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Abstract

This study introduces a first step for constructing a hybrid reduced-order models (ROMs)
for segregated fluid-structure interaction in an Arbitrary Lagrangian-Eulerian (ALE) approach
at a high Reynolds number using the Finite Volume Method (FVM). The ROM is driven by
proper orthogonal decomposition (POD) with hybrid techniques that combines the classical
Galerkin projection and two data-driven methods (radial basis networks , and neural networks/
long short term memory). Results demonstrate the ROM’s ability to accurately capture the
physics of fluid-structure interaction phenomena. This approach is validated through a case
study focusing on flow-induced vibration (FIV) of a pitch-plunge airfoil at a high Reynolds
number (Re = 107).
Keywords: Fluid-structure interaction, reduced-order model, Finite Volume Method, Proper
orthogonal decomposition, Galerkin projection, radial basis network, mesh motion, turbulence,
long-short term memory, neural networks, and flow-induced vibration.

1 Motivation and state-of-the-art

Interactions between fluid and moving boundaries are among the most essential issues of fluid
dynamics. They arise in wind turbines, civil engineering (e.g., the influence of wind on bridges
and buildings), and the aerospace industry [59]. In the last case, fluid-structure interaction (FSI)
plays an essential role in the design process of an aircraft. A significant amount of effort has been
put into understanding and solving problems related to FSI using computational fluid dynamics
(CFD). CFD has become an essential tool in the analysis and design of aerospace vehicles thanks
to the advances in both computational algorithms and hardware. With these advances in CFD, the
number of wings tested experimentally in the design of a typical commercial aircraft has decreased
by an order of magnitude from the last four decades so an effective use of CFD is a key ingredient
in the successful design of modern commercial aircraft [27]. Nowadays, CFD tools can accurately
predict aircraft aerodynamics in cruise conditions and complement wind tunnel and flight tests
in the aircraft design process. However, traditional high-fidelity aerodynamics simulations can
be computationally too expensive for scenarios requiring real-time responses (e.g., flow control)
and/or predictions for many different configurations (e.g., design-space exploration and flight-
parameter sweep). The design of a new aircraft requires an analysis of a huge number of variants.
One has to check different aircraft configurations, mass cases, gusts, and maneuvers giving (even
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with engineering experience for current configurations and technologies) hundreds of thousands of
simulations [50].

Reduced-order models (ROMs) come into play to accelerate the solution of unsteady and/or
parameterized aerodynamics problems in real-time and/or many-query scenarios [3]. The ROM ap-
proach in general and particularly based on the Proper Orthogonal Decomposition (POD) method
has been extensively adopted for various engineering applications [8]. ”ROMs are nowadays prob-
ably the most important mathematical technique for realizing a digital twin during the life cycle
of a product. By using them, simulation models can be more interactive, reliable, continuous,
accessible, and distributable” [28] i.e. ROM can be seen as a key enabler for a new generation
of digital twins. ”As a concrete example, one could consider the typical ROM problem: given a
dynamical system, find a reduced dynamical system that approximates the original system with a
controllable trade-off between error and speed, and preservation of key properties like stability.”

The model-order reduction literature for aerodynamics problems is growing, with contributions
from both engineering and applied mathematics communities. The study of Anttonen et al. [1, 2]
outlined that an additional difficulty is reached when considering aeroelastic non-linear dynamical
systems. In FSI cases, especially when adopting high-fidelity aerodynamics, some theoretical limits
arise from the POD theory formulated in the deformable domain. The POD is based on a definition
of a spatial correlation of the system. However, the snapshots resulting from an aeroelastic CFD
solver cannot ensure this point as, notoriously, the mesh is moving and deforming during the sim-
ulation. The loss of the spatial correlation and the increasingly important stability and accuracy
problems make the aeroelastic ROM study widely challenging. In their numerical examples involv-
ing a moving airfoil, Freno et al. [14] showed that when an index-based domain is used to build the
ROM, similar to the one considered by Anttonen et al. [2], numerical simulations do not suffer from
the mesh deformation limitation discussed above. In the case of a rigid body motion as considered
in this study, an interesting manner to avoid issues associated to mesh deformation are presented
by Lewin et al. [33] and Placzek [48]. They performed the projection of the governing equations
in a non-inertial reference frame to preserve the POD formulation’s consistency. However, in their
case, stability problems appear when considering highly non-linear flows. Troshin et al. [62] out-
lined an alternative POD methodology for a flow field in a domain with moving boundaries. The
moving domain is mapped to a stationary domain by combining a transfinite interpolation and
an algorithm for volume adjustment. Liberge et al. [34] implemented a multi-phase method that
allows the performance of the POD on a moving domain using characteristic functions to follow
the fluid-structure interface. Falaize et al. [12] extended such formulation for flows induced by rigid
bodies in forced rotation. Also, they included parametric changes in the proposed model. Longatte
et al. [35] explored the behavior of POD-multiphase ROM presented in [34] when the parameter
values are different from those used to build the POD basis. Stankiewicz et al. [58,60] deepen the
study of Anttonen et al. [2] with test cases of increasing complexity also considering parametric
changes. Freno et al. [13,14] dealt with general non-linear systems in an aeroelastic context. They
used dynamics basis functions to consider the domain deformation dynamics by defining dynamics
related to the instantaneous deformed configuration for the projection basis. In addition, they
considered a fully non-linear system, but since it is impossible to make it explicit, they used the
FOM to evaluate the non-linear term at each time step. As a result, the computational efficiency
of the ROM is reduced significantly. Also, Shinde et al . [53] extended the Galerkin-free approach
to FSI problems by interpolating POD basis including mesh deformations. Alternatively, Thomas
et al. [61] developed a nonlinear ROM for a dynamically nonlinear solver for limit cycle oscillation
analysis. They used a nonlinear frequency domain harmonic balance method [18] in conjunction
with a Taylor series expansion and POD to create a frequency-domain nonlinear ROM. In the
context of system identification approaches, Chen et al. [7] developed a support vector machine
(SVM) based ROM for predicting the limit cycle oscillation induced by the nonlinear aerodynamics
of an aeroelastic system. Mannarino et al. [36, 37] developed a recurrent neural networks-based
ROM technique in the discrete-time domain to deal with nonlinearities in FSI problems. Kou et
al. [31] derived a ROM for the investigation of limit cycle oscillations and flutter behaviors of an
airfoil by combining linear auto-regressive with exogenous input (ARX) model with radial basis
neural networks (RBFNNs) model for the nonlinear approximation. The current work is aligned
in the same directions as the following studies [9, 17, 39–41, 66]. This work differs from the works
mentioned above by considering the motion of the mesh in the Arbitrary Lagrangian-Eulerian
(ALE) sense. Moreover, it proposes an intrusive hybrid approach where the main partial differen-
tial equations (PDEs) are treated using a standard POD-Galerkin projection approach and radial
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basis functions networks for the grid motion interpolation. More importantly, the current research
expands upon our previous work done in [43], by providing two data-driven approaches, for pre-
dicting the eddy viscosity at the reduced-order level. This recipe results in a hybrid data-driven
reduced-order model for FSI for any segregated solvers in the Finite Volumes Method (FVM). The
proposed recipe combines the strengths of the POD-based reduced-order modelling and machine
learning. In fact, by incorporating data-driven techniques, the ROM could achieve high accuracy
and efficiency, making it a powerful tool for simulating complex FSI problems which could be useful
in industrial applications in the development of digital twins systems.

The structure of the manuscript is as follows: The section 2 begins with the formulation of
the fluid-structure interaction with turbulence modeling. The section contains four subsections.
The first Subsection 2.1 presents the structure motion. The following Subsection 2.2 deals with
the mathematical formulation of the fluid’s motion in the ALE setting, followed by the coupling
strategy at the interface in Subsection 2.3. The section 3 presents the methodology carried out in
this study. The section is divided into five subsections. The Subsection 3.1 addresses the numer-
ical discretization of the full-order model. The Subsection 3.2 discusses the reduced-order model
concept followed by the discussion of POD for turbulence incompressible flows in Subsection 3.2.2
by insisting on its main properties in terms of model reduction while Subsection 3.2.3 discusses
the machine learning algorithms for predicting the eddy viscosity. In the last Subsection 3.2.4,
the POD-RBF for interpolating the point cloud motion is introduced. The section 4 presents and
discusses the numerical results obtained in this study. Finally, a few considerations and possible
avenues for future developments for this study are presented in section 5.

