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ARTICLE INFO ABSTRACT

Keywords: A variational approach to contact mechanics with friction for the prediction of wear evolution under various
Contact mechanics indenters is proposed in this work. The contact problem is solved using the eMbedded Profile for Joint
Finitg element method Roughness (MPJR) interface finite elements, here advanced to predict wear arising from the frictional contact
;\La:g‘?::ss problem between an indenter of any complex shape and an elastic body. The interface finite element

formulation embeds the indenter shape, roughness, or any general deviation from planarity directly in
the computation of the normal gap, updating the indenter geometry in time to account for the effect of
wear through a microscopically postulated local Archard adhesive wear model. The formulation employs a
regularized Coulomb law of friction to compute the tangential contact response, while a penalty approach
is used to enforce the unilateral contact constraint. The methodology is exploited to get an insight into the
complex relation between the macroscopically emergent global wear effects and the wear law at the microscale,
which are intrinsically coupled through geometrical effects. To show the model predictive capability, the

Adhesive wear

numerical examples consider three different indenter profiles with flat, cylindrical, and rough geometry.

1. Introduction

Wear is a consequence of the repetitive relative motion between two
solids in contact. Consequently, wear leads to material loss, surface
degradation, and decreased performance of mechanical components
in time. Computational modeling of friction and wear is essential
in engineering applications and poses several challenges due to the
difficulties arising from tribology [1]. With the advent of computational
methods and powerful tools such as the finite element method (FEM)
and the boundary element method (BEM), physical and mechanical
contact phenomena can be reconstructed with high precision. Reli-
able computational tools for predicting friction and wear are needed
considering complex surface interactions from the microscale to the
macroscale.

At the microscale, wear is influenced by factors such as surface
roughness, material properties, and nonuniform contact pressure dis-
tributions. A micro-to-macro modeling approach aims to capture these
microscale effects and their interaction which result into the emergent
macroscale behavior of the component. This is achieved through mod-
eling techniques, which simulate the wear process at both the micro
and macro levels. Information derived from wear analysis can be used
to optimize design and improve mechanical performance effectively,
consequently extending the lifespan of mechanical systems.

Among the many different forms of wear, adhesive wear based on
the well-known approach by Archard [2], assumes that wear is due to
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debris formation by asperity interlocking and fracture [3-5]. Analytical
approaches can be found in [6-10], see [11] for an in-depth review of
the field.

Literature regarding the numerical approximations of wear is abun-
dant. Early numerical analyses of worn-out solids were given in [12—
20]. In particular, the analyses in [14,15] looked at the evolution
of wear gaps in fretting problems using the finite element method.
The works [19,21] exploited a cycle jump technique to accelerate
fretting test simulations, assuming that the contact pressure and the slip
distribution remains constant for a given number of cycles. The cycle
jumping method has been recently applied also in [22]. Other recent
contributions are [23-25]. Finite wear simulations have been explored
in [25], where the shape changes are simulated using the Lagrangian
multipliers approach.

Wear particle formation and the formation of micro-cracks and
crack propagation from the surface have been modeled in [7,26-30] un-
der various operating conditions using fracture mechanics techniques.
More recently, debris formation at the asperity level have been sim-
ulated using an elasto-plastic FE model in [31,32], at the atomistic
level in [33,34], and exploiting the phase-field approach to fracture
in [4,35]. A review on the different modeling approaches to wear can
be found in [36].

Numerical methods employing BEM or Green’s functions-based
methods have been proposed to evaluate tangential contact problems
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with complex contact geometries, see [37-40]. In this context, wear
simulations using BEM have been conducted in [41-45]. A BEM-based
algorithm poses several limitations stemming from the linear elasticity
assumptions, half space approximations, and material homogeneity.
Consequently, FEM can be used to overcome those limitations, see [46—
48] for more details.

Experimental investigations show that, for surfaces under contact,
roughness can range from a nano-scale to a milli-scale and plays a
crucial role in most engineering applications [49]. Consequently, a
proper surface geometry description can significantly improve the wear
prediction, as the wear is related to the contact area and to the contact
traction distribution. Numerical contact models have been developed to
predict contact geometry and the evolution of the rough surfaces due
to wear, mostly based on BEM [45,50,51].

Solving rough contact problems using standard finite element mod-
els is computationally expensive due to the need for a highly refined
mesh for surface discretization and the complexity of contact-search
algorithms. Wear further exacerbates these challenges, as it requires
remeshing the solid throughout the simulation to account for shape
modifications. To the best of the authors’ knowledge, FE-based wear
simulations have so far been limited to simpler smooth surface geome-
tries, primarily involving conformal contacts, cylindrical or spherical
solids, or single asperity models.

To overcome the FE limitations, an efficient variational approach
for solving rough contact problems was introduced in [5,52], through
the so-called eMbedded Profile for Joint Roughness (MPJR) interface
finite elements. This approach proposes a variational formulation to
solve rough contact problems considering the interface as nominally
flat and embedding an analytic expression or a point-wise defined
dataset of roughness to correct the normal gaps inside the interface
finite element routine. This allows any shapes of indenters or rough
surfaces to be embedded in the contact profile, without the explicit
need of a FE discretization of such fine scale details, see [52]. This
modeling framework was extended to analyze fully coupled normal and
tangential contact problems with complex surfaces in [53] and to iron-
ing problems involving viscoelastic materials in [54]. The method has
been tested with both frictionless and frictional contact problems with
adhesion [5] and validated against BEM. Furthermore, it has been suc-
cessfully employed in conjunction with a phase field approach to brittle
fracture, to simulate the complex nonlinear coupled problem of contact-
induced fracture determined by spherical rough indentation [55], with
a very good agreement with experimental data.

In this article, the MPJR numerical framework is further extended
to accommodate wear by updating the contact rough surface embedded
in the interface finite elements according to a local — microscopically
postulated — Archard law. The analysis is here conducted under the
hypothesis of small displacements.

Section 2 presents the theoretical and computational aspects related
to the numerical computation of wear, followed by a mathematical
formulation that includes the prediction of the wear profile. Section 3
presents the variational methods to wear, where the governing equation
in the strong and weak forms are derived. The finite element implemen-
tation of the wear problem is detailed in Section 4. Section 5 presents
benchmark examples and comparisons with experimental and analyt-
ical studies. Specifically, three geometries of indenting profiles have
been analyzed: flat, cylindrical, and Weierstrass-Mandelbrot (WM) pro-
files have been simulated under different loading conditions with a
detailed analysis for each case. Moreover, the section presents also
a discussion on the emergent macroscopically wear coefficient effect.
Finally, conclusions are outlined in Section 6.

