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Shannon entropy, a cornerstone of information theory, statistical physics, and inference methods, is uniquely
identified by the Shannon-Khinchin or Shore-Johnson axioms. Generalizations of Shannon entropy, motivated by
the study of nonextensive or nonergodic systems, relax some of these axioms and lead to entropy families indexed
by certain entropic parameters. In general, the selection of these parameters requires preknowledge of the system
or encounters inconsistencies. Here we introduce a simple axiom for any entropy family: namely, that no entropic
parameter can be inferred from a completely uninformative (uniform) probability distribution. When applied to
the Uffink-Jizba-Korbel and Hanel-Thurner entropy families, the axiom selects only Rényi entropy as viable.
It also extends consistency with the maximum likelihood principle, which can then be generalized to estimate
the entropic parameter purely from data, as we confirm numerically. Remarkably, in a generalized maximum
entropy framework the axiom implies that the maximized log-likelihood always equals minus Shannon entropy,
even if the inferred probability distribution maximizes a generalized entropy and not Shannon’s, solving a series

of problems encountered in previous approaches.
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I. INTRODUCTION

The concept of entropy was introduced by Clausius in the
thermodynamic framework [1] and later adopted in statistical
physics by Boltzmann and Gibbs as a tool to describe macro-
scopic systems in terms of their probabilities of occupancy of
microscopic states [2,3]. Within information theory, Shannon
axiomatically (re)derived the entropy as a quantification of the
uncertainty encoded in a probability distribution, applicable
to (among other things) the compressibility of sequences of
symbols generated by ergodic probabilistic sources [4]. This
allowed Jaynes to subsequently propose that the distribu-
tion that maximizes Shannon entropy, under the constraints
implied by the empirical information available about a real
system and realized via suitable Lagrange multipliers, pro-
vides the least biased (maximally noncommittal) inferential
description of the unknown microscopic details of that sys-
tem [5]. For systems whose physical entropy coincides with
the Gibbs-Shannon one, this maximum entropy construction
can be used to entirely reinterpret statistical physics from
an information-theoretic viewpoint. In modern research, sta-
tistical inference and model identification based on entropy
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maximization are perfectly consistent with maximum like-
lihood estimation methods and are at the heart of several
machine-learning techniques [6].

Several generalizations of Shannon entropy (the most pop-
ular of which were motivated by the statistical physics of
nonextensive and/or nonergodic systems) have been proposed
in various contexts [7-11], resulting in extended families of
entropy that usually depend, besides the traditional structural
parameters (the Lagrange multipliers), on extra entropic pa-
rameters that label the specific member of the entropy family.
For a fixed choice of these parameters, one can still maximize
the resulting entropy and generalize the inference procedure.
This is possible when there is enough knowledge a priori
about the system, so that the entropic parameter can be set
by hand to the correct value. However, knowledge about the
physical system is often not enough to identify the entropic
parameters from first principles. Moreover, the physical en-
tropy and the information-theoretic one may in general no
longer coincide for nonextensive or nonergodic systems [12].
Finally, with the available approaches it is generally not pos-
sible to maintain compatibility with the maximum likelihood
principle and, crucially, to infer the values of the entropic
parameters purely from data without encountering inconsis-
tencies, making the generalized methodology inapplicable
without prior knowledge of the correct entropy.

In this paper we discuss and alleviate those inconsistencies
by introducing an axiom that restricts the form of parametric
families of information-theoretic entropies. The axiom en-
forces a simple uninformativeness requirement and allows
for the consistent inference of the entropic parameters purely
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from the available data, as we show via analytical results
and numerical examples. The paper is organized as follows.
In Sec. II we first review the theoretical background behind
the axiomatic definitions of entropy, the maximum entropy
principle, and the maximum likelihood principle. In Sec. III
we then discuss the main contributions of the paper, i.e., the
introduction of the new axiom and its implications for the
selection of information-theoretic entropies from certain pop-
ular families, the restoration of consistency with the maximum
likelihood principle, and the generalization of the latter in
order to infer the entropic parameter(s) purely from the data.
Finally, in Sec. IV we offer some concluding remarks.

II. THEORETICAL BACKGROUND

In absence of complete information about a system, one
would like to be able to construct an optimal probability
distribution providing the least biased inference method (i.e.,
a probabilistic model) for the unobserved microscopic state
of the system, given the partial information available. The
maximum entropy principle (MEP) formalizes this idea by
first defining an entropy functional as a rigorous quantifier
for the degree of uncertainty encoded in a probability distri-
bution, and then looking for the distribution that maximizes
this entropy, compatibly with the information available about
the system. In this section, we review the various facets of
the MEP. First, we illustrate the method given Shannon’s
definition of entropy, and discuss its connection with the max-
imum likelihood principle. Then, we recall the assumptions
(or axioms) under which Shannon entropy emerges as the
unique definition of entropy. Then, we mention examples of
attempts that go beyond the traditional axioms and consider
generalized definitions of entropy. Finally, we discuss some
open challenges that stand in between generalized entropies
and the definition of a corresponding generalized MEP, setting
the stage for our main results that are discussed in the next
section.

A. Maximum entropy principle under Shannon

Given a distribution (technically, a probability mass func-
tion) P = (p(Gy), ..., p(Gg)), where p(G;) is the probability
that the discrete random variable G takes the ith outcome (or
state) G;, Q is the total number of distinct outcomes, and
clearly Zfil p(G;) = 1, Shannon entropy S;[P] is defined as:

Q
$iP1 ==Y p(Gi)In p(Gy), (1

i=1
where the subscript 1 will be justified later. The above expres-
sion is unique up to a positive overall multiplicative factor k,
which is inessential from the information-theoretic point of
view but is important for the identification (when appropriate)
with the physical entropy, in which case k carries physical
units and coincides with Boltzmann constant. The informa-
tional entropy S;[P] in Eq. (1) coincides (up to Boltzmann’s
constant) with the physical entropy derived by Gibbs [3],
which in turn generalizes Boltzmann entropy [2]. For ergodic
and short-range interacting systems, this equivalence is not
coincidental and is rooted in statistical inference, as Jaynes
showed with the introduction of the maximum entropy prin-

ciple (MEP) [5]. The MEP states that, given only a set /
of pieces of empirical information about a system (in the
physical situation, this typically means the knowledge of a
few, macroscopic conserved quantities such as the total energy
and/or the total number of particles), one should assign the
possible microscopic states a probability distribution P that
maximizes the entropy. In other words, entropy can be used as
an inference functional whose maximization minimizes bias
and prevents arbitrariness.

In particular, consider a system with a set of © potential
microstates {G;}iQ=1 and assume that the available informa-
tion / is encoded in the empirical value C* = C(G*) of a
certain (scalar or vector) function C of the microstate of the
system, where G* is the true (unobservable) microstate. For
the moment, let us assume that C* is the only observation
available (later, we will consider multiple observations of the
same variable). Since G* is unknown, the microstate is treated
as a random variable G. The MEP applied to S;[P] identifies
the maximum-entropy distribution for G, which we denote as
Po = (po(G1), ..., po(Gq)) or Py = (pi1(Gy), ..., p1(Ga)),
depending on whether C* is treated as a hard or soft constraint,
respectively.

In the case of hard constraints (microcanonical ensemble),
only a restricted number Q¢+ < 2 of microstates i for which
C(G;) matches C* exactly are assigned a nonzero probabil-
ity, which has to be uniform over the restricted support, i.e.,
po(G) = Q¢! if C(G;) = C* and py(G;) = 0 otherwise. The
resulting entropy is

Si[Py] = In Qc-. 2)

Unfortunately, calculating Q¢+ is generally a hard combina-
torial problem, which makes the microcanonical ensemble
not amenable to analytical calculations. For this reason, soft
constraints are considered more often in the literature, as we
also do in this paper.

In the case of soft constraints (canonical ensemble), only
the expected value (C) of the observable is constrained to
match C*, i.e.,

Q
(€)= p(G)HC(G)=C, 3

i=1

thus allowing for the full set of 2 microstates, however, with
a nonuniform probability p(G;) yet to be determined. To find
the specific probability p;(G;) maximizing S; under the soft
constraint above, one can introduce the Lagrange multiplier 6
(which has the same dimensionality as C), plus an additional
scalar multiplier & enforcing the normalization of P, and look
for the specific values (denoted as P, 61, @) corresponding
to the stationary point for which all the derivatives of the
Lagrangian function

i=1

Q
Li[P]=5[P] —G[ZP(Gi) - 1] —0-[C)-C1 D)

vanish (the notation 6 - C indicates the scalar product). Set-
ting the different derivatives (with respect to P;, @ and 6,
respectively) to zero produces different aspects of the final
result. Setting dL[P]/dP|p, =0, i.e., IL[P]/dp(Gi)lp ) =
0 Vi, (first vanishing component of the derivative) leads to the
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functional form of P;, which turns out to be the well-known
Boltzmann-Gibbs distribution

e~ 9-CG)

Z9) "’

Q
Zi0)=) "D 5)

Jj=1

pl(Give) =

where Z;(0) is the partition function, resulting from the nor-
malization constraint (second vanishing component of the
derivative)

0L[P]
o

Q
=0= )Y pi(Gi6) =1, (©6)

a i=1

which leads to
o =—1+1nZ () 7

independently of the value of 6. Importantly, P; is not identi-
fied entirely, until the parameter 6 is also determined. This is
attained by enforcing the vanishing of the third component of
the derivative, which identifies the value 6, realizing Eq. (3):

IL[P1]
36

Q
=0= Zpl(Giael)C(Gi)ZC*7 ®)
0 i=1

where, if 0 is a vector, the notation means again that all the
derivatives of £[P] with respect to the components of € vanish
separately. The final solution to the MEP problem is therefore
given by inserting 6; into Eq. (5), and we will denote it
as P] (01) = (p] (G] s 01 ), oDl (GQ, 91 )) The MEP with soft
constraints, which are appropriate when the observables are
expected to fluctuate, has been used successfully for inference
and model selection in many fields beyond physics, including
network theory, neuroscience, economics and biology [13,14].

