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Identification of non-causal systems with random switching

modes—EXTENDED VERSION

Yanxin Zhang†, Chengpu Yu†, and Filippo Fabiani‡

† School of Automation, Beijing Institute of Technology, Beijing 100081, PR China

‡ IMT School for Advanced Studies Lucca, Piazza San Francesco 19, 55100, Lucca, Italy

Abstract

We consider the identification of non-causal systems with random switching modes (NCS-
RSM), a class of models essential for describing typical power load management and
department store inventory dynamics. The simultaneous identification of causal-and-
anticausal subsystems, along with the presence of random switching sequences, however,
make the overall identification problem particularly challenging. To this end, we develop an
expectation-maximization (EM) based system identification technique, where the E-step
proposes a modified Kalman filter (KF) to estimate the states and switching sequences of
causal-and-anticausal subsystems, while the M-step consists in a switching least-squares
algorithm to estimate the parameters of individual subsystems. We establish the main
convergence features of the proposed identification procedure, also providing bounds on
the parameter estimation errors under mild conditions. Finally, the effectiveness of our
identification method is validated through two numerical simulations.

Keywords: Switching systems; Non-causal systems; Expectation maximization; Kalman
filter

1. Introduction

Non-causal switching dynamics arise in scenarios where actions depend on both historical
and future states. In addition, these systems exhibit switching characteristics, potentially
transitioning among different operational states, and thus leading to variations in the
system behavior. In power systems, for instance, load management requires dedicated
adjustments based on future demand [1]. A controller can thus activate different modes
to reduce load if a surge is anticipated, creating a dependency on future state. In traffic
signal control [2], adaptive signal timing utilizes real-time vehicle flow predictions and syn-
chronous historical/future data to enable autonomous phase adjustments without external
centralized control. Its non-causal dependencies effectively prevent congestion propagation
while enhancing traffic efficiency. In robotic systems [3], collaborative robots may require
anticipatory motion planning to avoid collisions, where future positions of other agents
influence current decisions. In supply chain management, inventory provision decisions
often depend on future demand and supplier lead times, creating non-causal dependencies
between current actions and future states [4]. Financial time series data often exhibit
characteristics of sharp peaks and heavy tails. For instance, stock trading volumes may
exhibit abnormal fluctuations prior to the release of significant announcements, which can
be interpreted as the influence of future data on current observations [5]. These systems
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exhibit switching behaviors due to discrete operational mode transitions (e.g., emergency
shutdowns in power grids, traffic signal phase shifts, the anticipatory motion planning
in collaborative robots), and their non-causality stems from the need to model feedback
loops with delayed effects or predictive decision-making. Understanding and managing
the complexity of these systems is therefore crucial for enhancing efficiency, reliability,
and adaptability, enabling them to better meet the demands of industrial production and
operations. This essentially motivates the interest in modeling, analyzing, and controlling
such type of systems.

In several identification problems for dynamical systems, the input-output data are ac-
companied by temporal mode sequences. As the system’s mode changes over time, each
data point is associated with the active mode at that specific time. Hence, it is cru-
cial to model the dynamics of different modes and infer transitions between modes [7].
However, obtaining direct estimates of the dynamical system from input-output data is
challenging and, in practice, prior knowledge about mode transitions is often unavailable.
Therefore, estimating the switching behaviors poses a challenging yet highly significant
problem that has attracted attention from researchers. Existing studies indeed propose
algorithms to identify individual system dynamics and mode transition sequences from
observed behaviors [8].

1.1. Literature review

Several works consider the identification of switching models [9, 10]. Among various
switching system models, jump Markov linear systems (JMLS) have emerged as a power-
ful framework for capturing abrupt random behavioral changes. These systems utilize a
probabilistic structure in which mode transitions follow a Markov chain, effectively mod-
eling stochastic switching dynamics through discrete state transitions with memoryless
properties. In [11], a joint smoothing algorithm based on the expectation-maximization
(EM) framework is proposed, with an E-step solution introduced to address exponential
complexity in the JMLS. In [12], a numerically efficient two-step estimation method is
developed, iteratively updating parameters and the switching sequence. The flexibility
of this technique lies in its adaptability to various loss functions used in jump models,
which significantly influence their shape and switching behavior. Furthermore, the iden-
tification of jump Box–Jenkins (BJ) models is investigated in [13]. These models consist
of a finite collection of linear dynamical submodels in BJ form, switching over time ac-
cording to a Markov chain. The system parameters are estimated iteratively using the
Gauss-Newton and prediction error methods. In [14], a switching least-squares algorithm
for autonomous Markov jump linear systems is proposed. Here, the authors provide a
formal proof of the method’s strong consistency and establish its convergence rate as
O(
√

log(T )/T ), where T is the time horizon. While existing literature primarily focuses
on linear systems with Markov switching, these techniques may fail when mode transitions
exhibit non-Markovian randomness. To address this limitation, methods for systems with
random switching behavior have been proposed. For instance, [15] employs a kernel-based
approach to simultaneously solve estimation and classification problems in random switch-
ing systems. Similarly, [16] proposes a maximum-likelihood algorithm combining Kalman
filtering and likelihood estimation to stabilize error convergence in general switched linear
systems.

Furthermore, Gaussian mixture models (GMMs) served as a cornerstone for identifying
switching systems [17], where EM-based algorithms are widely adopted to estimate latent
modes and subsystem parameters [18]. However, classical GMM frameworks are inherently
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limited to causal dynamics with single switching sequences, failing to address systems
governed by bidirectional dependencies and dual independent switching behaviors. Our
work extends GMM principles to non-causal switching dynamics, where outputs depend
on both historical and future states through two distinct switching sequences. However,
to the best of our knowledge, there is no literature on the system identification problem of
non-causal systems with random switching modes (NCS-RSM). Although, there are some
studies available on system identification for non-causal systems, such as the subspace [19]
and the kernel methods [20, 21], these studies can only handle a single, non-causal system,
rather than switching non-causal systems.

1.2. Summary of contribution

In this paper, we focus on the identification of NCS-RSM. The proposed method is devel-
oped under the expectation-maximization (EM) framework, which can be divided into two
main parts. Specifically, in the E-step we adopt a Bayesian rule to compute the posterior
estimate of the switching sequence, along with a modified Kalman filter (KF) for estimat-
ing the state of the causal and non-causal parts. In the M-step, instead, we propose a
switching least-squares method to obtain the closed-form solution for the parameters and
establish the convergence rate of the estimated parameters. Our main contributions can
hence be summarized as follows:

1. To the best of our knowledge, this is the first work considering the identification of
NCS-RSM. To contrast with causal systems [12, 13], we propose a modified Kalman
filter (KF) with bidirectional estimation (forward for causal states, backward for
non-causal ones) to resolve the non-causal dependency.

