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ARTICLE INFO ABSTRACT

MSC: We consider the ferromagnetic g-state Potts model on a finite grid graph with non-zero external
primary 60K35 field and periodic boundary conditions. The system evolves according to Glauber-type dynamics
82C20

described by the Metropolis algorithm, and we focus on the low temperature asymptotic

;ezcg;;lary 60J10 regime. We analyze the case of positive external magnetic field associated to one spin value.

In this energy landscape there is one stable configuration and ¢ — I metastable states. We

Ilfeywords(-'l ) study the asymptotic behavior of the first hitting time from any metastable state to the stable
otts model

configuration as f — oo in probability, in expectation, and in distribution. We also identify the
Glauber dynamics exponent of the mixing time and find an upper and a lower bound for the spectral gap. Finally,
Metastability we identify all the minimal gates and the tube of typical trajectories for the transition from any
Critical droplet metastable state to the unique stable configuration by giving a geometric characterization.
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Gate

Large deviations
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1. Introduction

Metastability is a phenomenon that is observed when a physical system is close to a first order phase transition. More precisely,
this phenomenon takes place when the physical system, for some specific values of the parameters, is imprisoned for a long time in
a state which is different from the equilibrium state. The former is known as the metastable state, the latter is the stable state. After a
long (random) time, the system may exhibit the so-called metastable behavior and this happens when the system performs a sudden
transition from the metastable state to the stable state. On the other hand, when the system lies on the phase coexistence line, it is
of interest to understand precisely the transition between two (or more) stable states. This is the so-called tunneling behavior.

The phenomenon of metastability occurs in several physical situations, such as supercooled liquids, supersaturated gases,
ferromagnets in the hysteresis loop and wireless networks. For this reason, many models for the metastable behavior have been
developed throughout the years. In these models a suitable stochastic dynamics is chosen and typically three main issues are
investigated. The first is the study of the first hitting time at which the process starting from a metastable state visits some stable
states. The second issue is the study of the so-called set of critical configurations, which are those configurations that the process visits
during the transition from the metastable state to some stable states. The third issue is the study of the tube of typical paths, i.e., the
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set of the typical trajectories followed by the process during the transition from the metastable state to some stable states. On the
other hand, when a system exhibits tunneling behavior the same three issues above are investigated for the transition between any
two stable states.

In this paper we study the metastable behavior of the g-state Potts model with non-zero external magnetic field on a finite
two-dimensional discrete torus A. We will refer to A as a grid-graph. The g-state Potts model is an extension of the classical Ising
model from ¢ = 2 to an arbitrary number q of spins with ¢ > 2. The state space X’ is given by all possible configurations ¢ such that at
each site i of A lies a spin with value 6(i) € {1,...,q}. To each configuration ¢ € X we associate an energy H (o) that depends on the
local ferromagnetic interaction, J = 1, between nearest-neighbor spins, and on the external magnetic field 4 related only to a specific
spin value. Without loss of generality, we choose this spin equal to the spin 1. We study the g-state ferromagnetic Potts model with
Hamiltonian H(c) in the limit of large inverse temperature f — oo. The stochastic evolution is described by a Glauber-type dynamics,
that is a Markov chain on the finite state space X with transition probabilities that allow single spin-flip updates and that is given by
the Metropolis algorithm. This dynamics is reversible with respect to the stationary distribution that is the Gibbs measure u, see (2.3).

Our analysis focuses on the model to which we will refer as g-Potts model with positive external magnetic field. In this energy
landscape there are g — 1 degenerate-metastable states and only one stable state. Here, we use the term ‘degenerate’ to point out
that we focus on a energy landscape which is different from the one of the typical Ising model, in which the uniqueness of the stable
and metastable configuration is guaranteed. In the metastable configurations all spins are equal to some m, for m € {2, ..., q}, while
the stable state is the configuration in which all spins are equal to 1. In this case, we focus our attention on the transition from one
of the metastable states to the stable configuration.

The goal of this paper is to investigate all the three issues of metastability for the metastable behavior of the g-Potts model with
positive external magnetic field. More precisely, we investigate the asymptotic behavior of the transition time, and identify the set
of critical configurations and the tube of typical trajectories for the transition from a metastable state to the unique stable state.
Furthermore, we also identify the union of all the critical configurations for the transition from a metastable configuration to the
other metastable states.

Let us now briefly describe the strategy that we adopt. First we show that the metastable set contains the g — 1 configurations
where all spins are equal to some m € {2,...,q}. We give asymptotic bounds in probability for the first hitting time from any
metastable state to the stable configuration and we identify the order of magnitude of the expected hitting time. Moreover, we
characterize the behavior of the mixing time in the low-temperature regime and give a lower and an upper bound of the spectral
gap. Finally, we find the set of all minimal gates for the transition from a metastable state to the stable configuration. For any
m € {2,...,q}, if the starting configuration is the one with all spins equal to m, we prove that the minimal gate contains those
configurations in which all spins are m except those, which are 1, in a quasi-square with a unit protuberance on one of the longest
sides. Furthermore, we prove that during the metastable transition the process almost surely does not visit any metastable state
different from the initial one, and we exploit this result to identify the union of all minimal gates for the transition from a metastable
state to the other metastable configurations. Finally, we identify geometrically those configurations that belong to the tube of typical
paths for the transition from any metastable state to the stable state.

The Potts model is one of the most studied statistical physics models, as the vast literature on the subject attests, both on the
mathematics side and the physics side. The study of the equilibrium properties of the Potts model and their dependence on ¢, have
been investigated on the square lattice Z¢ in [12,13], on the triangular lattice in [14,49] and on the Bethe lattice in [3,42,46]. The
mean-field version of the Potts model has been studied in [40,47,48,52,70]. More recently, the Potts model has been further studied
in different settings: in [17] it has been studied taking into account general coupling constants, in [39] the analysis has been carried
out on random regular graphs an in [1] by considering asymmetrical external field. Furthermore, the tunneling behavior for the
Potts model with zero external magnetic field has been studied in [18,57,62]. In this energy landscape there are g stable states and
there is not any relevant metastable state. In [62], the authors derive the asymptotic behavior of the first hitting time for the transition
between stable configurations, and give results in probability, in expectation and in distribution. They also characterize the behavior
of the mixing time and give a lower and an upper bound for the spectral gap. In [18], the authors study the tunneling from a stable
state to the other stable configurations and between two stable states. In both cases, they geometrically identify the union of all
minimal gates and the tube of typical trajectories. Finally, in [57], the authors study the model in two and three dimensions. In
both cases, they give a description of gateway configurations that is suitable to allow them to prove sharp estimate for the tunneling
time by computing the so-called prefactor. These gateway configurations are quite different from the states belonging to the minimal
gates identified by [18]. The g-Potts model with non-zero external magnetic field has been studied in [19], where the authors study
the energy landscape defined by a Hamiltonian function with negative external magnetic field. In this scenario there are a unique
metastable configuration and ¢ — 1 stable states, and the authors answer to all the three issues of the metastability introduced above
for the transition from the metastable state to the set of the stable states and also to any fixed stable state. Furthermore, they give
sharp estimates on the expected transition time by computing the prefactor.

State of the art. In this paper we adopt the framework known as pathwise approach, that was initiated in 1984 by Cassandro,
Galves, Olivieri, Vares in [27] and it was further developed in [66-68] and independtly in [28]. The pathwise approach is based on
a detailed knowledge of the energy landscape and, thanks to ad hoc large deviations estimates it gives a quantitative answer to the
three issues of metastability which we described above. This approach was further developed in [33,34,50,51,59,63] to distinguish
the study of the transition time and of the critical configurations from the study of the third issue. This is achieved by proving
the recurrence property and identifying the communication height between the metastable and the stable state that are the only
two model-dependent inputs need for the results concerning the first issue of metastability. In particular, in [33,34,50,51,59,63]
this method has been exploited to find answers valid increasing generality in order to reduce as much as possible the number of
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model dependent inputs necessary to study the metastable and tunneling behaviour, and to consider situations in which the energy
landscapes has multiple stable and/or metastable states. For this reason, the pathwise approach has been used to study metastability
in statistical mechanics lattice models. The pathwise approach has been also applied in [5,6,31,38,58,60,64,65,68] with the aim of
answering the three issues for Ising-like models with Glauber dynamics. Moreover, it was also applied in [4,7-10,30,43,54,55,63,71]
to study the transition time and the gates for Ising-like and hard-core models with Kawasaki and Glauber dynamics. Furthermore,
this method was applied to probabilistic cellular automata (parallel dynamics) in [32,35,36,41,69]. See also [29] for a recent review.

The pathwise approach is not the only method which is applied to study the physical systems that approximate a phenomenon
of metastability. For instance, the so-called potential-theoretical approach exploits a suitable Dirichlet form and spectral properties
of the transition matrix to investigate the sharp asymptotic of the hitting time. An interesting aspect of this method is that it
allows to estimate the expected value of the transition time including the so-called prefactor, i.e., the coefficient that multiplies the
leading-order exponential factor. To find these results, it is necessary to prove the recurrence property, the communication height
between the metastable and the stable state and a detailed knowledge of the critical configurations as well of those configurations
connected with them by one step of the dynamics, see [22-24,37]. In particular, the potential-theoretical approach was applied
to find the prefactor for Ising-like models and the hard-core model in [11,25,26,37,44,45,56] for Glauber and Kawasaki dynamics
and in [20,61] for parallel dynamics. Recently, other approaches have been formulated in [15,16,53] and in [21] and they are
particularly adapted to estimate the pre-factor when dealing with the tunneling between two or more stable states.

Outline. The outline of the paper is as follows. In Section 2 we define the ferromagnetic g-state Potts model and the Hamiltonian
that we associate to each Potts configuration. In Section 3 we give a list of both model-independent and model dependent definitions
that are required to state our main results in Section 4. In Section 5 we analyze the energy landscape and give the explicit proofs of
the main results stated in Sections 4.1 and 4.2. Section 6.2 is devoted to the study on the transition from a metastable state to the
other metastable configurations. In Sections 6.3 and 6.4 we give the explicit proofs of the main results on the critical configurations
and on the tube of typical paths, respectively.

2. Model description

In the g-state Potts model each spin lies on a vertex of a finite two-dimensional rectangular lattice A = (V,E), where
V={0,...,K—1}x{0,...,L—1} is the vertex set and E is the edge set, namely the set of the pairs of vertices whose spins interact
with each other. We consider periodic boundary conditions. More precisely, we identify each pair of vertices lying on opposite sides
of the rectangular lattice, so that we obtain a two-dimensional torus. Two vertices v, w € V are said to be nearest-neighbors when
they share an edge of A. We denote by S the set of spin values, i.e., S := {1, ..., ¢} and assume ¢ > 2. Each vertex v € V is associated
to a spin value o(v) € S, and X := S¥ denotes the set of spin configurations. We denote by 1,...,q € X those configurations in
which all the vertices have spin value 1, ..., g, respectively.

