
M
c

M
a

b

c

a

A
R
R
A
A

K
C
R
M
M
N

1

n
i
c
(
t
t
a
m
c
t
s
b

p
p
t
t
t

h
0

Journal of Process Control 73 (2019) 58–74

Contents lists available at ScienceDirect

Journal  of  Process  Control

j our na l ho me  pa g e: www.elsev ier .com/ locate / jprocont

ethodology  for  robust  multi-parametric  control  in  linear
ontinuous-time  systems

uxin  Suna,b,  Mario  E.  Villanuevab,c,  Efstratios  N.  Pistikopoulosb, Benoît  Chachuata,∗

Centre for Process Systems Engineering, Department of Chemical Engineering, Imperial College London, UK
Artie McFerrin Department of Chemical Engineering, Texas A&M University, College Station, TX, USA
School of Information Science and Technology, ShanghaiTech University, China

 r  t  i  c  l e  i  n  f  o

rticle history:
eceived 5 April 2018
eceived in revised form 10 August 2018
ccepted 5 September 2018
vailable online 19 December 2018

eywords:
onstrained linear-quadratic regulator

a  b  s  t  r  a  c  t

This paper  presents  an  extension  of  the  recent  multi-parametric  (mp-)NCO-tracking  methodology  by
Sun et  al.  [Comput.  Chem.  Eng.  92 (2016)  64–77]  for  the  design  of robust  multi-parametric  controllers
for  constrained  continuous-time  linear  systems  in the  presence  of uncertainty.  We  propose  a  robust-
counterpart  formulation  and  solution  of multi-parametric  dynamic  optimization  (mp-DO),  whereby  the
constraints  are  backed-off  based  on  a worst-case  propagation  of  the  uncertainty  using  either  interval
analysis  or  ellipsoidal  calculus  and  an  ancillary  linear  state  feedback.  We  address  the  case  of additive
uncertainty,  and  we  discuss  approaches  to dealing  with  multiplicative  uncertainty  that  retain  tractability
obust model predictive control
ulti-parametric programming
ulti-parametric NCO-tracking
eural network classifier

of  the  mp-NCO-tracking  design  problem,  subject  to extra  conservativeness.  In  order  to  assist  with  the
implementation  of  these  controllers,  we  also  investigate  the  use  of  data  classifiers  based  on  deep  learning
for  approximating  the  critical  regions  in  continuous-time  mp-DO  problems,  and  subsequently  searching
for  a  critical  region  during  on-line  execution.  We  illustrate  these  developments  with  the  case  studies  of

(FCC)
Publi
a fluid  catalytic  cracking  

© 2018  The  Author(s).  

. Introduction

On-line optimization and real-time control have received sig-
ificant attention over the past few decades, driven by the need to

mprove performance and reduce economic costs in industrial pro-
esses. The strategy employed in classical model predictive control
MPC) entails the repeated solution of an optimal control problem
hat predicts the system’s future behavior over a finite, receding
ime-horizon, using the current state measurements or estimates
s initial conditions [42]. The optimized control actions are imple-
ented until the next measurements become available, effectively

reating a feedback control. This process can be quite computa-
ionally demanding and cause important delays for fast dynamic
ystems, thereby leading to suboptimal performance or even insta-
ility.

Several strategies have been developed to mitigate the com-
utational burden caused by the on-line solution of optimization
roblems in MPC. In the explicit MPC  paradigm [38], the optimiza-

ion is performed off-line, resulting in an explicit mapping between
he control actions and the initial state or other measurable quanti-
ies. For continuous-time systems in particular, this approach gives

∗ Corresponding author.
E-mail address: b.chachuat@imperial.ac.uk (B. Chachuat).

ttps://doi.org/10.1016/j.jprocont.2018.09.005
959-1524/© 2018 The Author(s). Published by Elsevier Ltd. This is an open access article
 unit  and a chemical  reactor  cascade.
shed  by  Elsevier  Ltd.  This  is  an  open  access  article  under  the  CC  BY  license

(http://creativecommons.org/licenses/by/4.0/).

rise to multi-parametric dynamic optimization (mp-DO) problems,
which may either be transformed into finite-dimensional multi-
parametric programs via a full discretization (direct approach), or
handled directly using optimal control theory (indirect approach).
Another way  of reducing the computational burden in MPC  involves
tracking the necessary conditions for optimality (NCO), the so-
called NCO-tracking approach [6,22]. For continuous-time systems,
NCO-tracking starts by characterizing the optimal switching struc-
ture of a nominal optimal control. Under the assumption that this
switching structure remains unchanged in the presence of uncer-
tainty, feedback laws are then constructed for tracking the active
constraints and reduced-gradient conditions along each arc.

Recently Sun et al. [47] have introduced the multi-parametric
(mp-)NCO-tracking approach, which combines mp-DO and NCO-
tracking into a unified framework for explicit MPC  via the indirect
mp-DO approach. This approach has been demonstrated for con-
strained linear-quadratic optimal control problems. It provides a
means for relaxing the invariant switching-structure and active-set
assumptions that is typical of NCO-tracking by constructing criti-
cal regions for each switching structure. It furthermore empowers
a reduction in the number of critical regions compared with direct

mp-DO approaches, for which the time discretization and control
parametrization can result in a large number of constraints.

One limitation within this framework is that mp-NCO-tracking
controllers are based on a certainty-equivalence principle, whereby

 under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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he future of the system is optimized as if neither external dis-
urbances nor model mismatch were present, despite the fact that
uch disturbances and mismatch are the reason why  feedback is
eeded in the first place. This situation is similar to classical MPC
4,42] and is a clear call for the development of robust mp-NCO-
racking controllers. Popular approaches to designing robust MPC
ontrollers for linear systems rely on the construction of ancillary
eedback laws using linear matrix inequalities (LMI) and min–max
ptimization [23,24,31,43,45]; the propagation of robust forward
nvariant tubes enclosing the state trajectories for all possible dis-
urbance realizations [29,33,34,39–41]; and the reformulation of

PC  as a multi-stage optimization problem using dynamic pro-
ramming and subsequent robustification of the subproblems [25].
he approach to robustifying mp-NCO-tracking controllers devel-
ped through this paper is inspired by tube-based MPC. It involves
acking-off the path and terminal state constraints based on a
orst-case uncertainty propagation, for instance using interval

nalysis or ellipsoidal calculus. An important advantage of this
pproach is that it retains the same complexity as with nominal
p-NCO-tacking controllers. Preliminary results have been pre-

ented in [48], which are extended herein by introducing ancillary
eedback laws in order to reduce the conservativeness.

A second limitation of the mp-NCO-tracking methodology in
47] is the lack of a systematic procedure for characterizing the crit-
cal regions in continuous-time mp-DO problems and searching for

 critical region during on-line execution. This is due to the fact
hat the critical regions in mp-DO may  be non-convex and closed-
orm expressions describing their boundaries may  not be available
n general. This contrasts with explicit NLP, e.g. based on mp-QP,
or which powerful detection and mapping of the critical regions
re available, including geometrical techniques [3,5,46], combina-
orics [13,15,17], and, more recently, graph-theoretic approaches
1,37]. Herein, we investigate the use of data classifiers based on
eep learning [2,14] in order to characterize the critical regions

n mp-DO. Such classifiers take the control problem parameters
s inputs and map  the corresponding critical regions in terms of
heir switching structures. Similar applications of machine learn-
ng within explicit MPC  have been proposed for approximating the
olution of both linear and nonlinear MPC  [16,28]. Another feature
f data classifiers lies in their ability to estimate the likelihood of

 given parameter value to belong within a certain critical region,
hus providing a basis for the point-location problem during the
n-line execution of mp-NCO-tracking.

The rest of the paper is organized as follows. Section 2 gives a
ormulation of the optimal control problem of interest and pro-
ides some background on the mp-NCO-tracking methodology.
he two main contributions of the paper, namely the use of data
lassifiers for mapping of the critical regions in mp-DO and the
obust-counterpart formulation and solution of mp-NCO-tracking,
re detailed in Sections 3 and 4, respectively. The case study of

 fluid catalytic cracking (FCC) unit is used throughout these two
ections to illustrate the theoretical developments. A second case
tudy concerned with the control of series of chemical reactors is
resented in Section 5. Finally, Section 6 concludes the paper and
iscusses future research directions.

Notation. The set of compact subsets of R
n is denoted by K

n, and
he subset of compact convex subsets by K

n
C. Given two subsets

, Z ∈ K
n, their Minkowski sum is

 ⊕ Z:={w + z | w ∈ W,  z ∈ Z},
nd their Minkowski (or Pontryagin) difference is

 � Z:={w ∈ W | ∀z ∈ Z, w + z ∈ W}.
 Control 73 (2019) 58–74 59

An interval vector is given by
[
yL, yU

]
∈ K

n
C, with the interval radius

and midpoint defined as

rad(
[
yL, yU

]
):=1

2

(
yU − yL

)
∈ R

n,

mid(
[
yL, yU

]
):=1

2

(
yU + yL

)
∈ R

n .

