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Linesearch-free adaptive Bregman proximal
gradient for convex minimization without
relative smoothness®

Hongjia Ouf Puya Latafat? Andreas Themelis'

Abstract

This paper introduces adaptive Bregman proximal gradient algorithms
for solving convex composite minimization problems without relying on
global relative smoothness or strong convexity assumptions. Building upon
recent advances in adaptive stepsize selections, the proposed methods gen-
erate stepsizes based on local curvature estimates, entirely eliminating the
need for backtracking linesearch. A key innovation is a Bregman gener-
alization of Young’s inequality, which allows controlling a critical inner
product in terms of the same Bregman distances used in the updates.
Our theory applies to problems where the differentiable term is merely lo-
cally smooth relative to a distance-generating function, without requiring
the existence of global moduli or symmetry coefficients. Numerical exper-
iments demonstrate their competitive performance compared to existing
approaches across various problem classes.

Keywords. Convex minimization, Bregman proximal gradient method, relative
smoothness, adaptive stepsizes, Bregman distance.
AMS subject classifications. 65K05, 90C06, 90C25, 90C30, 49M29.

Contents

1 Introduction 2
1.1 Motivations and related work . . . . . .. . ... ... ... ... 3
1.2 Contribution . . . . . . ... ... ... 4
1.3 Preliminaries and notation . . . . . . ... .. ... ... ..... 4

2 Problem setting and proposed algorithms 6
2.1 Local moduli estimates . . . . . . .. ... ... ... .. ..... 7
2.2 Proposed algorithms and main results . . . . ... ... .. ... 8

2.2.1 Comparison with Euclidean methods . . . . . . . ... .. 10

*A. Themelis was supported by the JSPS KAKENHI grant number JP24K20737. P. Latafat
is a member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Ap-
plicazioni (GNAMPA - National Group for Mathematical Analysis, Probability and their
Applications) of the Istituto Nazionale di Alta Matematica (INdAM - National Institute of
Higher Mathematics).

fFaculty of Information Science and Electrical Engineering (ISEE), Kyushu University,
744 Motooka, Nishi-ku, Fukuoka 819-0395, Japan. E-mails: ou.honjia.069@s.kyushu-u.ac.jp,
andreas.themelis@ees.kyushu-u.ac.jp

fIMT School for Advanced Studies Lucca. E-mail: puya.latafat@imtlucca.it


https://arxiv.org/abs/2508.01353v1

3 Main inequalities 11

3.1 Young’s inequality in the Bregman sense . . . . . . ... .. ... 12
3.2 Bounding the inner product By4+7 . . . . . . ..o 14
3.2.1 B-adaPGbound . . . .. .. ... ... ... 14
3.2.2 B-adaPG, bound . .. ... ... ... ... ... 14
3.3 A merit function for B-adaPG . . . . . . ... ... oL 15
3.4 A merit function for B-adaPG, . .. . ... .. ... ... ... 16
4 Convergence analysis 17
4.1 Proof of Theorem 2.5(1) . . . . ... ... ... ... ....... 20
42 Proofof Eq. (2.8) . . . . . ... 22
4.3 Proof of Theorem 2.5(11) . . . . . . . .. ... . 23
5 Numerical experiments 23
5.1 Compared algorithms . . . . .. ... ... ... ... ... 24
5.1.1 Proposed adaptive methods (B-adaPG and B-adaPG,) .. 24
5.1.2  Linesearch methods (B-PG-ls and PG-Is) . . . ... .. .. 24
5.1.3 Bregman adaptive Golden ratio algorithm (BaGRAAL) . . 25
5.1.4  Accelerated BPG with gain adaptation (ABPG-g) . . . . . 25

5.2  Unconstrained minimization with Hessian norm growing as a
polynomial . . . .. ..o 26
5.3 Relative-entropy nonnegative regression . . . .. ... ... ... 27
5.4 Relative-entropy barrier minimization on the simplex . . . . . . . 28
5.5 Euclidean problems . . . . . . . .. ..o oL, 30
5.5.1 DBregman vs Euclidean updates . . . .. ... .. .. ... 30
5.5.2 Conservatism when ¢ =3 . . . .. ... ... ... ... 30
6 Conclusions 31
A Omitted proofs 33
Proof of Lemma 3.1 . . . . . . ... . L 33
Proof of Lemma 4.1 . . . . .. .. ... 33
References 34

1 Introduction
This work considers structured optimization problems of the form

minimize p(z) = f(z) + g(z), (P)

zeC
where C' denotes the closure of C' = int dom ¢ for a proper 1-coercive function
¢ : R™ = R of Legendre type, f : R® = R, g : R® = R are proper closed convex,
while f is only assumed to be locally smooth relative to the distance-generating
function (dgf). By local smoothness relative to ¢ we refer to the existence, for
any compact and convex set K C int dom ¢, of a constant L?,C > 0 such that

L? ®— [ is convex over K; see Assumption 2.1. When such a constant L? exists

independently of C, that is such that L¢¢ — f is convex on int dom ¢, then the
usual notion of (global) smoothness of f relative to ¢ is recovered.



For convex f, these definitions are respective generalizations of local and
global Lipschitz-smoothness of f, that is, local and global Lipschitz continuity
of Vf. Indeed, these are recovered when ¢ = j, where with

i=sl-I?

we denote the squared Euclidean norm.
A standard approach for solving (P) is to use fixed point iterations with the
Bregman proximal gradient (BPG) operator

2Ft = argmin {f(xk) + (Vf(@®), w — %) + g(w) + %1“ D¢(w,xk)} , (L.1)
weR™

where ;41 > 0 is the stepsize parameter and

Dy(e.y) = {¢(z) —0(y) ~ (Vo(y).x —y) if (z,y) € dom x int dom ¢
00 otherwise
(1.2)
is the Bregman distance associated to ¢.

Noticing that D;(z,y) = %|lz —y||? is the squared Euclidean norm, BPG up-
dates (1.1) reduce to standard proximal gradient iterations when ¢ = j. More
generally, a well-chosen kernel ¢ can naturally encode the feasible region through
its domain, blending the benefits of barrier and operator splitting methods. Be-
yond this, the Bregman framework addresses important smoothness limitations.
In many applications, the differentiable term f lacks Lipschitz-smoothness, ubig-
uitous requirement for first-order methods, but may exhibit smoothness relative
to a kernel ¢ other than the squared Euclidean norm [3, 14|. Moreover, even
in unconstrained problems and with f enjoying global Lipschitz smoothness,
appropriate kernel selections can yield tighter smoothness parameters, enabling
larger stepsizes and faster convergence.

1.1 Motivations and related work

Under the assumption that f is globally L?—relatively smooth, the BPG method
enjoys a descent property in terms of the Bregman distance, provided the step-
size does not exceed (1 + a)/L%, where a € [0,1] is the so-called symmetry co-
efficient [3]. However, reliance on global smoothness and symmetry properties
typically leads to unnecessarily small stepsizes and slow convergence in practice.
This observation is not limited to the Bregman setting, as it also pertains the
standard proximal gradient method and first-order algorithms in general. For
this reason, even when constant stepsizes based on global moduli are employ-
able, time-varying selections reflecting the local landscape of the problem can
significantly improve algorithmic performance.

Adaptive methods in the Euclidean setting Backtracking linesearch is
a well-established practice to achieve this; linesearch refers to a trial-and-error
procedure that iteratively adjusts the stepsize until a prescribed condition, typ-
ically a descent on the cost, is verified. These techniques can significantly ac-
celerate convergence by selecting more effective stepsizes, but they incur higher
per-iteration costs due to repeated evaluations, until the needed condition is



met, thereby leading to slower individual iterations. In response to this, [16] in-
troduced an adaptive stepsize selection strategy for the gradient method based
on local estimates of Lipschitz moduli that can be derived from available data.
Initially limited to smooth minimization, the approach was refined and extended
in [12] to accommodate nonsmooth proximable terms, and later further refined
in several other flavors [17, 11, 29, 21]. Among these developments, [20] showed
that this class of adaptive methods extends to the local Holderian setting, while
[13, 24] proposed accelerated variants a la Nesterov [18].

Advances in the Bregman setting All the above-mentioned works are how-
ever limited to the standard proximal gradient setup, dubbed “Euclidean set-
ting” as it is captured by the choice of ¢ = j as the square Euclidean norm.
Linesearch techniques can be directly extended to Bregman proximal gradient
iterations (1.1), where they preserve the same advantages and limitations as in
the Euclidean case. In contrast, generalizing other adaptive schemes to the Breg-
man setting proves significantly more challenging. To the best of our knowledge,
the only successful extension in this direction is the BaGRAAL method proposed
in [25], which adapts the golden-ratio scheme of [15] to the Bregman context.
Remarkably, similarly to its predecessor [25] covers a class of hemivariational
inequalities broader than composite minimization. On the other hand, it re-
quires the Bregman kernel ¢ to be strongly convex, with the stepsize parameters
explicitly dependent on the corresponding modulus of strong convexity. More
importantly, this method derives its stepsizes from Fuclidean (Lipschitz) esti-
mates, which are not aligned with the underlying Bregman geometry. As we will
demonstrate in our simulations, this results in conservative stepsize selections
and, consequently, slower convergence in practice.

1.2 Contribution

In this work, we propose two adaptive stepsize selection strategies for Bregman
proximal gradient iterations that operate without requiring strong convexity of
the Bregman kernel or global Lipschitz smoothness of the differentiable term,
thus significantly broadening the scope of applicability of Bregman-based meth-
ods. A central technical challenge in the Bregman setting arises from controlling
inner product terms, which in the Euclidean case are typically bounded using
Young’s or Cauchy—Schwarz inequalities. The game changer in our approach is
the introduction of a novel Bregman generalization of Young’s inequality, which
enables a direct and effective handling of inner products in terms of Bregman
distances. Extensive numerical experiments confirm that the proposed method-
ology outperforms existing approaches in terms of convergence speed, robustness
across problem classes, and employment of large stepsizes, all under very general
working assumptions.