To each configuration ¢ € X we associate the energy H(c) given by

H©) == Y Loy = 2 Liower}» 0 EX, @1
(v,w)eE ueV
where J is the coupling or integration constant and h is the external magnetic field. The function H : X — R is called Hamiltonian
or energy function. The Potts model is said to be ferromagnetic when J > 0, and antiferromagnetic otherwise. In this paper we set
J = 1 without loss of generality and, we focus on the ferromagnetic g-state Potts model with non-zero external magnetic field.
More precisely, we study the model with positive external magnetic field, i.e., we rewrite (2.1) by considering the magnetic field
hpos == h,

Hpos(@) 1=~ D% Lisor=own = Hpos 2 Liow=t) == 2, Liow=otwn = h 2, Liowo1)- (2:2)
(v,w)EE uev (v,w)EE ueV
The Gibbs measure for the g-state Potts model on A is a probability distribution on the state space X given by
—PHpos(0)
e pos
=—, 2.3
Hp(o) Z (2.3)

where g > 0 is the inverse temperature and where Z := 3 ,_, e PHpos(@),
The spin system evolves according to a Glauber-type dynamics. This dynamics is described by a single-spin update Markov chain
{X ,ﬂ }en ON the state space X with the following transition probabilities: for ¢,¢’ € X,

1e=PlHpos(@ )= Hpos @1 if /
Pyo.0") = Q(c,0')e , 1 c# 6,, 2.4)
1- Zn#c Py(o, 1), ifo =0,
where [r] := max{0, n} is the positive part of n and
Loy . / -
0.0y 1= 4 VT’ if[{fveV o #d W} =1, 2.5)
0, ifl{veV:ow#dW} >1,

for any o,0’ € X. Q is the so-called connectivity matrix and it is symmetric and irreducible, i.e., for all 5,6’ € X, there exists a finite
sequence of configurations w,, ...,w, € X such that w, = ¢, ®, = ¢’ and Q(w;,w;,,) > 0 for i = 1,...,n — 1. Hence, the resulting
stochastic dynamics defined by (2.4) is reversible with respect to the Gibbs measure (2.3). The triplet (X, H,, Q) is the so-called
energy landscape.

pos?
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The dynamics defined above belongs to the class of Metropolis dynamics. Given a configuration ¢ in X, at each step

1. a vertex v € V and a spin value s € .S are selected independently and uniformly at random;
2. the spin at v is updated to spin s with probability

1, if Hiyos(0%%) — Hpos(0) <0, 26)
e PlHpos(c™’ )’Hpos<°')]’ if Hpos(o—v's) _ Hpos(c) >0,
where 6% is the configuration obtained from ¢ by updating the spin in the vertex v to s, i.e.,
if ,
sy 1= 4 W) HwEv 2.7
s if w=v.

Hence, at each step the update of vertex v depends on the neighboring spins of v and on the energy difference

wa:(ﬂ'{a(v):o'(w)) - ]'{c(ur):g}) +h, if o(v) = 1, s # 1,
Hipos(6"*) = Hpos(@) =4 T o Liotoroton) = Liotwres))s  if 0@ # 1, s # 1, (2.8)
2 oo Liowrmow)) = Lioys) = ifo(@ #1, s=1.

3. Definitions and notations

In order to state our main results, we need to give some definitions and notations which are used throughout the next sections.

3.1. Model-independent definitions and notations

We now give a list of model-independent definitions and notations that will be useful in formulating our main results.

- We call path a finite sequence w of configurations w, ...,w, € X, n € N, such that Q(w;, ;1) > 0 for i =0, ...,n — 1. Given
o.06' € X, if o; = o and w, = ¢/, we denote a path from o to ¢’ as w : 6 — ¢’. Let 2,/ be the set of all paths between ¢ and

/

o .

For any path w = (wy, ..., ®,), we define the height of » as

@, = max H(w)). 3.1)
i=0,...,n

A path w = (wy, ..., w,) is said to be downhill (strictly downhill) if H(w;,|) < H(w;) (H(w;y;) < H(w;)) for i =0,...,n—1.

For any pair ¢,6’ € X, the communication height or communication energy @(c,c’) between ¢ and ¢’ is the minimal energy

across all paths w : ¢ - ¢/, i.e.,

@(0,0') := min @, = min max H(x). 3.2)

w:c—c' w:c—c' NEW
More generally, the communication energy between any pair of non-empty disjoint subsets A,B C X is ®(A,B) =
mingc 4 5 P(o,0”).
- We define optimal paths those paths that realize the min-max in (3.2) between ¢ and ¢’. Formally, we define the set of optimal
paths between o,¢’ € X as

QP i={w€ Q,, : max H(y) = ®(c,0")}. (3.3)
K new

Foranyc e X, let I, :={ne X : H(n) < H(o)} be the set of states with energy strictly smaller than H(c). We define stability
level of o the energy barrier

V, :=®(c.1,) - H(o). (3.4)

IfI, =g, wesetV, :=co.
The bottom % (A) of a non-empty set A C X is the set of the global minima of H in A, i.e.,

FA) ={neA: H(n)=(r71éiﬂH(a)}. (3.5)

In particular, X* := % (X) is the set of the stable states.
For any 6 € X and any A C X, A # &, we set

I'(c,A) :=®(c,A)— H(o). (3.6)
We define the set of metastable states as

V,}. 3.7)

m o.__ . —
X" i={neX:V, og\%\’s

We denote by I'" the stability level of a metastable state.
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- We define metastable set at level V' the set of all the configurations with stability level larger than V, i.e.,

Xy i={ceX  V, >V} (3.8)

The set of minimal saddles between o,6’ € X is defined as

S(e,0')={f€eX :Awe QZ";,, (€w: max H®n) = H®¢)). 3.9
g new
- We say that n € S(o,0’) is an essential saddle if there exists w € .QZ”;, such that either

- {argmax, H} = {5} or

- {arg max, H} > {n) and {arg max,, H} ¢ {arg max, H }\ {5} for all o’ € Q'

o,0"
A saddle € S(o,¢”) that is not essential is said to be unessential.

- Given 0,6’ € X, we say that W(c, ') is a gate for the transition from ¢ to ¢’ if W(s,6") C S(6,6’) and w N W(e,¢’) # @ for all
we Q™

0"

- We say that W(c, ¢’) is a minimal gate for the transition from ¢ to ¢’ if it is a minimal (by inclusion) subset of S(c,¢’) that is
visited by all optimal paths. More in detail, it is a gate and for any W' C W(o, ¢’) there exists o’ € QZ{Z, such that ' "W’ = @.
We denote by G = G(c, ") the union of all minimal gates for the transition ¢ — ¢’.

- Given a non-empty subset .4 C X, it is said to be connected if for any o,n € A there exists a path @ : 6 — 7 totally contained
in A. Moreover, we define dA as the external boundary of A, i.e., the set

0A :={n¢& A: P(c,n) >0 for some ¢ € A}. (3.10)

A non-empty subset C C X is called cycle if it is either a singleton or a connected set such that
max H (o) < H(F(90)). (3.11)
ceC

When C is a singleton, it is said to be a trivial cycle. Let €(X) be the set of cycles of X.
The depth of a cycle C is given by

I(C) := H(F(C)) — H(F(C)). (3.12)

If C is a trivial cycle we set I'(C) = 0.
- Given a non-empty set A C X, we denote by M(A) the collection of maximal cycles A, i.e.,

M(A) := {C € €(X)| C maximal by inclusion under constraint C C A}.
- For any ¢ € &, if A is a non-empty target set, we define the initial cycle for the transition from ¢ to A as
Co(I) =={c}u{n€X : ®o.n)—H(o)<TI =d(c,A) - H()}. (3.13)

If 6 € A, then ¢ = {o} and it is a trivial cycle. Otherwise, o) is either a trivial cycle (when ®@(c, A) = H(c)) or a
non-trivial cycle containing ¢ (when @(s, A) > H(0)). In any case, if ¢ ¢ A, then Cjt(l" )N A = @. Note that (3.13) coincides
with [63, Equation (2.25)].

3.2. Model-dependent definitions and notations

In this section we give some further model-dependent notations, which hold for any fixed g-Potts configuration ¢ € X.

- For any v, w € V, we write w ~ v (and, equivalently, v ~ w) if there exists an edge e € E that links the vertices v and w.

We denote the edge that links the vertices v and w as (v,w) € E. Each v € V is identified by its coordinates (i, j), where i and
j denote respectively the number of the row and of the column where v lies. Moreover, the collection of vertices with first
coordinate equal to i = 0,..., K — 1 is denoted as r;, which is the ith row of A. The collection of those vertices with second
coordinate equal to j =0, ..., L — 1 is denoted as ¢ s which is the jth column of A.

We define the set C*(c) C R? as the union of unit closed squares centered at the vertices v € ¥ such that o(v) = s. We define
s-clusters the maximal connected components C5, ..., Cy, neN, of C*(o).

- For any s € S, we say that a configuration ¢ € X has an s-rectangle if it has a rectangular cluster (possibly wrapping around
the grid-graph A in view of the periodic boundary conditions) in which all the vertices have spin s.

Let R, an r-rectangle and R, an s-rectangle. They are said to be interacting if either they intersect (when r = s) or are disjoint
but there exists a site v ¢ R; U R, such that 6(v) # r,s and v has two nearest-neighbor w,u lying inside R,, R, respectively.
Furthermore, we say that R, and R, are adjacent when they are at lattice distance one from each other.

We set R(C*(0)) as the smallest rectangle containing C*(o).

Let R/ ., be a rectangle in R? with sides of length #, and #,.

Let s € S. If ¢ has a cluster of spins s which is a rectangle that wraps around A, we say that ¢ has an s-strip. For any r,s € S,
we say that an s-strip is adjacent to an r-strip if they are at lattice distance one from each other.
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(a) (b)

Fig. 1. Examples of configurations which belong to Ry(r, s) (a), E;‘ 5(r,s) (b). We color white the vertices whose spin is r and we color gray the vertices whose
spin is s.

- R, ,(r, s) denotes the set of those configurations in which all the vertices have spins equal to r, except those, which have spins
s, in a rectangle a x b, see Fig. 1(a). Note that when either a = L or b= K, Ra’b(r, s) contains those configurations which have
an r-strip and an s-strip.

- B; QD) denotes the set of those configurations in which all the vertices have spins r, except those, which have spins s, in a
rectangle a x b with a bar 1 x / adjacent to one of the sides of length b, with 1 </ < b — 1, see Fig. 1(b).

- We define

£ = [-] (3.14)

as the critical length.

4. Main results on the g-state Potts model with positive external magnetic field

This section is devoted to the statement of our main results on the g-state Potts model with positive external magnetic field. Note
that we give the proof of the main results by considering the condition L > K > 3¢*, where £* is defined in (3.14). It is possible to
extend the results to the case K > L by interchanging the role of rows and columns in the proof.

In this scenario related to the Hamiltonian Hp,s, we add either a subscript or a superscript “pos” to the notation of the model-
independent quantities (defined in general in Section 3.1) in order to remind the reader that these quantities are computed in the
case of positive external magnetic field.

We assume the following conditions.

Assumption 4.1. We assume that the following conditions are verified:

(i) the magnetic field hpoS :=hissuch that 0 < h < % ;
(ii) 2/h is not an integer.

4.1. Energy landscape

Using the definition (2.2) and by simple algebraic calculations, in the following proposition we identificate the set of the global
minima of Hp,.