2. Unlike prior works [11, 14], which focus on causal systems with Markov switching,
our method explicitly handles bidirectional switching dynamics (causal and non-
causal subsystems) and random (non-Markov) switching sequences. Moreover, the
switching sequences of the two directions is allowed to differ from each other. This
enables modeling real-world scenarios where outputs depend on both past and future
states.

3. We show that our method has a O(
√

log(T )/T ) rate of convergence under the as-
sumptions of average stability and martingale difference noise. This result is gener-
alized from causal Markov systems [14] to non-causal random ones.

1.3. Paper organization

The rest of the paper is organized as follows: in Section 2 we describe the considered
system and formulate the related identification problem. In Section 3, instead, we discuss
our EM method for the identification of the NCS-RSM, while in Section 4 we provide its
implementation details, as well as characterize the related convergence properties. Two
simulation examples are finally discussed in Section 5 to test the effectiveness of the pro-
posed method numerically. The proofs of the technical results of the paper are all deferred
to Appendix Appendix A.

Notation: Z and R denote the set of integer and real numbers, respectively. Given a
matrix X, ‖X‖ and ‖X‖∞ denote respectively its spectral and infinity norms, and tr(X)
denotes the trace. For a real symmetric matrix P , λmax(P ) and λmin(P ) are respectively
its maximum and minimum eigenvalues. P[·] and E[·] respectively denote a probability
distribution and the related expected value. Pθ[·] denotes the probability density function
with θ as parameters. Eθ[·] denotes the expectation operator with respect to the distribu-
tion Pθ[·]. S

n is the space of n×n symmetric matrices and S
n
≻0 (S

n
<0) is the cone of positive
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(semi-)definite matrices. Given two square matrices A, B of compatible dimension, A < B
means that A− B is positive semidefinite. For a random sequence {x(t)}t≥1, x(1 : t) de-
notes {x(1), · · · , x(t)}, σ(x(1 : t)) denotes the sigma field generated by random variables
x(1 : t). For a sequence {st}t∈N, sT = O(T ) indicates that lim supT→∞ sT /T<∞, while
sT = o(T ) that lim supT→∞ sT /T = 0. Finally, I identifies a standard identity matrix.
N (µ,Σ2) denotes the normal distribution of a random variable with mean µ and standard
deviation Σ. In the remainder we will use Standing Assumption to postulate properties
that hold throughout the paper.

2. Mathematical formulation

We now describe the system concerned in this paper, together with the main assumptions,
and successively formalize the problem to be addressed.

2.1. System model description

Consider the following discrete-time, non-causal system characterized by random switching
modes:

xc(t) = Ac(sc(t))xc(t− 1) + vc(t), (1a)

xa(t) = Aa(sa(t))xa(t+ 1) + va(t), (1b)

y(t) = Cc(sc(t))xc(t) + Ca(sa(t))xa(t) + vm(t), (1c)

where t ∈ Z is the time instant, xc(t) ∈ R
nxc , xa(t) ∈ R

nxa are the causal and non-
causal state vectors, respectively, y(t) ∈ R

ny denotes the system output, while sc(t) ∈
{1, 2, . . . ,mc} , Λc and sa(t) ∈ {1, 2, . . . ,ma} , Λa are two discrete variables representing
the possible switching modes. In addition, vc(t) ∈ R

nxc and va(t) ∈ R
nxa are the system

noise vectors, and vm(t) ∈ R
ny is the measurement noise vector. Finally, Ac : Λc →

R
nxc×nxc and Aa : Λa → R

nxa×nxa denote the matrix functions associated to the causal and
non-causal state dynamics, respectively, while Cc : Λc → R

ny×nxc and Ca : Λa → R
ny×nxa

are those mapping the two state vectors to the measured output. Assume that the noise
terms vc(t), va(t) and vm(t) are distributed according to a Gaussian distribution with
zero mean and finite variance vc(t) ∼ N (0,Σc(sc(t))), va(t) ∼ N (0,Σa(sa(t))), vm(t) ∼
N (0,Σm).

Standing Assumption 1. The NCS-RSM (1) is stable in the average sense, which means

lim sup
T→∞

1

T

T
∑

t=1

‖xc(t)‖
2<∞

lim sup
T→∞

1

T

T
∑

t=1

‖xa(T + 1− t)‖2<∞

where T is the sample size of the available dataset.

As a main consequence of Standing Assumption 1, we note that the underlying stability
requirement implies the existence of a stationary distribution for both causal and non-
causal states, thereby ensuring the ergodicity of the system dynamics.

Remark 1. Stability in the average sense is widely applied in linear systems [14, 22, 23].
Compared to other commonly used notions (e.g., mean-square stability [24], which requires
limT→∞ E[‖x(T )‖2]<0, and almost sure (a.s.) stability [25], ensuring P[limT→∞ ‖x(T )‖ =
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0] = 1), the assumption of stability in the average sense is weaker [14]. Specifically, it only
imposes convergence in a time-averaged sense, avoiding stricter pointwise or moment-based
constraints.

Assume the sample size is T . We denote the sigma field as Gt = σ(xc(1 : t)) for the causal
part, G

′

t = σ(xa(T : T + 1− t)) for the non-causal part, and G∗
t = σ(xc(1 : t), xa(1 : t)) for

the measured part.

Standing Assumption 2. The sequences of noise vectors vc(1 : t), va(T : T+1−t), vm(1 :
t) are the martingale difference sequences with respect to the filtrations {Gt}t≥1, {G

′

t}t≥1, {G
∗
t }t≥1,

respectively, i.e. E[vc(t)|Gt−1] = 0, E[va(t)|G
′

t−1] = 0, E[vc(t)|G
∗
t−1] = 0 and satisfy the fol-

lowing conditions:

lim inf
T→∞

1

T

T
∑

t=1

vk(t)vk(t)
⊤ ≻ 0, k ∈ {c,m},

lim inf
T→∞

1

T

T
∑

t=1

va(T + 1− t)va(T + 1− t)⊤ ≻ 0.

Remark 2. A martingale is a sequence of random variables for which, at a particular
time of the realized sequence, the expectation of the next value in the sequence is equal
to the present observed value even given knowledge of all prior observed values. Standing
Assumption 2 denotes a common requirement for analyzing the convergence of system
identification algorithms, enabling the noise process to exhibit non-stationary and heavy-
tailed characteristics—see, e.g., [29, 30, 31].