1.3 Preliminaries and notation

The set of natural numbers is N := {0,1,2,...}, while R, Ry := (0,00), and
R = R U {£oo} denote the set of real, strictly positive, and extended-real
numbers, respectively. For ¢ € R, we define [¢t]; = max {t,0}. We use (-, -)
to denote the standard inner product on R™, and for a symmetric and positive

definite R™*™ matrix @, denoted @ € Sym_  (R"), we let ||z ¢ = \/(z,Qz) be



the induced norm. In case @ is the identity matrix, we simply write ||z||. Given
a set D C R™, with int D we denote its interior.

With id : R® — R™ we indicate the identity function, while j : R" —
R indicates the square Euclidean norm j(z) = 3||z||2. The domain and epi-
graph of an extended-real-valued function h : R® — R are the sets domh =
{z € R" | h(z) < oo} and epih = {(z,c¢) € R"” x R| h(z) < ¢}. Function h is
said to be: proper if h > —oo and dom h # (); lower semicontinuous (Isc) if epih
is a closed subset of R**!; 1-coercive if lim g = o0 % = 00.

The conjugate of a proper, lsc, convex function h : R® — R is the proper,
Isc, convex function h* : R” — R defined by h*(€) = sup,cgn {(§, ) — h(x)}.
The subdifferential of h at x € dom h is the set

Oh(z) = {u € R" | h(z') > h(x) + (u,2’ — z) V2’ € R"},

while dh(x) = 0 for x ¢ dom h. h is differentiable at z iff h(x) is a singleton,
and in this case one has that 0f(z) = {Vh(z)}.

Bregman distance

We next list a few known facts related to Bregman distances as in (1.2).

Fact 1.1 (three-point identity |8, Lem. 3.1]). Let h : R® — R be a proper
lsc convex function differentiable on intdom h. For any x € domh, and y,z €
int dom h the following holds:

Dy (2, 2) = Dg(2,y) + Dg(y, 2) + (x — y, Vh(y) — Vh(2)).

We say that a proper, lsc, convex function ¢ : R® — R is of Legendre
type (or simply Legendre) if it is (i) essentially smooth, namely differentiable on
int dom h # () and such that | Vh(z*)|| — oo whenever intdomh > 2% — = €
dom A \ int dom h, and (ii) essentially strictly convex, namely strictly convex on
every convex subset of dom Oh.

Fact 1.2. Let ¢ : R® — R be of Legendre type, and let C := int dom ¢.

(i) [4, Thm. 3.7(vi)] Dg(z, - ) is 1-coercive for any x € C.

(ii) [4, Thm. 3.8(1)] If a sequence (xk)ke]N converges to a boundary point of C,
then Dy (z,2%) — oo for any x € C.

(iii) [4, Prop. 2.16], [22, Thm. 26.5] The conjugate function ¢* is continuously
differentiable, strictly convex on R™, and V¢* = Vo1,

(iv) [4, Thm. 3.7(v)] Dy(z,y) = Dy« (Vo(y), Vo(x)) for any x,y € C.

Finally, we introduce the symbol A, to indicate the symmetrized Bregman
distance

(Vo(z) = Vo(y),x —y) if 2,y € intdom ¢

Ay(7,y) = Dy(x,y)+Dy(y,x) = .
00 otherwise.

(1.3)



2 Problem setting and proposed algorithms

Problem (P) will be studied under the following assumptions.

Assumption 2.1. The following hold in (P):

(i) C =intdom ¢ for a proper, convex, 1-coercive function ¢ of Legendre type,
which is twice differentiable with V3¢ = 0 on C.

(ii) f:R™ — R is proper, conver, lsc, and locally smooth relative to ¢: that is,
dom ¢ C dom f, and for every convexr and compact set I C C' there exists
L?,K > 0 such that L?Kd) — f is convezx on K.

(iii) g : R™ — R is proper, Isc, and convezr with dom g N C # {.

(iv) A solution exists: argming ¢ # ().

Beyond convexity, all these basic requirements on f and g are virtually neg-
ligible. The local relative smoothness in Assumption 2.1(ii) is tantamount to
saying that f is differentiable on C,' and that

Dy(z,y) < L?K Dy(z,y) Vz,y ek, (2.1)

which simplifies to local Lipschitz continuity of Vf when ¢ = %HxHQ Impor-
tantly, note that K need only be a compact subset of the interior of dom ¢,
thereby far from boundary points at which ¢ is vertical because of essential
smoothness. As such, any convex function f which is, say, twice differentiable
on C, enjoys this requirement, even if exhibiting an infinite slope at boundary
points of C.

Example 2.2. Let ¢(x) = zIlnx—2x be the Boltzmann-Shannon entropy on R, .
Any convex function that is twice differentiable on R, such as f(z) = 1 on
R, ;+ and oo elsewhere, is locally smooth relative to ¢ as in Assumption 2.1(ii),
despite the fact that there may exist no L such that L¢ — f is convex in a

neighborhood of 0 (as is the case for the given f). O

As we detail in the following subsection, the basic requirements listed in
Assumption 2.1 are enough to guarantee that the proposed adaptive stepsize
selection strategies produce iterates z* such that infyen p(2%) = infz ¢. Slightly
more can be said upon assuming that the Bregman distance generated by ¢
satisfies the following mild additional assumption.

Assumption 2.3 (Bregman with zone C [23, Def. 2.1]). The dgf ¢ satisfies the
following:
(i) Dg(x,2*) — 0 whenever C 3 ¥ — x (in particular, dom ¢ is closed).
(ii) Dg(x, - ) is level bounded for any x € C'\ C.
Assumption 2.3 holds vacuously whenever ¢ has full domain R"™. More gen-

erally, it is a standard requirement satisfied by many kernels used in practice;
see for instance [3, Rem. 4].

ISee [28, Prop. 3.7] or [1, Prop. 2.5].



2.1 Local moduli estimates

Our approach builds upon the Euclidean analyses of [12, 11], and more gener-
ally follows the “self-adaptive” rationale of generating stepsizes solely based on
past available data, without resorting to inner loops or requiring existence (or
knowledge thereof) of any global modulus. However, the involvement of Bregman
geometry brings forth several challenges that do not allow for straightforward
extensions of these works.

Each iteration revolves around three local estimates: two are Lipschitz-like
estimates for V f and for the forward operator

Hy = Vo — 3V, (2.2)

and one measuring the gap between Dy(z,y) and Dy(y, z) at specific points.
This latter measure is superfluous in Euclidean analyses, since the quadratic
function ¢ = j enjoys complete symmetry.

Differentiable function f First, based on (2.1),

Af(a?k,.rk_l)

T By )

(2.3a)

provides an estimate of the relative smoothness modulus on the line segment
between the last two consecutive iterates ¥~ and z*. This is the obvious coun-
terpart of (the inverse of ) a Barzilai-Borwein stepsize 2], and the local Lipschitz
estimate of V f used in [12] for the Euclidean case, which indeed matches (2.3a)
when ¢ = j.

Forward operator Hj; Inferring a Bregman equivalent of a local Lipschitz
estimate of the forward operator (2.2) is not as immediate. Indeed, replacing
| Hi(2%) — H(2*~1)||? with, say, a Bregman term D= (Hy(2%), Hi(2*~1)) does
not seem to lead to quantities that naturally arise in the analysis. Our solution
is more convoluted, and specifically given by

Ay

2Dy (Vo(z®) + 6 [Hy(a%) — Hp(a1)], V(b)) (2.30)
0 62 Ay (zk, k1) ’
depending on some parameter § > 0 (specified later). Despite its deceptive
intricacy, when ¢ = j is quadratic, and thus so is its conjugate ¢*, this estimate
recovers the (square) Lipschitz estimate ”H"'("lﬁz,z:gc’i(fﬁgl)nz of [12, Lem. 2.1(ii)],
independently of the parameter §. However, a judicious choice of § will be crucial
for our convergence analysis in the generality of Assumption 2.1. The expression
(2.3b) for more general ¢ owes to the following Bregman extension of the Young
inequality

(x —y,v) < 5Dg(2,y) + 5 Dy- (Vo(y) + 60, Vo(y)),

see Lemma 3.2 for a precise statement.



Bregman kernel ¢ Lastly, a local symmetry coefficient

Dy(a, 2"1)
ap = ——F——— € (0,00) (2.3¢)
Dy (=1, z)
allows us to express
A¢($k,l‘k_1) = 1272”“ D¢(,’L‘k,$k_1). (24)

Note that ap > 0 holds for any k by essential strict convexity of ¢, regardless
of whether or not ¢ has a global (strictly positive) symmetry coefficient

(o) = inf Dy(,y) (2.5)

z,y€int dom ¢ D¢ (y, .I') ’
TEY

Even when it does, a symmetry coefficient based on the global landscape of ¢
may be excessively conservative; instead, the use of local estimates enables the
adoption of tighter constants, ultimately leading to larger stepsizes for Bregman
proximal gradient iterations (1.1). The interested reader is referred to the recent
work [19] for an in-depth analysis of the coefficient a(¢) for a certain class of
Bregman kernels ¢.

2.2 Proposed algorithms and main results

Based on these three quantities, choose a stepsize ;41 and proceed with a
Bregman proximal gradient update (1.1). We propose the following two options,

where we let

e k41
Pr+1 = —

denote the ratio of consecutive stepsizes (so that yg1 = prt17k):

B-adaPG |set prr1 = /1 + pr and 0 = 2p41, and update

= min{ p Ok ! (2.6)
PEk+1 PEk+1, 1+ ar 2pem [Ak,é _ (1 — W’kﬁk)h .

and, in case ¢ enjoys a symmetry coefficient o = a(¢) > 0,

B-adaPG, |set pxi1 = ,/# + pr and § = H%/Skﬂ, and update
(if a(gp) > 0)

. ~ [0
Pk+1 = min {Pk+17 } : (2.7)

20k+1 [Ak,s — (1= vule)]

Remark 2.4. We use the convention that § = oo, and remind that [t]; =
max {0,¢}. In particular, whenever Ay 5 < 1 —~,{; all updates reduce to px+1 =
Pri1. It is implied that a starting point #° € C should be provided, as well
as two stepsizes vg,71 > 0 for the first two iterations. We refer the reader to
Section 5.1.1 for a practical initialization strategy, which recasts the one in [12,

§2.1.1] in our Bregman setting. O



The following theorem collects the main results for Bregman proximal gra-
dient iterations (1.1) with stepsizes selected according to the above rules.

