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roommate, Ángel Valverde Gonz ález whose heart is as big as his height
and , Maria Rosaria Marulli for sharing a lot of drinks (also projects)
and memories in IMT and in Seville, Deison Preve (Coach) for guiding
me in the gym and numerous discussions we had on all sort of things,
Zainab Alwaisi for your inspiration and never giving up attitude, Wu
Liang for all the kebab we shared, Yara El Rassi for showing me my

xvii



own brain (also telling me about my tinnitus) and lots of interesting
talks, Demetrio Grollero for being a beautiful friend, Victor Ortiz for all
the excellent talks we had and the experience we shared.

Thank you very much, Niraj Rathod, for all the advice, Surya Soman
for being an awesome senior, Sampath Mulagaleti for showing me how
to remain calm and critical (but to scream inside), Evgenia Bednaya for
introducing me to neuro-science and inner works of academic work,
Laura Ferrarotti for many many discussions and Chaira Battaglini for
advising me. Thanks you guys for all the parties together we had.

Not to forget, my fantastic friend Abhilash PK for being there with me
for 7 long years, working together with me on a lot of projects and shar-
ing a lot of adventures together, Arun Pandey for being roommate for 2
years and making me learn some manners, Bikas Adhikari for being a
fantastic friend for 5 long years and helping me to become person, Ma-
halya for being there with me for 7 years and Vidya, who is my life long
friend for 22 years with whom I share numerous memories. These not
just bear me as a friend made me a better person without judging me
for anything. I am grateful to have you all.

Finally, I thank my brother Shashank for sharing my spiritual journey.
My Guru Sri Sadguru and Isha foundation, without ever meeting, changed
my life completely. My inspiration was Late Vivekananda, whose books
made me wiser than I could think.

Not to omit, I want to thank my parents and sisters for their love and
belief in me for the last 27 years. Finally, I want to thank my partner
Monisha for her love, care, affection, and presence in all situations of
my life for the past 7 years. Thank you, my love.

xviii



Publications

1. P.K Asur Vijaya Kumar , A. Dean, J. Reinoso, P. Lenarda, M. Paggi, ”Phase �eld mod-
eling of fracture in functionally graded materials: � � convergence and mechanical
insight on the effect of grading”, Thin-Walled Structures 159 (2021) 107234.
doi:https://doi.org/10.1016/j.tws.2020.107234.

2. A. Dean, P.K Asur Vijaya Kumar , J. Reinoso, C. Gerendt, M. Paggi, E. Mahdi, R.
Rolfes, ”A multi phase-�eld fracture model for long �ber reinforced composites based
on the puck theory of failure”, Composite Structures 251 (2020) 112446.
doi:https://doi.org/10.1016/j.compstruct.2020.112446

3. P.K Asur Vijaya Kumar , A. Dean, J. Reinoso, M.paggi, ”A Multi Phase-Field-Cohesive
Zone Model for Laminated Composites:Application to Delamination Migration”, Com-
posite Structures, Volume 276, 15 November 2021, 114471.
doi: https://doi.org/10.1016/j.compstruct.2021.114471

4. P.K Asur Vijaya Kumar , A. Dean, S. Sahraee, J. Reinoso, M.paggi, ”Non-linear ther-
moelastic and fracture analysis of thin-walled structures with cohesive–like interfaces
relying on the solid shell concept”, Finite Elements in Analysis and Design, Volume
202, 1 May 2022, 103696. doi: https://doi.org/10.1016/j.�nel.2021.103696

5. P.K Asur Vijaya Kumar , A. Dean, J. Reinoso, M.paggi, ”Nonlinear thermoelastic phase-
�eld fracture of thin-walled structures relying on solid shell concepts: Theory and
applications”, Submitted to CMAME

6. P.K Asur Vijaya Kumar , A. Dean, J. Reinoso, M.paggi, ” Thermo-Elastic Phase-Field
Analysis of Thin Walled Functionally Graded Materials based on Solid Shell”, Submit-
ted to Thin Walled Structures.

Conference/Talks

1. P.K Asur Vijaya Kumar , A. Dean, J. Reinoso, M. Paggi, ”A Multi Phase Field-Cohesive
Zone Model(MPF-CZ) for �ber reinforced composites relying on Puck failure criteria”,
ICCS23- 23rd International Conference on Composite Structures, at Porto, Portugal.

2. A. Dean, P.K. Asur Vijaya Kumar , A.Babiker, M. Brod, S.E.M Ahmed, J. Reinoso, E.
Mahdi, ”Phase-Field Modeling of Damage and Fracture in Laminated Unidirectional
Fiber Reinforced Polymers” at CCE 2020:3rd Conference on Civil Engineering at Om-
durman, Sudan.

3. P.K Asur Vijaya Kumar , A. Dean, J. Reinoso, M. Paggi, ”Nonlinear thermoelastic
phase-�eld fracture of thin-walled structures relying on solid shell concepts: Theory
and applications”, WorkShop-1, NewFrak, Seville, Spain.

xix



Abstract

The widespread use of material over the past century has dramatically changed
the world today. The reliability of any machine depends on the multiple com-
plex interactions in the system leading to a failure. Hence, it is necessary to
understand the failure mechanism of the structures with a multi-physics inter-
action. The present thesis explores the role of complex multi-physics in failure to
understand the overall structural performance, including an interface between
different materials.
Speci�cally, in Chapter-2, a phase �eld (PF) approximation of fracture for func-
tionally graded materials (FGM) using a diffusive crack approach incorporat-
ing the characteristic length scale as a material parameter is herein proposed. A
rule of mixture is employed to estimate the material properties, according to the
volume fractions of the constituent materials, which have been varied accord-
ing to given grading pro�les. Based on the ideas stemming from the study of
size-scale effects,� -convergence for the proposed model is proved when the in-
ternal length scale is either constant or a bounded function. Crack propagation
events in conjunction with the differences with respect to their homogeneous
surrogates are discussed through several representative applications, providing
equivalence relationships for size-scale effects and demonstrating the applica-
bility of the current model for structural analysis of FGMs.
Failure processes in Laminated Fiber-Reinforced Composites (LFRCs) entail the
development and progression of different physical mechanisms and, in partic-
ular, the interaction between inter-laminar and intra-laminar cracking. Reliable
modeling of such complex scenarios can be achieved by developing robust nu-
merical predictive tools that allow for the interaction of both failure modes. In
Chapter-3, a novel Multi Phase-Field (MPF) model relying on the Puck theory
of failure for intra-laminar failure at ply level is coupled with a Cohesive Zone
Model (CZM) for inter-laminar cracking. The computational tool is applied to
qualitatively predict delamination migration in long laminated �ber-reinforced
polymers composites comprising 44 cross-ply laminates. The reliability of the
current approach is examined via the correlation with experimental results. Fi-
nally, the present study is complemented with additional representative exam-
ples with the aim of providing further insight into the potential role of different
aspects of the system in the delamination migration, including (i) the variation
of the ply angle in the migration zone, (ii) the load application point, and (iii)
initial crack length.
The analysis of fracture phenomena of thin-walled structures has been a matter
of intensive research in the last decades. These phenomena notably restrict the
applicability of slender structures, especially under the in�uence of tempera-
ture. The research in Chapter-4 is concerned with the development of a thermo-
dynamically consistent framework for the coupled thermo-mechanical phase-
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�eld model for thin-walled structures using a fully-integrated �nite elements.
This enables the use of three-dimensional constitutive thermo-mechanical mod-
els for the materials. The proposed thermo-mechanical phase-�eld models are
equipped with the EAS and ANS leading ti locking free element. Moreover, the
same degradation function is used for both displacement �eld and thermal �eld.
The coupled equations are numerically solved with ad hoc ef�cient solution
schemes for nonlinear problems. Several numerical examples with and without
phase-�eld (straight and curved shells) are provided to show the practicality
and reliability of the proposed modeling framework. Moreover, the model is
extended to incorporate FGM and the corresponding numerical examples are
explored.
Using the framework developed in the Chapter-4, the locking free solid shell
element is extended to include the fatigue effects in Chapter-5. As a natural
consequence of the developed model, SN curve and crack extension curves are
recovered for straight and curved shells.
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Chapter 1

Introduction

The material of choice of a given era is often a de�ning point. Historically, the Stone Age,
Bronze Age, Iron Age, and Steel Age are bi-products of these material choices. The recent in-
dustrial relations led by the production and use of steel were a stepping stone to our world.
Thousands of years ago, we learned how to extract metals from their ore and understood
that to its core. For the �rst time on this planet, we understood how metals work. This led to
increased protection by creating advanced tools. This increased our chances of survival and
transformed us into modern humans. The origin moments as we can postulate. This knowl-
edge had brought in at least two revolutions, and the third one in the making, changing from
caveman to start a civilization (main factor) and industrial revolution.

On the other hand, computation utterly transformed our understanding of nature. The
way modern technologies advanced �abbergasted how computation works. When metals
were seen under the lens of computation, tall buildings, airplanes, rockets that could land on
the moon, spaceships that one day will take us to another planet, machinery, and two world
wars emerged. Today, we live in a world where our demands are served at our �ngertips,
new machines every day, and new revolutions every year. As these technologies continue to
advance exponentially, where this means we are heading? An age of composites. All these
technologies were done without a complete understanding of how an engine breaks and the
effects of temperature on the design and materials. However, we have managed to create
this magni�cent world with those little things from the little we know. Prof Zdenek Basant,
in his acceptance speech of Timoshenko medal, confessed, ”The mechanics of damage and
quasi-brittle fracture, with all its scaling and interdisciplinary couplings, is a problem of the
same dimension as turbulence, which will not be closed even a century from now,” after 120
years of fracture mechanics. And this thesis is one step towards that solution.

1.1 Rationale and motivation

Fracture mechanics is a subbranch of solid mechanics that deals with the cracks' initiation,
propagation, and coalescence and provides a suitable qualitative relationship of the involved
physics. Grif�th's [1] theory- an energy approach postulated that the crack occurs as a mi-
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croscopic manifestation of debonding at a microscopic crystalline level. This debonding
process can be accurately represented as the competition between bulk energy (created due
to applied load) and crack energy (due to the creation of new surfaces) at each point.

Even though Grif�th's energy-based criterion provided great insight, Irwin's [2] well-
known Stress Intensity Factor (SIF) approach proved to be more useful in engineering appli-
cations. Irwin provided the empirical formula, rather a way to link bulk energy release rate
during crack advance (G) and stress intensity factor representing singularity at the crack tip

(K I ; K II ; K III ) in the in�nitesimal setting with the celebrated formula G = K 2
I

2� .
In parallel to fracture mechanics, post-Grif�th's era is �lled with an avalanche of var-

ious theories such as continuum damage mechanics (CDM) [3], viscous regularization [4],
Cosserat micropolar theory [5], non-local continuum theory [6], gradient enhanced damage
model [7, 8] , gradient damage model [9] to name a few.

Restricting ourselves to the numerical modeling of fracture, fracture in solids can be
classi�ed as (i) discontinuous approach and (ii) continuous approach. The fundamental dif-
ferences between these approaches are that the displacement is allowed to have jumps in
the discontinuous approach. In the continuous approach, the stresses are gradually reduced
with a continuous displacement �eld everywhere. The Linear Elastic Fracture Mechanics
(LEFM) is primarily based on Grif�th [1] and Irwin [2], the Cohesive Zone Model (CZM)
based on Dugdale [10] and Barenblat [11] are examples of discontinuous approaches. Funda-
mentally, the discontinuous approaches are not self-contained. Many theories are proposed
in this context, such as maximum hoop stress criterion [12], Rankine criteria, and minimum
strain energy criteria [13] as an additional ad hoc criteria to address the issue regarding crack
initiation and propagation. Even though CZM-based models can naturally predict crack ini-
tiation, these methods remain unattractive due to their high computation. The advantages
of such CZM based model include nucleating and propagating complex cracks without ad-
ditional criteria. These drawbacks related to the discontinuous approach are restricted to a
small group of problems and persuade other computational methods where crack paths are
determined to solve some multi-physics phenomenon. And hence, the birth of the phase-
�eld approach to fracture. This thesis addresses some of the issues and solutions of material
modeling based on the phase-�eld approach and cohesive zone approach using mathemati-
cal modeling techniques for multi-physics problems.

In the forthcoming sections, a brief mathematical overview of Griffth's energy in the
variational formulation is presented in Section 1.2.1. Later, a numerical approximation to
the modi�ed Grif�th's theory is presented in Section 1.2.2. In Section 1.3, a brief survey
of the phase-�eld methods to fracture is presented along with the mathematical formalism.
Section 1.4 presents the survey of fatigue failure using the phase-�eld approach, and �nally,
Section 1.5 gives the objective and outline of the thesis.

1.2 Variational formulation

1.2.1 Grif�th's variational formulation

Since Grif�th's theory is postulated as the macroscopic manifestation of microscopic debond-
ing, at the microscopic level, even the most simplistic model demonstrates that the energy
spent in moving two atoms apart while the rest of the atoms stays additive leading to mi-
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croscopic energy proportional to the separation area. In other words, the energy applied
to a material is �rst used to displace the body, which creates tension at a microscopic level.
After a certain threshold, the atom separates, creating new surfaces on a microscopic level.
The new surface made also creates a discontinuity in the displacement �eld. Moreover, the
energy required to break the atoms is proportional to energy required in creating new sur-
faces. If the body behaves as elastic, then the energy required to create a new surface is null,
fetching the classical theory of elasticity. Francfort and Marigo [14] proposed the variational
approach to brittle fracture, which seeks displacement and a set of cracks by minimizing the
total energy of the generalized/ modi�ed Grif�th's theory.

Consider crack path ~� assumed to be known priori in the continuum 
 with boundary
@
 . The crack path is assumed to depend on the time t and length of the crack l . The
kinematic unknown at any time t is given by u(t; l ). The variational equivalence of the
classical Grif�th theory can be written as the following, see [15] for more details.

Assuming that the Grif�th's like potential D(l; _l ) of the form

D(l; _l ) =

(
D( _l) if r ~l (l ); _l � 0

+ 1 Otherwise
;

with D : Rp ! R+ positively 1-homogeneous, convex, and D(0) = 0 for the value of p-uple
l = ( l1 ; l2 ; : : : ; l p ) denoted as~l(l ). Then, the Grif�th's like energy E(t; u; l ) takes the form

E(t; u; l ) =
Z


 n�( t )
	( r u)dV � F (t; u) + D(~l(l ); l � ~l ): (1.1)

Here, 	 , and F are elastic energy and applied energy respectively, satis�es the following
conditions. See [15] for a complete derivation.

1. Unilateral Stationary Condition (USC):
For all l and u = g(t) on @d 
 n�( l ), the points (l (t); u(t)) is a stationary point of Eq.
(1.1). Meaning that,

d
d�

E(t; u(t; �; l ))

�
�
�
�
�
� =0

� 0:

2. Irreversibility: Cracks cannot heal. The set~l(l (t)) � _l � 0.

3. Energy Balance: The second law of thermodynamics has to be satis�ed [16, 15], whose
particular expression is discussed in the sequel.

It can be shown that (USC) accounts for the �rst-order optimality conditions for (l (t); u(t))
to be local unilateral minimizer of E(t; u). Consequently, such stationarity conditions are
mathematically unpleasant in the sense of providing the existence of the solution, let alone
uniqueness. The point of departure from the classical Grif�ths' to the more general Grif�ths'
is brought forth in the literature [15, 17, 14] as a relaxation to the unilateral stationary con-
dition by means of local or global minimizers. i.e (l (t); u(t)) is a local / global minimizer
(in a suitable topology) for E(t; u; l ) among all l � l (t ), and all u = g(t) on @d 
 n�( l ). In
the sense of nonlinearity, local minimality conditions are usually preferred owing to the fact
that Lyapunov stability is only restricted to local minimality. In contrast, global minimality
lacks uniqueness. The path constraint on the l(t) can be shown to be replaced by actual crack
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length l(t) along the pre-determined path owing to the global/local minimizers. With �( t)
denoting the crack at time t, the unilateral local/global minimality takes the form

(�( t); u(t)) is a local/global minimizers for

E(t; u; �) =
Z


 n�
	( r u)dV � F (t; u) + kH 1(�) ; (1.2)

for all �( t) � � and u = g(t) on @d 
 n� in some topology.
Inspired by the Mumford-shah potential, the minimization problem in [18] is shown to

be well-posed on a subspace SBV(
) (of BV(
) ) of special functions of bounded variation of

 . Ambrosio [19, 20, 15] established the compactness property in SBV(
) as follows:

For every subsequenceun 2 SBV(
) with un bounded in L 1 (
) ,
�
�
�
�un

�
�
�
�
L 1 (
)

� C, the

gradient of un is bounded in L q(
; R2), q � 1, i.e
�
�
�
� r un

�
�
�
�
L q (
; R2 )

� �C, and for the jump set
J (un ) (the set of jump points of the un ), the Hausdorff measure of jump set J (un ) is bounded
i.e H (S(un )) � C

0
, then the following are true.

There exists a subsequenceuk ( n ) of un , and there exists au 2 SBV(
) such that

• The subsequence uk ( n ) converges to u strongly in L p (
) , for p � 1 . i.e uk ( n ) ! u
strongly in L p (
) , p � 1 .

• The gradient of the subsequence r uk ( n ) converges weakly to r u in L q(
; R2). i.e
r uk ( n ) ! r u Weakly in L q(
; R2).

• The limit of all in�mum's (minimum if the functional is bounded) for the set H (J (uk ( n ) ))
containing the jump set of subsequence uk ( n ) is greater than or equal to H (Ju ). i.e

lim inf
n

H (J (uk ( n ) )) � H (Ju ):

Then, using this compactness result, the existence of the solution to modi�ed Grif�th's
like potential in Eq. (1.2) can be guaranteed, see [17, 21, 15] for detailed proof. With identi-
fying the crack set �( t) as a combination of jump set (this removes that � has to be known
priori) as a combination of jump set Ju , i.e �( t) = � 0 [ s<t J (u(� )) ; the energy can be written
as

E(t; u; �) =
Z



	( r u)dV � F (t; u) + kH 1(�) ;

with the following conditions

1. �(0) = � 0 .

2. Unilateral Local/Global Minima: (�( t); u(t)) is a local/ global minimizer for E(t; u; �) ,
for all �
 n@s 
 � � � �( t ), S(u) � � and u = g(t) on @d 
 .

3. Energy Balance:

The particular form of the energy balance takes the form

dE
dt

(( t; u; �))( t) =
Z




@	
@F

(r u) � r _g(t)dV � _F (t; u) � F (t; g(t)) :

4. Irreversibility: _�( t) � 0.
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1.2.2 Numerical approximation
With the variational setting of Grif�th's at hand, the roots of numerical approximation can
be found in free-discontuinity problem [22, 21] based on an approximation of total energy in
the sense of� � Convergence. Meaning that, �nd a sequence of functionals F " of some type
that approximates the functional F such that as " ! 0, the functional F " converges to F in
the sense of� � Convergence. Writing this formally, consider a R� vector valued functional
F , and its sequenceF " de�ned over a metrizable topological space X . Then F " converges
to F as" ! 0 if and only of the following two conditions satisfy

1. For any sequence(u " )" ! u, one has

lim inf
" ! 0

F " (u " ) � F (u):

2. There exist a sequence(u " )" ! u in X such that

lim sup
" ! 0

F " (u " ) � F (u):

In other words, for any functional F , let u be its minimizer. Then if a sequence of ap-
proximated functional F " has u " minimizers (hopefully). If the sequence of minimizers u "

converge to the minimizer of original functional u, then all the in�mum (minimum in case
of bounded) of the sequence F " (u " ) as " ! 0 is less than F (u). If the supremum of one se-
quenceF " (u " ) can go beyond or upto the functional F (u), then we say F " (u " ) ! F (u). In
other words, all the sequences are less thanF (u), but one sequence has some subsequence
which can go upto F (u). Meaning that, the particular subsequence should be the minimizer
of F " (u " ) .

With this at hand, phase-�eld methods to fracture evolved as a self-suf�cient approxi-
mation whose short review is provided in the next Section. Following [23, 22], introduce a
scalar variable d 2 W 1;2(
 =@s 
) and a small positive parameter l , and � l = O(l), for any
kinematically admissible u, with d = 0 representing sound material and we can de�ne the
Grif�th's energy as

F (u; d) =

( R

 	( r u)dV + K H 1(Su =@s 
) if d = 0

+ 1 otherwise
: (1.3)

and the approximation sequence can be de�ned as

F " (u; d) =
Z




��
(1 � d)2 + � "

�
	( r u)

�
dV + K

Z


 =@s 


�
d2

4l
+ l jr dj2

�
dV (1.4)

whose proof of � � Convergence from F " ! F is now standard. See [17, 15] for more details.

1.3 Phase-Field methods
This section concerns the fundamental of the phase-�eld approach. At �rst, a general varia-
tional formulation of the phase-�eld method along with the consistency conditions are pre-
sented (partially taken from [24]). Later, a brief discussion on the choice of degradation
function, stored elastic energy, geometric crack functions in the literature are presented.
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From this Section, we drop the mathematical intricacy and focus on the different approx-
imations and methods proposed in the literature, some � � Converging and others (may or
may not) based on the physics. To make the distinction, Grif�th's potential is called as E,
whereas the phase-�eld approximation is refereed as � .

1.3.1 Mathematical model

Summarizing and reformulating the phase-�eld approach to fracture, let B � Rn dim (ndim =
1; 2; 3 denotes spatial dimension) be an arbitrary solid body in the ndim Euclidean space
Rn dim with the crack set � � Rn dim � 1 . The body is characterized by the kinematic displace-
ment �eld u(x ) and the strain �eld is de�ned as a symmetric gradient of the displacement

�eld " (x ) := r su(x ) for all x 2 B , with
�

r s (�) =
r (�) + r T (�)

2

�
. The external bound-

ary @B � Rn dim � 1 is split into two disjoint sets, @Bu and @Bt , with @Bu \ @Bt = ; and
@Bu [ @Bt = @B; such that displacement �u(x ) for x 2 @Bu and traction �t (x ) for x 2 @Bt

is applied as shown in the Figure 1. The external work P(u(x )) due to the applied loading
de�ned above is given by

Figure 1: Schematic representation of diffusive cracks.

P (u(x )) :=
Z

B
f v � u dV +

Z

@B t

�t � u dS; (1.5)

where f v : B ! Rn dim is the distributed body force.
The variational approach to fracture, according to Grif�th's theory can be interpreted as

the competition between the elastic energy 	( u) created by the body due to external forces
and the surface energy 	 c(�) created by crack creation and propagation. In this context, the
quasi-static displacement �eld u t (x ) = u(x ; t ) = u, and the crack set� t at any given discrete
time step t 2 [0; T ] are given as a minimization problem (see [16] for more details)
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(u t ; � t ) = arg min E(u; �) S :=
Z

Bn �
	( " ) dV + GC H n dim � 1(� \ Bn@Bt ); (1.6)

with S := [ u = �u on @Bu ; � t � � t � 1 ] , H n dim � 1(�) is the Hausdorff (ndim � 1) dimensional
measure of the unknown crack set � ; GC [J/ m2 ] is the critical energy release rate, and 	( " )
is the elastic energy density that depends on the strain �eld " (u).

Since� in Eq. (1.6) is unknown a priori, the numerical approximation of the functional
given in the former expression is crafted as a free-discontinuity problem based on the Tor-
torelli's elliptical regularization [19] of the Mumford-Shah potential used in image segmen-
tation [25], and later adapted to brittle fracture in [14, 16]. In this framework, the crack set
� is replaced by (H n dim � 1 ; ndim � 1) recti�able borel jump set of u, J (u). Then, there exists

a sequence(� i )1
i of C1 hyper-surfaces, covering almost all of J (u). ie H 1(Ju =

1S

i =1
� i ) = 0 ,

in a suitable space such asSBD (
) / GSBD (
) , see [17, 26, 27] for more details. Hence, the
surface energy associated with the crack is approximated using a scalar �eld d 2 [0; 1] (de-
nominated as crack phase-�eld variable), and the internal length scale l 2 R+ governing the
width of the diffusive crack such that, d = 0 for an intact material and d = 1 for completely
damaged material takes the form, see Fig. 1

	 c(�) =
Z

�
GC dS �

Z

B

GC

4cw

 (d; r d)dV;

where, 
 (d; r d) is the crack surface energy density function [28] de�ned as


 (d; r d) :=
� (d)

l
+ l jr dj2 : (1.7)

Here, cw :=
Rs

0

p
� (s)ds is the normalization parameter, � (d) is a continuous monotonic

function with � (0) = 0 and � (1) = 1 ; called as geometric crack function which determines
the distribution of the phase �eld [29, 30, 31]. The term � ( d)

l is local part, and l jr dj2 is the
non-local part, which incorporates the internal length scale l: Due to the regularization of
the crack � by the phase �eld variable d; the elastic energy now not only depends on the
displacement �eld u(x ), but also on the phase-�eld variable d as

	( u; d) =
Z

B
g(d)	 0(" (u)) dV; (1.8)

where g(d) : [0; 1] ! [1; 0] is the energetic degradation function characterized by the deteri-
oration of the initial elastic energy function 	 0(" ), with g(0) = 1 ; g(1) = 0 ; dg

dd < 0. Hence,
the stored energy functional in Eq. (1.8) describes the transition from the intact state to the
fully damaged state. Thus the regularized energy functional of the solid in Eq. (1.6) takes
the form

�( u; d) =
Z



[g(d) + � l ] 	 0(" ) dV +

Z




GC

4cw

�
� (d)

l
+ l jr dj2

�
dV � P (u(x )) : (1.9)

The details regarding each of the terms involved in the Eq. (1.9) such as g(d); 	 0(" ) � (d)
are explained in the sequel at length. The Eq. (1.9) approximates the Grif�th's energy in Eq.
(1.6) in the sense of� � Convergence under the conditions that the Eq. (1.9) satisfy
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1. Irreversibility: The crack can always grow with time, but cannot close in time. i.e
_�( t) � 0 or � t � � t +1 .

2. Unilateral Stationary/Minimality Condition [16]: For the variations (� u; � d) of (u; d)
in appropriate space, the variation of total energy functional (in the sense of Gateaux)
implies

• � � = 0 for each (� u; � d) > 0,

• � � > 0 for (� u; � d) = 0 .

3. Energy Balance: The energy � has to satisfy the energy balance throughout the time
evolution. i.e 8t 2 [0; T ],

_� =
Z

@B
(� � n ) � _udA �

Z

B

_f v � udV �
Z

@B t

_�tv � udA ;

with stress � de�ned as usual rate change of total energy with respect to strains " . i.e

� =
@	
@"

.

