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A B S T R A C T

A variational approach to contact mechanics with friction for the prediction of wear evolution under various
indenters is proposed in this work. The contact problem is solved using the eMbedded Profile for Joint
Roughness (MPJR) interface finite elements, here advanced to predict wear arising from the frictional contact
problem between an indenter of any complex shape and an elastic body. The interface finite element
formulation embeds the indenter shape, roughness, or any general deviation from planarity directly in
the computation of the normal gap, updating the indenter geometry in time to account for the effect of
wear through a microscopically postulated local Archard adhesive wear model. The formulation employs a
regularized Coulomb law of friction to compute the tangential contact response, while a penalty approach
is used to enforce the unilateral contact constraint. The methodology is exploited to get an insight into the
complex relation between the macroscopically emergent global wear effects and the wear law at the microscale,
which are intrinsically coupled through geometrical effects. To show the model predictive capability, the
numerical examples consider three different indenter profiles with flat, cylindrical, and rough geometry.
1. Introduction

Wear is a consequence of the repetitive relative motion between two
solids in contact. Consequently, wear leads to material loss, surface
degradation, and decreased performance of mechanical components
in time. Computational modeling of friction and wear is essential
in engineering applications and poses several challenges due to the
difficulties arising from tribology [1]. With the advent of computational
methods and powerful tools such as the finite element method (FEM)
and the boundary element method (BEM), physical and mechanical
contact phenomena can be reconstructed with high precision. Reli-
able computational tools for predicting friction and wear are needed
considering complex surface interactions from the microscale to the
macroscale.

At the microscale, wear is influenced by factors such as surface
roughness, material properties, and nonuniform contact pressure dis-
tributions. A micro-to-macro modeling approach aims to capture these
microscale effects and their interaction which result into the emergent
macroscale behavior of the component. This is achieved through mod-
eling techniques, which simulate the wear process at both the micro
and macro levels. Information derived from wear analysis can be used
to optimize design and improve mechanical performance effectively,
consequently extending the lifespan of mechanical systems.

Among the many different forms of wear, adhesive wear based on
the well-known approach by Archard [2], assumes that wear is due to

∗ Corresponding author.
E-mail address: mariarosaria.marulli@imtlucca.it (M.R. Marulli).

debris formation by asperity interlocking and fracture [3–5]. Analytical
approaches can be found in [6–10], see [11] for an in-depth review of
the field.

Literature regarding the numerical approximations of wear is abun-
dant. Early numerical analyses of worn-out solids were given in [12–
20]. In particular, the analyses in [14,15] looked at the evolution
of wear gaps in fretting problems using the finite element method.
The works [19,21] exploited a cycle jump technique to accelerate
fretting test simulations, assuming that the contact pressure and the slip
distribution remains constant for a given number of cycles. The cycle
jumping method has been recently applied also in [22]. Other recent
contributions are [23–25]. Finite wear simulations have been explored
in [25], where the shape changes are simulated using the Lagrangian
multipliers approach.

Wear particle formation and the formation of micro-cracks and
crack propagation from the surface have been modeled in [7,26–30] un-
der various operating conditions using fracture mechanics techniques.
More recently, debris formation at the asperity level have been sim-
ulated using an elasto-plastic FE model in [31,32], at the atomistic
level in [33,34], and exploiting the phase-field approach to fracture
in [4,35]. A review on the different modeling approaches to wear can
be found in [36].

Numerical methods employing BEM or Green’s functions-based
methods have been proposed to evaluate tangential contact problems
https://doi.org/10.1016/j.triboint.2025.111006
Received 23 May 2025; Received in revised form 5 July 2025; Accepted 17 July 20
vailable online 26 July 2025 
301-679X/© 2025 The Authors. Published by Elsevier Ltd. This is an open access a
25

rticle under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/triboint
https://www.elsevier.com/locate/triboint
https://orcid.org/0000-0003-4561-9512
https://orcid.org/0000-0002-1528-4558
https://orcid.org/0000-0001-9409-9782
mailto:mariarosaria.marulli@imtlucca.it
https://doi.org/10.1016/j.triboint.2025.111006
https://doi.org/10.1016/j.triboint.2025.111006
http://crossmark.crossref.org/dialog/?doi=10.1016/j.triboint.2025.111006&domain=pdf
http://creativecommons.org/licenses/by/4.0/


F. John et al.

a
C

p

m

f
t
f
s

d

m
t
i
b
a

t

t
f

i

b
i
b
f
d
a
F

u

o
W
c
c
i

s
d
d
(

r

b

𝜕

C

t

Tribology International 213 (2026) 111006 
with complex contact geometries, see [37–40]. In this context, wear
simulations using BEM have been conducted in [41–45]. A BEM-based
algorithm poses several limitations stemming from the linear elasticity
ssumptions, half space approximations, and material homogeneity.
onsequently, FEM can be used to overcome those limitations, see [46–

48] for more details.
Experimental investigations show that, for surfaces under contact,

roughness can range from a nano-scale to a milli-scale and plays a
crucial role in most engineering applications [49]. Consequently, a
roper surface geometry description can significantly improve the wear

prediction, as the wear is related to the contact area and to the contact
traction distribution. Numerical contact models have been developed to
predict contact geometry and the evolution of the rough surfaces due
to wear, mostly based on BEM [45,50,51].

Solving rough contact problems using standard finite element mod-
els is computationally expensive due to the need for a highly refined

esh for surface discretization and the complexity of contact-search
algorithms. Wear further exacerbates these challenges, as it requires
remeshing the solid throughout the simulation to account for shape
modifications. To the best of the authors’ knowledge, FE-based wear
simulations have so far been limited to simpler smooth surface geome-
tries, primarily involving conformal contacts, cylindrical or spherical
solids, or single asperity models.

To overcome the FE limitations, an efficient variational approach
or solving rough contact problems was introduced in [5,52], through
he so-called eMbedded Profile for Joint Roughness (MPJR) interface
inite elements. This approach proposes a variational formulation to
olve rough contact problems considering the interface as nominally

flat and embedding an analytic expression or a point-wise defined
ataset of roughness to correct the normal gaps inside the interface

finite element routine. This allows any shapes of indenters or rough
surfaces to be embedded in the contact profile, without the explicit
need of a FE discretization of such fine scale details, see [52]. This

odeling framework was extended to analyze fully coupled normal and
angential contact problems with complex surfaces in [53] and to iron-
ng problems involving viscoelastic materials in [54]. The method has
een tested with both frictionless and frictional contact problems with
dhesion [5] and validated against BEM. Furthermore, it has been suc-

cessfully employed in conjunction with a phase field approach to brittle
fracture, to simulate the complex nonlinear coupled problem of contact-
induced fracture determined by spherical rough indentation [55], with
a very good agreement with experimental data.

In this article, the MPJR numerical framework is further extended
o accommodate wear by updating the contact rough surface embedded

in the interface finite elements according to a local – microscopically
postulated – Archard law. The analysis is here conducted under the
hypothesis of small displacements.

Section 2 presents the theoretical and computational aspects related
o the numerical computation of wear, followed by a mathematical
ormulation that includes the prediction of the wear profile. Section 3

presents the variational methods to wear, where the governing equation
n the strong and weak forms are derived. The finite element implemen-

tation of the wear problem is detailed in Section 4. Section 5 presents
enchmark examples and comparisons with experimental and analyt-
cal studies. Specifically, three geometries of indenting profiles have
een analyzed: flat, cylindrical, and Weierstrass–Mandelbrot (WM) pro-
iles have been simulated under different loading conditions with a
etailed analysis for each case. Moreover, the section presents also
 discussion on the emergent macroscopically wear coefficient effect.
inally, conclusions are outlined in Section 6.

2. Mathematical formulation

2.1. Wear depth predictions

The variational methods for wear require the definition of bodies
nder consideration, the computation of the contact domain, strain
2 
and stress fields, and frictional effects. This article presents the two-
dimensional formulation of a contact problem involving two solids
using energy considerations. The presented methodology is directly
applicable in 3D by introducing the 3D elevation function of indenting
surface and considering the two possible directions for sliding, but this
task is left for further investigation.

When two materials are subject to frictional contact, the amount
f material removed from the surface is referred to as wear depth.
ear depth can be numerically estimated using the wear profile, which

hanges as the materials get removed. Measurement of the wear profiles
an be seen in [56–58], in rails and rail wheels. See also the analyses
n [59–61] on fretting wear.

To formalize, wear is formulated in the related literature with
respect to the change in the following quantities [11]:

1. Mass of material removed from solid.
2. Reduction of volume in the material.
3. Reduction in the dimension of the body; Kennedy and Ling [62]

suggested a dependency between the wear rate and the normal
pressure, sliding velocity, and temperature. In the case of abra-
sion, the wear rate was found to be proportional to the frictional
force.