Theorem 2.5 (summary of main results). Suppose that Assumption 2.1 holds,
and consider the iterates generated by B-adaPG. Then, one always has that

]ilel]ggo(xk) = i%f ®. (2.8)

Moreover,

(i) If CNnargmingp # 0 (equivalently, if C Nargming # (), then there
exists x* € C'Nargmin @ such that z* — z*.

(ii) If Assumption 2.3 holds, then (z*)
optimal limit point.

pen U bounded and admits a unique

When ¢ has symmetry coefficient o > 0, the same is true for B-adaPG,,.

Any Legendre kernel ¢ with a non-open domain necessarily satisfies a(¢) = 0
[3, Prop. 2]. Consequently, the statement of Theorem 2.5(ii) is only nontrivial
for the B-adaPG variant: a positive symmetry coefficient a(¢) > 0, combined
with the domain closedness required by Assumption 2.3, forces dom ¢ = R™. In
this case, the stronger conclusion of Theorem 2.5(i) applies instead.

Although the general theoretical results are weaker than in the Euclidean
setting, our proposed methods demonstrate significant practical advantages. Ex-
tensive numerical simulations in Section 5 confirm that the adaptive choices
B-adaPG and B-adaPG, enable larger stepsizes (even on average) and dramati-
cally speed up convergence, outperforming even aggressive linesearch strategies.
Providing a firm theoretical basis for this observed performance, similar to what
has been established in the Euclidean case, remains a compelling direction for
future research. Nonetheless, we outline below some theoretical refinements that
can already be ensured, whose full details are however omitted for the sake of
keeping the presentation simple.

Remark 2.6. Some comments are in order for Theorem 2.5.

(i) The setting of Theorem 2.5(i) corresponds to the case in which ¢ has un-
constrained minimizers lying in int dom ¢; that is, the Bregman geometry
induced by ¢ does not act as an active barrier in the minization problem. In
this case, it can actually be shown that the stepsizes v; in both algorithmic
variants are lower bounded by some iy > 0, a property that can be used
to infer a rate X

. . 1
min o(z%) — infp < O(%57)

for the best-so-far cost; see Lemma 4.1. Such a lower bound 7y, can be

derived albeit with tedious, very conservative, and not particularly insightful

expressions; for this reason, we confine the discussion to this brief comment.

(ii) Concerning Theorem 2.5(ii), it can be shown that the entire sequence con-
verges up to replacing the first element in the minimum defining the update
rule of pr+1 with (1 — €)pr4+1 for some 0 < € < 1 (as opposed to € = 0).
Under Assumption 2.3, this slight modification of the stepsize rule guaran-
tees that the sequence (y(p(2*) — infm go))ke]N converges to zero. This fact



follows from a simple telescoping argument on (3.18), from which sequential
convergence can be established arguing as in the proof of Theorem 4.4. We
conjecture that the same convergence result holds without this modification
of the stepsize update rule, but a formal proof of this fact remains an open
problem. O

2.2.1 Comparison with Euclidean methods

The B-adaPG variant can be interpreted as a Bregman analogue of the adaPG
update of [12], which reads

adaPG : ~ 1
= min —_—— .
Pr+1 {Pkﬂ, 3 [Ak—(l—%tzk)h}

Here, ¢}, and Ay, are as in (2.3a) and (2.3b) with ¢ = j (as already mentioned, in
this case the latter is independent of the parameter ¢ and is thus omitted from
the subscript). On the other hand, with ¢ = j (hence aj = 1) (2.6) reads

B-adaPG __ : ~ 1
P41~ = min {PkH’ 4ﬁk+1[Ak7(177ka)]+}

IN

. ~ 1 _ adaPG
min {Pk+1a P TG [Ak(lvklk)]+} = Pr+1 >

thus introducing a slight conservativsm over the Euclidean predecessor; the in-
equality owes to the fact that pgyr1 < pr41, hence that p%H < Pkt1Pk+1-

Similarly, the B-adaPG, variant with ¢ = j (hence a = 1) simplifies to a
slightly more conservative variant of the update

adaPGl’% R 1
Prx1 ‘= min {M7 V2[5~ (=i li)] }

of [11, adaPG! 2], having

1
B-adaPG, __ . A 1 adaPG'' 2
Pr+1 = min {pk+1’ 2ﬁk+1[Ak,5—(1—')’k£k)]+} S Prt

(in all occurrences throughout this subsection, pg+1 = /1 + pg)-

Remark 2.7 (quadratic kernels). As explained in Section 2.1, for general ¢ the
curvature estimate Ay s as in (2.3b) depends on the Bregman-Young parameter
d > 0. In the analyses of [12, 11], this parameter is optimally chosen as a suitable
multiple of the ratio px11 = Yi+1/7k, & feasible choice given that the value of
Ay s is independent of §. This is not the case for more general kernels ¢, whence
the above-discussed conservatism originates: the value of ;41 depends on Ay s,
and should Ay s in turn depend on 7,41 a circular dependency would arise.

Specializing B-adaPG, to quadratic ¢ = 3| - |3 with Q@ € Sym, (R"),
this issue does not persist and the tighter analyses of the Euclidean cases are
recovered. The corresponding algorithm produces iterates

zh = argegﬂn {(Vf(mk),x —2F) + g(z) + ﬁ”x - J;k||2Q}
2CR™

with stepsizes chosen as

: 1
= min 1 + Yk ———
Ve+1 Tk {\/ Ye—1’ 2[7%Li—’)’kek}+ )

10




where

(V) =V (2R P — kY IVEER) -V D g1
b= e~ and Ly = = prorg

This expression follows from the easily verifiable fact that A; 5 = 'y,% L%f2'yk€ L+1
(independently of §) in this case. O

3 Main inequalities

To ease the subsequent discussion, we introduce some convenient notational
shorthands and remind some of those already encountered. Relative to the iter-
ates generated by (1.1), for any & € N and x € dom ¢ we denote

Py(z) = p(a*) — p(x) (3.1)
and
Biy1 = Pk+1<$k+1 - xkka(xk) - Hk(l'kil»a (3-2)
where pj1 = T2 and
Hy =V¢—yVf (3.3)

is the “forward” operator. Due to convexity of g, the BPG updates in (1.1) are
characterized by the subgradient inclusion

Vg(zht1) = —W’(”’k);:f(xkﬂ) — V() € 9g(z* ). (3.4a)

Throughout, we use the notation Vg(x**1) to indicate this particular element
of the subgradient of g along the iterates. Similarly, we use

Vip(a"t) = Vg (@) + V(")

Hpiq R —Hp k!
= B ) Henle ) ¢ gp(aht?). (3.4b)

In light of these, we adopt the notation

Dy(w,z*) = g(w) — g(z*) — (Vg(a*),w — z*),
and similarly

Dy (w,z%) = p(w) — p(z*) — (Vp(a¥),w — 2¥),

which are both positive quantities for any k£ € N and w € R".

The main identity in our study is an adaptation to the Bregman setting
of the inequality in [12, Lem. 2.2]. The proof closely patterns the one in the
reference, and is provided in the appendix for completeness.

Lemma 3.1 (main identity; extension of [12, Lem. 2.2]). Suppose that Assump-
tion 2.1 holds, and starting from x° € C consider Bregman prozimal gradient it-
erations (1.1) with stepsizes vy, > 0. Then, for any x € dom pNdom ¢, Y41 > 0,
k € N, it holds that

Dy (2, ") + g1 (1 + Op1) Pr() + Dy (a1, 2)
= Dy (7, 2") + Y1941 Poe1(x) — prp19k41(1 — ly) Ap (¥, 257 1) + By
- ’Yk+1{Df(x7 2¥) + Dy (a1, %) + Dy(a, ") + Opppr Dy (a1, xk)}’
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where Py(x), Brpt1, and ¢ are as in (3.1), (3.2), and (2.3a). In particular,
denoting

Up(z) == Dy (x, %) + (1 + 9%) Pr_1 () + Dy (*, 251,
one has that

Up1(2) < Up(x) — (1 + D5, — prs19xi1) Pe1 () + B
— [r P (1= )| g, e, (35)

Proof. See Appendix A. O

The following two subsections will be devoted to developing analogues of the
Young’s inequality allowing us to bound the inner product term By in terms
of Bregman distances. These pinpoint the main departure from previous Eu-
clidean analyses, in particular the need to introduce a new parameter pj; that
generates some unavoidable conservatism; see the discussion after Theorem 2.5.

3.1 Young’s inequality in the Bregman sense

Young’s inequality is a very simple but powerful tool enabling to bound inner
products in terms of sum of squares. Its derivation is elementary, all revolving
around the fact that, for any u,v € R™ and 6 > 0,

(u,v) = §{u,0v) = g5 llull® + llv]1* — 35]|u — 6v]]*.

Discarding the negative term leaves us with the familiar bound holding for any
6 > 0. The same arguments can be extended beyond quadratic norms to more
general Bregman distances by means of the three-point identity of Fact 1.1.

Lemma 3.2 (Young’s inequality in the Bregman sense). Let ¢ : R® — R
be a Legendre and 1-coercive convex function. Then, for any r € dom¢, y €
intdom ¢, v € R", and § > 0 one has

(x —y,v) < 5Dy(z,y) + 5 Dg- (V(y) + 6v, Vo(y)). (3.6)
Proof. We have
(z —y,0v)
(x =y, Vo(Ve™ (Vo(y) + v)) — V(y))

= §Do(@,y) + § Do (y. Vo" (Vo(y) + 6v))
— 1Dy (2, Vo* (Vo(y) + 0v)).