2. Mathematical formulation
2.1. Wear depth predictions

The variational methods for wear require the definition of bodies
under consideration, the computation of the contact domain, strain
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and stress fields, and frictional effects. This article presents the two-
dimensional formulation of a contact problem involving two solids
using energy considerations. The presented methodology is directly
applicable in 3D by introducing the 3D elevation function of indenting
surface and considering the two possible directions for sliding, but this
task is left for further investigation.

When two materials are subject to frictional contact, the amount
of material removed from the surface is referred to as wear depth.
Wear depth can be numerically estimated using the wear profile, which
changes as the materials get removed. Measurement of the wear profiles
can be seen in [56-58], in rails and rail wheels. See also the analyses
in [59-61] on fretting wear.

To formalize, wear is formulated in the related literature with
respect to the change in the following quantities [11]:

1. Mass of material removed from solid.

2. Reduction of volume in the material.

3. Reduction in the dimension of the body; Kennedy and Ling [62]
suggested a dependency between the wear rate and the normal
pressure, sliding velocity, and temperature. In the case of abra-
sion, the wear rate was found to be proportional to the frictional
force.

In order to make the formulation consistent with the numerics, only
a two-dimensional formulation is presented. Let A and B be two bodies
under frictional contact whose domain is 2, € R? and 2, € R?. Define
a vector-valued displacement of the body u(X,t) : 2 x [0,t] — R?,
for a position vector X € 2 and ¢ being a pseudo-time in quasi-static
simulations. Consequently, for a position vector (X eR,Xe .QB),
deformation vectors are defined as (u,,up). Let 02,, and 02, be
delimiting boundaries of £,, and Q2 respectively, then the velocities
(v¥,v7) describe the wearing out boundaries on (024,0Q2z) € Rl,
respectively, mainly due to:

1. Deformation of the bodies (v,.v3).
2. Wear process (vF,v™).

where (v 4> vB) are material velocities. Let p, and pp be mass densities,
and m, and mp describe the rate of mass flowing out of boundaries
02, and 0Q2p due to wear. Then the relationship between the mass
(m4, mp) and the velocities (v4,vp) can be written as:

_ + +_ + .t
my =py (vg —v.F) 0t =—p,vt o0t

mg = pp (VB

R o (€)]
=V, ) nT =—ppv_-m7,

where nt and n~ are unit normal vectors to the boundaries 02, and
082, respectively. Notice that the term (v4 —v.*) is the difference
between the material velocities and wearing out of boundary leading to
the velocity of the material left subjected to wear. Consequently, wear
at the boundaries can be defined as v*-n* = v* for 022, and v--n~ = v~
02;.

The article [11] assumed that normal pressure and sliding velocities
constitute the velocity of wearing out of the solids under contact.
Consequently, Rabinowicz [63] defined this process within the context
of Greenwood theory such that v* defines the velocity at which 92,
travels into 02, due to wear. see Fig. 1(a) for a kinematic description
of wear. Within the context of the Eulerian description of displacement
functions (u 40 B), the velocities of the displacement (deformation)
(v4.vg) are related as:

VAITII'IA VBZTZ':IB' (2)

Consequently, the relative sliding velocities of two bodies V5 can be
written in terms of the displacements rate as

Vap = (1-n*@n*) (i, —ip), 3)
(1-n*@n*) (v —vg), 4
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Fig. 1. (a) Kinematics of wear profile wearing out at the boundaries of the solid, (b) simplified geometry for presenting the wear depth (u')), normal and tangential forces

(P"A, Pf), normal gap component between the contact bodies g,.

where ® represents the dyadic product.

The total normal gap (g,) between two bodies as shown in Fig. 1(b)
is defined as a combination of wear depth, and difference in the elastic
deformation as

g = (7 —u)) + (Wy —u7): on

092, U 0Qp, ()

where (u# —u5) is the difference in the elastic deformations of two

bodies and (ujﬁ' - u;) is the wear depth, referred, in the following, with
the notation 4u, = (uA —uB) and w = (u} - u;), respectively.
The elastic deformations of each body at the boundary can be

written as:
U,,A = (n+®n+) u, Vx, €00,

V xp € 0Q2p.

6
WY=m®n)uy ©

n

The total depth of the material removed (u}), (u
time [0, 7] can be defined using the velocities as

) over a period of

n

1
u+:/ vix,r)dr, V x€0Q,,
°, @
u;=/ v (x,7)dr, V X €0Q2p.
0

where Fig. 1(b) shows the quantities that define the wear depth.
Contact problems and wear predictions require accurate evaluation
of stress and strain fields within the solids. Moreover, velocity and
tractions at the contact region must be calculated. Naturally, physical
conditions have to be met, such as (a) non-penetrating conditions, (b)
adhesiveless conditions; these conditions translates to the normal gap
to be always greater (when not in contact) or equal to zero (during

contact):
2,20, Vx€EiQ,. )

Moreover, the normal contact stress component is less than zero

(during contact) or equal to zero (not in contact):
PA <0, Vxe€0Q, 9

Then, the contact traction P, for the solid A, having normal com-
ponent PA, and tangential component PA can be written as:

PA =o,n*, ondQ, 10$)

where 6, = C : £, is the Cauchy stress tensor. Here C is the stiffness
(elasticity) tensor that relates stress and strain measures. Here ¢ is the
symmetric strain defined as

e) == (Vu+vTu). 1)

N =

In the presence of friction with a friction coefficient y, the tangential
traction satisfies

IPA| < ualP2). (12)

Solving the differential problem subject to the above relationships
and to the Dirichlet and Neumann boundary conditions, one can com-
pute the tangential and normal tractions via displacements and dis-
placement gaps. These tangential and normal tractions can be used to
calculate, in turn, the wear rate via the local wear law.

Archard [2] formulated that the volume of material removal (W)
is directly proportional to the normal contact traction (P,), the di-
mensionless wear coefficient (K), the sliding distance (S), and inversely
proportional to the hardness (H), i.e.,

P,S
W=K;I. 13)

The dimensionless wear coefficient K in Eq. (13) can be defined in
different ways. From the thermodynamics point of view, the energy (E)
necessary for the formation of wear debris (material removed due to
wear) having mass m, the following inequalities have to be satisfied
for bodies A and B:

myE, >0, mzEp >0, 14

meaning that the internal energy consumed during the wear process is
non-negative.