In order to make the formulation consistent with the numerics, only
a two-dimensional formulation is presented. Let A and B be two bodies
under frictional contact whose domain is 𝛺𝐴 ∈ R2 and 𝛺𝐵 ∈ R2. Define
a vector-valued displacement of the body 𝐮 (𝐗, t) ∶ 𝛺 × [0, t] ⟶ R2,
for a position vector 𝐗 ∈ 𝛺 and 𝑡 being a pseudo-time in quasi-static
imulations. Consequently, for a position vector

(

𝐗 ∈ 𝛺𝐴,𝐗 ∈ 𝛺𝐵
)

,
eformation vectors are defined as

(

𝐮𝐴,𝐮𝐵
)

. Let 𝜕 𝛺𝐴, and 𝜕 𝛺𝐵 be
elimiting boundaries of 𝛺𝐴, and 𝛺𝐵 respectively, then the velocities
𝐯+𝑐 , 𝐯

−
𝑐
)

describe the wearing out boundaries on
(

𝜕 𝛺𝐴, 𝜕 𝛺𝐵
)

∈ R1,
espectively, mainly due to:

1. Deformation of the bodies
(

𝐯𝐴, 𝐯𝐵
)

.
2. Wear process

(

𝐯+, 𝐯−
)

.

where
(

𝐯𝐴, 𝐯𝐵
)

are material velocities. Let 𝜌𝐴 and 𝜌𝐵 be mass densities,
and m𝐴 and m𝐵 describe the rate of mass flowing out of boundaries
𝜕 𝛺𝐴 and 𝜕 𝛺𝐵 due to wear. Then the relationship between the mass
(

m𝐴,m𝐵
)

and the velocities
(

𝐯𝐴, 𝐯𝐵
)

can be written as:

mA = 𝜌𝐴
(

𝐯𝐀 − 𝐯𝐜+
)

⋅ 𝐧+ = −𝜌𝐴𝐯+ ⋅ 𝐧+,
mB = 𝜌𝐵

(

𝐯𝐁 − 𝐯𝐜−
)

⋅ 𝐧− = −𝜌𝐵𝐯− ⋅ 𝐧−,
(1)

where 𝐧+ and 𝐧− are unit normal vectors to the boundaries 𝜕 𝛺𝐴 and
𝜕 𝛺𝐵 , respectively. Notice that the term

(

𝐯𝐀 − 𝐯𝐜+
)

is the difference
etween the material velocities and wearing out of boundary leading to

the velocity of the material left subjected to wear. Consequently, wear
at the boundaries can be defined as 𝐯+ ⋅𝐧+ = v+ for 𝜕 𝛺𝐴, and 𝐯− ⋅𝐧− = v−
 𝛺𝐵 .

The article [11] assumed that normal pressure and sliding velocities
constitute the velocity of wearing out of the solids under contact.

onsequently, Rabinowicz [63] defined this process within the context
of Greenwood theory such that 𝐯+ defines the velocity at which 𝜕 𝛺𝐴
ravels into 𝜕 𝛺𝐴 due to wear. see Fig. 1(a) for a kinematic description

of wear. Within the context of the Eulerian description of displacement
functions

(

𝐮𝐴,𝐮𝐵
)

, the velocities of the displacement (deformation)
(

𝐯𝐴, 𝐯𝐵
)

are related as:

𝐯𝐴 =
𝑑𝐮𝐴
𝑑 𝑡 = 𝐮̇𝐴 𝐯𝐵 =

𝑑𝐮𝐵
𝑑 𝑡 = 𝐮̇𝐵 . (2)

Consequently, the relative sliding velocities of two bodies 𝐕𝐀𝐁 can be
written in terms of the displacements rate as

𝐕𝐀𝐁 =
(

1 − 𝐧+ ⊗ 𝐧+
) (

𝐮̇𝐴 − 𝐮̇𝐵
)

, (3)

=
(

1 − 𝐧+ ⊗ 𝐧+
) (

𝐯 − 𝐯
)

, (4)
𝐀 𝐁
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Fig. 1. (a) Kinematics of wear profile wearing out at the boundaries of the solid, (b) simplified geometry for presenting the wear depth
(

𝑢+𝑛 )
)

, normal and tangential forces
(

𝑃𝐴
𝑛 , 𝑃𝐴
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, normal gap component between the contact bodies 𝑔𝑛.
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where ⊗ represents the dyadic product.
The total normal gap

(

g𝑛
)

between two bodies as shown in Fig. 1(b)
s defined as a combination of wear depth, and difference in the elastic

deformation as

g𝑛 =
(

u𝐴𝑛 − u𝐵𝑛
)

+
(

u+𝑛 − u−𝑛
)

; on 𝜕 𝛺𝐴 ∪ 𝜕 𝛺𝐵 , (5)

where
(

u𝐴𝑛 − u𝐵𝑛
)

is the difference in the elastic deformations of two
bodies and

(

u+𝑛 − u−𝑛
)

is the wear depth, referred, in the following, with
the notation 𝛥𝑢𝑛 =

(

u𝐴𝑛 − u𝐵𝑛
)

and 𝑤 =
(

u+𝑛 − u−𝑛
)

, respectively.
The elastic deformations of each body at the boundary can be

ritten as:
u𝐴𝑛 =

(

𝐧+ ⊗ 𝐧+
)

𝐮𝐴 ∀ 𝐱𝐴 ∈ 𝜕 𝛺𝐴,

u𝐵𝑛 = (𝐧− ⊗ 𝐧−) 𝐮𝐁 ∀ 𝐱𝐵 ∈ 𝜕 𝛺𝐵 .
(6)

The total depth of the material removed
(

u+𝑛
)

,
(

u−𝑛
)

over a period of
time [0, 𝑡] can be defined using the velocities as

u+𝑛 = ∫

𝑡

0
v+ (𝐱, 𝜏) d𝜏 , ∀ 𝐱 ∈ 𝜕 𝛺𝐴,

−
𝑛 = ∫

𝑡

0
v− (𝐱, 𝜏) d𝜏 , ∀ 𝐱 ∈ 𝜕 𝛺𝐵 .

(7)

where Fig. 1(b) shows the quantities that define the wear depth.
Contact problems and wear predictions require accurate evaluation

of stress and strain fields within the solids. Moreover, velocity and
ractions at the contact region must be calculated. Naturally, physical
onditions have to be met, such as (a) non-penetrating conditions, (b)
dhesiveless conditions; these conditions translates to the normal gap
o be always greater (when not in contact) or equal to zero (during
ontact):

gn ≥ 0, ∀ 𝐱 ∈ 𝜕 𝛺𝐴. (8)

Moreover, the normal contact stress component is less than zero
(during contact) or equal to zero (not in contact):

PAn ≤ 0, ∀ 𝐱 ∈ 𝜕 𝛺𝐴. (9)

Then, the contact traction 𝐏𝐴 for the solid A, having normal com-
onent PAn , and tangential component PAt can be written as:

𝐏𝐴
𝑛 = 𝝈𝐴𝐧+, on 𝜕 𝛺𝐴 (10)

where 𝝈𝐴 = C ∶ 𝜺𝐴 is the Cauchy stress tensor. Here C is the stiffness
(elasticity) tensor that relates stress and strain measures. Here 𝜺 is the
symmetric strain defined as

𝝐(𝐮) = 1 (

∇𝐮 + ∇𝑇 𝐮
)

. (11)

2

3 
In the presence of friction with a friction coefficient 𝜇, the tangential
raction satisfies

|P𝐴𝑡 | ≤ 𝜇𝐴|P𝐴𝑛 |. (12)

Solving the differential problem subject to the above relationships
and to the Dirichlet and Neumann boundary conditions, one can com-
pute the tangential and normal tractions via displacements and dis-
placement gaps. These tangential and normal tractions can be used to
calculate, in turn, the wear rate via the local wear law.

Archard [2] formulated that the volume of material removal (𝑊 )
is directly proportional to the normal contact traction

(

P𝑛
)

, the di-
mensionless wear coefficient (K ), the sliding distance (S), and inversely
proportional to the hardness (H), i.e.,

𝑊 = K PnS
H

. (13)

The dimensionless wear coefficient K in Eq. (13) can be defined in
different ways. From the thermodynamics point of view, the energy (E)
necessary for the formation of wear debris (material removed due to
wear) having mass m, the following inequalities have to be satisfied
or bodies A and B:

m𝐴E𝐴 ≥ 0, m𝐵E𝐵 ≥ 0, (14)

meaning that the internal energy consumed during the wear process is
on-negative.