B. Maximum likelihood principle

It is very important to realize that the MEP procedure
outlined above has deep connections and desirable consis-
tencies with the maximum likelihood (ML) principle, which
applies to more general (not necessarily maximum-entropy)
parametric probability distributions and states that the optimal
parameter value 6* is the one maximizing the log-likelihood
on the data G*. If applied to the exponential family from
Eq. (5), obtained by setting to zero only the first and second
components of the derivative of the Lagrangian, the ML prin-
ciple would select the value

0y = argmax,¢;(9), £;(6) =Inp(G*,0). ©)

As a first result, it is easy to show that the value 6] defined
by Eq. (9) coincides with the value 6, that would be obtained
by setting also the third component of the derivative to zero
as in Eq. (8) [15], i.e., O] = 6, (in our notation, the asterisk
next to a parameter will always denote the ML value of that
parameter), i.e.,

3£,(0)

Q
o =0= > pi(Gi.O))C(G)=C*,  (10)

or i=1

which indeed coincides with the result in Eq. (8). This means
that the ML principle can be seen as equivalent to the part of
the Lagrangian optimization relative to 6.

Moreover, it is straightforward to show that the maximized
log-likelihood equals minus the entropy:

SiP1 ()] = —€1(07), an

which is the counterpart of Eq. (2) in the case of soft
constraints. This relationship is very important, because the
maximized likelihood is at the basis of model selection crite-
ria [16,17]: if alternative models (i.e., alternative parametric
probability distributions) are compared against the same em-
pirical data, the model to be preferred (assuming all models
have the same complexity, e.g., the same number of param-
eters) is the one with highest maximized likelihood. Then,
Eq. (11) ensures that the ranking of models based on ML is
the same as the ranking based on minus their entropy: the least
uncertain (i.e., most informative) model has to be preferred.
For models with different numbers of parameters and/or func-
tional forms, the ranking based on likelihood/entropy has to
be revised, usually by removing from the maximized log-
likelihood a term quantifying the model complexity, leading
to criteria such as Akaike’s information criterion (AIC), the
Bayesian information criterion (BIC), the minimum descrip-
tion length (MDL), etc. [16,17]. While we will not consider
this situation here for simplicity, we note that Eq. (11) remains
perfectly consistent with the above criteria: in particular, the
key idea behind MDL is that the total description length of the
data, given a model, is calculated as the minimum length (after
maximal compression) of the data given the model (which is
exactly given by the entropy S;[P;(6])]), plus the entropy of
the model itself (which is the part, not considered here, that is
larger for more complex models) [17]. Also note that when the
maximum-entropy distribution P; (6}) is inserted into Eq. (4),
we get

Li[PO] = Si[P1(0])] = —€,1(0)), 12)

from which we learn that the Lagrangian, evaluated at its
stationary point P (6}), coincides with minus the maximized
log-likelihood and can therefore be used to rank alternative
models as well. All the above results indicate that the MEP
can be used as a model selection criterion, exactly as the
ML principle, by ranking models of equal complexity based
uniquely on their realized entropy.

It is also important to notice that it is actually the ML
principle that produces the interpretation for the value C*
appearing in Eq. (3). Indeed, while we started our discussion
defining C* as C(G*), where G* is the unknown microstate
of the system, there is actually nothing in Eq. (3), and con-
sequently in Eq. (8) (which follows from the MEP), that
guarantees that the (natural) definition of C* is in fact C(G*).
In other words, the only interpretation we get for C* from the
MERP is that it is the target value for the ensemble average (C).
By contrast, Eq. (8) (which follows from the ML principle)
does indicate that C* = C(G*). In this sense, the ML principle
is more informative than the MEP in identifying what is the
definition (as a function of G*) one should choose for C* as a
target value for (C).

To explain this point more clearly, let us consider the case
when there are M independent observations {C;;}’,‘n’] | about the
system, which technically means that there are M independent
and identically distributed (i.i.d.) realizations {G%}¥_, of the
microstate G (recall that G is treated as a random variable),
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on each of which the quantity C;; = C(G)) (im=1,.-- , M)
is observed. Clearly, since the system being observed multlple
times is one, the probability distribution characterizing it must
still be specified by a single value of the Lagrange multiplier
6 coupled to the quantity C. It should at this point be clear
that the principle that identifies how to optimally combine
the M observations {C;, }m | in order to estimate 6 is not the
MEP, but the ML one. Indeed, the ML principle applied to
the joint log-likelihood Zfrle In pi(G},, 6), or equivalently
to the average log-likelihood 2,00) = ZZ=1 In pi(G},, 6)/M,
can be formulated by replacing Eq. (9) with

Zm llnpl(G 0)
i .

It is easy to show that the condition 3€,(0) /36]e: = O identi-
fying 6} leads to the well-known result

Z (14)

ml

£,(0) =

0; = argmax,¢;(0), (13)

where the (arithmetic) sample average of the M observations
has emerged. So, in order to find the ML parameter value 6,
one should replace Eq. (3) with Eq. (14), or equivalently rede-
fine C* in Eq. (3) as the sample average of {C}, . In plain
words, the sample average is produced by the ML pr1n01ple
On the contrary, within the MEP construction, there is no way
of telling Egs. (4) and (8) what, in case of M observations,
the meaning and definition of C* should be. So, again, the
ML principle is in this sense more informative than the MEP.
This is another reason why one wants the entropy to be fully
consistent with what the ML principle leads to. In particular,
it is easy to show that, due to the assumed independence of
the M samples, the maximized average log-likelihood €;(6;)
still equals minus the entropy:

SIPUO)] = =41 (67), s)

generalizing Eq. (11). Note that there is no microcanonical
counterpart of Eq. (15), since Eq. (2) cannot be generalized to
the case M > 1, unless all the M values {C}}*_, are identical.
Indeed the microcanonical ensemble cannot be constructed,
because by definition it cannot account for different realiza-
tions of the values of the constraints: in case of different
observed values of the same constraint, only the canonical
ensemble is feasible.

The above discussion clarifies that it is important that the
entropy is consistent with the maximized log-likelihood, be-
cause the ML principle is needed both for model selection
and for the determination of how multiple observations of
the same system should be combined in order to optimally
estimate the parameters.

C. Shannon-Khinchin axioms

As anticipated, we now come to the origin of the expression
for the entropy in Eq. (1). From an information-theoretical
point of view, Shannon entropy is axiomatically defined
through the following four Shannon-Khinchin (SK) ax-
ioms [18]:

(1) SKI (continuity): S[P] is continuous in the entries
of P.

(2) SK2 (maximality): S[P] is maximal when P is the
uniform distribution P, = (Q~', ..., Q1.

(3) SK3 (expansibility): S[P] is expansible, i.e., it does not
change if for the variable G an (€2 + 1)-th outcome with zero
probability (p(Gqy1) = 0) is added:

S[(p(G), ..., p(Ga))] = S[(p(G)), ..., p(Ga), 0)].

4) SK4 (separablll?) the entropy of the joint distri-
bution R = (r(G(I), r(GQ“), 2(2))) of two vari-
ables GV and G(z) Wlth marginal distributions P =
(PG, ..., p(GY))) and Q = (g(GP), ..., q(GL))), re-
spectively, where p(G(l)) = Zj}(l) (G(l) 5-2)) and q(Gf)) =

Qm (G(l) G(.z)), separates as

J
S[R] = S[P] + S[QIP].

Here S[Q|P] is the conditional entropy of Q on P,
defined as S[QIP] = Y2 p(G)S[Ok]  with Qp =
(G, G /p(G"), ..., r(G,GE,)/p(G))  denoting
the conditional distribution of the events in Q on the kth event
in P. Note that in particular, if the two events are independent
(Q = Qy for all k), then S[R] = S[P] + S[Q], in which case
separability becomes additivity.

It is possible to show that the only functional form of S[P]
respecting the four SK axioms is Shannon entropy S[P].
Also, as required by SK2, the maximum value of S;[P] is
attained by the uniform distribution P,, leading to Boltzmann
entropy:

S1[P] =1nQ. (16)

No distribution P can be such that S;[P] > S;[P,].

While these axioms uniquely lead to Shannon entropy,
there exists relaxations (in particular of SK4) leading to gener-
alized entropies, e.g., Rényi or Tsallis entropy, which we will
discuss later in this paper.

D. Shore-Johnson axioms

An alternative axiomatic definition of entropy was pro-
posed by Shore and Johnson (SJ) in terms of requirements
imposed not directly on the entropy functional, but on the
resulting probability distribution, denoted as P = oI, obtained
by maximizing the entropy in presence of a set I of pieces of
information [19]. The SJ axioms are the following:

(1) SJI (uniqueness): given I, P = ol is unique.

(2) SJ2 (invariance): if I'[-] is a coordinate transformation
(change of variables), then ['[o]] = o(T'[1]).

(3) SJ3 (system independence): given two independent
systems A and B, it should not matter whether one accounts for
distinct pieces of information about them separately (in terms
of marginal probabilities) or jointly (in terms of a joint prob-
ability). This means o(Iy A Ig) = (oly)(clp), where Iy A Ip
denotes the union of the available pieces of information I, and
Iy about A and B respectively.