The solution (u; d) of the total energy functional in Eq. (1.9) along with the conditions as
mentioned above can be solved as

Determine (u; d) such that

(u; d) = Argmin x f �( u; d)g ; (1.10)

subjected the conditions mentioned above.
The governing equations under quasi-static loading conditions are determined by taking

�rst variation of the functional in Eq. (1.9) for the variation (� u; � d) of (u; d) results in

g(d)r �
@	 0(" )

@"
+ f v = 0 on B; (1.11a)

with � � n = �t on @Bt ; (1.11b)
�
� g0(d)

@	 0(" )
@g

� G C

�
@

@d

� r �
�

@

@r d

���
= 0 if _d > 0 in B; (1.11c)

�
� g0(d)

@	 0(" )
@g

� G C

�
@

@d

� r �
�

@

@r d

���
< 0 if _d = 0 in B; (1.11d)

along with
@


@r d
� n B = 0 on @B: (1.11e)

Here,
�
� g0(d)

@	 0(" )
@g

�
is called as energetic crack driving force associated with the en-

ergy functional g(d)	 0(" ) = 	( " ; d). The unilateral stationarity condition along with the
irreversibility of the crack and boundedness of d leads to the �rst order optimality condition,
or often referred to as Karush-Kuhn-Tucker (KKT) condition

_d � 0; (1.12a)

f (Y;d) � 0 and _df (Y;d) � 0; (1.12b)
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� (d) cw Citing Articles
d 8/3 [9] (AT-1)
d2 2 [16] (AT-2)

1 � (1 � d)
p
2 - [9]

1 � (1 � d)2 � [32]
� d + (1 � � )d - [33]
16d2(1 � d2) 8/3 [34]

Table 1: Common geometric crack functions in the literature.

with

f (Y;d) =
�
� g0(d)

@	 0(" )
@g

� G C

�
@

@d

� r �
�

@

@r d

���
: (1.13)

Notice that, in the above expression, irreversibility condition _�( t) � 0 is replaced by
_d � 0. This can be attributed to the composition of the crack path and it is very easy to see
that _d � 0 implies _� � 0.

1.3.2 Choice of functions

Geometric crack function

The geometric crack density function � (d) considered in Eq. (1.9) only state that � (d) 2 [0; 1]
with � (0) = 0 and � (1) = 1 , then it is possible to �nd a class of functions that satisfy
this condition. In the related literature different authors suggested different � (d) and the
resulting normalization values cw , some of them are listed in Tab. 1.

When � (d) = d2 , the phase-�eld problem renders linear (within a staggered scheme) and
thus making the computation easier and cheaper. Moreover, d is between [0; 1] is ensured
easily, whereas in the other models of � (d), the boundedness ofd 2 [0; 1] have to be formally
enforced.

Stored energy function

The stored energy function describes the equilibrium state that de�nes the behavior of a
solid. i.e., d = 0 everywhere, the stored energy function describes the physics of solid. A
modi�cation or rather choice of 	 0(" ) in Eq. (1.9) presents different models such as brittle,
ductile, plastic, thermo-elastic, thermo-plastic, viscous, etc., some commonly used functions
are mentioned in the sequel.

(a) Isotropic Elastic Body: The stored energy function is de�ned as

	 0(" ) =
1
2

" : C : " =
1
2

�tr 2(" ) + � " : " ; (1.14)

where C de�nes the linear elasticity tensor de�ned as C = 2 � I + � 1 
 1 in terms of Lame
constants� and � . Here I is the fourth order identity tensor and 1 is the second order identity
tensor.
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Miehe [35, 28] proposed a tension/compression split of the elastic energy to prevent
cracking under compressed loads such that

	( " ) = g(d)	 +
0 (" ) + 	 �

0 (" ); (1.15)

with degradation function g(d) applied only in the tension 	 +
0 (" ).

(b) Anisotropic Model:
The elastic energy due to Anisotropy can be de�ned as [36]

	 +
0 (" ) = � " D : " D : 	 �

0 (" ) =
1
2

Ktr 2(" ) (1.16)

where K represents bulk modulus. Here, the total strain " is decomposed into volumetric
part " v and deviatoric parts " D [36] whose particular expression takes the form

" = " V + " D ; " V =
1
3

tr (" )1; " D = " �
1
3

tr (" )1: (1.17)

The resulting degraded stress due to the strain spilt takes the form

� = g(d)2� " D + Ktr (" )1: (1.18)

Another most famous anisitropic split is proposed by Amor in [37] where the elastic
energy takes the form

	 +
0 (" ) =

1
2

K htr (" )i 2 + � " D : " D ; 	 �
0 (" ) =

1
2

K h� tr (" )i 2 ; (1.19)

and the stress becomes

� = g(d)[K htr (" )1i + 2 � " D ] � K h� tr (" )i 1: (1.20)

where h�i is McAuley brackets de�ned as hai := max f a; 0g. The resulting model due to this
particular spilt partially restricts the phase-�eld d to initiate in compression.

(c) Spectral Split:
Due to polar decomposition theorem, strain tensor can be split written in terms of prin-

ciple strains (eigenvalues) " n and the corresponding eigenvector pn (for n = 1 ; 2; 3)

" =
3X

n =1

" n pn 
 pn = " + + " � ; (1.21)

with positive and negative counterparts taking the form

" + =
3X

n =1

h" n i pn 
 pn ; " � =
3X

n =1

�h� " n i pn 
 pn : (1.22)

With this split, the elastic energy takes the form

	 �
0 (" ) :=

1
2

� h� tr (" )i 2 + � " � : " � : (1.23)

The resulting stress due to spectral spilt takes the form
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g(d) Citing Article
(1 � d)2 [16]

3(1 � d)2 � 2(1 � d)3 [34]
(3 � s)(1 � d)2 � (2 � s)(1 � d)3 [38]

4(1 � d)3 � 3(1 � d)4 [39]
(1 � d)2

(1 � d)2 + Q(d)
; Q(d) = a1d + a1pd2 [40]

(1 � d)p

(1 � d)p + Q(d)
; Q(d) = a1d + a1a2d2 + a1a2a3d3 [33]

Table 2: Common degradation function.

� = g(d)
�
� htr (" )i 1 + 2 � " + �

�
�
� h� tr (" )i 1 + 2 � " � �

: (1.24)

The resulting model can completely suppress the initiation of the phase-�eld under com-
pressive loads.

Energetic degradation function

Energetic degradation function g(d) plays a major role in phase-�eld methods since it links
the elastic energy and crack phase-�eld d by degrading the elastic energy. Sinced is bounded,
the degradation function g(d) = (1 � d)2 which maps g(d) : [0; 1] ! [1; 0] is also bounded
[24]. Naturally, the function g(d) satis�es the following conditions;

1. g(0) = 1 representing the intact state and g(1) = 0 represents completely broken state
of initial elastic energy.

2. g0(d) = dg
dd < 0, meaning that the function g(d) is a monotonically decreasing.

3. g0(d) = 0 , i.e when the material is fully broken, due to (1) and (2), g(d) is forced to
stay complying g0(1) = 0 . This condition also guarantees that the localization band
doesn't grow orthogonally, which is usually observed in the other models such as
gradient enhanced damage models [9].

The common choices regarding the function g(d) in the related literature are listed in Tab.
2

1.4 Fatigue

Fatigue introduced fracture is considered one of the most frequent damages accounting for
up to 90% of all material failures. Its complex nature and inability to predict beforehand
make it extremely dangerous failure modes. In classical material science, fatigue is attributed
to material weakening due to small repeated loading. Micro-cracks develop energetically as
a consequence of sub- or micro-structural changes in the material. These micro-cracks fur-
ther depend on the material's microstructure, ruled by stochastic process eventually coalesce
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and leads to a macro-crack, where size is suf�cient enough to overcome the microstructure's
energy barrier to nucleate, eventually leading to failure.

Figure 2: Schematic representation of a) SN curve, and b) Paris law.

The early studies regarding fatigue failure are dominated by empirical relations such as
Wöhler curves [41], Paris law [42, 43], Cof�n [44], and Manson [45] ideas, based on extensive
experimental data �tting methods. W öhler noticed the number of cycles (N) required to
failure for an applied stress amplitude of � a is related as

� a = AN � ;

for some constantsA and � that depend on the material. This curve, as in Fig. 2a), is named
as the S-N curve or Wöhler Curve. This approach beholds some important observations,
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such as the presence of threshold amplitude below which the material is unlikely to fail. This
also shows that the stress amplitude is directly proportional to the number of cycles N before
fracture. Based in the number of cycles to failure N , fatigue can be broadly classi�ed as (i)
Ultra-low/oliocycle fatigue (ULC), (ii) Low cycle fatigue (LC), and (iii) High cycle fatigue
(HC) as in Fig. 2b).

Following W öhler, Palmgren [46] and Miner [47] introduce the idea of cumulative dam-
age. For ak different stress amplitudes in loading history, the damage contribution indepen-

dent of the order of applied load gives � i =
1

N � i
a

. Later, Paris [42] showed that in a single

cycle with crack length 0a0, the rate of change of crack length
da
dN

is directly proportional to

change in the stress intensity factor � K as

da
dN

= C� K m ;

for some constant C and m depend on the material property.
In the sense of a variational approach to fracture, as in the previous section, the phase-

�eld approach has been extended to include behavior. In this approach, fatigue is seen as a
degradation of the total crack energy by introducing scalar parameters that depend on the
factors such as stress, bulk energy,GC , lc , etc. Boldrini [48] presented thermo-mechanical
phase-�eld fatigue by introducing an additional scalar parameter. Schreiber [49] proposed
additional energy contribution to the total energy. A more intuitive approach regarding
fatigue is proposed by [50, 51, 52, 53, 54], where stiffness and fracture energy are degraded
as a function of cumulative stored potential. As a natural consequence, these models can
accurately recover Paris-law and S-N curves, making them self-suf�cient. Recently, Seles
[52] proposed a cycle jumping technique to capture high cycle fatigue ef�ciently.

A summary of the proposed models is presented in this section. Recalling the regularized
fracture energy functional of the solid in Eq. (1.9) takes the form

�( u; d) =
Z



[g(d) + � l ] 	 0(" ) dV +

Z




GC

4cw

�
� (d)

l
+ l jr dj2

�
dV � P (u(x )) : (1.25)

To accommodate the fatigue behaviour, the crack energy in Eq. (1.25) is modi�ed with
a fatigue degradation function f ( �� (� )) for a properly de�ned cumulative history variable
�� (� ) that depends on the pseudo time � as

�( u; d) =
Z



[g(d) + � l ] 	 0(" ) dV +

Z



f ( �� (t))

GC

4cw

�
� (d)

l
+ l jr dj2

�
dV � P (u(x )) : (1.26)

Notice that, in order for the second integral to be meaningful, it is necessary that f ( �� (� )) 2
L 1

loc (B). It is evident from Eq. (1.26) that fatigue degradation affects both local and non-local
terms. This choice makes the support of phase-�eld not change from its optimal pro�le.
Moreover, this further can be understood as reducing fracture toughness GC of the material.
Naturally, the fatigue degradation function has the following properties

f ( �� = 0) = 1; f ( �� ! 1 ) = 0; f 2 [0; 1]; f ( �� � � T ) = 1; f 0( �� ) � 0 for 0 � f ( �� ) � 1;

for some threshold � T which triggers the fatigue effects.
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1.4.1 Cumulative history variable

The term �� (t) describes the cumulative history effects due to fatigue. The related literature
for some suitable quantity � , used is as follows.

(i) Mean independent load fatigue is de�ned as

�� (x ; t ) =
Z t

0
H (� _� )j _� jd�;

where H (� _� ) is heavy-side function de�ned as

H (� _� ) =

(
1 � _� � 0 (loading)

0 otherwise (unloading)
;

(ii) Mean load-dependent fatigue

�� (x ; t ) =
1

� N

Z t

0
H (� _� )� _�d�;

where � N is a normalization parameter used to achieve dimensional consistency. The stan-
dard choice of fatigue history variables ( � ) in literature are listed as follows:

(i) � = " (in 1D) [55], which in multi-dimension takes the form � = jj " jj . Due to strain
singularity in crack tip, this choice is shown to be effective only in 1D, whereas in multi-
dimensional setting leads to meh dependency issues.

(ii) � = 	( " ; d), [55, 56] the total degradation strain energy ensures that the model is
not affected by crack tip singularity. However, this choice does not distinguish between
compression and tension, where this can be solved by only considering the active part/
tensile part of the strain energy as � = 	 + (" ; d).

Notice that, in all the models mentioned above, due to the existence of the Heavy-side
function, the energy accumulation increases only during loading.

1.4.2 Fatigue degradation function

The function f ( �� (� )) describes the degradation of the material property due to repeated
loading. The functions can be mainly categorised into asymptotic degradation (i.e as �� (t) !
1 ; f ( �� ) ! 0) and symptomatic degradation (i.e for �� (t) > � 1 ; f ( �� ) = 0 ).

The commonly used asymptotic degradation functions in the literature are

f ( �� ) =

8
><

>:

1 if �� (t) � � T�
2� T

�� (t ) + � T

� 2

if �� (t ) � � T

f ( �� ) =

8
><

>:

1 if �� = 0
�

1 �
�� (t)

�� (t) + � 1

� 2

if �� (t ) 2 [0; 1 ]:

The commonly de�ned symptomatic functions are
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f ( �� ) =

8
>>><

>>>:

1 if �� (t) � � T�
1 � k log

�� (t)
� T

� 2

if � T � �� (t ) � � T 10
1
k

0 if �� (t) � � T 10
1
k

f ( �� ) =
�

�log
� 1

�� (t )

� 2

for �� (t) 2 [� 1 ; 10
1
� � 1 ];

for some material parameter � 1 . See [52] for more details.

1.5 Objective and outlines

In the view of state-of-the-art computational methods, this work presents a novel contri-
bution to the variational approach to fracture for multi-physics applications in the spirit of
phase-�eld methods. In particular, the objectives of this thesis are fourfold.

• Developing a robust phase-�eld model for functionally graded materials when the in-
ternal length scale is constant and proving that such model � � Convergence to original
Grif�th's criteria.

• Development of multi-phase �eld model based on Puck's failure criteria for anisotropic
fracture of long �ber-reinforced composites. Combined with cohesive zone modeling
methods, apply the model to capture delamination migration in the layered compos-
ites.

• Development of fully integrated non-linear thermo-elastic phase-�eld fracture method
of thin-walled structures for large displacement. Within this framework is a compre-
hensive analysis of the thermo-elastic behavior and extension of such a model to func-
tionally graded materials.

• Within this framework of thin-walled structures, extend the model to accommodate
fatigue failure such that Paris law and W öhler curves are the natural consequence of
the developed model.

With these objectives in mind, this thesis is divided into six chapters:

1. Chapter 2 presents the phase-�eld approximation to fracture for Functionally Graded
Materials (FGM) incorporating the characteristic length scale as a material parameter.
A rule of the mixture is employed to estimate the material properties according to
the volume fractions of the constituent materials. Based on the ideas stemming from
size-scale effects,� -convergence for the proposed model is proved. A comprehensive
sensitivity analysis discusses the effects of various model parameters. Moreover, We
�rst prove that the fracture energy and the elastic energy of FGM are bounded by
their homogeneous constituents, and tools to predict are provided. Finally, the model
is validated against the benchmark example, and the applicability of the proposed
model is studied using numerous examples.

2. Chapter 3 presents the Multi-Phase Cohesive Zone model for laminated composites.
In this study, a novel Multi Phase-Field (MPF) model relying on the Puck theory of
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failure for intra-laminar failure at ply level is coupled with a Cohesive Zone Model
(CZM) for inter-laminar cracking. The model is applied to qualitatively predict de-
lamination migration in long laminated �ber-reinforced polymers composites com-
prising 44 cross-ply laminates. The reliability of the current approach is examined via
the correlation with experimental results. Furthermore, insight into the potential role
of different aspects of the delamination migration, including (i) the variation of the
ply angle in the migration zone, (ii) the load application point, and (iii) initial crack
length, is provided.

3. Biggest among all the chapters, chapter 4 is dedicated to the study of thermo-mechanical
analysis of thin-walled structures. A thermodynamically consistent framework for
coupled thermo-mechanical phase �eld for thin-walled structure using a fully inte-
grated �nite element is developed. The model is equipped with Enhanced Assumed
Strains (EAS) to alleviate Poison and volumetric locking pathologies. This technique is
further combined with the Assumed Natural Strain (ANS) method leading to locking
free elements. Moreover, the same degradation function is used for both displacement
and thermal �elds. The numeric of the model is further divided into three parts

(a) Section 4.4 provides examples of the model for thermo-elastic structures. More-
over, the model is combined with a cohesive zone to capture interface effects. In
addition to this, the model is validated against the benchmark examples, and the
applicability of the proposed model is shown using several examples.

(b) Section 4.5 provides the numerical implementation of the thermo-mechanical
model with phase-�eld. The role of temperature in crack propagation is demon-
strated using several benchmark examples. Examples regarding thin plates and
curved beams are provided to show the model's capability.

(c) Section 4.6 provides the extension of the proposed model to FGM. Several bench-
mark problems (straight and curved shells) are provided and are compared against
their homogeneous surrogates. Moreover, crack de�ection, and temperature
distributions in the FGM are compared. Effects of several material properties
on crack propagation are pinpointed. Finally, numerical modeling of the three-
phase/double FGM, which is becoming popular in recent times, is studied.

4. Chapter 5 concerns about the extension solid shell to include fatigue effects. As a nat-
ural consequence of the proposed model, Paris Law and Wöhler curves are recovered.
Several application examples are shown to demonstrate the predictive capabilities of
the model.

5. Finally, chapter 6 summarizes the main results and draws the conclusion of the thesis.
Furthermore, some lights are shed on the future development in the view of phase-
�eld methods.
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Chapter 2

Fracture in Functionally Graded
Materials (FGMs):
� � convergence and mechanical
insight on the effect of grading

This chapter is organised as follows. In Section 2.2, the main aspects of the modeling frame-
work to simulate crack propagation in FGMs are presented by considering the internal length
scale constant. A rule of mixture is employed to estimate the material properties, accord-
ing to the volume fractions of the constituent materials, which have been varied according
to given grading pro�les. Based on the ideas stemming from the study of size-scale ef-
fects, � -convergence for the proposed model is proved when the internal length scale is
either constant or a bounded function. Section 2.3 provides the results of � -converges by
constructing a sequence of minimisers such that the sequence of functionals converges to
the Grif�th's potential. In section 2.4, the �nite element implementation of the proposed
model is discussed using Broyden-Fetcher-Goldfard–shanno (BFGS) algorithm. Section 2.5
presents several representative examples starting with the validation experiment. In the
sequel, mechanical insights for the effect of grading is explored. Firstly, it is proved that the
bulk energy and surface energy of the FGM is bounded between those of its homogeneous
constituents. Later, the issue of crack propagation, the effects of Young modulus, apparent
strength, grading pro�le, initial crack length and position are addressed. An equivalence
relationship based on size-scale effects is provided along with the examples so that the large
models can be brought down to a smaller size to analyse them effectively and reduce com-
putational ef�ciency. An application example for a single �ber-reinforced FGM matrix is
explored to further assess the potential of the model for micro-mechanics. The content of
this chapter is mainly taken from [24].
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2.1 Introduction

Mismatch in the material properties of mechanical components generally leads to the oc-
currence of weak interfaces which induce abnormal stress concentrations, and eventually
leading to failure. In order to prevent such phenomena, the concept of Functionally Graded
Materials (FGM), i.e. materials with spatial composition, has been intensively exploited in
the last decades precluding interfacial stress concentration, and hence ameliorate resistance
to failure [57]. Such a technological solution has attracted attention in the engineering com-
munity and industry so far [58]. In the recent past, FGMs have gained a notable popularity
and have been applied in (but not limited to) turbine blades [59], rocket engines [60], arti�cial
bone implants [61], shell structures [62] and airplanes [57].

Various studies [63, 64] have shown that FGMs are fundamentally different from ho-
mogeneous materials, and hence their corresponding crack propagation behavior can be
especially complex [65]. There are multitude of factors affecting the crack growth of FGMs
including: the ratio of Young's moduli [66], intrinsic toughness, strength variations [67], ge-
ometry, residual stresses, grading laws, among many other aspects. These factors suggest
that any predictive model for crack events in FGM should incorporate the intrinsic variation
of material properties according to its grading pro�le.

Cracks oriented perpendicular to the grading pro�le experiences asymmetric loading at
the crack tip and crack propagation may change its direction leading to mode-mixity, which
in turn alters the stress intensity [68, 69], while grading parallel to cracks leads to straight
propagation [67]. The effective composite properties of FGM generally vary in a continuous
manner within the specimen domain as a combination of its homogeneous constituents [65,
70]. Introduction of the continuous grading alters the stress �eld, leading to modi�ed stress
intensity factors and mode mixity. Moreover, in this context, several studies revealed that
spatial variation in the toughness and in the yield strain [71, 72, 65] meant that the failure
stress/strain values at any point might depend on the grading. These factors inevitably
restricts the study of cracks in FGM using conventional numerical methods and hence their
general behavior with respect to crack propagation.

Derived from the previous complex response, computational methods such as the �nite
element methods (FEM) have been extensively used in the literature for exploring fracture
in FGM and linear elastic fracture mechanics, see [73, 74, 75]. Early investigation of mixed-
mode cracks within the context of FEM can be seen in [76]. Gu et al. [77] used domain inte-
gral technique to simplify the model for calculating crack tip �eld for FGM. Anlas et al. [78]
estimated stress-intensity factors in FGM using FEM by assigning different homogeneous
properties to each element. Bao et al. [79] studied multiple cracking in FGM coatings. Kim
and paulino [80] developed and implemented general purpose FEM formulation consider-
ing mixed-mode cracks. Discrete numerical methods are widely used in the study of crack
propagation phenomena such as XFEM [81, 82, 83], scaled boundary FE formulation [84], re-
meshing algorithms based on cohesive elements (relying on the cohesive zone model, CZM)
[85, 86], isoparametric graded �nite element formulation [87, 88, 89]. Recently, Hrishikesh et
al. [90] explored the possibility to simulate fracture events in FGMs using the phase �eld (PF)
approach for fracture due to its strong potential (especially for composite structures [91, 92,
93, 94] and heterogeneous media [95, 96, 97, 98, 99, 100, 101, 102]) and partially veri�ed the
results with the experimental evidence. In this direction, recent studies concerned dynamic
crack propagation in FGM using the phase �eld method [103, 104], and meshfree methods
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[105], showing a tremendous potential, and providing a plausible route for the thorough
treatment of dynamic simulations.

In contrast to previous studies, in this investigation, we propose an extension of the
phase �eld model for fracture in [90] by considering the internal characteristic length scale
as a intrinsic material parameter. It has been proved in [106] that, when the internal length
scalel of phase-�eld is constant, it is equivalent to gradient damage model. Whereas, there
is a debate among the phase-�eld community that, when l is constant, the model cannot be
considered as phase-�eld model since � � Convergence of the model is lost. In this regard,
�rst, we carefully analyze that for any given bounded characteristic length scale (not limited
to FGM), proving that the total energy � -converges to the Grif�th's theory under the size-
scale effects using the mathematical setting as derived in [17]. Also, we gain a further insight
into the general mechanical properties of FGM which can be used to analyze, create or mod-
ify future design of FGMs. Due to the underpinned internal length scale, the difference in
the failure strain at any material point is addressed in line with [90, 65, 69]. With these argu-
ments, we also prove in two dimensional settings, gradient damage model is equivalent to
phase �eld. These ingredients yield to a novel PF crack method for FGMs which provides a
further potential for the exploration of the different aspects of the characteristic material and
length scale properties onto the overall cracking response of the specimen.

2.2 Variational formulation

2.2.1 Extension to FGM

Keeping in mind the mathematical model presented in Section 1.3, and total energy potential
de�ned in Eq. (1.9), geometric crack function is chosen in line with AT-2 model [29, 30,
31] as � (d) := d2 with normalization parameter cw :=

Rs
0

p
� (s)ds. The choice of � (d)

is motivated [28] by the fact that quadratic function for � (d) ensures the admissible range
d 2 [0; 1] with an in�nite support. As a consequence, the phase �eld should be solved in the
whole computational domain. However, the high computational time due to �ner mesh size
in order to resolve the gradients in the phase �eld is overcome by creating external localized
band on the crack path.

The elastic energy function de�ned in Eq. (1.9) is de�ned as 	 0(" ) = " (u)T : C : " (u),
where C is the constitutive tensor relating stresses and strains. The degradation of the initial
elastic energy is performed using g(d) = (1 � d)2 + � l .

In the context of FGMs, it is evident that the the material properties exhibit a spatial
variation within the specimen domain, and therefore they are functions of the material point
[107, 108], i.e. depending on the location. Consider a FGM with grading pro�le Vf = Vf (x )
as a function of spatial variable x . Then all the material properties can be expressed as a
function of Vf (x ) i.e GC = GC (x ; Vf ) = GC (x ) and the compliance tensor C = C(x ; Vf ) =
C(x ). The compliance tensor for the 2D plane strain takes the form:

C(x) =
E (x )

(1 + � (x ))(1 � 2� (x ))

2

4
1 � � (x ) � (x ) 0

� (x ) 1 � � (x ) 0
0 0 1� 2� ( x )

2

3

5 ;
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where E (x ) and � (x ) is the position-dependent Young's modulus and Poisson ratio respec-
tively.

As an example, for ndim = 2 ; and x =[ x; y ] within a rectangular plate of width 2w and
height 2b; and grading in the y-direction, the volume fraction Vf of the material A can be
de�ned as Vf (x ) =

�
1
2 + y

h

� K , where K represent a material gradient index.
Then, via the invocation of the rule of mixtures, the Young's modulus at a generic point

x 2 B as E (x ) = EA + ( EB � EA )Vf (x ); where EA ; EB are the Young's modulus of ma-
terial A and material B, respectively. Similarly, the fracture toughness K IC and the Pois-
son ratio � are expressed asK IC (x ) = K ICA + ( K ICB � K ICA )Vf (x ) and � (x ) = � A +
(� B � � A )Vf (x ) and hence the fracture energy for plane strain condition takes the form

GIC (x ) = (1� � ( x ) 2 )K 2
IC ( x )

E ( x ) .
The internal length scale l is largely considered as a material parameter [37]. This length

scalel was experimentally determined in [109] for homogeneous materials, relating its value
to the apparent material strength. Once the material parameter such as Young's modulus
E , fracture toughness GC are known, then the failure stress � c can be obtained using the
closed-form relation � c =

p
GC E=L; where L is the characteristics size of the specimen.

In particular, Tann é and co-authors [110] proposed that, once these material properties are

known, i.e � c ; E; GC , then the characteristic length l can be set asl = 27
256

�
GIc E

� 2
c

�
.

