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Abstract

In order to provide better quality on a variety of equipment, services and
new technologies to the community, periodic materials as laminates and
periodic structures as foams are constantly gaining more attention world-
wide, due to the fact that these structures present suitable mechanical
behaviours, enhanced physical properties and are yet low-cost. There-
fore, it is crucial to understand how these structures respond for di erent
physical and mechanical problems. The present thesis exploits how cer-
tain periodic structures behave and respond under thermo-mechanical
loading and fracture phenomena.

In the rst part of the thesis, a multi-scale variational-asymptotic ho-
mogenization method for periodic microstructured materials for ther-
moelastic problems with one relaxation time is exploited. The asymp-
totic expansions of the micro-displacement and the micro-temperature
elds are rewritten on the transformed Laplace space and expressed as
power series of the microstructural length scale, leading to a set of re-
cursive di erential problems over the periodic unit cell. The solution of
such cell problems leads to the perturbation functions. Up-scaling and
down-scaling relations are then de ned, and the latter allow expressing
the microscopic elds in terms of the macroscopic ones and their gra-
dients. The variational-asymptotic scheme to establish an equivalence
between the equations at macro-scale and micro-scale is developed. Av-
erage eld equations of in nite order are also derived. The e ciency
of the proposed technique was tested in relation to a bi-dimensional or-
thotropic layered bodies with orthotropy axis parallel to the direction
of the layers, where the mechanical and temperature constitutive prop-
erties were well established. The dispersion curves of the homogenized
medium, truncated at the rst order are compared with the dispersion
curves of the heterogeneous continuum obtained by the Floquet-Bloch
theory. The results obtained with the two di erent approaches show a
very good agreement.

The second part of the thesis is focused on assessing the occurrence of

XiX



fracture in Triply Periodic Minimal Surfaces (TPMS) foams subjected
to compressive loading. TPMS, described by the mathematics commu-
nity, may be exploited as a backbone for developing a new class of foams
with open porosity for a wide range of engineering and biomedical appli-
cations. Therefore, a comprehensive analysis of their fracture response
is fundamental and is herein attempted. To this aim, a 3D phase eld
model is outlined and applied to TPMS foam structures under com-
pression, with the goal to predict critical points for crack nucleation,
potential crack paths, and the sti ness and maximum compressive stress
of the unit cell, which can be related to the apparent Young's modulus
and apparent strength of a macro-scale composite made of such TPMS
unit cells. A careful mesh sensitivity analysis was conducted on the
specimens, to provide guidelines on how to identify the optimal nite el-
ement discretization consistent with the internal length scale parameter
of the phase eld approach to fracture. The major predicted mechanical
properties for ve di erent TPMS open foams, and for di erent levels

of porosity, are summarized in Ashby plots. The predicted trends are in
agreement with previous results on TPMS taken from the literature and
show that TPMS can outperform standard Aluminium open foams.
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Chapter 1

Introduction

1.1 Periodic materials

Periodic structures, such as composite laminates consisting of substructures period-
ically arranged, have been drawn attention because of their inherent characteristics
that the periodicity attribute bring. For instance, periodic layered materials present
unique dynamical features which make them act as mechanical lters in wave propa-
gation. Apart from man-made materials and motivated by Richard's Feynman quote
"We are not to tell nature what she's gotta be... She's always got better imagination
than we have.! nature provides fundamental structures that, once they are unre-
vealed by science, they might be utilized and replicated for our own purposes. So
much so, soap Ims, as known as minimal surfaces, and the periodic minimal sur-
faces structures, have been widely identi ed and applied in a broad range of scienti ¢
elds. Overall, the present thesis addresses some physical and mechanical problems,
mathematically modelling them using some cutting-edge techniques in thermoelastic
wave propagation and fracture mechanics, which the capability of the models are
assessed over materials with periodic features. This section mainly concerns to a
brief discussion on these periodic materials (partially taken from [16, 17]).

1.1.1 Layered materials and applications

A layered material, or simply a laminate, is an example of a composite material

which is made of a combination of materials stacked on each other to form a new
material system, which will present enhanced chemical resistance and tailoring prop-
erties compared with the conventional materials one by one separately, as raw steel
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[18]. A notorious example from history that can be cited is the Japanese Samurai
swords. Samurai warriors combined laminated metals to forge their swords, these
combinations allow designing desired shapes and contours, and aside from aesthet-
ics, these combinations were aimed to produce structural advantages as, low weight
and high sti ness at the same time, which leads to less susceptibility to breakage
upon impact, and even more a ordable swords. With the fast industrial develop-
ment, composite materials are being currently used in the components of aircraft,
helicopters, satellites, space shuttles, automotive vehicles, among other applications
[19], some examples are displayed in Fig. 1. It has been analyzed the dynamical
characteristics of wave propagation in periodic layered materials, where they work
as mechanical Iters for the frequency bands [20].

(a) Automotive vehicles engineering. Source (b) Aerospace engineering. Source [22].
[21].

Figure 1: Industrial applications of laminated composites.

Composite materials, as well as laminates, can be viewed from their physical
properties which are classi ed either the microscopic and macroscopic level to de-
scribe the scale of material characterization. The term macroscopic is related to
the properties of the bulk, in other words, it concerns to the overall behaviour of
the system, in the context of the present work, to the layered material as a whole,
meaning that a macromechanical analysis considers the averaged properties of the
composite. Whereas, the term microscopic deals with the constituents properties
and elements of the composite, it refers to the fundamental structure of the mat-
ter. Thus, a micromechanical analysis recognizes the heterogeneity of the material,
and calculated properties from this analysis might serve as basis for input into the
analysis for predicting macrostructural properties. Naturally, from the de nition of
anisotropy, an orthotropic continuum means that the mechanical, physical, thermal
and electrical properties of the material are di erent in three mutually orthogonal
directions [23].