The NCS-RSM in (1) thus consists of two state equations and one output equation. Specif-
ically, the first state equation represents the dynamics of the causal state variables, while
the second one the dynamics of the non-causal state variables. The system output is
determined by both the causal and non-causal states. Furthermore, both the causal and
non-causal parts of the system are composed of multiple subsystems, and their corre-
sponding switching sequences are different. Given some T ∈ Z, which will denote the
sample size of the available dataset, let the switching sequences of the causal and non-
causal parts being denoted by sc , {sc(t)}

T
t=1 and sa , {sa(t)}

T
t=1, respectively. Each of

them corresponds to a set of parameters, i.e., sc(t) = i determines the model parameter
θci , {Ac(i), Cc(i),Σc(i)} that is active at the time instant t. In particular, the sequences
sc and sa undergo random switches with certain (fixed) probabilities over time. Then, we
have the following assumption:

Standing Assumption 3. The following conditions hold true:

1. The switching sequences sc, sa, and the subsystem parameters θc, θa are all in-
dependent among them, i.e., P[sc|θ

c] = P[sc], P[θc|sc] = P[θc], P[sa|θ
a] = P[sa],

P[θa|sa] = P[θa].

2. The switching sequence follows a multinomial distribution, i.e., for any t, we have
P[sc(t) = i] = πc

i , i = 1, . . . ,mc, P[sa(t) = i] = πa
i , i = 1, . . . ,ma, with

∑mc

i=1 π
c
i = 1,

∑ma

i=1 π
a
i = 1.

The complete set of model parameters that comprehensively describe the NCS-RSM can
be conveniently encapsulated into a parameter object θ, defined as follows:

θ , {{θci }
mc

i=1, {θ
a
i }

ma

i=1, {π
c
i }

mc

i=1, {π
a
i }

ma

i=1,Σm} .
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2.2. Problem statement

Our goal is hence to estimate the unknown model parameters θ characterizing the NCS-
RSM (1) with the known state dimension, the initial states xc(0), xa(T + 1), number of
causal system modes mc and non-causal system modes ma, together with a collection of
noisy output measurements y:

y , y1:T = {y(1), . . . , y(T )}.

The NCS-RSM system contains both causal and non-causal components with distinct
switching sequences. Addressing this problem faces two main challenges. First, the output
depends on both causal and non-causal states, which are unmeasurable. Simultaneously
identifying parameters for all subsystems is challenging due to their continuous switching
patterns. Second, the system has two independent switching sequences. For example, at
time t, the causal component might activate subsystem i while the non-causal component
activates subsystem j, creating ma ×mc possible combinations.

In addition, the switching behavior of the subsystems is random and independent across
different time instants, i.e., P[sc(t)|sc(t−1), . . . , sc(1)] = P[sc(t)], P[sa(t)|sa(t+1), . . . , sa(T )] =
P[sa(t)], t = 1, . . . , T . To deal with the identification problem of the NCS-RSM (1), the
EM framework is adopted, which is an iterative method that can yield an estimate of the
parameters at each iteration [26]. Let us denote the parameter estimate at the k-th itera-
tion of the underlying algorithm as θk. Then, the proposed method can be (qualitatively,
for the moment) described by means of the following two steps:

1. In the E-step, we develop a modified KF to estimate the states of the causal and non-
causal parts. Furthermore, the Bayesian rule is used to obtain a posterior estimate
of the switching sequence. Subsequently, the full-data likelihood function Q(θ, θk)
can be calculated.

2. In the M-step, the likelihood function Q(θ, θk) is maximized with respect to the
parameters θ. Then, the identification of the NCS-RSM is updated, yielding θk+1.

Next section will discuss in detail each step of the proposed technique for NCS-RSM
identification.

3. The EM method for identifying NCS-RSM

By making use of the dataset y, we aim at estimating the system parameters θ. To this
end, a standard approach is to let coincide θ̂, i.e., our estimate of the true θ, with a
maximizer of the likelihood function, namely:

θ̂ ∈ argmax
θ

lnPθ(y) s.t. (1), (2)

where we indicate with Pθ(y) the probability density function of the output y given some
sets of parameters θ. Note that in switching systems, the likelihood function may exhibit
multiple equivalent maxima due to the interchangeability of subsystem parameters (e.g.,
permuting subsystem labels can yield identical likelihood values). However, these equiva-
lent solutions do not affect the system’s physical properties. During model validation, we
only need to compare whether the subsystem dynamic responses remain consistent across
different permutations.
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Let us denote the collection of state variables over T as xc , {xc(t)}
T
t=1 and xa ,

{xa(t)}
T
t=1. Given any collection of data y, note that the likelihood function lnPθ(y),

also called marginal density function of y, can be decomposed into the following form:

lnPθ(y) = ln
∑

sc

∑

sa

∫ ∫

Pθ[y|xa, xc, sa, sc]

Pθ[xa, xc, sa, sc]dxadxc

= ln
∑

sc

∑

sa

∫ ∫

Pθ[y|xa, xc, sa, sc]

Pθ[xa, sa]Pθ[xc, sc]dxadxc (3)

where the first equality follows from the law of total probability, which expands the
marginal log-likelihood lnPθ[y] by marginalizing over all latent variables. The second
equality stems from the mutual independence between the causal and non-causal subsys-
tems. Since the states of both subsystems obey to Markovian dynamics and the outputs
are conditionally independent given the switching mode, states and mode parameters,
the posterior probability density function in (3) can be decomposed into the following
structured forms:

Pθ[y|xa, xc, sa, sc] =
T
∏

t=1

Pθ[y(t)|xc(t), xa(t), sc(t), sa(t)]

Pθ[xc, sc] = Pθ[xc(1), sc(1)]

T
∏

t=2

Pθ[xc(t)|xc(t− 1), sc(t)]Pθ[sc(t)]

Pθ[xa, sa] = Pθ[xa(T ), sa(T )]

T−1
∏

t=1

Pθ[xa(t)|xa(t+ 1), sa(t)]Pθ[sa(t)]. (4)

In the NCS-RSM (1), the state variables xc,xa are governed by the switching sequences
sc, sa. Direct maximization of the marginal log-likelihood lnPθ[y] is inherently challeng-
ing due to its nonconvexity and high-dimensional nature. Furthermore, as shown in the
decomposition (3), evaluating Pθ[y] requires summation over all possible realizations of
sc, sa, which exponentially increases the computational complexity of solving (2).