The set of n-dimensional positive semi-definite [resp. positive defi-
nite] matrices is denoted by S

n+ [resp. S
n++]. An ellipsoid with center

q ∈ R
n and shape matrix Q ∈ S

n+ is given by

E(q, Q ):=
{

q + Q
1
2 v
∣∣∣ v ∈ R

n, vT ≤ 1
}

.

The support function V [Z] : R
n → R  of a set Z ∈ K

n is defined as

∀c ∈ R
n, V [Z](c):=max

z
{cT z|z ∈ Z}.

In particular, the support functions of the interval
[
yL, yU

]
and the

ellipsoid E(q, Q ) are

V [E(q, Q )](c) = cT q +
√

cT Qc,

V [yL, yU](c) = cT mid(
[
yL, yU

]
) + abs(c)T rad(

[
yL, yU

]
),

with abs(c) := (|c1|, . . .,  |cn|)T. The ith row [resp. column] of a matrix
A ∈ R

m×n is denoted by A(i,·) [resp. A(·,i)]. ek ∈ R
n denotes the vector

with a 1 in the ith coordinate and 0’s elsewhere.

2. Problem formulation and background

We consider constrained linear-quadratic optimal control prob-
lems under uncertainty, in the form of

inf
x,u

1
2

∫ T

0

x(t)T Qx(t) + u(t)T Ru(t) dt + 1
2

x(T)T Qfx(T)

s.t. ẋ(t) = Fxx(t) + Fuu(t) + F�� + Fww(t) + f0

x(0) = B�� + b0

g(x(t), u(t), �):=Gxx(t) + Guu(t) + G�� + g0 ≤ 0

h(x(T), �):=Hxx(T) + H�� + h0 ≤ 0,

(1)

where u(t) ∈ R
nu and x(t) ∈ R

nx are the control input and the state
response at a given time t; � ∈ �,  with � ∈ K

n�
C , is the parame-

ter vector; w(t) ∈ W ,  with W ∈ K
nw
C , is the additive time-varying

uncertainty; Qf ∈ S
nx+ , Q ∈ S

nx+ , and R ∈ S
nu++ are given weighting

matrices; and Fx ∈ R
nx×nx , Fu ∈ R

nx×nu , F� ∈ R
nx×n� , Fw ∈ R

nx×nw ,
f0 ∈ R

nx , B� ∈ R
nx×n� , b0 ∈ R

nx , Gx ∈ R
ng×nx , Gu ∈ R

ng×nu , G� ∈
R

ng×n� , g0 ∈ R
ng , Hx ∈ R

nh×nx , H� ∈ R
nh×n� and h0 ∈ R

nh are all
constant matrices or vectors.

The main objective herein is to construct robust mp-NCO-
tracking controllers that can guarantee feasibility against the
worst-case scenario of the time-varying uncertainty w(t). The focus
is on developing robust formulations that are amenable to numer-
ical solution at a similar computational effort as the nominal
mp-NCO-tracking controllers in Sun et al. [47], i.e. with Fw = 0 in
(1). Another principal objective is the use of data classifiers based
on deep learning to approximate the critical regions in continuous-
time mp-DO problems, and subsequently search for a critical region
during on-line execution. Before presenting these two  contribu-
tions, we  provide an overview of mp-DO and mp-NCO-tracking in
the following subsections.
2.1. Multi-parametric dynamic optimization

In the absence of uncertainty (Fw = 0), an optimal solution to
Problem (1) for a given parameter value � can be characterized by
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Output: Trained MLP for mp-DO problem (1) with K ≤ NS switching structures.
Fig. 1. Principle of multi-parametric NCO-tracking.

eans of the first-order necessary conditions for optimality (NCOs)
n the form of a multi-point boundary value problem [7]; see [47]
or a complete list of conditions and related controllability and reg-
larity assumptions. It consists of the tuple (u(t), x(t), �(t), �(t), �, �),
here �(t) ∈ R

nx are the co-state (adjoint) variables; �(t) ∈ R
ng ,

he multipliers for the path constraints; � ∈ R
nh , the multipliers for

he terminal constraints; and �, the multipliers for extra interior-
oint constraints in the presence of high-order state constraints.

 solution typically consists of finitely (Nt(�)) many arcs, which
efine the so-called optimal switching structure (S(�)). The switch-

ng times tk(�), k = 1 . . . Nt(�) − 1, between consecutive arcs in the
ptimal solution either correspond to the activation or deactivation
imes for a given path constraint, or touch-and-go points in the case
f higher-order state constraints.

Each critical region �i ⊆ �,  i = 1, . . .,  NC of the mp-DO problem
1) comprises those parameter values � ∈ �i for which the opti-

al  control solutions all share a common switching structure Si.
n explicit parameterization of the optimal solutions in a critical
egion can be derived from the equality conditions in the paramet-
ic NCOs, and comes in the form of [47]

∀� ∈ �i,

(u(t), x(t), �(t), �(t), �, �) = Ki
(

t, �, t1(�), . . .,  tNi
t−1(�)

)
.

(2)

he remaining inequality conditions in the parametric NCOs yield
n implicit description of the boundary of a critical region. At the
oundary between two critical regions, at least one terminal or path
onstraint will thus change from active to inactive. This is similar in
ssence to the idea in region-free explicit model predictive control
27].

.2. mp-NCO-tracking methodology

The mp-NCO-tracking methodology proceeds in two  steps, as
llustrated in Fig. 1:

(i) The off-line step defines the multi-parametric control struc-
ture, which entails a partitioning of the parameter domain �
into NC critical regions, �1 ∪ · · · ∪ �NC ⊆ �,  each corresponding
to a unique switching structure S1, . . .,  SNC . The feedback law
in each critical region is furthermore expressed in the parame-
terized form (2).

ii) The on-line step applies the feedback law (2) in a receding hori-
zon manner. Each sampling time entails the location of the
critical region �i containing the current parameter values �.
For a given switching structure candidate Si, this step starts
by computing the switching times t1(�), . . .,  tNi

t−1(�) so as to

enforce continuity of the Hamiltonian function at these times,
for instance by applying a Newton iteration. A verification that

� is contained within �i then consists of a simple check that all
of the primal and dual feasibility conditions are satisfied under
the feedback law Ki.
 Control 73 (2019) 58–74

3. Classifier-based implementation of mp-NCO-tracking

A central, and particularly arduous, task for the application of
the mp-NCO-tracking methodology is detecting all of the critical
regions of the mp-DO problem (1), and representing those regions
in a form that can be easily exploited in the on-line point loca-
tion problem. Because the critical regions are generally non-convex
and lack a closed-form representation, classification methods from
the fast-developing field of machine learning, where the task is
to predict a discrete class for a given input, represent a powerful
alternative. In the context of mp-NCO-tracking, multinomial clas-
sifiers [2] can provide the desired mapping between the control
problem parameter � and the set of possible switching structures
{S1, . . .,  SNC }.

Our focus in this paper is on multilayer perceptron (MLP) [14],
a class of neural networks featuring multiple (hidden) layers and
non-linear activation functions, which has the ability to distin-
guish data sets that are not linearly separable. The MLPs of interest
comprise exactly NC neurons in their output layers, each one cor-
responding to the unique switching structure for certain � ∈ �.
A natural objective for MLP  training is minimizing misclassifica-
tion with respect to the training data set. In particular, we use a
so-called softmax function, whose output P:=[p1, . . .,  pNC ] is a vec-
tor representing the probability for each switching structure. The
normalized probabilities returned by the softmax classifier can sub-
sequently be exploited on-line, in the point location problem (Step
ii in Section 2.2), for guiding the search of the correct switching
structure and thereby avoid a naïve enumeration. Other loss func-
tions which can only recognize the class with the highest score,
such as support vector machines, are not as suitable in this context.

The specifics of MLP  training for their application in mp-NCO-
tracking are detailed in Section 3.1, followed by an illustrative case
study in Section 3.2. Although the focus is on MLP  and softmax
classifiers, the methodology could of course be transposed to other
classification techniques.

3.1. MLP  training for mp-NCO-tracking

The off-line training of an MLP  requires a labeled training set,
learning from this training set, and checking the evaluation accu-
racy against a labeled testing set (which is generated independently
from the training set). So long as the evaluation accuracy is lower
than a user-defined threshold, the training set keeps enlarging and
both the training and evaluation steps are repeated. This overall
procedure is summarized in Algorithm 1 below. The outcome is a
trained MLP, which encapsulates a compact representation of the
critical regions for the mp-DO problem at hand and can be passed
to the mp-NCO-tracking controller for on-line use (see Fig. 1).