(4) SJ4 (subset independence): it should not matter
whether one treats an independent subset of system states
in terms of a separate conditional density or in terms of the
full system density. Consider a partition of the system’s states
into disjoint subsets {A;}; such that | J, Ay = 2, for each &
of which there is a piece of information /; available. Then
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(ol)p, = oly Yk, where I = /\k I, is the total information, and
P, = (pa(G1), ..., P (GQ)), where py, (Gi) = p(Gi|G; €
Ay) denotes the conditional distribution relative to the
subset Ay.

(5) SJ5 (maximality):' with no information available (/ =
@), P = ol is the uniform distribution P,,.

Shore and Johnson claimed that Shannon entropy is the
only inference functional compatible with their axioms, a
statement suggesting the equivalence of the SK and the SJ
axioms. However, it was later clarified [20,21] that Shore
and Johnson’s conclusion was due to an additional hidden
assumption they made inadvertently when formally using SJ3
in their reasoning. Specifically, they considered a situation
where distinct pieces of information Iy and Iz are known
about two systems A and B, and implied that the resulting
joint probability factorises as o(I4 A Ig) = (oly)(olp), thereby
applying SJ3 even if the independence of the two systems
is not guaranteed (having only disjoint pieces of information
about two systems does not guarantee that the two systems
are independent) [20,21]. The presence of this additional as-
sumption implies that Shannon entropy is in fact the desired
functional only when systems are independent: if this is not
the case, then the resulting maximum entropy distribution is
no longer maximally noncommittal with respect to missing in-
formation, as Jaynes’ MEP demands it to be [5], because there
is actually no information available about the (in)dependence
of the systems.

E. Generalized entropies

Uffink [20] showed that, if Shore and Johnson’s proof is
correctly revisited without the extra unjustified assumption,
the entropy resulting from the SJ axioms is not uniquely de-
termined and is actually an entire generalized family S{(]f '[P,
given by any increasing function f of a certain functional
U,[P] that we will call the Uffink functional, i.e.,

1
I—q

Q
SSOIP) = FW,IPY), Uq[P]=<Zp‘f<G,»)) (7
i=1

for some parameter ¢ > 0. For a given f, each entropy in
the family is identified by the parameter g, which we will
therefore call the entropic parameter. Note that an entropic
parameter plays a different role with respect to other structural
parameters entering the entropy, such as 6 in the Shannon
case discussed above. Clearly, Shannon entropy is one of the
possible members of this family. Indeed, taking f(x) = Inux,
one can show that

Q
lim S{™[P] = lim In U,[P] = — Z p(G)1n p(G;) = Si[P].
g—1 g—1

i=1
(18)

! Actually, Shore and Johnson defined the maximality axiom only
implicitly. Indeed, starting from the principle of minimum cross-
entropy, they introduced the MEP as its equivalent in the case where
the prior distribution is uniform. For this reason, even if not explicitly
axiomatized, they considered the posterior P to be equal to the
uniform distribution (i.e., the same as the prior) when no information
is available.

In other words, Shannon entropy formally corresponds to
q = 1, justifying the subscript adopted in Eq. (1) (note in-
stead that the subscript in the uniform distribution Py used
in Sec. II A to describe the microcanonical distribution under
hard constraints has nothing to do with the case ¢ = 0, which
is inadmissible). Notably, Jizba and Korbel [21,22] showed
that an entropy of the type f(U,[P]) can also be obtained from
the SK axioms, provided that SK4 is relaxed to a generalized
separability condition where the sum is replaced by the so-
called Kolmogorov-Nagumo sum,” previously introduced in
the context of generalized arithmetics [23,24]. This shows that
the SJ axioms are actually equivalent to a specific general-
ization of the SK ones. The generalization of SK4 has been
a matter of discussion in the statistical physics literature for
decades, as it relates to the subject of nonextensive (or rather
nonadditive) thermodynamics [7]. We will call any entropy of
the form f(U,[P]) an Uffink-Jizba-Korbel (UJK) entropy.

Several other generalized families of entropy resulting
from relaxations of the SK or SJ axioms have been pro-
posed [9,10]. A notable example is the so-called (c,d)
entropies S, 4[P] introduced by Hanel and Thurner [11,25]
by replacing SK4 with the assumption of trace-form (or
more in general composable) entropies, i.e., entropies that can
be written as (functions of) a sum over the states {G,'}fil of the
system. In particular, an entropy S(P) is trace form if it can be
written as a sum Zfil g(p(Gj)) for some function g. Note that
Shannon entropy is in this class, with g(x) = —xInx. More
generally, a composable entropy can be written as a function
h of such a sum, i.e.

Q
SEPP = h (Z g(p(G»)), (19)
i=1

where the entropic parameters (c, d) are determined by how
the entropy scales with the number 2 of accessible configu-
rations [8,25]. In particular, one considers the transformations
Q > AQ, Q — Q1 and identifies ¢ and d from the follow-
ing limiting ratios:

SEOUP(GL), over P(Gr))]
m e
2=o00 S"I[(p(G), ..., p(Ga))]

SEOUP(GL), woves P(Graa)]
m o
2~ §BI[(p(Gy), ..... p(Ga))]

Different choices of & and g may result in the same values
of the entropic parameters, in which case the corresponding
entropies are considered asymptotically equivalent [8]. There-
fore in this case the entropic parameters identify equivalence
classes of entropies with the same asymptotic properties. We

=l (20)

QD=1 +ay. 2D

2Considering a bijection f~' : M — N C R, the generalized arith-
metics is defined as follows:

x@y=fU O+ ),
xoy=ffT@ - o),
x@y=f(7 o,
xoy=fU7 /).
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will call the entropies that respect SK/-SK3, plus Eq. (19), the
Hanel-Thurner (HT) entropies.

F. How to identify the correct entropy

On UJK entropies, HT entropies and in principle any gen-
eralized entropy family, it is important to ensure that the MEP
can be reformulated consistently as a tool to construct proba-
bility distributions starting from observations of the system.
This procedure is sometimes called the generalized maxi-
mum entropy principle (GMEP). However, two conceptual
and practical problems are currently open.

First, while it is still possible, for a fixed value of the
entropic parameter(s), to identify the functional form of the
probability distribution maximizing the generalized entropy
under certain soft constraints, it is no longer guaranteed in
general that the enforcement of these constraints remains
consistent with the application of the ML principle to the
Lagrange multipliers and that the entropy retains a role for
model selection as in Eq. (11). Only for certain general-
ized entropies this consistency is retrieved, but not for all of
them, as we show later with some notable examples. Since
the ML principle is agnostic with regard to the form of the
probability distribution, and even more so to the type of en-
tropy the latter maximizes, this inconsistency raises suspicion.
Unfortunately, its possible origin is poorly discussed in the
literature.

Second, fundamental problems arise when considering
the determination of the entropic parameters themselves. In
particular, two main approaches have been proposed. One ap-
proach requires some a priori knowledge of the system (e.g.,
how certain properties of the entropy or of the system change
with the number of accessible configurations [8,25,26]) as
in Egs. (20) and (21), implying that, in absence of such
knowledge, the entropic parameters cannot be consistently
derived purely from data as the other parameters (in this
approach, the knowledge of the entropic parameter is viewed
as a different type of information, besides the information
obtained by the empirical measurement). Another approach
does allow for the entropic parameters to be inferred from
data, again invoking some form of maximization of the
generalized entropy [27,28]. However, as we show below,
this requirement conflicts with the ML principle, if the lat-
ter is extended to the estimation of the entropic parameters
themselves. Finally, several analyses estimate the entropic
parameter(s) by assuming a certain form of the entropy and fit-
ting the resulting maximum-entropy probability on empirical
distributions [29-42]. However, we would like to stress that
maximum-entropy distributions, even when optimally fitted to
the data, do not uniquely identify the entropy they maximize,
because they also maximize any other entropy functional that
is a monotonic function of that entropy. This point becomes
particularly critical when such monotonic function depends
on the entropic parameter(s) themselves, as we will show
below.

In the following section we introduce an axiom that, given
an entropic family, selects a specific entropic function. Subse-
quently, we apply ML to the resulting maximizing probability
distribution to estimate the entropic parameter(s). The com-

bination of both the proposed axiom and the ML principle
enables the comprehensive determination of the entropy.

III. THE UNINFORMATIVENESS AXIOM

The limitations discussed in the previous section make the
GMEP either inapplicable in practice without prior knowledge
of the correct entropic parameter(s), or inconsistent with the
ML principle and the information-theoretic consequences of
SJ3 under independence. In the rest of this section, which
contains our main results, we show that a possible solution
to this problem can be achieved starting from a seemingly
different viewpoint, i.e., by imposing an additional axiom that
somehow aligns all entropies in a given family and therefore
allows us to select the most likely member of the family
purely from data (if the latter contain information) and without
prior knowledge of the system’s properties. Remarkably, the
introduction of this simple requirement solves all the incon-
sistencies discussed in Sec. II F.

A. Uninformativeness axiom

‘We now introduce the axiom. Unlike the SK or SJ ones, this
axiom applies not to an individual entropy in a generalized
parametric family, but rather to the entire family. Indeed the
axiom does not represent yet another generalization of the SK
or SJ ones, but rather an auxiliary requirement to be added
precisely when any such generalization is made, to restrict the
form of the resulting entropic family.

(1) Uninformativeness axiom: In a parametric family of
information-theoretic entropies, the value of the entropy at-
tained by the uniform distribution P, should not depend on
the value of the entropic parameter(s).

