corresponding contact stiffness 
tend to infinity. This issue is particularly pronounced when large load increments are used or when finite element discretization 
is too coarse, especially in the presence of strong adhesion, as the contact stiffness scales with 𝐴𝑁 . To address this, smaller load 
increments and finer element discretization can be utilized.

In the present numerical formulation, the relationship in Eq. (7) has been regularized by (𝑖) considering that the adhesive 
contribution can be neglected for high values of the gap and (𝑖𝑖) removing the asymptote at 𝑔∗𝑛 = 0. The first regularization 
approximates the Lennard-Jones curve with a linear law between 𝑔𝑛𝑐1 and 𝑔𝑛𝑐2. These two values have been set by computing 
analytically the area under the Lennard-Jones curve. The gap value 𝑔𝑛𝑐1 is set such that the area in the range [𝑔𝑛0, 𝑔𝑛𝑐1] is equal to 
99% of the total area. The value 𝑔𝑛𝑐2 is computed by setting the area of the approximating linear branch equal to 1% of the total 
area. Regarding the asymptote, a linear approximation is introduced: for 𝑔∗𝑛 ≤ 𝑔𝑛0, the normal contact traction is computed using 
the analytical tangent to the Lennard-Jones potential at 𝑔∗𝑛 = 𝑔𝑛0, (noted as 𝑘0). The tangent can be further adjusted to prevent 
ill-conditioning problems for 𝑔∗𝑛 → 0 by multiplying its value with a user-defined factor, denoted as 𝑘𝑡. In the numerical simulations 
presented in the remainder of the article, 𝑘𝑡 is set equal to 102 for the whole surface, while 𝑘0 is computed point-wise according to 
the local values of the adhesive parameters.

The regularized version of the Lennard-Jones constitutive relation (plotted in Fig.  6 as the dashed black line) reads: 

𝑝𝑛 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑘𝑡 𝑘0 (𝑔∗𝑛 − 𝑔𝑛0) if 𝑔∗𝑛 ≤ 𝑔𝑛0,
− (𝑎1𝑔

∗𝑏1
𝑛 − 𝑎2𝑔

∗𝑏2
𝑛 ) if 𝑔𝑛0 < 𝑔∗𝑛 ≤ 𝑔𝑛𝑐1,

𝑎1𝑔
𝑏1
𝑛𝑐1 − 𝑎2𝑔

𝑏2
𝑛𝑐1

𝑔𝑛𝑐2 − 𝑔𝑛𝑐1
(𝑔∗𝑛 − 𝑔𝑛𝑐2) if 𝑔𝑛𝑐1 < 𝑔∗𝑛 ≤ 𝑔𝑛𝑐2,

0 if 𝑔∗𝑛 > 𝑔𝑛𝑐2.

(9)
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Fig. 7. Height field of the PS-LDPE sample where the LDPE semi-spherical inclusions are clearly visible.

Fig. 8. Adhesive force field on the left, and energy dissipation on the right, for the PS-LDPE sample.

Compared to the analysis of adhesive contact problems in [50], the parameters in Eq. (9) depend on the coordinate of the 
interface integration point. To minimize access to external files, the surface elevation field and the Lennard-Jones parameters are 
stored in the finite element routine based on the correspondence between the AFM data spatial coordinates and the coordinates 
of the interface finite element, using three history variables for each integration point; this operation is done only once at the 
initialization of the FE simulation.

As in the previous authors’ contributions, the interface finite element is coded as a user element in the finite element analysis 
program FEAP8.6 [58]. A full Newton–Raphson iterative-incremental scheme is employed to solve the nonlinear system of algebraic 
equations stemming from the FE discretized weak form.

3. 3D adhesive rough contact simulation

The capabilities of the proposed numerical framework are tested in this section using actual experimental data provided by the 
NEST laboratory of Scuola Normale Superiore (Pisa, Italy) using the BRUKER ‘‘DIMENSION ICON’’ Atomic Force Microscopy (AFM) 
system, typically employed for characterization of surfaces at the nanoscale.