Algorithm 1. MLP  training procedure for mp-NCO-tracking

Input: Uncertainty domain � ⊂ R
n� ; Threshold ε0 and confidence level 1 −  ̨ on

the classifier error rate; Number of hidden layers and hidden neurons in MLP.
Main Steps:
i.  Select an initial sample {�(1), . . .,  �(2M)} ∈ �. Then, label each point i = 1 . . .2M

with ek(i) ∈ {0, 1}K , where k(i) ∈ {1, . . .,  K} is the (unique) matching switching
structure, and K ≤ NS denotes the number of switching structures detected on
the sample. Split this labeled set into the testing set
Ttest:={(�(1), ek(1) ), . . ., (�(M), ek(M) )} and the training set
Ttrain:={(�(M+1), ek(M+1) ), . . ., (�(2M), ek(2M) )}.

ii. Set-up an MLP with the desired hidden structure and K neurons in the output
layer, and train it with the labeled set Ttrain. If the classifier error rate is lower
than the error rate threshold ε0 with confidence 1 − ˛, stop.

iii. Expand the training set Ttrain by adding M+ extra points. Then, label these extra
points and update the number K of detected switching structures accordingly.
Return to Step ii.
Several remarks are in order. The initial sample set in Step i
can be generated with a space filling technique, such as Sobol or
Latin Hypercube sampling. The labeling of these samples calls for
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etecting the switching structure of the optimal control solution
orresponding to every sample �(1), . . .,  �(2M). This detection can
e made based on a numerical solution of the optimal control
roblem (1). In parameterizing the control trajectory as u(t) = 	(�),
here � is a finite set of parameters and the parameterization 	

orresponds to a piecewise constant or linear function, and dis-
retizing the path constraint as interior-point constraints, one can
pproximate the infinite-dimensional problem in (1) with a convex
uadratic program (QP) for which fast and reliable solvers are avail-
ble. The active constraints in the QP solution correspond to active
ath constraints at given times and active terminal constraints. The
tructure of the actual optimal control can then be inferred from
nspection of the KKT multipliers and collecting the adjacent active
imes for the path constraints, as described in [44].

The learning process in Step ii aims to minimize a softmax
oss criterion representing the mismatch between the predicted
nd actual switching structures across the entire training set. Let

 : R
n� → R

K denote the score function of the MLP, where sj(�) is
he score of the jth class (or output neuron) at a point � ∈ �.  The
lassical softmax function

j(s):= exp(sj)∑K
k=1 exp(sk)

,  j = 1. . .K,

ormalizes the score vector s in the range [0, 1], so as to yield a
robability distribution over the K possible outcomes. Then, the
oftmax loss criterion, L  for the classifier is formed in the following
ay,

L:= − 1
M

2M∑
i=M+1

log 
k(i)

(
s(�(i))

)

= 1
M

2M∑
i=M+1

[
log

(
K∑

k=1

exp
(

sk(�(i))
))

− sk(i) (�(i))

]
,

here Ttrain:={(�(M+1), ek(M+1) ), . . .,  (�(2M), ek(2M) )} denotes the
raining set, with labels ek(i) ∈ {0, 1}K and unique matching
witching structure k(i) ∈ {1, . . .,  K} for each sampling point

 = M + 1 . . .2M (see Algorithm 1). A regularization term is normally
dded to the softmax criterion L, e.g. the sum of squared weights
n the MLP, in order to diffuse the weights throughout the MLP
eurons and prevent over-fitting.

An important, yet arduous, decision prior to applying Algorithm
 is selecting the number of hidden layers and hidden neurons in
he MLP. Notice that it is necessary to have one or more hidden
ayers in the MLP  since the critical regions are nonconvex in gen-
ral, and therefore they may  not be linearly separable. Although a
ingle hidden layer MLP  is capable of approximating any continu-
us functions under mild assumptions on the activation function
11,18], it may  require an arbitrary large number of neurons in that
idden layer to meet a desired accuracy. Deep learning mitigates
his problem by including additional hidden layers. As a rule of
humb, we consider hidden layers with 20 neurons here since the

p-DO problems of interest have no more than a few dozen critical
egions. Furthermore, we start with a single hidden layer and keep
dding layers so long as the prediction accuracy improves signifi-

antly. A more systematic analysis is beyond the scope of this paper
nd shall be the scope of future work.

The test for stopping the MLP  training compares a worst-case
stimate of the classifier error rate at the confidence level 1 − ˛,
ith the user-defined misclassification threshold ε0. In practice,

his hypothesis testing can be recast in terms of the misclassifica-
ion rate for the testing set, given by
 Control 73 (2019) 58–74 61

ε̂(Ttest):= 1
M

M∑
k=1

1[e
k̂
(�(i)) = ek(i) ],

with k̂:=arg max{
k(s(�))|k = 1. . .K} referring to the class of the
MLP’s predicted (i.e. most likely) switching structure at a point �;
1[ · ], the indicator function; and M,  the cardinality of the testing set.
This leads to the following stopping criterion [35],

ε̂(Ttest) ≤ max
{

ε
∣∣B(⌊ε0M

⌋
; ε, M

)
> 1 − ˛

}
, (3)

where B(p; ε, M):=
∑p

k=0

(
M
k

)
εk(1 − ε)M−k is the binomial

cumulative probability function; and �·  denotes the floor func-
tion. Notice that such a termination criterion for the MLP  training
ensures that the sample size is sufficiently large for the test to be
statistically significant, but it does not provide any guarantee that
the trained MLP  will describe the mp-DO critical regions to a desired
accuracy. Instead, the ability of an MLP  to describe a large number
of nonconvex critical regions can improve with an increasing num-
ber of hidden layers and number of neurons in these layers. The
caveat is of course that a greater (off-line) computational burden is
necessary for training a bigger MLP  and for labeling the samples in
a larger training set T.  There is furthermore no guarantee that all of
the possible switching structures within the parameter set � have
been uncovered.

A simple strategy to reduce the odds of missing one or more
switching structures entails increasing the initial sample size. For
instance, if the number of critical regions could be pre-computed,
e.g. via the application of complete-search techniques [8], one could
then use this information to increase the sample size until all of the
critical regions have indeed been uncovered. In order to reduce the
overall number of samples needed to meet the required accuracy
and to empower a better representation of the boundary between
critical regions, one could also apply a biased sampling approach in
Step iii, or other active learning strategies [9]. For instance, a higher
concentration of sampling points could be generated around points
that are either misclassified by the MLP  or correctly classified but
with a probability below a certain threshold; see, e.g., [10,12].

3.2. FCC case study

For illustration, we consider a fluidized catalytic cracking (FCC)
unit operated in partial combustion mode [21]. The objective is
to steer the system to a given operating point, defined in terms
of the mass fraction of coke on regenerated catalyst, Crc and the
regenerator dense bed temperature, Trg. The manipulated variables
are the flow rate of air sent to the regenerator, Fa and the catalyst
flow rate, Fs. The linear input-output dynamic model results from
the linearization and reduction of a first-principles nonlinear model
around the equilibrium point C∗

rc = 5.207 × 10−3, T∗
rg = 965.4 K and

T∗
f = 400 K, where the latter denotes the feed oil temperature. The

control and state variables in this linear dynamic system are

x(t):=
[

Crc(t) − C∗
rc

Trg(t) − T∗
rg

]
, u(t):=

[
Fs(t) − F∗

s

Fa(t) − F∗
a

]
,

whereas the initial conditions of the states Crc and Trg are treated as
uncertain parameters, and the temperature Tf acts as (unmeasured)
disturbance,[ ]
�:=
Crc(0) − C∗

rc

Trg(0) − T∗
rg

∈ �:=[−10−3, 10−3] × [−20, 20],

w(t):=Tf(t) − T∗
f ∈ W:=[−10, 10].
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Fig. 2. Critical regions

he mp-DO problem of interest reads as

min
u(t), x(t);

0 ≤ t ≤ 10

1
2

∫ 10

0

(
x(t)T

[
108 0

0  1

]
x(t) + u(t)T

[
1 0

0 1

]
u(t)

)
dt

+ 1
2

x(10)T

[
3.011 × 107 1334

1334 1.260

]
x(10)

s.t. ẋ(t) =

[
−2.55 × 10−2 1.51 × 106

227 −4.10 × 10−2

]
x(t)

+

[
3.29 × 10−6 −2.60 × 10−5

−2.8 × 10−2 7.80 × 10−1

]
u(t)

+

[
6.87 × 10−7

2.47 × 10−2

]
w(t)

x(0) = �,[
−100

−15

]
≤ u(t) ≤

[
100

15

]
,

[
−10−3

−20

]
≤ x(t) ≤

[
10−3

20

]
.

(4)

n the present subsection, the focus is on the nominal case with
(t) = 0 (i.e. Tf(t) = T∗

f ). The robustification against the time-
arying disturbance w(t) will be considered later in Section 4.4.
he problem where the temperature Tf is treated as a third uncer-
ain parameter, whose value is revealed during on-line execution,
as addressed in Sun et al. [47].