The rationale behind the choice of constant length scale in [90] is due to the intricate
relation between critical stress � c and fracture toughness K IC = � cY

p
�a , where Y is a

geometric factor and " a" is crack size. Under such conditions, the length scale given by l =
27

256

�
K 2

IC
� 2

c

�
= 27

256 (Y 2 �a ) is a constant. However, within the context of FGM, this analysis

can be assumed as simpli�cation rendering the condition that the fracture toughness can be
approximated as K IC = � 1 Y

p
�a c , where ac is the smallest defect size, which in principle is

an internal defect size depending upon the intrinsic material properties. Moreover, a general
analysis might suggest that failure stress for FGM at different locations might also happen
at different values, yielding that the critical stress � c required for cracking is also a function
of grading. This later condition leads to approximate � c as a function of grading Vf (x ), and
possibly the characteristics length scalel would be also a function of the spatial variation, i.e.
function of the material point location x . Thus, the variation of E; GIc ; Vf on x suggests that
each material point x 2 B has different characteristics, see [72] and the references therein.
Accordingly, and without any loss of generality, we assume in the sequel that � c = f (Vf )
[110, 111]

l (x ) =
27
256

�
GIc (x )E (x )

� 2
c (x )

�
: (2.1)

Analyzing the previous expression, it is worth noting that the variation of length scale
l(x ) depends on the elastic mismatch. For certain elastic mismatch, the variation of l (x ) can
span across one order of magnitudes, as is discussed in the forthcoming sections.

Consequently, the total energy functional of Eq.(1.9) in the context of FGM is given by

� l ( x ) (u; d) =
Z

B

�
(1 � d)2 + � l

�
	 0(" ) dV +

Z

B

GC (x )
2

�
d2

l (x )
+ l(x ) jr dj2

�
dV

�
Z

B
f v � u dV �

Z

@B

�t � u dS; (2.2)
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with 	 0(" ) = " (u)T : C(x ) : " (u)
Note that in order for the second integral in Eq.(2.2) to be mathematically meaningful,

i.e [112, 113] Z

B

GC (x )
2

�
d2

l (x )
+ l(x ) jr dj2

�
dV 2 L 1(B);

GC (x ) and l(x ) has to be at least locally integrable functions, i.e GC (x ); l (x ) 2 L 1
loc (A ) in a

compact setA � B with l (x ) 6= 0 for all x 2 B : It is easy to see that, if Vf (x ) 2 L 1
loc (A ), then

by construction GC (x ); l (x ) 2 L 1
loc (A ) for some compact setA .

2.2.2 Governing equation

The solution to Eq. (2.2) can be obtained by solving it as a minimization problem, i.e deter-
mine (u; d) from

(u(x ); d(x )) = arg min
x

f � l ( x ) (u; d)g: (2.3)

The governing (Euler-Lagrangian) equations under quasi-static conditions are determined
by taking �rst variation of the functional � l ( x ) (u; d) in Eq. (2.2) in terms of Gateaux deriva-
tive for the variation � u and � d of u and d respectively, resulting in

�
(1 � d)2 + K l

�
r � � (x ) + f v = 0 on B; (2.4a)

with � � n = �t on @Bt ; (2.4b)

GC (x )
�

d
l (x )

� l (x )� d
�

� 2(1 � d)	 ( " ; x ) = 0 on B; (2.4c)

with r d � n = 0 on @B; (2.4d)

where n is the outward normal vector on @B: Note that on boundary, r d� n = 0 and residual
stiffness K l = 0 because of compactness property [17, 19].

The unilateral stationary condition [16] of the total energy functional implies that � � l ( x ) =
0 for each � d; � u > 0 and � � l ( x ) > 0 for � d; � u = 0 , along with the irriversibility [16, 114]
and boundedness of d leads to the following �rst order optimality (KKT) conditions for the
quasi-static evolution.

_d � 0; (2.5a)

GC (x )
�

d
l (x )

� l (x )� d
�

� 2(1 � d)	( " ; x ) � 0; (2.5b)

_d
�

GC (x )
�

d
l (x )

� l (x )� d
�

� 2(1 � d)	( " ; x )
�

= 0 ; (2.5c)

where _d = dd
dt . The expressionGC (x )

h
d

l ( x ) � l (x )� d
i

indicates the energetic crack resistance

and 2(d � 1)	( " ) is the crack driving force.
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2.3 � -Convergence analysis
As mentioned above, due to the bounded nature of l (x ), which may also involve non-
linearity due to heuristic differences in the material properties, the � -convergence in the
sense of [19, 17, 22] can still be applied under the assumption that the domain B is size-
scaled.

We use the existing results in [17] and prove that the model in Eq. (1.9), under scaling in
two dimension, mimics that of the AT-2 model with a little variation. Note that, it is possible
to apply the more recent advancements as in [115, 26, 116] with small modi�cations, but we
choose to use [17] because of the mechanical insight that can be derived from theL 1 bounds
on u(x ).

In order for this proof to be self-consistent, we provide few important de�nitions and
results, while further details can be seen in [17] and references therein which are omitted here
for the sake of brevity. The proof is organised as follows, �rst we rede�ne the problem in
terms of a scaling function, convert the total energy in terms of scaling which is similar to that
of the classical AT-2 model. Using density and compactness results of the spaceSBD (B),
we prove that the reduced energy functional satis�es lim-sup inequality by constructing a
recovery sequence and later show that the results of [17] can be directly applied with small
modi�cation to get lim-inf inequality, if l (x ) is a bounded function (like in FGM) or even a
constant (like in [117, 118]).

2.3.1 Mathematical setting
Given u 2 B , where B is open subset of Rn dim , one says displacementu : B ! Rn dim has
bounded deformation (BD), whenever the symmetric part of the distributional derivative

" (u) =
�

D u + D T u
2

�
is a bounded radon measure [27]. Moreover " (u) can be decom-

posed into three parts, one absolutely continuous part with respect to Lebesgue measure d x ,
denoted by e(u)dx , jump set carried by the recti�able (N � 1) dimensional set Ju of points
where the function u has approximate limits u+ (x ) and u � (x ) together with some normal
vector vu and Cantor part " c(u) which vanishes on Borel sets of �nite H n dim � 1 measure.
Meaning that, the crack set � (with respect to Lebesgue measure) is completely represented
by the jump set Ju of u. The space ofSBD (B) (special function of bounded deformation) is
de�ned as

SBD (B) := f u 2 BD (B); " c(u) = 0 g :

Restricting the analysis to 2D case, i.e. B � R2 . Let �u be a position vector �u = [�u; �v]
de�ned on B such that for all �u 2 B ; the kinematic displacement �eld in B be de�ned as

u( �u ) = [ u( �u ); v( �u )]. De�ne the scaling function S� :=
�

1
2

+
1
2�

�
and the continuous map

Su : B ! B 0 with Su 2 R2� 2 as

Su := S�

�
1 0
0 1

�
: (2.6)

De�ne the inverse mapping S� 1
u : B0 ! B as

S� 1
u :=

1
S�

�
1 0
0 1

�
;
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where � > 0 is a positive constant that goes to zero, and B0 is the scaled domain such that
B0 = Su B � R2 : Let x be a position vector x := [ x; y ] de�ned on B0, then for all x 2 B 0, x is
de�ned in terms of scaling as x = Su ( �u)T : Meaning that

x = [ x; y ] = S�

�
1 0
0 1

� �
�u
�v

�
= S� [�u; �v] = S� �u:

The corresponding displacement �eld on B0 is de�ned as u(x ): Assuming that each of
the displacement �eld is bounded uniformly (by applied displacement) in L 1 (B0); for a
�xed large enough applied displacement M 0, we have the following theorem.

Theorem 1. Let B0 be a Lipschitz-regular bounded open set. LetM 0 > 0; � > 0; for a positive
bounded functionl(x ) 2 L 1

loc (B0), de�ne the functional for(u; d) 2 L 2(B0; R2) � L 2(B0);

� l ( x ) (u; d) =

8
>>><

>>>:

R
B 0

�
(1 � d)2 + K �

�
	( e(u)) dV +

R
B 0

GC (x )
2

�
d2

l (x )
+ l(x ) jr dj2

�
dV

if (u; d) 2 H 1(B0; R2) � H 1(B0); andkukL 1 � M 0

+ 1 otherwise;
(2.7)

with K � = o(� ) ! 0 as� ! 0: Then, as� ! 0; � l ( x ) (u; d) � � converges (inL 2(B0; R2) �
L 2(B0)) to

�( u; d) =

( R
B 	( e(u)) dV + GC H 1(Ju ) if u 2 SBD (B); d = 1 and kukL 1 � M 0

+ 1 otherwise
: (2.8)

First, consider for all �u 2 B ; for displacement u( �u ); it is assumed that u( �u ) 2 SBD (B);
and is bounded by kukL 1 � M: Then, it is easy to see that for all x 2 B 0; there ex-
ists a constant M 0 depending on the scaling factor S� and M such that the deformation
kukL 1 ( B 0) � M 0: Hence, without loss of generality, we can assume that kukL 1 ( B 0) � M 0

where M 0 is applied displacement on B0:
Physically, this means that, if body B with the applied displacement M (u) produces

a strain of " (u); then, depending on the scaling factor S� ; the same applied displacement

M (u) creates the strain proportional to
" (u)
S�

in B0 (assuming uniform deformation). Hence,

the applied displacement that is required to create the same strain " (u) in B0 depends on the
scaling factor. To be preciseM 0 / S� M:

In [17], the compactness results for u 2 SBD (B) are shown in [Theorem 5.1, [17]]: If a
sequence(un )n � 1 in SBD (B) is such that supn � 1 � l ( x ) (u; �) < 1 , then up to a subsequence,
there exists u 2 SBD (B) such that un ! u strongly in L 2(B; R2), e(un ) ! e(u) weakly in
L 2(B; S2� 2) and H N � 1(Ju ) � lim inf n !1 (Ju n ). Also, [Theorem 2, [17]] provides the density
results for u 2 SBD (B) \ L 2(B; R2). Assuming supn � 1 � l ( x ) (u; �) < 1 , then there exist a
sequence(un ) of displacement in SBD (B) \ L 2(B; R2), and kun � ukL 2 ( B ;R2 ) ! 0, such
that Ju n is closed in B, contained in a �nite union of closed connected pieces of C1 curves,
un 2 H 1(B=Ju n ; R2) and lim supn !1 � l ( x ) (u; �Ju n ) � � ( u; Ju ).

With compactness and density results at hand, the proof of the Theorem 1 is organized
as follows. First we show that Eq. (2.7), by a simple change of variable can be reduced to
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the energy potential function similar to that of the potential used in [17], but with a little
difference. Later, we show the existence of minimizing sequence (u � ; d� ) to the reduced
model so as to prove the lim-sup inequality. Later, we show that for the lim-inf inequality,
the reduced model follows the same proof of lim-inf as in [17]. Due to the existence of
minimizing sequence, and lim-sup inequality assuming a suitable coercivity property of the
functional, the proof of the Theorem 1 is immediate.

2.3.2 Model reduction
Consider the energy functional in Eq. (2.7)

� l ( x ) (u; d) =
Z

B 0

�
(1 � d)2 + K �

�
	( e(u)) dV +

Z

B 0

GC (x )
2

�
d2

l (x )
+ l(x ) jr dj2

�
dV;

notice that B0 = Su B is the sizing domain which contains S� ; the size-scaling factor. The
choice of S� is motivated by the fact that when � = 1 ; S� = 1 which coincide with the
domain B: As � ! 0; B0 expands and gives the same effect as ifl ! 0 in B; meaning that as
� ! 0; the surface energy asymptotically goes to the H 1(Ju ) approaching a sharp crack.

Since, dealing with the expanding boundaries is mathematically challenging, by using
simple change of variable, it is possible to move S� inside the integral. For this reason,
consider the scaling as de�ned before
x = S� �u implying x = S� �u and y = S� �v.
From change of variable, we have

Z

B 0

f (x; y )dx =
Z

B

f (S� �u; S� �v) jJ j d �u;

for the Jacobian,

jJ j =
@(x; y )
@(�u; �v)

=

�
�
�
�
�
�
�

@x
@�u

@x
@�v

@y
@�u

@y
@�v

�
�
�
�
�
�
�

=
@x
@�u

@y
@�v

= ( S� )2 :

Now, the gradients can be de�ned as

r u(x ) =
�

@u
@x

;
@u
@y

�
;

@u
@x

=
@u
@�u

@�u
@x

+
@u
@�v

@�v
@x

=
@u
@�u

1
S�

;

and
@u
@y

=
@u
@�u

@�u
@y

+
@u
@�v

@�v
@y

=
@u
@�v

1
S�

:

Now, r u(x ) =
1
S�

r u( �u) where u( �u) is the displacement at scaled points. Notice that no

assumption of the displacement is made here. Hence, we have " (u(x )) =
�

r u + r T u
2

�
=

1
S�

" (u( �u)) .
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As in the case of the linear elasticity 	( " (u)) = " (u) : C( �u) : " (u), having a quadratic
form and since C(x ) is positive de�nite matrix, C( �u) is the continuous one to one mapping
from B0 to B without changing the matrix or its positive de�niteness. From this, we can

conclude that 	( " (u(x ))) =
1

S2
�

	( " (u( �u))) .

Now, the bulk energy becomes:

Z

B 0

�
(1 � d)2 + K �

�
	( e(u))dx =

Z

B

�
(1 � d)2 + K �

� 1
S2

�
	( " (u( �u))) jJ j d �u

=
Z

B

�
(1 � d)2 + K �

�
	( " (u( �u))) d �u:

(2.9)

Physically, this means that for a �xed applied displacement M 0; the bulk energy released
by body B and B0 are equal which can also be readily seen numerically in forthcoming anal-
ysis. Now consider the surface energy in Eq. (2.7),

Z

B 0

GC (x )
2

�
d2

l (x )
+ l(x ) jr dj2

�
dx :

In order to inherit the result of [17], it is required that d� = 1 for intact material and
d� = 0 for fully broken state. Hence, renaming d, setd� = (1 � d); we have surface energy as

Z

B 0

GC (x )
2

�
(1 � d� )2

l (x )
+ l(x ) jr d� j2

�
dx :

Applying change of variable here would result in

Z

B 0

GC (x )
2

�
(1 � d� )2

l (x )
+ l(x ) jr d� j2

�
dx =

Z

B

GC (x )
2

�
(1 � d� (S� �u)) 2

l (x )
S2

� + l(x ) jr d� (S� �u)j2
�

d �u:

Without loss of generality, relabeling and renaming the variables leads to

Z

B 0

GC (x )
2

�
(1 � d� )2

l (x )
+ l(x ) jr d� j2

�
dx =

Z

B

GC (x )
2

�
(1 � d� )2

l (x )
S2

� + l(x ) jr d� j2
�

dx :

(2.10)
Combining bulk energy and surface energy leads to

� l ( x ) ;� (u; d� ) =
Z

B

�
d� 2 + K �

�
	( " (u)) dx +

Z

B

GC (x )
2

�
(1 � d� )2

l (x )
S2

� + l(x ) jr d� j2
�

dx ;

(2.11)
with kukL 1 � M 0; d� = 0 for fully broken state and d� = 1 for intact state and d� : B !
[0; 1].
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Now, it becomes clear identify that functional in Eq. (2.7) and Eq. (2.11) are equivalent
to each other. Also, this equivalence has an important consequence as an engineering appli-
cation which is explained in Section 2.5.3. With the results on SBD (B) and L 1 bounds on
u, Theorem 1 is equivalent to showing the � � convergence to the following Theorem.

Theorem 2. Let B be a lipschitz-regular bounded open set. LetM 0 > 0; � > 0; for a positive
bounded functionl(x ) 2 L 1

loc (B), de�ne the functional for(u; d� ) 2 L 2(B; R2) � L 2(B);

� l ( x ) ;� (u; d� ) =

8
>>><

>>>:

R
B

�
d� 2 + K �

�
	( " (u)) dx +

R
B

GC (x )
2

�
(1 � d� )2

l (x )
S2

� + l(x ) jr d� j2
�

dx

if (u; d� ) 2 H 1(B; R2) � H 1(B) and kukL 1 � M 0

+ 1 otherwise;
(2.12)

with K � = o(� ) ! 0 as� ! 0: Then, as� ! 0; � l ( x ) ;� (u; d� ) � � converges (inL 2(B; R2) �
L 2(B)) to

�( u; d� ) =

( R
B 	( e(u))dx + GC H 1(Ju ) if u 2 SBD (B); d� = 1 and kukL 1 � M 0

+ 1 otherwise
:

(2.13)

Proof. First notice that mechanical energy is the same in both Eq. (2.7) and (2.12) , also recall
that Ju is

�
H 1 ; 1

�
recti�able. Because of Theorem 3 of [17], we just need to prove lim-inf

inequality for (u; d� ) with d� = 0 and u 2 SBD (B) with H 1( �Ju ) < 1 ; replacing H 1(Ju ) by
H 1( �Ju ) in the energy (also assuming the closure of Ju , i.e �Ju is recti�able). De�ne distance
function

d(x ) := dist(x ; �Ju ):

The volume of the area bounded by s-level set of d is

l (s) =
�
� � x 2 R2 ; d(x ) � s

	 �
� for all s > 0:

The distance function is 1-lipshitz, i.e jr d(x )j = 1 a.e. Now the co-area formula for lipshitz
functions is given by

l (s) =
Z s

0
H 1(f x ; d(x ) = tg)dt;

so that, in particular we have that

l 0(s) = H 1(f x ; d(x ) = sg):

Now, we can easily see that

lim
s! 0

l (s)
s

= lim
s! 0

Z s

0
H 1(f x ; d(x ) = tg)dt = H 1( �Ju );

26



ass ! 0; d(x ) ! 0 much faster than s itself and hence
l (s)

s
shrinks to H� measure. i.e

lim
s! 0

l (s)
s

= H 1( �Ju ):

The proof of the lim-inf inequality result is mostly now standard [119, 21, 120] and Cham-
bolle el at. [17] proved the result for linear elasticity. Hence, we show that the functional in
Eq. (2.12) reduces to the already proven results and sketch the proof afterwards.

Consider a sequence(u � ; d�
� ) that converges to (u; d� ) such that sup� � 1 � l ( x ) ;� (u � ; d�

� ) <
1 ; then it is easy to show by taking for each � a level set with s� ' 1=2 such that

sup�> 0 H 1 �
@�

�
d�

j > s
	�

< 1 ; then there exists a sub-sequence(u � j ; d�
� j ) converges to

some(u; d� ) in L 2(B) as� j ! 0(or j ! 1 ) such that supj � 1 � l ( x ) ;� (u � j ; d�
� j ) < 1 : First note

that, we must have d� = 1 , and consider the surface energy functional, and apply young's

inequality in L 2(B) with a2 =
(1 � d� )2

l (x )
S2

� , b2 = l(x ) jr d� j2 and 2ab � a2 + b2 ; we have

Z

B

" �
1 � d�

j

� 2

l (x )
S2

� j + l(x )
�
� r d�

j

�
�2

#

dx �
Z

B

� �
� � 1 � d�

j

� �
�
�

1 +
1
� j

� �
� r d�

j

�
�
�

dx ;

�
Z

B

� �
� � 1 � d�

j

� �
�
�
� r d�

j

�
� � dx

+
Z

B

� �
� � 1 � d�

j

� �
�
�

1
� j

� �
� r d�

j

�
�
�

dx ;

�
Z

B

� �
� � 1 � d�

j

� �
�
�
� r d�

j

�
� � dx ;

so that, using the co-area formula, we obtain

� l ( x ) ;� j (u j ; d�
j ) �

1Z

0

ds

0

B
B
@

Z

f d�
j >s g

2s	( " (u j )) dx + (1 � s)H 1 �
@�

�
d�

j > s
	�

1

C
C
A :

Here,
�
@�

�
d�

j > s
	�

is the reduced boundary of the �nite perimeter set
�

x ; d�
j (x ) > s

	

as in [121, 27, 17]. We can adopt here the results of SBD case with uniformL 1 bound on the
u as in proof of [lemma 5.1 [17]], we have for almost each s 2 (0; 1), we have that

Z

B

2s	( " (u)) dx + 2(1 � s)H 1 (Ju )

� lim inf
� ! 0

1Z

0

ds

0

B
B
@

Z

f d�
j >s g

2s	( " (u j )) dx + (1 � s)H 1 �
@�

�
d�

j > s
	�

1

C
C
A :
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Integrating over s and using Fatou's lemma and pass to the limits, we have the lim-inf in-
equality. i.e

� l ( x ) (u; d� ) � lim inf
� ! 0

� l ( x ) ;� j (u j ; d�
j ):

Now for the lim-sup inequality, we construct a sequence (u � ; d�
� ) which converge in L 2 to

(u; d� ), meaning that there exists a sequence that can go upto the Grif�th's energy potential.
If the constructed sequence of minimizers converges to a minimum, and sequence of func-
tional also converge to the minimum value of the functional, then the limit of the sequence
functions of minimizing sequence also converges upto a subsequence.

Consider the following sequence of minimizers

u � (x ) =

8
<

:

d(x )
� �

u(x ) if 0 � d(x ) � � �

u(x ) Otherwise;
(2.14)

d�
� (x ) =

8
><

>:

0 if 0 � d(x ) � � �

1 �
�

p
2l(x )

exp
�

�
d(x ) � � �

� 2

�
if d(x ) � � � :

(2.15)

Clearly u � (x ) ! u in L 2(
 ) as � ! 0 i.e

Z




(u � � u)2 dx =
Z

0� d( x ) � � �

�
d(x )
� �

u(x ) � u(x )
� 2

dx +
Z

d( x ) � � �

(u(x ) � u(x )) 2 dx = 0 ;

meaning that ku � � ukL 2 ( B ) = 0 :
Similarly, d�

� (x ) ! 1 as � ! 0 almost everywhere since

d�
� � 1 and

�
p

2l(x )
exp

�
�

d(x ) � � �

� 2

�
! 0 as � ! 0:

Hence, we have that kd�
� � d� kL 2 ( B ) = 0 .

Now consider the bulk energy

Z

B

[d� 2 + K � ] 	( " (u)) dx �
Z

0� ( x ) � � �

�
d� 2

� + K �
�

	( " (u � )) dx

+
Z

d( x ) � � �

�
d� 2

� + K �
�

	( " (u � )) dx ;

Z

B

[d� 2 + K � ] 	( " (u)) dx �
Z

0� ( x ) � � �

�
Z

0� d( x ) � � �

K � 	( " (u � )) dx

+
Z

d( x ) � � �

[1 + K � ] 	( " (u � )) dx :

Note that for d(x ) � � � ,
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r u � (x ) =
d(x )
� �

r u(x ) +
r d(x )

� �
u(x ) �

d(x )
� �

r u(x ) +
M 0

� �
:

Here, we used 1-Lipshitz characteristic of d(x ) and L 1 bounds on the u: With this it is
immediate that as � ! 0; the volume of the integral between 0 � d(x ) � � � shrinks to zero
and for d(x ) � � � ;

	( " (u � )) �
�

d(x )
� �

r u(x )
� 2

+
�

M 0

� �

� 2

+
d(x )
� �

jr u(x )j
M 0

� �
;

Z

B

�
d� 2 + K �

�
	( " (u)) dx �

Z

0� d( x ) � � �

K �

�
d(x )
� �

� 2

	( " (u � )) dx

+
Z

0� d( x ) � � �

K �

�
M 0

� �

� 2

dx

+
Z

0� d( x ) � � �

K �

�
d(x )
� �

� 2

M 0
p

	( " (u � )) dx

+
Z

d( x ) � � �

[1 + K � ] 	( " (u � )) dx :

Now as � ! 0; � � = o(� ) ! 0 faster than �: Setting K � = o(� � ) ! 0 faster than � � . So,
K �

� �
! 0;

d(x )
� �

! 0 and

Z

0� d( x ) � � �

K �

�
M 0

� �

� 2

dx = K �

�
M 0

� �

� 2

l (� � ) ! 0:

With this, we can conclude that

lim sup
� ! 0

Z

B

�
d� 2 + K �

�
	( " (u)) dx �

Z

B

	( " (u)) dx : (2.16)

Similarly, consider the surface energy term without GC (x ):

Z

B

�
(1 � d� )2

2l(x )
S2

� +
l(x )

2
jr d� j2

�
dx �

Z

0� d( x ) � � �

�
(1 � d�

� )2

2l(x )
S2

� +
l(x )

2
jr d�

� j2
�

dx

+
Z

d( x ) � � �

�
(1 � d�

� )2

2l(x )
S2

� +
l(x )

2
jr d�

� j2
�

dx

For d(x ) � � �

d�
� = 1 �

�
p

2l(x )
exp

�
�

d(x ) � � �

� 2

�
;
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�
1 + �

2�

� 2

j1 � d�
� j2 =

(1 + � )2

2l(x )
exp

�
�

d(x ) � � �

� 2

�
:

Calculating jr d�
� j2 ; with a simple algebraic manipulation results in

l (x ) jr d�
� j2 �

1
2� 2

exp
�

�
d(x ) � � �

� 2

�
.

Putting this in the surface energy, we have

Z

B

�
(1 � d� )2

2l(x )
S2

� +
l(x )

2
jr d� j2

�
dx �

Z

0� d( x ) � � �

1
2l(x )

S2
� dx

+
Z

d( x ) � � �

(1 + � )2

2l(x )
exp

�
�

d(x ) � � �

� 2

�
dx

+
Z

d( x ) � � �

1
2� 2

exp
�

�
d(x ) � � �

� 2

�
dx :

In this inequality, �rst term and second term goes to zero as � ! 0 is immediate. Consider
the third term

Z

d( x ) � � �

1
2� 2

exp
�

�
d(x ) � � �

� 2

�
dx =

1
2� 2

Z

d( x ) � � �

exp
� � s

� 2

�
exp

� � �

� 2

�
H 1(f d(x ) = sg)dx ;

=
1

2� 2

Z

d( x ) � � �

exp
� � s

� 2

�
exp

� � �

� 2

�
l 0(s)dx :

by setting
s
� 2

:= t; changing the variable and integrating it by parts would result in

Z

d( x ) � � �

1
2� 2

exp
�

�
d(x ) � � �

� 2

�
dx =

l 0(� � )
2

+
e

 � �

� 2

!

2� 2

Z

d( x ) � � �

� � �

� 2
+ t

� l (� � + � 2 t )
2 (� � + � 2 t )

e� t dt:

Taking limit of the function as � ! 0 leads to

lim sup
� ! 0

Z

B

�
(1 � d� )2

2l(x )
S2

� +
l(x )

2
jr d� j2

�
dx � H 1( �Ju ):

Combining both surface energy and bulk energy we have the lim-sup inequality.
i.e

lim sup
� ! 0

� l ( x ) ;� (u � ; d�
� ) � �( u; d� ):

and hence the proof of Theorem 2. By equivalence relation as stated, we also have the proof
of Theorem 1.
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2.4 Finite element formulation
In this section, the FE implementation of the multi-�eld displacement-phase �eld model
proposed in Eqs. (2.4a) and (2.4c) is presented. In order to construct the numerical solution
of the corresponding initial boundary value problem (IBVP), we consider the weak form
of the former set of equations for the test functions � u and � d of the primary �elds u, d
respectively:

Z

B

�
(1 � d)2 + K l

�
� : " (� u)dV �

Z

B
f v � u dV �

Z

@B

�t � u dS = 0 ;

Z

B
GC (x )

�
d

l (x )
� d + l(x)r d � r � d

�
dV �

Z

B
2(1 � d)	 ( " ; x ) � d dV = 0 :

Note that, it is often recommended to use unequal interpolation orders for the coupled
multi-�eld problems in order to avoid stress oscillations and potential numerical interlock-
ing. Notwithstanding, it can be argued from previous investigations [122, 8, 123] that this
strategy is not required in the present study since the stress oscillations and numerical lock-
ing might only arise in a very narrow band of crack propagation and have negligible effects
on the convergence rates and numerical results of the overall problem.