Proposition 4.2 (Identification of the Stable Configuration). Consider the g-state Potts model on a K X L grid A, with periodic boundary
conditions and with positive external magnetic field. Then, the set of global minima of the Hamiltonian (2.2) is given by X% := {1}.

pos

In the next theorem we define the configurations that belong to X - and give an estimate of the stability level Ihos- We refer to
Fig. 2 for a pictorial representation of the 4-state Potts model related to the Hamiltonian H,.

Theorem 4.3 (Identification of the Metastable States). Consider the g-state Potts model on a K x L grid A, with periodic boundary conditions
and with positive external magnetic field. Then, X = {2,...,q} and, for any m € X7}

pos’

I = Ty (m, X5 ) = 42" = h(Z* (¢ = 1)+ 1). 4.1)

pos — © pos

Proof. The theorem follows by [33, Theorem 2.4] since the first assumption follows by Propositions 5.7 and 5.8 and the second
assumption is satisfied thanks to Proposition 4.5. []
For any A C X, we define the maximum depth of A as the maximum depth of a cycle contained in A, i.e.,
I'(A4) := max I(C). (4.2)
CceEM(A)

Note that in [63, Lemma 3.6] the authors give an alternative characterization of (4.2) as f(A) = max,ec 4 I'(n, X\A).
Using (4.1), in Section 5.3 we prove the following corollary.
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Bl}*fl,l* (21) B},*fl,é*(zlvl)

Fig. 2. On the left, energy landscape in the case of 4-state Potts model with positive external magnetic field around the unique stable state 1 cutting the

configurations with the energy bigger than @, (m,1), m € Xl;'gs = {2,3,4}. This picture is simplified since there are not represented the cycles (valleys) that

contain configurations with stability level smaller than or equal to % (see Proposition 4.5). On the right, viewpoint from above of the same energy landscape.

For every m € X, the cycle whose bottom is the stable state 1 is deeper than the initial cycles C¥, (I pos)* These last cycles are depicted with circles whose
“pos

diameter is smaller than the one related to the stable state 1.

Corollary 4.4 (Maximum Depth of a Cycle in X\X;OS). Consider the g-state Potts model on a K x L grid A, with periodic boundary
conditions and with positive external magnetic field. Then,

s\, 0 = T, 4.3)

pos pos’

In the following proposition, that we prove in Section 5.2, we investigate on the stability level of any configuration €
X\{2,....q}.

Proposition 4.5 (Estimate on the Stability Level). If the external magnetic field is positive, then for any n € X\{1,...,q} andm € {2, ...,q},
VI% < Tpps(m, X5 ).

pos
Exploiting the estimate of the stability level given in Proposition 4.5, we prove the following result on a recurrence property
to set of the metastable and stable configurations, i.e., {1,...,q}. Given a non-empty subset .A C X and a configuration ¢ € X, we
define

79 :=inf{r > 0: er € A} 4.4

as the first hitting time of the subset A for the Markov chain { X tﬂ }en starting from o at time ¢ = 0. Moreover, we recall that a function
p — f(P) is said to be super-exponentially small (SES) if

Jim % log f(f) = —co. (4.5)

Theorem 4.6 (Recurrence Property). Consider the g-state Potts model on a K x L grid A, with periodic boundary conditions and with
positive external magnetic field. Let V* = %. Then, for any ¢ € X and any e > 0, there exists k > 0 such that for f sufficiently large

Pty > V) < = SES. (4.6)

Proof. Apply [59, Theorem 3.1] with V = 4 and use (3.8) and Proposition 4.5 to get X« = {1,...,q} = X" U X% _, where the last

h pos pos’
equality follows by Proposition 4.2 and Theorem 4.3. []

4.2. Asymptotic behavior of the first hitting time to the stable state and mixing time

Let {X ,ﬁ };ey be the Markov chain with transition probabilities (2.4) and stationary distribution (2.3). For every e € (0,1), we
define the mixing time tg‘ix(e) by

7%(e) 1= min{n > 0 : max||F}(e.) = uy(Olry < ). “.7)

where the total variance distance is defined by ||v —V/||py = % Y sex V(o) —V/(0)| for every two probability distribution v, on X.
Furthermore, we define spectral gap as

pp =147, (4.8)

where 1 = A" > 4P > ... > A(ﬁlxl) > —1 are the eigenvalues of the matrix Py(0, 1), yex-

In the foﬁowing theorem we give asymptotic bounds in probability and identify the order of magnitude of the expected value of
T;%os (see (4.4)). Moreover, we identify the exponent at which the mixing time of the Markov chain {X tﬂ }ien asymptotically grows
as f and give an upper and a lower bound for the spectral gap, see (4.7) and (4.8).
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Theorem 4.7 (Asymptotic Behavior of =¥, and Mixing Time). Consider the g-state Potts model on a K x L grid A, with periodic boundary

conditions and with positive external magneﬁc field. Then, for any m € X™ , the following statements hold:

pos’

(a) for every € >0, limy_, P’ ros ) < < PUnost9y = 1;
os

(b) limy_, 7 log B[}, 1= ,m;

(c) for every ¢ € (0,1), hm,,%Do Log t’"'x(e) I, and there exist two constants 0 < ¢; < ¢, < oo independent of f such that, for any

- m m
B>0, e < py <cpe ”Fpm.

Proof. Items (a) and (b) follow by [59, Theorem 4.1] and by [59, Theorem 4.9], respectively, with 7, = m and I" =
Theorem 4.3). Item (c) follows by Corollary 4.4 and by [63, Proposition 3.24]. []

pos (using

In the literature there exist some model-independent results on the asymptotic rescaled distribution of the first hitting time from
some n € X to a certain target G C X, see for instance [59, Theorem 4.15], [50, Theorem 2.3], [63, Theorem 3.19]. Unfortunately
none of these results are suitable for our scenario when 7 € X and G = X .. This fact follows by the presence of multiple
degenerate metastable states that implies the presence of other deep wells in & different from the initial cycle CY (FI';’S) Hence,
we consider a different target and we investigate the asymptotic rescaled distribution of the first hitting time from a metastable
state to the subset G C X setting

G= X\C (r'" ). (4.9

pos

We defer to Section 5.3 for the proof of the following theorem.

Theorem 4.8. Consider the g-state Potts model on a K x L grid A, with periodic boundary conditions and with positive external magnetic
field. Let m € X;}’j} s and let G as defined in (4.9). Then,

%6

E[Tg’]

Note that by definition (4.9), by Proposition 4.2 and by Theorem 4.3, we have % (G) =

is V(G) =

i Exp(l), as p — oo. (4.10)

&,os and that the maximal stability level

pos

4.3. Minimal gates for the metastable transition

A further goal is to identify the union of all minimal gates for the transition from any metastable state to the unique stable state

XSOS = {1}. In order to do this, for any m € S\{1}, let us define

) := B! (m,1) and W __(m,X* ):= B!

CF—1,0% pos pos CFF— l(m D. (411

POS (m, Xpos

We refer to Fig. 15(b)-(c) for an example of configurations belonging respectively to pos(m Xpos) and to W,s(m, Xgos) These sets

are investigated in Section 6.1. In particular, in Proposition 6.3 we show that Wy,(m, X3 ) is a gate for the transition from any
m e X}')”OS to XSOS
Furthermore, in Section 6.3 we prove the following result.

pos

Theorem 4.9 (Minimal Gates for the Transition from m € Xios 10 X, ). Consider the g-state Potts model on a K x L grid A, with periodic
boundary conditions and with positive external magnetic ﬁeld_ Then Whos(m, X5 ) is a minimal gate for the transition from any metastable
state m € X;’;S to X;US = {1}. Moreover,

(m, X°

pos

) - pov(m X ) (412)

pm pos

We remark that in [19, Theorems 4.5 and 4.6] the authors identify the union of all minimal gates for the metastable transitions
for the g-Potts model with negative external magnetic fields. These minimal gates have the same geometric definition of those of our
scenario, the main difference is that in the negative case there are g — 1 possible “colors” for the vertices inside the quasi-square
with a unit protuberance.

In the next corollary we show that the process typically intersects Wyos(m, X7 ) during the transition m € X[ — X, ..
Corollary 4.10. Consider the g-state Potts model on a K x L grid A, with periodic boundary conditions and with positive external magnetic
field. Then, for any m € X™

pos

hm IP(T < ‘r:“}3 )y=1. (4.13)
pos

pm(m m>

Proof. The corollary follows from Proposition 6.3 and from [59, Theorem 5.4]. []



G. Bet et al. Stochastic Processes and their Applications 172 (2024) 104343

4.4. Minimal gates for the transition from a metastable state to the other metastable configurations

In Section 6.2 we study the transition from a metastable state to the set of the other metastable states. We prove that during the
transition from any m € Xios 10 X0 almost surely the process does not intersect Xoos\(m}, and we exploit this result to identificate
the union of all minimal gates for this type of transition.

Theorem 4.11 (Minimal Gates for the Transition from m to Xpos\{m}). Let m € X7 . If the external magnetic field is positive, then the

following sets are minimal gates for the transition from m to X \{m}

(@) Wy (m, X5, ), (4.14)
® U WX, (4.15)
zeXp;, \(m}
Furthermore,
Cposm, X \(mp) = | ] W,z 25). (4.16)
ZGX:;S

We defer the proof of the above theorem in Section 6.3. Note that in the negative scenario [19] the theorem corresponding to
Theorem 4.11 is not present since there is only one metastable state.

Corollary 4.12. If the external magnetic field is positive, then for any m € X7

05’

(@) limg_,, P(TVm\?pm(mXﬁm) < T:\g'!és\lm)) =1,
(b) lim,_, o, P(

m m
T <t =1
Useagsstm) Woos@43)) < T2\ )

Proof. The corollary follows from Propositions 6.7 and 6.10 and from [59, Theorem 5.4]. []
4.5. Tube of typical trajectories of the metastable transition
4.5.1. Further model-independent and model-dependent definitions

In addition to the list of Section 3.1, in order state the main result concerning the tube of the typical trajectories we give some
further definitions that are taken from [34,63,68].

We call cycle-path a finite sequence (Cy,...,C,) of trivial or non-trivial cycles Cy,...,C,, € €(X), such that C; n C;,; =
@ and dC;NC;yy # @, foreveryi=1,...,m—1.

A cycle-path (Cy, ..., C,,) is said to be downbhill (strictly downhill) if the cycles Cy, ..., C,, are pairwise connected with decreasing
height, i.e., when H(F(C,)) > H(F(C,,,)) (H(F(IC,)) > H(F(3C,,,)) forany i =0,...,m— 1.

For any C € €(X), we define as

F(90C) if C is a non-trivial cycle,
B(C) = i o (4.17)
{n€aC: Hin) < H(o)} if C ={o} is a trivial cycle,
the principal boundary of C. Furthermore, let 9"?C be the non-principal boundary of C, i.e., 0"°C := aC\B(C).
- The relevant cycle Cjt(") is
C:’l(a) ={neX: &,n) <P, A)+6/2}, (4.18)

where 6 is the minimum energy gap between any optimal and any non-optimal path from o to A.
- We denote the set of cycle-paths that lead from o to A and consist of maximal cycles in X\ A as

P, 4 = {cycle-path (C,.....C,) : Cy.....C, € M(CH(@)\A),0 € C,,9C,, N A # B}.