We apply Algorithm 1 to construct an MLP  that describes the
witching structures of the mp-DO (4). Both the training and testing
ets are initialized with M = 500 points using Sobol sampling, and
n additional 100 points are added to the training set at each iter-
tion. The labeling of all these points proceeds by parameterizing
he control trajectories as piecewise constant and discretizing the
ath constraints at interior points over 100 stages, and then solv-

ng the resulting QP problems using the Gurobi MATLAB library. The
elected MLP  is a fully connected network, with 2 hidden layers, 20
eurons in each layer, and tanh(x) as the sigmoid activation func-

ions in each neuron; we use the TensorFlow toolbox (https://www.
ensorflow.org/) for the MLP  training. Furthermore, we  impose a

isclassification error rate of <0.1% with 95% confidence on the
LP  as a termination criterion for Algorithm 1, which implies that
 mp-DO problem (4).

none of the points in the testing set should be misclassified in order
to meet the stopping criterion (3).

After the first iteration of Algorithm 1, 9 critical regions are
detected in the training set. A total of 10 elements in the testing
set are misclassified by the trained MLP, which corresponds to a
misclassification rate of 2.0%. It takes 15 iterations to Algorithm
1 to produce an MLP  with no misclassification within the testing
set. The final training set comprises of 1900 sample points, and the
trained MLP  represents 11 critical regions as shown in Fig. 2:

• �1 comprises unconstrained optimal controls;
• �2 and �7 comprise controls with two arcs, a boundary arc where

u2 reaches its lower and upper bound, respectively, followed by
an interior arc;

• �6 and �11 comprise controls with three arcs, a boundary arc
where x1 reaches its upper and lower bound, respectively, located
in between an initial interior arc and a final one;

• �5 and �10 comprise controls with the same constrained arc as
in �6 and �11, respectively, yet without the final interior arc;

• �3 and �8 combine the previous two  cases in �2+�6 or �7+�11,
respectively, and give rise to four arcs, starting with a boundary
arc for u2 (like �2 or �7), followed by an interior arc, a boundary
arc for x1 (like �6 or �11), and a final interior arc;

• �4 and �9 comprise controls with the same first three arcs as in
�3 and �8, respectively, but without the final interior arc.

For the parameter value � = (9 × 10−4, 14), the structure with
highest probability predicted by the softmax classifier is �6

(100.00%). In turn, we can use the corresponding feedback laws
K6 in the form of (2) to compute the switching times t1(�), t2(�),
and check that all of the corresponding primal and dual feasibility
conditions are satisfied. The resulting optimal control trajectory is
shown on Fig. 3(a).

One of the misclassified samples in the training set is obtained
for the parameter values � = (9.29 × 10−4, 15.3). The structure with
highest probability that is predicted by the softmax classifier is
again �6 (70.19%). But in calculating the optimal switching times,

we find that the switching between the second and final arcs should
now occur at t2 ≈ 10.0087, which is beyond the time horizon T = 10.
Therefore, this point does not belong to �6. The structure with sec-
ond highest probability is �5 (29.81%), which does not present the

https://www.tensorflow.org/
https://www.tensorflow.org/
https://www.tensorflow.org/
https://www.tensorflow.org/
https://www.tensorflow.org/
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Fig. 3. Illustration of correct classification an

nal interior arc, and turns out to be the correct one. The resulting
ptimal control trajectory is shown on Fig. 3(b).

. Robust mp-NCO-tracking controllers

This section presents a robustification of the mp-NCO-tracking
ethodology by Sun et al. [47], which has been summarized in

ection 2. The main idea sustaining this construction is the use of
orst-case uncertainty propagation [8] as a means to back-off the

erminal and path constraints in the nominal mp-DO problem, and
hereby guarantee feasibility of the multi-parametric control laws
gainst all possible uncertainty scenarios. An attendant advantage
o backing-off the constraints is that the resultant mp-DO problem
etains the same complexity to that of the nominal mp-DO problem
48]. However, this method suffers from the fact that, because of a
ack of feedback in the optimal control problem, the back-offs can be
arge, especially for long prediction horizons. This large conserva-
iveness could significantly reduce the range of feasible parameter
alues in the robustified mp-DO problem and motivates the need
or including feedback in the optimal control problem.

Ideally the decision variable in the mp-DO problem should be
 control law of the form �x : R  → R

nu , but would then lead to a
imilar complexity as in (continuous-time) dynamic programming.
ube-based MPC  circumvents the complexity problem by using a
ub-optimal control policy, e.g. an affine feedback law for linear
PC  [30,32]. Building on this analogy, we consider an affine state

eedback law herein. The robust counterpart mp-DO formulation
or the additive uncertainty case is developed in Section 4.1, includ-
ng the rigorous computation of constraint back-offs using interval
nd ellipsoidal reachability tubes. An extension of this approach to
ultiplicative uncertainty is treated in Section 4.2, and the deter-
ination of the feedback gain is discussed in Section 4.3. Finally, the

ame FCC case study as previously is used to illustrate the robust
p-NCO-tracking control methodology in Section 4.4.

.1. Robust mp-do formulation with additive uncertainty

We  consider an ancillary state feedback law in the form of
x(t):=û(t) + K
[
x(t) − x̂(t)

]
(5)

here x̂(t) ∈ R
nx and û(t) ∈ R

nu are the state and control values of
he nominal system that generates the reference trajectory at time
classification in trained MLP  for mp-DO (4).

t; and K ∈ R
nu×nx is a linear feedback gain matrix. By a slight abuse

of notation, we set K = 0 for 0 ≤ t < ts, and K /= 0 for t ≥ ts, in order
to account for the fact that the control actions are open loop over a
sampling period [0, ts],

The closed-loop dynamics of the uncertain system in (1) are
described by

ẋ(t) = Fxx(t) + Fu �x(t) + F�� + Fww(t) + f0

= [Fx + FuK] x(t) − FuKx̂(t) + Fuû(t) + F�� + Fww(t) + f0.

For a given uncertainty reference ŵ(t) ∈ W ,  we can then split the
state and the disturbance into nominal and perturbed components
as

x(t) = x̂(t) + dx(t), w(t) = ŵ(t) + dw(t), (6)

so that the dynamics of the state reference x̂ and perturbation dx

are given by

˙̂x(t) = Fxx̂(t) + Fuû(t) + F�� + Fwŵ(t) + f0, (7)

ḋx(t) = [Fx + FuK] dx(t) + Fwdw(t) , (8)

with x̂(0) = B�� + b0 and dx(0) = 0. Observe that the initial value
problem (8) is independent of the nominal control û and the param-
eter �.

By linearity, a unique solution to (8) exists for all disturbances
with w(t) ∈ W ,  denoted by ıx( · , w, K) subsequently. The reach-
ability tube �K : [0,  T] → K

nx describing the solution set for all
possible realizations of the time-varying uncertainty w is defined
as

�K (t):=
{

ıx(t, w, K)
∣∣∀� ∈ [0,  t), w(t) ∈ W

}
. (9)
Provided that a compact reachable-tube enclosure �K (t) ⊇ �K (t) is
available on [0, T], a conservative robust counterpart to the uncer-
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ain mp-DO problem (1) that minimizes the nominal cost may  be
ormulated as [19]

inf
x̂,û

1
2

∫ T

0

x̂(t)T Q x̂(t) + û(t)T Rû(t) dt + 1
2

x̂(T)T Qfx̂(T)

s.t. ˙̂x(t) = Fxx̂(t) + Fuû(t) + F�� + Fwŵ(t) + f0

x̂(0) = B�� + b0

Gxx̂(t) + Guû(t) + G�� + g0 ≤ −ıG(t)

Hxx̂(T) + H�� + h0 ≤ −ıH,

(10)

ith

G(t):= max
d ∈ �K (t)

[Gx + GuK]d and ıH:= max
d ∈ �K (T)

Hxd. (11)

An inherent advantage of this formulation is that the mp-NCO-
racking methodology from [47] applies readily to the problem
10) in order to devise a robust mp-NCO-tracking controller. It is
lear that the back-off terms on the right-hand side of the robus-
ified constraints will modify the boundary of the nominal critical
egions, and possibly the number and type of critical regions too.
uch changes in activation level of the constraints will furthermore
ropagate through the optimality conditions of the robustified mp-
O problem, thereby resulting in different feedback laws (2) in

hose critical regions with active path or terminal constraints.
In general, any set-valued function �K : [0,  T] → K

nx
C satisfying

he following generalized differential inequality for every c ∈ R
nx

ields a valid enclosure of the reachable tube (9) [49]:

a.e. t ∈ [0,  T],

V̇ [�K (t)](c) ≥ max
d,w

{
cT ([Fx + FuK]d + Fww)

∣∣∣∣ cT d = V [K (t)](c),

d ∈ �K (t), w ∈ W

}

ith V [�K (0)](c) ≥ 0. The special cases of tractable interval and
llipsoidal enclosures are treated below, after which we discuss an
pproach to computing the gain matrix K.