<x—y,v> =

= Sal= S|

The second equality follows from Legendreness and 1-coercivity of ¢, ensuring
that (V¢)~! = V¢* [22, Thm. 26.5] and that the domain of ¢* is R™ [4, Prop.
2.16]. The third equality is derived from the three point identity of Fact 1.1.
Since Dy > 0, the claimed inequality (3.6) is obtained. O

When ¢ = j, one recovers the usual Young’s inequality

(@ —y,0) < 55lle —yll* + 5 llvl]* = v;(9).
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Note that the right-hand side ¢;(d) diverges as 6 — 07 and § — oo, and attains
a unique minimizer at § = HQICIZ\ZIJ I This specific choice of § leads to the Cauchy-

Schwarz inequality

(@~ y.0) < inf 05(6) = 2~ ol o]

A similar pattern occurs for the right-hand side in (3.6), although with some
complications arising because of the dependency on § for the second Bregman
distance.

Lemma 3.3 (A Cauchy—Schwarz inequality in the Bregman sense). In the set-
ting of Lemma 3.2, either the upper bound in (3.6) is always decreasing in 6, or
it is minimized at a unique 8* > O which is characterized by the identity

Dy- (Vo(y), Vo(y) + 6*v) = Dy(x,y). (3.7)
In this latter case, which is necessarily true when dom ¢ is open, one has that
(z—y,v) < 5+ Ay (VoY) + 00, Vo(y)). (3.8)

Proof. Let

Dy, y) + Dy (Vo(y) + dv, Vo(y))

denote the right-hand side of the Bregman-Young inequality (3.6). A simple
computation reveals that its derivative is

¥ (0) = =
= 53
Since ¢* is strictly convex, the numerator is strictly increasing. Moreover, as
Dy (z,y) > 0, it is strictly negative at § = 0. Therefore, it is either negative for
all § > 0 or it vanishes at a unique 6* as in the statement, which must be the
global minimum of .
Thus, in this latter case,

Dy(,y) + Dg- (Vo(y) + 0*v, Vo(y))
&* ’
which by (3.7) expands to the right-hand side of (3.8).
Finally, if dom ¢ is open, then it follows from [4, Cor. 3.11] that Dy- (V¢(y), -)

is coercive, and thus the numerator in the expression of 1/)(’;5(6) cannot be negative
for all 4. O

(0= y.0) < inf 0o(0) = (39)

Note that the right-hand side of (3.8) does depend on 2« via the parameter
0*, as evident by its definition (3.7). This upper bound can be relaxed into a
simplified form whenever ¢ has a (strictly positive) symmetry coefficient o =
a(¢) > 0 as in (2.5). In this case, dom ¢ must be open [3, Prop. 2] and, since
a(p) = a(¢*) [3, Rem. 2(b)], (3.9) can be further expanded into

Dy (2,9) + & Dy- (Vo(y), Vo(y) + 6*v)
5 ’

which combined with (3.7) results in the following simplified version.

(r—y,v) <
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Corollary 3.4. Consider the setting of Lemma 3.2 with (x — y,v) > 0, and
suppose that ¢ has symmetry coefficient o > 0. Then, 6* as in (3.7) exists, and
one has

<$—y,1}> < Q%Dqﬁ(xay)' (310)

3.2 Bounding the inner product Bj.;

Patterning previous analyses of adaptive stepsizes, our goal is to turn the iden-
tity of Lemma 3.1 into a descent-type inequality on some merit function. The
bottleneck lies in the inner product term By as in (3.2), which in previous
analyses restricted to the Euclidean case was handled via standard Young’s or
Cauchy-Schwarz bounds.

The Bregman version of Young’s inequality given in Lemma 3.2 allows us
to replicate these ideas, but with an important caveat. Indeed, the presence
of § within the argument of the Bregman distance Dy- constrains our choice
on the parameter, causing a slight departure from the easier Euclidean case
in which such complication does not arise. In this subsection, we identify two
possible options, each leading to one of the two algorithmic variants B-adaPG
and B-adaPG,,.

3.2.1 B-adaPG bound

A direct application of the Young’s inequality of Lemma 3.2 allows us to bound
the inner product By as
k41 _k
Bk+1 S %D(ﬁ(l‘ + , L )

+ BEEL D (V¢(xk) + Okt [Hk(ﬂﬁk) - Hk(mk_l)] J V¢(mk))

kg1
for any 0x41 > 0, which in terms of the Lipschitz-like estimate Ay s as in (2.3b)
reads

< § Dy(atH ah) + SR A Ag(at, ). (3.11)

As we will see, the employment of this inequality combined with a specific choice
of 641 will lead to the stepsize update in the B-adaPG variant.

3.2.2 B-adaPG, bound

The bound leading to the B-adaPG, variant follows from the combination of
(3.11) and the following lemma, which furnishes a Bregman generalization of
the inequality derived in [11, Lem. 2.1].

Lemma 3.5. Let ¢ : R® — R be Legendre, and f,g : R® — R be proper,
Isc, and convex, with f differentiable on C := intdom ¢ and domg N C # ().
Then, denoting Hy, = V¢ — v f, Bregman proximal gradient iterations (1.1)
with stepsizes vy, > 0 and starting at some x° € C satisfy

By = %(x’”l —aF (%) — Hp(2"71) > Ag (2Pt 2%) Ve > 1.

Proof. Follows by observing that

% (Hk(xk) - Hk(ﬂﬁk_l)) Vg(zFth) Vg(z")
zk _ xk+1 $k71 _ wk
= Vo(a" 1) = Vo(ah) 4y | DestlED=VOET) M ) NeE |
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hence that Byyy = Ag(zF 1, 2%) + ypy Dy (2P 2%) > Ay(2Ftt 2k). O
We may thus complement (3.11) with a lower bound as

Ay, 2%) < By

Pr+1 k+1 Kk Ok+1Pk+1 k k-1
< S Dy (™, a%) + P Ay 5, Ag (™, 2770).

If ¢ has symmetry coefficient a > 0 as in (2.5), then note that
Ag(zF T 2Ry > (14 a) Dy (aF+, ).
Combined with the previous inequality, we obtain

1 Ok . -1
(1 +a-— —g::i) Dy (bt ah) < St gy o Ay (2R 2R,

which plugged into (3.11) leads to

Big1 < (I4a)03i1  prta

krfl)
(14+a)dk+1—pr+1 2

Apspy Dp(a® z , (3.12)

holding for any 041 such that (1 + «)dg+1 — pr+1 > 0.

3.3 A merit function for B-adaPG

By bounding the inner product term Byiq with (3.11), the inequality (3.5)
in Lemma 3.1 reveals that Bregman proximal gradient iterations (1.1) with
arbitrary stepsizes v > 0 satisfy

11(x) = S Dy (M 2F)
() = 5= Dy (", 2" 1) — (1 + Ok — prr19ri1) Proa (2)
5

) %Ak,ékJrl — V1 (1—valr)

(1) — praa (1 + o Dy(a",2*71) (3.13)

<

for any z € domy Ndom¢, 9 > 0, and §; > 0, k& € N. Imposing that the
multiplying coefficients of Py_1(z) and Dy (z*,2%~1) in the right-hand side of
(3.13) are negative amounts to the following two conditions:

19]@+1pk+1 <1+ U (3148.)
and

1= 88 > pp g HEOR [OL A 5 — D (1 — )] (3.14b)
In line with the analyses of [16, 12], a convenient choice for the parameter
Ok+1 18 Op+1 = 2pg+1. However, this choice is not feasible in our more general
setting. Specifically, selecting pp41 to satisfy (3.14b) requires knowledge of the
quantity Ays,.,, which generally depends on d 1 itself (except in the special
case where ¢ is quadratic). As a result, setting dxr1 = 2pg41 would create a
circular dependency between the two parameters. To complicate things further,
note that the left-hand side of (3.14b) indicates that a constraint §; > pj must
be in place in order to ensure the existence of a pi41 > 0 satisfying the inequality.
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In order to resolve this circular dependence, we introduce a parameter pg41
that shall provide an overestimate

Pk+1 = Pr+1 (3.15)

while only being based on information available at iteration k. Its explicit value
will be revealed shortly after. Then, we may conveniently select dp = 25, and
Ik = pi so that (3.14) simplifies as

Pe+1Prtr S 1+ pp and 1 — £ > ppyiprin SO Ay 5 — (1= b)),
that is,
145 1+ Pk =Pk
Pr+1 < min AJF pk, Ak - a . (3.16)
Prr1 1+ o 2pp11 [Agopyy, — (1 —7alr)]

Due to (3.15) the term ﬁkﬁ;p’“ in the numerator of the second update is always
nonnegative. Using this, we show in the next lemma that the update rule of
B-adaPG always complies with the above bound. In fact, while it is possible
to retain the term ﬁk;p’“ in the update of B-adaPG, for the sake of a neater
expression we opted to omit it at the cost of introducing slight conservatism.

Lemma 3.6. Suppose that Assumption 2.1 holds, and consider the iterates

generated by Bregman prozimal gradient iterations (1.1) with vy and py. selected

according to B-adaPG. Then, both (3.15) and (3.16) are satisfied for any k € N.
Moreover, denoting

Uy (x) = Dy (a,2*) + (1 + pi) Pr—1(2) + (1 = 42) Dy (a®, 2"71),  (3.17)

one has that X
>pr—pr=>0

Upr1(x) <Uk(z) — ve(1+ pr — pr+1Pr+1) Pe—1() (3.18)

holds for any r € dom p Ndom ¢ and k € N.

Proof. The update (2.6) clearly ensures that pry1 < pr41 always holds. Note
that the second element in the minimum within (3.16) coincides with that in
(2.6); moreover, since pg+1 < Prr1 one has that pri1ppr1 < ﬁiﬂ =14px <
1+ pi, altogether confirming that the validity of (3.16).