Accordingly, we de�ne dicretization B ! B e; u ! ue; � u ! � ue; d ! de; � d ! � de

such that ue 2 Uh , ve 2 Vh ; de 2 Ud; � de 2 U� d; and partition of unity holds for the
functional space for approximate functions

Uh (u) =

(

u 2 H 1(B)

�
�
�
�
�
r u 2 L 2(B); u = ud on @Bd

)

; (2.17a)

Vh (� u) =

(

� u 2 H 1(B)

�
�
�
�
�
r � u 2 L 2(B); � u = 0 on @Bd

)

; (2.17b)

Ud(d) =

(

d 2 H 1(B)

�
�
�
�
�
d(x) 2 [0; 1]; _d � 0 8x 2 B

)

; (2.17c)

U� d(� d) =

(

� d 2 H 1(B)

�
�
�
�
�
� d � 08x 2 B

)

: (2.17d)

Upon the above setting, the displacement �eld ue and the strain �eld " (ue) are interpo-
lated in terms of the nodal displacements du as follows

ue(x ) � N (x )du r ue(x ) � B (x )du ; (2.18)

where N (x ) is the matrix that arranges the shape functions associated with at the element
in computational domain Be , and B (x ) identi�es its corresponding spatial derivative (also
denominated as compatibility operator).

In a similar manner, complying with an isoparametric formulation, the FE discretization
of phase �eld d variable and the gradient r d in terms of nodal phase �eld dd renders
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de(x) � N (x )dd r de(x) � B d(x )dd; (2.19)

where the same order of interpolation is chosen for the displacement and the phase �eld
variables.

Through the insertion of the previous interpolation scheme for the displacement and the
crack-like phase �eld variable, the discrete versions of the element residual vectors for both
�elds are given by

r u =
Z

B e

�
(1 � d)2 + K l

�
B T(x )� dV �

Z

B e

N T(x )f v dV �
Z

@B e

B T(x )�t dS;

r d :=
Z

B e

� 2(1 � d)N T(x )	 ( " ; x ) dV +
Z

B e

GC (x )
l (x )

h
N Td + l(x )2(B d)T r d

i
dV:

The solution is computed using quasi-newton solver. In line with [124, 125], the stiffness
matrix is updated after each iteration according to Broyden-Fletcher-Goldfarb-Sahnno(BFGS)
algorithm . In such case the initial guess for BFGS to estimate (t + � t) th time step takes the
form �

du

dd

�

t +� t

=
�

du

dd

�

t

�
�

K uu 0
0 K dd

� � 1

t

�
r u

r d

�

t

: (2.20)

Equivalently, we can express

(z) t +� t = ( z) t � K � 1
t (r ) t ; (2.21)

where

@R u

@du
= K uu =

Z

B e

�
(1 � d)2 + K l

�
B T C(x)B dV; (2.22)

@R d

@dd
= K dd =

Z

B e

2N T N Ĥ dV +
Z

B e

GC (x )
l (x )

h
N T N + l(x )2(B d)(B d)T

i
dV: (2.23)

are the elemental tangent stiffness matrix.
The above system of equations incorporates the history variable as in [35], denoted as Ĥ ,

in order to ensure irreversibility of the crack de�ned as

Ĥ = max
� 2 [0 ;t ]

(	( t)) : (2.24)

The approximated stiffness matrix ~K is updated after a set number of iterations in case
of not having an converged solution using

~K = ~K t �
( ~K t � z)( ~K t � z)T

� z ~K t � z
+

� r � r T

� zT � r
; (2.25)
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where � z = zt +� t � zt , and � r = r t +� t � r t . Therefore, that the approximated stiffness
matrix ~K satis�es

~K � z = � r : (2.26)

The system of equations has been implemented in �nite element software ABAQUSin
order to take advantage of the in-built BFGS solver. For this purpose, a user de�ned UEL
is written for the coupled equilibrium equations. Moreover, with regard to the FGM for-
mulation, the corresponding variation of material properties has been implemented at each
material integration point in a continuous manner by fetching the data COORDS(nnode,
mcrd) in abaqus UELsubroutine.

2.5 Virtual testing

In this section, for validation purposes, a comprehensive numerical example of asymmetric
three-point bending of PMMA beam is discussed. A qualitative assessment of crack path is
performed, which is validated against available experimental results in order to show the
predictive capabilities of the proposed model. Subsequently, using the classical benchmark
problem of single-edge notched plate under tensile loading conditions, mechanical insights
based on variation of Young's modulus ratio, initial crack length and position of the model
are pinpointed, in conjunction with a �nal discussion on size-scale effects emphasizing the
equivalence relationship. Finally, the current PF method for FGM is applied to study the
failure initiation and propagation at the micro-scale in a single-�ber reinforced FGM matrix
problem.

2.5.1 Properties and grading function

Let A and B are two material compositions of the functionally graded material with the
volume fraction of material A in the y-direction given as

Vf (x ) =
�

1
2

+
y
h

� K

; (2.27)

where K is a grading constant. The volume fraction of material B can be estimated as
VB (x ) = 1 � Vf (x ): Based on the rule of mixtures, the corresponding Young's modulus,
fracture toughness, Poisson ratio and apparent strength in terms of volume fractions takes
the form

E (x ) = E1 + ( E2 � E1)Vf (x ); (2.28a)

K IC (x ) = K 1c; 1 + ( K 1c; 2 � K 1c; 1)Vf (x ); (2.28b)

� (x ) = � 1 + ( � 2 � � 1)Vf (x ); (2.28c)

� c(x ) = � c1 + ( � c2 � � c1)Vf (x ): (2.28d)
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y(mm) EA (MPa) � K IC;A (MPa
p

m)
0 1780 0.41 0.99
60 4000 0.39 1.19

Table 3: Material Properties of PMMA beam

Assuming plain strain condition for all the numerical experiments, we have

GC (x ) =
(1 � � (x )2)K IC (x )2

E (x)
; l (x ) =

27
256

�
GC (x )E (x )

� 2
c (x )

�
: (2.29)

All the material properties in the subsequent sections take the form as mentioned, unless
speci�ed.

2.5.2 Model validation
In this section, we investigate crack propagation in a graded PMMA beam subjected to three-
point bending with unsymmetrical loading conditions. In this example, we consider the
grading along the y-direction with the boundary condition shown in Fig. 3. All the material
properties are taken as the linear combination of the homogeneous properties in the grading
direction according to the rule of mixtures as in Section 5.1. The material properties of the
PMMA beam are listed in Table 3 in line with [126].

The domain is discretized with 973714-node quadrilateral plane stress elements. The
length of each side of element near the process zone is kept less than0:2 mm in order to
ensure that gradient of the phase-�eld is resolved properly.

Figure 3: A crack in a beam subjected to three-point unsymmetrical loading.

Fig. 4a shows the crack propagation path due to asymmetrical loading. Fig. 4b shows
the comparison of the crack trajectories for the graded PMMA beam obtained by the present
model and the experimental (averaged) results as in [126]. The crack propagation path due
to the present model shows an excellent agreement with the experimental results. Moreover,
Fig. 5 shows the comparison of the reaction force v/s displacement curve for the constant
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Figure 4: Crack propagation of PMMA beam under unsymmetrical loading condition.
a)Crack propagation, and b)comparison with experimental results.

Figure 5: Comparison between constant l and l(x ) for the reaction forces of asymmet-
rical three-point loading.

characteristic length scales ofl = 1 :49, l = 2 :51and the variable length scale l(x ). The results
indicates that the small variation in the length scale affects the system behaviour which are
re�ected in the reaction force vs displacement curve (note that the grading pro�le chosen in
this application is relatively smooth).
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2.5.3 Insight on grading
In this section, we present several numerical examples which include a classical benchmark
problem, corresponding a single-edge notched plate under monotonic tensile loading con-
ditions up to failure. For each of the examples herein investigated, the effects of Young's
modulus ratio, size effects, crack length and position effects, grading pro�les on the crack
propagation are pinpointed. Also, we provide a general behavior discussion on the response
of FGM specimens using simple mathematical manipulations in order to support the numer-
ical examples.

With the aim of understanding the effects of change of l at every material point, we
invoke the following theorem.

Theorem 3. With the usual notations mentioned before, for everyx 2 Rn dim ; under the same
domainB and loading conditions, for any given grading functionVf 2 L 1

loc (B);
1. Elastic energy	( u; d) of FGM is comprised (bounded from above and below) between its

homogeneous material composition. i.e

	( u; d)

�
�
�
�
E min

� 	( u; d) � 	( u; d)

�
�
�
�
E max

:

2. Surface energy	 c(d) created due to fracture is bounded between its homogeneous material

composition if the functionf (x) = � 2 ( x )
E ( x ) is monotonic

	 c(d)

�
�
�
�
f ( x ) min

� 	 c(d) � 	 c(d)

�
�
�
�
f ( x ) max

:

Proof. Part-1: Let FGM has its constituents as material A and B. Assume EA > E B ; then for
all x 2 B ; Vf (x ) 2 L 1

loc (B) is a function such that, by construction

EB = Emin � E (x ) � Emax = EA meaning that E (x ) 2 [EB ; EA ]:

Extending this inequality for the compliance tensor C(x) along with the fact that C(x) is
positive de�nite 1 leads to

C

�
�
�
�
E B

� C(x) � C

�
�
�
�
E A

: (2.30)

Consider the elastic energy of the FGM

	( u; d) =
Z

B

�
(1 � d)2 + K l

� �
" (u)T : C : " (u)

�
dV; (2.31)

then for all x 2 B ; d 2 [0; 1] implies that
�
(1 � d)2 + K l

�
� 0. Hence, the Eq. (2.31) can be

bounded using Eq. (2.30) as

	( u; d)

�
�
�
�
E B

� 	( u; d) � 	( u; d)

�
�
�
�
E A

:

1[Note that Youngs modulus E is many orders of magnitude larger than Poisson ratio � , and hence
the effect of � is almost zero].
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Now, if EB > E A ; then the above arguments holds true with EA � E (x ) � EB and
hence the inequality now takes the form

	( u; d)

�
�
�
�
E A

� 	( u; d) � 	( u; d)

�
�
�
�
E B

:

In both case, the elastic energy is bounded by its homogeneous constituent materials.
Part-2:- We will only prove for the case EA > E B ; since the caseEB > E A is a trivial

extension. Consider the surface energy of the FGM

	 c(d) =
Z

B

GC (x )
2l(x )

d2 + GC (x )l (x ) jr dj2 dV;

from Eq. (2.1), we have

GC (x ) =

�
1 � � (x )2 �

K 2
IC (x )

E (x )
; l (x ) =

27
256

�
GC (x )E (x )

� 2
c (x )

�
:

Surface energy can be bounded by the following chain of inequalities

Z

B

256� 2
min

27EA
d2 +

27
�
1 � � (x )2 � 2

K 4
IC (x )

256� 2
min EA

jr dj2 dV

�
Z

B

256� 2
c (x )

27E (x )
d2 +

27
�
1 � � (x )2 � 2

K 4
IC (x )

256� 2
c (x )E (x )

jr dj2 dV

�
Z

B

256� 2
max

27EB
d2 +

27
�
1 � � (x )2 � 2

K 4
IC (x )

256� 2
max EB

jr dj2 dV: (2.32)

Case-1: When� min = � A and � max = � B

If � min = � A and � max = � B meaning that � B � � A ; then � (x ) 2 [� A ; � B ]; then the
surface energy of FGM is trivially bounded between its homogeneous constituents. i.e

	 c(d)

�
�
�
�
A

� 	 c(d) � 	 c(d)

�
�
�
�
B

:

Case-2: When� min = � B and � max = � A

If � min = � B ; � max = � A then the bound for surface energy in terms of its homogeneous
constituents exist if

� 2
min

EA
�

� 2(x )
E (x )

�
� 2

max

EB
;

is true.
In many materials, E (x ) is some orders of magnitude greater than � 2(x ); (assuming that

both are in MPa ) otherwise, clearly � 2(x ) is dominant. But in some materials, E (x ) can be of
same order or less than� 2(x ). Under these circumstances, we incorporate an extra condition

such as the function f (x) = � 2 ( x )
E ( x ) is monotone. Thus, if f (x) is monotonic, then clearly the

37



extremes of the function lies on the boundaries since f (x) is bounded function. Hence, we
have

� 2

E

�
�
�
�
�
A

�
� 2(x )
E (x )

�
� 2

E

�
�
�
�
�
B

or
� 2

E

�
�
�
�
�
B

�
� 2(x )
E (x )

�
� 2

E

�
�
�
�
�
A

;

depending on weather the function is monotonically increasing or decreasing. Hence sub-
stituting this in the surface energy inequality Eq. (2.32), we have that surface energy of FGM
is bounded by its homogeneous constituents if the function f (x ) is monotone2 3. Physically,
this also means that the function f (x ) is also constituent for the crack driving force and not
just E (x ).

Effect of grading on the Young's modulus

Consider a pre-cracked plate with displacement on one side of the boundary and �x the
other side as shown in the Fig. 6. In this specimen con�guration, a denotes the length of
the initial crack, b and w are the height and the width centered at (0; 0). In this section,
we consider values of K 1cA = 3 :5MPa

p
m, K 1cB = 8 MPa

p
m, � A = 0 :21 and � B = 0 :31

as the effects of small perturbation to their values shows to be non-sensitive and have no
signi�cant difference in the overall system behaviour. The model is discretized with 118400
4-node quadrilateral plane stress elements.

In the context of crack propagation, the initial characterization for FGM can be done in
terms of elastic mismatch and further can be made based on the apparent strength. The-
oretically, it is possible to create a functionally graded materials with any combination of
materials and hence it is better to consider an abstract value than that of the exact material
properties so that the extreme effects can be simulated for further research development. To
support this claim, consider Alumina-Zirconia which has Young's modulus ratio of approx-
imately 1.65, similarly Aluminum-Alumina, Alumina-Silica, Alumina-Epoxy have ratios of
4.78, 10, 100 respectively, see [65] for more details. Hence, in this section, we consider four
ratios of E A

E B
with 2,5,10 and 20 by setting EA = 300 GPa, to demonstrate the effects of elastic

mismatch.
As in Theorem 3, the in�uence of Young's modulus cannot be considered in a separate

manner, since the effect of fracture stress plays a major role in the crack propagation and
surface energy release rates of the FGM. For this reason, we consider cases when material A
has strength greater than material B (case-1 in Theorem 3) and when material B has greater
strength than material-A (case-2 in Theorem 3). The reaction curves for the E A

E B
= 2 can be

seen in Fig. 7 with material properties as reported in Table 4 along with their constitutive

2Note: The case that f (x ) is not monotone would arise if � 2
min
E A

' � 2
max
E B

, in other words if the

ratio
�

� min
� max

� 2 �
E min
E max

�
' 1;then the bounds are very tight and hence the function f (x ) losses its

monotonicty since f (x ) is quadratic function. Example of such case is given in Fig. 10. Also notice

that if the ratio
�

� min
� max

� 2 �
E min
E max

�
< 1; then the system behaves like in case-1 and hence bounds are

guaranteed. We give numerical example showing all the cases in the example-1.
3Note: Notice that the constants in the non-local part of the surface energy is very small due to the

product � 2 (x )E (x ); also the variation of the surface energy would lead to negative constants and hence
have no effect on the bounds.
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Figure 6: Plate with an edge crack under uni-axial tension.

EA (GPa) EB (GPa) � A (MPa) � B (MPa) K IC;A (MPa
p

m) K IC;B (MPa
p

m) � A � B

Case-1
300 150

600 300
3.5 8 0.21 0.31

Case-2 300 600

Table 4: Material Properties for E A
E B

= 2

behaviour as in Eq. (4.5) and (2.29) for different values of the grading constant K . Similarly,
for the reaction curves for the ratios E A

E B
= 5 and E A

E B
= 10 are given in Fig. 8.

Analyzing the present results, it is possible to observe that when E A
E B

= 20 is considered,
as in Fig. 9, the results are not different from that outlined in Theorem 3. For any material
property with E A

E B
= 20 (which is usually the case), the difference in length scale parameter

is at least one order magnitude greater than the smallest length scale. In such cases, relying
on the present computational results, we can argue that the variation of the length scale
within the specimen domain cannot be neglected. We have also shown previously that the
failure stress plays a major role in the crack propagation which is inversely proportional to
the length scales, which is also consistent with the previous investigations on the matter, see
[90, 127, 107, 111].

Continuing with the analysis of the present results, we notice that with the material prop-
erties used to obtain the results plotted in Fig. 7, 8 and 9, the crack propagation direction is
towards minimum Young's modulus. The steepness in the reaction forces representing the
crack nucleation is due to the mismatch in Young's modulus. As expected, con�gurations
with the highest mismatch exhibit the steepest gradients. The FGM variation in this case
is linear as the difference in mechanical energy release rate due to the change of grading of
volume fraction is linear, see Eq. (2.30). This implies, depending on the volume fraction,
the crack nucleation in the FGM is a linear combination of its homogeneous constituents.
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Figure 7: Material properties for E A
E B

= 2 (Left) reaction forces for the case-1, (Right)
reaction forces for case-2.

q

Figure 8: Reaction curves with � A = 600MPa and � B = 300 MPa for (Left) E A
E B

= 5 ,

(Right) E A
E B

= 10

Similarly, � determines the maximum value (cut-off) of the reaction curves, with a trend
consistent with what is expected for homogeneous materials. FGM formed due to variation
of � in turn on l is quadratic in nature from Eq. (2.1). Meaning that, depending on volume
fraction and � 2

E ratio, the apparent strength is a quadratic combination of its homogeneous

constituents. In order to understand what happens when the monotonicity of � 2

E is lost, con-
sider the following example with the Young's modulus ratio E A

E B
= 1 :5, and � A = 300 MPa

and � B = 245 MPa and keeping the rest as in Table-4 can be seen in Fig. 10. Even though all
intrinsic material properties are monotone, the ratio of � 2

E is not monotonic so far, and hence
the surface energies neither fall under case-1 nor case-2, hence crack propagation and the
reaction forces of these FGMs cannot be predicted using its homogeneous constituents only
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in an accurate manner. This aspect suggests that the crack path cannot be easily predicted,
requiring either the conduction of a careful experimental campaign (producing such com-
plex samples) or the use of suitable numerical models that enabling capturing such intricate
response.

Figure 9: (Left) Reaction forces for the case-1, (Right) reaction forces for case-2 with
E A
E B

= 20 .

Figure 10: Material properties along with E A
E B

= 1 :5 (Left) material properties, (Right)
corresponding reaction forces.
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Effect of initial crack position and crack length

In this subsection, we explore the effect of the initial crack position and crack length in the
FGM with linear grading, by considering E A

E B
= 2 , with EA = 300 GPa and � A = 600MPa

and � B = 300MPa, K 1cA = 3 :5 MPa
p

m and K 1cA = 8 MPa
p

m. The overall behavior
with respect to any other cases (as well as grading pro�les) are similar. In this concern, if a
represents the length of crack as in Fig. 6, keeping thew = b = 1 the variation of the crack
length keeping everything else the same results in the reaction curves as shown in Fig. 11
(a). Stemming from these results, it becomes evident that, as the initial crack length decreases
the elastic energy required for the crack to propagate is higher. Hence, we can see that the
steepness in reaction curves due to the elastic energy release rate increases as crack length
decreases. Similarly, the surface energy required for the material to fracture is also higher
with decrease in crack length.

In line with the previous discussion, if a square plate with a = w = b = 1 in Fig. 6 is
taken, but the crack is placed at a distancec in the y-direction from center of the specimen,
then we obtain the results depicted in Fig. 11 (b). Analyzing this graph, we can observe that
the overall mechanical energy is nearly coincident for all the experiments, since the initial
crack length is the same for each of the cases, but the surface energy is slightly different from
each other due to asymmetric loading on the crack tip. As a major conclusion, by changing
position of the initial crack tip in the direction of increasing � 2

E would decrease the surface
energy.

Figure 11: Load-displacement curves for (Left) change of crack length (Right) change
of crack position.

Fig. 12 shows the reaction curves for different grading pro�les. From this graph, it is
easy to notice that, if the grading direction is along the x-axis (grading-6 as in 12) opposite
to the crack propagation path, the reaction curves shows a gradual drop. Also, grading-1,
grading-2, grading-3, and grading-4 pro�les has different material properties at their crack
tip and the corresponding reaction curves shows similar surface energies release rates but
different elastic energy release rate.
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Figure 12: Load-displacement curves for different grading pro�les.

Size-scale effects

Figure 13: (Left) angle of crack de�ection due to different Young's modulus ratio (Right)
maximum reaction due to size effects.

In this subsection, we consider the size-scale effects for FGMs with linear grading and
keeping the material properties as in Subsection 2.5.3, while change the dimensions w to
account for a square specimen. If we scale the Fig. 6 including also the crack length, keep-
ing the internal length scale constant, it is easy to see from Eq.(2.2) that the potential energy
increases as the domain is expanded. Also, from the numerical viewpoint, the same con-
clusion holds for the reaction forces, whilst the elastic energy release rate is kept constant
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but the surface energy release becomes higher. Since the maximum reaction force is directly
proportional to the maximum surface energy release rate, it is also interesting to see that the
scaling factor follows a power law as in Fig. 13(b). This constitutes the main idea of the
� � convergence proof presented in Section 2.3.

We emphasize on the equivalence relation that, from Eq. (2.7) and Eq. (2.12) it is easy to
see that for every increase in size (of domain) of Eq. (2.7), there exists a� in Eq. (2.12) such
that the bulk and the surface energies are equal due to continuous mapping Su . Meaning
that, it is possible to �nd a � value in Eq. (2.12) which mimics the size-scale effects of Eq.
(2.7). This idea can have direct applications in engineering design and analysis.

Recalling this idea, let consider a problem of fracture on a large model, which is possible
to reduce to model to a very small convenient size and �nd the � such that the reduced
model mimics the original one. For example, by setting b = w = 10 , � value for Eq. (2.12)
using the following straightforward relation b0 = 1

2 (1 + 1
� )b, to mimic any value of b0. For

b0 = 25 ; 50; 100, the value of � = 0 :25; 0:110; 0:05263respectively are equivalent. Meaning
that, it is possible to simulate the behaviour of the model b0 = 25 , with � = 0 :25 and b = 10
from Eq. (2.12). As one expects, the comparison between numerical experiments done using
Eq. (2.7) and Eq. (2.12) would give same results as in Fig. 13(b). Forb 6= w, � is calculated by
the approximate area of the domain such that b0w0 = ( 1

2 (1 + 1
� )) 2bw for some �xed b; w:

Also, it can be seen from the power law that as the scaling approaches in�nity in Eq. (2.7)
(or � approaches zero from Eq. (2.12)), the maximum reaction force also approach in�nity
asymptotically, hence can be considered as the numerical evidence for � � Convergence.

2.5.4 Micromechanical application

Figure 14: Micromechanics of �ber-reinforced FGM material under transverse tensile
loading conditions: geometry and boundary conditions.

In this subsection, the proposed model is applied to a �ber-reinforced specimen with
a functionally graded material matrix. This application intends to revisiting the cases pre-
sented in [95, 16] for homogeneous matrix. Nevertheless, differing from precedent investiga-
tions of the authors [95], we neglect the potential presence of �bre-matrix decohesion events
(usually modelled via interface-like models) in order to preserve the main focus of the cur-
rent investigation. In addition to the previous considerations, it is worth mentioning that
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the present application inherently incorporates different scale separations due to he homog-
enized FGM properties in the matrix (which implies a FGM microstructure) and the explicit
discretization of the �ber. A more careful analysis scale separation assumptions could be
investigated via the methodology developed in [128].

The baseline single-�ber domain is subjected to transverse loading conditions from micro-
mechanical perspective is considered as in [95] and the reference therein. A squared 2D do-
main complying with a brittle response contains a circular �bre, see Fig. 14. The domain
is meshed with 120000 �rst order plane-stress elements and 1000 steps are used to run the
computations under displacement control.

Figure 15: R
L� A

vs L
d ratio for different (left) Young's modulus ratio (right) fracture

toughness ratio.

The system properties consists of circular transverse section of side length vs radius
L
R = 4 . Both, the �ber and the matrix are considered to obey a linear elastic material be-
haviour with a FGM matrix. Without any loss of generality, the baseline properties for the
present numerical investigations recall some standard values previously reported in the re-
lated literature [95]. In this regard, the properties of the �ber is taken to be E f = 78 GPa and
Poisson's ratio of � f = 0 :22. The FGM properties are EA = 2 :8 GPa,� A = 0 :33, GC;A = 0 :016

N
mm . Keeping these properties constant, the material properties such asEB , GC;B are varied

to understand the effects of different grading, and preserving the ratio E f
E A

= 27 :8 through-

out the section in conjunction with varying E A
E B

ratio and GC;A
GC;B

ratio.

The dimensionless parameters d
L for the applied displacement d is plotted against R

L� A
(R denoting the overall reaction forces at left edge of the system) for different Young's mod-
ulus ratio E A

E B
with GC;A

GC;B
= 2 , see Fig. 15 a). Similarly, the variation of fracture toughness

ratio GC;A
GC;B

, keeping E A
E B

= 2 constant is plotted in Fig. 15b) for the comprehensive visual-
ization of the spatial variability regarding the material properties. Analyzing these results,
it is observed that, as the Young's modulus ratio increases, the asymmetry in the loading
increases leading to asymmetrical crack propagation. Fig. 16 depicts the crack initiation and
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Figure 16: Crack initiation and crack propagation in single �ber reinforced composite
due to different material conditions.

Figure 17: Crack propagation in single �ber reinforced composite.

propagation condition for the different ratio of Young's modulus. As mentioned earlier as in
Theorem-3. The asymmetry is the case of single-�ber transverse loading starts towards the
lowest Young's modulus side.

For E A
E B

= 2 , crack propagation happens from only one side and, in subsequent loading
stages, a secondary crack starts appearing on the other side of the �bre-matrix edge, see
Fig. 16. This behaviour is also re�ected in the reaction force curve which displays two
sudden drops, see Fig. 15a. For E A

E B
� 5, crack propagation is asymmetrical, see Fig. 16.
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The GC;A
GC;B

ratio plays a signi�cant role in crack propagation, as the GC;A
GC;B

ratio increases,
the reaction force also increases and delays the crack nucleation. Finally, with respect to
the cracking pattern for different E A

E B
values (Fig. 17), we observe a general trend in this

numerical experiment exhibiting a lower kinking angle towards the matrix of the main crack
as E A

E B
decreases.
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Chapter 3

A multi phase-�eld fracture
model for long �ber reinforced
composites based on the puck
theory of failure

This chapter is mainly taken from [129, 130] and is organised as follows. In Section 3.2, a
novel Multi Phase-Field (MPF) model relying on the Puck theory of failure for intra-laminar
failure at ply level is coupled with a Cohesive Zone Model (CZM) for inter-laminar cracking.
In Section 3.3, the model's variational formulation, along with the strong form, is outlined
with a special focus on each failure mechanism's construction particular contribution. In
Section 3.4, current computational method is numerically implemented as a system of non-
linear partially coupled equations using the �nite element method via user-de�ned UMAT
and UEL subroutines in ABAQUS. The computational tool is applied to qualitatively predict
delamination migration in long laminated �ber-reinforced polymers composites comprising
44 cross-ply laminates. The reliability of the current approach is examined via the correla-
tion with experimental results. Finally, in Section 3.5 the present study is complemented
with additional representative examples with the aim of providing further insight into the
potential role of different aspects of the system in the delamination migration, including (i)
the variation of the ply angle in the migration zone, (ii) the load application point, and (iii)
initial crack length.