Case of interval tube enclosures.  An interval enclosure
K (t):=

[
dL

x(t), dU
x (t)

]
⊇ �K (t) can be precomputed via the

ollowing system of auxiliary ODEs

a.e. t ∈ [0,  T], ∀i ∈ 1, . . .,  nx,

ḋL
xi

(t) = min
ıx

{
[Fx + FuK](i, · )ıx

∣∣∣∣∣
ıxi

= dL
xi

(t)

ıx ∈ �K (t)

}

+min
ıw

{
[Fw](i, ·  )ıw|ıw ∈ W � {ŵ(t)}

}
,

ḋU
xi

(t) = max
ıx

{
[Fx + FuK](i, ·  )ıx

∣∣∣∣∣
ıxi

= dU
xi

(t)

ıx ∈ �K (t)

}

+max
ıw

{
[Fw](i, · )ıw|ıw ∈ W � {ŵ(t)}

}
,

(12)

ith dL
x(0) = dU

x (0) = 0. It follows that the back-offs ıG(t), 0 ≤ t ≤ T,
nd ıH in the robust counterpart problem (10) can be computed as

ıGi
(t):= abs([Gx + GuK](i, · )) rad(�K (t)), i = 1. . .ng,

ıHi
:= abs([Hx](i, · )) rad(�K (T)), i = 1. . .nh.

Case of ellipsoidal tube enclosures.  In practice, the choice of
llipsoidal reachable tubes over interval tubes may  be dictated
y the fact that the former are more efficient at mitigating the

rapping effect, thereby reducing the overall conservativeness.
nder the assumption that the time-varying uncertainty w(t) is
ounded within the ellipsoid E(ŵ(t), Qw(t)), an ellipsoidal tube
nclosure �K (t):=E(Qx(t)) ⊇ �K (t), parameterized by the matrix-
 Control 73 (2019) 58–74

valued function Qx : [0,  T] → S
nx+ , can be precomputed by solving

the auxiliary ODEs

a.e. t ∈ [0,  T],

Q̇x(t) = [Fx + FuK]Qx(t) + Qx(t)[Fx + FuK]T

+�(t)Qx(t) + 1
�(t)

FwQw(t)Fw
T

(13)

with Qx(0) = 0, and for any weighting function � : [0, T] → R++. For
instance, � may  be chosen to minimize the trace of Q̇x(t),

�(t):=

√
Tr
(

FwQw(t)Fw
T
)

Tr (Qx(t)) + �
, (14)

for some finite tolerance � > 0. Therefore, an alternative choice for
the back-offs ıG(t), 0 ≤ t ≤ T, and ıH in the robust counterpart prob-
lem (10) is

ıGi
(t):=

√
[Gx + GuK](i, · )Qx(t)[Gx + GuK]T

(i, · ), i = 1. . .ng,

ıHi
:=
√

Hx(i, · )Qx(T)HT
x(i, · ), i = 1. . .nh.

The case of a time-varying uncertainty w(t) which is bounded
within an interval vector [wL(t), wU(t)] can be treated likewise,
e.g. by regarding this interval vector as the Minkowski sum of nw

one-dimensional ellipsoids [19].

4.2. Extension to multiplicative uncertainty

As an extension to the additive uncertainty case in problem (1),
we consider a broader class of uncertain linear dynamic systems
with uncertain state coefficient matrix Fx such that

Fx(t):=F0
x +

n′
w∑

j=1

Fj
xw′

j(t) ,

where w′(t) ∈ W ′, with W ′ ∈ K
n′

w
C , is the multiplicative time-

varying uncertainty; F0
x , . . .,  F

n′
w

x ∈ R
nx×nx are given scaling matri-

ces. Notice that a further extension to the case of uncertain
coefficient matrices Fu and F� is also possible, for instance by invok-
ing similar arguments as in [45].

Applying a similar splitting of the state and the disturbance into
nominal and perturbed components as in (6), the dynamics of the
state reference x̂  and perturbation dx become

˙̂x(t) =

⎡
⎣F0

x +
n′

w∑
j=1

Fj
xŵ′

j(t)

⎤
⎦ x̂(t) + Fuû(t) + F�� + Fwŵ(t) + f0, (15)

ḋx(t) =

⎡
⎣F0

x + FuK +
nw∑
j=1

Fj
x

(
ŵ′

j(t) + dw′
j
(t)
)⎤⎦dx(t)

+
n′

w∑
j=1

Fj
xdw′

j
(t)x̂(t) + Fwdw(t),

(16)

with x̂(0) = B�� + b0 and dx(0) = 0. Observe that the dynamics (16)
are now dependent on the control reference û and the parameter
� via the nominal state trajectory x̂. Therefore, a similar strategy
as for additive uncertainty, consisting of precomputing a reachable
tube enclosure �K for the state perturbations, will rely on the avail-

ability of an a priori enclosure X̂(t) ∈ K

nx for the nominal state. For
instance, such enclosures could be computed using state-of-the-
art set-valued integrators [19,49]. Another complication arises due
to the presence of bilinear terms dx(t)dw′ (t) in (16), which adds
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In the case of an unstable dynamic system, choosing K such that
[Fx + FuK] is Hurwitz can prevent the reachable tube (9) from grow-
ing exponentially as time advances; but even a stable tube may  still
be impractically large depending on the amount of uncertainty. By
analogy to the target set in robust tube MPC  [29,40], a better choice
M. Sun et al. / Journal of P

o the conservativeness of the enclosures �K . The construction
f tractable interval and ellipsoidal tube enclosures is discussed
elow.

Case of interval tube enclosures.  An interval tube enclosure
K (t):=

[
ıL

x(t), ıU
x (t)

]
⊇ �K (t) can be precomputed via the follow-

ng modified system of auxiliary ODEs

a.e. t ∈ [0,  T], ∀i ∈ 1, . . .,  nx,

ḋL
xi

(t) = min
ıx,ıw ,ıw′ ,�

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

[F0
x +

n′
w∑

j=1

Fj
xŵ′

j
(t) + FuK]ıx

+
n′

w∑
j=1

Fj
x[�̂ + ıx]ıw′

j
+ Fwıw

∣∣∣∣∣∣∣∣∣∣

ıx ∈ �K (t),

ıxi
= dL

xi
(t),

ıw ∈ W � {ŵ(t)},

ıw′ ∈ W ′ � {ŵ′(t)},

� ∈ X̂

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

ḋU
xi

(t) = max
ıx,ıw ,ıw′ ,�

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

[F0
x +

n′
w∑

j=1

Fj
xŵ′

j
(t) + FuK]ıx

+
n′

w∑
j=1

Fj
x[�̂ + ıx]ıw′

j
+ Fwıw

∣∣∣∣∣∣∣∣∣∣

ıx ∈ �K (t),

ıxi
= dU

xi
(t),

ıw ∈ W � {ŵ(t)},

ıw′ ∈ W ′ � {ŵ′(t)},

� ∈ X̂

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(17)

ith dL
x(0) = dU

x (0) = 0.
Case of ellipsoidal tube enclosures.  Precomputing an ellipsoidal

ube enclosure �K (t):=E(Qx(t)) ⊇ �K (t) is more involved in the
resence of mixed additive-multiplicative uncertainty. For simplic-

ty of exposition and without loss of generality, we  shall assume
ere that the multiplicative uncertainty is bounded within the unit
all, dω′ (t)T dω′ (t) ≤ 1, i.e. Qw′ (t) = In′

w
∀t; and that the state refer-

nce is bounded within the ellipsoid E(Qx̂(t)) centered at the origin.
sing recent developments in multiplicative ellipsoidal uncer-

ainty from [20], an ellipsoidal enclosure E(Q 0
x (t)) for the solutions

f the homogeneous ODE

˙ x(t) =

⎡
⎣F0

x +
n′

w∑
j=1

Fj
xŵ′

j(t) + FuK

⎤
⎦dx(t) (18)

ay  be computed from

Q̇ 0
x (t) =

⎡
⎣F0

x + FuK +
n′

w∑
j=1

Fj
xŵ′

j(t)

⎤
⎦Q 0

x (t)

+Q 0
x (t)

⎡
⎣F0

x + FuK +
n′

w∑
j=1

Fj
xŵ′

j(t)

⎤
⎦

T

+Q 0
x (t)˙−1Q 0

x (t) +

⎡
⎣ n′

w∑
j=1

Fj
x

⎤
⎦�

⎡
⎣ n′

w∑
j=1

Fj
x

⎤
⎦

T

,

(19)

or any matrix-valued weighting function  ̇ : [0,  T] → S
nx++. More-

ver, the product term
∑n′

w
j=1Fj

xdw′
j
(t)x̂(t) may  be bounded by an

llipsoid E(Qx̂w′ (t)), with

x̂w′ (t):=

⎡
⎣ n′

w∑
j=1

Fj
x

⎤
⎦Qx̂(t)

⎡
⎣ n′

w∑
j=1

Fj
x

⎤
⎦

T

. (20)
y using similar superposition ideas as in [26,19], the following
uxiliary ODEs thus propagate the desired shape matrix Qx(t) ∈
nx+ ,
 Control 73 (2019) 58–74 65

a.e. t ∈ [0, T],

Q̇x(t) =

[
F0

x + FuK +
n′

w∑
j=1

Fj
xŵ′

j
(t)

]
Qx(t) + Qx(t)

[
F0

x + FuK +
n′

w∑
j=1

Fj
xŵ′

j
(t)

]T

+Qx(t)˙−1Qx(t) +

[
n′

w∑
j=1

Fj
x

]
�

[
n′

w∑
j=1

Fj
x

]T

+ (�(t) + �(t)) Qx(t)

+ 1
�(t)

[
n′

w∑
j=1

Fj
x

]
Qx̂(t)

[
n′

w∑
j=1

Fj
x

]T

+ 1
�(t)

FwFw
T ,

(21)

with initial condition Qx(0) = 0, and for any weighting functions � :
[0, T] → R++, � : [0,  T] → R++, and  ̇ : [0,  T] → S

nx++. For instance,
we may  choose �(t):=
(t)Inx , and then set �(t), �(t) and 
(t) so as
to minimize the trace of Q̇x(t), giving

�(t):=

√√√√√Tr

([∑n′
w

j=1Fj
x

]
Qx̂(t)

[∑n′
w

j=1Fj
x

]T
)

Tr (Qx(t)) + �
, �(t):=

√
Tr
(

FwFw
T
)

Tr (Qx(t)) + �


(t):=
√√√√√ Tr

(
Qx(t)2)

Tr

([∑n′
w

j=1Fj
x

]  [∑n′
w

j=1Fj
x

]T
)

+ �

,

for some finite tolerance � > 0.