Eq. (13) can be formulated also in terms of wear depth 𝑤, using the
ormal contact traction 𝑃𝑁 as:

𝑤 = 𝑘𝑤PnS. (15)

where 𝑘𝑤 is the dimensional wear coefficient assumed to be a material
property.

Notice that Archard’s wear law does not account for the formation of
 third body, which would modify the contact conditions. The current
ormulation is restricted to the simulation of a two-body wear problem,
hile the solution of a third body contact has not yet been attempted.
 possible way to cope with a third-body contact could be to couple

he present method with the methodology in [64], where the third
ody is incrementally modified in time both in terms of volume (as
 function of the predicted debris formation based on the present
pproach), and in terms of interface mechanical properties associated to
he wear debris. On the other hand, the proposed methodology could be
pplied macroscopically to adhesive wear, often described by a similar

macroscopic wear evolution law as the Archard law. For simulation
of adhesive wear at the microscale, this can be achieved with little
modification by introducing an adhesive potential as already done by
the authors in [52], along with plasticity constitutive models for the



F. John et al.

f
h

b
p

b
s

w
i

f
f
t

Tribology International 213 (2026) 111006 
Fig. 2. Embedding of the rough topography of the indenter in the nominally flat interface.
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bulk. Other forms of wear, for instance induced by corrosion, are not
accounted in the current formulation. This can be a further research di-
rection by setting the present mechanical problem within a multi-field
framework to simulate the thermo-chemico-mechanical fields and their
coupling. In this regards, the advantage of the proposed variational
framework is that it would enable to make energy-based additions in
the Clausius–Duhem inequality, changing the energy density function
in Eq. (21) and consequently accounting for the energies in Eq. (24).

Furthermore, Archard’s wear law assumes a constant wear coef-
icient, consequently neglecting the material properties apart from
ardness: friction, speed of the sliding, effect of lubrication, to name

a few.

3. Variational methods to wear

In this section, the initial boundary value problem is developed
ased on the thermodynamic and energy considerations of the contact
roblem with embedded roughness as in [52,53] adding the wear

contribution.

3.1. Governing equation and strong form

The two solids 𝛺𝐴 and 𝛺𝐵 defined in Section 2 are considered to
e potentially in contact at the opposite boundaries 𝛤𝑖 ⊂ 𝜕 𝛺𝑖 (𝑖 = 𝐴, 𝐵)
uch that the contact interface 𝛤 ∈ R1 can be defined as 𝛤 = ∪𝑖=𝐴,𝐵𝛤𝑖.

The real contact region in the interface 𝛤𝑖 is represented by 𝛤 𝑐 with
𝛤 𝑐 = 𝛤 𝑐

𝐴 ∪ 𝛤 𝑐
𝐵 , where 𝛤 𝑐

𝑖 (𝑖 = 𝐴, 𝐵) is the region in body (𝐴, 𝐵) in
contact. The region 𝛤 𝑐

𝑖 is not normally known a-priori. The distinction
between 𝛤 𝑐

𝑖 and 𝛤𝑖 is introduced because, in case of a nonconformal
contact problem, the actual contact region is a subset of the total area
that could be potentially in contact, i.e. 𝛤 𝑐

𝑖 ⊆ 𝛤𝑖.
Let assume that the contact boundary 𝛤𝐵 is smooth, while the

indenting contact boundary 𝛤𝐴 has an arbitrary shape that may be
specified either by an analytical function (e.g., a parabolic or harmonic
profile) or by a set of discrete data related to a more complex rough
topology.

The key idea of the approach developed in the authors’ previous
orks consists in simplifying the original boundary of the indenter 𝛤𝐴

nto a flat profile 𝛤 ∗
𝐴, while the actual profile (or surface in 3D) of the

boundary is embedded point-wise in its exact form into the interface
finite element formulation, as depicted in Fig. 2. The geometrical dif-
erence between 𝛤𝐴 and 𝛤 ∗

𝐴 is mathematically described by an elevation
unction 𝑒𝐴

(

𝝃𝐴
)

where 𝝃𝐴 = 𝝃 (𝐗) is a curvilinear coordinate system on
he indenting profile.

If we defined ℎ̄𝐴
(

𝝃𝐴
)

as the smoothed representation of the rough
boundary, given by a curve parallel to the average profile of the
boundary and with datum set in correspondence of its deepest valley,
the elevation function that maps the indenter actual topography is:
𝑒𝐴

(

𝝃𝐴
)

∶= ℎ̄𝐴
(

𝝃𝐴
)

+ h𝐴
(

𝝃𝐴
)

(16)
4 
For the already smooth boundary 𝛤𝐵 , the elevation function simply
reads:

𝑒𝐵
(

𝝃𝐵
)

∶= ℎ̄𝐵
(

𝝃𝐵
)

(17)

This method reduces the contact problem to a nominally flat-to-flat
nterface 𝛤 ∗ defined by two initially coincident but distinct flat profiles

described by 𝑒𝐵 (𝝃) plus the associated function ℎ∗ (𝝃) = max𝝃
[

ℎ𝐴 (𝝃)
]

−
ℎ𝐴 (𝝃). At the beginning of the contact problem, the two profiles are
onsidered to be in contact at only one point with zero contact pressure.

The tangential and normal unit vectors for the two sides are equal
nd opposite of the nominally flat 𝛤 ∗ interface defined as:

t𝐴
(

𝝃𝐴
)

= −t𝐵
(

𝝃𝐵
)

and n𝐴
(

𝝃𝐴
)

= −n𝐵
(

𝝃𝐵
)

. (18)

At the interface 𝛤 ∗, the displacement gap components are further
determined as the projection of the relative displacement 𝛥𝐮 = 𝐮𝐴 −𝐮𝐵
into the normal and tangential directions such that 𝛥𝐮 =

(

𝛥𝐮𝑡, 𝛥𝐮𝑛
)𝑇 .

Within the context of the energy of the system, the total energy of
he system under contact along with the interface 𝛤 ∗ can be written
onsidering the following contributions:

1. The external energy 𝛹𝑒𝑥𝑡 due to the applied boundary conditions
such as displacement 𝐮̄ and traction 𝐭̄.

2. Strain energy/elastic generated by the body 𝛹𝑒.
3. Contact energy 𝛹𝑐 𝑜𝑛𝑡.

Hence, the total energy per unit mass per unit volume takes the form:

𝛱 = 𝛹𝑒𝑥𝑡 + 𝛹𝑒 + 𝛹𝑐 𝑜𝑛𝑡. (19)

Furthermore, the balance principles driving the wear problem have to
satisfy the balance of energy and contact profiles:

𝜌ė = 𝝈𝑖𝑗𝝐𝑖𝑗 , in 𝛺 , (20a)

𝛹̇ = P𝑛ġ𝑛 + P𝑡ġ𝑡 − P𝑐 , on 𝛤 ∗, (20b)

where 𝜌 is the mass density of the body’s bulk, ė is the body’s specific
energy, and 𝛹 is the internal energy of the contact surface. Here, P𝑛
and Pt are the normal and tangential contact traction respectively.
Finally, 𝜔̇𝑡 presented the wear rate, whereas ̇(⋅) = d(⋅)

d𝑡 denotes the time
derivative. Furthermore, P𝑐 is the entropy density of the system (such
as heat generated due to contact).

The Helmholtz free energy density for the linear isotropic material
under isothermal conditions takes the form

𝜳 𝑒(𝐮) = 1
2
𝜺 ∶ C ∶ 𝜺 = 1

2
𝜆t r2(𝜺) + 𝜇𝜺 ∶ 𝜺, (21)

where C defines the linear elasticity tensor, C = 2𝜇I + 𝜆𝟏⊗ 𝟏 function
of Lame’s constant 𝜆 and 𝜇. Here, I and 𝟏 are fourth-order and second-
order identity tensors, respectively. The state laws such as stress can be
easily accessible using Helmholtz free energy function as

𝝈 ∶= 𝜕 𝛹
𝜕𝜺

. (22)
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In the contact region, similar to the bulk, a standard Clausius–
uhem inequality for the contact interface satisfies:

𝛹̇ ⪇ P𝑛ġ𝑛 + P𝑡ġ𝑡, on 𝛤 ∗ (23)

where 𝛹 is the internal energy at the interface.
The contribution of the energy due to contact can be written as an

additive decomposition of the energy associated with the normal part
and the tangential part as:

𝛹𝑐 𝑜𝑛𝑡 = 𝛹𝑐 ,𝑛 + 𝛹𝑐 ,𝑡 = ∫𝛤 ∗
𝑃𝑛 𝑔

∗
𝑛 d𝛤 + ∫𝛤 ∗

𝑃𝑡 𝑔𝑡 d𝛤 . (24)