Another way to marginalize the latent variables (such as xc,xa, sc, sa) is by taking the
expectation over these latter. Instead of maximizing the incomplete likelihood function
lnPθ(y), we can estimate the conditional density of the hidden variables given the obser-
vations y and an estimate of parameter θ̂. Then, parameter estimate θ̂ can be obtained by
maximizing the complete likelihood function. The full-data complete likelihood function
can be expressed as follows:

lnPθ[y,xc, sc,xa, sa] = lnPθ[y]

+ lnPθ[xc, sc,xa, sa|y]. (5)

This relation directly links Pθ(y) and Pθ[y,xc, sc,xa, sa], with the latter depending on the
unknown states xc, xa and switching sequences sc, sa. The key step is then to approx-
imate lnPθ[y] by the above relation (5), where xc, sc, xa, and sa can be approximated
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by their conditional expectations based on the observed data y. Therefore, at each iter-
ation k of our EM-based algorithm, given the estimate θk, the conditional expectation of
lnPθk [xc, sc,xa, sa|y] is abbreviated as:

Eθk [·] =

∫ ∫

∑

sc

∑

sa

(·)Pθk [xc, sc,xa, sa|y]d(xc)d(xa). (6)

Then, by applying the expectation operator Eθk [·] to both sides of (5), one obtains:

Eθk [lnPθ[y,xc, sc,xa, sa]]

= Eθk [lnPθ(y)] + Eθk [lnPθ[xc, sc,xa, sa|y]]

= lnPθ(y) + Eθk [lnPθ[xc, sc,xa, sa|y]].

Define Q(θ, θk) = Eθk [lnPθ[y,xc, sc,xa, sa]], V (θ, θk) = Eθk [lnPθ[xc, sc,xa, sa|y]]. The
EM approach iteratively estimates the parameters in the following two steps. First, we
compute the expectation Q(θ, θk) based on θk obtained from the previous iteration. Under
Standing Assumption 3, the full-data complete likelihood function can be decomposed by
using the Bayesian rule, which is given as follows:

lnPθ[y,xc, sc,xa, sa] = lnPθ[y|xc, sc,xa, sa]

+ lnPθ[xc, sc] + lnPθ[xa, sa] (7)

where the posterior probabilities are shown in (4). In view of the white noise assumption
characterizing the disturbance affecting both state variables and measured output, note
that the distribution of the these variables, given the subsystem modes sc(t) = j, sa(t) = l,
is Gaussian too and given as follows:

Pθ[y(t)|xc(t), xa(t), sc(t) = j, sa(t) = l] = |2πΣm|−1/2

exp{(y(t) − µ1(t, j, l))
⊤Σ−1

m (y(t)− µ1(t, j, l))},

Pθ[xc(t)|xc(t− 1), sc(t) = j] = |2πΣc(t)|
−1/2

exp{(xc(t)− µ2(t, j))
⊤Σ−1

c (t)(xc(t)− µ2(t, j))},

Pθ[xa(t)|xa(t+ 1), sa(t) = l] = |2πΣa(t)|
−1/2

exp{(xa(t)− µ3(t, l))
⊤Σ−1

a (t)(xa(t)− µ3(t, l))}, (8)

where µ1(t, j, l) = Cc(j)xc(t)+Ca(l)xa(t), µ2(t, j) = Ac(j)xc(t−1), µ3(t, l) = Aa(l)xa(t+1).
Denote wc

tj as the posterior probability of the switching sequence given the θk, dataset y
and sc(t) = j (wa

tl is defined similarly)

wc
tj = Pθk [sc(t) = j|y] =

Pθk [y|sc(t) = j]πc
j

∑T
t=1 Pθk [y|sc(t) = j]πc

j

,

wa
tl = Pθk [sa(t) = l|y] =

Pθk [y|sa(t) = l]πa
l

∑T
t=1 Pθk [y|sa(t) = l]πc

l

. (9)

Then, the objective function Q(θ, θk) can be computed by using together (4), (6), (7), (8),
and (9):

Eθk [lnPθ[y,xc, sc,xa, sa]] =

3
∑

i=1

Qi(θ, θ
k), (10)
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where

Q1(θ, θk) = Eθk [lnPθ[y|xc, sc,xa, sa]]

=
T
∑

t=1

mc
∑

j=1

ma
∑

l=1

wc
tjw

a
tlEθk [lnN (µ1(t, j, l),Σm)]

Q2(θ, θ
k) = Eθk [lnPθ[xc, sc]]

=

T
∑

t=1

mc
∑

j=1

wc
tjEθk [lnN (µ2(t, j),Σc(j)) +

mc
∑

j=1

lnπc
j

T
∑

t=1

wc
tj

Q3(θ, θ
k) = Eθk [lnPθ[xa, sa]]

=

T
∑

t=1

ma
∑

l=1

wa
tlEθk [lnN (µ3(t, l),Σa(l)) +

ma
∑

l=1

lnπa
l

T
∑

t=1

wa
tl. (11)

Subsequently, the second step is to maximize the Q(θ, θk) to obtain θk+1, formally defined
as θk+1 = argmaxθ Q(θ, θk).

Algorithm 1 summarizes the two main steps of the proposed identification methodology
for NCS-RSM. We characterize next the monotonic properties of the likelihood function
in (2) when the EM algorithm is iteratively applied to estimate the system parameters θ:

Lemma 1. Given a dataset y, let {θk}k∈Z be the sequence generated by Algorithm 1.
Then, the likelihood function in (2), evaluated along {θk}k∈Z, is non-decreasing, thereby
yielding lnPθk+1 [y] ≥ lnPθk [y] for all k ∈ Z.

The proof of Lemma 1 is shown in Appendix A.

Algorithm 1 EM-based identification of NCS-RSM

Initialization: Collect data y1:T , set θ
0

Iteration k ∈ Z:

1. E-step: Compute Q(θ, θk) using (9), (10), (11)

2. M-step: Set θk+1 = argmax
θ

Q(θ, θk)

4. Implementation details of the EM algorithm

We now delve into the details of the steps outlined in Algorithm 1, ultimately estab-
lishing our main technical result characterizing the sample complexity of the proposed
identification technique for NCS-RSM.

4.1. The E-step

This step requires the calculation of the objective function Q(θ, θk). Specifically, this shall
be achieved on the basis of the parameter θk estimated in the previous iteration. Then,
according to the expression of Q(θ, θk) in (10), the expectations of states xc,xa and the
switching sequences sc, sa given the data y are required.

First, we calculate the posterior estimates of the switching sequences sc and sa by leverag-
ing the Bayesian rule, namely Pθ[sc(t)|y(t)] = Pθ[sc(t), y(t)]/Pθ [y(t)] and Pθ[sa(t)|y(t)] =
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Pθ[sa(t), y(t)]/Pθ[y(t)]. In addition, according to the formula of total probability one ob-
tains Pθ[y(t)] =

∑mc

j=1 Pθ[y(t)|sc(t) = j]πc
j , Pθ[y(t)] =

∑ma

l=1 Pθ[y(t)|sa(t) = l]πa
l .