The material used for the first example consists of a PS-LDPE sample composed of a polystyrene (PS) matrix and low-density 
polyethylene (LDPE) as a doping component. The morphology of the sample is shown in Fig.  7 and represents a portion of the sample 
with a scanned surface of 5 × 5 μm2 with 256 points per side. The maximum elevation is ℎmax = 33 nm and the root-mean-square 
of the heights field is ℎrms = 24.8 nm. The Bruker AFM tips used in the experimental acquisitions have a tip radius of curvature 
of 25 nm, while the radius of the LDPE inclusions is about 500 nm, much bigger than the tip radius, assuring that the surface 
morphology is accurately sampled.

The topography has been used in the model without any filtering. The presence of spikes and hard discontinuities on the surface 
represents a challenge for traditional numerical methods, allowing us to test the real capabilities of the MPJR framework.

The variation of the adhesive peak force and energy dissipation on the sample surface is shown in Fig.  8.
As a benchmark problem to demonstrate the capabilities of the described numerical framework, we simulate the contact problem 

between the deformable PS-LDPE sample presented above with a rigid flat indenter, as shown in Fig.  9(a). Clearly, this is just 
one possible contact scenario that can be simulated using FEM and that cannot be inspected using AFM alone and would require 
other testing machines for larger scale tribological measures. Therefore, the example should be considered as a proof of concept 
demonstrating the applicability of the proposed methodology to deliver high-fidelity tribological simulations. Under the hypothesis 
of small displacements and homogeneous material, this problem is equivalent to the case of a rigid rough indenter having the sample 
height field indenting a deformable substrate with the PS-LDPE mechanical properties, as demonstrated in [59]. The elevation field 
of the rough indenter has been obtained by computing the composite topography as described in [49] and shown in Fig.  9(b).
7 
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Fig. 9. Benchmark test: contact problem between the PS-LDPE sample and a flat rigid indenter, on the left, and the equivalent problem on the right.

Fig. 10. FE model of the benchmark test. The MPJR interface finite elements fully embed the AFM data of the PS-LDPE sample.

The finite element model, shown in Fig.  10, consists of a deformable cubic domain in contact with the layer of the MPJR interface 
finite elements, which embeds the real composite topography and the adhesive properties of the PS-LDPE sample.

The cubic domain is discretized using a finer mesh near the contact interface and increasing the size of the finite element mesh 
at the external part of the domain, as shown in Fig.  10. The interface is discretized with 256 × 256 MPJR finite elements, which 
conform to the solid mesh in the refined region near the surface. This discretization has been chosen according to the resolution 
of the experimental AFM data, avoiding any sub-sampling or smoothing of the rough surface in the numerical model. Therefore, 
all the available experimental data are embedded in the discretized model, saving the surface height field and the L-J parameters 
at integration points, which correspond to the interface element nodes. Under this approach, the method would provide the same 
accuracy as BEM, which introduces a punch-like discretization with elevations taken from the same experimental data; see a detailed 
comparison in [52] for an adhesiveless contact problem.

The regularized Lennard-Jones relation gives rise to a finite-sized adhesive process zone which can be computed as 𝑙ad = 𝐸∗𝐺𝑐∕𝜎2𝑐 , 
where, in this contest, 𝐺𝑐 corresponds to the dissipated energy per unit area and 𝜎𝑐 is the peak adhesive traction. Considering the 
average values of the parameters employed in the model, the process zone length is equal to 5.77 × 10−8 m. Based on the above 
surface discretization, the element size ℎ𝑒 is 0.975 × 10−8 m. The ratio ℎ𝑒∕𝑙ad = 0.17 ≪ 1 ensures that the adhesive process zone is 
sufficiently well-discretized. Since ℎ𝑒 matches the experimental sampling interval, the above issue translates to how the surface is 
experimentally acquired. An experimentalist should be guided by the value of 𝑙ad to acquire the surface with an appropriate fine 
sampling such that the distance between two measured points is much less than 𝑙ad, to capture the topological features responsible 
for adhesion.

The boundary conditions consist of fixing the degrees of freedom of the upper surface of the indenter and applying an upward 
vertical displacement to the lower surface of the substrate. No constraints are introduced on the free lateral surfaces of the elastic 
bulk. This is a typical situation where the specimen is fixed on the sample holder through pneumatic vacuum. The finite element 
method gives the full flexibility to consider also other types of lateral constraints, as e.g. periodic boundary conditions, and compare 
the effect of different assumptions.