Furthermore, the contributions stemming from fatigue, fretting
ear, oxidation, corrosion, thermo-mechanical loading etc., can be

ncorporated in the total energy formulation subjected to the mass and
nergy balance. The tangential contribution is given by the regulariza-
ion of the Coulomb friction law as done in [53]:

𝑃𝑡 = 𝜇|𝑃𝑛| t anh
(

𝑔̇𝑡
𝜖𝑡

)

. (25)

While the tangential gap 𝑔𝑡 depends only on the relative sliding of
the two bodies and it is not affected by wear, the normal gap includes
three contributions: the relative normal displacement 𝛥𝑢𝑛, stemming
from the solution of the contact problem; the correction to the sepa-
ration between the nominally flat contact interface to account for the
non-planar profile embedded in the MPJR interface finite element ℎ∗;
nd the material removal due to wear 𝑤, which is initially zero and
ncrease with time. Consequently:

𝑔∗𝑛 = 𝛥𝑢𝑛 + ℎ∗ +𝑤 = 𝑔𝑛 + ℎ∗. (26)

Here 𝑔∗𝑛 is the corrected normal gap employed in a standard penalty
approach to solve the contact problem. The normal contact pressure
takes the form:

𝑃𝑛 =

{

𝐾𝑛𝑔∗𝑛 if 𝑔∗𝑛 < 0
0 if 𝑔∗𝑛 ≥ 0

(27)

Here 𝑃−
𝑛 is used to refer to |𝑃𝑛| for 𝑔∗𝑛 < 0.

Recalling Eq. (15), the wear rate can be computed using the Archard
aw of wear at the local level, assuming that the wear driving force is

proportional to the normal contact pressure 𝑃−
𝑛 :

𝑤̇ = 𝑘𝑤𝑃
−
𝑛 |𝑔̇𝑡|. (28)

where 𝑔̇𝑡 is the sliding rate computed using a finite difference for-
mula: 𝑔̇𝑡 =

(

𝑔(𝑡)𝑡 − 𝑔(𝑡−1)𝑡

)

∕d𝑡. Considering a quasi-static problem, for a
pseudo-time interval d𝑡 = 1, the wear gap is computed as:

𝑤 = 𝑘𝑤𝑃
−
𝑛 |𝑔(𝑡)𝑡 − 𝑔(𝑡−1)𝑡 |. (29)

Furthermore, the normal traction reads:

𝑃−
𝑛 = 𝐾𝑛𝑔

∗
𝑛 = 𝐾𝑛

(

𝛥𝑢𝑛 + ℎ∗ +𝑤
)

, (30)

and introducing Eq. (29) into Eq. (30):

𝑃−
𝑛 = 𝐾𝑛

(

𝛥𝑢𝑛 + ℎ∗
)

+𝐾𝑛𝑘𝑤𝑃
−
𝑛 |𝑔(𝑡)𝑡 − 𝑔(𝑡−1)𝑡 |. (31)

which finally gives an explicit equation for 𝑃−
𝑛 :

𝑃−
𝑛 =

𝐾𝑛(𝛥𝑢𝑛 + ℎ∗)

1 +𝐾𝑛𝑘𝑤|𝑔
(𝑡)
𝑡 − 𝑔(𝑡−1)𝑡 |

. (32)

From Eqs. (25) and (32), the residual and the stiffness matrix of the
interface finite element can be computed for an implicit formulation.
Notice that the wear coefficient is set to constant in the proposed
model. Consequently, the effect of transverse shear stress is not taken
into account. Another possibility is to exploit an explicit approach
where the wear contribution is computed considering the normal con-
tact traction at the previous pseudo-time step (explicit formulation):

𝑤𝑡−1 = 𝑘
(

𝑃−)𝑡−1
|𝑔𝑡−1 − 𝑔𝑡−2|. (33)
𝑤 𝑛 𝑡 𝑡

5 
Consequently, the normal contact pressure would read:

𝑃−
𝑛 = 𝐾𝑛

(

𝛥𝑢𝑛 + ℎ∗ +𝑤𝑡−1) = 𝐾𝑛
(

𝛥𝑢𝑛 + ℎ∗
)

+𝐾𝑛𝑘𝑤
(

𝑃−
𝑛
)𝑡−1

|𝑔𝑡−1𝑡 − 𝑔𝑡−2𝑡 |.

(34)

In this article, we adopt Eq. (33) to compute the wear gap and the
q. (34) to compute the normal contact pressure. As a consequence of

the explicit treatment of wear evolution, the derivative of the normal
pressure becomes independent of the wear profile, with an easier finite
element solution of the coupling of the wear rate with the contact
energy function.

Now, substituting Eq. (21), (24) into Eq. (19), leads to the following
pseudo internal energy

𝛱 = ∫𝛺
1
2
𝜺 ∶ C ∶ 𝜺dV + ∫𝛤 ∗

𝑃𝑛 𝑔
∗
𝑛 d𝛤 + ∫𝛤 ∗

𝑃𝑡 𝑔𝑡 d𝛤 + 𝛹𝑒𝑥𝑡. (35)

Now, Eq. (35) is solved for the displacement 𝐮 and the relative dis-
placement 𝛥𝐮. Later, the actual gaps are estimated using the correction
related to the composite topography. Subsequently, wear rate and con-
tact pressures are computed from the primary displacement variables
as detailed above. The external work 𝛹𝑒𝑥𝑡(𝐮) due to the applied loading
can be defined as

𝛹𝑒𝑥𝑡(𝐮) ∶= ∫𝛺
𝒇𝒗 ⋅ 𝐮d𝑉 + ∫𝜕 𝛺

𝐭̄ ⋅ 𝐮dS. (36)

Here, 𝐭̄ = 𝝈 ⋅ 𝐧 on 𝜕 𝛺𝑁 is the traction with an outwards unit normal 𝐧
Neumann boundary condition) and 𝒇𝒗 ∶ 𝛺 → R2 is the body force.

Naturally, the solution 𝐮 for the total energy functional 𝛱 at the
interface in Eq. (35) in the quasi-static setting can be derived by
onsidering the first variation of the functional, i.e.,

𝛿 𝛱(𝐮) = d
d𝑒𝛱(𝐮 + 𝑒𝛿𝐮) ||

|𝑒=0
= 0, (37)

For a given initial boundary condition, the problem reduces to finding
such that, for each t ∈ [0,T]:

∫𝛺
𝜺(𝐮) ∶ C ∶ 𝜺(𝛿𝐮) dV + ∫𝛤 ∗

P𝑛(𝛥𝐮)g∗𝑛(𝛥𝛿𝐮) d𝛤

+∫𝛤 ∗
P𝑡(𝛥𝐮)g𝑡(𝛥𝛿𝐮) d𝛤 + 𝛹𝑒𝑥𝑡(𝐮) = 0

(38)

for 𝛿𝐮 ∈  ∶= {𝛿𝐮 ∈ H(𝛺) × [0, 𝑇 ]; 𝛿𝐮 = 0 on 𝜕 𝛺𝐮}.

4. Finite element implementation

The numerical treatment to solve the weak form in Eq. (38) involves
the introduction of a finite element discretization for the bulk 𝛺 and
he interface 𝛤 ∗. Notice that the bulk 𝛺 is subdivided into 𝛺𝐴 and 𝛺𝐴.

We define the discretization of the bulk 𝛺 → 𝛺ℎ
𝑖 and the interface

𝛤 ∗ → 𝛤 ∗ℎ for some discrete mesh 𝐡 such that partition of unity and the
compactness of the isoparametric function in 𝛺ℎ

𝑖 and 𝛤 ∗ℎ is preserved.
The displacement field 𝐮 and the strain 𝝐 are interpolated in terms of
the nodal displacement 𝐝 as follows,

𝐮(𝐱) = 𝐍(𝐱)𝐝 𝝐 = 𝐁(𝐱)𝐝, (39)

where 𝐍(𝐱) is the matrix that contains the shape function, and 𝐁(𝐱)
defines its corresponding spatial derivative. Similarly, the test function
𝛿𝐮 and the corresponding strain 𝝐(𝛿𝐮) takes the form

𝛿𝐮(𝐱) = 𝐍(𝐱)𝛿𝐝; 𝜺(𝛿𝐮) = 𝐁(𝐱)𝛿𝐝, (40)

This interpolation scheme applied to the weak form leads to the
following discrete residual vector:

R𝑢 = ∫𝛺
𝐁𝑇 ∶ 𝝈 dV − ∫𝛺

𝐍𝑇 ⋅ 𝐟𝐯 dV − ∫𝜕 𝛺
𝐁𝑇 ⋅ 𝐭̄ dS. (41)

Moreover, the tangent stiffness matrix of the bulk reads

𝐊𝑢𝑢 =
𝜕𝐑𝑢

𝜕𝐝
= ∫ 𝐁𝑇C𝐁 dV. (42)
𝛺
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Fig. 3. Interface finite element topology.