3.1 Introduction

The widespread use of Laminated Fiber Reinforced Composites (LFRCs) due to their high
strength to weight ratios has paved their way into many practical applications in different
industrial sectors, with remarkable impact in aerospace and aeronautics, and more recently
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in the automotive sector [131, 132], to quote a few of them. In the presence of ever-increasing
demands of new technological advancements, load-bearing capabilities and failure modes
of these materials are not yet fully understood, posing notable restrictions on their use and
leading to the introduction of high safety factors.

Within this context, delamination failure can be conceived as one of the most critical fail-
ure mechanisms in Laminated Fiber Reinforced Composites (LFRCs). Such cracking events
are generally associated with low through-thickness stiffness in layered disposals and can
emerge from manufacturing defects, the occurrence of post-buckling phenomena [133, 134],
among many others. From a modeling standpoint, delamination events in layered com-
posites structures have been analyzed using linear elastic fracture mechanics (LEFM), en-
forcing initiation and growth along the ply interface with the use of strain energy-based
methods to de�ne the corresponding fracture toughness [135, 136]. Delamination can be
found in low-velocity impact [137], skin debonding [138], defects from notches [139, 140],
among many other practical cases. These phenomena have been extensively investigated
based on cohesive-like cracking methods in pre-notched coupon con�gurations. An ad-hoc
inter-laminar failure model can be inserted into the most critical locations of the specimen
for triggering such cracking events [141, 142, 143, 144]. From a mechanical perspective, de-
lamination can be seen as a result of the coalescence of micro-cracks at the ply interface,
perpendicular to the tensile stress [145, 146, 147].

However, for some speci�c loading cases and con�gurations, it has been reported that
mostly due to the sign of the change of shearing stresses, a pre-existing crack along the ply
interface can kink out from such location, propagating into the adjacent ply. Matrix-cracking
induced by delamination can further progress through the ply thickness and then ”propa-
gates out” at another interface as reported in [145, 148, 149], leading to the so-called ”delami-
nation migration” failure mode. Thus, following the terminologies used in [150], the turning
of delamination crack front into one of the adjacent plies is referred to as ”kinking,” whereas,
when a crack propagates across the thickness of plies and propagates out in adjacent inter-
face is called ”migration” [151]. The main causes of such phenomena can be motivated by
the analysis of the stress �eld around the interface crack tip, see the experimental studies
conducted in [145, 152, 149] for a0� =90� interface and [146] for a 0� =� � interface.

In the last decade, the advent of new numerical capabilities and modeling techniques
has promoted the thorough analysis of the potential reasons for the driving mechanisms
that provoke delamination migration failures. Note also that the migration phenomenon
is also observed in the models without the presence of pre-existing cracks [152]. Numerical
methods such a eXtended FEM (XFEM) [153], augmented �nite element methods [154], �oat-
ing node methods [155], cohesive-crack element methods [156] have been widely applied to
study delamination migration. Moreover, delamination migration can be explained using
micro-mechanics as reported by Arteiro and coauthors [157].

Concerning the different modeling methods for triggering intra-laminar failure in LFRCs,
the use of continuum damage mechanics (CDM)-based methods have been of notable im-
portance; see the phenomenological models proposed in [158, 159] and the references given
therein. Notwithstanding, the local versions of CDM models generally suffer from mesh
pathological issues that can be remedied using alternative methodologies. Nonlocal damage
models [160, 6] have been used extensively, which also share as part of phase-�eld formalism
while providing a detailed description of the damage behavior. On the other hand, theories
such as crack band theory have been extensively used in the literature to mitigate spurious
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mesh sensitivity in the modeling location. Within this context, phase-�eld methods have
become plausible nonlocal modeling alternatives that prevent most of the main limitations
of alternative modeling tools for fracture in solids as explored in the sequel.

3.2 Multi Phase-Field-Cohesive Zone model (MPF-CZ)

In this section, the computational framework herein proposed for capturing delamination
migration in layered composite structures is outlined. The current method relies on the com-
bination of multiple phase-�elds. Each phase-�eld based on different physically motivated
failure mechanisms such as Puck failure criterion [130] driving the crack propagation in long
�ber reinforced polymer composites along with the cohesive zone model.

Following the standard phase-�eld formulation, consider an arbitrary body in the gen-
eral ndim Euclidean space, occupying the placementB 2 Rn dim , with its external delimiting
boundary @B 2 Rn dim � 1 , see Fig. 18. For any material point, the position vector is denoted
by x 2 B . The displacement �eld is identi�ed by the vector u : B ! Rn dim , with in�nitesi-
mal stain tensor " := r su for " : B ! Rn dim � n dim . The displacement boundary conditions
are prescribed asu = u on @Bu and traction conditions are given by t = � � n on @Bt such
that, kinematic and static boundary conditions satisfy: @Bt [ @Bu = @B and @Bt \ @Bu = 0 ,
where n is outward normal vector and � is the Cauchy stress tensor.

Figure 18: Body under consideration: (a) sharp crack representation and (b) Regular-
ized crack topology.

In addition to the previous de�nitions, let � be a crack set incorporating interface cracks
� i arising from the cohesive interface and cracks in the bulk � dt from the multi phase-�eld
such that, � i [ � dt = � and � i \ � dt = ; for each discrete t 2 [0; T ] with � t � � t +1 . The
displacement jumps along the interface as the relative displacement between two homoge-
neous points at the �anks are denoted by g = u+

i � u �
i , representing the difference between

kinematic �eld along the interface � +
i and � �

i in line with [161, 162]. On the other hand, � dt

is de�ned as the set of discontinuous points x , where u has one sided approximate limits
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u+
d 6= u �

d with respect to a suitable direction vu normal to � dt inline with [17, 20].
To account for multiple energies in the system, the total free energy functional describing

the mechanics of body B, is given as the sum total of internal and external energies acting on
the system as follows

�( u; �) = � int (u; �) + � ext(u): (3.1)

The consistent generalization of the isotropic damage formulation for the consideration
of different failure mechanisms can be postulated by the additive decomposition of total in-
ternal energy into multiple contributions, in which each of them is associated with a certain
failure mechanism. In such a postulation, a scalar damage variable di (i = 1 ; :::; n) is associ-
ated with each one of the n failure mechanisms, such that di = 0 for intact material state and
di = 1 for fully broken state and so that di 2 [0; 1] for each i = 1 ; :::; n. Moreover, to account
for non-local damage evolution, the respective gradients r x di are incorporated in the for-
mulation. This additive decomposition postulation for intralaminar failure was successfully
applied in [158] and later extended to incorporate failure criteria such as Puck failure theory
so as to distinguish between the �ber and matrix dominated damage mechanisms in LFRPs
[130, 159]. However, the consideration of dissipative energies stemming from debonding
along the interface � i , and crack propagation in the bulk � dt is still a matter of investiga-
tion. The prediction of such crack topology becomes increasingly complex due to branching
and coalescence phenomenons, as well as the interaction with diffusive cracks, which may
induce the debonding process along the existing interface � i . One possibility to achieve this
is by employing a phase-�eld model incorporating multiple diffusive crack �elds within the
bulk and interface elements relying on cohesive zone methodologies at a prescribed inter-
face inline with [162]. Hence, the total internal energy is now an amalgamation of (i) total
elastic energy constituting from bulk (�ber and inter-�ber) energy, (ii) surface energy (crack
energy) stemming from bulk (�ber and inter-�ber) failure, and (iii) cohesive interface energy
obeying a bi-linear traction-separation law

� int (u; �) = � int ;b (u; � di ) + � int ;c (� i ); (3.2)

where � int;b (u; �) is the internal energy stemming from the bulk (�ber and inter-�ber) and
� int;C (� i ) is the dissipative energy associated with cohesive debonding which are addressed
in detail in the sequel. The bulk energy � int;b (u; �) is further decomposed into

� int ;b (u; � di ) = � int ;F F (u; � dF F ) + � int ;IF F (u; � dIF F ); (3.3)

where � int ;F F (u; � dF F ) and � int ;IF F (u; � dIF F ) correspond to the energies associated with
�ber failure and inter-�ber failure, respectively.

With such decomposition at hand, the scheme herein used recalls that the dissipated en-
ergy arising from each of the individual failure mechanisms only affects their corresponding
counterparts in the elasticity tensor, therefore precluding the coupling between �ber inter-
�ber failures and each of these failures with respect to the cohesive debonding. Note that,
due to this preclusion of interaction between the energies, the elastic energy is strongly cou-
pled with the surface energies stemming from �ber, inter-�ber, and cohesive debonding. In
contrast, surface energies among themselves are only weakly coupled.

The effective Helmholtz free energy function 	̂ is de�ned as
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	̂( " ; A ) =
1
2

" : Ce : " ;

where Ce is the undamaged elastic constitutive tensor de�ned as

Ce := @"" 	̂ = � 1 
 1 + 2 � T I + � (1 
 A + A 
 1) + 2( � L � � T )IA + � A 
 A ,

where 1 is the second order identity tensor, IA;ijkl = A im I jmkl + A jm Imikl represents the
fourth-order identity matrix, and � , � , � , � T and � L are to the elastic constants taking the
form

� = E22 (� 23 + � 31 � 13 ) =D;

� = E22 [� 31 (1 + � 32 � � 13 ) � � 32 ] =D;

� = E11 (1 � � 32 � 23 ) =D � E22 [1 � � 21 (� 12 + 2(1 + � 23 ))] =D � 4G12 ;

� L = G12 ; � T = G23 ;

with D = 1 � � 2
32 � 2� 13 � 31 � 2� 32 � 13 � 31 . The material direction is denoted by a and A := a
 a

is so called structural tensor.
Here, 1-direction corresponds to the �ber orientation, 2-direction is transverse in-plane

orientation with respect to the �ber direction, and 3-direction stands for transverse out-of-
plane orientation.

3.2.1 Bulk energies

In the light of previous developments, the total energy of the �ber can be established as the
sum total of the elastic energy and fracture energy associated with the �ber as

� int ;F F (u; � dF F ) � � int ;F F (u; dF F ) =
Z

B
(1 � dF F )2 	̂ F F (" ; A )dV

+
Z

B
Gc;F F

�
1

2lF F
d2

F F +
lF F

2
jr dF F j2

�
dV;

(3.4)

where 	̂ F F is the elastic contribution associated with the �ber: 	̂ F F = 1
2 " : Ce

F F : " , with

Ce
F F =

2

6
6
6
6
6
6
4

Ce
11 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

3

7
7
7
7
7
7
5

;

and Gc;F F is the fracture energy, and lF F is the material characteristic length associated with
�ber failure in phase-�eld related to the apparent material strength [163] as

lF F =
27
256

E11 Gc;F F

� 2
s;F F

;
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where � s;F F is the apparent material strength associated with �ber failure.
Similarly, the inter-�ber contribution to the total internal energy can be expressed as

� int ;IF F (u; � dF F ) � � int ;IF F (u; dIF F ) =
Z

B
(1 � dIF F )2 	̂ IF F (" ; A )dV

+
Z

B
Gc;IF F

�
1

2l IF F
d2

IF F +
l IF F

2
jr dIF F j2

�
dV;

(3.5)

where 	̂ IF F = 1
2 " : Ce

IF F : " is the elastic contribution associated with the inter-�ber failure,
and

Ce
IF F =

2

6
6
6
6
6
6
4

0 Ce
12 Ce

13 0 0 0
Ce

21 Ce
22 Ce

23 0 0 0
Ce

31 Ce
32 Ce

33 0 0 0
0 0 0 Ce

44 0 0
0 0 0 0 Ce

55 0
0 0 0 0 0 Ce

66

3

7
7
7
7
7
7
5

;

where Gc;IF F and l IF F are the fracture energy and corresponding length scale associated
with inter-�ber failure, respectively. Similarly, the length scale parameter is estimated for
the apparent material strength � s;IF F of inter-�ber failure as

l IF F =
27
256

E22 Gc;IF F

� 2
s;IF F

:

Note that with these de�nitions at hand, the damaged constitutive matrix C renders

C(dF F ; dIF F ) = (1 � dF F )2Ce
F F + (1 � dIF F )2Ce

IF F ; (3.6)

with

C(dF F ; dIF F ) =

2

6
6
6
6
6
6
4

P1Ce
11 P2Ce

12 P2Ce
13 0 0 0

P2Ce
21 P2Ce

22 P2Ce
23 0 0 0

P2Ce
31 P2Ce

32 P2Ce
33 0 0 0

0 0 0 P12 Ce
44 0 0

0 0 0 0 P12 Ce
55 0

0 0 0 0 0 P2Ce
66

3

7
7
7
7
7
7
5

; (3.7)

where P1 = (1 � dF F )2 , P2 = (1 � dIF F )2 , and P12 = min ( P1 ; P2). Notice that P12 is not
differentiable due to the existence of ” min”. Hence, we �rst take the minima so that, any
minimum of P12 (i.e P1 or P2 ) is differentiable.

3.2.2 Interface energies
The energy stemming from the interface is governed by a bi-linear traction separation law
which constitutes of a linear elastic stage characterized by an initial stiffness of K n , K t 1 and
K t 2 corresponding to the normal and shear components, respectively, followed by a linear
softening as in Fig. 19. The irreversibility is accounted by introducing a damage variable dc
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depending on the relative kinematic critical normal and tangential openings, gf
n and gf

t j
(j =1

for 2D and j =1,2 for 3D), respectively [142, 143].

Figure 19: Schematic representation of the bi-linear cohesive zone model traction-
separation law for mixed mode

The corresponding interface laws governing the normal and tangential tractions � n and
� t j , respectively, take the form

� n =

8
><

>:

kn gn if gn � g0
n

(1 � dc)kn gn if g0
n < gn < gf

n

0 otherwise

;

� t j =

8
><

>:

kt j gt j if gt j � g0
t j

(1 � dc)kt j gt j if g0
t j < gt j < gf

t j

0 otherwise

;

for each j = 1 ; 2 to account for the tangential traction, whereas gn and gt j are the relative
normal and tangential displacements, respectively. The mixed-mode fracture energy of the
interface reads

Gi
C = GIC + ( GIIC � G IC )

�
GII + GIII

GI + GII + GIII

� �

;

where GIC , GIIC , and GIIIC represent the corresponding fracture toughness associated with
normal (mode I ) and shear (mode II and III ), respectively, and computed as the area under
the traction separation curve, � identi�es an experimental �tting parameter elucidating the
effects of fracture mode mixities [134]. Finally, GI , GII , and GIII are energy release rate asso-
ciated with mode I , mode II , and III , respectively. Damage is initiated using the quadratic
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interaction function of nominal stress ratios. The damage is evolved using Benzeggagh-
Kenane (BK) failure criterion based on cumulative energy such that mixed fracture tough-
nessGi

C reaches the critical energy.
Based on the energy considerations, the evolution of the damage variable dc is estimated

based on the effective displacement of the cohesive element, wheredc is evolving linearly
with

dc =
gf

m (gmax
m � g0

m )

gmax
m (gf

m � g0
m )

; (3.8)

where g0
m is effective displacement at initiation and gf

m =
2Gi

C

T 0
ef f

is the effective displacement

at failure. Here, T 0
ef f is the effective traction at damage initiation estimated using effective

tractions Tef f =
p

(� n )2 + ( � t 1 )2 + ( � t 2 )2 , asT 0
ef f = min f Tef f (dc > 0)g. And gmax

m refers
to the maximum value of effective displacement during loading history estimated using
gmax

m = max [0 ;T ] gm , where gm :=
p

g2
n + ( gt 1 )2 + ( gt 2 )2 . Finally, with this at hand, the

corresponding total energy generated by the cohesive interface takes the form

� int ;c (� i ) � � int ;c (dc) =
Z

� i

Gi
c(g; dc)dS =

Z

� i

gT T dS; (3.9)

with g = [ gn ; gt 1 ] and T = [ � n ; � t 1 ].

3.2.3 Fundamentals of Puck failure criterion

Damage evolution in bulk relies on Puck failure theory [164] whose corresponding failure
criterion accounts for the independent assessment of �ber and inter-�ber failure surfaces.
For the �ber failure, with usual notations, that is k (subscript 1), ? (subscript 2 and subscript
3) representing �ber direction, normal to the �ber direction in-plane and, normal to the �ber
direction out-of-plane, respectively, for the ply co-ordinates in a local setting 0� e1 � e2 � e3

as in Fig. 20.
According to the Puck theory, �ber failure is triggered based on energetic considera-

tions that, the exposure factor (denoted f E;F F + , for tensile only) reaches the value 1, where
f E;F F + is given by

f E;F F + =
1

R t
k

�
� 11 �

�
� ?k �

Ek

Ek f
� ?k f

�
(� 22 + � 33 ) P2

�
;

where R t
k stands for the tensile longitudinal strength in �ber direction. � ?k and � ?k f iden-

tify the major Poisson's ratios of the ply and the �bers, respectively, and Ek f is the elastic
modulus of the �bers. F F + denotes the �ber failure in tension, whereas the compression
is omitted for the sake of brevity but can easily be incorporated as in [130]. The incorpora-
tion of P2 is to scale the in�uence of the transverse stress components on the longitudinal
stress (lateral contraction) with respect to the state of matrix damage. It is assumed that
the contraction in the longitudinal direction due to transverse stress will vanish in a case
P2 ! 1, i.e., matrix rupture parallel to the �bers. In the case of compressive longitudinal
stress, reduced compressive longitudinal fracture resistance of the plies is assumed in the
case of increasing shear stress.
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Figure 20: Puck failure theory: (a) de�nition of acting stresses on the fracture plane
by � fp angle and (b) the exposure factor f E , where f E; ( f r ) is the exposure factor at the
failure point.

Puck theory also distinguishes the inter-�ber failure by introducing the so-called action
plane [165, 164], which corresponds to identifying the potential fracture plane derived from
the maximum stress states f �� n (�) ; �� nt (�) ; �� n 1(�) g, where �� n (�) , �� nt (�) , and �� n 1(�) are
the normal stress component, shear stress component transverse to the �ber, and the shear
stress component plane parallel to the �ber, respectively, each on the action plane. The de-
termination of the fracture plane is usually performed via the assessment of the most critical
stress state in terms of the local components by calculating the value of inter-�ber exposure
factor FE;IF F for all angles � within the interval of � 90� � � � +90 � , using an increment
of one degree. The transformation from the local ply setting to the action plane system yields

2

4
� n (�)
� nt (�)
� n 1(�)

3

5 =

2

4
cos2 � sin 2 � 2 cos � sin � 0 0

� cos � sin � cos � sin � cos 2 � � sin2 � 0 0
0 0 0 sin � cos �

3

5

2

6
6
6
6
4

� 22

� 33

� 23

� 13

� 12

3

7
7
7
7
5

:

In particular, the expression for inter-�ber failure under tensile conditions on the action
plane takes the form
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f E;IF F + (�) =

2

6
4

vu
u
t

" 
1

RAt
?

�
pt

?  

RA
?  

!

� n (�)

#2

+
�

� nt (�)
RA

??

� 2

+

 
� n 1(�)

RA
k?

! 2

+
pt

?  

RA
?  

� n (�)

3

7
5

1
� w

for � n (�) � 0;

where RAt
? and RA

?? are transverse tensile strength and fracture strength respectively, whereas
RA

?  is the transverse tensile strength at any ply angle  , with f E;IF F + representing the ex-
posure factor and the failure is triggered when f E;IF F + reaches the value 1.

In the previous expression, cos2  and sin2  are

cos2  =
� 2

nt

� 2
nt + � 2

n 1
and sin2  =

� 2
n 1

� 2
nt + � 2

n 1
:

Finally, the de�nition of the inclination parameters pt
?  and pc

?  for any angle  renders

pi
?  

RA
?  

=
pi

??

RA
??

cos2  +
pi

?k

RA
?k

sin2  , i = t; c;

with

RA
?  =

" �
cos 
RA

??

� 2

+

 
sin  
RA

?k

! 2#

:

Due to the modelling assumptions herein made, the proposed model requires the fol-
lowing fracture energy values: (i) Gc;F F �ber fracture energy, (ii) Gc;IF F matrix dominated
fracture energy, and (iii) Gc inter-laminar fracture energy. These properties can be deter-
mined via experimental procedures, see [166, 157, 167, 168] and the references therein.

3.3 Variational formulation

Relying on the considerations given in Section 3.2, the total energy functional of the solid
body B, along with the cracks � i and � di at any arbitrary instance t 2 [0; T ] takes the form

�( u; �) � �( u; di ; dc) = � int (u; di ; dc) + � ext(u); (3.10)

where the internal and external contribution to the energy functional �( u; di ; dc) read, re-
spectively
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� int (u; di ; dc) =
Z

B
(1 � dF F )2 	̂ F F (" ; A ) + (1 � dIF F )2 	̂ IF F (" ; A )dV

+
Z

B
PF F Gc;F F

�
1

2lF F
d2

F F +
lF F

2
jr dF F j2

�
dV

+
Z

B
PIF F Gc;IF F

�
1

2l IF F
d2

IF F +
l IF F

2
jr dIF F j2

�
dV

+
Z

� i

gT T dS;

(3.11)

� ext (u) = �
Z

B
fv dV �

Z

@B t

�t dS; (3.12)

where fv is the deformation-independent volume-speci�c loads.
In the above expression, Eq. (3.11),PF F and PIF F are the activation �ags, which are

activated when the corresponding pucks failure criterion is met. The approximate solution
of the stated problem with MPF-CZ can be obtained as a quadruplet of the solution of the
following minimization problem. Determine

(u � ; d�
F F ; d�

IF F ; g� ) = argmin S �( u; di ; dc): (3.13)

where, S = f _dF F ; _dIF F � 0 for all x 2 B � � i ; _dc � 0 for all x 2 � i g enforcing irre-
versibility of the evolution parameters. One may also argue that g� should be replaced by
the dc in the minimization problem, however, it is easy to see that the minimum value of g�

also leads to a minimum value of dc from Eq. (3.8).
The quadruplet set (u � ; d�

F F ; d�
IF F ; g� ) in Eq. (3.13) is solved by taking a variational

form of the total internal energy functional (Gateaux derivative) assuming enough regular-
ity of the terms involved. In the in�nitesimal setting, considering the irriversibility of the
damage variables set S for any admissible test function (� u; � dF F ; � dIF F ; � g) in the ap-
propriate space of distribution, a strong form of the �eld equations can be reduced to the
following

div
�
(1 � dF F )2Ce

F F : " + (1 � dIF F )Ce
IF F : "

�
+ fv = 0 in B� � i ;

and � � n =0 on @Bt ;
(3.14)

2(1 � dF F )PF F H F F (x ; t ) = Gc;F F � dF F 
 (dF F ; r x dF F ) in B� � i

and r x dF F � n = 0 in @B;
(3.15)

2(1 � dIF F )PIF F H IF F (x ; t ) = Gc;IF F � dIF F 
 (dIF F ; r x dIF F ) in B� � i

and r x dIF F � n = 0 in @B;
(3.16)

div g [� n (dc) + � n (dc)] = 0 in � i ; (3.17)

wherein the previous expressions div g [� ] represents the divergence operator taken with re-
spect to g. The terms H F F and H IF F are the crack driving forces related to �ber and inter-
�ber failure, respectively. In accordance with the Pucks failure criteria, the crack driving
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force of eachj = F F; IF F are given by

H j (x ; t ) = � j

2

6
4

* max
� 2 [0 ;t ]

	̂ j (x ; � )

	̂ j;init
� 1

+

+

3

7
5 ; (3.18)

where � j is a dimensionless �tting parameter that characterizes the damage activation and
post peak behaviours from experimental results. 	̂ j;init is the effective elastic energy for
damage initiation in each of j = F F; IF F .

The unilateral stationary condition of the total internal energy functional implies that
� � int = 0 for all (� u; � dF F ; � dIF F ; � g) > 0 and � � int > 0 for (� u; � dF F ; � dIF F ; � g) = 0
along with the irriversibility and boundedness of dF F ; dIF F ; dc leads to the �rst-order opti-
mality (KKT) conditions for the quasi-static evolution [16, 114]. � � convergence of the multi
phase-�eld problem in the absence of the interface can be easily derived following the results
obtained in [24].

It is worth noting that the irreversible character of the phase-�elds and cohesive zone
can be reduced toS, this is ful�lled by the history variable embedded by the history variable
Eq. (3.18). The boundedness of the phase-�eld variables dF F ; dIF F 2 [0; 1] is ensured due
to the choice of degradation function (1 � dj )2 as in [28]. Also, it is important to note that,
we have assumed r x dj = 0 due to the compactness property and � u = 0 on @
 t and
� dj = 0 on @
 , from the variational form which are re�ected in the choice of approximate
spaces of test functions as in Section 3.4, see [17, 20].

3.4 Finite element implementation

In this section, details of the �nite element implementation of the proposed model are out-
lined. A staggered solution scheme is used to solve the system of coupled Partial Differential
Equations (PDEs) using an alternating minimization scheme [15]. Consider the discritization
of the domain de�ned as B ! B e, � i ! � e

i such that the functions ue 2 Uh , de
j 2 Ud(dj ) for

j = F F; IF F are well de�ned along with the space of approximate functions

Uh (u) =

(

u 2 H 1(B)

�
�
�
�
�
r u 2 L 2(B); u = ud on @Bd

)

; (3.19)

Ud(dj ) =

(

dj 2 H 1(B)

�
�
�
�
�
dj (x) 2 [0; 1]; _dj � 0 ; 8x 2 B

)

: (3.20)

Similarly, the approximate space for the test functions (distributional spaces) for � ue 2
Vh ; � de 2 U� d(dj ) for j = F F; IF F takes the form
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Vh (�u ) =

(

�u 2 H 1(B)

�
�
�
�
�
r �u 2 L 2(B); �u = 0 on @Bd

)

; (3.21)

U� d(� dj ) =

(

� dj 2 H 1(B)

�
�
�
�
�
� dj � 0 ; 8x 2 B

)

: (3.22)

At each element level, in the isoparametric space settings, the triplet of �eld variables
f ue; de

F F ; de
IF F g as well as their variations f � ue; � de

F F ; � de
IF F g are approximated using linear

�rst order Lagrangian triplet of shape functions
�

Nu
i ; Nd

i ; Nd
i

	
at i th node of each element

satisfying partition of unity is de�ned as

ue =
NnodeX

i =1

Nu
i ue

i ; de
j =

NnodeX

i =1

Nd
i de

j;i ;

� ue =
NnodeX

i =1

Nu
i � ue

i ; � de
j =

NnodeX

i =1

Nd
i � de

j;i ; for each j = F F; IF F:

The triplet of spatial derivatives fr ue; r de
F F ; r de

IF F g are approximated using the gra-
dients of the shape functions

�
Bu

i ; Bd
i ; Bd

i

	
at i th node of each element takes the form

" e =
NnodeX

i =1

Bu
i ue

i ; r de
j =

NnodeX

i =1

Bd
i de

j;i ;

� " e =
NnodeX

i =1

Bu
i � ue

i ; r � de
j =

NnodeX

i =1

Bd
i � de

j;i ; for each j = F F; IF F:

Complying with the formulation of interface cohesive element, the displacement jump
vector g is represented in terms of local frames across the interface � i [162]. Hence, the
jump g and its variation � g is approximated using the kinematic jump-displacement operator
Bg = RNgL as

ge = BgueL; � ge = Bg � ueL;

where L matrix estimates the difference between the displacement of the upper and lower
interface points and R is a rotation matrix that converts integration points from global to the
local frame, and Ng represents the standard cohesive shape function, see [143].