In this first benchmark test, the PS-LDPE sample is treated as a linear elastic homogenized material, assuming an effective elastic 
modulus estimated according to a simple mixture-rule, denoted with 𝐸∗, calculated from the values measured by the AFM. The 
experimental data show that the LDPE elastic modulus is lower than that of PS due to the olefin structure in the molecule chain, 
as shown in Fig.  11 in terms of DMT elastic modulus. The average DMT modulus for the two phases has been calculated from the 
AFM data: 𝐸PS = 132.03MPa and 𝐸LDPE = 66.88MPa. The effective value has been obtained by considering volumetric ratios of the 
two phases 𝑉PS = 0.85 and 𝑉LDPE = 0.15 as follows: 

𝐸∗ =
𝑉LDPE 𝐸LDPE +

𝑉PS 𝐸PS = 121.76MPa. (10)

𝑉LDPE + 𝑉PS 𝑉LDPE + 𝑉PS
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Fig. 11. Spatial variation of the DMT elastic modulus of the PS-LDPE sample.

Fig. 12. Deformed configuration of the sample (the deformation is magnified 10× for visualization purposes) for a vertical displacement of 0.25ℎrms applied to 
the PS-LDPE sample which is pushed against the rough surface.

The volumetric ratios have been estimated by assuming that the surface composition given by the AFM scan corresponds to the 
volume percentage in the bulk. The Poisson ratio is set equal to 𝜈 = 0.32 as in [60] for a PS-LDPE blend of similar composition.

The simulated quantities, including the heights, adhesion, and dissipated energy used as input for the interface, have been 
normalized using the lateral size of the simulated sample, 𝐿 = 5μm, and the effective elastic modulus, 𝐸∗.

The simulation results for an applied displacement along the 𝑧-axis equal to 0.25ℎrms are shown in the contour plot of the vertical 
displacements 𝑢𝑧∕𝐿, Fig.  12. The effect of the PS-LDPE height field and the L-J repulsive forces can be seen on the indented surface.

The results of the described numerical framework have been compared with those obtained by neglecting the adhesion 
contribution, considering a simpler penalty approach where the penalty stiffness has been set constant over the whole surface 
and equal to the average value of the above experimentally evaluated penalty coefficients. For the analyzed PS-LDPE sample, the 
average penalty stiffness 𝑘0 results equal to 97.7𝐸∗∕𝐿. This value, multiplied by the numerical factor 𝑘𝑡 = 100 as described in the 
previous section, has been used for the simpler adhesiveless model to be compared with the adhesive model having a point-wise 
variability of the penalty stiffness over the surface derived from the AFM sampling.

The comparison of the resulting dimensionless normal traction is shown in Fig.  13 for two interface cross-sections in directions 
𝑥 and 𝑦. The model considering the Lennard-Jones force–displacement relation is characterized by regions having positive tractions 
(adhesion) and higher negative tractions caused by the repulsive forces between the surfaces.

As previously described, the proposed modeling approach includes an interface constitutive law point-wise defined according 
to the field data collected with the AFM. The effect of considering a spatially varying adhesive relation over the surface is 
highlighted in Fig.  14 where the simulation results have been compared with those of the same simulation but considering a 
homogeneous constitutive law whose parameters for the Lennard-Jones relationship are set equal to the average values provided 
by the experimental results over the whole surface. In this case, the bottom surface of the PS-LDPE has been fixed, while a vertical 
displacement 𝑢̄𝑧 = 0.2ℎ𝑟𝑚𝑠 is applied to the indenter surface, corresponding to moving away the indenter from the substrate. While 
the contact stress variation depends only on the surface roughness in the homogeneous case, the point-wise defined constitutive law 
allows the simulation of the combined effect of adhesion and roughness.

4. Assessing the role of the bulk heterogeneity

In the previous section, the sample was considered as a homogeneous linear elastic material with an effective (homogenized) 
elastic modulus and heterogeneous interface properties. In this section, we remove the simplification of a homogenized continuum, 
9 
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Fig. 13. Comparison of the dimensionless normal traction 𝜎𝑛∕𝐸∗ at two chosen interface sections, with or without the adhesive law. Imposed far-field displacement 
to the bottom surface of the PS-LDPE sample 𝑢̄ = 0.25ℎrms.

and we investigate the effect on the contact response of using dissimilar elastic properties in the bulk, since, for the present 
heterogeneous sample, the AFM technique provides an accurate map of the bulk elasticity from surface measures. Hence, different 
elastic moduli for the two polymeric phases of the PS-LDPE sample are considered.