Then, the data point can be assigned to each subsystem at time i by solving the following
optimization problem:

ŝc(t) = argmax
j∈{1,...,mc}

Pθ[y(t)|sc(t) = j]πc
j ,

ŝa(t) = argmax
l∈{1,...,ma}

Pθ[y(t)|sa(t) = l]πa
l ,

where maximizing Pθ[y(t)|sc(t) = j]πc
j is equivalent to maximizing the posterior probability

of Pθ[sc(t) = j|y(t)] which is commonly used for data classification. In this work, we make
use of a hard assignment variant of the EM algorithm as in [27]. This approach approx-
imates the posterior distribution of the switching sequence by its maximum a posteriori
(MAP) estimate, effectively collapsing the posterior probability to a Dirac delta function.
Such a simplification is justified under the assumption that the posterior distribution
Pθ[sc(t) = j|y] is sharply peaked around the MAP estimate ŝc(t), which often holds when
switching probabilities are highly concentrated (the same holds for the non-causal part).
Similar approaches have been adopted in [28] for switching systems, where hard assign-
ments reduce computational complexity while preserving estimation accuracy. Following
the hard EM framework, the posterior probabilities wc

ij , w
a
il are approximated by their

MAP estimates, resulting in a binary assignment for any (t, j) ∈ {1, . . . , T} × {1, . . . ,mc}
(or (t, l) ∈ {1, . . . , T} × {1, . . . ,ma}):

wc
tj =

{

1 if ŝc(t) = j
0 else

, wa
tl =

{

1 if ŝa(t) = l
0 else

Successively, we focus on the reconstruction of the state variables xc and xa, a task that is
traditionally accomplished by means of a Kalman filter. Adapting the KF to our problem,
however, requires few key modifications due to the dynamics in (1). When correcting the
prior prediction of the state variables xc and xa using the data y, special consideration
must be given to their cross-correlation structure, necessitating a careful design of the
KF as outlined below. To simplify notation, we omit the dependency on the switching
sequence, e.g., Ac = Ac(ŝc(t))).

First, we need to compute the prior state estimates of xc and xa, denoted as x̂−
c and x̂

−
a .

The prior estimates are derived from the first two relations in (1) as x̂−c (t) = Acx̂c(t− 1)
and x̂−a (t) = Aax̂a(t+1). With this regard, note that the switching sequence for each step
has already been calculated. Successively, the measurement equation in (1) allows us to
perform posterior corrections x̂c and x̂a on the underlying prior estimates x̂

−
c and x̂

−
a as

follows:

x̂c(t) = x̂−c (t) +Kc(y(t)− Cax̂
−
a (t)−Ccx̂

−
c (t)),

x̂a(t) = x̂−a (t) +Ka(y(t)− Cax̂
−
a (t)− Ccx̂

−
c (t)),

where Kc ∈ R
nxc×ny and Ka ∈ R

nxa×ny are the Kalman gains for the causal and non-
causal states, respectively, whose design is critical for the effectiveness of the KF. Before
delving into the derivation of Kc and Ka, let us first calculate the error covariance matrix
for the prior state estimates based on the prior estimation errors e−c (t) = xc(t) − x̂−c (t)
and e−a (t) = xa(t) − x̂−a (t), and the posterior estimation errors ec(t) = xc(t) − x̂c(t)
and ea(t) = xa(t) − x̂a(t). Denote P−

c , E[e−c (t)e
−
c (t)

⊤], P−
a , E[e−a (t)e

−
a (t)

⊤], Pc ,
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E[ec(t)ec(t)
⊤], Pa , E[ea(t)ea(t)

⊤]. The Kalman gains are calculated to minimize the error
covariance matrices of the posterior state estimates. The posterior estimation error can
be rewritten as:

ec(t) = (I −KcCc)e
−
c (t)−KcCae

−
a (t)−Kcvm(t),

ea(t) = (I −KaCa)e
−
a (t)−KaCce

−
c (t)−Kavm(t),

while the error covariance matrices of the state estimates:

Pc = P−
c − P−

c C⊤
c K

⊤
c −KcCcP

−
c +KcCcP

−
c C⊤

c K⊤
c

+KcCaP
−
a C⊤

a K⊤
c +KcΣmK⊤

c , (12)

Pa = P−
a − P−

a C⊤
a K

⊤
a −KaCaP

−
a +KaCaP

−
a C⊤

a K⊤
a

+KaCcP
−
c C⊤

c K⊤
a +KaΣmK⊤

a , (13)

where the second equality in each derivation is established based on the independence
of e−c (t), e

−
a (t) and vm(t). Note that minimizing the variances of Pc and Pa is equiva-

lent to minimizing their traces. Therefore, given the unconstrained nature of such trace
minimization, the optimal Kalman gains Kc and Ka can be found as:

Kc = (CcP
−
c C⊤

c + CaP
−
a C⊤

a +Σm)−1(P−
c C⊤

c ),

Ka = (CaP
−
a C⊤

a + CcP
−
c C⊤

c +Σm)−1(P−
a C⊤

a ).

By substituting the Kalman gains above into (12)–(13), the updated error covariance
matrices can be obtained as: Pc = (I − KcCc)P

−
c , Pa = (I − KaCa)P

−
a . By completing

the steps of the modified KF, including the prediction, measurement update, and error
covariance matrix update [16], one can obtain all the posterior estimates of the state vectors
xc and xa, which are optimal state estimates based on the available measurements and
prior knowledge. In addition, to ensure the convergence of the proposed state estimation
method, we establish the following properties of the state estimates:

Lemma 2. Let ηc(t) = xc(t) − A(ŝc(t))xc(t − 1), ηa(t) = xa(t) − A(ŝa(t))xa(t + 1),
and ηm(t) = y(t) − Cc(ŝc(t))xc(t) − Ca(ŝa(t))xa(t). There exist α1, α2, α3 > 0 so that
‖ηc(t)‖

2 ≤ α1, ‖ηa(t)‖
2 ≤ α2, and ‖ηm(t)‖2 ≤ α3, for all t ∈ Z.

The proof of the Lemma 2 is shown in Appendix A.

Lemma 2 states that the error of state estimation is bounded in the mean square sense,
regardless of how the state trajectory evolves in time.

Remark 3. In the E-step, the modified Kalman filter provides posterior state estimates
along with their error covariance matrices. Under the Gaussian noise assumptions, the
posterior distributions of states given the observations y are also Gaussian. Substituting
these closed-form expectations (states, error covariance matrices) into (11), the compo-
nents in Q(θ, θk) can be calculated.