Eq. (13) can be formulated also in terms of wear depth w, using the
normal contact traction Py as:

w = k,P,S. 15)

where k,, is the dimensional wear coefficient assumed to be a material
property.

Notice that Archard’s wear law does not account for the formation of
a third body, which would modify the contact conditions. The current
formulation is restricted to the simulation of a two-body wear problem,
while the solution of a third body contact has not yet been attempted.
A possible way to cope with a third-body contact could be to couple
the present method with the methodology in [64], where the third
body is incrementally modified in time both in terms of volume (as
a function of the predicted debris formation based on the present
approach), and in terms of interface mechanical properties associated to
the wear debris. On the other hand, the proposed methodology could be
applied macroscopically to adhesive wear, often described by a similar
macroscopic wear evolution law as the Archard law. For simulation
of adhesive wear at the microscale, this can be achieved with little
modification by introducing an adhesive potential as already done by
the authors in [52], along with plasticity constitutive models for the
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Fig. 2. Embedding of the rough topography of the indenter in the nominally flat interface.

bulk. Other forms of wear, for instance induced by corrosion, are not
accounted in the current formulation. This can be a further research di-
rection by setting the present mechanical problem within a multi-field
framework to simulate the thermo-chemico-mechanical fields and their
coupling. In this regards, the advantage of the proposed variational
framework is that it would enable to make energy-based additions in
the Clausius-Duhem inequality, changing the energy density function
in Eq. (21) and consequently accounting for the energies in Eq. (24).

Furthermore, Archard’s wear law assumes a constant wear coef-
ficient, consequently neglecting the material properties apart from
hardness: friction, speed of the sliding, effect of lubrication, to name
a few.

3. Variational methods to wear

In this section, the initial boundary value problem is developed
based on the thermodynamic and energy considerations of the contact
problem with embedded roughness as in [52,53] adding the wear
contribution.

3.1. Governing equation and strong form

The two solids 2, and Q2 defined in Section 2 are considered to
be potentially in contact at the opposite boundaries I'; C 0Q; (i = A, B)
such that the contact interface I' € R! can be defined as I' = U,_4 T}
The real contact region in the interface I is represented by I'“ with
re =rjuly, where I7 (i = A, B) is the region in body (4, B) in
contact. The region I is not normally known a-priori. The distinction
between I'f and I; is introduced because, in case of a nonconformal
contact problem, the actual contact region is a subset of the total area
that could be potentially in contact, i.e. I C I;.

Let assume that the contact boundary I'p is smooth, while the
indenting contact boundary I'y has an arbitrary shape that may be
specified either by an analytical function (e.g., a parabolic or harmonic
profile) or by a set of discrete data related to a more complex rough
topology.

The key idea of the approach developed in the authors’ previous
works consists in simplifying the original boundary of the indenter I',
into a flat profile F;, while the actual profile (or surface in 3D) of the
boundary is embedded point-wise in its exact form into the interface
finite element formulation, as depicted in Fig. 2. The geometrical dif-
ference between I’y and Iy is mathematically described by an elevation
function e, (£,) where &, = £(X) is a curvilinear coordinate system on
the indenting profile.

If we defined h, (£,) as the smoothed representation of the rough
boundary, given by a curve parallel to the average profile of the
boundary and with datum set in correspondence of its deepest valley,
the elevation function that maps the indenter actual topography is:

eq (E4) =Py (E4) +hy (E4) (16)

For the already smooth boundary I'y, the elevation function simply
reads:

ep (€3) :=hp (&) a7

This method reduces the contact problem to a nominally flat-to-flat
interface I'* defined by two initially coincident but distinct flat profiles
described by e (&) plus the associated function h* (£) = max; [k 4 (£)] —
h, (). At the beginning of the contact problem, the two profiles are
considered to be in contact at only one point with zero contact pressure.

The tangential and normal unit vectors for the two sides are equal
and opposite of the nominally flat I'* interface defined as:

ta (§4) = —tp (£p) and ny (£4) = —np (£5). 18)

At the interface I'*, the displacement gap components are further
determined as the projection of the relative displacement Au =u, —ug
into the normal and tangential directions such that du = (4u,, Aun)T.

Within the context of the energy of the system, the total energy of
the system under contact along with the interface I'* can be written
considering the following contributions:

1. The external energy ¥,,, due to the applied boundary conditions
such as displacement @ and traction t.

2. Strain energy/elastic generated by the body ¥?,.

3. Contact energy ¥,

cont*
Hence, the total energy per unit mass per unit volume takes the form:

=Y,

ext

+¥,+Y7,

cont*

19

Furthermore, the balance principles driving the wear problem have to

satisfy the balance of energy and contact profiles:
in @, (20a)

(20b)

pE =0;;€;,

¥ =P,g,+Pg —-P, on I*

where p is the mass density of the body’s bulk, ¢ is the body’s specific
energy, and ¥ is the internal energy of the contact surface. Here, P,
and P, are the normal and tangential contact traction respectively.
Finally, , presented the wear rate, whereas (-) = % denotes the time
derivative. Furthermore, P, is the entropy density of the system (such
as heat generated due to contact).

The Helmholtz free energy density for the linear isotropic material
under isothermal conditions takes the form

P, () = %e (Cie= %Mr2(5)+/4£ e, @D

where C defines the linear elasticity tensor, C = 2ul + A1 ® 1 function
of Lame’s constant A and u. Here, I and 1 are fourth-order and second-
order identity tensors, respectively. The state laws such as stress can be
easily accessible using Helmholtz free energy function as
R

= (22)
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In the contact region, similar to the bulk, a standard Clausius—
Duhem inequality for the contact interface satisfies:

¥ <P,g,+Pg, on I'* (23)

where ¥ is the internal energy at the interface.

The contribution of the energy due to contact can be written as an
additive decomposition of the energy associated with the normal part
and the tangential part as:

Yoo = ch,n + ch,t = / P, g;,k ar + / P g dr. 24)
re re

Furthermore, the contributions stemming from fatigue, fretting
wear, oxidation, corrosion, thermo-mechanical loading etc., can be
incorporated in the total energy formulation subjected to the mass and
energy balance. The tangential contribution is given by the regulariza-
tion of the Coulomb friction law as done in [53]:

P,=/A|P,,|tanh<§>. (25)
1

While the tangential gap g, depends only on the relative sliding of
the two bodies and it is not affected by wear, the normal gap includes
three contributions: the relative normal displacement Au,, stemming
from the solution of the contact problem; the correction to the sepa-
ration between the nominally flat contact interface to account for the
non-planar profile embedded in the MPJR interface finite element A*;
and the material removal due to wear w, which is initially zero and
increase with time. Consequently:

g =Adu, +h* +w=g,+h" (26)

Here g is the corrected normal gap employed in a standard penalty
approach to solve the contact problem. The normal contact pressure
takes the form:

P, = K.g,
0

Here P, is used to refer to |P,| for g < 0.