2 Governing equations of the fluid-structure interaction prob-
lem and turbulence modeling

This section presents the mathematical formulation of the FSI model. The following assumptions
are considered:

• The fluid is viscous, incompressible and Newtonian;

• The geometry and flow field considered are two-dimensional;

• The airfoil structure is rigid;

• The elastic connection between the airfoil and the ground is represented by a set of linear
and angular springs and dampers;

• The airfoil undergoes a free translation (vertical direction) and rotational pitch motion.

Therefore, based on the aforementioned assumptions, the present part briefly describes the high-
dimensional full-order model to simulate the coupled fluid-body interaction using the Navier-Stokes
equations in the ALE setting, considering the rigid body dynamics and the coupling conditions at
the interface.

2.1 Structural dynamics equations

In this work, the aeroelastic structural model as depicted in fig. 1 is governed by a two-degree
freedom pitch and plunge system. The equations of the structure’s motion are:

mḧ+ chḣ+ khh−mbθ̈ cos θ +mbθ̇2 sin θ = Fh(t). (1)

Iθ θ̈ + cθ θ̇ + kθθ −mbḧ cos θ =Mθ(t). (2)

m being the mass of the airfoil per unit span, Fh(t) the sectional lift per unit span, Iθ the sec-
tional moment of inertia of the airfoil, Mθ(t) is the pitching moment, θ(t) the pitch rotation,
h(t) the plunge displacement, b the distance between the pivot location and the center of mass.
The structural stiffness of the plunge and pitch is designated by kh and kθ; the related damping
coefficients are ch and cθ. The structural frequencies are fθ = (2π)−1ωθ, and fh = (2π)−1ωh with
ωθ =

√
kθ/Izz and ωh =

√
kh/m. Izz being the moment of inertia Iθ in the z-direction. For a

thorough introduction to structural dynamics and aero-elasticity refer to [21].
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2.2 Fluid dynamics equations and turbulence modeling

The unsteady Reynolds Average Navier-Stokes Equations in the ALE framework for a Newtonian
fluid are written as follows:

∇ · ū = 0. (3)

δū

δt
+∇ · (ū⊗ (ū− ug)) =

1

ρ
∇ · [(ν + νt)∇ū)]−

1

ρ
∇p̄. (4)

δΩ(t)

δt
+∇ · ug = 0. (5)

ū is the average velocity field, p̄ the average pressure field, and ug the grid velocity. With ν being
the kinematic viscosity and νt is the so-called turbulent viscosity. The quantity νt is suitably a
viscosity only from the dimensional point of view and it is called viscosity considering the analogy
of the Boussineq approximation and with the shear stress relations in a Newtonian fluid. The
molecular viscosity is a property of the fluid and not its motion. A variety of methodologies are
available in the literature to solve the eddy viscosity. This work uses the k-ω SST (shear stress
transport) introduced in [38]. The time derivative in the ALE framework is given by:

δ

δt
=

∂

∂t
+ ug∇. (6)

The grid which moves in space must also obey the conservation law [63], which is stated as ”the
change in volume (area) of each control volume between time tn and tn+1 must equal the volume
(area) swept by the cell’s boundary during ∆t = tn+1 − tn” which may be expressed as:

δ

δt

∫
Ωi

dΩi +

∫
Si

ug · ndSi = 0 ≡ δΩi

δt
+∇ · ug = 0, (7)

for every control volume Ωi = Ωi(t). n being the outward unit normal vector on the boundary
surface, and Si = ∂Ωi. By multiplying eq. (7) by ρ and using the incompressibility constraint leads
to: ∫

∂Ωi

ug · ndSi = 0. (8)

This means there is no need to consider the grid velocity in the continuity equation. Additionally,
there are initial and boundaries conditions. This work uses URANS as it is the workhorse of
turbulence modeling in industrial applications [20].

2.3 Coupling conditions at the interface

The coupling between fluid and structure is achieved at the boundary conditions on the common
interface Γ(t) which all stem from simple physical principles: kinematic condition (the fluid ve-
locity, gird velocity,and structure’s velocity are continuous at the interface), dynamic condition
(the normal stresses of the fluid and structure are continuous on the interface), and the geometric
condition (the fluid and structure domain should always match.

u · ey = ug · ey = ḣ and

∫
Γ(t)

(σ(x, t) · n) · nydΓ + Fh(t) = 0, (9)

with σ(x, t) = −p(x, t)I+µ
(
∇ · u(x, t) + (∇ · u(x, t))T

)
as the fluid is assumed to be Newtonian.

Fh(t) is the time dependent lift force.

2.4 Mesh motion strategy

Translation and rotational motion of the centre of gravity (COG) are accounted by solving Newton’s
second law eqs. (1) and (2) in the global inertial reference frame. After the linear and angular
accelerations have been computed using eqs. (1) and (2), translation and rotational kinematics are
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used to update the body linear and angular velocities. After calculating the motion of the rigid
body it is necessary to move the boundary as well as the mesh surrounding the body in order to
maintain a good quality mesh. In this work, the mesh deformation technique used is the so-called
Slerp (Spherical Linear Interpolation) as it is better at handling translation and rotational (of a
solid body in the three arises XYZ) mesh deformation when it comes to cell shearing [26] and has
great applications in computer vision.

3 Numerical Methodology

The present section opens with a brief outline of the details of the standard FVM used for the FOM
discretization. Relevant details of the reduced model are then presented, along with a description
of the projection algorithm for the fully discrete equations. Finally, it describes Machine Learning
algorithms (neural networks and recurrent neural networks) used for the online computation of the
eddy viscosity, and of the radial basis interpolation combined with proper orthogonal decomposition
used for the online computation of the grid nodal displacement field.

3.1 Numerical discretization of the full-order model

The standard FVM aims to discretize the system of partial differential equations written in integral
form following [42]. The present uses a 2-dimensional tessellation. Nh represents the dimension of
the full-order model (FOM) which is the number of control volumes in the discretized problem. The
following addresses the discretization methodology of the momentum and continuity equations. In
particular, a segregated approach is used to solve the momentum and continuity equations inspired
by Rhie-Chow interpolation [49].

The referenced domain Ω(t) is divided into a tessellation T (t) = {Ωi(t)}Nh
i=1 so that every cell

Ωi(t) is a non-convex polygon and

Nh⋃
i=1

Ωi(t) = Ω(t) and Ωi(t)∩Ωj(t) = ∅ ∀i ̸= j. In the following,

to simplify the notation Ωi = Ωi(t) and Si = ∂Ωi(t). Si being the total surface related to cell Ωi.
The unsteady-state momentum equation written in its integral form for every cell of the tessellation
reads as follows:∫

Ωi

δū

δt
dΩi +

∫
Ωi

∇ · [ū⊗ (ū− ug)]dΩi −
∫
Ωi

νeff∇2ūdΩi +

∫
Ωi

∇p̄dΩi = 0. (10)

νeff = νl+νt being the effective viscosity and the sum of the νl (molecular viscosity) and turbulent
viscosity. In the sequel, the full-order model is analyzed term by term.

3.1.1 The pressure gradient term

The pressure gradient term is discretized using Gauss’s theorem.∫
Ωi

∇p̄dΩi =

∫
Si

p̄dS ≈
∑
j

Sij p̄ij , (11)

where Sij is the oriented surface dividing the two neighbor cells Ωi and Ωj and p̄ij is the pressure
evaluated at the center of the face Sij .

3.1.2 The convective term

The convective term can be discretized as follows using Gauss’s theorem.∫
Ωi

∇ · [ū⊗ (ū− ug)]dΩi =

∫
Ωi

∇ · (ū⊗ ū)dΩi −
∫
Ωi

∇ · (ū⊗ ug)dΩi (12)

=

∫
Si

dS · (ū⊗ ū)−
∫
Si

dS · (ū⊗ ug) (13)

=
∑
j∈Si

ūijFij −
∑
j∈Si

ūij(u
g
ij · Sij). (14)
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Here, ūij is the velocity evaluated at the center of the face Sij , and Fij = ūij · Sij is the flux of
the velocity through the face Sij . This procedure underlines two considerations. The first one is
that ūij is not straightly available in the sense that all the variables of the problem are evaluated
at the center of the cells. At the same time, the velocity is evaluated at the center of the face.
Many different techniques are available to obtain it. However, the basic idea behind them all is
that the face value is obtained by interpolating the values at the center of the cells. The second
clarification is about fluxes: during an iterative process for the resolution of the equations, they
are calculated using the velocity obtained at the previous step so that the non-linearity is easily
resolved.