Observe further that the bound pr > pi ensures that both elements in the
minimum of (2.6) are strictly positive, and thus so are the generated stepsizes
vk Finally, (3.18) follows from (3.13) with the specified choices of 95, and 0. O

3.4 A merit function for B-adaPG,

In case ¢ has a symmetry coefficient « > 0, we may leverage the bound (3.12)
for By41. By doing so, the inequality (3.5) in Lemma 3.1 becomes

Uy 1(x) < Un() = (1 + 0k — prs1Pri1) Pri ()

a (14+a)é7 _
- {ﬁ = Pk+1 [Wjﬁ%l\k,ékﬂ —Jp1(1 = ’Mk)} } Ay(aF 2.
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Once again, we introduce a parameter pi+1 (to be specified later) that sat-
isfies (3.15) whilst based on information available at iteration k. We can conve-
niently set dxr1 = g1 = H%pﬁc_ﬂ, and use the bound (1 + @)dkt+1 — pr+1 =
(1+)0k41 — P41 to simplify the coefficient of Ay 5, ,. Combined with the fact

that 1_?_3 - > Tia» the inequality simplifies as

Z/l,?+1(1:) = D¢(£B, [L‘k'Jrl) —+ D¢(1;k+17;1;k) + Ve+1 (1 —+ H%ﬁk-i-l) Pk(l‘)

<UL (@) = (L + Zahn — tabesipn) P ()
kfl)

)

- {1%1 - H%ﬁkﬂpkﬂ [Akspp — (1= 71li)] } Ay(z* 2

where Ug (x) corresponds to Up(z) as in Lemma 3.1 with ¥ = H%ﬁk. By
imposing negativity of the coefficients of P,_1(x) and Ay(z*, 2%71) as done in
the previous subsection, the following analogue of Lemma 3.6 for B-adaPG,, is

derived.

Lemma 3.7. Additionally to Assumption 2.1, suppose that ¢ has symmetry co-
efficient a > 0 and consider the iterates generated by Bregman proximal gradient
iterations (1.1) with vy and py, selected according to B-adaPG,. Then, denoting

UL (x) == Dy, 2") + Dy (2, 25 1) + 7 (1 + l%aﬁk) Py (), (3.19)
one has that

2 .
2T a (Pe—pr)=0

Uipr (z) S U () — (1 + 250k — H%ﬁkﬂﬂkﬂ) Py—1(x) (3.20)

holds for any r € dom p Ndom ¢ and k € N.

4 Convergence analysis

This section is devoted to proving Theorem 2.5 in its entirety. We first provide
some technical lemmas that will be invoked in the proofs. The first one is a direct
consequence of Lemmas 3.6 and 3.7, and its statement closely patterns similar
results in the Euclidean setting. The simple proof is given in the appendix.

Lemma 4.1. Suppose that Assumption 2.1 holds, and consider the iterates
generated by Bregman prozimal gradient iterations (1.1) with vy, and py selected
according to B-adaPG. Then, with Uy, as in (3.17), the following hold for any
x € dom ¢ satisfying p(v) < infren @(x):

(i) (Uk(z))pen decreases and converges to a finite value.

(i) Ppin(z) < ZZ/’{?S)'Y for every K > 1, where PR (z) :== ming<x Py(z).
k=1 Tk -

When ¢ has symmetry coefficient a > 0, all remains true for the updates of

B-adaPG,, with Uy, < Uy as in (3.19).

Proof. See Appendix A. O

The existence of z € intdom ¢ such that ¢(z) < ¢(z*) for all k is funda-
mental for the validity of Lemma 4.1. When dom ¢ = R", thus in the Euclidean
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case in particular, this is granted. More generally, the possibility of solutions
existing merely on the boundary of dom ¢ renders this statement inapplicable.
Nevertheless, this result will prove fundamental in demonstrating Theorem 2.5
in its full generality, and particularly the general claim in (2.8).

The same commentary applies to the following lemma, which assumes that
the iterates z* stay bounded away from the boundary of dom ¢. Roughly speak-
ing, under this assumption it ensures that whenever stepsizes drop below a
certain threshold, the updates in both (2.6) and (2.7) reduce to V41 = Prk+17k,
cf. Remark 2.4, and thus increase. This behavior is at the heart of the careful
choice of parameters ¥y, = py for B-adaPG and 9y = 12+Ta[)k for B-adaPG,,.

Lemma 4.2. Suppose that Assumption 2.1 holds, and consider a sequence
(mk)keN generated by Bregman proximal gradient iterations (1.1) with stepsizes

v > 0. Suppose that (xk)ke]N is contained in a compact set KK C C, and consider
the ratio
_ 2D+ (V(a*) + dps1 [Hi(a¥) — Hi(z*1)], Vo(a))

A =
k,0k4+1 5}%+1 A¢(.’L‘k,.’L‘k_1)

as in (2.3b), where (6x)pen C Ryy is a bounded sequence. If vy, — 0, then
Ak,6k+1 — 1.

Proof. For notational conciseness, let us denote u* := Vé(z*) — Vo (2*~1) and
vk = Vf(2*) -V f(2F71), so that Hy(z*)— Hy(2%71) = uF—yv*. Forany k € N
there exists £* on the line segment between Vé(z¥) and V(%) + 8k 11 (Hg(2F) —
Hj,(z%~1)) and * on the line segment between Vé(z*) and Ve (2F~1) such that

" . o) — Hy (25 1)), Vo(a

gy, = T VAV LB ) S IMEDLTAED)

(V29" (&) [Hy(x") — Hy(2" )], Hy(a*) — Hy (a7 1))
(V2¢* (i Juk, u®)

(V29" (& )u, u*) 9 <V2¢*(§k)ukavk>+ 5 (V29" (& )0", v¥)

(V2 ()b, uFy T2 ()b, uky T TR (20 (), Y

Since ¢ is twice continuously differentiable with V2¢ = 0 on C, and K C C is
compact and convex, one has that

L k= supg|[ V20 = (infypc) Amin (V2%))

is finite (L4 being the Lipschitz modulus of V¢ on K). As such, one has
that (V2¢* (ny)u®, u¥) > L(;:}CHukH2 for all k. Moreover, letting L?,C denote
a smoothness modulus of f relative to ¢ on K, ensured to exist byv Assump-
tion 2.1(ii), we infer from [1, Prop. 2.5(ii)] that |[v¥|| < L?KL¢,;C||uk|| holds for
all k. Therefore,

Ak = 1 < V267 (&) = V20" ()| Lo e + 2 L5 i L3 V267 (1)
+ 9L (LG )V ()
If v, — 0, then eventually v < L% and standard results ensure that (mk)

f,K
converges to some point = € K. In this case, (§k)keN and (n’“)keN

V() (the former sequence because (0x),cy is bounded), and by continuity of
V2¢* on K the right-hand side in the above inequality vanishes. O

kEN
converge to

18



The following is another auxiliary result that considers iterates (1.1) that
remain bounded away from the boundary of dom ¢. It essentially states that
whenever a subsequence (xk)k cx converges to a solution, then also the shifted
subsequence (z*11)
diverge.

hEK does provided that the corresponding stepsizes do not

Lemma 4.3. Additionally to Assumption 2.1 suppose that arg ming ¢ # 0. Let
a sequence (yk)k N contained in C' and converging to a point y* € argming ¢
be fired, and for every k € N let

g* = argufnin {g(w) + (V") w—o*) + w1+1 D¢(w7yk)} (4.2)

where (k) ey 8 @ bounded sequence of strictly positive stepsizes. Then, gF = y*
and Y41 (p(y*) — min ) — 0.

Proof. Consider the Bregman proximal operator ﬁroxg’ : intdom¢ = dom ¢
defined as

brox) (y) = arg min {g(w) + Dy(w, )}

(note that mg(y) € intdom ¢ C dom ¢ for any y € int dom ¢, owing to As-
sumption 2.1). The mapping fﬁ(ﬁfﬂ g © V" is Vo-firmly-nonexpansive, in the
sense that

Ay(F1,72) < (1 — n2, 91 — Y2) (4.3)
holds for any 7; € R? and 3; = m$k+1g o Vo*(n;:), i = 1,2; a proof of this
fact can be found in [26, Lem. 4.2] (see also [27, Thm. 4.9] for its equivalence to
convexity of g). Note that (4.2) can equivalently be written as

gk = ﬁrox?;kﬂg oVo* (Hk+1(yk))7

where we remind that Hxy1 = V¢ — 1,41V f. Using V¢-firm nonexpansiveness

and recalling that y* = ﬁroxﬁ’fﬂlg o V¢*(Hi+1(y*)) we have

(4.3)
Ag(7*.") < (Hia () ~ i), — ")
< (IVoW") = Vo)l + VS = V@) 17 = Il

which vanishes as & — oo. Then, by the essential smoothness of h, it follows
that * — y*. Moreover, by subgradient inequality, for every & € N it holds
that

0 < Vet (@) — ming) = 1 (F(F") + 9(5") — minp)
<Y1 (fTF) = )
—(VoW*) = 1 V(W) = Voi*),y* — 7).

The proof then follows from continuity of f and the fact that the inner product
vanishes, since both y* and ¢* converge to y*. O

In the remainder of this section, we delve into the proof of Theorem 2.5.
We begin by establishing Theorem 2.5(i), which addresses the unconstrained-
like setting where all three lemmas introduced above are directly applicable.
Despite the simplifying assumptions, this part of the proof is the most tech-
nically involved. Once established, the general result in (2.8), and ultimately
Theorem 2.5(ii), will follow as comparatively simpler corollaries.
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4.1 Proof of Theorem 2.5(i)

This entire subsection is dedicated to proving the following result, which covers
Theorem 2.5(i) under more general conditions; this higher degree of generality
will serve as a fundamental intermediate step in the treatment of the more
general setting.

Theorem 4.4. Additionally to Assumption 2.1, suppose that
there exists x € C' such that ¢(z) < ]in]gga(xk) (4.4)
€

holds for the iterates x* generated by B-adaPG.. Then, the sequence (xk)

converges to a solution z* € argming ¢ and (x*) — infx .
When ¢ has symmetry coefficient a > 0, the same is true for B-adaPG,,.

keEN

The fact that this result subsumes Theorem 2.5(i) is obvious by observing
that the validity of Theorem 4.4 implies that any x complying with (4.4) must
necessarily belong to arg ming ¢ N C. The proof of Theorem 4.4 will be carried
out via intermediate claims. In what follows, we consider Uy, as in (3.17) in case
of B-adaPG; under the needed symmetry assumption, the same proof applies to
B-adaPG, as well by simply replacing U, < U

Claim 1. There exists a compact set KK C C containing all the iterates x*.

Proof. In this case, Lemma 4.1(i) implies that

Dy (x,2") < Un(x) < Up(2)
holds for any k& € N. The assertion then follows from Fact 1.2(i). O
Claim 2. ~; 4 0.