The finite element approximation of bulk takes the form

𝐊𝑢𝑢 𝐝 = 𝐑𝑢, (43)

where the above equation is solved for 𝐝 through a system of linear
quations, if the material constitutive relation is linear.

At the interface 𝛤 ∗ℎ, a conforming finite element discretization is
assumed. The interpolation of the interface is carried out by the dis-
placement field 𝐮 of the bulk in the discrete domain 𝛺. Consequently,
the interface finite element with embedded roughness is introduced,
capable of handling wear and friction (see Fig. 3).

Let 𝐝 be the collection of generalized displacements for the four-
node interface as:

𝐝 = {u1, v1, u2, v2, u3, v3, u4, v4}𝑇 . (44)

The contribution of the interface to the weak form is:

∫𝛤 ∗
P𝑛(𝛥𝐮) g∗𝑛(𝛥𝛿𝐮) d𝛤 + ∫𝛤 ∗

P𝑡(𝛥𝐮) g𝑡(𝛥𝛿𝐮) d𝛤 , (45)

whose interpolated finite element form is:

∫𝛤 ∗
P𝑛(𝛥𝐮) g∗𝑛(𝛥𝛿𝐮) d𝛤 ≈ A𝑛𝑒𝑙

𝑒=1 lim

{

∫𝛤 ∗
𝑒

P𝑛(𝛥𝐮) g∗𝑛(𝛥𝛿𝐮) dS
}

, (46)

and

∫𝛤 ∗
P𝑡(𝛥𝐮) g𝑡(𝛥𝛿𝐮) d𝛤 ≈ A𝑛𝑒𝑙

𝑒=1 lim

{

∫𝛤 ∗
𝑒

P𝑡(𝛥𝐮) g𝑡(𝛥𝛿𝐮) dS
}

. (47)

Here the subscript ‘e’ refers to the et h interface element such that
e ∈ {1,… ....., nel} and ’A’ refers to a symbolic assembly operator. The
integral in the above equation can be computed using the two-point
Newton–Cotes quadrature formula. The details of the FE formulation
is omitted for the sake of brevity, while the readers are referred
to [5,52,53] for more details.

The discrete residual is then computed as:

𝐑(𝑘)
𝐞 = ∫𝛤 ∗

𝐋𝑇𝐍𝑇𝐑𝑇𝐏 d𝛤 , (48)

with 𝐏 =
(

Pt ,Pn
)

collecting the tangential and normal contact pres-
sures computed from Eq. (25) and (34), respectively. Furthermore, the
stiffness matrix for the interface reads

K(𝑘)
e = ∫𝛤 ∗

𝐋𝑇𝐍𝑇𝐑𝑇C𝑐𝐑𝐍𝐋 d𝛤 , (49)

where the linearized interface constitutive matrix C𝑐 takes the form:

C𝑐 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜕Pt
𝜕gt

𝜕Pt
𝜕gn

𝜕Pn
𝜕gt

𝜕Pn
𝜕gn

⎤

⎥

⎥

⎥

⎥

⎦

. (50)

The expressions for each components of C𝑐 for 𝑔∗𝑛 < 0 are:

𝜕Pt
𝜕gt

=
𝜇|P𝑛|
𝝐𝑇

[

1 − t anh2
(

𝑔̇𝑡
𝝐𝑇

)]

, (51a)

𝜕Pt
𝜕gn

=
𝜇 𝐾𝑛𝑔∗𝑛
|𝑔∗𝑛 |

t anh
(

𝑔̇𝑡
𝝐𝑇

)

, (51b)

𝜕Pn =0, (51c)

𝜕gt s
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Table 1
Geometrical and model parameters for the flat indenter simulations.

Model parameter Value

Interface size 10 mm
Substrate size 20 mm
Substrate thickness 10 mm
Substrate Young Modulus 80 GPa
Poisson ratio 0.22
Friction coefficient 0.2
Local wear coefficient 10−7 MPa−1

Penalty parameter 106 N∕mm3

𝜕Pn
𝜕gn

=𝐾𝑛. (51d)

5. Exploitation of the proposed approach for virtual testing

This section proposes benchmark examples to illustrate the effi-
ciency and applicability of the proposed wear model using three types
of indenting profiles: cylindrical, flat, and rough indenters. The specific
examples demonstrate the potentiality of the MPJR interface finite
element approach and its finite element implementation by a detailed
analysis of the resulting normal and tangential contact tractions, wear
profiles and wear rates.

The embedded roughness methodology allows to model all the
ases as a nominally flat indenter acting on a linear elastic rectangular
ubstrate. The indenter profile elevation is then analytically embedded

in the MPJR interface finite elements for each case, and computed at
every Newton–Cotes integration point of the discretized problem. The
simulations are analyzed in plane strain conditions.

5.1. Flat indenter

This section is dedicated to the case of a flat punch indenting a
linear elastic isotropic substrate with linear and cyclic loading. The
geometry of the test, the employed finite element mesh, and the bound-
ry conditions are shown in Fig. 4. Notice that the global reference
ystem is set such that the interface coordinates vary in the interval
5 mm ≤ 𝑥 ≤ 5 mm. The model parameters are summarized in Table 1.

At first, the simulations regarding the linear loading will be discussed,
followed by a discussion on the cyclic loading.

5.1.1. Linear loading
This section aims at studying the effects of wear in the linear

loading case. For this simulation, the bottom edge of the substrate is
ully constrained, while the normal and tangential displacement of 𝑢̄𝑦
nd 𝑢̄𝑥 are imposed on the top edge of the punch, respectively, with

a temporal sequence shown in Fig. 5. Specifically, a monotonically
increasing normal displacement (vertically downwards) up to 0.5 mm is
pplied until 𝑡𝑠 = 20, and then held constant. Meanwhile, a tangential
isplacement (horizontal towards right) is applied at time 𝑡𝑠 = 20,
onotonically increasing till the value of 𝑢̄𝑥 = 2 mm is reached at

he end of the simulations. This loading sequence ensures the contact
etween the two bodies before applying any tangential load. In order
o simplify the notations, the phase where only normal displacement is
pplied is referred to as normal loading phase, while the phase where
he normal displacement is held and the tangential displacement is
onotonically increased (20 < 𝑡𝑠 < 120) is referred to as tangential load-
ng phase. Notice that the defined boundary conditions lead to elastic
eformation of the substrate due to the interaction with the indenter.
he choice of such boundary conditions was to prove the potentiality of
he approach to handle situations where elastic coupling affects the slip
tate interactions. However, the displacement of the substrate is very

mall compared to the size of the specimen. Consequently, the majority
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Fig. 4. Flat indenter geometry, mesh discretization, and applied boundary conditions.
Fig. 5. Normal and tangential displacements imposed at the indenter during the
simulation.

of the deformations accumulate near the interface, affecting the contact
slip state.

The normal gap correction due to the indenter profile to be used
in Eq. (34) in this case is ℎ∗ = 0, because of the punch profile is flat.
Consequently, at the beginning of the simulation, the separation equals
the actual gaps computed from the displacement field. The separation,
however, evolves during the simulation because of the wear, which
causes material loss and modifies the contact geometry.

The contour plots of the normal and tangential displacement of
the solids at different time steps are shown in Fig. 6. In the normal
loading phase, the displacement is dominated by the 𝑢̄𝑦 = 0.5, while the
displacement in the 𝑦-direction is almost zero. During the tangential
loading phase, the displacements in the 𝑦-direction remain almost
constant since a constant 𝑢̄𝑦 = 0.5 mm is hold, and the only changes
are caused by wear that modifies the contact geometry. Furthermore,
the displacements in the 𝑥-direction in the substrate increase as a
result of the frictional interaction with the indenter. At the end of
the simulation, the contour plot in Fig. 6(d) shows that the horizontal
displacement reaches the maximum and minimum values along the
contact surface under the two corners of the indenter. Correspondingly,
the horizontal displacement of the two upper edges of the substrate
has a value of ≈0.05 mm, which is non-zero because of the elastic
coupling, much smaller than the displacement imposed to the rigid
indenter (2 mm).