For this simulation, a single rough profile has been extracted from the surface topology as shown in Fig.  15 and imported in 
the 2D interface finite elements, together with the corresponding values of maximum adhesion force and energy dissipation at each 
profile coordinate.

The geometry of the FE model is depicted in Fig.  16. Compared to the 3D model of the previous section, the 2D model thickness 
𝑡 has been set equal to 0.2 μm, considering that the PS-LDPE layer is deposited on a silicon substrate, which can be treated as rigid 
because its Young’s modulus is ≈ 150 GPa, much higher than those of the polymeric components. For this reason, the discretization 
of the silicon substrate layer has been neglected, and the polymeric layer has been constrained at the bottom edge, again due to 
pneumatic vacuum that fixes the sample on the sample holder.

Fig.  16 also shows how the two polymeric phases alternate in the sample. This variation can be recognized by looking at the 
elastic modulus values measured with the AFM along the chosen profile and depicted in Fig.  17. The threshold value of 72.44 MPa
(represented as a red line in the figure) has been used to distinguish between the two components along the 𝑥 direction, and the 
following values of the elastic moduli have been set: (𝑖) 𝐸1 = 𝐸PS = 128.67 MPa for the PS material model, (𝑖𝑖) 𝐸2 = 𝐸LDPE = 64.27 MPa
for the LDPE.

The simulation has been conducted by prescribing a non-monotonic far-field displacement path to the indenter, composed of 
two ramps throughout the pseudo-time evolution. In the first ramp (denominated approaching ramp), the rough indenter is pushed 
against the polymeric layer, increasing the imposed far-field displacement 𝑢̄ up to 𝑢̄ = −3ℎrms. Then, the far-field displacement is 
reverted until the two surfaces are pulled apart (denoted as separation ramp). The displacement path is represented in Fig.  18.

Fig.  19 depicts the normal contact tractions during the simulation. For visualization purposes, the interface response has been 
represented in three separate plots: Fig.  19(a) corresponds to the approach ramp; Fig.  19(b) shows the contact tractions from the 
beginning of the separation ramp to the time-step when the maximum adhesive force is achieved (corresponding to 𝑢̄ = 6.7ℎrms
and 𝑃 = 0.24N); Fig.  19(c) represents the decrease in the contact tractions from the maximum adhesive force to almost complete 
separation of the two surfaces, showing that detachment does not occur simultaneously along the interface. First, it happens in the 
PS regions, and later, the LDPE inclusions also detach from the indenter, which is consistent with the adhesive data collected by 
the AFM (see Fig.  8) where the PS matrix has, on average, a lower value of the maximum adhesive force.
10 
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Fig. 14. Comparison of 𝜎𝑛∕𝐸∗ at two chosen interface sections for the model having the coefficients of the interface constitutive law defined point-wise according 
to the ATM data, versus the model using homogeneous, averaged coefficients over the whole surface. Imposed far-field displacement 𝑢̄𝑧 = 0.2ℎrms (the indenter 
is pull-out from the sample).

Fig. 15. PS-LDPE profile extracted from the surface topography, for the 2D simulations.

Fig. 16. 2D geometry and boundary conditions of the sample showing the two polymeric phases, PS and LDPE. The sample thickness is 𝑡 = 0.2 μm, and the 
length is 𝐿 = 5 μm.
11 



M.R. Marulli et al. Computer Methods in Applied Mechanics and Engineering 445 (2025) 118200 
Fig. 17. Elastic modulus variation along the analyzed profile. The red dashed line shows the threshold chosen to separate the PS and the LDPE phases; the 
black continuum line corresponds to the value of homogenized elastic modulus 𝐸∗ = 108.5 MPa we used in the homogenized model of the continuum.

Fig. 18. Imposed far-field displacement 𝑢̄ applied to the top edge of the indenter with respect to a pseudo-time variable. After the first approaching stage, the 
indenter is pulled out from the substrate.