Clearly, if the axiom is applied to families that include
Shannon entropy S| as a particular case, it implies that all
members of the family attain the same value S;[P,] = In Q2
when applied to P,. This requirement equips generalized en-
tropies with a universal scale and meaning. As we show below,
our axiom provides certain guarantees when the inference
procedure is extended to the identification of the entropic
parameters themselves. On one hand, the axiom ensures that
no entropic parameter can be inferred from a completely
uninformative (i.e., uniform) distribution, irrespective of how
the parameter estimation procedure is conceived. On the
other hand, when informative (nonuniform) data are avail-
able, the axiom ensures consistency with a generalized ML
principle and model selection approach where all parameters,
including the entropic one, can be identified from empir-
ical observations, without prior knowledge of the system.
Note that, in general, the physical entropy characterizing the
real system may be different from the information-theoretic
one identified by our axiom; nonetheless, our axiom ensures
that the maximum-entropy distribution that best describes the
physical observations can be identified consistently from
the information-theoretic entropy, without prior knowledge of
the physical entropy itself.

Note that, as required by SK2 and SJ5, for a given value of
q the Uffink functional in Eq. (17) is maximized by P,. This
requirement comes from a horizontal perspective, in the sense
that it holds for each g entropy in the family. Our axiom, on
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the other hand, provides a vertical perspective: among all the
g entropies, none of them has to be preferred when applied to
P,. In other words, the axiom ensures the uninformativeness
role of the uniform distribution not only for a specific entropy
in the family, but across all of them. Since SK2 and SJ5 ensure
that no entropy can exceed the value it attains on P,, the axiom
establishes a sort of common reference frame or universal
scale, which allows us to compare different entropies in a
parametric family consistently. In particular, it ensures that all
entropies in a parametric family that respects SK2 or SJ5 and
includes Shannon entropy as a particular case attain values
in the same interval [0, In 2], irrespective of the value of
the entropic parameter(s). We will show that this guarantee
ensures that the entropic parameter(s) can be estimated via a
model selection approach purely from the input data, if the
latter are informative (nonuniformly distributed).

B. Application to important entropy families

We now discuss some consequences of imposing the unin-
formativeness axiom to popular entropy families.

We start with the UJK entropies S,(,f ) [P] under the
requirement that the family should include Shannon en-
tropy as a particular case. The entropy S,(,f )[P] = FWU,PD,
when evaluated on the uniform probability distribution P, =
Q7 ..., Q7 1), returns the value

SPWP = fUJPD = f(Q) for g#1. (22

Our axiom requires that S,(]f )[Pu] is independent of g, which
implies that f should be independent of g. For ¢ = 1, techni-
cally Sf]f )[P]is only defined as the limit

lim SY”[P] = f(lim U,[P]), 23)
g—1 q—1

where we have used the g independence of f. If we require
that, when P = P,, this limit coincides with what Shannon
entropy returns on P,, i.e., S;[P,] =In <, then we need a
function f such that

lim SR = f(im Uy[P]) = In 2, (24)
q— q—

i.e., f(x) = Inx. Therefore, combining Eqs. (22) and (24) we
obtain f(x) = Inx for all ¢, i.e., the only viable UJK entropy
is Rényi entropy [43]

S4lP1 = S{V[P] = InU,[P] =

Q

1

= N2 FG). 25
i=1

where, since the entropy above is the only surviving one in
the family S{(]f )[P], we have removed the superscript from the
resulting S;ln)[P]. From Eq. (18) we can confirm that this
entropy reduces to Shannon entropy in the limit ¢ — 1, a
well-known result for Rényi entropy. This entropy is such that,
on the uniform distribution P,,

Sy[P] =InQ, (26)

which does not depend on ¢, as demanded by our axiom.
Therefore the only viable UJK entropy is Rényi entropy. In
general, other UJK entropies do not respect our axiom.

An important counterexample is Tsallis entropy [44], de-
fined as

Q
. 1
Tsallis _ olng) _ ) —

Sy P =8P = (;p‘f«a) 1) @7
and obtained from the so-called g logarithm f(x) = In,(x) =
x'=7 — 1)/(1 — ¢) (not to be confused with the ordinary log-
arithm of x to base ¢): indeed, when evaluated on P,, this
entropy takes the g-dependent value

. Q-7 -1
S;}Fsalhs [})u] — 1
—9q

= In, (). (28)
From the point of view of our axiom, such ¢ dependence is
a contradiction: different values of g should not artificially
attach different degrees of informativeness to an intrinsically
uninformative distribution. Seen from another point of view,
this contradiction arises from the g dependence of the function
f defining Tsallis entropy from the Uffink functional U,[P]:
such g dependence is not admitted by our axiom because
f(Uy[P,]) should not depend on ¢q. Note that the ¢ indepen-
dence of the function f defining the UJK entropy f(U,[P,])
is a nontrivial consequence of our axiom, as it arises as nec-
essary only when comparing entropies obtained for different
values of g (if only a single value of ¢ were considered,
nothing would prevent f from being specified by that value of
q). In particular, our axiom would demand g = 1 in order to
have S;rsa"is[Pu] = S§,[P,], i.e., the only viable Tsallis entropy
is Shannon entropy. We should stress at this point that the
inadmissibility of Tsallis entropy under our axiom is not in
contradiction with the many successful empirical applications
of the so-called g-exponential or Tsallis distribution maxi-
mizing Tsallis entropy for fixed g [7,29-42], because such
distribution (that we explicitly consider later in this paper) is
exactly the same as the one maximizing Rényi entropy or any
other monotonic function of the Uffink functional, as we also
discuss below. However, when that distribution is put back
into the entropy, only Rényi entropy gives consistent results
in terms of the absolute quantification of the uncertainty and
the associated ML estimation and model selection procedures.
Indeed, we will show that a ranking of models (or values of ¢)
based on Tsallis entropy would mess up the ranking based on
ML, while the use of Rényi entropy restores and extends the
consistency with the ML principle.

As another example, we apply the uninformativeness ax-
iom to the HT family of composable (c, d) entropies that can
be written as in Eq. (19). If we require Sghl’jg) [P,] = S[P,] =
InQ in analogy with Eq. (26), then the axiom translates
Egs. (20) and (21) to:

. InAQ e
lim =X 29)
Q—oo In Q2
) In Ql+a 4
lim =0+a) (30)
Q—oc In

and implies (¢, d) = (1, 1). This parameter choice identifies
the equivalence class of entropies that are additive for inde-
pendent events. Both Shannon and Rényi entropies belong
to this class. In particular, in the case h(x) =x (trace-
form entropy) and g(x) = —xInx (Shannon entropy), one
gets (c,d) = (1, 1) [8], i.e., S{";*"[P] = S[P]. Therefore
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Shannon entropy is a viable trace-form HT entropy under
our axiom. Similarly, in the case h(x) = In(x)/(1 — ¢q) and
g(x) = x? (Rényi entropy) one again gets (c,d) = (1, 1) [8],
ie., Sﬁri(x)/ d=axDp) = S4[P]. Therefore Rényi entropy is a
viable composable HT entropy. By contrast, the case h(x) =
x and g(x) = 7 — Q1) /(1 — ¢) (Tsallis entropy) leads to
(c,d) = (gq,0) [8], confirming that Tsallis entropy (which is
another trace-form entropy) does not respect our axiom.

The fact that, for both the UJK and HT families, only
Rényi entropy (or an asymptotically equivalent one) survives
our axiom does not disagree with the possibility of nonex-
tensivity of the entropy, which has led to the introduction of
many variants of entropy over the last decades [7,8]. Indeed,
while our axiom selects entropy additivity for independent
systems (as both Shannon and Rényi do), it does not have
direct implications when independence is not present or even
not known. In particular, it should be stressed that nonex-
tensivity is a property not of the entropy itself, but of how
the number 2 of configurations scales with the physical size
of the system (i.e., the number n of units or particles) [8].
Even Shannon entropy can be nonadditive if applied to a
system where Q (or Q¢+, when in presence of a constraint
C*) is not exponential in n, as clear from Eq. (16) or (2).
Note that Eq. (2) applies in the microcanonical case, but a
similar nonextensive scaling of the entropy would be exhibited
in the canonical case as well, where 5'"1@D] ig the coun-
terpart of Q¢+ and plays the role of the effective number of
(typical) realizations. An important example in this respect is
provided by random graphs: the number of all binary graphs
on n vertices is Q = 2(3), o it is superexponential [8,45].
Even when subject to various types of constraints C*, the
(effective) number Q¢+ remains superexponential [14]. At the
opposite extreme, even for systems where 2 does increase
exponentially in n, the system may still be subject to certain
constraints such that Q¢+« is subexponential in 7, so that the
resulting entropy is subextensive. An example is the class of
state space reducing processes [25]. Later in the paper, we will
show that Shannon entropy can grow nonlinearly in n even
for a simple example of n independent observations. There-
fore one first general result implied by the uninformativeness
axiom is that nonextensivity or nonergodicity (when present)
should be completely encoded in the scaling of Q¢+ with n,
thus ultimately in the identification of the proper (effective)
constraint C*, and not in the expression of the entropy itself.
Finally, we notice that, while for the considered UJK and
HT entropies the uninformativeness axiom leads to the same
result that would be obtained by enforcing the requirement of
additivity of entropy for independent processes, this does not
imply that the latter requirement is in general equivalent to
the axiom itself: indeed, the axiom can in principle be applied
to any parametric entropy family, for which different results,
irreducible to the requirement of additivity, might follow.
Future research could explore whether generalized entropic
families exist for which the uninformativeness axiom and the
additivity requirement would lead to different results.

C. Generalized MEP

In a GMEP context, a direct consequence of the fact that
our axiom restricts the viable expressions for the generalized

entropies is, of course, a corresponding restriction on the prob-
ability distributions maximizing such generalized entropies
under soft constraints (note that, under hard constraints, all
maximum entropy distributions reduce to the microcanonical
uniform distribution Py described in Sec. IT A). This restriction
can have two (related) effects: one on the functional form of
the maximum entropy distribution and one on the way the
distribution connects to the entropy itself and possibly other
quantities. The HT and UJK entropies serve as good examples
for both effects, as we now show.