Proof. To arrive to a contradiction, suppose that «; — 0. Then, Lemma 4.2
implies that eventually the quantity [Agxs — (1 — v&fx)]+ appearing in both
(2.6) and (2.7) vanishes. Since (:z:k)kelN is bounded and bounded away from the
boundary of C, regardless of whether or not ¢ has a symmetry coefficient a > 0,
it holds that infyen g > 0; furthermore, for both B-adaPG and B-adaPG,, note
that pra1 < 1+ pr < 1+ pg, implying that pp < % holds for any k.
As such, in both (2.6) and (2.7) eventually the second element in the minimum
is infinite, implying that the update reduces to yx4+1 = Prt17k is divergent, a
contradiction. O

Claim 3. infyen ¢(2%) = infz ¢ (in particular, necessarily x € arg ming ).

Proof. Having shown that vy # 0, it follows that ), -\ y% = oo. Lemma 4.1(ii)
then implies that infren @(2%) = @(2). From the arbitrariness of the point
as in (4.4) we conclude that necessarily x € argming ¢ C argming g, with
inclusion holding by virtue of [5, Prop. 11.1(iv)]. Hence infien ¢(2*) = infz .

O

Claim 4. There exists exactly one optimal limit point x* € arg ming ¢.
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Proof. The existence of an optimal limit point is guaranteed by the previous
claim, since (mk)kEN is bounded (and bounded away from the boundary of C')
and ¢ is Isc. Consider two optimal limit points Z; and %2, and two corresponding

subsequences (Jc’“)keK1 — 71 and (a:k)keK2 — T. Notice that

Z/{k(fl) — uk(jig) = D¢(i‘1,l‘k) — D¢(§:2,xk)

converges to some finite value U, because both Uy (Z1) and Uy (Z2) are conver-
gent. Considering the limits along k € K7 and k € K, yields that

U =Dy(Z1,%1) — Dy(ZT2,%1) = Dy(Z1,Z2) — Dy(T2, T2),

hence that —Dy(Z2,Z1) = Dg(Z1,%2). Thus Ay(Z1,Z2) = 0, implying that
T1 = T2. O
In light of the previous claim, the proof of Theorem 4.4 is completed once
we show that ¥ — 2*. To this end, owing to the fact that Dy (2*, 2%) < Uy (2*)
it will suffice that U = limy_, o Uk (z*) is zero, (existence and finiteness of U is
ensured by Lemma 4.1(1)).
e Let us consider a subsequence (xk) hEK converging to z*. If the corresponding
subsequence (Yx11),cx 18 bounded, then it follows from Lemma 4.3 that
o+t — 2% and 4,41 Pe(2*) — 0 as well, and from the expression of Uy,

together with the fact that pgriq is bounded and infy ay > 0, it is clear that
Ugt1(z*) = 0 as K 3 k — oo.

e In what follows, let us instead consider the complementary case in which
for any subsequence z* converging to z* the correponding subsequence of
stepsizes (Vk41)pcx 18 divergent. In this case, note that since 41 P (2*) <
U1 (z*) < Up(z*), we have

(xk)keK -t e (’Yk-i—l)keK — 0 = (Pk(-r*))ke}( =0
= (Y)kex — ©
& (xk_l)keK — 2" & (Peo1(2)) e — 0, (4.5)

where the right implication follows from the fact that vp41 < prr17e <
PmaxVk, fOr some prayx < 1+T\/5 Since an optimal limit exists, it follows that
SUPgeN Yk = OO.

In what follows, we construct a specific subsequence K = {kg, k1, ...} along
which (V) diverges. In doing so, we expand upon the arguments in the
proof of [12, Thm. 2.3] to account for the complications of the non-Euclidean
setting investigated here. For ¢ > 0 let

kivh =min{k > k; | v& > pmaxV, } - (4.6)
Then, (Y&,);en — 00, which by (4.5) implies that

lim 2%~ =2* Vs=1,2,3 (4.7)

i—>00
(in fact, for any s € N). In light of Lemma 4.1(i) we have that

U= lim U, = lim Uy, —1(z*) = lim v, —1(1 + Vg, —1) Py, —2(x*).  (4.8)
1— 00

k—o0 i—00
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We proceed to show that 7,_1Pr_o(z*) converges to zero along the same
subsequence. For every ¢ € N, note that

pr, >1 and ki1 <k; —1 (4.9a)
by minimality of k; and the fact that pya.x > 1, hence that
either pp,_1 >1 or (kz —1¢ K and thus k;—1 < k; — 2). (4.9b)
These combined imply also that
Phi—1 > Pronsc (4.9¢)

Indeed, if not, then pg, 1 < pol, < 1, implying by (4.9b) that k; 1 < k; — 2;
this would lead to the contradiction
(4.6) L
PmaxVk; _1 < Yk < PmaxVk;—1 = PmaxPk;—1Vk;—2 < Yki—2 < PmaxVk;_15

where “1” marks where the contradictory inequality is used, and the last
inequality follows both in case k; —2 = k;_1 (since ppax > 1) or when k;_; <
k; —2 < k; (from minimality in the definition of k;). Therefore, (4.9¢) holds
true, implying in particular that the sequence

<Aki72’2ﬁ’“i_l)ieN is bounded, (4.10)

for otherwise the second term in either (2.6) or (2.7) would vanish, owing to
the fact that gy is lower bounded by /1/2 and similarly oy is bounded away
from zero.

Let v* :== Hy_q(2%~1) — Hy_1(2%) € Op(x*), and observe that

'YkPk—l(x*) < pk<$* _ l‘kil, _Uk71>

< g2 Dy(a*, 21 + £ Dy (Vo 1) = 20" 71), Vo (2" 1))
= 2Dy, 25 ) 4+ 2007 M 1,29, D (@, 2F72)
3 Do (%, 2" 1) 4+ 200 Ak1.25, Ap(2"1, 25 72)

IN

holds for any k, where we used the Bregman-Young inequality (3.6) with
parameter § = pj in the second inequality, and pr < pr < pPmax in the last
one. Recall that (z%7%), _ — * by (4.7). Thus,

’Yki—lpki—2(x*) < %D¢(x*7xki72) + 2p§naxAki—2,2pk,f1 Aqﬁ(mkiiaxkiig)'
—_————

—0 by (4.7) bounded —0 by (4.7)

Using this in (4.8) and noting that 0,1 being a multiple of jx,—1 in both
B-adaPG and B-adaPG, is bounded, completes the proof.

4.2 Proof of Eq. (2.8)

In this subsection we prove that the iterates generated by either B-adaPG or B-
adaPG, in the generality of Assumption 2.1 (in addition to ¢ having a symmetry
coefficient o > 0 in the latter case) are such that infyen ¢(z%) = infz .

To see this, contrary to the claim suppose that infyen ¢(2¥) > infz ¢. Then,
since infz ¢ = infe ¢ by [5, Prop. 11.1(iv)], there exists € C such that p(z*) >
©(x) holds for all k& € N. Invoking Theorem 4.4 yields a contradiction.
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4.3 Proof of Theorem 2.5(ii)

In this subsection we prove that whenever Assumptions 2.1 and 2.3 are sat-
isfied, the iterates generated by either B-adaPG are bounded and admit ex-
actly one optimal limit point.? We can without loss of generality assume that
argming ¢ = 0, for otherwise a stronger result is already covered by Theo-
rem 2.5(i).

Under Assumption 2.3, dom ¢ = C, and therefore in Lemma 4.1(i) one can
take any © € arg ming . In particular, Dy(z, %) < Uy (x) < Up(z) holds for any

k. Since Dy (z, -) is level bounded by Assumption 2.3(ii), boundedness of (z*) N

follows. Moreover, we know from (2.8) that p(2*) — infz ¢, and therefore an
optimal limit point z* exists. To assess its uniqueness, we can argue similarly
to the proof of Claim 4, with the minor catch that now such limit points are on
the boundary of C. Considering two optimal limit points Z; and Z3, and two
corresponding subsequences (a:k) — 1 and (sck) — T, we still have

keKq
that

keKs>
Uy (T1) — Uy (Z2) = Dy(1,2") — Dy (T2, 2*)

converges to some finite value U. Again by considering the limit along the two

subsequences k € Ky and k € Ko, Assumption 2.3(i) yields that

. _ EN a1 _ k
klél}I{l2 Dy(Z1,2%) =0= klérlr(l1 Dy (Z2,2"),

which by [23, Thm. 2.4] implies that Z; = Z.

5 Numerical experiments

In this section, we evaluate the performance of the proposed algorithms on a
series of standard simulation problems. Except for the Euclidean simulations of
Section 5.5 that exploit available Julia code,? all experiments were conducted
using MATLAB R2022b.

In each test problem, we compare only those algorithms that are compatible
with the problem’s structure and domain (see Table 1). In the convergence
plots we report the cost against the number of calls to the (Bregman) proximal
gradient oracle; except for ABPG-g, in all compared algorithms this coincides
with the iteration count. For better visualization and comparison across different
p(z")—ming ¢
o(z0)—ming ¢
is retrieved numerically by running Bregman proximal gradient with linesearch

B-PG-Is starting at the best iterate attained by all the tested algorithms.*

We also plot the stepsizes in a window of consecutive iterations for all adap-
tive Bregman methods. In test problems where a global relative smoothness
constant L? is available, the stepsize plots are normalized by 1/ L?.

methods, the cost profiles are normalized as The value of ming ¢

2 As commented after Theorem 2.5, there is no loss of generality in considering only B-adaPG
and disregard the claim for B-adaPG,.

Shttps://github.com/pylat/adaptive-proximal-algorithms [12, §4]

4B-PG-Is was selected because it is the only Bregman method among those considered that
guarantees a decrease in the cost function at every iteration.
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L‘j,’—smad ¢strevx al(p) >0 C=R"

B-adaPG

B-adaPG, X

B-PG-Is

BaGRAAL [25] X

ABPG-g [10] X

PG-Is X
adaPG [12] X
adaPGlz  [11] X

Table 1: List of algorithms used in the numerical experiments of this section and
their standing requirements. The term L?—smad, short for L?—smooth adaptable,
is borrowed from [6] to denote global smoothness of f relative to ¢ with (known)
constant L?.