3.1.3 The diffusion term

The diffusion term is discretized as follows:∫
Ωi

νeff∇2ūdΩi = (νeff )i

∫
Si

dS · (∇ū) dΩi ≈
∑
j

(νeff )ijSij · (∇ū)ij , (15)

where (νeff )i is the effective viscosity of the i-th cell, (νeff )ij is the effective viscosity evaluated
at the center of the face Sij , and (∇ū)ij is the gradient of ūij evaluated at the center of the face
Sij . As for the evaluation of the term Sij · (∇ū)ij in eq. (15), its value depends on whether the
mesh is orthogonal or non-orthogonal. Notice that the gradient of the velocity is not known at the
face of the cell. The mesh is orthogonal if the line that connects two cell centers is orthogonal to
the face that divides these two cells. For orthogonal meshes, the term Sij · (∇ū)ij is evaluated as
follows:

Sij · (∇ū)ij ≈ ∥Sij∥
ūi − ūj

∥dij∥
, (16)

where dij represents the vector connecting the centers of cells of index i and j. If the mesh is non-
orthogonal, then a correction term has to be added to eq. (16). In that case, one has to consider
computing a non-orthogonal term to account for the non-orthogonality of the mesh as given by
the following relation [24]:

Sij · (∇ū)ij = ∥πij∥
ūi − ūj

∥dij∥
+ kij · (∇ū)ij . (17)

Herein, Sij = πij + kij and πij is chose to be parallel to Sij and kij to be orthogonal to dij .
The term (∇ū)ij is obtained through interpolation of the values of the gradient at the cell centers
(∇ūi) and (∇ūj). The discretized forms of eqs. (3) to (5) are written in a compact as follows:[

Au Bp

∇(·) 0

] [
ūh

p̄h

]
= 0. (18)

The above system matrix has a saddle point structure which is usually difficult to solve using a
coupled approach. For this reason, a segregated approach is used in this work where the momentum
equation is solved with a tentative pressure and later corrected by exploiting the divergence-free
constraint. Next, the main traits of PIMPLE algorithm is recalled.

3.1.4 The PIMPLE algorithm

The PIMPLE algorithm is a mix of SIMPLE [46], and PISO [23] algorithms. This algorithm is
mostly used for unsteady problems requiring a high Courant number or a dynamic mesh such as
the one considered in this study. To better understand the procedure of the PIMPLE algorithm,
some crucial points about both algorithms are reported in the following, as they will be useful
later during the online phase. Note that in this subsection, the quantities un∗

h , and pn−1
h are the

averaged terms coming from the Reynolds decomposition for velocity and pressure.
Starting with the SIMPLE algorithm the first step is to solve the discretized momentum equa-

tion considering the pressure field of the previous iterations. The momentum matrix is divided
into diagonal and extra-diagonal parts so that the following holds:

Auu
n∗
h = Aun∗

h −H(un∗
h ), (19)
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with n being an index to identify a generic iteration and Au satisfying the following relation:

Auu
n∗
h = −Bpp

n−1
h . (20)

By using eq. (18), the momentum equation can be reshaped as follows:

Aun∗
h = H(un∗

h )−Bpp
n∗
h ⇒un∗

h = A−1H(un∗
h )−A−1Bpp

n−1
h . (21)

In an iterative algorithm, the next step is introducing a small correction to the velocity and pressure
field inside the inner loop. Then, one can define the following relations:

un
h = un∗

h + u′ pnh = pn−1
h + p′. (22)

where un∗
h does not satisfy the continuity equation, and un

h does. □′ are the corrections for both
terms. By inserting eq. (22) in eq. (21), and rearranging terms give:

un
h − u′ = A−1[H(un

h)−H(u′)−Bpp
n
h +Bpp

′] (23)

From eq. (23), one deduces a relation between u′ and p′:

u′ = ũ′ −A−1Bpp
′, (24)

with
ũ′ = A−1H(u′). (25)

As the following relation holds thanks to eq. (20) :

un
h = A−1[H(un

h)−Bpp
n
h] (26)

With the use of eq. (24) and the divergence operator ∇(·) applied to un
h in eq. (22) knowing u′

from eq. (24), one obtain an equation that directly relates p′ and un∗
h :

[∇(·)]
(
A−1Bpp

′) = [∇(·)]un∗
h + [∇(·)]ũ′. (27)

Which is basically the discretized Poisson equation for pressure (PPE) expressed in terms of the ve-
locity and pressure corrections. In the SIMPLE algorithm, the velocity corrections ũ′ are unknown
as H(u′) are not too and hence neglected, implying the following relation:

[∇(·)]
(
A−1Bpp

′) = [∇(·)]un∗
h . (28)

Therefore, p′ is expressed as the only function of un∗
h in eq. (28). Then the corrected pressure is

entered again in eq. (21) in order to obtain a new velocity field un∗
h and repeat the procedure until

the pressure correction falls below a given tolerance and the velocity satisfy both the continuity
and momentum equation.

As the ũ′ is neglected, the SIMPLE algorithm converges slowly and is used mainly for steady-
state simulations. Furthermore, to avoid instabilities, relaxation factor αp and αu are introduced
in the computation of pnh and un∗

h as follows:

pnh = pn−1
h + αpp

′. (29)

un∗
h = A−1H(un∗

h )− αuA
−1Bpp

n−1
h . (30)

The PISO algorithm comes to play to speed up the convergence after neglecting ũ′ and com-
puting the pressure correction p′ using eq. (24). u′ is computed as follows:

u′ = −A−1Bpp
′. (31)

Allowing the computation of ũ′ using eq. (25). One defines a second velocity correction equation
mirroring eq. (24) as follows:

u′′ = ũ′ −A−1Bpp
′′. (32)

As u′′ in eq. (32) satisfy the continuity equation, one define also a second pressure correction

8



equation as:

[∇(·)]
(
A−1Bpp

′′) = [∇(·)]ũ′. (33)

To sum up, what the PISO algorithm does more than the SIMPLE algorithm is to add a second
inner loop to correct pressure and velocity. This speeds up the convergence, allowing this algo-
rithm to be used in a transient simulation. Following the procedure described by eqs. (31) to (33)
further corrections steps can be added, increasing both the algorithm’s convergence and compu-
tational cost. The essential steps of the PIMPLE algorithm involving mesh motion is reported in
algorithm 1. In algorithm 1, the iterations within one time-steps are called outer iterations, they
are performed in an outer loop in which the coefficients and the source matrix of the discretized
equations are updated. The operations performed on linear systems with fixed coefficients are
called instead inner iterations and they occur in the so called inner loop.

Algorithm 1: PIMPLE algorithm with dynamic mesh.

Input : Initial fields un∗
h , pn−1

h , ν0t , and δ
0 ▷ δ0 initial displacement;

Output: un
h, p

n
h, ν

n
t , and δ

n;
1 while t ≤ tend do
2 while No. outer corrections ≥ 2 and Tol ≥ maxTol do
3 Compute the forces; ▷ Using un∗

h , pn−1
h ;

4 Solve the rigid body problem eqs. (1) and (2) ▷ To obtain the new COG;
5 Solve the mesh motion problem ▷ To obtain δn see section 2.4;
6 Auu

n∗
h ▷ Assembling the momentum matrix eq. (19);

7 Solve Auu
n∗
h = −Bpp

n−1
h ▷ Momentum predictor eq. (20) to obtain un∗

h ;

8 [∇(·)]
(
A−1Bpp

′) = [∇(·)]un∗
h ▷ Assembling the matrix of PPE eq. (28);

9 Solve [∇(·)]
(
A−1Bpp

′) = [∇(·)]un∗
h ▷ PPE to obtain p′ ;

10 u′ ← −A−1Bpp
′ ▷ Momentum corrector eq. (31) ;

11 while No. inner corrections do
12 [∇(·)]

(
A−1Bpp

′′) = [∇(·)]ũ′ ▷ Assembling the matrix for PPE eq. (33);

13 Solve [∇(·)]
(
A−1Bpp

′′) = [∇(·)]ũ′ ▷ Recursively to obtain p′′;
14 u′ ← ũ′ −A−1Bpp

′′: ▷ Momentum corrector eq. (32) ;

15 Solve turbulence and other transport quantities to obtain νnt ;
16 Update tolerance;
17 un∗

h ← u′ ;

18 pn−1
h ← pn−1

h + p′ ;

3.2 The reduced problem

The first subsection recalls the proper orthogonal decomposition for determining the modal basis
functions, the next two subsections discuss Galerking projection and the machine learning algo-
rithms to predict the eddy viscosity. The last subsection discusses the radial basis concept for
predicting the mesh motion.