For instance, while the general form for the probability
distribution that maximizes the HT entropy Sg'f) [P] in trace
form (h(x) = x) is the exponential of the so-called Lambert-W
function® W(x) [8,25], the only admissible form according
to our axiom is the one corresponding to the choice (¢, d) =
(1, 1). With this parameter choice, the W(x) function re-
duces to a linear function, so that the maximum entropy
probability reduces to the Boltzmann-Gibbs distribution in
Eq. (5) [8], consistently with the fact that the only admissible
trace-form HT entropy according to our axiom is Shannon en-
tropy, as we have shown above. To obtain a truly generalized
maximum-entropy probability, one should therefore consider
non-trace-form entropies.

In particular, considering the Rényi entropy S,[P], which
our axiom selects from both the UJK and the HT families,
the GMEP can be formulated as the following well-known
generalization of the MEP described in Sec. Il A. Given an
empirically observed value C* of a (scalar or vector) function
C(G) of the unknown microstate G of a system, the least
biased inference about G is provided by the distribution P,
that maximizes S,[P] under the (soft) constraint

2 , .
Zi:l gq(Gl)C(Gl) — C*, 3D
2iz1 PG

which generalizes the usual Shannonian constraint in Eq. (3)
(note that (C); = (C)). The quantity (C), is sometimes called
(normalized) ¢ mean and can be regarded as a mean with
respect to the so-called escort (or zooming) probability distri-
bution p(G;) = p(G;)/ ijzl p?(G;) [7,46]. This g mean has
been introduced to extend important properties and relations
from the classical (i.e., Shannonian) statistical mechanics
to the nonextensive one, including the Legendre structure
of thermodynamics, the H theorem and the Ehrenfest the-
orem [7]. However, from the point of view of statistical
inference, whether (C), is a proper choice for a constraint is a
debated issue in the literature, since this quantity might appear
to lack a direct interpretation in relation to the available data.
We will provide reassurance towards this concern: the use of
(C)4 leads to a well-defined combination of the available data
and, conveniently, regularizes the inference procedure in cases
when (C) would be unstable. Indeed, (C), is always finite as
soon as the distribution of C is normalizable, even when the
ordinary mean (C) diverges and the ordinary inference process
becomes inapplicable. Ensuring a finite value is crucial in

(C)g =

3The Lambert-W function W(x), which cannot be written in close
form, is the solution to the equation x = W(x)e*V™. The real solu-
tions are those that are relevant here.
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order to estimate the Lagrange multiplier(s) from repeated
observations and is especially important in our setting (de-
scribed later in more detail) where we want to be able to
determine ¢ purely from data, without prior knowledge of its
value and therefore without knowing beforehand whether the
ordinary mean would diverge. We also emphasize that, while
in physical systems the natural choice of the constraint(s) is
the energy and/or other conserved quantities, in nonphysical
ones this choice depends on the nature of the system itself,
as it should always capture the most informative properties
to achieve the optimal inference. For instance, in network
theory, local constraints acting on each node are commonly
adopted [47]. A second concern may have arisen in the careful
readers who noticed that the UJK entropies are usually derived
from the SJ axioms while constraining the ordinary mean
value (C), not (C),. However, later in this paper we will show
that the application of the ML principle to all parameters of the
distribution (including q) leads exactly to the same numerical
values of the GMEP probability distribution, irrespective of
whether (C) or (C), is used (provided both quantities are
finite). Finally and profoundly, the use of the ¢ mean restores
a complete consistency between the ML principle and the
Lagrangian optimization and yields a direct relationship be-
tween maximized likelihood and entropy, while the use of the
ordinary mean would fail to do so.

To carry out the constrained maximization of S,[P], we
look for the vanishing derivatives of the ¢ Lagrangian

Q
Ly[P] = S,[P] - a[z p(Gi) — 1} —6-[(C)g —C"]
i=1
(32)

with respect to P, o, and 6, and assume g # 1 from now on.
The resulting values are denoted as P, a4, 6,. In particular,
setting dL,[P]/0P|p, = 0 (vanishing first component of the
derivative) we get

o MLPY 4 pG)
= —1 - == g~ ¢
ap(Gy) (G l—¢q Zj pq(Gj)
0 - (C(Gi) — (C)q)

_ q—1 G;
qry (Gi) > 4G

(33)

for all i from 1 to €2, from which it is clear that p,(G;) depends
on 6, as in the case ¢ = 1, and additionally on ¢g. The vanish-
ing derivative of £,[P] with respect to « (vanishing second
component of the derivative) leads to a condition identical to

Eq. (6):

0Ly1P,]

Q
e =0= > p(Gi.o) =1, (34)

g i=1

which can be used to determine o, by multiplying both sides
of Eq. (33) and then summing over i. We then get

(g # 1), (35)

aqz—

1—

which is the counterpart of Eq. (7). Substituting e, in (33) and
singling out p,(G;) yields

(1= (1—=q)6-(C(G) — (C) NP
(X%, pi(G;.0)) "

where we have used the notation [x]{ =0 if x < 0, while

[x]4 = x* otherwise [7]. Note that the denominator of Eq. (36)
equals the Uffink functional U, [P, (6)] and must also equal the
generalized partition function

Pq(Gi, 0) =

. (36)

Q
Wy(0) =Y 11— (1 —q)0-(C(G)— ()L™ (37)

i=1

since p,(G;, 0) is already normalized via the condition in
Eq. (35). In other words,

o 1/(1-q)
W,0) = [Z PG, e)] =UP®). (38

i=1
Finally, the maximum entropy probability equals

[1— (=)0 (CG)— (O™

Pq(Gi,G)Z Wq(@)

. (39

which has the form of a so-called g-exponential or Tsallis [7]
distribution. Note that Eqs. (32) and (39) generalize Eqs. (4)
and (5), respectively. Moreover note that, if we formally intro-
duce a pseudostate G such that C(G) = (C )g» it follows from
Eq. (39) that p,(G, ) = 1/W,(0) = 1/U,[P,(6)]. Then, from
Eq. (38), one can see that:

Q
PG 0) =) pi(Gi0) = U P®)].  (40)

i=1

We will discuss the relationship between C (G) and C(G*)
later.

Before imposing the vanishing third component of the
derivative of the ¢ Lagrangian, let us make some general
remarks about g exponentials. When g — 1, p,(G;, 6) —
Z; 1) exp[—6 - C(Gy)], retrieving the Boltzmann-Gibbs dis-
tribution in Eq. (5). When g # 1, the g exponential has
nothing to do with the ordinary exponential and actually has
power-law tails proportional to C(G;)"/!=9 for large val-
ues of C(G;). The presence of these heavy tails, which are
widespread in several real-world complex systems [7,30-42],
is one of the reasons why ¢ exponentials have attracted in-
terest, their derivation from the maximization of a suitable
entropy appearing convenient and parsimonious [7,8]. In the
literature, there is some confusion around the fact that g expo-
nentials derive from the maximization of Tsallis entropy given
by Eq. (27). While this is certainly true, it is also true that
they derive from any of the UJK entropies in Eq. (17): the dis-
tribution maximizing U,[P] necessarily maximizes f(U,[P])
as well, for any monotonic f (indeed, our derivation above
started from Rényi entropy). Therefore, the robust empirical
support for the g-exponential distribution that has been high-
lighted in several analyses of empirical data in, e.g., quantum
chemistry [29], high-energy physics [30-34], cosmology [35],
finance [36], acoustics [39,40], seismology [37], biology [38],
and medicine [41,42] cannot be used as support for a specific
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member f* of the entropy family f(U,[P]). Indeed, there is
no direct empirical evidence, which selects a specific entropy
in the family, and the main arguments adopted in the liter-
ature towards the use of, e.g., Rényi versus Tsallis entropy
remain of theoretical or mathematical nature [7,48], such as
invoking consistency with some formal framework. In this
respect, our approach here can be regarded as an additional
theoretical consistency argument to select entropies within
families (e.g., Shannon entropy within the Tsallis family) or
restricted entropy families within superfamilies (e.g., Rényi
entropy within the UJK and HT families). Specifically, the
differences among the members of the UJK entropy family
arise when the maximum entropy ¢ exponential is put back
into the entropy itself. When this happens, the uninformative-
ness axiom has the important role of selecting Rényi entropy
as the member of the family that solves all the inconsistencies
discussed in Sec. II F, as we show later in the paper.

What remains to be done is the determination of the pa-
rameter 6 via the vanishing of the third component of the
derivative of the g Lagrangian. It is useful at this point to
introduce the reparameterization

V() = (41)

1+ 1 =9)0-(C)y

through which it is possible to (formally) remove (C), from
the expression for p,(G;, 6) and get

[1—-qgy-CGY"?
Z,(¥)

where, denoting the inverse of ¥/ (6) as 6 (),

pg(Gi, ) =

. (42

Q
Z,p) =) 1= =q)y -CGIY"™"  43)
i=1
_ W, (0 ()
[+ =90 (€)1
is the reparametrized partition function. Note that Z,(y) #

W,(0(¥)) unless g — 1, in which case ¢ — 6 and W;(6) —
Z,(0). The optimal value v, is determined by the condition

OLIPN| o X PG ) C(G) _
oy Vg Zigzlpg(Giv‘/’q)

(vanishing third component of the derivative) corresponding
to the intended requirement in Eq. (31) and generalizing
Eq. (8) to the case g # 1. One the value v, is determined via
the condition above, it can be inserted into Eq. (42) to obtain
the final maximum entropy probability distribution P, ().