The discrete elemental residual vectors for the quadruplet f ue; de
F F ; de

IF F ; geg can be
reduced to the following system of equations

R u
e =

Z

B e

h
(1 � dF F )2(Bu )T �� F F + (1 � dIF F )2(Bu )T �� IF F

i
dV

�
Z

Be
(Nu )T fv dV �

Z

@Be
u

(Nu )T udS + R g
e ;

(3.23)
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R dF F
e =

Z

B e

��
Gc;F F

lF F
dF F � 2(1 � dF F )PF F H F F (x ; t )

�
(Nd)T + Gc;F F lF F (Bd)T r dF F

�
dV;

(3.24)

R dIF F
e =

Z

B e

��
Gc;IF F

l IF F
dIF F � 2(1 � dIF F )PIF F H IF F (x ; t )

�
(Nd)T +

Gc;IF F l IF F (Bd)T r dIF F dV:

(3.25)

where

R g
e =

Z

� e
i

(RBg)T T (g; dc)dS; (3.26)

is the residual vector associated with the cohesive interface. It is clear that the displacement
�eld u is strongly coupled with the phase-�elds dF F , dIF F and the displacement jump g.
Whereas, the phase-�elds are among themselves and with jump g are decoupled which are
evident from Eq. (3.15), (3.16), (3.17) and from the assumption that � i \ � dt = ; . Due to the
existence of multiple phase-�eld and interface, the system of equations describing the frac-
ture is non-linear. Hence, an iterative Newton-Raphson solver is used until the convergence
in the sense of Cauchy sequence[(u t +1

n � u t
n )] is reached. Here,u t

n is the t th iteration at n th

step. The corresponding Newton-Raphson iteration to estimate (n + 1) time step takes the
form

2

4
u

dF F

dIF F

3

5

n +1

=

2

4
u

dF F

dIF F

3

5

n

�

2

4
K uu + K gg 0 0

0 K dF F dF F 0
0 0 K dIF F dIF F

3

5

� 1

n +1

2

4
R u

R dFF

R dIFF

3

5

n

:

(3.27)
where the corresponding element stiffness matrices read

K uu
e :=

@R u
e

@ue
=

Z

B e
(Bu )T CepdBu dV; (3.28)

K gg
e :=

@R g
e

@ue
=

Z

� e
i

(Bg)T @g � BgdS;

K dF F dF F
e :=

@R dF F
e

@de
F F

=
Z

B e

�
Gc;F F

lF F
+ 2 P F F H IF F

�
Nd(Nd)T + Gc;F F lF F (Bd)T BddV;

(3.29)

K dIF F dIF F
e :=

@R dIF F
e

@de
IF F

=
Z

B e

�
Gc;IF F

l IF F
+ 2 P IF F H IF F

�
Nd(Nd)T + Gc;IF F l IF F (Bd)T BddV:

(3.30)
In the Eq. (3.28), Cepd represents the material consistent tangent estimated using the

�nite difference method as
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Cepd =
d� ij

d" kl
�

� ij ("̂ kl ) � � ij ("̂ )
� "

;

with ("̂ kl ) = " +
� "
2

(ek 
 el + el 
 ek ) = " + � " kl . Here ek and el are the k th and l th

unit vectors, � " kl is the strain perturbation with respect to the components kl and � " is the
scalar perturbation parameter. Moreover, � is estimated from Eq. (3.7) as� = C : " .

The previous non-linear system of equations has been implemented in the �nite element
software ABAQUS. For this purpose, a user-de�ned UMATto de�ne the material behaviour
is written for the solution of equilibrium equations associated with the displacement �eld.
Whereas, UEL is utilized to create residual and stiffness matrix for each of the two phase-
�elds using the material behaviour from UMATfor solving the fracture-associated problem.

3.5 Virtual testing

In this section, modeling application to delamination migration is presented. A comprehen-
sive numerical analysis is presented to validate the model against experimental results. In
the sequel, a holistic sensitivity analysis is carried out utilizing the variation of the load-
ing application point, ply angle, and initial pre-crack length to understand their effects on
delamination migration.

3.5.1 Description of the numerical model

Fig. 21 depicts the baseline con�guration under investigation herein. The corresponding
numerical model consists of 44 cross-ply IM7/8552 laminates with the layup sequence

[90�
4=0�

3=(90� =0� )2s=0�
3=CL=90�

4=CL=0� =0� =(90� =0� )2s=0� =0� =90�
3=0� =90� ], where CL refers

to a cohesive layer. Each ply has a thickness of 0.125mm. Compared with the experimental
sequence as in [145], a PTFE (Polytetra�uoroethylene) layer is replaced by a cohesive layer
and in addition, another cohesive layer is added at the interface between the 90�

4 and 0�

sequence in order to account for delamination migration.
It is evident from the experimental results reported in [146] that, when shear stresses in

the model change sign, migration/kinking occurs, and the crack propagates to the 90�
4 layers

facilitating the inter-�ber failure.
For each of the numerical simulations conducted in the sequel, a 2D analysis is carried

with an out-of-plane thickness of 8.37mm. Since, in order to resolve the gradient of the phase
�eld, the mesh size �h is restricted to �h � l=4. Hence, the domain is discretized by employing
9600004-node quadrilateral plane stress elements with an average element size of 0.04mm.
Each layer of the cross-ply contains at least four elements across its thickness.

The material properties of IM7/8552 ply are shown in Tab. 5 consistent with the experi-
mental results in [145]. The fracture energy and length scale parameters for the phase-�elds
chosen according to the material fracture properties are shown in Tab. 6. The properties of
the cohesive layer following [156] are listed in Tab. 10.
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Figure 21: Schematic representation of the delamination migration model.

E11 (GPa) E22 (GPa) G12 (GPa) � 12 � 23

161:0 11:38 5:17 0:03 0:43

Table 5: IM7/8552: Elastic properties.

Gc;F F (N/mm) Gc;IF F (N/mm) lF F (mm) l IF F (mm)
81:5 0:2774 0:237 0:07

Table 6: IM7/8552: intra-laminar fracture properties and phase-�eld parameters.

Nominal stress Nominal stress Nominal fracture Fracture energy Power (BK law)
(MPa) in shear (MPa) energy (N/mm) in shear (N/mm)

15 15 0:5 0:65 2:17

Table 7: Cohesive layer properties.

3.5.2 Model validation

The global failure response for the specimen under consideration is investigated for the load
caseL = a0 = 49mm. The numerical-experimental correlation corresponding to the load-
displacement curve is given in Fig. 22. As shown in this �gure, the failure response can rea-
sonably be divided into three main zones: (i) delamination of the cohesive zone, (ii) kinking
followed by migration, and (iii) delamination of the top cohesive zone. Overall, a satisfactory
agreement between the numerical and the experimental data can be observed.

As was previously discussed, based on postulations made in [145, 146] and the corre-
sponding thorough discussion, delamination migration occurs due to a change of sign in the
shear stress components. Negative shearing stresses promote delamination growth at the
0� =90� interface, and positive shearing stresses promote migration/kinking into 90� plies.
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Figure 22: Numerical-experimental correlation corresponding to the load-displacement
curve for L = a0=49 mm.

Figure 23: Numerical-experimental correlation corresponding to the load-displacement
curve for L = a0=49 mm.

The kinking happens at multiple sites across the specimen. Due to the diffusive nature of the
bulk cracks, the shearing stress change can easily be noticed by the inter-�ber phase-�eld
initiation as depicted in Fig. 23. Notice that, due to the negative sign initially, delamination
propagates until a certain point until shearing stresses are positive. Meanwhile, inter-�ber
failure is already initiated, but from the opposite direction, i.e., 90� =0� interface, but is not
nucleated. Whereas, when the shear stresses become positive in the adjacent increments, the
migration starts developing, with a crack front now migrating into the 90� =0� interface.
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For a phenomenology of embodiment, in the cohesive layers, once the failure criterion is
met, the cohesive layer starts delaminating. Similarly, when the Puck criterion is violated, the
inter-�ber failure phase-�eld is activated due to shearing stresses in the model. As long as the
PIF F is active, the inter-�ber failure phase-�eld crack dIF F grows and migrates into the 90�

plies until the 90� =0� interface. Simultaneously, the top cohesive layer at the 90� =0� interface
starts to delaminate. When the migration crack front crosses the 90� =0� interface, the crack
front is again propagating due to the negative shear stress leading to the delamination of
the top cohesive layer. Here onward, the residual stresses dominate crack propagation in
the model as in Fig. 22. The discrepancies between the experimental and numerical results
can be attributed to quasi-static load conditions and smooth initiation and propagation of
phase-�eld approximations. However, a satisfactory agreement between the results can be
observed.

3.5.3 Sensitivity analysis

This section aims at proving a further understanding with regard to the potential role of
different design parameters that can favor delamination-migration events.

Effect of position of loading application

The �rst aspect under analysis concerns the variation of load application point along the
specimen. This parameter in the experimental setting might have a strong in�uence on the
activation of migration phenomena by simply inducing a different local stress �eld at critical
locations. Moreover, from a global standpoint, this can have notable effects on the load-
displacement curve as the shear stresses acting on the specimen are signi�cantly different
from one another. Keeping a0 = 49 mm, the variation of load L for L = 0 :7a0 , 0:8a0 , 0:9a0 ,
1:0a0 , 1:1a0 are plotted in Fig. 24.

Based on the current results, it can be observed that for a0 > L , all the cases exhibit
delamination prior to migration and show a sudden drop in the load-carrying capacity when
migration starts, see Fig. 25. Whereas, fora0 < L , the shearing stress sign is favorable
for migration at the beginning, and hence there is smooth migration, with delamination
spreading over the whole experiment, see Fig. 25 which is consistent with [146]. It is also to
notice that after delamination migration is �nished, the residual stiffness for delamination
converges to a single value for all the load variations.

Effect of the variation of ply angle

The second aspect understudy has an inherent local effect since it focused on investigating
the delamination migration at 0� =� �

4 interface. For this purpose, the original stacking se-
quence is replaced by a new layup sequence near the cohesive zones as0�

3=CL=� �
4 =CL=0� =0� .

The �ber orientation, � � of 30� , 45� , and 60� is studied along with 90� , and the results are
shown in Fig. 26.

From this graph, it can be seen that the global pre-peak response is almost unaltered by
the variation of the local orientation of the adjacent layers to the 0� =� �

4 interface. However,
this aspect has a notable in�uence on the post-peak response, delaying the delamination
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Figure 24: Variation of load across the specimen for a0 = 49mm.

Figure 25: Inter-�ber crack �eld (SDV20) from 3 cases at L = 0 :7a0 , L = 0 :9a0 , L =
1:1a0 .
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initiation and the subsequent delamination event of the top interface, according to the de-
scription given in Fig. 23, but however, the cracking migration is predicted to occur at almost
the same loading level (along the post-peak evolution).

Figure 26: Variation of angle across the specimen for L = a0 = 49mm.

Effect of the variation of initial crack length

The last effect under consideration corresponds to the initial crack length. Focusing on very
speci�c cases, we vary initial crack size from a0 = 49 mm to a0 = 55 mm.

The global load-displacement evolution curves for such cases are shown in Fig. 27. Ac-
cording to these data, it can be stated that a simple variation of the initial crack length has
a very remarkable role in the specimen response. Thus, observing the pre-peak evolution,
before any inelastic process commences, the large the initial crack length is set, the higher
the maximum load is achieved. Moreover, concerning the post-peak evolution, it is observ-
able that while the shorter initial crack-length case evidence similar evolution with respect
to those previously described, i.e., with the occurrence of delamination events and the pos-
terior cracking migration to the adjacent layer, the response of a0 = 55mm (and a0 > 55mm)
exhibited an entirely different evolution with no evidence of cracking migration, see Fig. 27,
and 28 where the matrix-failure maps for both con�gurations are depicted. These differences
in the response are directly associated with the local stress state's discrepancies at the crack
tips at the interface and the intermediate layer. This is again in line with previous studies as
in [146, 145].
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Figure 27: Variation of initial crack length across the specimen for L = a0 .

Figure 28: Inter-�ber crack �eld (SDV20) for initial crack length a0 = 52mm, a0 =
55mm with L = 1 :0a0 .
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Chapter 4

Nonlinear thermoelastic
phase-�eld fracture for
thin-walled structures relying
on solid shell concepts

This chapter is mainly taken from [169, 170, 171]. With the aim of achieving reliable predic-
tion of temperature-driven failures in thin-walled structures, this chapter is concerned with
the development of a thermodynamically consistent framework for the coupled thermo-
mechanical phase-�eld model for thin-walled structures using fully-integrated �nite ele-
ments. This enables the use of three-dimensional constitutive thermo-mechanical models
for the materials. The proposed thermo-mechanical phase-�eld models are equipped with
the Enhanced Assumed Strain (EAS) to alleviate Poison and volumetric locking pathologies.
This technique is further combined with the Assumed Natural Strain (ANS) method lead-
ing to a locking-free thermo-mechanical solid shell phase-�eld element. Special attention is
also paid to evaluating the corresponding thermodynamic consistency and the variational
formalism leading to the nonlinear coupled equations equipped with the coupled driving
force. Moreover, the same degradation function is used for both displacement and thermal
�elds. The coupled equations are numerically solved with ad hoc ef�cient solution schemes
for nonlinear problems.

The investigation is mainly categorized into three parts

1. Nonlinear thermoelastic analysis of thin walled structures combined with cohesive-
like interfaces [169].

2. Nonlinear thermoelastic phase-�eld analysis [170].

3. Non-linear thermoelastic phase �eld analysis: Extension to Functionally Graded ma-
terials [171].
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This chapter is organized as follows. Section 4.1 provides the general introduction of
solid shells, the different models in the literature and throw some light on the thermo-
mechanical formulations and non-linearity. A general mathematical formulation thermo-
dynamically consistent framework to study coupled thermo-mechanical phase-�eld model
for thin-walled structures using a fully integrated �nite element is presented. Section 4.2
presents the fundamental concepts of coupled thermoelastic analysis along with the de�-
nition of the constitutive formulation herewith considered. Section 4.3 presents the varia-
tional formulation of the system as a minimization problem, �nite element approximation of
the problem, along with the linearization principles leading to a system of linear equations.
In this regard, the Hu-Washizu principle is adopted for removing the locking pathologies
through EAS and ANS methods. The weak form of the balance equations and the variational
that leads to the corresponding �nite element discretization is given in Section 4.3.1. The
computational techniques employed for tackling the different locking pathologies, namely
the EAS and the ANS methods, are covered in Section 4.3.3. Finally, Numerical examples
for each of the analyses, as mentioned earlier is provided as the subclass of the presented
formulation as

1. Section 4.4 provides the example with phase-�eld zero everywhere. This formulation
is combined with a thermo-mechanical cohesive zone model. Comparison between
the ABAQUSSC8RT element and the current formulation (with d = 0 everywhere) is
made against the second Danilovskaya problem to ensure the validation of the current
model. The response of this element is further examined in the application of a thin bar
subjected to bending, crushing, and lifting and an annular ring subjected to line force
to highlight the locking free capabilities of the thermo-mechanical solid shell (without
interface). Several representative numerical examples are presented to establish the
predictive capability of the current framework.

2. Section 4.5 provides the numerical examples of the formulation in the presence of
phase-�eld. First, a benchmark test is proposed and passed. Then, problems char-
acterized by temperature-assisted fracture are examined in relation to a technological
phenomenon relevant for silicon solar cells. Finally, examples concerning coupled
mechanical-temperature effects for small and large strain problems are shown for a
series of structural issues with straight and curved shells.

3. Section 4.6 provides the extension of the formulation to accommodate FGM. First, the
model is veri�ed via a standard benchmark test. Using numerous examples of straight
and curved beams, the effect of grading in terms of crack path and load-bearing ca-
pacity is explored thoroughly. Moreover, the thermo-mechanical interactions in the
FGM are compared against the homogeneous materials. The effect of temperature on
the load-bearing capacity of the FGM is pinpointed. The impact of material proper-
ties such as Young's modulus, thermal conductivity, fracture energy on the FGM per-
formance is explored using three different FGM pairs (metal-metal, ceramic-ceramic,
ceramic-polymer). The model is then modi�ed to accommodate a three-phase/ dou-
ble FGM, and their thermo-elastic behavior is explored.
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4.1 Introduction

Engineering systems such as aircraft (fuselages, wings), automotive chassis, renewable en-
ergy (wind turbines, turbine/compressor blades, photovoltaic laminates [172, 173, 174, 175,
176], electronic systems [177, 178] (chips, laptop panels, screen, and protectors), thermal
barrier coatings [179] are all based on thin-walled structures. Thermal interactions and the
load-bearing capacity of these thin-walled structures are key aspects and thus regulate the
design, analysis, and production of their engineering components. Due to intricate geomet-
rical de�nitions, the use of analytical methods is rather limited and mostly con�ned to sim-
pli�ed scenarios. Therefore, numerical methods lead to a more general and versatile range
of analysis.

The related literature regarding the computational procedures for triggering fracture in
shell structures can be classi�ed into 4 different categories:

1. Meshless crack approaches based on the partition of unity methods [180].

2. Discrete crack methods such as XFEM (eXtended FEM) [181, 182, 183, 184], phantom
node models [185], meshless methods [186, 187], among many others, that were ap-
plied to thin walled structures based on classical shell theories such as Kirchhoff-Love
[188, 189, 190, 191] (3 parameters), Reissner-Mindlin (5-parameters) [181, 183] and ge-
ometrically nonlinear continuum shell [192] for their kinematic description.

3. Cohesive zone models [193, 194, 195, 196] implemented via interface elements.

4. Continuum-based methods such as non-local or gradient enhanced damage approaches
[197, 198, 7, 199], which use constitutive equations at the material point level describ-
ing damage in the bulk.

Within this context, it is worth mentioning that methodologies falling into the previous
categories (1.), (2.) and (3.) generally require ad-hoc criteria for their initiation and propa-
gation of the crack, and often it is necessary to know the crack path a priori. This issue can
be circumvented via the exploitation of a new continuum-based technique denominated as
the phase �eld (PF) approach of fracture due to its inherent incorporation of an evolution
equation for the scalar-valued function for triggering stiffness degradation within the bulk.

Modeling thermo-mechanical effects in thin-walled structures necessitates the develop-
ment of a consistent formulation that accounts for the coupled effects of the thermal and me-
chanical �elds, as well as stress transfer and heat conduction across the internal interfaces.
In this context, recent advances in shell modeling aim at incorporating three-dimensional
effects into the corresponding numerical simulation, being possible the use of unmodi�ed
constitutive laws in the corresponding computations without further modi�cations. To do
so, it has been amply addressed the necessity of developing shell models that embody at
least a linear normal strain distribution along the thickness direction [200]. In the related
literature, two main paths have been followed:

1. Shell formulations which model the reference surface of the body and include the
previous linear distribution using either an enhancing strain method or a quadratic
displacement distribution in thickness direction [201, 202, 203, 204, 205, 206, 207, 208].

2. Shell models relying on the so-called solid shell concept, which make use of the parametriza-
tion of the top and the bottom surfaces of the body [209, 210, 205, 207, 211].
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This idea in (2.) has been extensively developed over the least years due to the complete
avoidance of complex update procedure associated with the rotational tensor. However, up
to now, the extension of shell models for coupled thermo-mechanical applications under
large strains has been received a limited attention, see [202, 212, 213, 214, 215] for alternative
formulations. Furthermore, �nite element formulations of shells complying with a low-order
of kinematic interpolation generally suffer from locking pathologies , which should be nu-
merically alleviated. For this purpose, several numerical strategies have been proposed such
as Reduced Integration (RI) schemes, the popular Enhanced Assumed Strain (EAS) [214, 216,
217, 218, 219] and the Assumed Natural Strain (ANS) [220, 221] methods, or combination of
them [222, 223, 224]. Note also that these techniques have been accordingly employed in
coupled the thermo-mechanical applications, see [225] and the references therein given.

Regarding the thermo-mechanical coupling, recently, R. G. Tangella et al [226] proposed
the hybrid phase-�eld model to predict complex crack paths in quasi-static thermo-elastic
brittle fracture. H. Badnava et al [227] suggested an h-adaptive thermo-mechanical phase-
�eld model, T.-T. Nguyen et al [93] postulated the chemo-thermo-mechanical coupling for
the phase-�eld to predict early age shrinkage in cement-based materials, whereas A. Dean at
al [228, 229] proposed invariant-based anisotropic material models for short �ber-reinforced
thermoplastics, to name a few of recent contributions. On the other hand, W. Shu et al [230]
proposed a thermo-mechanical solid shell for reduced integration and with the Enhanced
Assumed Strain (EAS) and Assumed Natural Strain (ANS) methods to avoid hourglass lock-
ing [230], and P.K.Asur Vijaya Kumar et al [231] proposed a thermo-mechanical solid shell
formulation for geometric non-linearity having full integration, incorporating EAS and ANS
methods to alleviate the locking pathologies. However, at present, the application of the PF
approach of fracture to thermo-mechanical analysis of thin-walled structures relying on the
solid shell concept is largely unexplored.

Different Cohesive Zone Models (CZM) were developed for engineering applications,
mainly dealing with the fracture and delamination process. In the literature, there exist
a wide variety of typologies of CZMs in line with the Kyoungsoo Park et al [232] can be
arranged in (i) potential-derived laws and (ii) non-potential-derived laws. The difference
between them lies in the constitutive response. On the one hand, potential-derived laws use
fracture energy potential and whose derivatives with respect to displacement provide the
traction vector, and their second derivative provides the constitutive tensor. On the other
hand, non-potential derived models endow a comparative simplicity, where cohesive trac-
tions are de�ned through the traction separation laws (constitutive relation between trac-
tions and opening displacement vector), which are widely used. Some widely used exam-
ples of non-potential-based cohesive laws can be broadly categorized as (a) piece-wise linear
cohesive laws, (b) trapezoidal cohesive laws, and (c) exponential cohesive laws are stud-
ied with great attention in the past few years. Tvergaad [233] introduces the notion of the
mixed-mode fracture to separate the tangential and normal directions, Ortiz and Pandol�
[234] introduced the idea of reference mid surface. Recently, many authors have proposed
the extension of cohesive zone models to thermoelastic material models. See, eg [235, 236,
237, 238] and the reference therein. Balzano and Wagner [239] modi�ed the work of [234] to
cover the compressive behavior in mode one. The effects of large displacements have been
investigated in [240].

This work presents phase-�eld modeling of fracture fully coupled with thermo-mechanics
for the failure analysis of thin-walled structures using the solid shell concept. In order to
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avoid the complex update of rotational tensor, the shell model presented exploits the solid
shell concept aforementioned which parametrizes the top and bottom surface of the body
[209, 210, 205, 207, 211]. By the virtue of this kinematic description, the solid shell ap-
proach features a discretization identical to that of 8 node brick element [210, 241, 242].
Within this framework, three-dimensional constitutive equations (such as) thermo-elastic
Kirchhoff-Saint-Venant Material Model is considered and extended to accommodate phase-
�eld degradation. Moreover, the elastic energy and the thermal energy are degraded using
the same phase-�eld degradation function. The potential locking pathologies arising due
to the intrinsic nature of a shell complying with lower-order kinematic displacement inter-
polation schemes is alleviated by the combination of EAS and ANS methods, in line with
the advanced shell formulations discussed in [225, 222, 223, 224]. Hence, the volumetric
and the Poisson's thickness locking effects are alleviated by EAS, whereas trapezoidal and
transverse shear locking are alleviated using the ANS method. Furthermore, a fully coupled
scheme between the phase-�eld and the mixed �nite element formulation (particularly EAS)
is accordingly condensed using static condensation of the enhancing strain at the element
level [218] such that the original coupling is fully preserved.

4.2 Coupled thermo-mechanical formulation

The initial boundary value problem (IBVP) for coupled thermo mechanical solid shell with
phase-�eld damage is characterised by: (i) the deformation �eld of the solid shell, (ii) the
temperature �eld, and (iii) the scalar valued phase-�eld variable. In the sequel, the basic
aspects and de�nitions are introduced for the sake of clarity.

4.2.1 Primary �elds

Let B0 � Rn dim denote a reference con�guration of a continuum body in ndim Euclidean
space with its delimiting boundary @B0 � Rn dim � 1 . For every position vector X 2 B 0 ,
de�ne the vector valued displacement �eld u(X ; t) : B0 � [0; t ] ! R3 , the smooth scalar
valued temperature T(X ; t) : B0 � [0; t ] ! R+ , and a smooth scalar valued function of
damage (phase-�eld) d(X ; t) : B0 � [0; t ] ! [0; 1], for time interval [0; t ], here d = 0 refers to
intact material and d = 1 refers to a cracked material.

The �elds in the reference con�gurations are assumed to be a consequence of prescribed:
(i) displacement u = �u on @B0;u , (ii) traction �t = � � n(X ; t) on @B0; �t for the Cauchy stress �
and outwards normal n, (iii) temperature T0 on @B0;T , and (iv) heat �ux vector QN on @B0;q

such that @B0 = @B0;u [ @B0; �t [ @B0;T [ @B0;q and @B0;u \ @B0; �t = ; , @B0;T \ @B0;q = ;
as in Fig. 29.

For generalization purpose, B0 can be subdivided into Bi
0(i > 0), such that B0 = [ i B

i
0 .

Each Bi
0 is allowed to have different constitutive relationships that characterize their me-

chanical, fracture and thermal behaviour. The � int characterises the presence of cohesive
surface such that @B0 = [ i @Bi

0;u [ @Bi
0; �t [ @Bi

0;T [ @Bi
0;q [ � i

int , see Fig 29.
De�ne a single valued continuously differentiable function ' (X ; t ) 2 V that maps the

reference material point X 2 B 0 onto the current reference con�guration point x 2 B t , such
that x = ' (X ; t ) = X + u(X ; t) for each time instant t throughout the deformation process.