Given a non-empty set A C X and ¢ € X, we constructively define a mapping G : 2, 4 — P, 4 in the following way. Given
©=(®,...,w,) € 2, 4, we set my =1, C; = C4(0) and define recursively m; :=min{k > m;_; : o, € (;} and C;;; 1= C4(@,,).
We note that  is a finite sequence and w, € A, so there exists an index n(w) € N such that Opryy = @n € A and there the
procedure stops. By (Cy, ... +Cony) is a cycle-path with C, ... +Cony € M(X\ A). Moreover, the fact that v € 2, 4 implies that
o € C; and that dC,,, N A # @, hence G(w) € P, , and the mapping is well-defined.

We say that a cycle-path (C,, ..., C,,) is connected via typical jumps to A C X or simply vtj—connected to A if
BC)NCy 2@, Yi=1,...,m—1, and BC,)NA%D. (4.19)

Let J. 4 be the collection of all cycle-paths (C, ..., C,) that are vtj-connected to .A and such that C; = C.
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- Given a non-empty set A and ¢ € X, we define w € 2, , as a typical path from ¢ to A if its corresponding cycle-path G(w) is
vtj-connected to A and we denote by QZUA the collection of all typical paths from ¢ to A4, i.e.,

QY ={weQ,,: GO e oAl (4.20)

- We define the tube of typical paths T 4(c) from ¢ to A as the subset of states € X that can be reached from ¢ by means of a
typical path which does not enter .A before visiting 7, i.e.,

T o) i={neX: EIa)G.QVtJ ©nEw). (4.21)
Moreover, we define T (o) as the set of all maximal cycles that belong to at least one vtj-connected path from C%(I') to A,
ie.,

T4(0) 1= (€ € MICRO\A)  3(C.....C;) € Jen (py 4 and3j € (1....on) & € =C). (4.22)
Note that

T 4(0) = M(T41(6)\A) (4.23)

and that the boundary of T 4 () consists of states either in .A or in the non-principal part of the boundary of some C € T 4(o):

ToNAC | ] OC\BC) =: 0"T (o). (4.24)
CeT 4(0)

For the sake of simplicity, we will also refer to ¥ ,(¢) as tube of typical paths from ¢ to A.
Furthermore, in addition to the list given in Section 3.2, we give some further model-dependent definitions.

- For any m,s € S,m # s, we define X(m,s) = {c € X : o(v) € {m, s} for any v € V'}.
- For any m € S\{1}, we define

091>Los(m 1) :={c € X(m,1) : ¢ has a vertical 1-strip of thickness at least #* with

possibly a bar of length / = 1,..., K on one of the two vertical edges}, (4.25)

pos(m 1) :={0c € X(m, 1) : ¢ has a horizontal 1-strip of thickness at least #* with

possibly a bar of length / = 1, ..., L on one of the two horizontal edges}. (4.26)

4.5.2. Main results on the tube of typical trajectories

In this subsection we give our main result concerning the tube of the typical trajectories for the transition m — Xpos for any
fixed m € X" . The tube of typical paths for this transition turns out to be

pos”®
* -1 *—1¢-1
Ty, () 1= U Ry_y (m, I)UURK Loo1(m 1)U U UB{) Lo m D)
% = K-1 K-1 K-1 K-1 £5-1
UU e mDUBL_ m DU U Repmbu ) U U B, .m0
£=11=1 O\=t* t=¢ 1= y=¢* I=1
L-1 L- -1 L1 £p-1
U U f1ty (M DU U U U B, o, (m DU Sh (m, DU Sk (m, 1. (4.27)
=t* tr= £1=C* £=¢* I=1

As illustrated in the next result, which we prove in Section 6.4, ¥ Xos (m) includes those configurations with a positive probability

of being visited by the Markov chain {X, f}feN started in m before hitting &7 in the limit § — co. Note that the relation between
TXj;os (m) and ¥ Xos (m) is given by (4.23).

Theorem 4.13. If the external magnetic field is positive, then for any m € X the tube of typical trajectories for the transition m — Xoos
is (4.27) and there exists k > 0 such that for p sufficiently large

]Pﬂ(fo*w‘z 5 (m) St )< et (4.28)

os
5. Energy landscape analysis and asymptotic behavior

In this section we analyze the energy landscape of the g¢-state Potts model with positive external magnetic field. First we recall
some useful definitions and lemmas from [62].

10
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C2 €10 Cq

(a) Two vertical bridges (b) An horizontal bridge (c) A cross on column ¢4

on columns co and cig. on row ro. and on row rg.

Fig. 3. Example of configurations on a 8 x 11 grid graph displaying a vertical s-bridge (a), a horizontal s-bridge (b) and a s-cross (c). We color black the spins
S.

5.1. Known local geometric properties

In the following list we introduce the notions of disagreeing edges, bridges and crosses of a Potts configuration on a grid-graph A.

We call e = (v,w) € E a disagreeing edge if it connects two vertices with different spin values, i.e., o(v) # o(w).
- Foranyi=0,...,K -1, let

d,(0) = D\ Ligwkow) 6.1
(v,w)er;
be the total number of disagreeing edges that ¢ has on row r;. Furthermore, for any j =0,...,L — 1 let
de,(0) 1= D\ Liswpo (5.2)
(U,w)Eej

be the total number of disagreeing edges that ¢ has on column c;.
- We define d, (o) as the total number of disagreeing horizontal edges and d,(c) as the total number of disagreeing vertical

edges, i.e.,
K-1 L-1
dy(©) := Y, d, (o), and d,(0) := ) d, (o). (5.3)
i=0 Jj=0

Since we may partition the edge set E in the two subsets of horizontal edges E,, and of vertical edges E,, such that E,nE, = @,
the total number of disagreeing edges is given by

Z Lot = Z Liowyou) + Z Liowytow)) = dp(0) +dy(0). (5.4

(v,w)EE (LW)EE, (v,w)EEy,

- We say that ¢ has a horizontal bridge on row r if o(v) = o(w), for all v, w € r.
- We say that ¢ has a vertical bridge on column c if ¢(v) = o(w), for all v,w € c.
- We say that ¢ € X has a cross if it has at least one vertical and one horizontal bridge.

For sake of simplicity, if ¢ has a bridge of spins s € S, then we say that ¢ has an s-bridge. Similarly, if ¢ has a cross of spins s, we
say that ¢ has an s-cross (see Fig. 3).

- For any s € S, the total number of s-bridges of the configuration ¢ is denoted by B,(c).

Note that if a configuration ¢ € X has an s-cross, then B (o) is at least 2 since the presence of an s-cross implies the presence of
two s-bridges, i.e., of a horizontal s-bridge and of a vertical s-bridge.

We conclude this section by recalling the following three useful lemmas from [62]. These results give us some geometric
properties for the g-state Potts model on a grid-graph and they are verified regardless of the definition of the external magnetic
field.

Lemma 5.1 ([62, Lemma 2.2]). A Potts configuration on a grid-graph A does not have simultaneously a horizontal bridge and a vertical
bridge of different spins.

Lemma 5.2 ([62, Lemma 2.6]). Let 6,6’ € X be two Potts configurations which differ by a single-spin update, thatis |{v € V : o(v) # ¢’ (v)}| =
1. Then for every s € .S we have that

(i) By(c")— By(o) € {-2,-1,0,1,2},

(ii) B,(¢") — B,(c) =2 if and only if ¢’ has an s-cross that ¢ does not have.

11
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Lemma 5.3 ([62, Lemma 2.3]). The following properties hold for every Potts configuration ¢ € X on a grid graph A with periodic boundary
conditions:

(i) d.(c)=0 if and only if ¢ has a horizontal bridge on row r;
(i) d,.(0)=0 if and only if ¢ has a vertical bridge on column c;
(iii) if o has no horizontal bridge on row r, then d,.(c) > 2;
@iv) if o has no vertical bridge on column c, then d.(c) > 2.

5.2. Metastable states and stability level of the metastable configurations

By Proposition 4.2, Hp, has only one global minimum, Xgos = {1}. Furthermore, the configurations 2,...,q are such that
Hpos(2) = -+ = Hpog(q). In this subsection, our aim is to prove that the metastable set X;';"os is the union of these configurations.
We are going to prove this claim by steps. We begin by obtaining an upper bound for the stability level of the states 2, ...,q.

Given m € {2, ..., q}, let us compute the following energy gap between any ¢ € X and m,

Hipos(0) = Hposm) = D% Lioturtown = h 2, Low=1)

(LwEE uev

=d,(0) +dy(@) = h Y 1ipepmrys (5.5)

ueV

where in the last equality we used (5.4).

We say that a path @ € Q,, is the concatenation of the L paths 0¥ = (o,

1) _ a1 (2 (2) (L) (L) _ 1
o =0 @0y @) = 6.

() 0 o .
()’,...,a;ni), for some n, € N, i = 1,...,L if

o= (w

Definition 5.4. For any m € Aos> We define a reference path & : m - 1, @ = (&, ..., @k ) as the concatenation of the two paths
oV =1 =a,,.. . @ _1y) and @? = (@_1y----» M = @k ). The paths @V and @@ are obtained by replacing 1 with m and s
with 1 in the paths @V and @® of [19, Definition 5.1]. See Appendix A.1.1 for the explicit definition.

For any fixed m € Xg’os, let us focus on the transition from m to X;os = {1}. Given m € S, let

N, ) :=|{veV : o) =m} (5.6)

be the number of vertices with spin m in ¢ € X.

Lemma 5.5. Let m € X . For any ¢ € Ry+_y p+(m, 1) there exists a path y : ¢ — m such that the maximum energy along y is bounded
as

max H,(§) < 4 —h(* -1+ 1)+ H,y (m). (5.7)
sey

Proof. The proof proceeds analogously to the proof of [19, Lemma 5.4] by replacing 1 with m, s with 1 and ® with . See
Appendix A.1.2 for the explicit proof. []

In the next lemma we show that for any m € Xpos» Bf,*_l ,+(m, 1) is connected to the stable set Xpos by a path that does not

overcome the energy value 4¢* — h(Z*(£* — 1)+ 1) + Hpog(m).

2

-+ p+(m, 1) there exists a path y : o — m such that the maximum energy along y is bounded

Lemma 5.6. Letm € X’ . For any c € B
as

pos

I?axH & <4 —nh@* -+ 1)+ H,, (m). (5.8)
€y

Proof. The proof proceeds analogously to the proof of [19, Lemma 5.5] by replacing 1 with m, s with 1 and ® with @. See
Appendix A.1.3 for the explicit proof. []

We are now able to prove the following propositions, in which we give an upper bound and a lower bound for I'os(m, X3 ) :=

pos
Dpos(m, XSOS) — Hpgs(m), for any m € Xlg”os.

Proposition 5.7 (Upper Bound for the Communication Height). For every m € X

05’

Do (M, X3,) = Hipog(m) < 46% — h(£* (£ = 1) + 1), (5.9)

pos

Proof. The upper bound (5.9) follows by the proof of Lemma 5.6, where we proved that MaXgeg Hpos(§) = Hpos(@p) = 4% —h(£* (0% -
HD+D+ Hpos(m). O

12
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[mlm]m] [1[1]1] [m]m[m] [m]m]m] [1[1]1] [m]m|[r] [m[m|m] [m[m[s] [m|m]m]
11 1] L 1] " L"J L L"J L
(a) (b) (c) (d) (e) () () (h) ]

[m] [1] [1] (] [1] [s] [m] [1]
] ] ) G G GEA el Ehs)
L"J " L"J L L"J L L"J L"
@ (m) (n) (0) (») (a) (r) (s)

Fig. 4. Stable tiles centered in any v € V for a g-Potts configuration on A for any m,r,s,r € S\{1} different from each other. The tiles are depicted up to a
rotation of a%, a €.