(44)

c* 45

D. Link with the ML principle and model selection

We now show that the entropy selected by the uninfor-
mativeness axiom restores consistency with the ML principle
and retains an interpretation for model selection, exactly as
in the Shannon case. Both properties are not guaranteed for
other entropies. At the same time, we show how to account
for multiple independent observations about the same system.

In analogy with Sec. II B, we start with the case M =1
and define the ML estimation procedure for the parameter v,

as follows:

v, = arglrﬁnax L), () =Inpy(G* ¥).  (46)

Requiring 9€,4(¥)/0v [y, = 0, one gets

Q
3 CGH PUGL Y = CG) P (G Y7 (4T)

i=1

and, dividing both terms by Y p§(G*, ¥),

oSG Gy
T Y6 PG )
One might think that the right-hand side of the above equa-
tion is different from the desired value C* = C(G*), however
this is not the case. Indeed, considering again a pseudostate
G such that C(G) = (C), and using Eq. (40), we can rewrite
Eq. (48) as
CG 1-U-qy;-CG)
CG)  1-(0-qyr-CG

(48)

(49)

which leads to C(G) = C(G*). In other words, the value 1//;
defined by Eq. (46) coincides with the value v, defined by
Eq. (45), i.e., w; =Yy, e,

20,0 _ L PG ) CG)
oy, Y2 PG

in analogy with Eq. (45). This means that the ML principle
can still be seen as equivalent to the part of the Lagrangian
optimization relative to . Moreover, the application of the
logarithm to both sides of Eq. (40) leads to

La(g) = =SgP (W), 619}

showing that, for M = 1, the log-likelihood of the observation
coincides with minus the Rényi entropy. This extends Eq. (11)
to the case g # 1, with the following consequence. If we put
ourselves in a model selection framework where we interpret
each P, (i) for different values of g as a different model for
the same data C* (for M = 1) and where each model has a
maximized likelihood equal to P, (), then the optimal model
(if unique) corresponds to the one with the highest value of
Py(¢;). Thanks to Eq. (51), we can equivalently interpret
this ranking of different models according to their maximized
likelihood as a ranking based on their realized Rényi entropy:
the model with highest maximized likelihood is the one with
minimum Rényi entropy. Notably, other entropies of the UJK
family, including Tsallis entropy, do not manifest this prop-
erty. Also the relationship in Eq. (12) generalizes as follows:

LD = S P = —L,(U0).  (52)

relating the value of the Lagrangian attained by P,(v;) to
the maximized log-likelihood. Therefore, up to this point, it
seems that Rényi entropy retains all the desirable properties
of Shannon entropy.

We now consider the case of M > 1 i.i.d. realizations
{GE M, of the system, leading to M independent observa-
tions {C}_| of the constraint, where C}, = C(G?,) for all m.
We have already seen in Sec. II B that in this case it is the ML

c* (50
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principle, not the MEP, that identifies how to combine the M
observed values. Introducing again the average log-likelihood
Zq(lﬂ), the ML condition for ¢ becomes a straightforward
generalization of Eq. (13):

S Inp (G, )
M

w;=mg;naxiq<w>, L) = . (53)

It is not difficult to show that requiring 3¢,(1)/ Yly: =0
translates into:

Q 1 M
> CG PGy = -3 CGr Py (G ¥y) (54
i=1

m=1

or equivalently

Yo C(G) Pl (G )
MY 2 (G

which extends the classical (¢ = 1) result in Eq. (14) to the
general, non-Shannon case. We therefore learn that the arith-
metic average is no longer the optimal way of combining the
M available observations in order to determine the parameter
Y. Indeed, dismissing the arithmetic average makes sense if
we recall that, a priori, we do not even know whether the first
moment of the distribution generating the M values {C}_, is
finite. Indeed, the g-exponential distributions that are solution
to the GMEP exhibit a power-law behavior for g # 1. As a
consequence, in principle all their moments might diverge,
depending on the value of g. Assuming that g is not known
beforehand and is rather determined by the inference proce-
dure itself (as we assume later on), it would make no sense
at all to use the arithmetic average to constrain the g mean
in case of multiple observations, since that average might
become infinite in the M — oo limit when g > 3/2, while the
g mean is by construction finite whenever the distribution is
normalizable. The same problem might in principle apply to
any higher moment (C") with n > 1, while any g-generalized
moment (C"), evaluated with respect to Eq. (42) converges if
q is such that the distribution is normalizable (which is a basic
requirement for this procedure to be consistent [7]). The ML
estimator determined by Eq. (55) identifies the distribution’s
parameters, irrespective of the converge of any moment.

An important consequence of the fact that (C), is no longer
equal to the arithmetic mean of the M observations is that in
general, forg # 1 and M > 1,

SqlPy (W] # —Ly(¥), (56)
thus failing to generalize Eq. (15) to the case g # 1 and

Eq. (51) to the case M > 1. Similarly, Egs. (12) and (52) do
not generalize here. Rather, a relationship that is still valid is

SR, (U] = —,(pD), (57)

where Z,(¢) = In p,(G, ¥) is a sort of pseudolikelihood in-
volving the pseudostate G such that C(G) = (C), introduced
above. Unfortunately, Zq(l//) is no longer equal to the actual
log-likelihood Zq(w) based on the M observations. Does this
mean that, in presence of multiple i.i.d. observations of the
same quantity about a system, the correspondence between
log-likelihood and entropy is lost? The answer to this question

(C)y =

; (55)

emerges when looking at a seemingly unrelated problem, i.e.,
the selection of the optimal value of the entropic parameter ¢,
and is provided in Sec. IITE.

E. Inference of the entropic parameter

We now come to the last, and in many ways most cru-
cial, benefit implied by the uninformativeness axiom, namely
the possibility of consistently identifying the entropic pa-
rameter(s) purely from the data, without postulating a priori
knowledge about the system, such as scaling laws of the type
exemplified by Eqs. (20) and (21) [8,25,26].

To this end, starting directly with the general case M > 1,
we invoke again the ML principle and, building on its restored
consistency with the estimation of the other parameters of the
maximum entropy distribution proven in Eq. (50), extend it
to the identification of the entropic parameter(s) themselves.
This means that we now turn the model selection procedure
we discussed after deriving Eq. (51) (where we compared
different models {F,(1/)}, in terms of their maximized like-
lihoods {Pq(w;)}q) into a single ML parameter estimation
procedure, applied directly to the two-parameter distribution
P,(y). Indeed, the ML principle treats any parameter ag-
nostically, without specific interpretations, and is therefore
unaware of the fact that g and the other structural parameters
play different roles in an information-theoretic setting. Con-
sidering again Renyi entropy as the only viable entropy from
the UJK and HT families, the ML principle applied also to the
entropic parameter g is formally stated as follows:

(.. q*) = argmax, , €,(¥),
Yot 0 py(Gy )
- .

This expression immediately tells us that, once the ML princi-
ple is extended to the determination of g, the results we have
discussed in Sec. IIID represent only one side of the coin.
Now, requiring jointly

0Ly(¥) _o L)

a ’ a
v () 1

(58)

L) =

=0, (59)
Wna®)

we arrive again at Eq. (55) (with g replaced by g*) plus the
additional condition

Q

> P (Gi ) [l — (1 = g*) Yl - C(Gy)]

i=1 1 .

= 27 2 P (G W) il = (1= ") Y- (G-
m=1 ©0)

Recalling from Eq. (42) that

1= (1= g") ¥ - C(Gi) = [pg(Gi, V) Zy (Y )]' 7 (61)
we obtain the condition

Yoot 0 pg (G )
- .

Q
> P (G Y ) In pg(Gi ) =
i=1

(62)
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In other words, the additional ML condition determining
q* requires that the maximized log-likelihood equals minus
Shannon entropy, i.e.,

S1Pp (Yl = =Ly (), (63)

restoring an analogy with Eq. (15) that appeared to be lost and
replaced by Eq. (57) when considering g # 1. Remarkably,
we now realize that, when the ML principle is extended to g,
the correspondence with Eq. (15) is not replaced, but rather
accompanied by Eq. (57). On one hand, Eq. (63) generalizes
to the class of g exponentials the relationship in Eq. (15) that
is well-known for the exponential distribution. On the other
hand, it does not hold for any value of ¢ and independently on
the data, but only for the pair of values (., ¢*) that max-
imize the likelihood. In particular, the connection between
Shannon entropy and log-likelihood at the specific parameter
value (Y., ¢*) remains a general result, even for g # 1 and
M > 1. This might look quite surprising, because, for g # 1,
the log-likelihood is based on the g-exponential distribution
that maximizes Rényi, not Shannon, entropy.

Despite the surprise, the above result makes perfect sense
because we have assumed M independent observations.
Actually, it solves what would otherwise represent an in-
consistency: assuming independent observations does justify
Shore and Johnson’s original restricted interpretation of ax-
iom SJ3 and should therefore lead (once all parameters are set
to their optimal values) to Shannon entropy as the quantifier
of the uncertainty of the data. Indeed the inequality in Eq. (56)
should be put in relation with our initial discussion of the
axiom SJ3 about system independence. Recall that assuming
that the M values {C}}¥_| come from independent observa-
tions is equivalent to assuming that there are M identical and
independent copies of the same system, each copy being ob-
served exactly once. Under this assumption of independence,
the original reasoning by Shore and Johnson becomes appro-
priate and one should therefore expect that Shannon entropy,
rather than Rényi entropy, is the proper entropy describing the
combined system of M copies. Therefore the breakdown of
the correspondence between the average log-likelihood and
Rényi entropy can be regarded as a symptom of the assumed
independence of the M observations. When M = 1, we can
use Eq. (51) and combine it with Eq. (63) to obtain

Syt [Py (W] = SiPp (Y] (64)

showing that in this particular case the maximum entropy
probability distribution returns coinciding values of Shannon
and Rényi entropy, even if it maximizes the latter but not
the former. This result does not hold in general for M > 1.
An important consequence of the combination of Egs. (15)
and (63), valid also for M > 1, is that the Shannon entropy
of the distribution that maximizes Rényi entropy is not larger
than that of the exponential distribution, if the parameters are
set according to ML:

SilPp (Yl = —Lg (Yp) < —Li(¥) = iAW1, (65)

meaning that the optimized ¢* exponential achieves, in the
Shannon sense, a better compression of the data than the
ordinary (Boltzmann-Gibbs) exponential. As we show below
for a simple example, S [P-(¥,)] and S1[P; ()] might even
scale differently with the number of observations (or size of

the system), making the inequality (65) particularly relevant
for data compression purposes.