The total resulting reaction force is plotted in Fig.  20 with respect to the applied displacement. As expected, the reaction force 
during the approaching ramp overlaps with the initial part of the separation ramp since the energy dissipation during the approach 
stage has been neglected when computing the interface constitutive law. Moreover, after reaching the maximum adhesive force, 
the total reaction force shows a snapback instability. The full Newton–Raphson algorithm assures a very fast convergence up to the 
peak force with about two iterations per loading step and afterward requires hundreds of iterations due to the strong instability. The 
arc-length control scheme could be exploited to deal with the unstable snapback branch that cannot be captured under displacement 
control.

The instabilities related to adhesive contact problems have been intensively studied in the literature (see, e.g., [5,38,61,62] and 
references therein). The traction law in Eq. (4) can be regarded as a nonlinear spring in series with the linear spring associated with 
the deformable substrate (assuming a rigid indenter) having stiffness 𝑘, which can be assumed equal to 𝐸∕𝑡, where 𝐸 is the elastic 
modulus and 𝑡 is the substrate depth in the undeformed configuration. This phenomenon is analogous to the case of a nonlinear 
interface law with softening behavior studied in [63]. That work can be used as a guideline to identify the occurrence of instabilities 
for the proposed Lennard-Jones-like constitutive law exploited in the present work. In fact, instabilities can appear when: 

|
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|max
 is the maximum module of the tangent of the interface constitutive law. Considering the average values of the 

interface parameters used for the PS-LDPE example, the tangent maximum value is |𝜕𝑝𝑛∕𝜕𝑔𝑛|max = 2.17 × 106 N/mm3. Using 
𝑡 = 0.0002mm (substrate depth) and 𝐸 = 108.5MPa, we obtain 𝐸∕𝑡 = 5.427 × 105 N∕mm3. Hence, the present situation satisfies 
the inequality in Eq. (11), which confirms the occurrence of instabilities revealed in the reaction force–displacement curve.

The present case can be compared with another hypothetical situation where the interface properties are the same, while the 
elastic moduli of the two components are assumed to be two orders of magnitude higher than before: (𝑖) 𝐸1 = 12867MPa for the 
first phase, (𝑖𝑖) 𝐸2 = 6427MPa for the second phase. The above inequality is not satisfied for this case since 𝐸∕𝑡 = 5.427×107 N∕mm3. 
The different behavior is confirmed by the simulation results plotted in Fig.  21 where no instabilities are observed.

In case of a sphere in contact with a half-plane, the present case leading to instability would also be expected by a criterion based 
on the value of the Tabor parameter [5,64]. The Tabor parameter is inversely proportional to the elastic modulus. Hence, for lower 
values of the elastic modulus, the contact problem tends to behave according to the Johnson–Kendall–Roberts (JKR) model [65] 
characterized by a S-shaped force–displacement curve.
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Fig. 19. Contact tractions variation during the approach ramp (a) and in the following separation stage (b–c). The total reaction force increases till the maximum 
adhesive force, corresponding to an imposed far-field displacement 𝑢̄ = 6.7ℎrms in (b), and decreases to almost zero in (c).

As a remark, in case of thicker layers or half-spaces, refined stability analyses would be required. As shown in [66], the interaction 
between asperities can increase due to long-range elastic interactions, and this would need to consider non-local stability criteria.

In order to demonstrate the versatility of the MPJR approach for heterogeneous contact problems, the present model results have 
been compared to the homogenized simulation, where the elastic modulus of the bulk is set equal to the effective (homogenized) 
value 108.5 MPa for the PS and LDPE phases, computed according to Eq. (10) based on the volumetric ratios selected for the chosen 
13 
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Fig. 20. Total reaction force vs. the imposed far-field displacement for the 2D model with the heterogeneous substrate, alternating the PS and the LDPE phases 
as in the real sample.

Fig. 21. Total reaction force vs. applied displacement for an exemplary case with elastic moduli two orders of magnitude bigger than in Fig.  20. This case does 
not show snapback instabilities.