The evolution of the reaction forces during the simulation is shown
in Fig. 7. The normal reaction force increases to the value 𝑃𝑚 at the
pseudo-time step 𝑡𝑠 = 20, which corresponds to the end of the purely
normal loading stage. For a simulation without wear, the value of the
normal reaction force would remain constant when the applied normal
displacement is kept constant. The wear effect decreases the normal
force along with the application of the tangential displacement. The
material loss due to wear, in fact, causes, for a constant value of 𝑢̄ , the
𝑦

7 
increase of the separation gap between the contact interfaces and the
consequent decrease of the contact pressure (which is depicted in detail
in the following paragraphs) and of the normal reaction force. The
same trend can be recognized for the tangential reaction force, which
increases to a maximum value at the time step 𝑡𝑠 = 33 (corresponding
to the full slip condition described in the following) and then decreases.

Fig. 8 presents the normal (in red) and tangential (in black) tractions
along the interface when the indenter is pushed against the substrate
in the normal direction in (a) and during the tangential loading phase
till the full sliding condition (b). The normal traction values, 𝜎𝑛, have
been rendered dimensionless with respect to the flat punch half size 𝑎0
and the maximum value of normal force 𝑃𝑚 reached at the time step
𝑡𝑠 = 20. The tangential tractions have been rendered dimensionless via
the coefficient 𝑎0∕(𝜇 𝑃𝑚). In Fig. 8, it is possible to observe the presence
of a symmetric central stick area and two lateral regions of forward
and backward slip, corresponding, respectively, to the positive and
negative tangential tractions’ areas. This initial condition matches with
the results obtained with similar simulations conducted in [65] and
the references therein, where the wear phenomenon was not included.
From this condition, the progressive evolution of contact to full slip
(when the tangential traction overlaps everywhere the normal contact
traction) is shown in Fig. 8(b). Finally, the evolution of the contact
tractions after full slip, during gross sliding, is shown in Fig. 9, where
the normal contact tractions decrease because of the effect of wear.
The tangential contact traction decreases consequentially, keeping the
overlapping with the normal contact tractions.

The evolution of the wear rate is shown in Fig. 10. In the first
part of the simulation, the wear rate in the forward and backward
slip areas increases with the pseudo-time step, while it remains zero in
the central stick area. In the slip zones, non-zero values of the relative
tangential displacement between the two contact interfaces occur, and,
consequently, there is a non-zero sliding velocity 𝑔̇𝑡. Since the proposed
wear model computes the material removal according to Eq. (28), and
the tangential tractions are computed using a regularization of the
Coulomb friction law, as in Eq. (25), which introduces in the model a
smooth transition between stick and slip areas, there is a very small
wear contribution in the slip areas subjected to a non-zero contact
pressure caused by the elastic coupling between the normal and the
tangential directions.

A rapid increase in the wear rate can be seen in Fig. 10(a). When
the full slip condition is reached, the wear rate differs from zero in the
entire domain. In the full sliding phase, both normal and tangential
tractions tend to decrease due to the wear. Since no additional load
is added, the wear rate starts decreasing due to the decrease in the
tractions as shown in Fig. 10(a). This interaction between wear and
normal tractions can be seen according to Eq. (34).

It is important to note that the material removal rate shown in
Fig. 11 depends on the normal contact pressure and the relative sliding
distance according to the Archard law, which has been postulated to
apply at the microscopical scale. For this reason, the material removal
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Fig. 6. Contour plots of the normal displacements in (a) and (b), and of the tangential displacements in (c) and (d) at different pseudo-time steps 𝑡𝑠.

Fig. 7. Normal and tangential reaction forces during the simulation.

Fig. 8. Contact tractions evolution when the normal imposed displacement is linearly increased from zero to its maximum value in (a), and for constant normal displacement and
increasing tangential displacement up to full sliding in (b).
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Fig. 9. Normal and tangential contact tractions evolution during full sliding (constant
sliding phase).

is higher near the edges of the indenter. Moreover, the material re-
moval is not symmetric, but it reaches higher values on the right side
(leading edge) than on the opposite side (trailing edge). The Fig. 12
presents the material removal rate at 𝑡𝑠 = 26 and at the end of the
imulation. The plot shows the asymmetrical material removal due to
he imposed horizontal displacement. Initially, the asymmetry between
he trailing edge and the leading edge is more visible, while after the
angential loading phase is complete, the difference reduces since the
hole contact interface is in slip condition. This asymmetry is amplified

ven more as the tangential sliding velocity increases, as shown in the
ollowing section.

5.1.2. Cyclic loading
The simulation presented in this section shows the potentiality

f the proposed approach to deal with wear simulations in case of
yclic loading, which is very common in the experimental tests and
pplications. The boundary conditions are similar to the linear case: the

bottom edge of the substrate is fully constrained, and a monotonically
increasing normal displacement 𝑢̄𝑦 is applied vertically downwards
until 𝑡𝑠 = 20 and kept constant till the end of the simulation to ensure
the contact conditions. Meanwhile, a cyclic tangential displacement
(horizontal towards right) is applied from 𝑡𝑠 = 20 to 𝑡𝑠 = 40, with the
maximum tangential displacement ranging between 2 mm (towards the
left) and 2 mm (towards the right) as shown in Fig. 13.

Keeping the same convention as in linear case, the loading can be
divided as normal loading phase (0 < 𝑡𝑠 < 20), and cyclic tangential
loading phase (20 < 𝑡𝑠 < 200). The resulting normal and the absolute
value of the tangential reaction forces are presented in Fig. 14(a) and
b) respectively. As a consequence of the wear effects, the normal forces

decrease with time as shown in Fig. 14(a). Moreover, the same trend
can be observed for the tangential loading. Due to the cyclic loading,
the drop in the tangential reactions can be seen as in Fig. 14(b).

Fig. 15 presents the material removal due to the cyclic loading. As
he number of tangential loading cycles increases, the material removal
ncreases as in Fig. 15(a) which presents the overall material removal,
rom which two curves has been selected and depicted in Fig. 15(b)
orresponding to 𝑡𝑠 = 20 and 𝑡𝑠 = 40, to show the difference in the

wear depth at the end of the normal loading phase, and after the first
horizontal displacement which corresponds to the situation in Fig. 12,
but with different sliding velocities.

5.2. Cylindrical indenter

This section presents the case of an indenter with a cylindrical
rofile under different loading scenarios. As done for the flat indenter
ase, the simulation is conducted considering first a simpler linear
oading case, and then a more realistic cyclic loading.
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Table 2
Geometrical and material parameters used for the cylindrical indenter simulations.

Model parameter Value

Cylinder radius 10 ÷ 120 mm
Interface size 20 mm
Substrate thickness 5 mm
Cylinder’s Young Modulus 210 GPa
Substrate’s Young Modulus 80 GPa
Poisson ratio 0.22
Friction coefficient 0.2
Local wear coefficient 10−7 MPa−1

Penalty parameter 106 N∕mm3

5.2.1. Linear loading
In the first part of the section contains a detailed analysis of the

ontact problem between a cylindrical indenter having radius 𝑅 =
100 mm and a deformable substrate. In the second part, the results
for indenters with different radii ranging from 10 mm to 120 mm are
compared. As discussed earlier, the proposed numerical approach avoid
the explicit discretization of the indenting profiles using the MPJR
interface finite elements. Consequently, the same FE model can be
parametrically used to embed many surfaces of different shapes without
changing the underlying mesh, assuming that the employed mesh can
capture the variation of the indenter shape and the contact areas. In
particular, all the cylindrical indenters have been simulated using the
eometry and the mesh depicted in Fig. 16, and their profiles have been
mbedded via the elevation function ℎ∗ defined in Eq. (52) as:

h∗ = 𝑅 −
√

𝑅2 − 𝜒2. (52)

Here 𝑅 is the radius of the indenter, and 𝜒 is the coordinate of the
ntegration point.

Compared to the previous case, the actual contact problem is not
onformal. For this reason, the indenter block and the interface cover

the entire surface of the substrate, such that the evolution of the contact
area will always be contained in the interface and there will be no
need for contact search algorithms. The boundary conditions and load
histories are the same used in the flat indenter case in Section 5.1.1.
The model parameters are collected in Table 2.

Fig. 17 presents the contour plot of the displacement field in the 𝑥−
nd 𝑦−directions for the cylinder radius of 𝑅 = 100 mm. It is immedi-

ately possible to notice that the contour plots follow the distributions
typical of the contact between a cylinder and a substrate, even though
the indenter geometry in the model is simplified as a rectangular block,
thanks to the embedded geometry into the MPJR interface finite ele-
ments. During the normal loading phase, the penetration of the cylinder
into the substrate can be seen in Fig. 17(a) and (c). The transition to the
ull slip condition can be seen in Fig. 17(b) and (d), which are obtained
or the applied displacements 𝑢̄𝑦 = 0.5 mm, 𝑢̄𝑥 = 2.0 mm.