Proposition 5.8 (Lower Bound for the Communication Height). For every m € Xios

Bpos(M, X3 ) = Hyo(m) > 42 — h(£*(£* = 1) + 1), (5.10)
Proof. The proof proceeds analogously to the proof of [19, Proposition 5.2] by replacing 1 with m, s with 1 and & with @&. See
Appendix A.1.4 for the explicit proof. []

The above Propositions 5.7 and 5.8 are used to prove (4.1) in Theorem 4.3. Note that (4.1) is the min-max energy value reached

. opt
by any optimal path w € Qn x5, for every m € Xpos:

Lemma 5.9. Any w € Q% is such that @ N Rye_; y«(m, 1) # @.

s
m,X,,,,»

Proof. The proof proceeds analogously to the proof of [19, Lemma 5.6] by replacing 1 with m, s with 1 and ® with . See
Appendix A.1.5 for the explicit proof. []

Let 0 € X and let v € V. We define the tile centered in v, denoted by v-tile, as the set of five sites consisting of v and its four
nearest neighbors. See for instance Fig. 4. A v-tile is said to be stable for o if by flipping the spin on vertex v from o(v) to any s € S
the energy difference Hp,s(6"*) — Hpo5(0) is greater than or equal to zero. In Lemma 5.10 we define the set of all possible stable
tiles induced by the Hamiltonian (2.2). For any ¢ € X, v € V and s € S, we define n,(v) as the number of nearest neighbors to v

with spin s in o, i.e., n,(v) == |[{fw eV : w~v, o(w) = s}|.

Lemma 5.10 (Characterization of Stable v-Tiles in a Configuration ). Let o € X and let v € V. The tile centered in v is stable for o if
and only if it satisfies one of the following conditions.

(1) Forany m € S, m# 1, if c(v) = m, v has either at least three nearest neighbors with spin m or two nearest neighbors with spin m and
two nearest neighbors with spin r,t € S\{m} such that they may be not both equal to 1, see Fig. 4(a),(c),(d),(f)—(m), or one nearest
neighbor m and three nearest neighbors with spin r, s,t € S\{1} different from each other, see Fig. 4(r).

(2) If 6(v) = 1, v has either at least two nearest neighbors with spin 1, see Fig. 4(b),(e),(n)-(q) or it has one nearest neighbor 1 and three
nearest neighbors with spin r, s,t € S\{1} different from each other, see Fig. 4(s).

In particular, if oc(v) = m, then

Hpgx(o'u’r) - Hpos(o') = n,,(v) —n.(v) + h]l{m=1) - hﬂ{r=1}- (5.11)

Proof. Let 6 € X and let v € V. To find if a v-tile is stable for ¢ we reduce ourselves to flip the spin on vertex v from o(v) = m
to a spin r such that n.(v) > 1. Indeed, otherwise the energy difference (2.8) is for sure strictly positive. Let us divide the proof in
several cases.

Case 1. Assume that n,,(v) = 0 in ¢. Then the corresponding v-tile is not stable for ¢. Indeed, for any m € S and r ¢ {1,m}, by
flipping the spin on vertex v from m to r we get

Hpos(6”") = Hpos(0) = —n,(0) + hly,,_yy. (5.12)
Moreover, by flipping the spin on vertex v from m # 1 to 1 we have
Hpos(o'm) - Hpos(o') =-n;(v) - h. (5.13)

Hence, for any m € S, if v has spin m and it has four nearest neighbors with spins different from m, then the tile centered in v is
not stable for ¢ since the energy difference (2.8) is always strictly negative.

Case 2. Assume that v € V has three nearest neighbors with spin value different from m in o, i.e., n,(v) = 1. Then, in view of the
energy difference (2.8), for any m € S and r ¢ {1, m}, by flipping the spin on vertex v from m to r we have

Hpog(0"") = Hpog(0) = 1 = n,(0) + h1 ey (5.14)

13
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Furthermore, for any m # 1, if r = 1 by flipping the spin on vertex v from m to 1 we have
Hppos(6”") = Hpos(0) = 1 =y (0) — h. (5.15)

Hence, for any m € S, m # 1, if v has only one nearest neighbor with spin m, a tile centered in v is stable for ¢ only if v has nearest
neighbors with spins different from each other and from 1, see Fig. 4(r). While, if m = 1, if v has only one nearest neighbor with
spin 1, a tile centered in v is stable for ¢ only if v has nearest neighbors with spins different from each other, see Fig. 4(s).

Case 3. Assume that v € V' has two nearest neighbors with spin m in o, i.e., n,,(v) = 2. Then, in view of the energy difference (2.8),
for any m € S and r ¢ {1, m}, by flipping the spin on vertex v from m to r we have

Hpos(o'u’r) - Hpos(o_) =2-n,)+ hly,_y)- (5.16)
Furthermore, by flipping the spin on vertex v from m # 1 to 1 we get
Hpos(o'vyl) - Hpos(o') =2-ny(v) - h. (5.17)

Hence, for any m € S, if v has two nearest neighbors with spin m and two nearest neighbors with spin 1, then the corresponding
v-tile is not stable. In all the other cases, for any m € S, if v has two nearest neighbors with spin m, the corresponding v-tile is stable
for o, see Fig. 4(H)-(q).

Case 4. Assume that v € V' has three nearest neighbors with spin m and one nearest neighbor r in o, i.e., n,(v) = 3 and n,(v) = 1.
Then, for any m € .S and r ¢ {1, m}, by flipping the spin on vertex v from m to r we have

Hpos(0°") = Hpog(0) = 2+ h1 ). (5.18)
Moreover, by flipping the spin on vertex v from m # 1 to 1 we get

Hypos(6"") = Hpos(0) =2 — h. (5.19)
Case 5. Assume that v € V has four nearest neighbors with spin m, i.e., n,,(v) = 4 in 6. Then, we have n,(v) = 0 and

Hipos(6%") = Hpos(6) = 4+ M1 (1), (5.20)
Furthermore, by flipping the spin on vertex v from m # 1 to 1 we get

Hypos(6"") = Hpos(0) = 4 — h. (5.21)

From Case 4 and Case 5, for any m € S, we get that a v-tile is always stable for ¢ if v has at least three nearest neighbors with spin
m, see Fig. 4(a)-(e). In particular, in all the cases 1 — 5 we verify that (5.11) is satisfied by (5.12)-(5.21). [J

Let ./, be the set of the local minima of the Hamiltonian H g, that is

Mpos = {0 € X 1 Hpos(0) < Hpog(n) for any n € X\{o} such that Py(c,n) > 0}. (5.22)

p

A subset D C X is said to be a plateau if it is a maximal connected set of equal energy configurations and it is said to be stable if
Hppoo(F(0D)) > Hpyoq(D). Let Myos 2= U siable plateau D e the set the stable plateaux of H .

Remark 5.11. Note that a configuration ¢ € X is a local minimum for Hy, respectively a stable plateau, when for any v € V and
s € S the energy difference (2.8) is strictly positive, respectively null. Then if ¢ has at least one unstable v-tile, for some v € V, it
does not belong to o U M ps.

Lemma 5.12 (Characterization of the 1-Clusters in Local Minima and Stable Plateaux). Let o € Mpo; U M 5. Ay 1-cluster of o is a
rectangle.

Proof. Let C!(c) be a I-cluster of ¢ and let dC'(c) = (v €V : v & C'(s) and Ju € C'(0) s.t. {u,v} € E} be the boundary of C! (o).
Assume by contradiction that C'(¢) is not a rectangle. This means that there exist at least a v ¢ C'(s) and two u;,u, € C'(c) such
that the edges {v,u;} and {v,u,} form an internal angle of %7: on the border of C!(s). Since 6(v) # 1 and o(u;) = o(u,) = 1, by
Lemma 5.10 the tile centered at vertex v is not stable and this is a contradiction in view of Remark 5.11. []

We are now able to prove Proposition 4.5.

Proof of Proposition 4.5. In order to estimate the stability level of any ¢ € X\{1,...,q} it is enough to focus on ¢ €
M ypos U Mpos\(1, ... .q}. Our goal is to prove that for any o € Mpps U Mpps\{1.....q}, VF= < V* := %. Indeed, given § € (0, 1)
such that #* = [%] = % +6,

V¥ = Fpog(m, X5 ) < % — 465 + h(£*? —ht* + h

pos
=%—4(%+6)+h<%+%5+52>—h(%+6)+h

=h—-24+h6(6-1)<0, (5.23)
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Fig. 5. Pictorial illustrations of the proof of Proposition 4.5. We color white the I-cluster and with a color different from white each m-cluster for any m € S,
m # 1. Notice that, in (d) we assume a;,b;,¢;,d; > 1 for i = 1,2; indeed, if (at least) one of them is zero, then we would retrieve a configuration for which a

i =

proof based on a similar construction of the one given for the case depicted in (c) applies.

where we used 0 < A, < 1. We divide the proof into three cases depending on the geometry of the configuration n € X\ {1,...,q},
as follows. In the first case, we focus on those configurations in which there is a super-critical 1-rectangle. This part of the proof
is independent from what surrounds such a rectangle. In the second case, we consider those configurations in which there is a
sub-critical 1-rectangle and we divide the proof into five sub-cases, depending on the spin configuration in the external perimeter
of the 1-rectangle. Finally, in the third case we consider those configurations in which there are no 1-rectangles, and analyze them
differently depending on the geometry of their perimeter. First, we take into account the case in which the configurations are
characterized by clusters with only angles of z; second, we consider those configurations composed by clusters with only angles of
7 or Z; finally, we study the scenario in which a configuration has at least one cluster with angles of %n. We further subdivide the
analysis of this last class of configurations in three cases, depending on the spin configuration in the external perimeter, similarly
as in the second case above. We encourage the reader to refer to the figures throughout the proof.

Case 1. Assume that ¢ has a 1-cluster, i.e., a l-rectangle in view of Lemma 5.12. Let a,b € N be the side lengths of this 1-rectangle
and assume a = max{a, b} > £*. We construct a path o = (@, ..., ®,), where @, = ¢ and o, = &, that flips to 1 consecutively those
spins adjacent to a side of length a of the 1-rectangle. Using (2.8), we have

Hpos(@)) = Hpoo(0) <2 —h  and  Hpog(@;) — Hpos(@;_;) < —h, for i =2,....a. (5.24)

From (3.14) and (5.24), if a > ¢*, then Hpos(6) = Hpos(0) <2~ ha <2 - he* < 0. Since the maximum energy is reached at the
first step, we conclude VP =2 —h < V*.

Otherwise, if ¢ has only 1-rectangles £* x £*, then & has a 1-rectangle #* x (£* + 1), say R. Either R does not interact with the
other 1-rectangles of &, or R interacts with another 1-rectangle R. In the former case, it is enough to repeat the above construction
along the side of length #* + 1 > #*. In the latter case, there exists in & a vertex w that is connected to both R and R. This vertex w
has at least two nearest neighbors with spin 1 inside the 1-rectangles R and R, respectively. Hence, set & := 51 and using (2.8),
we get Hpog(6) — Hpos(6) < —h < 0. Using (5.24), it follows that along the path (¢, @, ..., ®,_,, 5, 6) the maximum energy is reached
at the first step. Thus, we conclude that VP =2 —h < V*.