Fig. 22. Contour plot of 𝜎𝑦 resulting from the homogenized model having elastic modulus 𝐸∗ and in the case of the model with two different elastic modulus 
values for the PS and LDPE phases, for an imposed displacement of 𝑢̄ = −3ℎ𝑟𝑚𝑠.

profile. The heterogeneous and homogenized simulations are compared in Fig.  22 in terms of contour plots of the stress component 
𝜎𝑦 for an imposed displacement of 𝑢̄ = −3ℎ𝑟𝑚𝑠. The heterogeneous model clearly shows the difference between the two material 
phases. Moreover, the value of 𝜎𝑛 in the two cases is shown in Fig.  23 for the same applied displacement.

Finally, the reaction forces for the two cases are shown in Fig.  24. It can be noticed that, even though the two simulations refer 
to the same spatial distributions of the mechanical properties over the surface taken from AFM data, bulk homogenization performs 
well in predicting the global average stiffness, which is coincident with the heterogeneous solution, while it gives a higher maximum 
force. This result shows the importance of including the material heterogeneity not only in the adhesive contact models but also in 
the bulk, and provides a proof of concept on the possibility of using AFM local stiffness maps to generate realistic heterogeneous 
models.
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Fig. 23. Contact traction 𝑝𝑛 resulting from the homogenized model having elastic modulus 𝐸∗, and the heterogeneous model with two different elastic modulus 
values for the PS and LDPE phases, for an imposed displacement of 𝑢̄ = −3ℎ𝑟𝑚𝑠.

Fig. 24. Comparison of the total reaction force vs. the imposed far-field displacement for the simulations with the effective elastic modulus 𝐸∗ (homogenized 
case), and with two different elastic moduli for the PS and LDPE phases (heterogeneous case).

5. Conclusion

This study extended the MPJR interface finite element developed in previous works [49,50,52] and established in the first part of 
the article a method that fully incorporates experimental data from Atomic Force Microscope (AFM) into the finite element method 
for high-fidelity contact mechanics simulations, particularly for adhesive rough contacts.

In the second part of the article, focusing on a real PS-LDPE sample with alternated phased, it has been shown that the high-
resolution AFM experimental data can be successfully incorporated into 2D and 3D finite element models to solve the underlying 
complex contact problem. The simulations have been performed in relation to a rigid indenter acting on the whole rough surface, 
as a proof of concept of any possible tribological test that cannot be performed using AFM alone and that would require other 
testing machines. Thus, the method proved to be effective in bridging the gap between AFM nanoscale characterization and FE 
global mechanical simulations towards tribological simulations of industrial interest.

Specifically, it has been shown that integrating spatially varying adhesion properties directly obtained from AFM measurements 
into the numerical model provides a more realistic and physically accurate representation of rough surface interactions at the micro- 
and nanoscales. Considering the actual surface topography along with adhesion and dissipation maps measured by the AFM, without 
the need for any interpolation or other data pre-processing operation, significant differences have been noticed with respect to the 
same contact predictions based on average –spatially homogeneous– adhesive properties.

Finally, it has been shown how to exploit AFM data on local stiffness measurements to generate high-fidelity heterogeneous bulk 
models, distinguishing between the different polymeric phases. The 2D contact mechanics comparison between the heterogeneous 
model with longitudinally alternated polymeric phases and the homogenized layer led to meaningful differences, which shows that 
also bulk heterogeneities should be modeled and considered with a great deal of attention in addition to the interface properties.

The analysis of other forms of spatial heterogeneities in the substrate and the use of higher-order homogenization techniques 
to deal with the issue of scale separation are future directions of research worth being investigated in the area of homogenization 
mediated by contact mechanics.

In conclusion, the proposed methodology significantly advances adhesive contact modeling, bridging the gap between experimen-
tal surface characterization from physicists and material scientists and numerical simulation from experts in computational contact 
mechanics. Forthcoming studies would encompass the corresponding formulation to geometrically nonlinear and frictional effects. 
Beyond its immediate application to adhesive rough contact problems, this methodology offers a versatile computational framework 
for studying a broad range of interface phenomena in tribology, material science, and nanotechnology. The MPJR framework is 
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promising for the study of phenomena where surface roughness plays a key role, as in wear problems, designing surface topography, 
fracture induced by repeated application of contact loads, tire-asphalt interaction, nanoscale tribological tests based on AFM data, 
and multi-field tribological problems.
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