Recalling Eq. (15), the wear rate can be computed using the Archard
law of wear at the local level, assuming that the wear driving force is
proportional to the normal contact pressure P;:

it gr<0

. 27)
if g;>0

W=k P 1E (28)

where g, is the sliding rate computed using a finite difference for-
mula: g, = (gf’) - gt(’_]) /dt. Considering a quasi-static problem, for a

pseudo-time interval dr = 1, the wear gap is computed as:

w= kaﬂg,«) - g,(tfl)l. (29)

Furthermore, the normal traction reads:

P =

n

ng: =K, (Aun +h"+ w) ) (30)
and introducing Eq. (29) into Eq. (30):

P =K, (Au, + h*) + Kk, P |g"

-Vl GIb)
which finally gives an explicit equation for P:

p- K, (Au, + h*)
n = 1,
1 +Knkw|g;t) _gft )l

(32)

From Egs. (25) and (32), the residual and the stiffness matrix of the
interface finite element can be computed for an implicit formulation.
Notice that the wear coefficient is set to constant in the proposed
model. Consequently, the effect of transverse shear stress is not taken
into account. Another possibility is to exploit an explicit approach
where the wear contribution is computed considering the normal con-
tact traction at the previous pseudo-time step (explicit formulation):

— =1 — —
W™=k (B) 7 18 =g 33)
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Consequently, the normal contact pressure would read:

PT =K, (du, + h* +w'™") = K, (Au, + h*) + Kk, (P7) 7 1871 = g2
(34)

In this article, we adopt Eq. (33) to compute the wear gap and the
Eq. (34) to compute the normal contact pressure. As a consequence of
the explicit treatment of wear evolution, the derivative of the normal
pressure becomes independent of the wear profile, with an easier finite
element solution of the coupling of the wear rate with the contact
energy function.

Now, substituting Eq. (21), (24) into Eq. (19), leads to the following
pseudo internal energy

H=/ls:<c:edv+/ P,,g:dl"+/ P g dr +¥,,. 35)
.(22 r* r*

Now, Eq. (35) is solved for the displacement u and the relative dis-
placement Au. Later, the actual gaps are estimated using the correction
related to the composite topography. Subsequently, wear rate and con-
tact pressures are computed from the primary displacement variables
as detailed above. The external work ¥,,,(u) due to the applied loading
can be defined as

Y, () ::/fv~udV+/ t-uds. (36)
Q 2Q

Here, t = 6 - n on 02" is the traction with an outwards unit normal n
(Neumann boundary condition) and f,, : 2 — R? is the body force.

Naturally, the solution u for the total energy functional I7 at the
interface in Eq. (35) in the quasi-static setting can be derived by
considering the first variation of the functional, i.e.,

SI(u) = %H(u + edu) L=0= 0, (37)

For a given initial boundary condition, the problem reduces to finding
u such that, for each t € [0, T]:

/e(u) :C: £(5u)dV+/ P,,(Au)g:(Aéu)dI"
@ ~ (38)
+/ P,(du)g,(A6u)dI" +¥,,(u) =0
I

for sueV = {Sue H(Q) X [0,T];6u=0 on 02,}.
4. Finite element implementation

The numerical treatment to solve the weak form in Eq. (38) involves
the introduction of a finite element discretization for the bulk £ and
the interface I'*. Notice that the bulk 2 is subdivided into £, and @2,.

We define the discretization of the bulk Q2 — .Qi" and the interface
I'* - I'*" for some discrete mesh h such that partition of unity and the
compactness of the isoparametric function in _Q,." and I'*" is preserved.
The displacement field u and the strain € are interpolated in terms of

the nodal displacement d as follows,
u(x) = N(x)d e = B(x)d, (39)

where N(x) is the matrix that contains the shape function, and B(x)
defines its corresponding spatial derivative. Similarly, the test function

Su and the corresponding strain e(éu) takes the form
su(x) = N(x)éd; £(6u) = B(x)éd, (40)

This interpolation scheme applied to the weak form leads to the
following discrete residual vector:

R“=/BT:adV—/NT~deV—/ BT - tds. (41)
Q Q Q2

Moreover, the tangent stiffness matrix of the bulk reads

u
K, = 5 - / B CBdV. (42)
od ~ Jg
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Fig. 3. Interface finite element topology.
The finite element approximation of bulk takes the form
K, d=R" 43

where the above equation is solved for d through a system of linear
equations, if the material constitutive relation is linear.

At the interface I'**, a conforming finite element discretization is
assumed. The interpolation of the interface is carried out by the dis-
placement field u of the bulk in the discrete domain Q. Consequently,
the interface finite element with embedded roughness is introduced,
capable of handling wear and friction (see Fig. 3).

Let d be the collection of generalized displacements for the four-
node interface as:

T
d = {uy,v[,uy, vy, U3, V3, Uy, V4 } . (44)

The contribution of the interface to the weak form is:

/ P,(4u) g'(46w)dI” + / P,(4u) g,(46u)dr, (45)
r re

whose interpolated finite element form is:

/r P,(dw) g} (dbu)dr ~ A" lim { /F P, (4u) g} (dow) dS} , (46)
and

/r P(dwg (46w dI" ~ A, lim { /r P4 g, (45w) dS} . (47)

Here the subscript ‘e’ refers to the eth interface element such that
ee {l,......,nel} and ’A’ refers to a symbolic assembly operator. The
integral in the above equation can be computed using the two-point
Newton—Cotes quadrature formula. The details of the FE formulation
is omitted for the sake of brevity, while the readers are referred
to [5,52,53] for more details.

The discrete residual is then computed as:

R¥ = / L'N"RTP dT, (48)

with P = (P,P,) collecting the tangential and normal contact pres-
sures computed from Eq. (25) and (34), respectively. Furthermore, the
stiffness matrix for the interface reads

KW = / L'NTRTC,RNL drI, (49)
where the linearized interface constitutive matrix C, takes the form:
oP, 9P,
og 0g,
C.= . (50)
oP, 0P,
9g 0g,

The expressions for each components of C, for g¥ < 0 are:

oP P ;

9P _plPyl [1 ~ tanh? <ﬁ>] , (51a)
0g, €r €r

aP K * .