The remarkable result in Eq. (63) has an important con-
sequence for the estimation of ¢*. In particular, in order to
determine both ¢* and V., one can consider a range of
values for ¢ and, for each value in the range, compute ¥;
according to Eq. (55). This produces, for each value of ¢, a
log-likelihood Zq(w;) that is only partially maximized, in the
sense that the maximization has been carried out only with
respect to 1, and not yet with respect to g. Then, among all
these partially maximized log-likelihoods, one can select the
one with the highest value. This will identify the value ¢g* and
the associated value 7., which ultimately correspond to the

completely maximized log-likelihood Zq* (). Only for this
parameter choice (¢*, ¥,.), the log-likelihood equals minus
Shannon entropy. So from the ML condition Shannon entropy
emerges spontaneously: while the probability P, maximizes
Rényi entropy and not Shannon entropy, the latter is the cor-
rect entropy for model selection to take independence into
account. We stress once again that the physical entropy char-
acterizing the real system may be different from both Shannon
and Rényi entropies. Nonetheless, the introduction of our
axiom is consistent with an information-theoretic model se-
lection criterion, based on the maximization of Rényi entropy
to obtain the functional form of the probability distribution
and the ML principle to estimate its parameters, including
the entropic one. In order to illustrate the performance of
the above approach, we now consider two simple numerical
examples.

Our first example is a system described by an observable
C(G) taking only positive real values, i.e., C(G) € [0, +00).
Moreover, we assume that Q¢ = 1 for all C, meaning that for
each value C(G) of the observable there is only one state G
that realizes it. Thus, the sums over system states simplify
into integrals over the observable values: Z,Q:1 — fooo dC.
The probability distribution resulting from the GMEP is then:

Pg(Gi, ¥) = QR -yl = (1 =)y - C(G)I™,  (66)

where we have used Z,(y) = 1/(2 — ¢q)y. For different val-
ues of ¥ and ¢, we have drawn an i.i.d. sample of M = 10°
realizations from the distribution above, with the aim of infer-
ring the true value of those parameters purely from the data
so generated. In particular, we have generated samples from
an exponential distribution (i.e., gyye = 1), a g-exponential
distribution with finite first moment (C) (¢ue = 1.3) and a g-
exponential distribution with diverging first moment (guye =
1.6). Figure 1 shows, for the three cases, Zq(l//;‘) (blue line)
and —Sl[Pq(w;)] (orange line) as functions of g. The black
dot indicates the intersection between the two curves, which
identifies the estimated value ¢* where Eq. (63) is realized.
Since the left plot corresponds to gyye = 1, it is a standard ex-
ponential distribution. In such a case, the two curves intersect
only for ¢ = 1. By contrast, the other two cases correspond to
qwee 7 1 and the two curves intersect in two points, namely
g =1 and g = gu- In these cases, both intersections are
solutions of Eq. (63), but the solution g # 1 is the one that
corresponds to higher log-likelihood (and lower entropy). The
true values of the parameters and their inferred ML estimates
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FIG. 1. Comparison between the average partially maximized log-likelihood Z,,(w;) (solid line) and minus Shannon entropy —S: [P, ()]
(dashed line) as a function of g, for three samples of M = 10° deviates generated from the probability distribution P,(y) in Eq. (66), and in
particular: exponential distribution where gy = 1 and Ye = 5.0 (left), g-exponential (power-law) distribution with finite first moment where
Giue = 1.3 and Y = 3.0 (center), and g-exponential (power-law) distribution with diverging first moment where gy = 1.6 and ¥ = 7.0
(right). The insets show the comparison between the empirical complementary cumulative distributions of the M realized values (crosses) and
the retrieved maximum entropy distribution using the inferred values (¢*, ¥.) (solid line).

(¢*, ¥) are presented in Table I. The estimates (g%, ¥.)
have been found by solving Eq. (59) for the particular dis-
tribution in Eq. (66) (see also Ref. [49] for an equivalent
derivation). This example is very simple but explanatory: it
shows directly how Shannon entropy plays a role in model
selection even when the distribution taken into consideration
comes from the GMEP and maximizes Rényi, not Shannon.
We also stress once more that, in the last case, constraining
the usual mean rather than the ¢ mean would have not been ap-
propriate, since for ¢ > 1.5 the usual mean diverges as M —
oo; instead, by using the g average, it becomes possible to
consistently characterize the original infinite-mean power-law
distribution. Note that, in the real world, the physical entropy
characterizing the system producing the data simulated here
might be unspecified and, as such, could be different from the
information-theoretic one we are using for the inference pro-
cedure. Indeed, as stated above, also Tsallis entropy and the
HT entropies are naturally associated with power-law distri-
butions. Moreover we would also like to notice that, since the
maximized log-likelihood coincides with minus the Shannon
entropy, the selected probability distribution could be more
compressible than the one obtained setting g = 1. An example
is shown in the middle panel of Fig. 1: if the probability in
Eq. (66) represented the probability distribution of a source
generating i.i.d. symbols, then the one selected by our GMEP

TABLE 1. Comparison of true parameters’ values with ML
estimates.

qtrue 1;Z’m.le q * 1!’;*
1.0 5.0 1.0 5.0
1.3 3.0 1.3 29
1.6 7.0 1.6 7.3

and ML would be, unsurprisingly, more compressible then the
one obtained by setting ¢ = 1. Moreover, the precise value
Zq*(l//;i) coincides with the lower bound of compression, in
accordance with Eq. (65). We also note that, if the true process
generating the data has finite mean, then the estimation of ¥}
is a well-defined problem, otherwise it is not. Figure 2 shows
that the Shannon entropy of both distributions is linear in M,
with the one referred to the exponential distribution being
larger. Moreover, since in this case the data are generated
according to a finite-mean distribution, the fluctuations in both
¥, and ¥} are small. On the other hand, Fig. 3 shows a sit-
uation in which the generating process has a diverging mean.
While the estimated 1#;* is robust, ¥ has huge fluctuations
and results in a superlinear growth of the Shannon entropy.
Since ¥ = M/ 211\4:1 C7, the large fluctuations arise from the

— MxS1[Pg- ()] 2.25 1
4000 M x S1[Py (g1 )] 2.20 A
2.15 A
2.10 A — SilP(y,-))
3000 o “f"]
2.05 - 1[P1(yy)
1000 2000
2000 0.6
051 /\/\—\/\/\/
—
1000 - o
0.4 4 :
0.3
0 T T T T : T
0.5 1.0 1.5 2.0 1000 2000
M x103 M

FIG. 2. Data generated according to Eq. (66) with gy, = 1.2 and
Ve = 0.5. Left: Shannon entropy. Top right: Shannon entropy per
observation. Bottom right: Estimated Lagrange multipliers.
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FIG. 3. Data generated according to Eq. (66) with gy, = 1.7
and Ve = 0.5. Left: Shannon entropy. Top right: Estimated ;.
Bottom right: Estimated ..

fluctuating empirical average of M observations coming from
an infinite mean process. Indeed in this particular case, where
the observations come from the distribution in Eq. (66) with
qg = 1.6, ie., p(C)~ C ! with « = 2/3, we get that, for
large M, the arithmetic average diverges as M~! ZIJVI: €~
M'e=1 = M'/2_ The use of the ¢ average fixes this problem,
keeping the estimation of its associated Lagrange multiplier
stable. Such divergence is evident if one plugs the estimated
probability densities back into the Shannon entropy. In fact,
in general, S|[P,(¥)] = ﬁ —log ((2 — ¢)¥). This leads to
a superlinear growth of the entropy if the standard MEP is
applied: S [Py (¥})] = 1 — log ¢} ~ log M'/%. Instead, by ap-
plying the generalized GMEP, the entropy is Si[Py(¥.)] =
ﬁ —log((2 — q*)lﬂ;‘*) ~ const, since both ¢* and 1//;‘* do
not change with M. Incidentally, this example shows that
Shannon entropy, even if additive for independent events, can
grow nonlinearly in the number of independent observations
in case of an anomalous scaling of the relevant Lagrange
multiplier(s).

Our second and last example is the simple case of a system
characterized by a Bernoulli random variable C(G) taking
value C(G) = 1 with true underlying probability pye, and
value C(G) = 0 with probability 1 — pyye. Constraining the
q average yields

[1-(-qy-CGI/"™
T+ = (1= y]/00
Let us now call p, () the probability p,(G, ¥) when C(G) =

1 and 1 — p,(3) the probability p,(G, ¥) when C(G) = 0. It
is easily verified that

pqe(Gi, ) = (67)

(C) = py(¥) (68)
and
_ paY)
P + 1 = py(¥)1e

If we now consider M i.i.d. realizations {C;‘I}’r‘n"':l of C and
apply Eq. (54), we get pl.(y) = pgfl(w} )fi where f; =

(Clq

(69)

ZZ=1C;;/M is the empirical frequency of the observed
instances where C;, = 1. This relation trivially reduces to

fi=pel). (70)

Since there are infinite couples of (Y., ¢*) that satisfy the
ML condition and produce exactly the same maximized log-
likelihood, none of them has to be preferred over the other.
According to our approach, one finds a result, which recalls
the Shannonian case: for a Bernoulli random variable, the
parameters of the maximum entropy distribution have to be
set so that the estimated probability matches the empirical
frequency. This can be done for any value of ¢ and is therefore
a degenerate case where no specific value of ¢ can be learned
from the data, because the resulting maximum entropy distri-
butions are all identical to each other. This is not unexpected:
in fact, what we have done here in practice is trying to capture
the properties of a one-parameter binary random variable with
a distribution that depends on two parameters. Therefore this
example illustrates a situation where the data are not informa-
tive enough to infer the entropic parameter.