5.1 Compared algorithms

Our stepsize selection B-adaPG and is compared against other Bregman methods
and, when applicable, the variant B-adaPG,, and Euclidean strategies. A list of
all the algorithms is synopsized in Table 1, together with a schematic summary
of the requirements for each. More detailed descriptions are provided in the
following subsections.

5.1.1 Proposed adaptive methods (B-adaPG and B-adaPG,)

The adaptive stepsize selection B-adaPG is tested on all problems, as the gen-
erality of Assumption 2.1 suffices for its applicability. The variant B-adaPG,, is
only tested on those instances in which ¢ has a symmetry coefficient «(¢) > 0.

The initial stepsizes are chosen following the strategy proposed in [12, §2.1.1]
for the Euclidean setting, noting that the same advantages extend naturally
to the more general Bregman framework considered here. We first generate a
trial point & by performing a single Bregman proximal gradient step from the
initial point 2%, using a stepsize Vini; (chosen as yini, = 1/ L? whenever a global
smoothness modulus L? exists). Then, using 2° and #, we compute a local

relative smoothness constant £y via (2.3a), and use its reciprocal y9 = é as a

refined initial stepsize. If 7q is significantly smaller than vinit (say, vo < 0.17%init),
we reset vy to vinit and repeat the initialization procedure until a reasonable
stepsize 7o is obtained. We then proceed to select v_; small enough such that
Yopo = 1/24y (see [12, §2.1.1] for details).

The overhead of gradient evaluations caused by this selection is fairly ac-
counted for in the plots. The same initialization is also chosen for the linesearch
methods described next.

5.1.2 Linesearch methods (B-PG-Is and PG-Is)

B-PG-Is is a standard Bregman proximal gradient method equipped with a line-
search procedure. It is applicable to any problem satisfying Assumption 2.1
(in fact, even when ¢ is not twice differentiable). PG-Is denotes its Euclidean
counterpart, which applies in the unconstrained setting C' = R".
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At each iteration, both methods perform a tentative update and then eval-
uate whether the objective function has decreased sufficiently: if the condition
is met, the update is accepted and the next iteration proceeds; otherwise, the
stepsize is reduced and a new trial is initiated. To reduce the number of failed
attempts, the trial stepsize is initialized close to the last accepted one. In our
experiments, we warm-start the stepsize as 1.2 times the previously accepted
value. This modest increase helps avoid overly conservative behavior and signifi-
cantly improves performance by enabling the stepsize to recover from previously
small values.

Note that each iteration of linesearch-based methods involves additional
function evaluations to determine an acceptable stepsize. These overheads are
not reflected in our metrics which only count the number of gradient evalua-
tions; remarkably, even without factoring in the additional function evaluations
incurred by linesearch, our method consistently achieves superior performance.

5.1.3 Bregman adaptive Golden ratio algorithm (BaGRAAL)

The adaptive method BaGRAAL proposed in [25, Alg. 3] is the Bregman exten-
sion of aGraal [15]. It applies to the more general setting of variational inequal-
ities. BaGRAAL is applicable to problems where the Bregman kernel is strongly
convex. At each iteration, the algorithm computes an adaptive stepsize based
on a local Lipschitz estimate (in our notation):

O¢VPk ||xk _ xk—1||2 }
Ay ”Vf(ﬂfk) 7Vf(mk71)”2’ Ymax (

Vk+1 = min {mk,

where ppy1 = Wﬁlu7 p €1, % + %] and o4 is the strong convexity parameter
of the Bregman kernel ¢. We refer to [25, Alg. 3| for details of the iterates.
Following the choices made in [25], we used v = 1.5, p = % + V%, and max-
imum stepsize Ymax = 10°. As suggested in [25], the initial stepsize o is de-
termined by introducing a small random perturbation to the starting point z°
to obtain a nearby point z°, and then computing the local Lipschitz estimate

Ly = %; the initial stepsize is then set as ¢ = L%,

In all simulations, this method performs consistently worse compared to the
other adaptive Bregman algorithms. On the one hand, this can be attributed to
its broader applicability beyond minimization problems; on the other, we believe
the culprit lies in its reliance on a Lipschitz-based stepsize update, computed
as a ratio of Fuclidean norms, while the actual updates are carried out in the
Bregman geometry. In contrast, the proposed B-adaPG and B-adaPG, schemes
leverage purely Bregman-based estimates, providing a more faithful description
of the problem landscape and iterations updates.

5.1.4 Accelerated BPG with gain adaptation (ABPG-g)

The ABPG-g algorithm is an adaptive variant of the ABPG method, both pro-
posed in [10]. These methods exploit the so-called triangle scaling property under
Bregman geometry to achieve a convergence rate of O(k~7) via an extrapolation
step, where v € (0, 2] is known as the triangle scaling exponent (TSE). This class
of methods is applicable when the global relative smoothness constant exists and
is known.
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Compared to the ABPG method, ABPG-g achieves faster convergence by
enforcing an optimal exponent 7, = 2, enabled by dynamically adjusting a
certain “gain” coeflicient. For this reason, we only compare against the latter.
The dynamic adjustment is validated via a linesearch process. Differently from
B-PG-Is and PG-Is which only involve additional cost evaluations, every failed
attempt of the backtracking in ABPG-g incurs an extra full Bregman proximal
gradient computation, which is accounted for in the cost plots. We refer to [10,
Alg. 3] for further details of the iteration process, where the parameters are here
set asy =2, p= 1.1, and Gy, = 1073,

5.2 Unconstrained minimization with Hessian norm grow-
ing as a polynomial

As a benchmark to test all algorithms in Table 1, we consider the problem
proposed in [14, §2] of minimizing a smooth function whose Hessian grows poly-
nomially in norm. The problem is formulated as

. 4,1 2
minimize g | Az — blfy + 3[|Cz — 3, (5.1)

where A, C € R™*™ are nonzero matrices, and b,d € R™. The cost function is
not smooth relative to the Euclidean kernel j (i.e., its gradient is not globally
Lipschitz differentiable); instead, it is smooth relative to

o(z) = llzll5 + 33, (5.2)
with modulus
LY = 3| A|l* + 6] A% [|b]l2 + 3] A2 [Ib]13 + IC|1%,

see [14, p. 339]. This kernel ¢ has a symmetry coefficient a(¢) = 2 — /3 [19,
Tab. 1 and Thm. 5.2]. On the one hand, since the minimization is carried over
the whole space R™ (as opposed to a proper convex subset C'), the problem can
be addressed with standard (proximal) gradient iterations with suitably cho-
sen stepsizes. On the other hand, the smoothness relative to ¢ and the absence
thereof relative to j indicate that employing Bregman algorithms exploiting this
tailored kernel should prove beneficial. Our simulations confirm this intuition,
demonstrating the utility of Bregman algorithms even in the unconstrained set-
ting.

The matrices A, C are generated with independent identically distributed
entries drawn from the uniform distribution on [0, 1], and the corresponding
response vectors b,d are constructed by adding scaled uniform noise to the
exact linear outputs. Comparisons were conducted across problems of varying
sizes using synthetic data.

As evident from Fig. 5.2.1 (top row), B-adaPG and B-adaPG, emerge as
clear winners in being able to adjust the stepsizes more effectively than with
the trial-and-error process of the linesearch. The slow convergence of the accel-
erated algorithm ABPG-g owes to the high inner iteration cost for adjusting the
parameters, which involves calls to the Bregman proximal gradient oracle (the
method is the fastest when measured purely in terms of iteration count).

The bottom row in Fig. 5.2.1 illustrates the stepsize behavior of the adaptive
Bregman methods. The stepsizes produced by B-adaPG, B-adaPG,, and B-PG-Is
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Figure 5.2.1: Hessian growing as a polynomial in ¢5 norm. Top: performance
comparisons among all algorithms listed in Table 1 in terms of cost. Bottom:
stepsize variation (normalized by L?) for Bregman methods with adaptive step-
sizes in a window of the first 200 iterations.

oscillate around comparable averages, namely 6 to 7 orders of magnitude larger
than the conservative baseline 1/L?. Among these, B-adaPG and B-adaPG,, ex-
hibit notably higher variability, echoing similar empirical observations for their
Euclidean counterparts [12, 11, 20]. Such oscillatory stepsize patterns, once re-
garded as a side effect, have recently received theoretical justification for their
efficiency in the unconstrained Euclidean case [9].

5.3 Relative-entropy nonnegative regression

We next test the efficacy of the algorithms when a kernel function ¢ without full
domain is employed. The corresponding problems will thus be constrained on
(the closure of) dom ¢. This simulation is adapted from [3, §5.3] and concerns
a nonegative Poisson linear inverse problem. The problem is formulated as:

minimize KL(Az | b) + Aljz||1, (5.3)
z€RY}
where A € R7"" and b € RT, . The KL-divergence is defined as

KL(z | y) ::Z(ziln;—Z—xi—Fyi),

i=1

and is precisely the Bregman distance Dy(z,y) with ¢ being the Boltzmann-
Shannon entropy

() = Z ' Ing’. (5.4)
i=1
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Figure 5.3.1: KL-divergence nonnegative regression. Top: convergence in terms
of cost. Bottom: stepsize magnitudes in a window of the first 200 iterations
(normalized by L%f,)

As such, f(z) :=KL(Ax | b) = Dy(Az,b) is L‘jﬁ—smooth relative to ¢ with

L = max [ Ay,

where A.; denotes the j-th column of A. Note that the Boltzmann-Shannon
entropy complies with Assumption 2.3 [3, Rem. 4], and admits a uniform TSE
of 1 [10, §2].