PP _ B8 oo (ﬁ), (51b)
og, |g,,| €r

oP

—1 —, (51c)

og,
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Table 1
Geometrical and model parameters for the flat indenter simulations.
Model parameter Value
Interface size 10 mm
Substrate size 20 mm
Substrate thickness 10mm
Substrate Young Modulus 80 GPa
Poisson ratio 0.22
Friction coefficient 0.2
Local wear coefficient 10~ MPa™!
Penalty parameter 10° N/mm?
oP,
t =K, (51d)
9g,

5. Exploitation of the proposed approach for virtual testing

This section proposes benchmark examples to illustrate the effi-
ciency and applicability of the proposed wear model using three types
of indenting profiles: cylindrical, flat, and rough indenters. The specific
examples demonstrate the potentiality of the MPJR interface finite
element approach and its finite element implementation by a detailed
analysis of the resulting normal and tangential contact tractions, wear
profiles and wear rates.

The embedded roughness methodology allows to model all the
cases as a nominally flat indenter acting on a linear elastic rectangular
substrate. The indenter profile elevation is then analytically embedded
in the MPJR interface finite elements for each case, and computed at
every Newton-Cotes integration point of the discretized problem. The
simulations are analyzed in plane strain conditions.

5.1. Flat indenter

This section is dedicated to the case of a flat punch indenting a
linear elastic isotropic substrate with linear and cyclic loading. The
geometry of the test, the employed finite element mesh, and the bound-
ary conditions are shown in Fig. 4. Notice that the global reference
system is set such that the interface coordinates vary in the interval
—5 mm < x < 5 mm. The model parameters are summarized in Table 1.
At first, the simulations regarding the linear loading will be discussed,
followed by a discussion on the cyclic loading.

5.1.1. Linear loading

This section aims at studying the effects of wear in the linear
loading case. For this simulation, the bottom edge of the substrate is
fully constrained, while the normal and tangential displacement of &,
and i, are imposed on the top edge of the punch, respectively, with
a temporal sequence shown in Fig. 5. Specifically, a monotonically
increasing normal displacement (vertically downwards) up to 0.5 mm is
applied until 7, = 20, and then held constant. Meanwhile, a tangential
displacement (horizontal towards right) is applied at time 7, = 20,
monotonically increasing till the value of &, = 2 mm is reached at
the end of the simulations. This loading sequence ensures the contact
between the two bodies before applying any tangential load. In order
to simplify the notations, the phase where only normal displacement is
applied is referred to as normal loading phase, while the phase where
the normal displacement is held and the tangential displacement is
monotonically increased (20 < 7, < 120) is referred to as tangential load-
ing phase. Notice that the defined boundary conditions lead to elastic
deformation of the substrate due to the interaction with the indenter.
The choice of such boundary conditions was to prove the potentiality of
the approach to handle situations where elastic coupling affects the slip
state interactions. However, the displacement of the substrate is very
small compared to the size of the specimen. Consequently, the majority
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Fig. 4. Flat indenter geometry, mesh discretization, and applied boundary conditions.
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Fig. 5. Normal and tangential displacements imposed at the indenter during the
simulation.

of the deformations accumulate near the interface, affecting the contact
slip state.

The normal gap correction due to the indenter profile to be used
in Eq. (34) in this case is h* = 0, because of the punch profile is flat.
Consequently, at the beginning of the simulation, the separation equals
the actual gaps computed from the displacement field. The separation,
however, evolves during the simulation because of the wear, which
causes material loss and modifies the contact geometry.

The contour plots of the normal and tangential displacement of
the solids at different time steps are shown in Fig. 6. In the normal
loading phase, the displacement is dominated by the i, = 0.5, while the
displacement in the y-direction is almost zero. During the tangential
loading phase, the displacements in the y-direction remain almost
constant since a constant &, = 0.5 mm is hold, and the only changes
are caused by wear that modifies the contact geometry. Furthermore,
the displacements in the x-direction in the substrate increase as a
result of the frictional interaction with the indenter. At the end of
the simulation, the contour plot in Fig. 6(d) shows that the horizontal
displacement reaches the maximum and minimum values along the
contact surface under the two corners of the indenter. Correspondingly,
the horizontal displacement of the two upper edges of the substrate
has a value of ~0.05 mm, which is non-zero because of the elastic
coupling, much smaller than the displacement imposed to the rigid
indenter (2 mm).

The evolution of the reaction forces during the simulation is shown
in Fig. 7. The normal reaction force increases to the value P, at the
pseudo-time step 7, = 20, which corresponds to the end of the purely
normal loading stage. For a simulation without wear, the value of the
normal reaction force would remain constant when the applied normal
displacement is kept constant. The wear effect decreases the normal
force along with the application of the tangential displacement. The
material loss due to wear, in fact, causes, for a constant value of i, the

increase of the separation gap between the contact interfaces and the
consequent decrease of the contact pressure (which is depicted in detail
in the following paragraphs) and of the normal reaction force. The
same trend can be recognized for the tangential reaction force, which
increases to a maximum value at the time step ¢, = 33 (corresponding
to the full slip condition described in the following) and then decreases.

Fig. 8 presents the normal (in red) and tangential (in black) tractions
along the interface when the indenter is pushed against the substrate
in the normal direction in (a) and during the tangential loading phase
till the full sliding condition (b). The normal traction values, o,, have
been rendered dimensionless with respect to the flat punch half size a,
and the maximum value of normal force P, reached at the time step
t, = 20. The tangential tractions have been rendered dimensionless via
the coefficient ai/(uP,,). In Fig. 8, it is possible to observe the presence
of a symmetric central stick area and two lateral regions of forward
and backward slip, corresponding, respectively, to the positive and
negative tangential tractions’ areas. This initial condition matches with
the results obtained with similar simulations conducted in [65] and
the references therein, where the wear phenomenon was not included.
From this condition, the progressive evolution of contact to full slip
(when the tangential traction overlaps everywhere the normal contact
traction) is shown in Fig. 8(b). Finally, the evolution of the contact
tractions after full slip, during gross sliding, is shown in Fig. 9, where
the normal contact tractions decrease because of the effect of wear.
The tangential contact traction decreases consequentially, keeping the
overlapping with the normal contact tractions.

The evolution of the wear rate is shown in Fig. 10. In the first
part of the simulation, the wear rate in the forward and backward
slip areas increases with the pseudo-time step, while it remains zero in
the central stick area. In the slip zones, non-zero values of the relative
tangential displacement between the two contact interfaces occur, and,
consequently, there is a non-zero sliding velocity g,. Since the proposed
wear model computes the material removal according to Eq. (28), and
the tangential tractions are computed using a regularization of the
Coulomb friction law, as in Eq. (25), which introduces in the model a
smooth transition between stick and slip areas, there is a very small
wear contribution in the slip areas subjected to a non-zero contact
pressure caused by the elastic coupling between the normal and the
tangential directions.