3.2.1 The proper orthogonal decomposition

The Proper Orthogonal Decomposition (POD) is used to construct the low-dimensional space. The
POD is a compression technique where a set of numerical realizations (in time or parameter space)
is reduced into a number of orthogonal basis (spatial modes) that capture the essential information
suitably combined from previously acquired system data [1]. In the sequel, the POD is formulated
only in time space because in this work the parameter dependency is implicit.

This work applies the POD to a group of realizations called snapshots. It consists of computing
a certain number of full-order solutions si = s(ti) where ti ∈ T for i = 1, · · · , N . T being the
training collection of a certain number N of the time values, to obtain a maximum amount of
information from this costly stage to be employed later on for a cheaper resolution of the problem.
Those snapshots can be resumed at the end of the resolution all together into a matrix S ∈ RNh×N .
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As already mentioned, Nh is the number of control volumes in the discretized domain.

S = [s(x, t1), . . . , s(x, tN )] . (34)

The idea is to compute the ROM solution that can minimize the error denoted here by E see
eq. (37) between the obtained realization of the problem and its high-fidelity counterpart. In the
POD-Galerkin scheme, the reduced order solution is represented as follows:

s(x, t) ≈ sROM (x, t) =

Nr∑
i=1

ai(t)ϕi(x). (35)

Where Nr ≪ Nh (Nh is the number of cells in the computational domain) is a predefined number,
namely the dimension of the reduced solution manifold, ϕi is a generic pre-calculated ortho-normal
function depending only on the space while ai(t) is the temporal modal coefficients satisfying the
following conditions:

aj(t) = (ϕj , s(x, t))L2(Ω) , ϕT
j Mϕi = δij . (36)

M being the mass matrix defined by the chosen inner product. In the case of L2-norm and FVM
M is a diagonal matrix containing the cell volumes. The best performing functions ϕi in this
case, are the ones minimizing the L2-norm error E between all the reduced-order solutions sROM

i ,
i = 1, · · · , N and their high fidelity counterparts:

E =

N∑
i=1

∥sROM
i − si∥L2(Ω) =

N∑
i=1

∥si −
Nr∑
i=1

(si,ϕi)L2(Ω) ϕi∥L2(Ω(t0)). (37)

It can be shown that solving a minimization problem based on eq. (37) is equivalent to solving the
following eigenvalue problem [32]:

CV = Vλ. (38)

C ∈ RN×N being the correlation matrix between all the different training solutions of the snapshot
matrix S, V ∈ RN×N is the matrix whose columns are the eigenvectors, and λ ∈ RN×N is a
diagonal matrix whose diagonal entries are the eigenvalues. The entries of the correlation matrix
are defined as follows:

Cij = (si, sj)L2Ω(t0))
. (39)

Ω(t0) being the reference configuration of the computational domain in the case of grid motion.
Note that the projection is performed with respect to L2(Ω(t)) while POD is computed with
respect to L2(Ω(t0)). Using a POD strategy, the required basis functions are obtained through the
resolution of the eigenproblem mentioned in eq. (38), obtained with the method of snapshots by
solving eq. (37). One can compute the required basis functions as follows:

ϕi =
1

N
√
λi

N∑
j=1

sjVji ∀i = 1, · · · , N. (40)

All the basis functions are collected into a single matrix:

Φ = [ϕ1, · · · ,ϕNr
] ∈ RNh×Nr . (41)

Which is used to project the high fidelity problem onto the reduced subspace so that the final
system dimension is Nr. This procedure leads to a problem requiring a computational cost that
is much lower than the original problem. Next, the Galerkin projection, adapted in this study is
presented.
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3.2.2 POD-Galerkin projection for velocity and pressure equations

All the high-fidelity solutions are obtained by employing a segregated algorithm iterating the
momentum and pressure equations until convergence is reached. The full-order model for both the
velocity and pressure in the discretized form is given as follows:

Auuh = bu, (42)

Bpph = bp. (43)

With Au ∈ RdNh×dNh , uh ∈ RdNh , Bp ∈ RNh×Nh is the matrix operator for Poisson equation
pressure (PPE) discussed in subsection 3.1, ph ∈ RNh , and d = 2 is the dimension of the com-
putational domain. Nh being the number of control volumes (cells) in the mesh, bu and bp are
the respective source terms in the discretized form of the momentum equation and PPE. In this
section, Galerkin projection (on the fully discrete equations) is used for the construction of the
reduced-order method. Next, the reduced expansions of the velocity and pressure fields is intro-
duced: uh(x, t) ≈ ur(x, t) and ph(x, t) ≈ pr(x, t), with

ur(x, t) =

Nu∑
i=1

ai(t)ϕi(x) = ΦaT , (44)

pr(x, t) =

Np∑
i=1

bi(t)ξi(x) = ΞbT . (45)

Herein, ai(t) and bi(t) are modal coefficients; ϕi and ξi are the basis functions corresponding
to the POD modes of the velocity and pressure fields stored respectively in Φ ∈ RdNh×Nu and
Ξ ∈ RNh×Np with Nu and Np being the numbers of basis functions selected for the predicted
velocity and pressure solutions respectively, a ∈ RNu is the vector containing the coefficients
for the velocity expansion while the same reads for pressure with respect to b ∈ RNp . For the
construction of the reduced basis spaces, the POD strategy mentioned in subsection 3.2 is used on
the snapshot matrices of the velocity and pressure fields to obtain two separate families of reduced
basis functions.

Φ = [ϕ1, . . . ,ϕNu ] ∈ RdNh×Nu , (46)

Ξ =
[
ξ1, . . . , ξNp

]
∈ RNh×Np . (47)

The eqs. (42) and (43) are projected using in eqs. (46) and (47) respectively leading to:

Ar
ua = bru, (48)

Ar
pb = b

r
p. (49)

Where Ar
u = ΦTAuΦ ∈ RNu

r ×Nu
r , Ar

p = ΞTApΞ ∈ RNp
r ×Np

r , bru = ΦT bu ∈ RNu
r , and brp =

ΞT bp ∈ RNp
r . The resulting eqs. (48) and (49) can be solved using any method for dense matrices.

In this work, the Householder rank-revealing QR decomposition of a matrix with full pivoting is
used and it is available in the Eigen library [16]. As the main idea here is to rely on a method
capable of being as coherent as possible concerning the high-fidelity problem (algorithm 1), in the
following the main steps for the reduced algorithm related to incompressible turbulent flows with
mesh motion are reported in algorithm 2.

3.2.3 Machine learning for eddy viscosity prediction

In this work, a deep neural network is used for the prediction of the eddy viscosity mimicking
the works done in [9, 20, 67]. In [20] radial basis functions were used to predict the temporal
coefficients of the eddy viscosity based on the temporal coefficients of the velocity. The study
carried out in [67] used a fully connected neural network to predict the parameterized coefficients
of the eddy viscosity in a steady simulation. Scholars in [9] studied the effects of the effective
viscosity in projection-based ROM simulations and employed a simple spline interpolation for the
prediction of the first dominant mode of the temporal coefficient of the eddy viscosity from known
values.
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Algorithm 2: Reduced-PIMPLE algorithm with dynamic mesh.