Case 2. Now assume that in ¢ each l-rectangle has sides of lengths a,b < £*, a,b € N.
Case 2.1 Assume that along a side of the boundary of 1-rectangle there are three adjacent vertices that have a spin value different
from each other, see Fig. 5(a). Flipping to 1 the spin on the central vertex v, the energy decreases by at least —h. Hence, V7 = 0.
Case 2.2 Assume that along a side, say of length a, of the boundary of 1-rectangle there are 2 < n < a adjacent vertices having
the same spin value m € S, m # 1, see Fig. 5(b). Note that we assume o(u), 6(v) # m, 1. We construct a path o = (wy =0, ..., ®,) that

starting from the vertex w flips to 1 the n spins m. We have

1-nh, ifi=1,
Hoos(@) = Hyog(@r_) <4, ifi=2,...,n—1, (5.25)
—1—nh, ifi=n

From (5.25), we conclude that Hyo (@,) — Hyos(6) = —hn < 0 and V?® = 1 - h < V*. Note that the proof of this case and of the
previous one holds also for the case in which the 1-rectangle is a 1-strip that is an admissible case in view of the stable tile as in
Fig. 4(o) and (q).

Case 2.3 Assume that the 1-rectangle is surrounded by four different blocks as in Fig. 5(c). We assume that s, m, r,t are such that
r,t € S\{m,s} but the cases s = m and/or r =t are admissible. Conversely to the previous case, we are now allowing to have along
each side of length a, b of the 1-rectangle a sequence of at least either a + 1 or b+ 1, respectively, spins of the same value such that
this sequence starts from the vertex above to a corner of the 1-rectangle and ends beyond the opposite corner of the same side. Note
that on each corner of the 1-rectangle there is a v-tile as in Fig. 4(p) and also that we are imposing the above conditions along all
the four sides of the 1-rectangle. Otherwise, if there is at least a side as in Fig. 5(a)—(b), we retrieve the proof of Case 2.1 and Case
2.2.

First assume that a + b > £*. We construct a path w : ¢ — & that first updates to 1 the spins on the vertices v,,v,,v3, vy, see
Fig. 6(a), then flips to 1 the remaining spins different from 1 on the external boundary of the 1-rectangle. It starts from w and follows
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Fig. 6. Pictorial illustration of the first part of the proof of Case 2.3 of Proposition 4.5 when a+a > ¢*.
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Fig. 7. Pictorial illustration of the proof of Case 2.3 of Proposition 4.5 when a+b<¢* —1.

a clockwise order, see Fig. 6(b). Using (2.8), the assumption a + b > ¢* and £* = [%] > %,
Hpos(a-) - Hpos(d) <4(1 —h)—ha—hb—ha—hb
=-2h(a+b)—4h+4 < -2h* —4h+4 < —4h < 0. (5.26)
The maximum of the energy along w is reached at the fourth step, so V' <@, <4 —4hand 4 —4h < V* from 0 < h < %
Next assume a + b < ¢* — 1. Without loss of generality, let b < %. Otherwise it is enough to replace the role of spin s with the
one of spin m in the following, see Fig. 5(c). We define a path w as the concatenation of b paths o for i = 1,...,b. Let 6, = ¢ and,

fori=1,....,b—1, let o : 6,_; — o, be the path that flips to s the spins | from vertex u; to vertex w;, see Fig. 7(a). Hence, for any
i=1,...,b—1, we have

Hpos(0;) — Hpos(0i_1) =1+ h+h(a=2)=h(a—1)+ 1. (5.27)
Finally, the path »® flips to s the spins 1 first from 7, to §,_; and then from 9, to 9,, see Fig. 7(b). Now we have

Hpos(op) — Hpos(0p-)) = h+ (=1 +h)a=2)+(-1+M(b-1)-2+h

=1-h—-a(l-h)-b1-h). (5.28)
Thus,
u u hab a(2h - 1), if b =2, (5.29)
— =hab—a < % .
pos(@) = Hpos(@) Tla(rSE-1). ifb>2,
and in both cases the two quantities are strictly lower than 0 since 0 < & < % and 7* = [%] implies h(Z* — 1) < 2.
The maximum along w is reached at the first step of »®, i.e.,
VP <@, =(ha+1-h)(b-1)+h=hab—1)+b—1+2h—hb
* _ | 2
<b—l+ha(b—1)§f 1+hu
2 2
1/2 ho(2 2.3
<=—(=+1-1 —(=+1-1) ==. 5.30
G-+ 3(Ger-1) =5 (5-30)

where we used A(2 — b) < 0 since b > 2 in view of Lemma 5.10 and #* = [g] <2 41. Since 3 < V*, we conclude.

Note that the proof of this case holds for all those scenarios in which at least a side of the 1-rectangle satisfies the above conditions.

Case 2.4 Assume that the 1-rectangle is surrounded by four different blocks as in Fig. 5(d). In this case r,s € S\{m, ¢} and it is
admissible that r = s and/or m = t. Let a; + a, = ¢ + ¢, = a and b, + b, = d| + d, = b. In order to complete the enumeration of all
possible cases we require that a;, b;,¢;,d; > 1 for i = 1,2. Indeed, note that if at least one among them is 0, then we retrieve the case
of Fig. 5(c) on that side. Note that here the novelty is that we allow to have each corner of the 1-rectangle surrounded by the same
spin value, i.e., to have on each external corner three spins that form an angle of 3 and that have the same spin value among them
but different from the one on the opposite external corner on the same side. The case in which at least a side of the 1-rectangle is
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Fig. 8. Illustrations of the configurations visited by the path defined in the proof of Case 2.4 under the condition a + b > ¢*.
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Fig. 9. Configurations visited by the path w defined in the case a + b < #* of Case 2.4.

completely surrounded by the same spin value is considered in the next Case 2.5. Once again we impose these conditions on each
side of the 1-rectangle in order to not retrieve the Cases 2.1, 2.2, 2.3.

First assume that a + b > #*. We refer to Figs. 5(d) and 8 for a pictorial illustration of the proof. We define a path » as the
concatenation of the subpaths w” for i = 1,...,5 that are constructed as follows. The path »") : ¢ — ¢, flips to 1 the spins on the
vertices vy, vy, v3, vy. Hence, Hyos(01) — Hpos(0) = 4 — 4h.

The path ' : 6; — o, flips to 1 the spins s first from the vertex u; to the vertex u, , then from w, to w,, . Thus,

Hpos(o-Z) - Hpos(al) = —ha; — hd,. (5.31)

For i = 2,3,4, the path 0 : 6; — 6,,, is defined in the same way on one of the other three corners of the 1-rectangle. Thus,

Hpos(o-S) - Hpos(‘72) = —hd, — hc,, (5.32)
Hpos(o'4) - Hpos(O'S) = —hc) — hb,, (5.33)
Hpos(US) - Hpos(0'4) = —hb, — ha,. (5.34)

Then, given 6 € (0, 1) such that #* = % + 8, note that
Hipos(05) = Hpos(0) = —2h(a+ b) = 4h +4 < =2ht* — 4h + 4

:—Zh(%+5>—4h+4:—2h5—4h<0‘ (5.35)

The maximum of the energy along w is reached at the fourth step, i.e., V?* < ®P* =4 —4h, and 4 — 4h < V* from 0 < h < %
Next assume a + b < £*. If b = min{a, b} = 2, then we flip to m and to r the spins 1 adjacent to the left side of length 2 of the
I-rectangle, see Fig. 5(d). Let & be the configuration that we obtain from ¢ after these flips. Note that the first spin-update increases
the energy by h, the second one decreases it by —1 + h. Hence, Hps(6) — Hpos(0) =2h— 1 <0 since 0 < h < % and VP* =h < V*
Let now assume that a,b > 2. We refer to Figs. 5(d) and 9 for a pictorial illustration of the proof. We define a path w as the
concatenation of the subpaths ® for i = 1,...,5 that are constructed as follows. The path o'V : ¢ — ¢, flips to s the spins 1 first
from the vertex u; to the vertex u, , then from w, to w,,_;. Thus,

Hpos(01) = Hpog(0) = hay + h(dy — 1). (5.36)

Similarly we define the path 0 : 6; — 6;,, for i =2,3,4 on one of the other three internal corners of the 1-rectangle. In particular,

Hpos(o'Z) - Hpos(al) = h(dl - 1) + h(cz - 1), (5.37)
Hpos(°—3) - Hpos(o'z) =h(c; = D)+ h(b, - 1), (5.38)
HPDS(0'4) — Hp05(63) = h(by — 1) + h(a, —2). (5.39)

Finally the path &® : 64 — o5 flips to s, m, ¢, r the spins on the vertices v, v,, v3,v4. Hence,
Hypos(05) = Hpos(0y) = —4 + 4h. (5.40)
Then, since 7* = [2] < 2 +1,

Hpo(05) = Hpog(0) = 2h(a+b) =4 —4h <20(¢* — 1) —4h—4 <4 —4h—4=—4h < 0.
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The maximum of the energy along w is reached at the end of the subpath o™, i.e., V2% < @2 = 2h(a+b)—8h < 2h(¢*—1)—8h <
4 — 8h where we used ¢* = [%] < % + 1. Note that 4 — 82 < V* in view of the condition 0 < & < %
Case 2.5 Assume that the l-rectangle is surrounded by spins of the same value. We define a path w = (wy, ..., w,) that flips
consecutively, from 1 to m, those spins next to a side of length a < #*. According to (2.8), we have
h, fori=1,...,a—-1;

H. ) — H. )= 5.41
POS(w') pos(@i1) {—(2 —h), fori=a. ( )

Thus, the maximum energy along w is reached at the step a—1 and, V,*° = h(a—1). To conclude note that a < #* and ¢* = [%] < %+1
imply h(a—1) < h(£* = 1) <2 < V*.

Case 3. Finally, assume that ¢ does not have an 1-cluster. We divide the proof in three cases.

First, consider the scenario in which for any m € S, m # 1, the boundary of an m-cluster has only angles of z. This means that
each m-cluster is a strip. Without loss of generality let ¢ have an m-strip a X K adjacent to an r-strip b x K with a,b € Z, a,b > 1.
Let 6 be the configuration obtained from ¢ by flipping all the spins m belonging to the m-strip from m to r. Let oy = ¢ and let o;
be the configuration in which the initial m-strip is reduced to a strip (¢ — i) x K and the r-strip to a strip (b + i) x K. We define a
path @ : 6 — & as the concatenation of a paths oV, ...,®® such that o® := (a)g) = oi,l,a)(li), ,co(l? = ¢,) is the path o flips
consecutively from m to r those spins m belonging to the column next to the r-strip. Thus, using (2.8), we have

2, ifj=1,
Hpos(@") = Hpoo(@' ) =40, if j=2,....K~1, (5.42)
-2, ifj=K.