A rapid increase in the wear rate can be seen in Fig. 10(a). When
the full slip condition is reached, the wear rate differs from zero in the
entire domain. In the full sliding phase, both normal and tangential
tractions tend to decrease due to the wear. Since no additional load
is added, the wear rate starts decreasing due to the decrease in the
tractions as shown in Fig. 10(a). This interaction between wear and
normal tractions can be seen according to Eq. (34).

It is important to note that the material removal rate shown in
Fig. 11 depends on the normal contact pressure and the relative sliding
distance according to the Archard law, which has been postulated to
apply at the microscopical scale. For this reason, the material removal
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Fig. 9. Normal and tangential contact tractions evolution during full sliding (constant
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is higher near the edges of the indenter. Moreover, the material re-
moval is not symmetric, but it reaches higher values on the right side
(leading edge) than on the opposite side (trailing edge). The Fig. 12
presents the material removal rate at ¢, = 26 and at the end of the
simulation. The plot shows the asymmetrical material removal due to
the imposed horizontal displacement. Initially, the asymmetry between
the trailing edge and the leading edge is more visible, while after the
tangential loading phase is complete, the difference reduces since the
whole contact interface is in slip condition. This asymmetry is amplified
even more as the tangential sliding velocity increases, as shown in the
following section.

5.1.2. Cyclic loading

The simulation presented in this section shows the potentiality
of the proposed approach to deal with wear simulations in case of
cyclic loading, which is very common in the experimental tests and
applications. The boundary conditions are similar to the linear case: the
bottom edge of the substrate is fully constrained, and a monotonically
increasing normal displacement &, is applied vertically downwards
until ¢, = 20 and kept constant till the end of the simulation to ensure
the contact conditions. Meanwhile, a cyclic tangential displacement
(horizontal towards right) is applied from z; = 20 to ¢, = 40, with the
maximum tangential displacement ranging between 2 mm (towards the
left) and 2 mm (towards the right) as shown in Fig. 13.

Keeping the same convention as in linear case, the loading can be
divided as normal loading phase (0 < ¢, < 20), and cyclic tangential
loading phase (20 < t; < 200). The resulting normal and the absolute
value of the tangential reaction forces are presented in Fig. 14(a) and
(b) respectively. As a consequence of the wear effects, the normal forces
decrease with time as shown in Fig. 14(a). Moreover, the same trend
can be observed for the tangential loading. Due to the cyclic loading,
the drop in the tangential reactions can be seen as in Fig. 14(b).

Fig. 15 presents the material removal due to the cyclic loading. As
the number of tangential loading cycles increases, the material removal
increases as in Fig. 15(a) which presents the overall material removal,
from which two curves has been selected and depicted in Fig. 15(b)
corresponding to #;, = 20 and 7, = 40, to show the difference in the
wear depth at the end of the normal loading phase, and after the first
horizontal displacement which corresponds to the situation in Fig. 12,
but with different sliding velocities.

5.2. Cylindrical indenter

This section presents the case of an indenter with a cylindrical
profile under different loading scenarios. As done for the flat indenter
case, the simulation is conducted considering first a simpler linear
loading case, and then a more realistic cyclic loading.
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Table 2

Geometrical and material parameters used for the cylindrical indenter simulations.
Model parameter Value
Cylinder radius 10 + 120 mm
Interface size 20 mm

Substrate thickness 5mm

Cylinder’s Young Modulus 210GPa
Substrate’s Young Modulus 80 GPa
Poisson ratio 0.22
Friction coefficient 0.2

Local wear coefficient 10-7 MPa™!
Penalty parameter 10° N/mm?

5.2.1. Linear loading

In the first part of the section contains a detailed analysis of the
contact problem between a cylindrical indenter having radius R =
100 mm and a deformable substrate. In the second part, the results
for indenters with different radii ranging from 10 mm to 120 mm are
compared. As discussed earlier, the proposed numerical approach avoid
the explicit discretization of the indenting profiles using the MPJR
interface finite elements. Consequently, the same FE model can be
parametrically used to embed many surfaces of different shapes without
changing the underlying mesh, assuming that the employed mesh can
capture the variation of the indenter shape and the contact areas. In
particular, all the cylindrical indenters have been simulated using the
geometry and the mesh depicted in Fig. 16, and their profiles have been
embedded via the elevation function 4* defined in Eq. (52) as:

h* = R—4/R% — 42. (52)

Here R is the radius of the indenter, and y is the coordinate of the
integration point.

Compared to the previous case, the actual contact problem is not
conformal. For this reason, the indenter block and the interface cover
the entire surface of the substrate, such that the evolution of the contact
area will always be contained in the interface and there will be no
need for contact search algorithms. The boundary conditions and load
histories are the same used in the flat indenter case in Section 5.1.1.
The model parameters are collected in Table 2.

Fig. 17 presents the contour plot of the displacement field in the x—
and y—directions for the cylinder radius of R = 100 mm. It is immedi-
ately possible to notice that the contour plots follow the distributions
typical of the contact between a cylinder and a substrate, even though
the indenter geometry in the model is simplified as a rectangular block,
thanks to the embedded geometry into the MPJR interface finite ele-
ments. During the normal loading phase, the penetration of the cylinder
into the substrate can be seen in Fig. 17(a) and (c). The transition to the
full slip condition can be seen in Fig. 17(b) and (d), which are obtained
for the applied displacements &, = 0.5 mm, &, = 2.0 mm.

The tangential and normal reaction forces during the simulation are
shown in Fig. 18. Due to the applied loading condition, the normal
reactions reached their maximum value at time step 7, = 20, when
the system is purely normally loaded. Moreover, tangential reactions
remain zeros until the tangential load is applied, when the tangential
reaction monotonically increases and reaches its peak at the time step
t, = 33 corresponding to the full slip condition. Due to the effect of
wear, there is a decrease in both normal and tangential reactions as
shown in Fig. 18, in analogy with the flat indenter results.