Input : Initial fields un∗
h , pn−1

h , ν0t , and δ
0 ▷ δ0 is the initial node displacement;

Output: un
h, p

n
h, ν

n
t , and δ

n;
1 while t ≤ tend do
2 while No. outer corrections ≥ 2 and Tol ≥ maxTol do
3 Compute the forces; ▷ Using un∗

h , pn−1
h ;

4 Solve the rigid body problem eqs. (1) and (2) ▷ To obtain the new COG ϑnew;
5 Compute c = RBF (ϑnew) eq. (59);

6 Reconstruct δn = ΨcT eq. (60);
7 Auu

n∗
h ▷ Assembling the momentum matrix eq. (19);

8 Solve ΦTAuΦa
∗ = ΦTbu ▷ To obtain a∗ with bu = −Bpp

n−1
h ;

9 Reconstruct un∗
h ▷ Using a∗;

10 [∇(·)]
(
A−1Bpp

′) = [∇(·)]un∗
h ▷ Assembling the matrix of PPE eq. (28);

11 Solve ΞTApΞb
′ = ΞT bp ▷ To obtain b′;

12 Reconstruct p′ ▷ Using b′;
13 u′ ← −A−1Bpp

′ ▷ Momentum corrector eq. (31) ;
14 while No. inner corrections do
15 [∇(·)]

(
A−1Bpp

′′) = [∇(·)]ũ′ ▷ Assembling the matrix for PPE eq. (33);

16 Solve ΞTApΞb
′′ = ΞT bp ▷ Recursively to obtain b′′ where bp = [∇(·)]ũ′;

17 Reconstruct p′′ ▷ Using b′′;
18 u′ ← ũ′ −A−1Bpp

′′: ▷ Momentum corrector eq. (32) ;

19 Evaluate the networks using NNs or LSTM ;
20 Reconstruct the new turbulent viscosity νnt ;
21 un∗

h ← u′ ;

22 pn−1
h ← pn−1

h + p′ ;

A fully connected neural network and a recurrent neural network based on the LSTM are pre-
sented here to predict temporal coefficients of eddy viscosity. The choice of the aforementioned
methodologies relies on the idea of building a reduced problem independent of the turbulent tech-
nique (k− ϵ, k−ω, etc.) that might be used in the original problem to calculate the eddy viscosity.
The first method uses the physical relation between the velocity field and eddy viscosity thanks to
the Boussinesq hypothesis. The second method assume a one-to-one dynamical mapping between
the low-dimensional states ni and ni−1 defined in eq. (50). The low-dimensional eddy viscosity is
approximated first using the POD decomposition on the snapshot matrix Sνt ∈ RNh×Ns as :

νt(x, t) ≈
Nνt∑
i=0

ni(t)ψi(x) = ΨnT . (50)

ψi(x) and ni(t) are the POD spatial and temporal coefficients modes for eddy viscosity respectively.
Nνt
≪ Ns denotes the selected number of modes to predict the eddy viscosity. In contrast to the

temporal coefficients modes of the velocity and pressure obtained by projecting the FOM onto
the respective POD spatial modes and subsequently solving the reduced problem, the predicted
temporal coefficients modes for the eddy viscosity are modeled via a multi-layer feed-forward neural
network or a recurrent network.

• Neural networks: Within this method, the neural networks are fed with temporal coeffi-
cients of the velocity field a and mapped to the temporal coefficient of the turbulent viscosity
ñ. ñ being the prediction from the neural network. For a comprehensive description, the
reader could refer to Goodfellow et al. [19]. In a feed-forward neural network, the output
of a single layer of a given input A ∈ RN given by Y = f(WA + b). W ∈ RM×N be-
ing the weight matrix, b ∈ RM is a bias term and f (.) is a nonlinear function that acts
element-wise on its inputs. The Multi-layer neural networks are generated by feeding the
output hl = fl+1(WlAl + bl) of a layer l as the input of the next layer. The vector hl is
often referred to as the hidden state or feature vector at the l-th layer. Generally, training
a network involves finding the parameters θ = {Wl,bl}l=L−1

l=0 such that the expected loss
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L(Ŷ,Y) between the output Y and the target value Ŷ is minimized i.e.

θ∗ = argmin
θ

[L(Ŷ,Y)], (51)

where L(Ŷ,Y) is some measure of discrepancy between the predicted and target outputs
given in some cases by:

L(Ŷ,Y) =

[
1

n− 1

n∑
i=1

||Yi − g(Yi−1;θ)||22
||Yi||22

]
. (52)

For example in the case of recurrent neural networks with g a one-to-one mapping giving by:
Ŷi = g(Yi−1;θ).

• Recurrent neural networks: This method assumes the following relationships:

νi+1
t = g(νit)⇒ ñi+1 = g(ñi). (53)

g being an unknown mapping between the flow fields of adjacent time steps. The goal consists
of learning a dynamical operator g by finding the parameters θ (weights and biases) that
allow to recurrently predict finite time series of the low-dimensional states. Recurrent neural
networks (RNNs) are designed specifically to deal with sequential data. Data coming from
transient CFD simulations or any nonlinear dynamical system is a set of time series that
is sequential. This makes the application of RNNs for non-linear dynamical systems quite
relevant [6]. RNNs differ from the traditional feed-forward neural network with the presence
of a recurrent connection. This particular recurrent connection is responsible for storing the
history of previous inputs (Xi) via hidden states. The basic mathematical structure of simple
RNNs cell for an input Ai ∈ RN and output Yi ∈ RM given as follows:

Xi = f(WxXi−1 +WaAi + b) and Yi = g(WyXi). (54)

Wx ∈ RNx×Nx , Wa ∈ Nx×N , and Wy ∈ RNx×M being the hidden, input and output weight
matrices respectively. b ∈ RM represents the bias term, andXi−1 the cell state at time i−1.
RNNs are typically trained using stochastic gradient descent (SGD), or some variant, but
the gradients are calculated using the backpropagation through time (BPTT) algorithm [65].
For a detailed discussion on BPTT the reader might refer to [4]. This work considers RNNs
equipped with LSTM (long short-term memory) units [51]. The straightforward prediction
of ν̃t at the online level is given using eq. (50) i.e.

ν̃t = ΨñT . (55)

3.2.4 POD with interpolation for mesh motion prediction

This section presents a method to reduce the computational cost associated with the mesh motion
part in the system. The advantage of this methodology is to make the online part independent of
the mesh motion technique used at the offline stage. The methodology combines proper orthogonal
decomposition with radial basis functions (RBF) networks on the point displacement field. The
interpolation using RBF is given by the following formula:

f(xj) =

N∑
j=1

wjρ(||xj − xk||), (56)

where f : R 7→ R a known map at some finite number of points f(xk) = yk, k = 1, · · · , N , ρ is a
radial basis function, N is the number of neurons in the hidden layer, and wj being the weight of
neuron j in the linear output neuron. eq. (56) can be rewritten as a linear system, namely:

y = GwT , (57)

where G = (gkj) = ρ(||xk − xj ||) being the Gram matrix. The weights are given by: w = G−1y.
The rationale behind POD-RBF regards the evaluation of the new temporal or parameterized
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coefficients computed at the parameter points ϑk; in this work, it will be a two-dimensional vector
of the pitch and plunge at a given time t. Next, the separability’s assumption on the point
displacement field is given as follows:

δ(x, tk) ≈
Nδ∑
i=1

ci(ϑ(tk))ψi(x), ∀ϑ(tk) = ϑk ∈ Θ. (58)

Θ being the training set of the airfoil motion at the offline stage, and Nδ the require number
of basis to approximate the δ. In the online stage, as input, a new time-parameter value ϑnew

is given, and using the trained weights obtained from eq. (57), the coefficient ci = ci(ϑnew) is
obtained by interpolation with RBF and ϑnew is obtained by solving eqs. (1) and (2) at the online
stage. Then, the new coefficient is computed by:

c(ϑnew) =

Nδ∑
j=1

wjρ(||ϑnew − ϑj ||). (59)

The new point displacement is predicted as follows:

δ(x, tnew) =

Nδ∑
i=1

ci(ϑ)ψi(x) = ΨcT . (60)

4 Definition of test case, simulation results, and discussion

This section shows the results obtained for our reference test case which represents two-dimensional
turbulent flow past a plunging and pitching airfoil. The simulation is carried out for a total time
of 500 flow through times (FTTs). In the present case, such time unit is defined as the time

FTT =
L

||U∞||
= 0.01 required by a fluid particle to travel a distance equivalent to the airfoil

chord L at the speed of the undisturbed stream ||U∞|| [30].
The 500 FTTs duration choice allows for the flow to fully develop also in the wake region. The

test case of the study is the analysis of a two-degree freedom flutter as shown in fig. 1.

(a)

(b) (c)

Figure 1: (a) Schematic of the fluid-structure system considered: a foil allowed to undergo 2 degrees
of freedom fully passive plunging and pitching motion with spring constraints [64], (b) a picture
of the zoomed mesh with 12 556 cells (control volumes) and 26 316 node points near an airfoil of
chord length 1.0m, (c) picture showing the position of the foil in the computational domain
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4.1 Definition of the test case

Fig. 1 (c) shows the 2D computational domain used in this work. The grid features 12 556 cells
(control volumes) and 26 316 node points. It also features an extrusion layer around the airfoil to
better capture the physical boundary layer. The molecular viscosity ν = 10−5 m2/s ≈ νair.