Hence, for any i = 1,...,a — 1, the maximum energy value along o is reached at the first step. Finally, we construct a path
@ = (a)gl) =0, s ,w(,?) = ¢) that flips consecutively from m to r the spins m of the remaining column of the initial m-strip in o.
Note that for the energy difference there are two possible values depending on whether the strips next to the initial m strip a x K

have the same value r or one has value r and the other s # r, m. Hence, using (2.8), we have
Hpos(@\”) = Hpos(0,-1) < 1, and Hpo(0”) — Hpos(@?) < =2 for i =2,... K. (5.43)

In view of 5.12~(5.43), we get Hpo(0) > Hpos(6). Furthermore, since the maximum energy value is reached at the first step, we get
VP® <2 < v,

Second, we consider the case in which for any m € .S, m # 1, each m-cluster is ¢ has angles of either % or z. This means that
each m-cluster is a rectangle. Without loss of generality let ¢ contain an m-rectangle R := R, and an r-rectangle R := R_,, such
that the m-rectangle R has a side of length a adjacent to a side of the r-rectangle R of length ¢ > a. The case ¢ < a may be studied

by interchanging the role of the spins m and r. Given & the configuration obtained from o by flipping from m to r all the spins m

belonging to R, we construct a path @ : ¢ — & as the concatenation of » paths oV, ...,0®. Let 6, = ¢ and for any i = 1,...,b let
o; be the configuration in which the initial r-rectangle R is reduced to a rectangle ¢ x d with a protuberance a x i and the initial
m-rectangle R is reduced to a rectangle ax(b—i). We define o := (a)f)’) =0;_;, a;(l'), ....oY = ;) as the path which flips consecutively

to r those spins m adjacent to the side of length a of the m-rectangle a x (b — i). Thus, using (2.8),

1, ifj=1,
Hpos(@) = Hpos(@ ) =30, if j=2.....a~ 1, (5.44)

-1, ifj=a
Then, for any i = 1,...,b — 1, the maximum energy value along »” is reached at the first step. Finally, we define a path
o® = (a)g’) =0}y_q,... ,coiﬂb) = &) that flips consecutively from m to r the spins m belonging to the remaining m-rectangle a x 1.

In particular, using (2.8), we get
Hoos@®) = H (0, ) < =1, and H,o (@®) — H (@) < -2 (5.45)
pos\@q pos\®b—1) = > pos\™’i posti—1/ = ! ’

Thanks to 5.12—(5.45), we get Hp,5(0) > Hpos(5). Moreover, since the maximum along w is reached at the first step, by 5.12 we get
VP =1 <y,

Finally, assume that for some m € S, m # 1, ¢ has an m-cluster with an angle of 2 and none of the previous cases are applicable.
Then the only admissible stable v-tiles appearing in ¢ are the ones depicted in Fig. 4(a), (c), (f), and (h). First, let us focus on the
stable v-tiles (a), (¢) and (f). Upon fixing a spin value, say r, such that there exists at least an r-cluster having an angle of %7[, we
prove that there exists a procedure defined on the plateaux of configurations where o belongs and that leads either to decrease
the energy or to a configuration where the r-clusters are only rectangles. We often refer to Fig. 10 for a pictorial illustration of the
proof.

First we focus on a stable v-tile as the one depicted in Fig. 4(f) where m € S, m # 1, r. Flipping from m to r the spin on the central
vertex leads to a configuration having the same energy of o, see Fig. 10(a). This spin flip changes four other tiles. We focus our
attention solely on the tile centered in 9, which corresponds to the unit square highlighted by a thick border in Fig. 10(a), as the
others are treated similarly. If in ¢ the stable i-tile is as the one depicted in Fig. 4(f), then we flip from m to r its spin central m and
we conclude since the energy decreases by 2, see Fig. 10(b). Otherwise, if in o the stable i-tile is as the one depicted in Fig. 4(c),
then in the new configuration it is the center of a stable tile as depicted in Fig. 4(f), see Fig. 10(c). Finally, if in ¢ the stable i-tile is
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Fig. 10. Pictorial illustration of the final part of the proof of 4.5.

(a) (b) (c) (d)

Fig. 11. Pictorial illustration of the four possible external boundaries of a side of the r-rectangle R studied in the final part of Case 3 of the proof of Proposition 4.5.
Notice that to avoid considering redundant cases, in (b) and (c), we assume #,,¢, < ¢ and k < Z, respectively.

as the one depicted in Fig. 4(a), then in the new configuration it is the center of a stable tile as depicted in Fig. 4(f), see Fig. 10(d).
Iterating this procedure, since the volume of A is finite, we end up either decreasing the energy by 2 or removing all the stable
v-tiles as depicted in Fig. 4(f). In the former case, we conclude the proof. In the latter case, we obtain a configuration where each
r-cluster does not have angles of 2. In other words, each r-cluster is either a rectangle or a strip. Notice that the same proof holds
when considering the vertex above the center of the tile depicted in Fig. 10(a). Let us now focus on one of these r-rectangles, say R.
We argue similarly as in Case 2 by considering the possible external boundaries of R constructed by the stable tiles as in Fig. 4(a),
(c), (), and (h). We will often refer to Fig. 11.

Case 3.1 Assume that R has at least a side, say of length #, which is fully surrounded by the same spin value m € S, m # 1,r,
see Fig. 11(a). In this setting, starting from one corner and flipping from r to m the spins r on the vertices defining that side, the
first £ — 1 spin-updates preserve the energy, while after the last one it decreases by 2 and we conclude.

Case 3.2 Assume now that each side of R is surrounded by clusters of two different spins, see Fig. 11(b). Notice that with
‘surrounded’” we mean that the stable tiles on the corner of that side of R are of the type represented in Fig. 4(f). We further refer
to Fig. 12 to aid the understanding of the proof. Flipping from r to m all the spins on those vertices which are the center of stable
tiles as in Fig. 4(f) leads us to a configuration, say #, in which the R is now as in Fig. 12(b) and whose energy is the same as the
initial configuration. Consider now 5. Flipping from r to z all the spins on the first # — 1 vertices adjacent to the z-cluster, which
are the center of stable tiles of the type depicted in Fig. 4(f), leads to a configuration # in which the r-cluster is now as in Fig. 12(c)
and such that Hpg(n) = Hpos(#). Finally, flipping from r to z the spin on the last vertex, see Fig. 12(d), decreases the energy by 1
and it is enough to conclude.

Case 3.3 Consider now the case depicted in Fig. 11(c). If there exists at least a side of R for which there exists an s-cluster, for
some s € .S, s # 1,r, with a side, say of length k, fully adjacent to it, then we proceed as follows. When we have one of the situations
(or of a their possible generalization) depicted in Fig. 13 (c;) and (c,), then starting from one corner of the side of the s-cluster
adjacent to R and flipping from s to r all the following k spins leads to increase the energy by 1 after the first spin-update, to
preserve the energy after the following k —2 spin-updates and to decrease it by 1 after the last spin-update. Iterating this procedure,
so flipping from s to r the k or less spins s on the row immediately above, at a certain point the opposite horizontal side is reached
and the second spin s which is updated to r on this last row leads to decrease the energy by at least 1. Notice that the opposite side
could be adjacent to the opposite horizontal side of R in view of the periodic boundary conditions and also that the same arguments
hold also for a generic geometric shape of the s-cluster, the only fundamental request is the existence of at least one of its sides fully
adjacent to a side of R. Otherwise, if we are in one of the cases depicted in Fig. 13 (c;) and (c,), where the s-cluster enlarges, we
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Fig. 12. Pictorial illustration of the Case 3.2 of the proof of Proposition 4.5.

S S
T T T
(c1) (c2) (c3) (ca)

Fig. 13. Pictorial illustration of the cases considered in Case 3.3 of the proof of Proposition 4.5.

T

argue as follows. First, we proceed as above flipping from s to r those spins s in the portion of the s-cluster of width k (or lower).
Along this path, the maximum energy increase is 1 and the energy difference between the final and the initial configuration is 0.
Second, we flip from m to r those spins m on the vertical side adjacent to the new protuberance of R. More precisely, first we flip
from m to r the spin m on the lowest corner, second we flip the spin m on the vertex on the row immediately above and so on until
we still find stable tiles as in Fig. 4(f). Finally, we find a spin m which has two nearest neighbors with spin r (the one on the left and
the one below if we consider the cases depicted in Fig. 13 (c;) and (c,)), one nearest neighbor with spin s and one nearest neighbor
with spin m. Flipping from m to r that spin leads to decrease the energy by 1 and we conclude.

Case 3.4 Let us now assume that R has at least a side completely adjacent to an s-cluster, for some s € S, s # 1,r. In this case
we apply a similar procedure to the one described above: proceeding from a corner to another corner and row by row and flipping
from r to s all the spins inside R, when the opposite side of length # of R is reached the energy decreases by at least 1. In general,
note that following this procedure and flipping from r to s all the spins r inside R, leads to construct a path whose height is 1 and
such that the energy difference between the final and the initial configuration is #, i.e., the overall number of disagreeing edges
which are removed once the two opposite sides of R end to coincide. []

5.3. Energy landscape and asymptotic behavior: proof of the main results

We are now able to prove Corollary 4.4 and Theorem 4.8.

0S 0S

Proof of Corollary 4.4. By [63, Lemma 3.6] we have that fpos(X\X; ) is the maximum energy that the process started in 7 € X\X;

has to overcome in order to arrive in XSOS = {1}, i.e.,
Tpos(X\Xoo) = negl\a%gos Toos (11, Xpo). (5.46)

Hence, let us proceed to estimate I pos (1> X;OS) for any n € X\XSOS. Letm € XI;“OS. Note that for any # € X\(X;OS U XI;“OS) there are

not initial cycles wa (Tpos(m, XSOS)) deeper that C’;}SOS(F r%s)' While for any z € XI')"OS\{m}, the initial cycles C(ZYSOS(FI')’(')S) are as deep as

0S
C;S (FI;"OS). By this Fact, that holds since we are in the metastability scenario as in [63, Subsection 3.5, Example 1], we get that for
anpy me XI')’;S
Lhos(n, Xgos) = Do, X;os) = Hpo5(n) < @pog(m, X;os) — Hpos(m) = I,o(m, X;os), (5.47)

where the last equality follows by Theorem 4.3. Thus, we conclude that (4.3) is verified since, using (4.1), we have Tyos(m, X;os) =
rm. O
pos

Proof of Theorem 4.8. The theorem follows by [50, Theorem 2.3]. In order to apply this result it is enough to show that the pair
(m, G) verifies the assumption

supP (7 > R) <6, (5.48)
¥ () > X)

with R <E(z}) and ¢ sufficiently small. To prove (5.48), let us distinguish two cases.
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(a) (b) (c)

Fig. 14. Illustration of three examples of ¢ € 92'1;'2)5 when #* = 5. We color black the vertices with spin m. In (a) the #*(#* — 1) + 1 = 21 spins different from
m have not all the same spin value and they belong to more clusters. In (b) these spins different from m have the same spin value and they belong to three
different clusters. In (c) the spins different from m have the same spin value and they belong to a single cluster.