The tangential and normal reaction forces during the simulation are
hown in Fig. 18. Due to the applied loading condition, the normal

reactions reached their maximum value at time step 𝑡𝑠 = 20, when
he system is purely normally loaded. Moreover, tangential reactions
emain zeros until the tangential load is applied, when the tangential
eaction monotonically increases and reaches its peak at the time step
𝑡𝑠 = 33 corresponding to the full slip condition. Due to the effect of

ear, there is a decrease in both normal and tangential reactions as
hown in Fig. 18, in analogy with the flat indenter results.

Moreover, Fig. 19(a) shows the interfacial distribution of normal
tractions (in red) and tangential tractions (in black) during the normal
loading stage (𝑡𝑠 = 0 − 20). Differently from the flat punch, the
dimensionless form has been here conducted considering the variation
of the contact radius 𝑎0 during the simulation, and the maximum value
of the reaction force 𝑃𝑚 at the pseudo-time step 𝑡𝑠 = 33. As expected,
the normal force increases to a peak, and the tangential tractions
are antisymmetric, creating forward and backward slip areas where
wear occurs. As the tangential loading is applied, the dimensionless
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Fig. 10. Wear rate during the flat indenter simulation.
Fig. 11. Material removal due to wear during the tangential loading phase.

tangential force increases, as shown in Fig. 19(b). The progressive
evolution of the tangential tractions coincides with the normal tractions
when the full slip condition is met, as previously demonstrated in [53].

As a consequence of the contact tractions, the wear rate during the
normal loading phase is shown during the tangential loading phase is
shown in Fig. 20(a). After the full slip condition is reached, the wear
rate naturally slows down, as shown in Fig. 20(b), which corresponds
to the pseudo-time steps from 𝑡𝑠 = 34 to 120.

The predicted material removal during the tangential loading phase
is shown in Fig. 21.

In order to study the effect of the indenter radius, simulations corre-
sponding to 𝑅 = 10, 20, 50, 80, 100, 120 mm are compared. The resulting
dimensionless contact tractions are depicted in Fig. 22. Specifically,
the plots represents the dimensionless normal tractions 𝜎𝑛∕𝜎𝑛,𝑚𝑎𝑥, and
tangential tractions 𝜏∕𝜏𝑚𝑎𝑥 along the contact interface. It can be noticed
that the contact traction distributions follow the same trends found
in [5] where the MPJR approach has been validated in absence of wear.

The effect of wear is shown in Fig. 23, which shows the wear rate
and the material removal, due to the variation of the indenter radius. It
can be noticed that as the radius increases, the contact area increases,
leading to more spread normal and tangential tractions. Consequently,
the material removal is distributed over a larger area, decreasing the
maximum material removal in the center of the indenter.

5.2.2. Cyclic loading
With the goal of validating the proposed computational framework,

the case of a rigid cylindrical indenter of radius 𝑅𝑠 = 5 mm in contact
with a steel substrate (young’s Modulus 𝐸 = 210 GPa and Poisson
ratio 𝜈 = 0.3) is described in this section. The FE model resembles
the one used in the previous section, however a substrate size of
4 mm × 5 mm has been employed to account for the smaller contact area
compared to the previous cases. The cylindrical indenter is subject to a
constant vertical normal force of 50 N, and to an harmonic tangential
displacement having amplitude of 2 mm for a total of 1000 cycles
and a total sliding distance of 4m. This setup has been inspired by
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the experimental test conducted in [12] which have been used also
for the validation of the analytical model proposed in [8]. Both the
experimental and the analytical results available in the literature regard
a spherical pin indenting on a steel plate, however, for simplicity, the
simulation presented in this work is two-dimensional, reproducing a
cylindrical indenter. The results of the MPJR approach are presented
in Fig. 24 which shows that the proposed approach is capable of
reproducing the experimental and analytical trends typical of Hertzian
contacts.

The same simulation results have been also compared with the
asymptotic model predictions in [9] and the experimental results
in [19] in terms of peak contact pressure and half width contact
variations for cylinder-on-flat tests, see Fig. 25. The literature data
are related to the case of a cylindrical indenter radius of radius 12 mm
subject to a vertical load 𝐹 = 185 N and to a cyclic tangential
displacement having amplitude 0.05 mm. Even in this case, the proposed
approach reproduces very well the trend available in the literature.

5.3. Rough indenter

A fractal profile as a model for roughness is examined in this
section to test the potentiality of the proposed numerical framework
for complex embedded geometries and fine scale resolutions for which
the finite element method, to the best of the authors’ knowledge, has
never been attempted before.

In particular, the Weierstrass–Mandelbrot (WM) function is used
to create the complex contact surfaces of several rescaled harmonic
components. Even though many other functions can be utilized in the
proposed framework to generate and assimilate the elevation produced
by the complex surface, the WM function offers unique challenges
regarding the numerical implementation and demands high-precision
computation. Hence, the WM function is chosen to showcase the ro-
bustness and versatility of the presented computational framework in
a high-fidelity framework.

The elevation field given by the rough profile can be generated as
a fractal function with harmonic given by:

ℎ∗ = 𝑔0
∞
∑

𝑛𝑤=0
𝛾 (𝐷−2)𝑛𝑤 cos

(

2𝜋
𝛾𝑛𝑤𝜒
𝜆0

)

, (53)

where 𝜒 is the integration point x-coordinate along the interface, 𝑔0
is the amplitude of the biggest cosine function, 𝑛𝑤 is the number of
harmonics. Furthermore, 𝜆0 is the largest scale roughness’ wavelength,
𝛾 is a parameter related to the waves amplitude, and 𝐷 is the fractal
dimension taking values 1 ≤ 𝐷 ≤ 2 [66]. The cosine function is summed
over 𝑛𝑤 to create a superposition of the sinusoidal waves of wavelength
𝜆𝑛𝑤 =

𝜆0
𝛾𝑛𝑤

, and amplitude 𝑔𝑛𝑤 = 𝑔0𝛾 (𝐷−2)𝑛𝑤 , with 𝛾 > 1.
The two rough profiles chosen for the numerical simulations pre-

sented in this section are shown in Fig. 26 and the employed parameters
for their generation through the Eq. (53) are collected in Table 3. As
a balance between computational efficiency and the complexity of the
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Fig. 12. Material removal at two different timesteps of the flat indenter simulation, showing higher material removal at the leading edge than at the trailing edge.

Fig. 13. Normal and tangential displacements imposed to the flat indenter during a simulation under cyclic loading.

Fig. 14. Reaction force evolution for the simulation under cyclic loading.
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Fig. 15. (a) Material removal for the flat indenter subject to cyclic loading. (b) Detail of the results at 𝑡𝑠 = 20 (at the end of the normal loading phase) and at 𝑡𝑠 = 40 (corresponding
to 𝑢̄𝑥 = 2 mm).

Fig. 16. Geometry and mesh discretization used for the simulation of the cylindrical indenter with radius 𝑅 = 10 ÷ 100 mm. The real cylindrical geometry is embedded into the
FEM model using the MPJR interface finite element which avoid the explicit profile discretization.
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Fig. 17. Contour plots of the normal displacements in (a) e (b), and of the tangential displacement in (c) and (d) at different pseudo-time steps 𝑡𝑠.

Fig. 18. Reaction forces for the cylindrical indenter simulations.

Fig. 19. Normal contact tractions (red) and tangential contact tractions (black) during the two loading phases.
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𝑢
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Fig. 20. Wear rate during the tangential loading phase, and then a zoom on the wear rate evolution during the gross sliding stage when the interface undergoes full slip.
Fig. 21. Detail of the material removal due to wear during the tangential loading
phase.

Table 3
Parameters used for the Weierstrass profiles.

Model parameter Value

𝐷 1.75
𝑛𝑤 10
𝛾 5
𝜆0 2 mm
𝑔0 0.1 mm and 0.5 mm

WM profile, 𝑛𝑤 = 10 is considered with different values of 𝑔0 to simulate
rough profiles of different amplitudes.

The geometric description and the discretization employed for the
rough profiles are the same used for the cylindrical case, see Fig. 16
and summarized in Table 2. To capture the geometric features of the
profile, a mesh consisting of 100 elements along the contact interface
is used to discretize the WM profiles.

The evolution of the normal contact pressure during the normal
loading phase is shown in Fig. 27. It can be noticed that only the profile
with a smaller amplitude 𝑔0 reaches full contact, while the profile with
a higher amplitude achieved only partial contact for the same value of
̄𝑦.

The tangential contact tractions are shown in Fig. 28 and present a
similar trend for both profiles, showing the transition from full stick to
full sliding.

The evolution of wear rate and the material removal from the
substrate predicted by the simulations are shown in Figs. 29 and 30. It is
interesting to note that, as expected, the model reproduces the material
loss only in the contact areas.