Moreover, Fig. 19(a) shows the interfacial distribution of normal
tractions (in red) and tangential tractions (in black) during the normal
loading stage (t, = 0 — 20). Differently from the flat punch, the
dimensionless form has been here conducted considering the variation
of the contact radius a, during the simulation, and the maximum value
of the reaction force P, at the pseudo-time step 7, = 33. As expected,
the normal force increases to a peak, and the tangential tractions
are antisymmetric, creating forward and backward slip areas where
wear occurs. As the tangential loading is applied, the dimensionless
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Fig. 11. Material removal due to wear during the tangential loading phase.

tangential force increases, as shown in Fig. 19(b). The progressive
evolution of the tangential tractions coincides with the normal tractions
when the full slip condition is met, as previously demonstrated in [53].

As a consequence of the contact tractions, the wear rate during the
normal loading phase is shown during the tangential loading phase is
shown in Fig. 20(a). After the full slip condition is reached, the wear
rate naturally slows down, as shown in Fig. 20(b), which corresponds
to the pseudo-time steps from ¢, = 34 to 120.

The predicted material removal during the tangential loading phase
is shown in Fig. 21.

In order to study the effect of the indenter radius, simulations corre-
sponding to R = 10,20, 50, 80, 100, 120 mm are compared. The resulting
dimensionless contact tractions are depicted in Fig. 22. Specifically,
the plots represents the dimensionless normal tractions ¢, /6, ., and
tangential tractions 7 /z,,,, along the contact interface. It can be noticed
that the contact traction distributions follow the same trends found
in [5] where the MPJR approach has been validated in absence of wear.

The effect of wear is shown in Fig. 23, which shows the wear rate
and the material removal, due to the variation of the indenter radius. It
can be noticed that as the radius increases, the contact area increases,
leading to more spread normal and tangential tractions. Consequently,
the material removal is distributed over a larger area, decreasing the
maximum material removal in the center of the indenter.

5.2.2. Cyclic loading

With the goal of validating the proposed computational framework,
the case of a rigid cylindrical indenter of radius R, = 5 mm in contact
with a steel substrate (young’s Modulus E = 210 GPa and Poisson
ratio v = 0.3) is described in this section. The FE model resembles
the one used in the previous section, however a substrate size of
4 mmx5 mm has been employed to account for the smaller contact area
compared to the previous cases. The cylindrical indenter is subject to a
constant vertical normal force of 50 N, and to an harmonic tangential
displacement having amplitude of 2 mm for a total of 1000 cycles
and a total sliding distance of 4m. This setup has been inspired by

10

the experimental test conducted in [12] which have been used also
for the validation of the analytical model proposed in [8]. Both the
experimental and the analytical results available in the literature regard
a spherical pin indenting on a steel plate, however, for simplicity, the
simulation presented in this work is two-dimensional, reproducing a
cylindrical indenter. The results of the MPJR approach are presented
in Fig. 24 which shows that the proposed approach is capable of
reproducing the experimental and analytical trends typical of Hertzian
contacts.

The same simulation results have been also compared with the
asymptotic model predictions in [9] and the experimental results
in [19] in terms of peak contact pressure and half width contact
variations for cylinder-on-flat tests, see Fig. 25. The literature data
are related to the case of a cylindrical indenter radius of radius 12 mm
subject to a vertical load F = 185 N and to a cyclic tangential
displacement having amplitude 0.05 mm. Even in this case, the proposed
approach reproduces very well the trend available in the literature.

5.3. Rough indenter

A fractal profile as a model for roughness is examined in this
section to test the potentiality of the proposed numerical framework
for complex embedded geometries and fine scale resolutions for which
the finite element method, to the best of the authors’ knowledge, has
never been attempted before.

In particular, the Weierstrass—-Mandelbrot (WM) function is used
to create the complex contact surfaces of several rescaled harmonic
components. Even though many other functions can be utilized in the
proposed framework to generate and assimilate the elevation produced
by the complex surface, the WM function offers unique challenges
regarding the numerical implementation and demands high-precision
computation. Hence, the WM function is chosen to showcase the ro-
bustness and versatility of the presented computational framework in
a high-fidelity framework.

The elevation field given by the rough profile can be generated as
a fractal function with harmonic given by:

\ "o x
h* = D-Dmy cos ( 27 ,
8o Z 14 7o

n,=0
where y is the integration point x-coordinate along the interface, g,
is the amplitude of the biggest cosine function, n,, is the number of
harmonics. Furthermore, 4, is the largest scale roughness’ wavelength,
y is a parameter related to the waves amplitude, and D is the fractal
dimension taking values 1 < D <2 [66]. The cosine function is summed
over n,, to create a superposition of the sinusoidal waves of wavelength

(53)

ny = %, and amplitude g, = goyP~P"e, with y > 1.

The two rough profiles chosen for the numerical simulations pre-
sented in this section are shown in Fig. 26 and the employed parameters
for their generation through the Eq. (53) are collected in Table 3. As

a balance between computational efficiency and the complexity of the
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Fig. 12. Material removal at two different timesteps of the flat indenter simulation, showing higher material removal at the leading edge than at the trailing edge.
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Fig. 13. Normal and tangential displacements imposed to the flat indenter during a simulation under cyclic loading.
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Fig. 15. (a) Material removal for the flat indenter subject to cyclic loading. (b) Detail of the results at 7, = 20 (at the end of the normal loading phase) and at 7, = 40 (corresponding
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Table 3

Parameters used for the Weierstrass profiles.
Model parameter Value
D 1.75
n, 10
Y 5
s 2mm

8o 0.1mm and 0.5mm

WM profile, n,, = 10 is considered with different values of g, to simulate
rough profiles of different amplitudes.

The geometric description and the discretization employed for the
rough profiles are the same used for the cylindrical case, see Fig. 16
and summarized in Table 2. To capture the geometric features of the
profile, a mesh consisting of 100 elements along the contact interface
is used to discretize the WM profiles.

The evolution of the normal contact pressure during the normal
loading phase is shown in Fig. 27. It can be noticed that only the profile
with a smaller amplitude g, reaches full contact, while the profile with
a higher amplitude achieved only partial contact for the same value of
ﬁy.

The tangential contact tractions are shown in Fig. 28 and present a
similar trend for both profiles, showing the transition from full stick to
full sliding.

The evolution of wear rate and the material removal from the
substrate predicted by the simulations are shown in Figs. 29 and 30. It is
interesting to note that, as expected, the model reproduces the material
loss only in the contact areas.

To comprehensively understand the effects of roughness, the effect
of the number of harmonics on the wear results has been compared. For
each chosen value of g, analyzed in the previous paragraphs, the value
of n,, has been set equal to 10,5, 1, decreasing the number of harmonics
of the WM profiles. The results at the end of the simulations are
compared in terms of wear rate in Fig. 31. For visualization purposes,
only one part of the interface has been shown in the plots (0 < x <

14

5 mm). It can be seen that the wear rate increases with the number of
harmonics of the profile, and this effect is more visible for the profiles
with g, = 0.5 mm.