4.3. Selection of the linear gain matrix

The gain matrix K in the linear state feedback (5) can have
contradictory effects on the back-off terms (11), and care must
therefore be exerted in selecting these gains. Notice that large gain
values (in magnitude) can reduce the spread of the reachability tube
enclosure K by shifting the poles of the linear system (8) to the
left. For constraints that do not have a direct dependence on the
control in particular, such as terminal state constraints and pure
state path constraints, a smaller reachability tube enclosure will
result in smaller back-off terms ıG(t) and ıH, and hence reduce the
conservativeness in problem (10). But a large gain matrix could as
well lead to larger back-off term in mixed control-state path con-
straints, due to the product terms Kd,  with d ∈ �K (t), in (11). For
instance robustified input-bound constraints uL ≤ u(t) ≤ uU, come
in the form

uL − min
d ∈ �K (t)

Kd ≤ u(t) ≤ uU − max
d ∈ �K (t)

Kd. (22)

The control domain will thus shrink in the presence of a linear state
feedback, and could even become empty when the gain entries
become too large (in magnitude).
for K instead is one for which the reachable set �K (T) is robustly
positively invariant (RPI) for the linear system (8). In the case of
ellipsoidal tubes with additive disturbance for instance, we  may
choose K as a (global) optimum of the problem
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min
K,Qx

‖K‖2

s.t. a.e. t ∈ [0,  T],

Q̇x(t) = [Fx + FuK]Qx(t) + Qx(t)[Fx + FuK]T

+�(t)Qx(t) + 1
�(t)

FwQw(t)Fw
T

Qx(0) = 0, Q̇x(T) � 0 ,

(23)

ith the weights �(t) as in (14) above. Notice that such problems
re nonconvex in general, thus rendering the determination of K a
ifficult task. A further complication in the case of interval tubes is
hat the dynamics may  be nonsmooth.

.4. FCC case study (continued)
This subsection revisits the FCC case study introduced in Section
.2, by accounting for either additive or multiplicative uncertainty

n the mp-DO problem (4). A sampling time of ts = 1 is consid-
or the mp-DO problem (4) with additive disturbance.

ered throughout, and we reiterate that no feedback action (K = 0)
is exerted during the first sampling period [0, ts].

Additive uncertainty case. The feed oil temperature Tf acts as
an additive disturbance w(t) ∈ W:=[−10, 10] in problem (4), with
reference value ŵ(t) = 0, ∀t. Precomputed interval and ellipsoidal
tube enclosures �K of the state perturbation dynamics (8) for this
scenario are shown in Fig. 4. Despite the state coefficient matrix
being Hurwitz,

Fx =
[

−2.55 × 10−2 1.51 × 10−6

227 −4.10 × 10−2

]
≺ 0,
the cross-section of the open-loop reachability tube enclosures in
Fig. 4(a) and (b) are found to grow significantly over the predic-
tion horizon due to the cumulated uncertainty. The following gain



M. Sun et al. / Journal of Process Control 73 (2019) 58–74 67

F cal re
fi )

m
l

K

T
F
t
0

l
f
t
a
i
�
[

ı

t
l
t
d
r
0
s
c
a
t
s
�
i
r
0
p

o

ig. 5. Comparison between nominal (blue lines) and robustified (black lines) criti
gures  to this figure legend, the reader is referred to the web  version of this article.

atrix K* is determined from the solution of the optimization prob-
em (23), so that �K∗ (t) is RPI at t = 10:

∗ =
[

−1.42 × 104 −16.1

6.91 × 104 −1.49

]
.

he span of the resulting closed-loop reachability tube enclosure in
ig. 4(c) is significantly reduced. For comparison, we  also show the
ube enclosure corresponding to an intermediate feedback gain of
.2K* in Fig. 4(d).

Following the discussion in Section 4.3, a more negative gain can
ead to smaller reachability tubes, and therefore smaller back-offs
or the pure state path constraints in problem (4); but the con-
rol domain will shrink concurrently with a larger gain matrix,
s indicated in (22). For instance, the control input u2 reaches
ts lower or upper bound in several critical regions (�2, �3, �4,

7, �8, �9), and the linear gain K* will reduce its domain as
−15 + ıu2 (t), 15 − ıu2 (t)], by up to

u2 (T) =
√

[K∗](2, · )Qx(T)[K∗]T
(2, ·  ) ≈ 0.617.

The critical regions of the robust mp-DO problems are compared
o those of the nominal mp-DO problem (Fw = 0) in Fig. 5, for two
inear feedback gains. Both the robust and nominal mp-DO solu-
ions consist of the same 11 critical regions; see Section 3.2 for
etails. The discrepancy between the robust and nominal critical
egions is reduced upon increasing the feedback gain, here from
.2K* to K* in Fig. 5(a) and (b), respectively. The effect of the con-
traint back-offs is seen mainly in the lower-left and upper-right
orners, where the boundaries of the regions �4, �5, �9 and �10,
nd to a lesser extend of the regions �3, �6, �8 and �11, are pushed
owards the central unconstrained region �1 due to the state con-
traints being tightened. By contrast, the boundaries of the regions

2 and �7, where the upper or lower bound of the control u2 is
nitially active, remain about unchanged despite a tighter control
egion; this behavior is consistent with the fact that ıu2 (t) = 0 for
 ≤ t ≤ ts due to the absence of feedback during the first sampling
eriod.

Several robust optimal control and response trajectories, as
btained with different linear gains, are compared against the cor-
gions for the mp-DO problem (4) with additive disturbance. (For interpretation of

responding nominal optimal control in Fig. 6. The nominal control
trajectory in Fig. 6(a) is for the initial condition (9 × 10−4,  14) ∈ �6

and consists of a boundary arc with x1 = 10−3 between two interior
arcs. Without the ancillary state feedback (K = 0), the robust control
trajectory departs significantly from this nominal control. In fact,
the initial condition (9 × 10−4, 14) belongs to the critical region �5

(instead of �6) for this robust mp-DO problem, since the final inte-
rior arc is no longer present. This behavior is caused by the rather
large span of the reachability tube �K in Fig. 4(b). Increasing the lin-
ear feedback gain to K* progressively reduces the conservativeness
of the robust optimal control strategy. We  also note that the robust
optimal control trajectories can exhibit a discontinuity at ts inso-
far as the constraint back-offs are themselves discontinuous at this
point. Another comparison is presented in Fig. 6(b) for the initial
condition (− 1 ×10−3, 20) ∈ �2, where the input u2 is initially sat-
urated at its upper bound. Since the input saturation is shorter than
the sampling period, the constraint back-offs do not have any effect
on the (nominal or robust) optimal input and response trajectories
in this scenario.

Finally, closed-loop control and response trajectories obtained
from the application of the nominal and robust mp-NCO-tracking
controllers are compared in Fig. 7. The state measurements are con-
sidered noise-free in this comparison, and we  use the following
realization of the additive disturbance:

w(t) = 5 + 5H(t − 2) − 15H(t − 4) − 5H(t − 6)

+10H(t − 8) + 5H(t − 10) + 5H(t − 12)

−15H(t − 14) − 5H(t − 16) + 10H(t − 18)

∈ [−10, 10],

(24)

where H(t) is the unit-step (Heavyside) function. The results in
Fig. 7(a) confirm that the robust mp-NCO-tracking controller keeps
the response feasible at all times, for all three linear feedback
gains K = 0, K = 0.2K* and K = K*; whereas the state constraints may
become violated with the nominal mp-NCO-tracking controller
under certain uncertainty scenarios. Despite large differences in
the control trajectories obtained with different feedback gains,

compare Fig. 6, the closed-loop responses of all three robust mp-
NCO-tracking controllers are about the same in Fig. 7(a). This
behavior illustrates the low sensitivity of the mp-NCO-tracking
feedback controller with respect to the extra conservativeness
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Fig. 6. Comparison between nominal and robust optimal controls for the mp-DO problem (4) with additive disturbance.
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Fig. 7. Comparison of the closed-loop performance of the nominal and rob

ntroduced by the constraint back-offs. With the initial condition
− 1 ×10−3, 20) ∈ �2 in Fig. 7(b), all the robust closed-loop optimal
nput and response trajectories are again identical to the nomi-
al ones since the constraint back-offs do not modify the active
onstraints.