The boundary conditions prescribed for the velocity field at the inflow boundary are non-
homogeneous Dirichlet. The velocity value imposed is that of a uniform and constant horizontal
velocity U∞ = (Uin, 0) with Uin = 102 ms−1. Given the airfoil’s chord length L = 1.0m, the
resulting Reynolds number is 107. On the — moving — airfoil boundary a Dirichlet boundary
condition is applied, imposing that the fluid’s velocity is equal to the airfoil surface one. On the
top and bottom boundaries, we made use of symmetry boundary conditions, while, zero pressure
value and zero normal velocity gradient are prescribed at the outflow boundary. The full-order
simulations are carried out using the PIMPLE algorithm, as described in section 3.1. The PIMPLE
algorithm can adapt the time step in a way that assures the maximum Courant number does not
exceed a prescribed value which in this case, has been set to 0.5. As Reynolds average Navier-
Stokes (RANS) is used in this work, the time step ∆t is chosen based on the following rule of
thumb [30]: ∆t ≈ 100∆tDNS .

with ∆tDNS ≈
Co× η
Uin

and η ≡ L×Re− 3
4 , (61)

where L is the size of the largest eddies (in this work, L = 1m), η is the Kolmogorov length scale
and it is the smallest hydrodynamic scale in turbulent flows.

The turbulence model used in this test is the k−ω SST model, which in several works (see for in-
stance [47]) proved capable of simulating turbulent flows associated with vortex induced vibrations.
The Implicit Euler scheme is used for time discretization. As for the spatial gradients, a Gauss
linear scheme is employed. The convective and diffusive terms have been approximated with the
first-order Upwind scheme [54] for more stability. The reason is that, in the transport-dominated
turbulent regime here under study, the local Peclet number can reach peak values greater than 2.
The values of the relaxation factors αu, and αp are fixed at 0.7 and 0.3 respectively. One non-
orthogonal correction at each PIMPLE iteration is used to deal with the mesh’s non-orthogonality.
In addition, one pressure correction (inner correctors) and two momentum corrections (outer cor-
rectors) are used in the simulations. The linear solver selected combines a smoother Gauss-Seidel
solver used for the pressure equation, and a symmetric Gauss-Seidel solver for the momentum
equation. The structural motion is computed by means of the sixDoFRigidBodyMotionSolver

OpenFOAM solver. Given the external fluid dynamic forces acting on a rigid body, such a solver
is able to compute the linear and angular displacements in three dimensions. However, the airfoil
here considered is only free to translate along the vertical direction (plunge displacement) and
rotate along the axis perpendicular to the planar domain Ω (pitch displacement). The resulting
system of two second-order differential eqs. (1) and (2) is solved using the Symplectic second-order
explicit time-integrator for solid-body motion [10]. The Arbitrary Lagrangian-Eulerian (ALE)
method deals with the motion of the grid nodes resulting from the fluid-structure coupling. In
particular, the plunging displacement h, and the pitching displacement θ of the airfoil are used
to deform the mesh (in the transverse and rotational directions), as described in Subsection 3.2.4.
Table 1 reports a comprehensive summary of all the modeling and numerical parameter values
used for the simulation setup.

4.2 Simulation results

This section presents the results obtained with the reduced model developed on the airfoil test
case described earlier. As mentioned, the ROM is based on the POD-Galerkin approach for the
momentum and continuity equations (velocity and pressure fields), on POD-LSTM or POD-NNs
for the online eddy viscosity computation, and POD-RBF for the mesh displacement update.
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Table 1: Summary of simulation settings of the flow passing pitch-plunge airfoil

Flow settings Structure settings
Re 107 fsh = fh = fθ 20Hz
Time scheme Implicit Euler Time scheme Sympletic
Gradient scheme cellLimited Gauss

linear 1
m 22.9 g

Convective scheme Gauss upwind gz −9.81m/s2
Laplacian scheme Gauss linear limited

0.5
Lz -2

St =
fshc sinα

U∞
0.2 kh 3.6262× 105 Nm−1

Uin 102 ms−1 kθ 3.25× 104 Nm−1

Co 0.5 ch 2Nm−1

∆tDNS
C0×Re−

3
4

Uin
cθ 5× 10−1 Nm−1

Turbulence model k − ω SST Izz 2.057121362

In Table 1, St is the Strouhal number, fsh the frequency of the vortex shedding. Lz is the
angular momentum in Z-direction, and gz the gravity in the Z-direction. The following quantities:
m, fh, fθ, kh, cθ, kθ, ch, and Izz are defined in section 2.1.

Note that the FVM C++ library OpenFOAM version 2106 [26] has been used for data col-
lection at the full-order model level. Such a numerical solver, widely used in industrial applica-
tions [25, 52] exploits the fact that FVM locally respects the balance of momentum and mass.
At the reduced level, the reduction and resolution of the reduced system are carried out using
the C++-based library ITHACA-FV (In real Time Highly Advanced Computational Applications
for Finite Volumes) [56, 57]. ITHACA-FV is designed to carry out Galerkin projection of PDE
problems that, at the full-order level, are solved making use of FV discretization based on Open-
FOAM. The interpolation using RBF in this work has been carried out using the C++ library
SPLINTER [15]. The radial basis used for interpolation is the thin plate spline with the radial
basis’s radius set to 1. Finally, the RNNs/ NNs are built using the PyTorch library [44]. The next
Subsection assesses the qualitative prediction of the reduced model.

4.2.1 Prediction quality

The point of this Subsection is that of establishing the accuracy of the modal decomposition upon
which the reduced model is based. Table 2 presents the eigenvalues associated with the first five
dominant modes of all the fields of interest. The values reported also suggest that for the grid
nodes motion (pointDisplacement field), one single mode could be enough to predict the mesh
motion with acceptable accuracy. Hence, in this study, 1 mode will be used to predict the airfoil
motion. A more comprehensive view of the modes eigenvalues magnitude is presented in fig. 2.

#
Modes

Eigenvalues U Eigenvalues p Eigenvalues νt Eigenvalues point-
Displacement

1 1 1 1 1
2 0.001480623 0.07835354 0.007290981 0.027573111
3 0.001133095 0.008968419 0.001695786 0.00201184
4 0.000992664 0.001758634 0.000879206 0.000000351
5 0.000356768 0.000941899 0.000580963 0.00000000018

Table 2: Normalized eigenvalues of the POD modes of the fields of interest
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Figure 2: The decay of the POD modes eigenvalues for velocity, pressure, pointDisplacement,
and Eddy viscosity fields. Color code: blue – velocity, green –pressure, red – pointDisplacement,
magenta – eddy viscosity

4.2.2 Machine learning of the temporal eddy viscosity coefficients

For all the training runs in this work, a variant of the stochastic gradient descent algorithm called
adaptive moment estimation ADAM [29] is used as an optimizer. ADAM has an adaptive learning
rate method which is commonly used to train deep networks. The optimization is based on a scaled
version of the modal coefficients, given by

âj(t) =
aj(t)− ⟨aj(t)⟩

σ[aj(t)]
, (62)

where ⟨aj(t)⟩ is the mean value of the modal coefficient time series considered and σ[aj(t)] is the
corresponding variance. The dataset scaling is necessary to avoid that the gradients that enter the
computations of the cost function are too small. In such a case, it would be impossible to generate
significant updates of the parameters of the network [5]. The model parameters (weights and bias)
are trained with the PyTorch library [45] and later imported in the C++ solver to generate the
transient predicted solution for the eddy viscosity during the online computations. The full details
on training, validation, and testing are reported in A.1. The accuracy of the resulting feed-forward
NN and LSTM-RNNs model results are illustrated in Fig. 16. The four diagrams represent the
time series of the modal coefficients corresponding to the four energetically dominant modes of the
full-order model eddy viscosity, as well as their data driven approximations. In the diagrams, the
two dashed vertical lines divide the time axis into the training window, on the left, the validation
window, located between the red and blue dashed lines, and the testing window, on the right.
The picture confirms that both models are able to capture the overall trend of the reference FOM
solution, not only in the training time window, but also in the and validation and testing ones.
By a quantitative perspective, both data driven models appear accurate in the reproduction of
frequency, amplitude and phase of the first three modal coefficients of the eddy viscosity field.
The plot corresponding to the fourth modal coefficient shows instead a drop of the accuracy of
the feed-forward NN prediction, while, on the other hand, the LSTM-RNN prediction remains as
accurate as for the previous modes. Thus, this preliminary analysis suggests that both feed-forward
NN and LSTM-RNN data driven algorithms used are in principle capable of approximating with
good accuracy the eddy viscosity modal coefficients. This is of course crucial for a correct closure
of the turbulent problem at the reduced level. The next sections will then assess if the quality of
the eddy viscosity approximation — which appears high except for higher order modal coefficients
obtained with feed-forward NN — will translate into accurate ROM results.