4.2. The M-step

The second step in Algorithm 1 requires the maximization of Q(θ, θk) to update the
parameters estimate θk:

θk+1 = argmax
θ

Q(θ, θk).
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Let us first focus on the elements {{πc
i }

mc

i=1, {π
a
i }

ma

i=1}, and recall the objective function in
(10). The (k + 1)-th estimate of {{πc

i }
mc

i=1, {π
a
i }

ma

i=1} can hence be obtained in closed-form
by applying the first-order optimality conditions as follows:

πc
j =

∑T
t=1 w

c
tj

∑T
t=1

∑mc

j=1w
c
tj

, πa
l =

∑T
t=1 w

a
tl

∑T
t=1

∑ma

l=1w
a
tl

.

Furthermore, the expression for the parameters {{θci }
mc

i=1, {θ
a
i }

ma

i=1,Σm} can be computed
in closed-form by using the switching least-squares approach as follows:

Ac(j) = argmin
Ac(j)

T
∑

t=1

wc
tj‖xc(t)− µ2(t, j)‖

2,

Aa(l) = argmin
Aa(l)

T
∑

t=1

wa
tl‖xa(t)− µ3(t, l)‖

2,

(Cc(j), Ca(l)) = argmin
(Cc(j),Ca(l))

T
∑

t=1

wc
tjw

a
tl‖y(t)− µ1(t, j, l)‖

2.

Then, the covariance matrices related to the disturbances vc, va, and vm can also be
estimated as:

Σc(j) =

T
∑

t=1

wc
tj(xc(t)− µ2(t, j))(xc(t)− µ2(t, j))

⊤,

Σa(l) =

T
∑

t=1

wa
tl(xa(t)− µ3(t, l))(xa(t)− µ3(t, l))

⊤,

Σm =
T
∑

t=1

wc
tjw

a
tl(y(t)− µ1(t, j, l))(y(t) − µ1(t, j, l))

⊤.

To show the convergence rate of the system matrices, we need the following definition of
strong consistency of the parameter estimates. Recall that θ̂ is the estimate of θ made by
exploiting T samples.

Definition 1. ([29]) The estimate θ̂ is strongly consistent if limT→∞ θ̂ = θ.

We are now ready to establish the convergence rate for θ̂. Due to the possible different ac-
tive subsystems at time t, it is convenient to define the following partition of the considered
time interval {1, . . . , T} as Tc

j,T = {t ≤ T |sc(t) = j} and T
a
l,T = {t ≤ T |sa(t) = l}.

Theorem 1. Under Standing Assumptions 1 and 2. Let W c
j,T =

∑

t∈Tc
j,T

xc(t)x
⊤
c (t) and

W a
l,T =

∑

t∈Ta
l,T

xa(t)x
⊤
a (t). Denote ∆c

j,T = O

(
√

log(λmax(W a
l,T

))

λmin(W a
l,T

)

)

, ∆a
l,T = O

(
√

log(λmax(W a
l,T

))

λmin(W a
l,T

)

)

,

and ∆T = O
(

log(T )
T

)

. Then, the estimate θ̂ generated by Algorithm 1 is strongly consistent

for any sc ∈ ΛT
c and sa ∈ ΛT

a , and the convergence rates are

‖Âc(j) −Ac(j)‖∞ ≤ ∆c
j,T , ‖Âa(l)−Aa(l)‖∞ ≤ ∆a

l,T ,

‖Ĉc(j) −Cc(j)‖∞ ≤ ∆c
j,T , ‖Ĉa(l)− Ca(l)‖∞ ≤ ∆a

l,T .

‖Σ̂c(j)− Σc(j)‖∞ ≤ ∆T , ‖Σ̂a(l)−Σa(l)‖∞ ≤ ∆T ,

‖Σ̂m − Σm‖∞ ≤ ∆T .

12



The proof of Theorem 1 is shown in Appendix A.

Remark 4. Theorem 1 gives data-dependent upper bounds for the estimation errors of
the parameter matrices. In order to have a data-independent characterization of the con-
vergence rate for adaptive control or reinforcement learning purposes, in the proof of The-
orem 1, specifically equation (A.3), we provide with the corresponding convergence rate of
the parameter estimate θ̂, which is equal to O(

√

log(T )/T ).

5. Numerical examples

We now verify the effectiveness of the proposed methodology on two simulation examples.
In both cases, we note that the true switching sequences sc and sa are only used to verify
the accuracy of the estimated switching sequences, i.e., ŝc and ŝa. As performance index
we make use of the mode match rate, defined as:

Lmr =
1

T

T
∑

t=1

ι(sc(t), ŝc(t)),

where ι(·, ·) denotes the standard indicator function, i.e., ι(sc(t), ŝc(t)) = 1 if sc(t) = ŝc(t),
0 otherwise.

5.1. Example 1: Academic NCS-RSM

For illustrative purposes, we start by considering a simple non-causal system described
in (1) with mc = ma = 2 modes and main parameters reported in Table 1 (refer to the
“True” columns). The dimensions of the outputs, causal states, and non-causal states are
ny = 1, nxc = nxa = 2. The probabilities of all modes are πc

1 = 0.7, πc
2 = 0.3, πa

1 = πa
2 =

0.5. The system is excited with white noise with zero mean and finite variance, and the
data length is T = 104.

The true and estimated parameters are reported in Table 1, which clearly shows that the
parameter estimates are very close to their true values. In Fig. 1 we report the partial
estimation of the switching sequences sc and sa, where the mode match rates are 97.4%
and 99.2%, respectively. Note that our method achieves an accurate parameter estimate,
since each data point can be accurately assigned to the corresponding mode. To better
validate the accuracy of the proposed algorithm in parameter estimation, Fig. 2 illustrates
the estimated states using the modified KF. The relative estimation errors, defined as
δc = ‖xc − x̂c‖

2/‖xc‖
2 (δa has the same structure), are δc = 3.74% and δa = 3.14%,

respectively.

To validate the effectiveness of the proposed method, we compare it with the EM-based
identification framework for a JMLS in [11], which was originally derived for causal switch-
ing systems. To accommodate the non-causal switching dynamics inherent in NCS-RSM,
we extend the two-filter approach to a bidirectional filtering architecture consisting of a
forward filter optimized for causal system components, and a backward filter specifically
tailored for non-causal dynamics. The length of the data is set to T = 104. The transition
matrix in [11] is set to T = [ 0.5 0.5

0.5 0.5 ], and the probability of the switching sequence in this
paper is set to πc

1 = πc
2 = πa

1 = πa
2 = 0.5. The subsystem match rates of the proposed

method and [11] are compared at different noise levels by assuming Σ = Σc = Σa. The
identification accuracy of the switching sequences are shown in Table 2.

To verify the robust performance of the proposed method against several noise levels,
we run 100 Monte Carlo experiments under four different noise conditions, i.e., Σ ∈
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Figure 1: The true (blue cross) and estimated (red circle) mode sequences over a certain
time window of length 100.