Mixed Additive-Multiplicative Uncertainty Case. We  add multi-
licative uncertainty on top of the additive uncertainty considered
reviously, corresponding to ±10% variations in the nominal entries
f the state coefficient matrix:

x(t) =
[

−2.55 × 10−2[1 + 0.1w′
1(t)] 1.51 × 10−6[1 + 0.1w′

2(t)]

′ −2 ′

]
,

227[1 + 0.1w3(t)] −4.10 × 10 [1 + 0.1w4(t)]

ith the extra uncertainty bounded within the unit ball,
w′

1(t). . .w′
4(t)]T [w′

1(t). . .w′
4(t)] ≤ 1.
p-NCO-tracking controllers for the problem (4) with additive disturbance.

Precomputed tube enclosures K of the state perturbation
dynamics (16) within this scenario are shown in Fig. 8. Only ellip-
soidal tubes are reported since their interval counterparts end up
being much more conservative due to the wrapping effect of inter-
val arithmetic. Similar to the additive uncertainty case in Fig. 4,
defining an ancillary feedback law with optimized linear gain,

K∗ =
[

−1.18 × 104 −15.6

7.71 × 104 −1.38

]
,

results in a much smaller reachability tube (Fig. 8(b)) than without
this ancillary feedback (Fig. 8(a)). Furthermore, the robust mp-DO

solutions with either K = 0 or K* consist of the same 11 critical
regions as in Fig. 2(b).

Several robust optimal control and response trajectories are
compared against the corresponding nominal optimal control in
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Fig. 8. Ellipsoidal reachability tube enclosures for the mp-DO problem (4) with mixed additive-multiplicative disturbance.
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ig. 9. Comparisons between (a) nominal vs robust optimal controls, and (b) nom
ultiplicative disturbance.

ig. 9(a), for the initial condition (9 × 10−4, 14) ∈ �6. Predictably,
he addition of multiplicative uncertainty on top of the additive dis-
urbance gives larger constraint back-offs, and therefore leads to
xtra conservativeness, compared with Fig. 6(a). The closed-loop
ontrol and response trajectories obtained from the application
f the mp-NCO-tracking controllers in Fig. 9(b) – under the same
ncertainty scenario (24) as earlier – provide a good illustration of
he robustness and effectiveness of the proposed methodology.
. Robust mp-NCO-tracking control of a CSTR cascade

We  consider the cascade of two non-isothermal CSTRs pre-
ented in Fig. 10 [36] as a final case study. The following three
vs robust mp-NCO-tracking controllers for the problem (4) with mixed additive-

irreversible exothermic reactions take place in parallel in each
CSTR,

A
k1→B, A

k2→U, A
k3→R,

where A is the main reagent, B is the desired product, and U and R
are (undesired) by-products. The feed stream to CSTR1 is pure A at
the flow rate flow rate F1, molar concentration C in

A1, and temperature
T in

1 ; whereas CSTR2 is fed with both the outlet stream of the first

reactor and a second stream of pure A at the flow rate F2, molar
concentration C in

A2, and temperature T in
2 . The liquid holdups V1 and

V2 of both reactors are constant and a jacket is used to remove heat
from, or supply heat to, each reactor.
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Fig. 10. Illustration of the CSTR cascade with input and state variables.

Table A.1
Parameter values in the nonlinear model (25) of the CSTR cascade.

V1 1.0 m3 E1 5.0 × 104kJ kmol−1

V2 3.0 m3 E2 7.53 × 104 kJ kmol−1

R 8.314 kJ kmol−1 K−1 E3 7.53 × 104 kJ kmol−1

�H1 −5.0 × 104 kJ kmol−1 k◦
1 3.0 × 106 h−1

�H −5.2 × 104 kJ kmol−1 k◦ 3.0 × 105 h−1

c
i
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w

k

w
�
e
h
f
(

t
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Table A.2
Reference input, state and disturbance values at the unstable steady state of interest
in  the CSTR cascade.

F�
1 4.998 m3 h−1 F�

2 30.0 m3 h−1

C in�
A1 4.0 kmol m−3 C in�

A2 3.0 kmol m−3

T in�
1 300 K T in�

2 300 K
� −1 � −1
2 2
�H3 −5.4 × 104 kJ kmol−1 k◦

3 3.0 × 105 h−1

� 1 × 103 kg m−3 cp 0.231 kJ kg−1 K−1

A set of mass and energy balance equations describing the con-
entration of A, CAj and temperature, Tj within each CSTR j = 1 . . .2
s given by:

ĊA1(t) = F1(t)
V1

[
C in

A1(t) − CA1(t)
]

−
3∑

i=1

ki (CA1(t), T1(t))

Ṫ1(t) = F1(t)
V1

[
T in

1 (t) − T1(t)
]

+
3∑

i=1

(−�Hi)
�cp

ki (CA1(t), T1(t))

+ Q1(t)
�cpV1

ĊA2(t) = F1(t)
V2

[CA1(t) − CA2(t)] + F2(t)
V2

[
C in

A2(t) − CA2(t)
]

+
3∑

i=1

ki (CA2(t), T2(t))

Ṫ2(t) = F1(t)
V2

[T1(t) − T2(t)] + F2(t)
V2

[
T in

2 (t) − T2(t)
]

+
3∑

i=1

(−�Hi)
�cp

ki (CA2(t), T2(t)) + Q2(t)
�cpV2

(25

here

i(CAj, Tj):=k◦
i exp

(
−Ej

RTj

)
CAj, i = 1. . .3, j = 1. . .2,

ith Qj, the rate of heat input/removal from the reactor j = 1 . . .2;
Hi, k◦

i
, Ei, the enthalpies, pre-exponential constants and activation

nergies of the three reactions i = 1 . . .3, respectively; cp and �, the
eat capacity and density of the liquid mixture. Numerical values

or the constant parameters are reported in Table A.1 (Appendix

A)).

The process model (25) features multiple steady-states. The con-
rol objective herein is to stabilize the reactor at an open-loop
nstable steady-state, denoted with � next. The steady-state of
Q1 0 kJ h Q2 0 kJ h
C�

A1 3.59 kmol m−3 C�
A2 2.55 kmol m−3

T�
1 388.57 K T�

2 429.24 K

interest is reported in Table A.2 (Appendix (A)), along with the cor-
responding input and disturbance references. A linearized model
approximating the nonlinear equations (25) around this steady-
state point is formulated in terms of the following variable arrays
for the states, inputs and additive disturbances:

x(t):=

⎡
⎢⎢⎢⎢⎣

CA1(t) − C�
A1

T1(t) − T�
1

CA2(t) − C�
A2

T2(t) − T�
2

⎤
⎥⎥⎥⎥⎦ , u(t):=

⎡
⎢⎢⎢⎢⎣

F0(t) − F�
0

Q1(t) − Q �
1

F2(t) − F�
2

Q2(t) − Q �
2

⎤
⎥⎥⎥⎥⎦ ,

w(t):=

⎡
⎢⎢⎢⎢⎣

C in
A1(t) − C in�

A1

T in
1 (t) − T in�

1

C in
A2(t) − C in�

A2

T in
2 (t) − T in�

2

⎤
⎥⎥⎥⎥⎦ .

Numerical expressions for the (nonzero) matrices and vectors par-
ticipating in the quadratic objective and linearized dynamics of
problem (1) are reported in A for completeness. Bound constraints
on the state and input variables and the domain of the disturbances
are given by:⎡
⎢⎢⎣

−0.1

−20

−0.1

−20

⎤
⎥⎥⎦ ≤ x(t) ≤

⎡
⎢⎢⎣

0.1

20

0.1

20

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎢⎣

−4.998

−1 × 107

−30

−3 × 107

⎤
⎥⎥⎥⎦ ≤ u(t) ≤

⎡
⎢⎢⎢⎣

4.998

1 × 107

30

3 × 107

⎤
⎥⎥⎥⎦ ,

⎡
⎢⎢⎣

−0.1

−5

−0.1

−5

⎤
⎥⎥⎦ ≤ w(t) ≤

⎡
⎢⎢⎣

0.1

5

0.1

5

⎤
⎥⎥⎦ .
The parameters � correspond to the initial values x(0) = � ∈ �,
where the domain � is identical to the feasible state domain above.
Lastly, the prediction horizon in the control problem is set to T = 5,
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Fig. 11. Projections of ellipsoidal reachability tube enclosures

nd we consider infrequent measurements at a sampling time of
s = 1 in order to demonstrate the robustness of the proposed con-
rollers.