For each experiment, the matrix A is sampled with i.i.d. entries from [0, 1]
and normalized to sum to one. The response vector b is formed by perturb-
ing the exact output with scaled uniform noise and is strictly positive. We set
A = 0.001 and generate synthetic data with varying dimensions to compare
the performance of different algorithms. As evindent from Fig. 5.3.1 (top row),
the accelerated algorithms ABPG and ABPG-g perform remarkably well in this
problem setup, while our adaptive stepsize selection strategies perform slightly
better than the linesearch method. The bottom row offers a snapshot of the
stepsize magnitude of adaptive methods on the first 200 iterations, showcasing
a fluctuating trend consistent with the observation in Fig. 5.2.1. This time, the

stepsizes oscillate around a value slightly higher than ﬁ.

f

5.4 Relative-entropy barrier minimization on the simplex

This problem involves the minimization of a generalized volumetric barrier func-
tion over the probability simplex:

minimize f(z) := Indet(HX 'H"),

TEA,
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Figure 5.4.1: Relative entropy barrier minimization on the simplex using LIB-
SVM datasets. Top: convergence in terms of cost. Bottom: stepsize magnitudes
in a window of the first 200 iterations.

where H € R™*" with n > m + 1, X = diag(z), and A, is the probability
simplex
Ay ={zeRy | X" z=1}.
As observed in [14], f is smooth relative to the Burg entropy x — — > 1 | Inz;.
However, the corresponding Bregman projection onto A, is not available in
closed form. For this reason, we instead adopt the Boltzmann-Shannon entropy
(5.4) as in the previous experiments, whose associated Bregman projection onto
A,, does admit a simple closed-form expression: for any v € R” and y € R,
the minimizer of
arg min {(v,z) + Dy(z,y)}
TEA,

is given by
yie” "

N >, yieY ’

Formally, the problem is cast in form (P) as

i=1,...,n. (5.5)

Ly

mlnlmlze Indet(HX 'H") + 04, (2),
z€RY

where 4, : R™ — R is the indicator function of the set A,, namely such that
oa, () =0for z € A, and 0a, (z) = oo otherwise.

Only algorithms able to cope with lack of relative smoothness and full domain
from Table 1 are employed. We conducted experiments on regression datasets
from the LIBSVM repository [7], aiming to evaluate its ability to identify the
most relevant data points for predicting associated labels; specifically, the body-
fat dataset (n = 252, m = 14), the mpg dataset (n = 392, m = 7), and the
housing dataset (n = 506, m = 13). Also in this case, the proposed adaptive
method B-adaPG exhibits superior performance over the linearch variant.

29



We also remark that all solutions in the considered problems exhibit high
sparsity (bodyfat: 83.73%, mpg: 96.43%, housing: 92.29%), and thus lie on the
boundary of dom ¢. The bottom plots in Fig. 5.4.1 nonetheless demonstrate that
the proposed B-adaPG generates stepsizes that stay bounded away from zero,
although not theoretically guaranteed by Theorem 2.5(ii). Whether a rigorous
confirmation of this trend can be established is currently under investigation.

5.5 Euclidean problems

We finally assess the proposed adaptive selection strategies in purely Euclidean
settings, namely, in which the smooth function has a globally Lipschitz contin-
uous gradient. To this end, we consider a standard lasso problem

ce 1 2
minimize 51 Az = bI* + Az,

where A € R™*" b € R™, and A = 0.01 is the regularization parameter pro-
moting sparsity. Clearly, f(z) = 3||Az — b||* has Lj-Lipschitz gradient with

Ls = ||A||?. We study two setups, each developed in a dedicated subsection.

5.5.1 Bregman vs Euclidean updates

First, we consider the “aggressive” kernel ¢ (5.2), namely the Euclidean j aug-
mented by a quadratic function as in Section 5.2:

¢(z) = gllzlz + 3ll=]3.

By doing so, f is smooth relative to ¢ as well, and with same constant LY=L s
however, the difference L@ — f is strictly convex, whereas Ly¢j — f is not. This
test is meant to compare the performance of Bregman vs Euclidean updates.

As shown in the results of Fig. 5.5.1, Bregman updates seem to outperform
purely Euclidean proximal gradient steps. While surprising, this phenomenon
can be attributed to the “higher curvature” of L¢¢ — f with respect to that of
L¢j — f, a behavior that we find worthy of future investigations.

5.5.2 Conservatism when ¢ = j

As discussed in Section 2.2, the Bregman analysis investigated here introduces
some conservatism; that is, when specialized to the Euclidean kernel ¢ = j,
B-adaPG and B-adaPG, reduce to dampened variants of [12, adaPG] and [11,
adaPle%]. This second test investigates how the choice ¢ = j penalizes the
performance with respect to adaPG and adaPGlz.

Our experiments are based on the Julia code provided in [12], and the test
problems are sourced from the LIBSVM dataset [7]. We added our methods
into the original test framework and conducted numerical experiments on the
same problems. As Fig. 5.5.2 demonstrates, although the discussed differences
do have some impact on the algorithms’ performance, the outcomes remain
acceptable. In fact, to some extent there doesn’t appear to be a clear winner.
This counterintuitive observation can be attributed to the fact that a small
stepsize at an iteration k may trigger a larger stepsize at the next one. We
believe that also this aspect is an interesting direction for future research.
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Figure 5.5.1: Random lasso problem with quartic kernel ¢ (5.2). Top: conver-
gence in terms of cost. Bottom: stepsizes normalized by L? in a window of the
first 200 iterations.

6 Conclusions

This paper introduced new adaptive stepsize strategies for Bregman proximal
gradient algorithms that eliminate the need for traditional backtracking pro-
cedures. The proposed methods determine stepsizes dynamically based solely
on certain local curvature estimates derived from gradients at the current and
previous iterations. This approach enables large stepsizes, often several orders
of magnitude larger than their constant stepsize counterparts, leading to fast
convergence while maintaining theoretical convergence guarantees. Notably, the
theoretical analysis operates under minimal assumptions, requiring only local
relative smoothness for the differentiable term, and local strong convexity for
the Bregman kernel, rather than their global counterparts, and is thus also ag-
nostic to any such global moduli. A key technical step in our analysis is the
development of a Bregman generalization of Young’s inequality, which, despite
its simplicity, proves essential to the analysis, and is interesting in its own right.

When specialized to ¢ = j, the proposed algorithms recover the Euclidean
counterparts in [12, 11] up to some slight conservatism. Regardless, as shown in
the simulations, the flexibility to accommodate arbitrary 1-coercive and Legen-
dre kernels ¢ has remarkable practical advantages even when dom ¢ = R".

Some important theoretical questions remain open. Extensive numerical ev-
idence highlights that the proposed adaptive methods generate stepsizes that
stay bounded away from zero, even when approaching boundary points of the
domain of the kernel function, and fluctuate around values attained by aggres-
sive linesearch routines. This trend is consistent with observations documented
in previous studies in the Euclidean setting, but theoretical confirmations in the
more general Bregman setup currently do not have a definite answer.
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A Omitted proofs

Proof of Lemma 3.1. Based on the subgradient characterization (3.4b) and
the definition of ¢; in (2.3a), we have

0= (") = p(a*) — J-(Hu(2"* 1) = Hy(2"), 2"~ — a*) = Dy (2", 2%)

= Pioa(2) — Pyla) — 2280 Ay(ah, 1) — Dy (", 2). (A1)

Yk

Furthermore, by leveraging the subgradient characterization (3.4a) and applying
the three point identity of Fact 1.1,

0=g(z) — gz — (Vg(z"*h), z — 2*1) — Dg(x,xk+1)
= g(x) — g(&" ) + (V[ ("), & — 2™)

(

(

- ’ch1+1 <v¢(‘xk) V¢ xk+1)a T — xk+1> - Dg('xa karl)

=g(z) — g(@*) + (Vf(a¥), 2 — 2") = Dy(z, ")
(A)
+ L D¢(x,xk) L D¢(x,xk+1) - L

Ve+1 Ve+1 Ve+1

Dy (zF 1, 2F). (A.2)

We next proceed to expand the term (A) as

(A) = (Vf(@*),z = a¥) = (Vf(ab), 2" =)
= (Vf(@h),o = a¥) + L (H (") = Vo(ab), 2"+ - o)
+ L (Hy(2"Y) = Hy(a%), 2" — 21)
= [£(&) = £(*) = Dylw, )] + [g(@* 1) = gla®) = Dy(a*+!, 2]
+ 57 Br1s

which combined with (A.2) gives
0= — Pe(2) + 525 Do, 2%) = 515 Dy (a, 2" 1) — LDy (2", 2")

- Df(xvxk) - Dg(xk+17$k) + “/kl-HBkJrl - Dg($7xk+1)°

As done in [12], we may now add (A.2) to (A.1) scaled by ¥4+1 and multiply
everything by vx4+1 to obtain

0= —ykt1Pi(z) + Dy(x,2") — Dy(z, 2" 1) — Dy(a* ", 2*)

= Yk+1 Dy (z, JUk) — Vk+1 ﬁg(l‘kﬂ, l‘k) + Bit1 — Yk+1 1~)g(ﬂ’% xk“)

+ Ve 19k11 (P/c—l(m) — Py(w) — 12220 Ay (¥, aF 1) = Dy (b, Ik)) -

After suitably rearranging, the claimed identity is obtained.
The inequality follows by neglecting the terms between curly brackets, and

further using the identity Dy (", 2" 1) = 95— Ay (a®, 2*71). O

Proof of Lemma 4.1. It suffices to prove the claim for B-adaPG; the case of
B-adaPG,, under the needed assumptions follows by simply replacing Uy, < Uy .
The assumption on x ensures that Py (z) > 0 holds for all k, implying both that
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Uy (z) > 0 and the claimed monotonic decrease of (Uy(r)),n With finite limit
by virtue of Lemmas 3.6 and 3.7. More precisely, one has that

0 < Upy1(w) < Up(z) — (1 + pr — @Pr+1pr+1) Pr—1(2),

where ¢ = 1 for B-adaPG and ¢ = 1;—;‘ for B-adaPG,,. A telescoping argument
yields that

K K
PR™ (@) > (1 +apr — ahrsrper1) < w1l + ape — apri1prin) Poor (@)
k=1 =1
< Ui (z) — Ukt (z)
<Ui(z) = vr41(1 + gpr41) PR™ (@),
hence that
min Z/[l (‘T)
PK (x) = K N ~ ~
> e (Ve + @VkPK — @Yk 1PR41) + VK1 + QYR T1PK 41
Ui (z)
— ~ K .
Y1pP1 + Zk;ll Yk
Since U (z) < Up(x), the claimed inequality follows. O
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