Table 1: The true and estimated system parameters

True Estimate True Estimate

Aa(1)

[

1 0

0 1

] [

0.9681 0.0120

0.0142 0.9868

]

Aa(2)

[

0.6 0.2

0.3 0.8

] [

0.6242 0.1992

0.3283 0.7738

]

Ac(1)

[

1 0.2

0.3 0.8

] [

1.0131 0.2130

0.2849 0.8333

]

Ac(2)

[

0.8 0.2

0.3 0.5

] [

0.8118 0.1899

0.3291 0.4784

]

Ca(1)
[

0.2 0.6
] [

0.2011 0.5962
]

Ca(2)
[

0.3 0.76
] [

0.2850 0.7677
]

Cc(1)
[

0.3 0.7
] [

0.2983 0.6979
]

Cc(2)
[

0.7 0.2
] [

0.7023 0.2029
]

πc
1 0.7 0.6963 πc

2 0.3 0.3037

πa
1 0.5 0.493 πa

2 0.5 0.507

Σa(1)

[

1 0

0 1

] [

1.1111 −0.0711

−0.0711 0.9865

]

Σa(2)

[

1 0

0 1

] [

0.9307 0.0567

0.0567 1.0386

]

Σc(1)

[

1 0

0 1

] [

0.9773 −0.0067

−0.0067 0.9763

]

Σc(2)

[

1 0

0 1

] [

1.0134 −0.0001

−0.0001 0.9850

]

Σm 1 1.0049
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Figure 2: Dynamical evolution of the true state variables xc and xa (solid blue line), and
of the estimated ones x̂c, and x̂a (dashed red lines).

Table 2: The mode match rates achieved by the EM algorithm in [11] and by the proposed
method.

Lmr(s) [11] Lmr(sc) Lmr(sa)

Σ = 0.00 100% 100% 100%

Σ = 0.01 99.5% 98.5% 99.3%

Σ = 0.1 96.5% 97.6% 99.1%

Σ = 1 89.2% 97.4% 99.2%
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Figure 3: Match rates obtained by the proposed algorithm for different noise levels.

{0.01I, 0.1I, 0.5I, I}. In Fig. 3 we report the mean and the variance of the match rates
in all the considered cases. We observe that the estimation accuracy of the switching
sequence is not significantly affected by the noise variance, since even for high noise lev-
els the estimation accuracy can still reach 98% due to the excellent performance of the
modified KF.

5.2. Example 2: The Department Store Inventory Price Index

In this subsection we adopt “The Department Store Inventory Price Index”(DSIP) dataset
from The Bureau of Labor Statistics (BLS). These data come from inventory weighted
price indices of goods carried by department stores.

The dynamics of the DSIP are shaped by the interplay of both causal and non-causal fac-
tors. Traditional causal models focus on predicting future prices using historical data (e.g.,
supply-demand fluctuations, production costs), while the core value of the proposed NCS-
ASM lies in historical data smoothing and dynamic interpretation. For instance, future
expectations (e.g., pre-holiday inventory adjustments) influence historical price smoooth-
ing estimates through non-causal subsystems, correcting fluctuations caused by short-term
market noise or measurement errors. Additionally, price dynamics often exhibit bidirec-
tional feedback (e.g., interactions between current inventory and future restocking plans)
and mode switching (e.g., seasonal patterns). Therefore, a NCS-RSM model (1) is suitable
for describing the DSIP.
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Figure 4: The smoothing estimated prices and the true prices with different numbers of
the subsystem. (a) sc = sa and mc = ma = 1; (b) sc 6= sa and mc = ma = 1; (c) sc 6= sa

and mc = ma = 2

In Fig. 4 we show the true prices and the smoothing estimated prices with different number
of subsystems. The smoothing estimation errors δ = ‖y − ŷ‖/‖y‖ with different number
of subsystems are shown in Table 3. Specifically, we can infer that the larger the number
of subsystems, the more accuracy the smoothing estimation becomes.

Table 3: The smoothing estimation errors against different number of subsystems.

switching sequence # of sc # of sa δ

sc = sa mc = 1 ma = 1 0.0249

sc 6= sa mc = 1 ma = 1 0.0195

sc 6= sa mc = 2 ma = 2 0.0188

In conclusion, from Fig. 4 and Table 3 we note that switching systems with a larger
number of modes can obtain the more accurate smoothing estimate of inventory levels,
which can offer a guide restocking decisions.

6. Conclusion

We have proposed an expectation-maximization framework for identifying non-causal sys-
tems with random switching modes. In the E-step, we have embedded the reconstructed
switching sequence into the modified Kalman filter so that the proposed algorithm can han-
dle the joint state variable estimation for the causal and non-causal parts. Furthermore, in
M-step we have developed a switching least-squares algorithm that can get the parameter
estimates in closed-form. From a technical perspective, we have established the conver-
gence of our identification methodology, also deriving an upper bound O(

√

log(T )/T ) for
the parameter errors.

Note that the identification algorithm proposed in this paper can be adapted to the identi-
fication of switching linear descriptor systems with minor modifications, since a descriptor
state-space model can be represented in the mixed causal and non-causal form. When the
subsystems are nonlinear, however, the identification task becomes more challenging, thus
posing greater difficulties. This aspect will be further investigated in our future work.
In addition, addressing the joint identification of structured subsystems and piecewise
constant switching sequences is an interesting future research direction.
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Appendix A. Technical proofs

Proof of Lemma 1: The log likelihood difference between the θ and θk can be expressed
as

lnPθ(y)− lnPθk [y] = Q(θ, θk)−Q(θk, θk)

+ V (θ, θk)− V (θk, θk),

where the difference V (θ, θk)−V (θk, θk) coincides with the Kullback–Leibler distance that
possess an important property, i.e., being non-negative. Therefore, the maximization of
Q(θ, θk) can yield an increase in the log-likelihood function lnPθ(y), namely

Q(θ, θk+1) ≥ Q(θ, θk) ⇒ lnPθk+1 [y] ≥ lnPθk [y],

thus concluding the proof. �

Proof of Lemma 2: Only the boundedness of ηc(t) will be proven in detail, since that of
ηa(t) and ηm(t) can be derived in a similar way.