The robust mp-NCO-tracking methodology starts with the
etermination of a suitable gain matrix. Since the steady state of

nterest is unstable, and so is the linearized dynamic system there-
ore, the cross-section of any open-loop reachability tube enclosure
K = 0) will grow exponentially over the time horizon. We use the
ollowing linear feedback gain instead, as obtained from the numer-
cal solution of the optimization problem (23):

∗ =

⎡
⎢⎢⎢⎢⎣

−2.90 × 101 −1.44 × 10−1 −8.94 × 100 −3.38 × 10−3

1.13 × 108 −5.98 × 105 −1.46 × 107 2.79 × 104

3.76 × 101 2.80 × 10−1 −2.44 × 102 1.35 × 10−1

−3.48 × 106 1.07 × 105 −1.88 × 107 −1.39 × 106

⎤
⎥⎥⎥⎥⎦ .

 comparison between the projections of ellipsoidal reachability
ube enclosures computed without and with the feedback gain K*

s presented in Fig. 11. While this comparison clearly shows the
enefits of the ancillary state feedback (5) in terms of keeping the

pan of the reachability tube enclosure under control, it also illus-
rates the need for the linear feedback gain to compromise between
he four state variables; i.e., the ancillary feedback is first detrimen-
al to the temperature T1 enclosure soon after the sampling period
ut and with ancillary feedback for the CSTR cascade problem.

compared with the open-loop tube, before showing a stabilizing
effect towards the end of the prediction horizon.

In a next step, we construct an MLP  that describes the switching
structures of the robust mp-DO problem using Algorithm 1. Both
the training and testing sets are initialized with M = 5000 points,
generated using Sobol quasi-random sampling. A fully connected
MLP, with 4 neurons in the input layer and 5 hidden layers compris-
ing 20 neurons each, gives an accuracy of 99.76% on the testing set,
which corresponds to a misclassification error rate of <0.5% with
95% confidence.

The robust mp-DO problem (with feedback gain K*) – and its
nominal counterpart (with Fw = 0) likewise – is found to comprise
a total of 17 critical regions. These regions correspond to optimal
controls having between 1 and 4 arcs, with the input u4 (rate of
heat supply/removal for CSTR2) and the state x1 (concentration of
A in CSTR1) reaching their bounds:

• �1 comprises the unconstrained optimal controls;
• �2 and �3 comprise controls with two  arcs, a boundary arc where

u4 reaches its lower or upper bound, respectively, followed by an

interior arc;

• �4 and �5 comprise controls with three arcs, a boundary arc
where x1 reaches its upper or lower bound, respectively, in-
between two  interior arcs;
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ig. 12. (a) Illustration of robust mp-DO solution with ancillary feedback, and (b) co
ith  initial state x(0) = (−0.095, 19, 0.09, − 18) ∈ �8.

�6, . . .,  �9 combine the last two cases, and give rise to four arcs,
starting with a boundary arc for u4 (as in �2 and �3), followed
by an interior arc, a boundary arc for x1 (as in �4 and �5), and a
final interior arc.
�10, . . .,  �13 also comprise controls with four arcs, differing from
�6, . . .,  �9 in that the upper or lower bounds for u4 and x1 are
now both active on the second arc;
�14, . . .,  �17 again comprise controls with four arcs, differing
from �6, . . .,  �9 in that the upper or lower bound for u4 is active
on the first three arcs.

The left plots in Fig. 12 shows the robust optimal control and
esponse trajectories, corresponding to ŵ and x̂ in the mp-DO (10),
or an initial condition in the critical region �8; the switching times
etween the 4 arcs are around t ≈ 0.29, t ≈ 0.54, and t ≈ 1.30. Also
hown around these optimal trajectories are the back-off values
ıx(t) and ±ıu(t) of the corresponding bound constraints, which
rovide an indication of the conservativeness of the robust solu-
ion. In particular, the feedback gain K* appears to be reaching a
ood compromise between the contraction of the state and control
easible domains, per the discussion in Section 4.3.

The closed-loop behavior resulting from the application of the
obust mp-NCO-tracking controller is given on the right plots in
ig. 12, from the same initial condition within the critical region �8.
he sampling period is set to ts = 1, and the following uncertainty
ealization is applied:

(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
[

−0.05 −5 0.05 5
]T

if 0 ≤ t < 1,[
−0.05 5 −0.05 5

]T
if 1 ≤ t < 2,[

0.05 −5 −0.05 −5
]T

if 2 ≤ t < 3,
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
[

0.05 5 0.05 −5
]T

if 3 ≤ t < 4,[
−0.05 −5 −0.05 −5

]T
if 4 ≤ t < 5.
ison between nominal vs robust mp-NCO-tracking controllers for the CSTR cascade

Also note that the state measurements at sampling times are simu-
lated using the nonlinear model (25) here, instead of the linearized
model. The robust mp-NCO-tracking controller is seen to keep the
response feasible at all times, in particular the active state con-
straint x1(t) ≥ −0.1, while a nominal mp-NCO-tracking would result
in large constraint violations.

6. Conclusions and future research directions

This paper has introduced a methodology for the design of
robust mp-NCO-tracking controllers in continuous-time linear
dynamic systems subject to time-varying uncertainty. An extension
of the mp-NCO-tracking approach by Sun et al. [47] entails backing-
off the path and terminal state constraints based on a worst-case
uncertainty propagation in the form of interval or ellipsoidal reach-
ability tubes in order to enforce feasibility between sampling times.
Herein, the use of an ancillary state feedback as a means of reducing
the conservativeness of the resulting controllers has been investi-
gated, including the selection of suitable gain matrices in the linear
feedback law that can compromise between the reduction of the
state and control feasible domains. An inherent advantage of this
approach is that the complexity of solving the robust counterpart
mp-DO problem remains the same as the nominal mp-DO problem,
and in particular the off-line computational effort is independent
of the number of disturbances. Another main contribution of the
paper has been the use of data classifiers based on deep learning
for approximating the critical regions in continuous-time mp-DO
problems. Not only do these classifiers provide a practical way of
designing the (robust) mp-NCO-tracking controllers, but they can
also be used to efficiently search for a critical region during on-

line execution. The overall methodology has been illustrated with
the detailed case study of an FCC unit, and the final case study of
a more challenging CSTR cascade with four controlled inputs and
four additive disturbances.
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Future work will consider applications to higher-dimensional
roblems, where model reductions techniques can be used for
educing the order of the dynamic system subject to an acceptable
erformance loss [38]. Another research direction entails the exten-
ion of robust mp-NCO-tracking to address problems having linear
ime-varying dynamics, and eventually nonlinear dynamics. We
hall also consider economic objectives as part of the optimization
ormulation in order to encompass dynamic real-time optimization
roblems in the spirit of the original NCO-tracking methodology [6].
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ppendix A. Data for CSTR Cascade Case Study

The weighting matrices in the quadratic cost function of (1) are:

Q =

⎡
⎢⎢⎢⎣

1.00 × 102 · · ·

· 2.50 × 10−3 · ·

· · 1.00 × 104 ·

· · · 1.56 × 10−1

⎤
⎥⎥⎥⎦ ,

R  =

⎡
⎢⎣

5.56 · · ·
·  1.00 × 10−12 · ·

·  · 0.14 ·
·  · · 2.50 × 10−14

⎤
⎥⎦ ,

Qf =

⎡
⎢⎢⎢⎣

4.74 −1.64 × 10−3 2.25 −1.27 × 10−4

−1.64 × 10−3 1.28 × 10−5 −5.72 × 10−4 5.12 × 10−8

2.25 −5.72 × 10−4 1.21 × 102 −6.68 × 10−3

−1.27 × 10−4 5.12 × 10−8 −6.68 × 10−3 4.41 × 10−5

⎤
⎥⎥⎥⎦ ,

here the terminal weight Qf is obtained by solving an algebraic
iccati equation to ensure stability. The nonzero matrices and vec-
ors defining the linear dynamics in problem (1), as obtained from
he linearization of the nonlinear model (25) at the steady-state
eference values given in Table A.2, are the following:

Fx =

⎡
⎢⎢⎢⎢⎣

−5.57 −8.15 × 10−2 · ·
1.23 × 102 1.26 × 101 · ·

1.67 · −1.41 × 101 −2.05 × 10−1

· 1.67 5.34 × 102 3.27 × 101

⎤
⎥⎥⎥⎥⎦ ,

Fu =

⎡
⎢⎢⎢⎢⎣

4.09 × 10−1 · · ·
−8.86 × 101 4.33 × 10−3 · ·
3.48 × 10−1 · 1.51 × 10−1 ·
−1.36 × 101 · −4.31 × 101 ·

⎤
⎥⎥⎥⎥⎦ ,

Fw =

⎡
⎢⎢⎢⎣

5.00 · · ·
· 5.00 · ·
·  · 1.00 × 101 ·
·  · · 1.00 × 101

⎤
⎥⎥⎥⎦ .
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39] S. Raković, M.  Fiacchini, Approximate reachability analysis for linear
discrete-time systems using homothety and invariance, Proceedings of the
17th World Congress on Automatic Control (2008) 15327–15332.
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