Here V is a space of admissible functions de�ned as
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Figure 29: Finite deformation of a body: reference and current con�gurations. De-
formation mapping ' (X ; t ), that transforms at time t the reference con�guration B0

onto the current con�guration Bt , and the displacement-derived deformation gradient
F u := @X ' (X ; t ).
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V =
�

' : B0 � [0; t ] ! Rn dim j ' 2 W 1;p (B0) and ' = �' on @Ru for p � 2
	

:

A key kinematic quantity is the deformation gradient (derived from the displacement
�eld), which is de�ned as gradient of the non-linear deformation map with respect to refer-
ence setting

F u := @X ' (X ; t ) = r X ' (X ; t ) = 1 + r u =
@x
@X

2 Rn dim � n dim :

This operator represents a linear map between the unit reference line elements dX onto
the current line elements dx = F u dX . In the following derivations r X [� ] and r x [� ] denote
the Lagrangian and Eulerian gradient operators, respectively. The Jacobian of the transfor-
mation F u satis�es

J u := det[F u ] > 0:

where det[�] stands for dominant operator.
The co-variant basis as in Fig. 29 in reference (G i ) and the current con�gurations ( gi ) are

de�ned as

G i (� ) :=
@X (� )

@�i
; gi (� ) :=

@x(� )
@�i

; i = f 1; 2; 3g:

The dual and contravariant base vector satisfy the following standard relations

G i G
j = � j

i ; gi g
j = � j

i :

Then the metric tensor now takes the form in reference con�guration

G = Gij G i 
 G j = Gij G i 
 G j ;

and in the reference con�guration

g = gij g i 
 g j = gij gi 
 gj :

Here, G i and g i are contravariant basis in reference and current con�guration. With this
at hand, the displacement-derived deformation gradient F u in the curvilinear setting reads

F u := gi 
 G i :

Furthermore, the displacement-derived left C u Cauchy-Green deformation tensor takes
the form

C u := [ F u ]Tg[F u ] = gij G i 
 G j ;

whereas the displacement-derived Green-Lagrangian strain tensor takes the form

Eu :=
1
2

[C u � G ] =
1
2

[gij � Gij ] G i 
 G j :

To avoid locking pathologies, the displacement derived Green-Lagrangian strain tensor
is enhanced by the considering incompatible Green-Lagrangian tensor ~E. This is achieved
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by additive decomposition of the total Green-Lagrangian strain tensor which constitutes the
central idea of EAS, in line with [214], as

E := Eu + ~E: (4.1)

Consequently, the enhanced right Cauchy-Green tensor C is modi�ed to accommodate
the total Green-Lagrangian strain tensor and it takes the form

C := C u + ~C = 2( Eu + ~E) + G : (4.2)

In order to compute the enhanced right Cauchy-Green tensor, the displacement-derived
deformation �eld can be decomposed into the rotation tensor R and the compatible right
stretch tensor U u asF u = RU u by applying the polar decomposition theorem. The modi�ed
right stretch tensor U is then estimated via Eq. (4.2) accounting for the enhanced strains, and
it takes the form U := C

1
2 . With this, the modi�ed deformation gradient yields

F := RU ;

with J = det[F ] being the corresponding modi�ed Jacobian.
The second Piola-Kirchhoff stress tensor S (referred as PK2 in the related literature) in

the reference con�guration is estimated using the Cauchy stress tensor as

S = F � 1 � P = J F � 1 � � � F � 1 = Sij G i 
 G j ;

where Sij identi�es its contravariant component.
Consider P0 � B 0 from the continuum body B0 in the reference con�guration sur-

rounded by the boundary @P0 , and its spatial counterpart Pt � B t , being @Bt the boundary
at the current con�guration. The Cauchy's stress theorem postulates the linear dependency
between Cauchy traction vector t and the normal n of @Pt through the Cauchy (true) stress
tensor � as

t = � � n:

Similarly, the �rst Piola–Kirchhoff stress tensor P (PK1) is also de�ned via the Cauchy's
stress theorem as

T̂ = P � N ; with P = J� � F � 1 :

where T̂ denotes �rst Piola–Kirchhoff traction vector presented by the force equality T̂ dS =
t ds, and N refers to the normal of @P0 in the reference con�guration.

Analogously to the Cauchy's stress theorem, Stokes heat �ux theorem through the sur-
face da on @Pt in the current con�guration reads

qn = q � n;

where qn and q denote the scalar and vector (Cauchy) heat �ux, respectively. The material
heat �ux Q relies on the equality q � nds = Q � N dS, and therefore its de�nition yields to

Q = JF � 1 � q = Qi G i ;

where Qi identi�es its contravariant component.
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4.2.2 Global equations of thermo-elasticity
The constitutive equations are derived such that they comply with the essential balance prin-
ciple (conservation law) and second law of thermodynamics, which in its local material ver-
sion is identi�ed as the Clausius-Duhem inequality. Assuming a local theory, the constitutive
law postulates that the Helmholtz free energy function 	 depends on the modi�ed Green-
Lagrangian strain tensor E, the temperature T and its spacial gradient r X T, phase-�eld
(excluded here) and a set of internal variables III as

� 0 	 = 	̂( E; T; r X T; III ); (4.3)

for � 0 = � 0(x ) being the material density in reference con�guration. For the isotropic
Kirchhoff-Saint-Venant material model, the Helmholtz free energy reads

	( E; T ) = 1
2 � (tr [E])2 + � tr [E2 ] � 3�� tr [E] (T � T0) + cp

�
(T � T0) � T log

T
T0

�
;(4.4)

where � and � are the Lamé constants,� identi�es the bulk modulus, and � is the coef�cient
of thermal expansion and T0 is the initial reference temperature.

4.2.3 Extension to FGM
Within the context of functionally graded materials, material properties changes as a varia-
tion of spatial dimension across the domain. Let A and B be two materials compositions of
a functionally graded materials, then the volume fraction of the material A in the domain B0

can be de�ned as

V f A (x ) := V f A (x ; �; III ) : B0 ! [0; 1];

where � is the grading constant and III is a set of internal variable that depends on the domain
B0 . Then, the volume fraction of the material B can be estimated as a function of material
A. i.e V f B (x ) = 1 � V f A (x ). Based on the rule of mixtures, the material properties such
as Young's Modulus E , Poisson's ratio � , co-ef�cient of thermal expansion � , thermal con-
ductivity k0 , heat capacity cp and fracture energy GC as a function of volume fraction of one
of the material. i.e GC = GC (V f A ) = GC (V f B ). Fixing V f A (x ) as a prime function, the
material properties takes the form

E (x ) = EA + ( EB � EA )V f A (x ); (4.5a)

� (x ) = � A + ( � B � � A )V f A (x ); (4.5b)

� (x ) = � A + ( � B � � A )V f A (x ); (4.5c)

k0(x ) = k0;A + ( k0;B � k0;A )V f A (x ); (4.5d)

cp (x ) = cp;A + ( cp;B � cp;A )V f A (x ); (4.5e)

GC (x ) = GC;A + ( GC;B � G C;A )V f A (x ): (4.5f)
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It can be argued that internal length scale l is largely considered as material parameters

[37]. In particular, the length scale l can be estimated using the relation l =
27
256

GC E
� 2

c
for

� c being critical stress as in [24]. Moreover, many authors such as [90] considered l to be
constant. In order to include the vast literature regarding the choice of the length scale l ,
here length scale is considered as a function of volume fraction i.e

l (x ) = lc;A + ( lc;B � lc;A )V f A (x ): (4.6)

Since Clausius-Duhem Inequality and the balance equations are de�ned locally, the Kirchoff-
Saint-Venant in Eq. (4.4) is modi�ed to accommodate FGM as

	 0(E; T ; X ) = 1
2 � (X ) ( tr [E])2 + � (X )tr [E2 ] � 3� (X )� (X )tr [E] (T � T0(X ))

+ cp (X )
h
(T � T0(X )) � T log T

T0 ( X )

i
: (4.7)

Here, the material properties � (X ), � (X ), � (X ), � (X ), cp (X ), and T0(X ) exhibit a vari-
ation in the spatial dimension. The material parameters from the surface energy, GC and l
are also written as GC (X ) and l(X ) Moreover, the Lam é constants,� (X ), � (X ) and the bulk
modulus � (X ) can be estimated as

� (X ) =
E (X )� (X )

(1 + � (X ))(1 � 2� (X ))
; � (X ) =

E (X )
2(1 + � (X ))

; � (X ) =
� (X )E (X )

3(� (X ) � 2)
;

(4.8)

for each X 2 B 0 whereas E (X ) and � (X ) are the spatial variations of Young's modulus and
Poisson's ratio.

From here onward, we drop the X dependency on all the material properties. As men-
tioned earlier, the constitutive law follows the energy balance with respect to the reference
con�guration as

8
><

>:

� 0 = J� : Local mass balance

� 0 •' = DIV [ P ] + � 0 �
 = 0 : Linear Momentum balance

� 0 _e = S : _E + R � DIV [ Q] : Energy balance

(4.9)

Here, � 0(X ) and � (X ; t ) are the density �elds in the reference and current con�gurations,
respectively. Whilst, � 0 �
 identi�es the prescribed body forces per unit of reference volume, e
stands for the speci�c internal energy whose temporal rate given by _e, _E represents the rate
of Green-Lagrange strain tensor, R is the internal heat source measured per unit reference
volume.

The second law of thermodynamics which ensures the consistency of the formulation
takes the form

D = D loc + Dcond =
h
S : _E � � 0

�
_	 + _T �

�i
�

�
1
T

Q � r X T
�

� 0; (4.10)

which is referred as Clausius-Duhem inequality, with D representing the dissipated energy,
D loc the energy due to the local actions and Dcond is the energy due to heat conduction. It is
easy to see that by enforcing
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D loc � 0; and Dcond � 0; (4.11)

the Clausius-Duhem inequality in Eq. (4.10) is satis�ed, leaving Clausius-Planck inequality
Eq. (4.11)1 and the Fourier inequality (4.11) 2 .

Inserting the free energy function in Eq. (4.3), and Eq. (4.4) into Eq. (4.10) satis�es the
Clausius-Duhem inequality by following the Coleman and Noll procedure [243] with

D loc = [ S � @E	] : _E � [� + @T 	] _T � @r X T 	 : r X _T � @III 	 : _III � 0; (4.12)

Accordingly, the constitutive equations corresponding to the second Piola-Kirchhoff tensor,
and entropy reads

S := @E 	 = � (tr [E]) 1 + 2 � E � 3�� (T � T0) 1; (4.13)

� := � @T 	 = 3 �� tr [E] + cp log
T
T0

; (4.14)

Consequently, the internal dissipation reads

D loc := � @III 	 : _III � 0; (4.15)

accounting for the evolution of inelastic processes such as visco-elastic, plastic effects, among
others. Note that damage variable can be added here to the local action D loc as @d 	 : _d, the
irreversibility condition and Karush-Kuhn-Tucker (KKT) conditions can be readily obtained
as a consequence of Eq.(4.15) and Eq.(4.12). In order to preserve the current derivation the
similar format to that corresponding to the original phase-�eld formulation as in [16] i.e as
a competition between the elastic (thermo-elastic) and the surface energy/crack energy, the
phase-�eld variable is added at a later stage as in Section 4.3.

Based on the Legendre transformation, the evolution equation for entropy � takes the
form

� 0 _�T = � @III 	 : _III + R � DIV [Q] = D loc + R � DIV [Q]: (4.16)

The left hand side of Eq.(4.16) can be expressed as:

� 0 � _T = cp _T � � 0SH ; (4.17)

where the heat capacity, cp , and the structural heating SH due to the rate of temperature
reads

cp := � � 0T @2
T T 	; (4.18)

SH := T @2
T E 	 : _E + T @2

T III 	 : _III = TZ : _E + TQQQ : _III ;

where Z is the second order tensor containing the thermal conductivity k in the curvilin-
ear setting associated with the Helmholtz free energy, and QQQ identi�es the internal variable
operator. For an adiabatic process, DIV[Q] � 0 and R � 0. Since there is no irreversible
evolution in interval variables (phase-�eld not included yet), @2

T III 	 = 0 in above equation
and hereafter.

The constitutive operators in the curvilinear setting reads
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C = @EE 	 =
�
�G ij Gkl + �

�
Gik Gjl + Gil Gjk ��

G i 
 G j 
 Gk 
 G l ;

Z = � 3��
�
Gij G i 
 G j

�
; (4.19)

Q = � J F � 1 �k �F � T �r X T = � Jk
�

G i 
 g i
� �

gkl gk 
 gl

� �
g j 
 G j

�
r X T = � JkC � 1 �r X T.

(4.20)
Here, the isotropic conductivity is written using the contravariant basis vector as k =

kgij gi 
 gi , and C � 1 stands for the inverse of the right Cauchy-Green strain tensor. By
assuming a isotropic heat �ux in the reference con�guration, the formulation for the heat �ux
can be further simpli�ed to Q = � k0G r X T, where k0 identi�es the thermal conductivity in
the reference con�guration.

4.2.4 Thermo-mechanical CZM
The �rst interface law under consideration is the cohesive zone model inspired by the work
of Ortiz and Pandol� [234], and later extended by Balzani and Wager [239] to enhance the
model for Mode- I compression behaviour. The extension of Balzani exponential cohesive
law to thermo-mechanical problems is developed according to the work of Turon et al [244],
Walander et al [245], Willam et al [238], Wenyashu et al [246] and Fleischhauer et al [236,
237]. The cohesive zone model postulates the existence of a free energy density� per unit
undeformed area. The thermo-mechanical coupling is achieved by making effective trac-
tion temperature dependent and the interface conductance dependent upon the cohesive
damage variable. For this, de�ne the displacement gaps in a 3-D modelling setting as:
� = (� n ; � t ; � s ), where � n ; � s ; � t identify normal, shear and tangential displacement
gaps, respectively, and the temperature gap � T = ( T+ � T� ) across the interface. In isother-
mal conditions, the free energy density reads

� = �( � ; p); (4.21)

where p is a suitable internal variable to describe the current decohesion state. Based on
thermodynamic considerations, the cohesive tractions take the form

� :=
@�( � ; p)

@�
: (4.22)

In applications, where more than one fracture mode is predominant, the adoption of
mixed mode fracture conditions are required. Following [247], the mixed mode conditions
are herein accounted by introducing the effective/equivalent displacement � m as

� m =
q

h� 2
n i + � 2 (� 2

s + � 2
t ) =

p
� T C� with C =

2

4
� 2 0 0
0 � 2 0
0 0 1

3

5 :

Here, h�i =
(j � j + �)

2
is Macaulay brackets to avoid fracture events under compression

normal actions, � is the weighing factor between normal and shear fracture modes.
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Assuming that the free energy depends upon the effective mechanical displacement � m ,
under mixed mode conditions, the elastic tractions read

� =
�

� m

�
� 2

n nn + � 2 �
� 2

s n s + � 2
t n t

��
;

where n i is the unit vector along i th direction. Additionally, effective tractions � m takes the
form

� m =
@�

@� m
:

The free energy function proposed in [239] takes the form

� = e� c � c

2

6
41 �

�
1 +

� m

� c

�
e

0

@�
� m

� c

1

A

3

7
5 +

1
2

K c � 2
n

h� � 2
n i

� � 2
n

; (4.23)

where � c and � c are the initial effective limit traction and corresponding opening displace-
ment gap. Here K c identi�es the penalty stiffness applied in compression and estimated
as

K c =
e� c

� c
:

In the presence of temperature, the critical energy release rate and the effective limit
tractions are temperature dependent [245]. Hence, we herein assume that the peak traction
is affected by temperature as

� �
c = � c(� ; T; p) = � c

 

1 �

P 8
i =1 Ti � T0

T0

!

: (4.24)

Here,
P 8

i =1 Ti represents the average temperature of all the nodes in an element. This
leads to weakening of the interfaces at elevated temperatures by decreasing the total critical
energy release rate of the system. Moreover, the constitutive assumption that the peak cohe-
sive traction dependence on the temperature can be directly related to critical energy release
rates for which the experimental results may be available for some speci�c materials.

As a consequence of thermodynamic considerations and the choice of the free energy
function, the cohesive traction � and the effective cohesive tractions � m render

� =
e� �

c

� c
e

0

@�
� m

� c

1

A

C� + K c I c � = D� with I c =

2

6
4

0 0 0
0 0 0

0 0
h� � n i
� � n

:

3

7
5 ; (4.25)

and

� m =
e� �

c � m

� c
e

0

@�
� m

� c

1

A

: (4.26)
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The linearized constitutive tensor for mechanical �eld is then directly obtained as

C =
@�
@�

= D +
@D
@�

� ;

which follows that

C =
e� �

c

� c
e

0

@�
� m

� c

1

A

+ K c I c + F e
� �

c

� 2
c � m

e

0

@�
� m

� c

1

A

(C� )(C� )T :

Here, the load function F is de�ned to distinguish between different cases of irreversibil-
ity. Additionally, the fracture toughness GC is de�ned using the modi�ed B-K criterion as

GC = GIc + ( GIIc � G Ic )
�

GII + GIII

GI + GII + GIII

� �

:

Additionally, the effective toughness relating GC and the effective displacement � m

takes the form

�GC = lim
� m !1

f �(� m ; p)g = e� �
c � c :

In order to track the extent of damage progression, the damage variable dint for mixed
mode condition can be de�ned as the ratio between the dissipated energy and the effective
fracture energy

dint =
�(� m ; p)

�GC
=

2

6
41 �

�
1 +

� m

� c

�
e

0

@�
� m

� c

1

A

3

7
5 : (4.27)

Evidently, damage dint 2 [0; 1] with dint = 0 indicates no damage, whereas dint = 1
indicates complete decohesion/damage.

The thermal �ux across the interface q+ = q � n+ occurs in the normal direction. Neglect-
ing the effects of plasticity, convection, and radiation, the thermal �ux now depends only on
the interface conductance and the temperature jump � T = ( T+ � T� ) across the interface.
As a result, the heat �ux across the interface renders

�q+ (hcz ) = hcz � T ; (4.28)

where, hcz is the thermal conductance of the interface. As a consequence of the opening gaps,
the interface conductance decreases as the gap increases. Hence, the interface conductance
is reduced with the help of the damage variable dint in line with the arguments of [235, 244].
With this, thermal conductance of the damaged surface takes the form

hcz = (1 � dint )hint for � n � 0: (4.29)

Here hint is the undamaged interface conductance. This way, the degradation of thermal and
mechanical properties are controlled by a single damage variable. The FE implementation
of the interface is detailed in Section 4.3.2
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4.2.5 Extension of CZM to other models
The second interface model herewith examined recalls the exponential-like formulation given
in [233]. Similarly to the previous section, we de�ne the displacement gaps � = (� n ; � t ; � s ),
where � n ; � s ; � t identi�es normal, shear and tangential displacement gaps respectively
and the temperature gap � T = ( T+ � T� ). Given the critical displacement � n ; and 
 , the
ratio of normal to shear displacement, � s = 
� n , and � t = 
� n , de�ne the non-dimensional,
internal damage-like variable �� 2 [0; 1] as

�� =

vu
u
t

( �
� n

� n

� 2

+
�

� s

� s

� 2

+
�

� t

� t

� 2
)

;

and a function F ( �� ) is chosen as

F ( �� ) =
27
4

� c(1 � 2�� + �� 2) for 0 � �� � 1:

Then, for the monotonically increasing �� , with �� = 0 indicating no damage, and �� = 1
indicating complete failure, the tractions are expressed as

� =
�

� n

� n

�
F ( �� ); � s = 


�
� s

� s

�
F ( �� ); � t = 


�
� t

� t

�
F ( �� ):

Now, we assume that the effective limit traction � c (without renaming) affected by tem-
perature

� c = � c

 

1 �

P 8
i =1 Ti � T0

T0

!

. Here,
P 8

i =1 Ti represents the average temperature of all

the nodes in an element. Then as in Section 4.2.4, the interface conductance is reduced to

hcz = (1 � �� )hint for � n � 0:

with usual notations as in Section 4.2.4.

4.3 Variational basis and �nite element formulation
Based on the previous considerations, and assuming a scalar isotropic degradation of the
Helmholtz free energy function in Eq.(4.4) due to the evolution of fracture, the variational ba-
sis for the thermo-mechanical phase-�eld problem is herewith described. Within the frame-
work of Hu-Washizu variational principle, the modi�ed version of the Helmholtz free en-
ergy function incorporating the EAS method and the surface energy created due to fracture
takes the form

�( u; ~E; d; T; dint ) =
Z

B 0

g(d)	( u; ~E; T )d
 �
Z

B 0

S : ~E d
 +
Z

B 0

GC

2

�
� (d)

l
+ l jr dj2

�
d


+
Z

� int

�q � � � T d@
 + � ext:

(4.30)
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Here, � (d) := d2 is a continuous monotonic function with � (0) = 0 and � (1) = 1 ,
called the geometric crack function [29, 30, 31, 24]. The term � ( d)

l refers to the local part
of the crack surface and l jr dj2 is the non local part. Moreover, g(d) := [(1 � d)2 + xk ]
refers to the energetic degradation function that is used to deteriorate the initial coupled
thermo-mechanical Helmholtz free energy function with g(d) : [0; 1] ! [1; 0] and xk refers to
a residual stiffness.

Recalling the additive decomposition of the strain �eld in Eq. (4.1), it is important to note
that the orthogonality condition between the interpolation spaces of the stress and enhanced
strain �elds can be exploited from the subsequent derivations.

With this at hand, the solution of Eq.(4.30) can be obtained by solving it as a minimization
problem.

Determine (u; ~E; d; T; dint ) from

(u � ; ~E � ; d� ; T � ; d�
int ) = arg min

S
�( u; ~E; d; T; dint ) (4.31)

with S = f _d � 0 for all x 2 B 0 j� int ; _d � 0 8x 2 � i g. The set(u; ~E; d; T; � ) in Eq. (4.31) is
solved by taking a �rst variation of the total modi�ed potential functional assuming enough
regularity of the �elds involved. Recalling the irriversibility of the damage variables d, for
any admissible test function (� u; � ~E; � d; �T; � � ) in the appropriate space of distribution (see
below for details), this leads to the following residual of continuous multi-�eld problem:

R u (u; ~E; d; T; dint ; � u) =
Z

B 0

g(d) [S : � Eu ] d
 �
Z

B 0

� 0 �
 � u d
 �
Z

@B 0;t

t̂ � � u d@


+
Z

� int

� � � � d@
 = 0 ;

R u = R u
int � R u

ext + R u
coh = 0 ;

(4.32)

for all � u 2 B u with B u = f � u 2 H 1(B0); � u = 0 on @B0;u g. Here, � 0 �
 denotes the external
force applied per unit volume. The residual vector associated with the incompatible strain
tensor takes the form

R
~E (u; ~E; d; T; dint ; � ~E) =

Z

B 0

g(d)
h
S : � ~E

i
d
 = R

~E
int = 0 ; (4.33)

for all � ~E 2 B
~E with B

~E = f � ~E 2 L 2(B0)g. The residual associated with the phase-�eld
variable takes the form

R d(u; ~E; d; T; dint ; � d) =
Z

B 0

GC

�
d
l
� d + lr d � r � d

�
d
 �

Z

B 0

2(1 � d)	( u; ~E; T )� d d
 = 0 ;

(4.34)

for all � d 2 B d with B d = f � d 2 H 1(
)
�
�
� � d � 08 X 2 B 0g. In the absence of other

dissipative mechanisms and heat source (R � 0), the residual for the coupled thermal �eld
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reads

R T (u; ~E; d; T; dint ; �T ) =
Z

B 0

cp _T �T d
 �
Z

B 0

g(d)
h
TZ : _E

i
�T d
 +

Z

B 0

g(d)DIV [Q]�T d


+
Z

� int

�q � � � T d@
 = 0 ,

(4.35)

for all �T 2 B T with B T = f �T 2 H 1(
)
�
�
� �T = 0 on @B0;q g. The third term in Eq.(4.35) can

be reformulated using the divergence theorem as

Z

B 0

DIV [Q]�T d
 =
Z

@B 0;q

QN �T d@
 �
Z

B 0

Q � r X �T d
 ,

where QN = Q � N refers to the Neumann boundary condition on @B0;q . With this, the
variational form of energy balance equation at the reference con�guration takes the form

R T (u; ~E; d; T; dint ; �T ) =
Z

B 0

cp _T �T d
 �
Z

B 0

g(d)
h
TZ : _E

i
�T d
 +

Z

@B 0;q

QN �T d@


�
Z

B 0

g(d)Q � r X �T d
 +
Z

� int

�q � � � T d@
 = 0 .

Through the insertion of the Duhamel's law, Eq.(4.20) 1 :

R T (u; ~E; d; T; dint ; �T ) =
Z

B 0

cp _T �T d
 �
Z

B 0

g(d)
h
TZ : _E

i
�T d
 +

Z

@B 0;q

QN �T d@


+
Z

B 0

g(d) [r X �T ]T � J F � 1 � k � F � T r X T d


+
Z

� int

�q � � � T d@
 = 0 :

(4.36)

For isotropic thermal conductivity, Eq.(4.20) 2 , the temperature residual �nally reads

R T (u; ~E; d; T; dint ; �T ) =
Z

B 0

cp _T �T d
 �
Z

B 0

g(d)
h
TZ : _E

i
�T d
 +

Z

� int

�q � � � T d@


+
Z

@B 0;q

QN �T d@
 +
Z

B 0

g(d)Jk [r X �T ]T � C � 1 � r X [T ] d
 = 0 :

(4.37)

Notice that, the degradation function g(d) is added in Eq. (4.36). Meaning that, the
thermal conductivity k present in Z and Q (fourth term) is degraded. As the phase-�eld
value reachesd = 1 , the thermal conductivity approaches zero acting as a potential barrier
for the heat transfer across the cracked region � .
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4.3.1 Finite element formulation

The �nite element discretization is introduced on the reference con�guration B0 (recalling
a total Lagrangian formulation) with standard arguments of the isoparametric interpola-
tion. The functional space B0 is discretized into ne non-overlapping elements, such that
B0 �

S n e
e=1 B( e)

0 . Complying with the solid shell approach, for the natural coordinate system
(� 1 ; � 2 ; � 3), the position vector at reference and current con�guration X and x are expressed
by the points of top and bottom surface Xt (� 1 ; � 2) and bottom surfaces Xb(� 1 ; � 2) of the shell
as in Fig. 29. Accordingly, the position vector in the reference con�guration can be expressed
as

X(� ) =
1
2

�
1 + � 3 �

Xt (�
1 ; � 2) +

1
2

�
1 � � 3 �

Xb(� 1 ; � 2); (4.38)

whereas the position in the current con�guration takes the form

x(� ) =
1
2

�
1 + � 3 �

xt (�
1 ; � 2) +

1
2

�
1 � � 3 �

xb(� 1 ; � 2); (4.39)

with the parametric space de�ned in natural co-ordinates as A := f � = ( � 1 ; � 2 ; � 3) 2 R3 j �
1 � � i � +1; i = 1 ; 2; 3g, with ( � 1 ; � 2) being in plane and � 3 being thickness direction.