First, we note that xc(t− 1) can be equivalently expressed as follows:

xc(t− 1) = ϕ1(sc)xc(1) + ϕ2(sc)vc(1 : t− 1),

where vc(1 : t− 1) , [vc(1), · · · , vc(t− 1)], ϕ1(sc) and ϕ2(sc) are shown as follows:

ϕ1(sc) = Ac(sc(2)) +Ac(sc(3))Ac(sc(2)) + · · · +Ac(sc(t− 1))Ac(st−2) · · ·Ac(sc(2))

(A.1)

ϕ2(sc) =















1 +Ac(sc(2)) +Ac(sc(3))Ac(sc(2)) + · · ·+Ac(sc(t− 1)) · · ·Ac(sc(2))
1 +AC(sc(3)) + · · · +Ac(sc(t− 1)) · · ·Ac(sc(3))

...
1 +Ac(sc(t− 1))

1















⊤

(A.2)

Both matrices are uniquely determined by the switching sequence sc and system matrices
Ac. Then, one obtains that:

ηc(t) = xc(t)−A(ŝc(t))xc(t− 1)

= (Ac(sc(t)) −A(ŝc(t)))xc(t− 1) + vc(t)

= (Ac(sc(t)) −A(ŝc(t)))ϕ1(sc)xc(1)

+ ϕ3(sc)vc(1 : t),
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where ϕ3(sc) = [ϕ2(sc), 1]. Passing to the (squared) norm in the expression above we
note that, in view of the fact that the noise vc has a bounded covariance, the last term is
bounded too. For what concerns the first term, instead, we have:

‖[Ac(sc(t))−A(ŝc(t))]ϕ1(s)xc(1)‖
2 ≤ λ1‖xc(1)‖

2,

where

λ1 , λmax(ϕ
⊤
1 (s)(Ac(sc(t))−A(ŝc(t)))

⊤

(Ac(sc(t))−A(ŝc(t)))ϕ1(s)),

which concludes the proof. �

Proof of Theorem 1: In the interest of space, we establish the convergence rate for Âa(l)
only, since the other bounds on the system matrices can be derived similarly. We start by
introducing two necessary lemmas. In particular, the following result holds true by virtue
of Standing Assumptions 1 and 2:

Lemma 3. ([14, Lemma 3]) The following asymptotic relations hold true almost surely
(a.s.):

∥

∥

∥

∥

∥

T
∑

i=1

A(sc(i))xc(i)v
⊤
c (i) + vc(i)x

⊤
c (i)A(sc(i))

∥

∥

∥

∥

∥

= o(T ),

∥

∥

∥

∥

∥

T
∑

i=1

A(sa(i))xa(i)v
⊤
a (i) + va(i)x

⊤
a (i)A(sa(i))

∥

∥

∥

∥

∥

= o(T ).

The proof extends [14, Lemma 3] by treating the non-causal dynamics (1) as a time-
reversed causal process. By Standing Assumption 1, the reversed process preserves sta-
bility in the average sense. The martingale property of va(t) (Standing Assumption 2)
ensures the applicability of the covariance analysis in [14].

Next, we report a lemma whose validity follows from Standing Assumption 2:

Lemma 4. ([29]) The standard least-squares solution can be expressed as Âa(l) = argminAa(l) ‖xa(t)−
Aa(l)xa(t+ 1)‖2, t ∈ T

a
l,T , for all l = 1, · · · ,ma. If

(C1) λmin(W
a
l,T ) → ∞ a.s., and

(C2) log λmax(W
a
l,T ) = o(λmin(W

a
l,T )) a.s.,

then the least-squares estimate Âa(l) is strongly consistent with convergence rate

‖Âa(l)−Aa(l)‖∞ = O

(
√

log(λmax(W a
l,T ))

λmin(W a
l,T )

)

a.s.

In view of Lemma 4, sufficient conditions for establishing the convergence rate of Âa(l) are
(C1) λmin(W

a
l,T ) → ∞, a.s., and (C2) log λmax(W

a
l,T ) = o(λmin(W

a
l,N )), a.s.. We therefore

have to show that these two conditions are verified in our case. Then, for what concerns
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(C1), one has:

xa(t)xa(t)
⊤ = (Âa(l)xa(t+ 1) + va(t))

(Âa(l)xa(t+ 1) + va(t))
⊤

= Âa(l)xa(t+ 1)x⊤a (t+ 1)Â⊤
a (l)

+ 2va(t)x
⊤
a (t+ 1)Â⊤

a (l) + va(t)v
⊤
a (t).

Since Âa(l)xa(t+1)x⊤a (t+1)Â⊤
a (l) is a positive semidefinite matrix, by relying on Lemma

3 we can infer that

W a
l,T =

∑

t∈Ta
l,T

xa(t)x
⊤
a (t)

<
∑

t∈Ta
l,T

va(t)v
⊤
a (t) + xa(T )x

⊤
a (T )

+
∑

t∈Ta
l,T

(Âa(l)xa(t+1)v⊤a (t)+va(t)x
⊤
a (t+1)Â⊤

a (l))

<
∑

t∈Ta
l,T

va(t)v
⊤
a (t) + o(T ).

Then, we readily obtain:

lim
|Ta

l,T
|→∞

inf

∑

t∈Ta
l,T

xa(t)x
⊤
a (t)

|Ta
l,T |

< lim
|Ta

l,T
|→∞

inf

∑

t∈Ta
l,T

va(t)v
⊤
a (t)

|Ta
l,T |

≻ 0.

Therefore, we can conclude that λmin(W
a
l,T ) → ∞ a.s..

To prove (C2) we note that:

λmax(
∑

t∈Ta
l,T

xa(t)x
⊤
a (t)) ≤ tr(

∑

t∈Ta
l,T

xa(t)x
⊤
a (t))

≤
T
∑

i=1

‖xa(t)‖
2 = O(N),

where the last equality follows in view of the stability, in average sense, of the NCS-RSM
in (1). Then, one can readily obtain that

lim
T→∞

log(λmax(W
a
l,T ))

λmin(W a
l,T )

≤ lim
T→∞

log(T )

|Ti,T |
=

log(T )

O(T )
= 0.

(A.3)

We are now able to establish the convergence rate for the covariance matrices. Specifically,
we will give the detailed proof for Σ̂c(j) only, since the remaining ones follow similarly.

From the NCA-ASM in (1), the true covariance matrix for vc can be expressed as:

Σc(j) =
1

|Tc
j,T |

∑

t∈Tc
j,T

(xc(t)−Ac(j)xc(t− 1))

(xc(t)−Ac(j)xc(t− 1))⊤.

21



Then, the estimation error can take the following form:

Σ̂c(j) − Σc(j) =
1

|Tc
j,T |

∑

t∈Tc
j,T

((Ac(j)− Âc(j))xc(t− 1))

((Ac(j) − Âc(j))xc(t− 1))⊤.

Therefore, the convergence rate for Σ̂c(j) reads as:

‖Σ̂c(j) − Σc(j)‖∞ ≤

∑

t∈Tc
j,T

xc(t− 1)xc(t− 1)⊤

|Tc
j,T |

‖(Ac(j) − Âc(j))(Ac(j)− Âc(j))
⊤‖∞

≤ O

(

log(T )

T

)

,

which completes the proof. �
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