4.2.3 ROM online resolution time

The data were generated by transient simulations running for one second and saving snapshots of
the flow field every 0.0005 seconds for a total of 2001 snapshots. All simulations were run on an HP
Pavilion laptop with AMD Ryzen 7 5700u with Radeon graphics ×16, 16GB RAM, AMD Renoir
graphics card, and Ubuntu 20.04 operating system. Table 3 reports a comparison analysis of the
the full-order and reduced-order models execution times as the number of modes for the prediction
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Stages # of modes Time [s]
Offline - 3.441516e+4

POD-NNs
Nu = Np = 5, Nnut = 3, NpD =
1

1.770725259e+4

Nu = Np = 10,Nnut = 5,NpD =
1

1.957406359e+4

Nu = 15, Np = 5, Nnut = 2,
NpD = 3

2.159144848e+4

Nu = 10, Np = 5, Nnut = 3, and
NpD = 1

1.942751287e+4

POD-LSTM Nu = Np = Nnut = 5 and
NpD = 3

1.766056714e+4

Nu = 15, Np = 5, Nnut = 3 and
NpD = 3

2.136608204e+4

Table 3: Offline and Online times comparison varying the number of modes

of velocity, pressure, pointDisplacement, and eddy viscosity is varied. This allows for evaluating
the effect of the number of modes variation on the computational cost of the online phase.

The offline stage comprises four steps: the computation of the snapshot (computed by a nu-
merical approximation of the original high-dimensional system), computation of the POD basis,
projection of the dynamics on the low-rank subspace, and the Machine Learning training of the
neural networks (including for the radial basis networks). But only the computational coast of the
first step is reported in Table 3 as it is the most expensive one. The online coast is the computa-
tional time needed to compute the solutions of the surrogate model. In Table 3, one can observe
a small speed-up as this work does not employ hyper-reduction technique.

However, the results in Table 3 suggest that the speed-up obtained by the online solution of
the reduced system is not proportional to the reduction of the unknowns obtained at the reduced-
order level. This is due to the fact that in the presence of a deforming domain such as the
one characterizing our FSI simulations, the entries of the matrices of the ROM system must be
computed at each time step through integrals on the updated full-order grid. Clearly, this is at the
moment representing a major bottleneck towards a ROM which grants significant computational
cost reduction with respect to its FOM counterpart, and work is being carried out towards lowering
the computational cost associated with the reduced model assembling. Nonetheless, the main goal
of the present work is that of assessing the accuracy of the ROM approach taken. In particular, it
is important establishing whether the interaction between the physics based reduction of the fluid
dynamic balance equations, and the data driven reduction of the turbulence and grid displacement
equations, results in an accurate solver.

4.2.4 ROM online resolution quality

The present Subsection aims at analyzing how close the predicted ROM solutions are with respect
to the FOM ones. To this end, figs. 3 and 4 shows a qualitative comparison between the solution
fields contour plots corresponding to time t = 0.1 s obtained with both the FOM and ROM solvers.
The plots in the figure confirm that, to the eyeball test, the ROM solutions obtained using both
POD-NN and POD-LSTM appear by all means similar to the high-fidelity ones.

More quantitative considerations can be driven from fig. 5, fig. 6, and fig. 7 which depict the
time evolution of the ROM L2 error of the velocity, pressure, and eddy viscosity obtained with
different combinations of modal truncation orders for the velocity field. Note that the L2 relative
error for a given quantity q is computed as follows:

ϵq =
||qFOM − qROM ||L2(Ω(t))

||qFOM ||L2(Ω(t))
× 100%. (63)

The results in fig. 5 confirm the qualitative impression of accuracy given by figs. 3 and 4, as the
velocity field errors plotted remain well below the 1% threshold for the entire simulation. The
plot also clearly indicates that the velocity field accuracy obtained making use of POD-NN is
higher than that obtained with the POD-LSTM approach. This is further confirmed by fig. 6, in
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(a) (b) (c)

Figure 3: Comparison of the velocity and pressure fields. First row velocities comparison and
second row pressure comparison. Column (a) FOM fields, column (b) reduced solution with POD-
NNs and column (c) reduced solution with POD-LSTM. The snapshots are captured in the second
period i.e. t = T = 0.1 s

(a) (b) (c)

Figure 4: Comparison of the eddy viscosity and grid node displacement fields. First row eddy
viscosity comparison and second row grid node displacement comparison. Column (a) FOM fields,
column (b) reduced solution with POD-NNs and column (c) reduced solution with POD-LSTM.
The snapshots are captured in the second period i.e. t = T = 0.1 s

19



0.0 0.2 0.4 0.6 0.8 1.0
Time [s]

2−6

2−2

ε u
[%

]

Nu = Np = 5, Nnut = 3

Nu = 10, Np = 5, Nnut = 3

Nu = 15, Np = 5, Nnut = 2

Nu = Np = Nnut = 5 (LSTM)

Nu = 15, Np = 5, Nnut = 3 (LSTM)

Figure 5: Sensitivity study of the error (log-scale) in the L2-norm versus the time evolution of the
velocity field. The red line shows the results obtained inside and outside the time window
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Figure 6: Sensitivity study of the error (log-scale) in the L2-norm versus the time evolution of the
pressure field. The red line shows the results obtained inside and outside the time window
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Figure 7: Sensitivity study of the error in the L2-norm in log-scale versus the time evolution of the
eddy viscosity field. The red line shows the results obtained inside and outside the time window
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which the error associated with POD-LSTM is approximately as high as 1%, while the POD-NN
approach results in appreciably lower error levels. The satisfactory results shown in these plots
depend on the NN / LSTM algorithm effectiveness in the calculation of the eddy viscosity field
POD coefficients time evolution. In this regard, it is worth pointing out that the fig. 7 error
magnitude suggests that a 1-2% error level for the eddy viscosity field approximation, leads to
consistently lower error values on the velocity and pressure fields. These observations seem to
further validate the data driven approach taken for the eddy viscosity field, as it appears to lead to
small errors of pressure and velocity fields, which are the main fields of interest for our simulations.
Fig. 7 also shows that the error associated with the POD-LSTM approach presents a pattern
characterized high frequency oscillations, which might be the culprit for the higher error levels
observed in the velocity and pressure fields. This is consistent with what other researchers have
observed in [5, 11, 55] in the prediction of the velocity field in a channel flow. In their study, they
reported that the phenomenon was due to an insufficient number of snapshots of the training
dataset or when the number of cells in the hidden layer was not enough. In addition to that, the
lifetime of a transient turbulent state is highly sensitive to the initial conditions and if only one
component of the initial conditions differs by 10−12, the resulting trajectory will diverge from the
truth one. It is also possible that the memory in the sequence can affect the LSTM accuracy as
reported in [41] because signals originating from chaotic dynamic systems are known to have quite
short correlated events and memory does not typically persist over long periods. In this case, the
Hurst exponent is a prominent solution [22] for further investigations. However, the mentioned
suggestions were not the emphasis of this paper. Instead, the emphasis was concentrated on the
design of the overall solver to generate a reduced model for segregated FSI solvers for turbulent
regime in the FV context.

The plots in fig. 5, fig. 6, and fig. 7 also visualize the effect of the number of velocity modes
on the accuracy of the ROM solutions. In general, increasing the number of velocity modes
considered at the online level increases the accuracy, especially in the initial transient part of the
time integration. However, an increase to values higher than 10 modes does not appear to result
in significant gains. It is finally important to point out that the snapshots for the POD have been
collected only in a training window corresponding to the first half of the time history plotted —
the one on the left of the red dashed vertical line in each plot. So, the plots also indicate that, in
the case of a periodic problem as the one analyzed, the ROM errors are not significantly growing
if time extrapolation is carried out.