Nowadays, material availability, economics and market competitiveness are dic-
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tating the role laminate composites are playing in engineering design by the optimiza-
tion of the cost-e ective manufacturing process. In fact, for some aircraft structural
components, more than30% weight savings in existing metal structures are achieved
by using composite materials, representing impressive performance gains [1]. Fig. 2
shows an example of a laminate periodic-like composite used in aircraft fuselage skin.
Additionally, modeling combined phenomena as elasticity and heat transfer on multi-
phase materials containing a periodic microstructure, such as laminates, is a topic of
vast importance in modern applications, such as aerospace, aircraft, biomedical and
electronics [24 28]. Laminates are also often engaged in photovoltaic modules. Re-
garding to thermoelastic phenomenon, thermo-elastic deformations in photovoltaic
laminates have been analytically investigated in [29]. Nonetheless, a plethora of
problems are assumed on heterogeneous continuum with a small accuracy over the
microstructural length scale. Furthermore, deriving the solution of standard physi-
cal phenomena, as the governing thermoelastic partial di erential equation with one
relaxation time tackled in Chapter 2, may be cumbersome both analytically and
numerically, due to the periodicity of the media [30, 31].

Figure 2: Laminated panel in aircraft fuselage skin. Taken from [1].

In order to provide a novel perspective to approach the solution of several phe-
nomena within composite materials, specially layered medias, the multi-scale vari-
ational asymptotic homogenization arises among them, which has been well estab-
lished in earlier works [32 35]. Multi-scale variational asymptotic homogenization
show themselves as e ective tools for determining the responses of the microscopic
phases on the overall properties of the composites, by replacing the heterogeneous
continuum by an equivalent homogenized model, whose solutions are good approxi-
mations of the real ones, but are characterized by constitutive tensors not a ected by
the fast variable which gives rapid oscillations due to the underlying microstructure.
Therefore, such procedure is computationally e ective [36, 37].
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1.1.2 Triply Periodic Minimal Surfaces and their applications

As it will be seen forthcoming in Chapter 3, Section 3.1.1, a minimal surface can
be interpreted as a surface that is locally area minimizing when a boundary curve
is given, speci cally they may also be de ned as surfaces with zero mean curvature
[38, 39], i.e. the arithmetic average of the principal curvatures vanishes everywhere
on the surface. Started by Plateau's experiments over surface tension with soap
Ims in the mid of the 19th Century [40], those experiments had demonstrated the
existence of stable surfaces with least area bounded by a closed curve, and known
nowadays as Plateau's Problem. Lately, resolving Plateau's problem regards to the
minimization of the energetic cost of the surface, since the total interfacial energy
depends on the amount of interface, and hence, on the principal curvatures [41].

Intuitively, a legitimate question rises, beside soap Ims, whether such behaviour
is reproduced by nature. Indeed, minimal surfaces are frequently seen in natural
objects, for instance, in beetle shells, weevils exoskeletons [2, 3] (see Fig. 3), crus-
tacean skeletons [42 45], trabecular bone [46, 47], whose interface presents mean
curvature near to zero everywhere. Figs. 4 and 5 show minimal surfaces structures
in butter y wing scales [4, 5, 48], where interestingly the blue color seen over the
butter y wing in Fig. 5 is particularly patterned by the mathematical geometry of a
minimal surface, rather than other biological-chemical feature [6]. In what concerns
to engineering applications, minimal surfaces have been widely used in several areas
of knowledge. The engineer Otto Frei designed the Olympic stadium, depicted in
Fig. 6, in Munich for the 1972 Summer Olympics based on minimal surfaces [49].

In this context, Triply Periodic Minimal Surfaces (TPMS) are minimal surfaces
which have periodicity throughout the three space dimensions. TPMS struts are
ourishing as objects of great interest to physicists, biologists, and mathematicians
[50, 51]. From the standing point of mechanics, it has proved TPMS are not only
geometrically extremal but extremal for heat and mass transport, electric conduc-
tion, leading to applications involving chemical reactions, permeability (see Fig. 7a),
catalytic converters, fuel cells, batteries electrodes (Fig. 7b) and heat exchangers
[52 58].

Studies demonstrate that TPMS sheet solids are a type of sca old architecture
with signi cant potential bene ts for tissue engineering and bone replacement, as
illustrated in Fig. 8 [8, 60, 61], and most recently for osseo-integration in root
implant [62]. On this regard, thanks to developed automated assembly and additive
manufacturing (AM) techniques [63 66], progress have been made in manufacturing
TPMS cellular materials for engineering applications for orthopedic applications
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Figure 3: Weevil Lamprocyphus Augustus exoskeleton. Adapted from [2, 3].

Figure 4. Callophrys Rubi butter y wing scales. Adapted from [4, 5].

[59, 67 70]. They also showed enhanced mechanical properties when compared to
other cellular structures, and thus are promising candidates for various technological
applications regarding compressive and tensile regimes [71, 72].

On one hand, analysis from experimental tests of TPMS geometries in quasi-
static compressional regimes are being pursuit. On the other hand, fewer studies are
exploiting numerical models on TPMS structures to assess fracture behaviour and
deformation mechanism (see for example [73 75]). Consequently, as good headway is
being made on developing, implementing and analyzing methods for brittle fracture
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Figure 5: Morpho Sulkowskyi butter y wing scales. Adapted from [6].

Figure 6: Olympic Stadium in Munich. Source [7]

for solid shells [76], ber composites [77, 78], and for surfaces with complex topologies
[79], Chapter 3 evidences the numerical phase eld model applied to open foams
TPMS like structures.
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