F. Relation with ordinary average constraints

The SJ axioms are explicitly formulated for constraints that
are linear in probability: they not only find a particular func-
tional form for the entropy, but define the whole maximum
entropy procedure including the estimation of the Lagrange
multipliers. Therefore, one may question whether it makes
sense to apply our GMEP procedure, which uses ¢ means, to
the UJK family, which derives from the SJ axioms.

In Ref. [21], Jizba and Korbel evaluated explicitly the
functional form of the probability distribution resulting from
the maximization of Uy [P] with linear constraints. Here, we
report their result using our notation. If one constrains the
ordinary mean (C) and follows the same maximization proce-
dure for S, [P] as described in Sec. III C, a different maximum
entropy distribution ﬁq (0) is obtained:

[1— (¢ — 1) (C(G)— (NI

— 71
W, @) (71)

ﬁq’(Gi) =

Following the reparameterization previously introduced, it is
also possible to write:

[1— (g — Dy -CGn1Y 7™

T , 72
Zy(¥) 7

Py (Gi, ) =

where
V) = AR (73)
1+ (¢ —16-(C)
Note that the transformation ¢' — 2 — ¢ formally links the
two types of constraint. In particular, one can see that

P (Gis ¥) = pry (Gi, ¥) = py(Gi, ). (74)

The difference between our and UJK approaches lies in the
estimation of the Lagrange parameters, and in the fact that
UJK assume that g is deducible from the physical properties
of the system. They consider a set of observations {C;}M_,
coming from systems that are not assumed to be mutually
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independent, and select the Lagrange multiplier in order to
satisfy:

(€)(6*) = Cj. (75)

where Cjx = % Zfrle C;; is simply the sample (arithmetic)
average of the observations. So, they are using the method of
moments as estimation technique. It follows that their proba-
bility distribution becomes:

[1— (¢ — 1)6*- (C(G;) — Cj1L "

py (Gi) = — 76
Py (G) 6 (76)

With our approach we consider instead a different situation.
We imagine that our set of observations comes from replicas
of the same system. Thus, we are considering an ensemble
of systems which we know are independent of each other, but
could internally have correlations which are better captured by
generalized entropies (and, consequentially, nonfactorizable
probabilities). In other words, we are addressing a hierarchical
property of entropy, which arises from the scale dependence
of correlations. Even if our GMEP procedure does not sat-
isfy SJ4 (subset independence) axiom due to the presence of
nonlinear constraints, it is consistent with the fact that the
resulting probabilities should behave differently depending on
the scale of the conditioning subset in SJ4. Moreover, it is pos-
sible to establish a relationship between the two approaches,
showing that our GMEP-ML procedure returns a probability
distribution which is equivalent to the one UJK would obtain
by considering a deformed Cjy. The probability distribution
resulting from our approach has the form:

PG, ) o [1 — (1 — @)y -C(G1Y' ™0, (77)

where ¢* is related to 6* through Eq. (41) and is here a
numerical value satisfying Eq. (54). It is possible to rewrite
Y¥* as a function of the linear average of C with respect to P;:

~

0*
I+ (- (0)
Plugging v* back into Eq. (77), we get:

Pg(Gi, 0¥ (™) o [1 = (1 = )07 - (C(G) — (Y,
(719)
which is equivalent to Eq. (76) under the transformation g —
2 — ¢  and by setting Cjyy = (C) # M ™! Zﬁle C;.. The impor-
tant difference with respect to the JK approach is that (C) is
not the sample average of the observation, but the theoretical
mean value calculated with respect to the P, resulting from
our approach, based on GMEP and ML estimation. This is
neither surprising nor in contradiction with the SJ axioms or
the JK approach: while the sample average is a good estima-
tor when one wants to be completely unbiased with respect
to the possible correlations among different systems, it fails
when one knows that at certain scales probability distributions
eventually factorize (independent systems), but still wants to
allow for dependencies at finer scales (dependent subsystems
within each system).
In order to complete the discussion, in the following we
describe how our approach behaves when the linear average
is constrained. According to the GMEP, we maximize the

v (78)

Lagrangian:

Q
L'y[P] = S,[P] — « [Z PG~ 1} —b-10) -l

i=1

(80)
We obtain then the probability distribution in Eq. (71), which
is equivalent to Eq. (72), and use the ML principle to esti-
mate /* and ¢™*. It is easy to show that ML on v leads to
a condition, which, under the ¢’ — 2 — ¢ transformation, is
equivalent to Eq. (54):

Q M
—q - 1 x\ Al—=q o P
> C(G)py (G i) = ME C(G}) by (G ).
m=1

i=1

81)
The same holds for the estimation of the entropic parameter,
which satisfy Eq. (63):

SilPy (Fg )] = —Eq (F150)- (82)

Imagine now to have a set of observations and to estimate
the parameters of P, () and ﬁq/(lﬁ), obtained respectively
constraining (C), and (C). We would obviously get that if
g = ¢*,then ¢* = 2 — ¢* and that * = ¥*. So, according to
Eq. (74), we would obtain the same probability distribution in
both cases. However, the consistency between the GMEP and
the ML is maintained only when the g-average is constrained.
In fact, considering a single observation C* corresponding to
the state G*, in the first case we have:

Ly [Py (0™)] = S [Py (0™)] = — In ppr (G*, 6%).
In the second case, instead:
Ly g [Pp ()] = Sy g [Py (6)] — 6* - [(C) — C*]
# —Inp,(G*,6%)
# —1Inpy_,(G*,0%).

Thus, the correspondence between (minus) the log-likelihood
and the Lagrangian is valid only in the first case, as well
the one with the considered Rényi entropy (i.e., the one we
maximize in the GMEP).

IV. CONCLUSIONS

A large body of literature has discussed the generalized ax-
iomatic definition of entropy deriving from the relaxation (or
unrestricted interpretation) of some of the SK and SJ axioms
(in particular, SK4 and SJ3). It is known that, when general-
ized in that way, the definition of entropy leads to parametric
entropy families where a specific value of the entropic pa-
rameter(s) usually retrieves the ordinary Shannon functional.
In a maximum entropy approach, each entropy family leads
to a corresponding family of maximum entropy probability
distributions, indexed again by the entropic parameter(s), that
provide the least biased inference about a system for which
only limited information is available, in the form of empirical
observations of a quantity treated as a soft constraint. Unfor-
tunately, when the estimated maximum entropy distribution
is put back into its defining generalized entropy, a number of
inconsistencies typically arise, including incompatibility with
the ML principle, impossibility of determining the value of
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the entropic parameter(s) purely from empirical data, and dis-
connection from Shannon entropy when multiple independent
observations of the same system are available.

In this paper, based on the fact that every member of an
entropy family is ultimately intended as a quantification of
the uncertainty encoded in the input probability distribution,
we have introduced an uninformativeness axiom demanding
that the maximally uncertain (i.e., uniform) probability distri-
bution should always return the same (maximal) value of the
entropy, irrespective of the value of the entropic parameters.
This simple axiom implies that all entropies take values within
the same interval [0, In 2], where €2 is the number of possible
(unconstrained) microstates of the system, thereby equipping
generalized entropies with a universal scale and meaning.
The axiom considerably restricts the admissible members of
entropy families. In particular, for both the UJK and HT
entropies, the axiom selects only Rényi entropy as viable. A
notable counterexample, dismissed by the axiom, is Tsallis
entropy. From an inferential point of view, the axiom guaran-
tees that completely uninformative data (or equivalently the
complete absence of empirical information) cannot be used
to learn the value of entropic parameters. At the same time
we have showed that, when informative data are available,
a straightforward extension of the ML principle leads to the
optimal estimation of the entropic parameter(s), purely from
empirical observations and without making any assumptions.

The resulting generalized ML approach couples the de-
termination of the entropic parameters with that of the other
structural parameters (Lagrange multipliers) of the maximum
entropy distribution. In particular, while the ML condition
for the Lagrange multipliers indicates which specific com-
bination of M independent observations should be put equal
to the generalized mean value of the constraint, the one for
the entropic parameters coincides with the equality between
maximized log-likelihood and minus Shannon entropy. This
remarkable result shows that the connection between Shannon

entropy and log-likelihood holds true also for generalized
entropies (for the appropriate ML value of the entropic pa-
rameter) and is consistent with the assumed independence
of the M observations. When M = 1, the maximum entropy
probability returns coinciding values of Rényi and Shannon
entropies, even if it maximizes the former but not the latter.
For multiple independent observations (M > 1), the connec-
tion between log-likelihood and Shannon entropy remains,
while the connection with Rényi entropy disappears, as a
result of independence. Therefore the log-likelihood, when
maximized also over the entropic parameters, automatically
finds, in the parametric family of entropies constructed under
the GMEP, the optimal one to be used for model fitting and
selection. This makes the GMEP even sharper in identifying
the unbiased maximum-entropy probability distribution. We
believe that the introduction of the uninformative axiom has
beneficial effects for statistical inference and its many appli-
cations, offering a way of constructing generalized entropies
that have still controllable and consistent properties.
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