A further step in the ROM results analysis is represented by the evaluation of the fluid dynamic
forces and airfoil displacement accuracy. In fact, the L2 errors discussed in the previous plots
provide information on the average discrepancy of the most relevant fluid dynamic quantities in
the fluid domain. However, the previous plots provide little information on the local distribution
of such errors, which might have relevant impact on our FSI simulations. In fact, a low overall
error in the pressure and velocity fields might still be in principle associated with high local error
in small regions, for instance surrounding the airfoil. In such a case, both the fluid dynamic forces
and the airfoil displacement might be computed with low accuracy.

Fig. 8 depicts the time history of the lift force exerted by the fluid on the airfoil. In the plot,
the FOM solution is compared to the ones obtained with ROMs making use of different number of
pressure and velocity modes. The plot suggests that both the ROM methodologies proposed are
able to obtain qualitatively good approximation of the lift force throughout the time integration
window considered, even including the initial transient. Also in this case, the plot indicates with
a red dashed vertical line the separation between the training window, on the left, and the time
window, on the right, in which the solution is extrapolating over the time variable. An inspection of
the lift curves suggests that, when POD-NN is considered, no significant error increase is associated
to time extrapolation. As for POD-LSTM, a slight degradation of the prediction quality is observed
in the extrapolation region. Further confirmation of this is given by the corresponding error plots
presented in fig. 9, in which it is possible to observe that for all the combination of pressure
and velocity modes considered, the error remains below the 1% threshold, except for the initial
transient, in which the Nu = Np = 5 solution for both POD-NN and POD-LSTM presents a
slightly higher error.

Similar plots relative to the airfoil drag are presented in fig. 10 and fig. 11. Also in this
case, the figure presents a comparison between the FOM drag curve and the corresponding curves
obtained with ROM models making use of different modal truncation orders. The plot suggests
that the qualitative behavior of the airfoil resistance is well captured across all time steps of the
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Figure 8: Times series comparison between the reference signal of the lift force acting on the foil
in Newton unit with predicted signals. The vertical line in red divides the signal in two: left
prediction in the time window and right prediction outside the time window (extrapolation)
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Figure 9: Times series of the error analysis of the lift force (original and predicted signals) from
fig. 8. The vertical line in red divides the error plots in two. Left: interpolation error and right:
extrapolation error
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Figure 10: Times series comparison between the reference signal of the drag force acting on the
foil in Newton unit with predicted signals. The vertical line in red divides the signal in two: left
prediction in the time window and right prediction outside the time window (extrapolation)
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Figure 11: Times series of the error analysis of the drag force (original and predicted signals) from
fig. 10. The vertical line in red divides the error plots in two. Left: interpolation error and right:
extrapolation error

flow simulation, including the extrapolation time window. The value of the drag error obtained
with POD-NN is again lower than 1% for the most part of the overall time history, although non-
negligible portions of the error curve pass such a threshold. Such a higher relative error is just
a product of the lower absolute value of the drag force with respect to the lift values. Thus, it
can be said that the accuracy shown by the plots is quite remarkable, and is not degrading in the
time extrapolation window. On the other hand, the error obtained with POD-LSTM appears to
settle for higher values, although it remains below 5% for the time window analyzed, including the
extrapolation region. Also, in this case, the increased error scale with respect to the lift should be
associated with the smaller magnitude of the drag force absolute value and amplitude.

As a final confirmation of the proposed ROM results quality, it is important to also consider
the time history of the airfoil displacements computed during the simulations. Fig. 12 depicts the
airfoil center of gravity position, as computed at each time step by the FOM and by the ROM
models proposed. The plot clearly indicates that all the reduced-order model solutions closely track
the full-order one. For the most part of the time window — which as usual is divided into a training
part and an extrapolation part by the red dashed line in the plot — the plunge coordinates curves
obtained with all the POD-NN models considered appear in fact overlapped to the FOM one. The
POD-LSTM results obtained making use of Nu = 15 velocity modes and Np = 5 pressure modes
have accuracy comparable with the POD-NN ones. Instead, the POD-LSTM curve associated
with Nu = Np = 5 visually appears less accurate, especially in the extrapolation region. The
corresponding error plot is presented in fig. 13. The values reported in the diagram substantially
confirm that the POD-NN error obtained with all the modal truncation combination considered,
is in average as low as 0.1%, and always below the 1% threshold. Again, it has to be remarked
that this satisfactory result does not appear to be negatively affected by time extrapolation, as the
values in the second half of the plot remain generally low.
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Figure 12: Time series comparison between the reference signal of the plunge with different pre-
dicted signals. The vertical line divides the signal in two: left prediction in the time window and
right prediction outside the time window (extrapolation)
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Figure 13: Plunge’s error analysis versus time

Fig. 14 shows the time history of the airfoil pitch angle, as simulated with the FOM solver, and
with ROM solvers making use of different eddy viscosity approximation strategies and different
modal truncation orders. Here, all the ROM solvers tested — even the ones with lower truncation
orders — lead to airfoil pitch curve approximation that are barely distinguishable from the FOM
one. This is suggesting that not only the aerodynamic force, but also its point of application are
reproduced with accuracy at the reduced order level. As a consequence, the pitch angle percentage
error plot, presented in fig. 15 displays errors that are consistently below the 0.1% value throughout
the entire simulation, for all the ROM models considered.

5 Conclusions and perspectives

This paper has proposed a hybrid projection-based ROM for segregated fluid-structure interaction
(FSI) solvers in an ALE approach at a very high Reynolds number. The Finite Volume Method
(FVM) has been used as discretization technique at the full-order level as the method ensures
conversation properties and it is a preferred choice in industry for solving complex engineering
problems as well as its ability to handle real-world geometries. This method is designed to work
effectively with segregated solvers within the ALE framework at very high Reynolds numbers. As
traditional methods can be computationally expensive, a reduced method has been introduced that
combines a POD-Galerkin projection, POD-RBF, POD-NNs, and POD-LSTM as these methodolo-
gies have demonstrated immense potential in other research’s fields. The resulting ROM framework
proposed here is modular, hybrid, and data-driven; thus, it aligns with the development of a digi-
tal twin including fluid-structure interaction effects. The ROM is tested against a benchmark FSI
problem at high Reynolds numbers to validate its accuracy and efficiency. By comparing the pro-
posed ROM to the full-order model, the results indicated that the proposed hybrid ROM achieved
acceptable accuracy, stability, and convergence. The proposed hybrid projection-based ROM offers
a promising solution for efficiently solving segregated FSI problems in an ALE framework at high
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Figure 14: Time series comparison between the reference signal of the pitch (angle of attack) with
different predicted signals. The vertical line in red divides the signal in two: left prediction in the
time window and right prediction outside the time window (extrapolation)
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Figure 15: Pitch’s error analysis versus time
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Reynolds numbers without compromising accuracy. This approach could be particularly valuable
for industries dealing with complex FSI problems, such as aerospace and automotive engineering,
where computational resources are a critical concern. A natural direction for future work will
include the construction of a robust LSTM encoder-decoder model with an attention layer to keep
track of coefficient relationships within the inputs and output coefficients. Another avenue for fur-
ther improvement is to equip the standard Galerkin projection with a hyper-reduction algorithm
to boil down the computation time.
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A Appendix

A.1 Machine learning of the temporal eddy viscosity coefficients

The main building blocks of the feed-forward NNs contain four layers: an input layer which is the
temporal vector coefficients of the velocity, two hidden layers of 10 units each followed by an ELU
(exponential linear unit) activation function, and the output layer which is the temporal vector
coefficients of the eddy viscosity. The first 50% of the data in the time series is used for training
(30%) and validation (20%) and the remaining for testing. The model is trained over 500 epochs.

For LSTM-RNNs, an LSTM Encoder-Decoder model is used for training, validation, and test
on the data set. The architecture of such a LSTM-Encoder-Decoder model has one LSTM layer
in the encoder part and another LSTM layer — in addition to one hidden layer of 5 units —
in the decoder part. The reason for the choice is that this model has been used extensively for
sequence-to-sequence prediction in the literature for NLP (natural language processing). The setup
parameters of the LSTM are reported in table 4.

Parameter Hidden
size

learning
rate

optimizer LSTM
layers

Batch
size

Epochs input
dim

output
dim

Value 1 1e-4 ADAM 1 5 500 5 5

Table 4: LSTM hyper-parameters
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