5.4. Effect of the local wear coefficient and insight into the global (emer-
gent) measurable wear coefficient

In the present study, the existence of an Archard wear law appli-
cable at the local scale has been postulated, with a local wear rate
coefficient k,, considered as a true material property.

Here, we first remark that a variation of the local wear coefficient
between 1x 107! MPa~! to 1 x 107 MPa~! leads to a linear shift of the
predicted wear rate and material removal profiles, see e.g. Fig. 32 for
the flat indenter and Fig. 33 for the smooth cylindrical indenter with
R =100 mm, as exemplary cases.

As clearly observable from the above results, the spatial evolution
of wear along the interface is strongly affected by the overall indenter
geometry, which in turn leads to different nonuniform normal contact
traction distributions. This occurs even for the flat indenter if it has
a finite size. This poses enormous complexities in decoupling the ge-
ometrical effects related to indenter geometry or, for nominally flat
surfaces, related to roughness from microscopical effects responsible for
wear. This is particularly true if we consider that during the majority
of engineering experiments only global quantities can be measured.

With the aid of the present computational framework, one could
attempt to identify the local wear coefficient by matching global wear
measurements. Using global data one can in fact estimate a global wear
coefficient K, dependent on the material properties and on the profile
geometry as follows:

Aw

w = —
PUuX

K,

(54

where 7, is the sliding distance, equal to 2 mm for all the simulated
cases in this work, P, is the normal force at the end of the contact
mechanics simulation conducted all under the same far-field imposed
normal displacement, and 4,, is the total material removal computed
by integrating the amount of material removal at the last pseudo-time
step 7, = 120 of the simulations.

The resulting values of K, for all the different simulated indenters
are compared in Table 4. The global wear coefficients are always higher
than the local wear coefficient, and differ for all the cases as a result
of the impact of the geometry on the traction distributions.

Therefore, for a given globally measured wear coefficient K,, and
profile topography, which can be assessed with accuracy using confocal
profilometers, the present computational framework could be exploited
by framing the contact simulation as an inverse problem where the
local wear coefficient k,, that represents the material property to be
identified is determined by minimizing the error between the predicted
and measured global wear rate.
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Fig. 24. Comparison of the wear depth prediction obtained with the proposed MPJR approach for the case of a cylindrical indenter under harmonic loading (a), and experimental
and analytical results for a spherical pin subject to the same loading conditions (b).
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Table 4

Macro-scale wear coefficients.
Indenter geometry P, [N] Local k,, [MPa™!] Global K, [MPa™']
Cylinder (R = 10 mm) 2.55 % 10* 1x 1077 9.56 x 1077
Cylinder (R =20 mm) 3.40 x 10* 1x 1077 9.51x 1077
Cylinder (R = 50 mm) 5.16 x 10* 1x1077 9.42x 1077
Cylinder (R = 80 mm) 6.45x 10* 1x 1077 9.35x 1077
Cylinder (R = 100 mm) 7.16 x 10* 1x 1077 9.31x 1077
Cylinder (R = 120 mm) 7.79 x 10* 1x 1077 9.28 x 1077
WM (4, =2mm, g, =0.1mm, n, = 1) 9.28 x 10* 1x 1077 9.19x 1077
WM (4, =2mm, g, =0.Imm, n, =5) 1.15x 10° 1x 1077 8.99 x 1077
WM (4, = 2mm, g, = 0.1 mm, n, = 10) 1.21 % 10° 1x1077 8.94x 1077
WM (4) =2mm, g, = 0.5mm, n,, = 1) 3.17 x 10* 1x1077 9.70 x 1077
WM (4, =2mm, g, = 0.5mm, n, =5) 1.22x10° 1x1077 8.86 x 1077
WM (4, =2mm, g, =0.5mm, n, =10) 1.45 x 10° 1x 1077 8.66 x 1077
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6. Conclusion

In this work we derived a comprehensive two dimensional varia-
tional formulation and finite element discretization for the simulation
of wear in frictional contact problems in relation to indenters of any
arbitrary shape and with also roughness. The authors implemented the
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wear model in the finite element software FEAP v.8.6 [67] specifically
designed for research purposes.

Standard approaches availables in the literature for FE simulations
require the explicit discretization of the indenter geometry, the update
of the surface node position due to wear at each timestep and the
consequent remeshing of the updated geometry, generating a very
expensive computational method. Wear simulations in Abaqus, for
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Fig. 32. Effect of the wear coefficient k, (unit of measure MPa~') on the wear rate and on the material removal at the end of the simulation for the flat indenter.

example, are mostly based on the use of the UMESHMOTION subrou-
tine combined with the ALE (Arbitrary-Lagrangian—Eulerian) technique
(see the review [68] and the references therein given). The proposed
approach avoids the remeshing operations, since wear computation and
the surface geometry update at each timestep is directly taken into
account inside the MPJR interface finite element routine. This aspect
decreases the required computational effort and allows also for the
simulation of more complex geometries. It is important to notice that
the proposed methodology can be exploited also in Abaqus or other
similar FE software coding an equivalent interface finite element (in
the case of Abaqus using the UEL subroutine), opening to applications
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in the industrial sector where Abaqus or other commercial software are
commonly employed.

Postulating the existence of a local (microscopical) Archard wear
law with a local wear coefficient as a true material property, the
proposed computational framework predicts contact tractions, wear
rates and material removal along the interface for any complex load-
ing histories, which have been for demonstration purposes limited to
normal contact phase followed by a tangential loading phase under
constant normal displacement and up to gross sliding. The methodology
is of course general and can handle also cyclic loading conditions.
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Fig. 33. Effect of the wear coefficient k, (unit of measure MPa™') on the wear rate and on the material removal at the end of the simulation for the cylindrical indenter.

Benchmark tests have included three indenter profiles: flat, cylin-
drical, and nominally rough according to the Weierstrass-Mandelbrot
function. The computational framework has been validated against ex-
perimental and analytical models, proving that the proposed approach
is capable of reproducing trends typical of Hertzian contacts. Results
open new perspectives to correlate the global wear coefficient, that
can be measured from global quantities from experiments, and local
wear properties intrinsic of the material which are very difficult to be
assessed due to the intrinsic coupling between surface geometry (inden-
ters with different smooth shapes or nominally flat but microscopically
rough) and the overall evolution of wear.
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