Regarding the phase-�eld variable embedded in the shell body, the de�nition of position
vector is adopted in the reference and current con�guration, a possible anszat yields to a
linear interpolation between the top ( dt ) and bottom ( db) surfaces of the shell in line with
[207], expressed as

d(� ) =
1
2

�
1 + � 3 �

dt (�
1 ; � 2) +

1
2

�
1 � � 3 �

db(� 1 ; � 2): (4.40)

The discrete reference (Lagrangian) and current (Eulerian) nodal position vectors are
interpolated through standard trilinear shape functions N I (N (� ) in matrix notation) as

X �
n nX

I =1

N I (� )XI = N (� )eX and x �
n nX

I =1

N I (� )xI = N (� )ex;

with number of nodes nn = 8 whose nodal values are collected into the respective global
vectors eX and ex.

The interpolation of the �elds (u; ~E; d; T ), their respective variations (� u; � ~E; � d; �T ) and
their increments (� u; � ~E; � d; � T ) in compact form reads

u � N (� )d; � u � N (� )� d; � u � N (� )� d;

~E � M (� )&; � ~E � M (� )� &; � ~E � M (� )� &,

d � N (� )~d; � d � N (� )� ~d; � d � N (� )� ~d

T � N̂ (� )T̂ ; �T � N̂ (� )� T̂ ; � T � N̂ (� )� T̂ .
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Here, the M (� ) denotes the enhancing interpolation matrix and &is the vector collecting
the EAS parameters. In particular, within the element space � = f � 1 ; � 2 ; � 3g, the operator
M (� ) takes for form

~M =

2

6
6
6
6
6
6
4

� 1 0 0 0 0 0 0
0 � 1 0 0 0 0 0
0 0 � 3 � 1 � 3 � 2 � 3 0 0
0 0 0 0 0 � 1 � 2

0 0 0 0 0 0 0
0 0 0 0 0 0 0

3

7
7
7
7
7
7
5

: (4.41)

is the operator with 7 parameter at each element level suitable to alleviate volumetric and
Poison's thickness locking pathologies. Similarly

~M =

2

6
6
6
6
6
6
4

� 1 0 0 0 � 1 � 2 0 0 0 0 0 0
0 0 � 1 � 2 0 0 � 1 � 2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 � 2 0 0 0 � 1 � 2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 � 1 � 2 � 1 � 2

3

7
7
7
7
7
7
5

(4.42)

is the 11 parameter at each element level. Apart from the volumetric and Poison's, it can
tackle the moderately distorted meshes.

In the current solid shell formulation, transverse shear and transverse normal strain com-
ponents are modi�ed in order to circumvent transverse shear and trapezoidal locking respec-
tively using ANS interpolation method. The interpolation of the transverse shear strains
E13 and E23 are performed at points � A = (0 ; � 1; 0), � B = (1 ; 0; 0), � C = (0 ; 1; 0) and
� D = ( � 1; 0; 0) as in Fig. 29. Accordingly, the transverse shear strain components reads

�
2E ANS

13

2E ANS
23

�
=

�
(1 � � 2)2E13 (� A ) + (1 + � 2)2E13 (� C )
(1 + � 1)2E23 (� B ) + (1 � � 1)2E23 (� D )

�
:

Similarly, the interpolation of the transverse normal strain E33 are performed at points � O =
(� 1; � 1; 0), � P = (1 ; � 1; 0), � S = (1 ; 1; 0) and � T = ( � 1; 1; 0) as in Fig. 29. Based on this,
the transverse normal strain takes the form

E ANS
33 =

X

m = O;P;S;T

N m (� 1 ; � 2)E33 ;

N m (� 1 ; � 2) =
1
4

�
1 + � 1

m � 1 � �
1 + � 2

m � 2 �
;

with � 1
m ; � 2

m = � 1:

The interpolation of displacement derived compatible strains are approximated using
displacement strain operator B as

Eu � B (d)d; � Eu � B (d)� d; � Eu � B (d)� d.

Similarly, the gradient of phase-�eld are interpolated using a suitable operator B d as
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r x d � B d(d)~d; r x � d � B d(d)� ~d; r x � d � B d(d)� ~d.

The interpolation of the spatial temperature gradient at current con�guration ( r X T),
and its associated variations can be expressed as

r X T = G � 1r � T � G � 1r � N̂ (� )T̂ ; r X �T � G � 1r � N̂ (� )� T̂ ; r X � T � G � 1r � N̂ (� )� T̂ ;
(4.43)

where r � is the gradient of temperature at each node with respect natural coordinate de�nes
in the curvilinear setting.

4.3.2 FE implementation of interface

Regarding the internal cohesive interfaces, the contribution of the interface cohesive traction
� in Eq. (4.32) and heat �ux �q in Eq. (4.35), the total potential reads

� int =
Z

� int

~T � gT
loc d@
 ; (4.44)

where the gaps gloc = ( � n ; � t ; � s ; � T ) includes both mechanical and thermal gaps, ~T =
(� ; �q) = ( �; � t ; � s ; �q).

The virtual variation of the � int according to principle of virtual work takes the form

� � int =
Z

� int

~T �
@gloc

@u

T

d@
 : (4.45)

At each element, four degrees of freedom for each node are speci�ed for each node as

d̂ = ( d; T )T : (4.46)

The mid surface is speci�ed such that the average value of the displacements are speci-
�ed on the mid surface plane. Due to the geometrical non-linearity/large displacement, the
updated coordinates of a generic point are given by x = X + d. As in [207, 234], the collective
traction to the middle surface can be determined by the average co-ordinates with respect to
the natural co-ordinates � and � . The gap vector in the reference frame, g can be obtained by
pre-multiplying the nodal displacement vector d and a suitable operator L which provides
the difference between the top and bottom interface. Accordingly, the discritized gaps in the
�nite element framework reads

g = NL d̂: (4.47)

Here, N is the interpolation operator whose expression reads

N = [ N1 I 4 ; N2 I 4 ; N3 I 4 ; N4 I 4 ] ; (4.48)

where N1 =
1
4

(1 � � 1)(1 � � 2), N2 =
1
4

(1 + � 1)(1 � � 2), N3 =
1
4

(1 + � 1)(1 + � 2) and

N4 =
1
4

(1 � � 1)(1 + � 2), whereas I 4 is the 4 � 4 identity vector. Moreover, the averaging

operator reads L = [ �I 16 ; I 16 ] with I 16 identi�es as 16 � 16 identity matrix.
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The generalized displacement gaps in the local reference frame are computed by multi-
plying the gaps g in reference frame by a rotation operator R, i.e

gloc = R (d̂)g = R (d̂)NL d̂: (4.49)

It is important to observe that the rotation operator depends on the displacement d̂ due
to the large displacements, see [240], for more details. The displacement dependent rotation
operator R (d̂) takes the form

R (d̂) =

2

6
6
4

tx sx nx 0
ty sy ny 0
ty sz nz 0
0 0 0 1

3

7
7
5 : (4.50)

On this impending event,
@gloc

@̂d
in Eq. (4.45) can be estimated as

@gloc

@u
�

@gloc

@̂d
= R (d̂)NL +

@R (d̂)

@̂d
NL d̂: (4.51)

Here,
@R (d̂)

@̂d
is a third order tensor. Replacing B = NL in the above expression, and

putting in Eq (4.45) leads to

� � int = � d̂T
Z

� int

�
RB +

@R

@̂d
B d̂

� T
~T d@
 : (4.52)

The solution of the variational equation � � int = 0 results in f int = 0 with

f int =
Z

� int

�
RB +

@R

@̂d
B d̂

� T
~T d@
 : (4.53)

A Newton-Raphson iterative scheme is used to �nd the corrector � ~d at each iteration
until the convergence is achieved. At iteration k, the equation reads

K e;k � d̂ = � f int ; (4.54a)

d̂ k +1 = d̂ k + � d̂ ; (4.54b)

where K k is the elemental stiffness matrix obtained by the linearization of the residual. i,e

K e;k =
@f int

@̂d
. Following the lines of derivation as in [240], the �nal stiffness matrix renders

K e = K e
mat + K e

geom ; (4.55)

with material contribution K e
mat takes the form

K e
mat =

Z

� int

�
B T R T CRB

�
d@
 ; (4.56)

and the geometrical contribution K e
geom to the stiffness matrix is
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K e
geom =

Z

� int

��
2B T @R

@̂d

T

T + d̂T B T @R

@̂d

T

C
@R

@̂d
B d̂

�

+
�

B T R T C
@R

@̂d
B d̂ + d̂T B T @R

@̂d
CRB

��
d@
 ;

(4.57)

Here, C =
@~T

@gloc
is the tangent interface constitutive matrix whose computation is de-

tailed in Section 4.2.4. In case of small displacement, the geometrical contribution yields
@R
@d

= 0 .

4.3.3 Consistent linearization
Through the insertion of the previously discussed interpolation scheme, the residuals of the
independent �elds (u; ~E; d; T ) in the discrete form can be expressed as

R̂ u
int (d; &; ~d; T̂ ; � d) = � dT

� Z

B 0

g(d)B (d)T S d

�

; (4.58)

R̂
~E
int (d; &; ~d; T̂ ; � &) = � &T

� Z

B 0

g(d)M (� )T S d

�

; (4.59)

R̂ d(d; &; ~d; T̂ ; � d) = � dT
� Z

B 0

GC

�
1
l
N (� )T d + lB d(� )T r x d

�
d


�
Z

B 0

2(1 � d)N T (� )H � d d


#

;

(4.60)

R̂ T
int (d; &; ~dT̂ ; � T̂ ) = � T̂

T

" Z

B 0

N̂ (� )T cp _T d
 �
Z

B 0

g(d)N̂ (� )T
�

ZT _E
�

T d
+

Z

B 0

J B T
T F � 1 � k � F � T � r X T d


#

:

(4.61)

Here,

H = max
� 2 [0 ;t ]

h
	( u; ~E; T )

i
; (4.62)

is the crack driving force (history variable) as de�ned in [207] to ensure the irreversibility of
the phase-�eld variable d and B T de�nes a suitable operator to compute the gradient of the
temperature �eld.

Due to the existence of non-linearity in the multi-�eld Eqs.(4.58)- (4.61), an incremen-
tal iterative quasi Newton-Raphson scheme is adopted (details are omitted for the sake of
brevity). This is achieved by linearization of the residual in Eq.(4.58), (4.59), (4.60), (4.61)
using directional Gateaux derivatives [231, 24, 207].
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For this, consider a �nite time increment � t := t ( k )
n +1 � tn > 0, where the �elds (u; ~E; d; T )

at step tn is assumed to be known. The temporal variation of the �elds are expressed as

_̂T =
T̂ n +1 � T̂ n

� t
; _E =

En +1 � En

� t
; _d =

dn +1 � dn

� t
; _&=

&n +1 � &n

� t
; (4.63)

constituting a backward Euler scheme.
The independent �elds (u; ~E; d; T ) are computed at current time step tn +1 via consistent

linearization of the residual functions which can be expressed as

L̂ [R̂ u ] = R̂ u (d; &; ~d; T̂ ; � d) + � R̂ u (d; &; ~d; T̂ ; � d; � d; � &; � ~d; � T̂ )

= R̂ u + � d R̂ u � d + � &R̂ u � &+ � dR̂ u � ~d + � T R̂ u � T̂ ;
(4.64)

L̂ [R̂
~E ] = R̂

~E (d; &; ~d; T̂ ; � &) + � R̂
~E (d; &; ~d; T̂ ; � d; � d; � &; � ~d; � T̂ )

= R̂
~E + � d R̂

~E � d + � &R̂
~E � &+ � dR̂

~E � ~d + � T R̂
~E � T̂

(4.65)

L̂ [R̂
~d] = R̂

~d(d; &; ~d; T̂ ; � &) + � R̂
~d(d; &; ~d; T̂ ; � d; � d; � &; � ~d; � T̂ )

= R̂
~d + � d R̂

~d � d + � &R̂
~d � &+ � dR̂

~d � ~d + � T R̂
~d � T̂

(4.66)

L̂ [R̂ T ] = R̂ T (d; &; ~d; T̂ ; � T̂ ) + � R̂ T (d; &; ~d; T̂ ; � d; � d; � &; � ~d; � T̂ )

= R̂ T + � d R̂ T � d + � &R̂ T � &+ � dR̂ T � ~d + � T R̂ T � T̂
(4.67)

where � b [a] denotes the tangent matrices calculated as a directional derivative of the resid-
ual form a with respect to the �eld b. In particular � b [a] = k ab with f a; bg = f d; &; ~d; T̂ g.
Following the standard �nite element procedure, Eq.(4.64), (4.65), (4.66), (4.67) can be ex-
pressed as a system of linear equations as

2
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7
7
5
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6
6
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� T̂
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7
7
5 =
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3

7
7
5 �
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6
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4
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R̂ &
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R̂ ~d
int

R̂ T
int

3

7
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5 : (4.68)

The different elements of the tangent stiffness matrix takes the form

K dd =
Z

B 0

g(d)

 

B (d)T CB (d) +
�

@B (d)
@d

� T

S

!

d
 = K dd ;mat + K dd ;geom (4.69a)

K d & =
Z

B 0

g(d)M (� )T CB (d) d
; (4.69b)

K d ~d =
Z

B 0

� 2(1 � d)B (d)T SN (� ) d
 ; (4.69c)

K d T =
Z

B 0

g(d)B (d)T ZN̂ (� ) d
 ; (4.69d)

91



K &u =
Z

B 0

g(d)M (� )T CB (d) d
; (4.70a)

K && =
Z

B 0

g(d)M (� )T CM (� ) d
 ; (4.70b)

K &~d =
Z

B 0

� 2(1 � d)M (� )T SN (� ) d
; (4.70c)

K &T =
Z

B 0

M (� )T ZN̂ (� ) d
 (4.70d)

K ~dd =
Z

B 0

� 2(1 � d)N (� )T SB (d) d
;

(4.71a)

K ~d& =
Z

B 0

� 2(1 � d)N (� )T SM (� ) d
 ; (4.71b)

K ~d~d =
Z

B 0

�
2

Gc

l
H

�
N (� )T N (� ) d
 +

Z

B 0

2Gc lB d(� )T B d(� ) d
 ; (4.71c)

K ~dT =
Z

B 0

� 2(1 � d)N (� )B T (d)N̂ (� ) d
 ; (4.71d)

K T d =
Z

B 0

g(d)� d [J ]B T
T F � 1 � k � F � T � r X T d


+
Z

B 0

g(d)J B T
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� d [F � 1 ] � k � F � T + F � 1 � k � � d [F � T]
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� r X T d
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B 0

N̂ T T
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ZT B d
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(4.72a)

K T & = �
Z

B 0

N̂ (� )T T
� t

ZT M (� ) d
; (4.72b)

K T d =
Z

B 0

2(1 � d)N̂ (� )T (ZT _E)N (� ) d
 +
Z

B 0

2(1 � d)J B T
T F � 1 � k � F � T � r X T d
 ;

(4.72c)

K T T =
Z

B 0

N̂ (� )T cp

� t
N̂ (� ) d
 �

Z

B 0

g(d)N̂ (� )T (ZT _E)N̂ (� ) d


+
Z

B 0

g(d)J B T
T F � 1 � k � F � TB T d
 :

(4.72d)

Here, K dd ;geom refers to the geometric contribution and the K dd ;mat is the material con-
tribution. Also, � d [J ] and � d [F � 1 ] and � d [F � T] represents the linearization with respect
to the kinematic �eld of the Jacobian J of the transformation F , the inverse of the modi�ed
deformation gradient and its transpose, respectively, which lead to additional geometrical
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terms. The overall algorithm of the implementation can be found in our recent article [231]
(without phase-�eld).

Since inter-element continuity is not required for enhanced strains, as in [207], they can
be condensed out at the element level via a standard condensation process. Thus, the con-
densed version of the stiffness matrix given in Eq.(4.68) reads

2

4
K �

dd K �
d ~d K �

d T

K �
~dd K �

~d~d K �
~dT

K �
T d K �

T ~d K �
T T

3

5

2

4
� d
� d
� T̂

3

5 =

2

6
4

~̂R d

~̂R d

~̂R T

3

7
5 (4.73)

where the element stiffness contribution takes the form

K �
dd = K dd � K d &K � 1

&& K &d ; K �
d ~d = K d ~d � K d &K � 1

&& K &~d;

K �
d T = K d T � K d &K � 1

&& k &T ; K �
~dd = K ~dd � K ~d&K � 1

&& k &~d;

K �
~d~d = K ~d~d � K ~d&K � 1

&& K &~d; K �
d T = K ~dT � K ~d&K � 1

&& K &T ; (4.74)

K �
T d = K T d � K T &K � 1

&& k &d ; K �
T ~d = K T ~d � K T &K � 1

&& K &~d;

K �
T T = K T T � K T &K � 1

&& K &T ;

along with the residual force vectors

~̂R d = R̂ u
ext � R̂ u

int + K d &K � 1
&& R̂ &

int

~̂R d = � R̂ d
int + K d&K � 1

&& R̂ &
int (4.75)

~̂R T = R̂ T
ext � R̂ T

int + K T &K � 1
&& R̂ &

int

The resulting system of algebraic equations in Eq. (4.73) can be solved using mono-
lithic/staggered solution scheme using different types of solvers such as nonlinear Newton-
Raphson, quasi-Newton based solvers such as Broyden–Fletcher–Goldfarb–Shanno (BFGS),
coupled displacement solvers, etc.

Regarding the numerical implementation, a staggered scheme is used for the solution
of the coupled problem. The coupled terms with respect to the damage variable d are sup-
pressed owing to the staggered scheme implementation. i.e, K d&; K dT ; K T &; K T �d; K �dT ; K �d&K &T .
Moreover, it was noticed that the standard Newton solver of ABAQUSperforms in a sat-
isfactory manner in terms of achieving convergence equilibrium states at each time step
for thermo-mechanical coupled applications. Note also that for the problem without non-
linearity (geometric), BFGS leads to very ef�cient computations, reducing the number of
equilibrium iteration at each time step. However, in the current computations and when the
geometric non-linearity is involved, BFGS computation times signi�cantly increase for the
achievement of equilibrium solutions at each time step. The comparison between the solvers
in terms of CPU times or iteration is out of scope for this article. In the following numeri-
cal application section, temperature assisted fracture in Section 4.5.2, plate with notch and
many holes in Section 4.5.4, plate with two edge notch in Section 4.6.2, plate with notch Sec-
tion 4.6.5, and 4.6.6 are solved using BFGS scheme, whereas, the other examples are solved
using the standard Newton solver of ABAQUS. The numerical examples in section 4.4 are
performed using the coupled temperature-displacement solver. Note that, the choice of so-
lution scheme mentioned above is just to show that both solvers can be used in the solution
scheme.
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Figure 30: a)Initial and boundary conditions for second Danilovskaya problem. b)
Comparison of temperature between Danowski, current model (Full Integration) and
ABAQUSSC8RT element. c) Comparison of displacement between Danowski, current
model and ABAQUSSC8RT element.

4.4 Virtual testing: thermo-elastic applications

This section presents the numerical simulations to evaluate the 11 parameter non-linear
thermo-mechanical solid shell model with the presence of cohesive-like interfaces to sim-
ulate decohesion events. Whend = 0 in all the residual functions in Eqs. (4.32), (4.33), (4.34),
(4.36) vanish leading to R d = 0 . Similarly, the stiffness matrix in the Eq. (4.68) changes as a
consequence, only� d, and � T in the Eq. (4.73) has to be solved.

First, we verify the current model by taking the second Danoilovskaya problem as in
[248] and compare the temperature and displacement distribution with the original exper-
iment and the in-build ABAQUSSC8RT element. The second application recalls the bench-
mark example as in [249] to assess the implementation of the current solid shell element for
thermo-elastic applications. The response of this element is further examined in the appli-
cation of a thin bar subjected to bending, crushing, and lifting to highlight the capabilities
of the thermo-mechanical solid shell (without interface). Subsequently, we incorporate two
different cohesive zone models, the Tveergard [233], and the exponential one [239] to model
decohesion phenomena, which are �rst employed for the case of a plate under tensile con-
ditions with the presence of a cohesive layer. Finally, a peeling test is shown to exploit the
principal capabilities of the present formulation fully. Different effects such as temperature,
displacement, material, and cohesive properties on the simulations are discussed.

4.4.1 Model veri�cation

The second Danilovskaya problem is often used for veri�cation of a fully coupled thermo-
mechanical model, see [248, 246] and the references therein. A cuboid with dimensions
as in Fig. 30a) is subjected to a uniform temperature change due to the heat �ux q =
�h(T0 � T1 ) applied on one surface, with �h being heat transfer coef�cient. The y-direction and
z-directions are �xed on other surface of the cuboid so that problem essential becomes one
dimensional. The thermal properties are considered according to [248] as: i) ambient temper-
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ature T1 = 373:15K, ii) the surface initial temperature T0 = 273:15K, iii) Young's modulus
E = 210GPa, iv) Poisson's ratio � = 0 :3, v) density � = 7850 kg/m 3 , vi) co-ef�cient of linear
thermal expansion � = 1 :1� 10� 5=o K, vii) thermal conductivity k0 = 1 :03 N/s o K, and viii)
mean speci�c heat capacity cp = 0 :896m2 /s 2 oK. The cuboid is discritized with 12� 4� 4 el-
ements. Fig. 30b) and Fig. 30c) shows the comparison of temperature and the displacement
between Danowski (2013) [248],ABAQUSSC8RT element and the proposed model (named as
full integration), leading to a very satisfactory agreement.

4.4.2 Slit annular plate subjected to lifting line force

An annular plate with a slit cut along the radial direction is considered, see Fig. 31a). The
ring is clamped at one side whereas the other side, a distributed force of 0:01 N/mm is
applied. A temperature of 100o C is applied on both the inner and outer radius of the annular
plate. Both the temperature and the line force are applied linearly for a duration of t =
1. The geometric parameters considered in this example are: i) inner radius R i = 6 mm,
ii) outer radius Ro = 10 mm and thickness h = 0 :05 mm. The mechanical properties of
the solid shell are assumed homogeneous: Young's modulus E = 68 GPa, Poisson's ratio
� = 0 :32, co-ef�cient of linear thermal expansion � = 22 � 10� 6=oC, thermal conductivity
k0 = 0 :205W/mm oC and mean speci�c heat capacity cp = 0 :896KJ/Kg oC.

These structures usually suffer from transverse shear locking as a consequence of the
large characteristic radius to thickness ratio ( > 100). The solid element proposed alleviates
the underpinned issue as seen in Fig. 31. The Fig. 31b) shows the displacement �eld at time
step t = 0 :025 and the temperature distribution can be seen in Fig. 31c). At the end of the
full load application, i.e., t = 1 , the large displacement and temperature distribution can be
seen in Fig. 31d). The reaction force at the point A (also for other points along the clamped
edge) increases if material parameters and the mechanical load are kept constant and only
change the temperature boundary condition.

4.4.3 Bending, buckling and pulling of a thin plate

The problem under analysis consists of a square plate of thicknessh = 0 :2 mm with different
loading conditions. The material properties considered are coincident with those used for
the annular ring. The thin plate under bending usually suffers from shear locking. The
plate dimensions are presented in Fig. 32a), and the same is maintained throughout. A
temperature of 50oC is applied on both ends of the plate, where the plate is �xed in Fig. 32a).
The displacement of 30 mm is applied in the middle line to simulate a large displacement.
The displacement �eld can be seen in Fig. 32a). Moreover, the crushing type load of 10mm is
applied on one edge of the square plate, restricting all degrees of freedom movement apart
from the load applied so that the square plate is forced to undergo buckling. The temperature
boundary conditions replicate those corresponding to the previous case. The current results
are presented in Fig. 32b), where a clear central buckling shape is depicted. In an alternative
experiment, a bending load of 5 mm is applied to one end, and fully restraining the opposite
edge. The displacement �eld at of the bending is registered in Fig. 32c). The reaction forces
for all three examples are plotted in Fig. 32d). The reactions forces are taken at the respective
load application points and restricted only to a displacement magnitude of 10 mm so that
a quantitative analysis can be made. It can be observed that for buckling (crushing), the
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Figure 31: Slit annular ring subjected to line force. a) Geometry and load data. b) Dis-
placement �eld distribution at the time step t = 0 :0025. c) Temperature distribution at
time step t = 0 :0025. d) Temperature distribution at time step t = 1 . e) Load displace-
ment evolution cures at point A for various temperature boundary conditions.
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Figure 32: a) Pulling the bar from middle. b) Buckling of the bar. c) Bending thickness
of 0:2 mm.

E (GPa) � � 1(10� 6=oC) � 2(10� 6=oC) � 3(10� 6=oC) k1
0(W/mm oC) k2

0( W/mm oC) k3
0(W/mm oC) cp(KJ/Kg oC)

1:2 0:3 28 28 28 0:230 0:230 0:230 0:01

Table 8: Properties of the solid shell.

reactions increase very quickly during the initial loading. Once buckling starts to occur, a
sudden drop in the reaction force is observed. Later, the reactions keep increasing steadily.
In the pulling example, the initial slope of the reaction is the highest and it keeps decreasing
throughout. In case of the bending example, the reaction forces increase steadily.

4.4.4 Plate under tensile loading

This example considers a plate with a cohesive interface as a benchmark example to under-
stand the effects of variation of different model, structural, and temperature parameters. The
structure as in Fig. 33 is subjected to tension at one end, while the opposite end is �xed. An
initial temperature of zero degree Celsius is assumed at time t = 0 and the temperature of
T o

1 C and T o
2 C is applied on the �xed and loaded ends, respectively. The orientation of the

solid elements and the cohesive layer is shown in Fig. 33. The cohesive zone model param-
eters have been selected so that normal tractions are dominant in the cohesive layer. Hence,
the cohesive layer is oriented towards the direction of the applied force.

As a baseline example, the model as in Fig. 33 with thickness of h = 0 :1 mm is consid-
ered. The temperature boundary conditions of T1 = 50 oC and T2 = 100oC is applied on the
prescribed ends with reference temperature T0 = 100oC . The displacement load of �u = 0 :5
mm are applied to one side as in Fig. 33. The properties of the solid shell and the cohesive
zone model are listed in Tab. 8 and 9, respectively.
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Figure 33: Plate with a cohesive interface.

Figure 34: Variation of temperature (NT11) for T1 = 50 oC and T2 = 100oC for thickness
of 0:1 mm. a) At time t = 0 :0016. b) At time t = 0 :175. c)At time t = 0 :3. d) At time
t = 1 .

Cohesive Model � c (MPa) � 1c (MPa) � 2c (Mpa) GIc (N/mm) GIIc (N/mm) GIIIc (N/mm) k0(W/mm oC)
Exponential 1 0:5 0:5 0:2 0:1 0:1 0:230

Table 9: Properties of the cohesive zone model.
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