To comprehensively understand the effects of roughness, the effect
of the number of harmonics on the wear results has been compared. For
each chosen value of 𝑔0 analyzed in the previous paragraphs, the value
of 𝑛𝑤 has been set equal to 10, 5, 1, decreasing the number of harmonics
of the WM profiles. The results at the end of the simulations are
compared in terms of wear rate in Fig. 31. For visualization purposes,
only one part of the interface has been shown in the plots (0 ≤ 𝑥 ≤
14 
5 mm). It can be seen that the wear rate increases with the number of
harmonics of the profile, and this effect is more visible for the profiles
with 𝑔0 = 0.5 mm.

5.4. Effect of the local wear coefficient and insight into the global (emer-
gent) measurable wear coefficient

In the present study, the existence of an Archard wear law appli-
cable at the local scale has been postulated, with a local wear rate
coefficient 𝑘𝑤 considered as a true material property.

Here, we first remark that a variation of the local wear coefficient
between 1 × 10−11 MPa−1 to 1 × 10−7 MPa−1 leads to a linear shift of the
predicted wear rate and material removal profiles, see e.g. Fig. 32 for
the flat indenter and Fig. 33 for the smooth cylindrical indenter with
𝑅 = 100 mm, as exemplary cases.

As clearly observable from the above results, the spatial evolution
of wear along the interface is strongly affected by the overall indenter
geometry, which in turn leads to different nonuniform normal contact
traction distributions. This occurs even for the flat indenter if it has
a finite size. This poses enormous complexities in decoupling the ge-
ometrical effects related to indenter geometry or, for nominally flat
surfaces, related to roughness from microscopical effects responsible for
wear. This is particularly true if we consider that during the majority
of engineering experiments only global quantities can be measured.

With the aid of the present computational framework, one could
attempt to identify the local wear coefficient by matching global wear
measurements. Using global data one can in fact estimate a global wear
coefficient 𝐾𝑤 dependent on the material properties and on the profile
geometry as follows:

𝐾𝑤 =
𝛥𝑤
𝑃𝑣𝑢̄𝑥

(54)

where 𝑢̄𝑥 is the sliding distance, equal to 2 mm for all the simulated
cases in this work, 𝑃𝑣 is the normal force at the end of the contact
mechanics simulation conducted all under the same far-field imposed
normal displacement, and 𝛥𝑤 is the total material removal computed
by integrating the amount of material removal at the last pseudo-time
step 𝑡𝑠 = 120 of the simulations.

The resulting values of 𝐾𝑤 for all the different simulated indenters
are compared in Table 4. The global wear coefficients are always higher
than the local wear coefficient, and differ for all the cases as a result
of the impact of the geometry on the traction distributions.

Therefore, for a given globally measured wear coefficient 𝐾𝑤 and
profile topography, which can be assessed with accuracy using confocal
profilometers, the present computational framework could be exploited
by framing the contact simulation as an inverse problem where the
local wear coefficient 𝑘𝑤 that represents the material property to be
identified is determined by minimizing the error between the predicted
and measured global wear rate.
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Fig. 22. Contact tractions for different radii of the cylindrical indenter.

Fig. 23. Comparison of the wear rate and material removal from the substrate for different indenter radii at the end of the simulation (pseudo-time step 120).

Fig. 24. Comparison of the wear depth prediction obtained with the proposed MPJR approach for the case of a cylindrical indenter under harmonic loading (a), and experimental
and analytical results for a spherical pin subject to the same loading conditions (b).
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Fig. 25. Comparison of the half contact width and peak contact pressure predictions for the case of a cylindrical indenter under harmonic loading obtained with the proposed
MPJR approach (a,c) and experimental [19] and analytical [9] results available in the literature for a similar test (b,d).
Fig. 26. Simulated Weierstrass rough profiles with different amplitude 𝑔0.
Table 4
Macro-scale wear coefficients.

Indenter geometry 𝑃𝑣 [N] Local 𝑘𝑤 [MPa−1] Global 𝐾𝑤 [MPa−1]

Cylinder (𝑅 = 10 mm) 2.55 × 104 1 × 10−7 9.56 × 10−7
Cylinder (𝑅 = 20 mm) 3.40 × 104 1 × 10−7 9.51 × 10−7
Cylinder (𝑅 = 50 mm) 5.16 × 104 1 × 10−7 9.42 × 10−7
Cylinder (𝑅 = 80 mm) 6.45 × 104 1 × 10−7 9.35 × 10−7
Cylinder (𝑅 = 100 mm) 7.16 × 104 1 × 10−7 9.31 × 10−7
Cylinder (𝑅 = 120 mm) 7.79 × 104 1 × 10−7 9.28 × 10−7
WM (𝜆0 = 2 mm, 𝑔0 = 0.1 mm, 𝑛𝑤 = 1) 9.28 × 104 1 × 10−7 9.19 × 10−7
WM (𝜆0 = 2 mm, 𝑔0 = 0.1 mm, 𝑛𝑤 = 5) 1.15 × 105 1 × 10−7 8.99 × 10−7
WM (𝜆0 = 2 mm, 𝑔0 = 0.1 mm, 𝑛𝑤 = 10) 1.21 × 105 1 × 10−7 8.94 × 10−7
WM (𝜆0 = 2 mm, 𝑔0 = 0.5 mm, 𝑛𝑤 = 1) 3.17 × 104 1 × 10−7 9.70 × 10−7
WM (𝜆0 = 2 mm, 𝑔0 = 0.5 mm, 𝑛𝑤 = 5) 1.22 × 105 1 × 10−7 8.86 × 10−7
WM (𝜆0 = 2 mm, 𝑔0 = 0.5 mm, 𝑛𝑤 = 10) 1.45 × 105 1 × 10−7 8.66 × 10−7
16 
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Fig. 27. Normal contact tractions during the normal loading phase. The profile with smaller 𝑔0 achieves full contact.
Fig. 28. Tangential contact tractions during the increasing tangential loading phase.
Fig. 29. Comparison of the wear rate for the rough profiles.
6. Conclusion

In this work we derived a comprehensive two dimensional varia-
tional formulation and finite element discretization for the simulation
of wear in frictional contact problems in relation to indenters of any
arbitrary shape and with also roughness. The authors implemented the
17 
wear model in the finite element software FEAP v.8.6 [67] specifically
designed for research purposes.

Standard approaches availables in the literature for FE simulations
require the explicit discretization of the indenter geometry, the update
of the surface node position due to wear at each timestep and the
consequent remeshing of the updated geometry, generating a very
expensive computational method. Wear simulations in Abaqus, for
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Fig. 30. Comparison of the material removal for the rough profiles.
Fig. 31. Comparison of the wear rate at the end of the simulations for different rough profiles obtained varying 𝑔0 and the number of harmonics 𝑛𝑤.
Fig. 32. Effect of the wear coefficient 𝑘𝑤 (unit of measure MPa−1) on the wear rate and on the material removal at the end of the simulation for the flat indenter.
example, are mostly based on the use of the UMESHMOTION subrou-
tine combined with the ALE (Arbitrary-Lagrangian–Eulerian) technique
(see the review [68] and the references therein given). The proposed
approach avoids the remeshing operations, since wear computation and
the surface geometry update at each timestep is directly taken into
account inside the MPJR interface finite element routine. This aspect
decreases the required computational effort and allows also for the
simulation of more complex geometries. It is important to notice that
the proposed methodology can be exploited also in Abaqus or other
similar FE software coding an equivalent interface finite element (in
the case of Abaqus using the UEL subroutine), opening to applications
18 
in the industrial sector where Abaqus or other commercial software are
commonly employed.

Postulating the existence of a local (microscopical) Archard wear
law with a local wear coefficient as a true material property, the
proposed computational framework predicts contact tractions, wear
rates and material removal along the interface for any complex load-
ing histories, which have been for demonstration purposes limited to
normal contact phase followed by a tangential loading phase under
constant normal displacement and up to gross sliding. The methodology
is of course general and can handle also cyclic loading conditions.
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Fig. 33. Effect of the wear coefficient 𝑘𝑤 (unit of measure MPa−1) on the wear rate and on the material removal at the end of the simulation for the cylindrical indenter.
Benchmark tests have included three indenter profiles: flat, cylin-
drical, and nominally rough according to the Weierstrass–Mandelbrot
function. The computational framework has been validated against ex-
perimental and analytical models, proving that the proposed approach
s capable of reproducing trends typical of Hertzian contacts. Results
pen new perspectives to correlate the global wear coefficient, that
an be measured from global quantities from experiments, and local
ear properties intrinsic of the material which are very difficult to be
ssessed due to the intrinsic coupling between surface geometry (inden-
ers with different smooth shapes or nominally flat but microscopically
ough) and the overall evolution of wear.
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