Case 1. Let n € C}, (I'y)- By Equation (2.20) of [59, Theorem 2.17] applied to the cycle C}, (I};) we get that almost surely
pos 0s

pos pos
the process visits m before exiting from the cycle C;‘S r l;’z)s). More precisely, we have that there exists k; > 0 such that for any g
pos.
sufficiently large
n n < e kib
P(zy, > T()C;i;os(rl%s)) <e . (5.49)
Since rg > r;’ em it follows that the process almost surely visits m before hitting G. Furthermore, since {1,...,q}\{m} C G, we
XSOS pos

obtain that almost surely the process starting from 7 visits m before hitting {1, ...,q}\{m}, i.e., 7, = ¢ al” Using the recurrence

n

(...

property given in Theorem 4.6, we conclude that (5.48) is satisfied by choosing R = /@) with 2+ ¢ < I mos and & = =" with

k, > 0.

Case 2. Let 7 € X\C}, (Ip0). In this case (5.48) is trivially verified for any R and 6 sufficiently small since n belongs to the
pos

target. []

6. Minimal gates and tube of typical trajectories

In this section we investigate on the minimal gates and the tube of typical paths for the transition from any m € Xos t0 X = {1}

We further identify the union of all minimal gates also for the transition from a metastable state to the other metastable states.
6.1. Identification of critical configurations for the transition from a metastable to the stable state

The goal of this subsection is to investigate the set of critical configurations for the transition from any m € Xpos 10 Xpoo = {1}.
The idea of the proof of the following lemmas and proposition generalizes the proof of similar results given in [33, Section 6] for
the Blume Capel model.

First we need to give some further definitions. For any m € S\{1} we define 2" C X as the set of those configurations with

|A| = (Z*(¢* — 1)+ 1) spins equal to m e

@lg'z)s ={c€X : N,(6)=|Al - -+ 1D}. (6.1)
Furthermore, we define

Dyt 1={6 €X 1 Ny(0) > [Al = (£*(£* =D+ D), (6.2)
note that m € 957, and

D™ = {6 €X 1 N, (6) < |Al = (£*¢* = 1)+ )}. (6.3)

pos

For any o € 97, we remark that ¢ has #*(#* — 1) + 1 spins different from m and they may have not the same spin value and
may belong to one or more clusters, see Fig. 14. A two dimensional polyomino on Z? is a finite union of unit squares. The area of
a polyomino is the number of its unit squares, while its perimeter is the cardinality of its boundary, namely, the number of unit
edges of the dual lattice which intersect only one of the unit squares of the polyomino itself. Thus, the perimeter is the number of
interfaces on Z> between the sites inside the polyomino and those outside. The polyominoes with minimal perimeter among those

with the same area are said to be minimal polyominoes.
Lemma 6.1. For any m € {2, ...,q} the minimum of the energy in Dys 1 achieved by those configurations in which the £*(¢* — 1) + 1
spins different from m are 1 and they belong to a unique cluster of perimeter 4£*. More precisely,

FI)={c € D"

. . . . 1 .
s s - O has all spins m except those in a unique cluster C' (o) of spins

1 of perimeter 4¢£*}. (6.4)
Moreover,

Hyos(F(D™ ) = Hppo(m) + Ty (, X3, ) = D, (m, X5, (6.5)

pos pos pos
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(a) (b) (c) (d)

Fig. 15. Examples of ¢ € 951;’;5 (a) and of 6 € 9™ _ (b) and (c) when ¢* = 5. We associate the color black to the spin m, the color white to the spin 1. The

pos

dotted rectangle represents R(C!(c)). Figure (d) is an example of configuration that does not belong to Do

Proof. Let m € {2, ..., q}. From the definition of the Hamiltonian H ., (2.2), we get that the presence of disagreeing edges increases
the energy, thus in order to identify the bottom of Dy We have to consider those configurations ¢ € Dios in which the 7*(#*-1)+1
spins different from m belong to a single cluster. Moreover, given the number of the disagreeing edges, the presence of each spin
1 decreases the energy by h compared of the presence with other spins. Hence, the single cluster is full of spins 1, say C!(s), and
it is inside a homogeneous sea of spins m. Arguing like in the second part of the proof of Proposition 5.8, we have that 4¢* is
the minimal perimeter of a polyomino of area #*(¢* — 1) + 1. Thus, for any ¢ € F (93},5), C!(c) must have perimeter 47*. Hence,
all the characteristics given in (6.4) are verified. Let us now prove (6.5). By (4.11) we get that Wpos(m, X3 ) Cc F (@™ ), that is

pos pos
Hpos(F (9};’;5)) = Hpos(Wpos(m, X;os)). Thus, (6.5) is satisfied since for any n € Whos(m, X;os),
Hipos() = Hpog(m) = 4% — h(£*(£" = 1)+ 1) = Tpos(m, X3 ). [ (6.6)
In the next corollary we show that every optimal path from m € Xlg"os to X;os = {1} visits at least once & (9[”’85), i.e., we prove
that & (Dpos) is a gate for the transition from m to Xoos:

opt

s
m,é\’pm

Corollary 6.2. Letm € X\ . For any w € Q we have o N F (D" ) #+ @. Hence, F (2™ ) is a gate for the transition m — X*

pos pos pos*

Proof. Every path from m € Xpos tO the stable configuration 1 has to pass through the set V" := {c € X : N, (o) = k} for any

k = |V],...,0. In particular, given k* := £*(£* - 1)+ 1, any o = (@, ...,w,) € .thf'xs visits at least once the set vmfk* = EJZI’)’:)S.

Hence, there exists i € {0, ... n} such that w; € Dios: Since from (6.5) we have that tflel:ménergy value of any configuration belonging
to F (9{)';5) is equal to the min—-max reached by any optimal path from m to Xgos, we conclude that w; € & (S.JZ[""‘)S). O

In the last result of this subsection, we prove that, for any m € XI’)"OS, every optimal path w € Qﬁt/"éos is such that @NWpos(m, XSOS) #

@. Hence, we show that Wpos(m, XEOS) is a gate for the transition m — XSOS.

opt

Proposition 6.3. Letm e X" 5
m,&,

pos”*

Then, any o € 2 visits W,,,(m, X5 ). Hence, W,,((m, X’ ) is a gate for the transition m — X

pos pos pos pos*

Proof. For any m € S, m # 1, let 956’:)5 and 9};’35 be the subsets of F (SZ;’QS) defined as follows. Q”ES is the set of those configurations
of # (D55s) In which the boundary of the polyomino C!(c) intersects each side of the boundary of its smallest surrounding rectangle
R(C'(0)) on a set of the dual lattice Z2 + (1/2,1/2) made by at least two consecutive unit segments, see Fig. 15(a). On the other
hand, Sj"gs is the set of those configurations of & (95'35) in which the boundary of the polyomino C!(¢) intersects at least one side
of the boundary of R(C'(¢)) in a single unit segment, see Fig. 15(b) and (c).

In particular note that (2™ )=2" U SZ;},S. The proof proceeds in five steps.

pos pos
Step 1. Our first aim is to prove that

DI = Wios(m, X3 )UW, (m, X5 ). (6.7)

pos pos pos pos

From (4.11) we have Wpos(m, X5 YUW. m,XS ) € D™ . Thus we reduce our proof to show that ¢ € Gm implies ¢ €

pos pos pos pos*® > pos
Wpos(m, XQOS)UWI/)QS(m, XSQS). Note that this implication is not straightforward, since given o € " , the boundary of the polyomino

pos’

C!(o) could intersect the other three sides of the boundary of its smallest surrounding rectangle R(C'(c)) in a proper subsets of the
sides itself, see Fig. 15(d) for an illustration of this hypothetical case. Hence, consider ¢ € QZAl;'(’)S and let R(Cl(o)) = Rp+ayx (e +b)
with a,b € Z. In view of the proof of Lemma 6.1 we have that C!(c) is a minimal polyomino and by [33, Lemma 6.16] it is also

convex and monotone, i.e., its perimeter of value 4/* is equal to the one of R(C!(s)). Hence, the following equality holds
4% = 46% + 2(a + b). (6.8)

In particular, (6.8) is satisfied only by a = —b. Now, let R be the smallest rectangle surrounding the polyomino, say C'(c), obtained
by removing the unit protuberance from C!(¢). If C'(o) has the unit protuberance adjacent to a side of length #* + a, then R is a
rectangle (£* +a)x (£* —a—1). Note that R must have an area larger than or equal to the number of spins 1 of the polyomino €' (o),
that is #*(#* — 1). Thus, we have

Area(R) = (¢* +a)(¢* —a—- D)= = 1) —a* —a2 5" - 1) < —-a*—a>0. 6.9)
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Since a € Z, —a* — a > 0 is satisfied only if either a = 0 or a = —1. Otherwise, if C'(c) has the unit protuberance adjacent to a side
of length #* — a, then R is a rectangle (£* +a — 1) x (£* — a) and

Area(R) = (¢* +a- D —a)=*(* - 1) —ad* +a2 *(* - 1) < —-a*+a>0. (6.10)

Since a € Z, —a® + a > 0 is satisfied only if either a = 0 or a = 1. In both cases we get that R is a rectangle of side lengths #* and
¢* — 1. Thus, if the protuberance is attached to one of the longest sides of R, then o € Wpos(m, X;OS), otherwise ¢ € ngos(m, X;OS).
In any case we conclude that (6.7) is satisfied.

Step 2. For any m € X and for any path o = (w,, ..., ®,) € Ql‘;ﬁvﬁus, let
gn(@) =i €N 0, € F(PR), Ny(w_) =" = 1), Ny(o_y) = Al = £ = D). (6.11)
We claim that g,,(w) # @. Let o = (o, ..., ®,) € Q;:fta» and let j* < n be the smallest integer such that after j* the path leaves SJZ};"C;: s
> pos
ie., (@, ... ,w,,)n@;,'g: = @. Since w;_, is the last configuration in 9137;;, it follows that w;« € "%g:)s and, by the proof of Corollary 6.2,
we have that @ € g(@g‘os). Moreover, since @;«_; is the last configuration in 9{,’3:, we have that Np(@je_y) = Al =% = 1) and

w;+ is obtained by w«_, by flipping a spin m from m to s # m. Note that N, (w«_;) = |A| = £*(£* — 1) implies N (w;«_) < £*(£* = 1)
J y Jjt-1 y 1lipping P m 1 P. s\Wjx—1
for any s € S\{m}. By Lemma 6.1, ;. € F(2™ ) implies N|(w;+) = £*(¢* — 1) + 1, thus N (w«_;) < £*(£* — 1) is not feasible since
J pos 1\ 1 1
w+ and w;«_, differ by a single spin update which increases the number of spins 1 of at most one. Then, j* € g,,(w) and the claim
J J*=1 m
is proved.

Step 3. We claim that for any path w € Q%"

m, XS

pos

there exists i € g, (w) such that o; ¢ 951;“05 and w; € P Since w,_, is obtained from w; by flipping a spin 1 to m and since any

configuration belonging to Dios has all the spins 1 with at least two nearest neighbors with spin 1, using (2.8) we have

one has w; € 951’)’;5 for any i € g,,(w). We argue by contradiction. Assume that

Hpos(wi—l) —H,

hos(@) 22 =2 +h=h>0. (6.12)

In particular, from (6.12) we get a contradiction. Indeed,
D5 > Hpos(@;_1) > Hpog(@;) = Hpos(m) + Tpos(m, X30s) = Dpos(m, X3 ), (6.13)

where the first equality follows by (6.5). Thus by (6.13) w is not an optimal path, which is a contradiction, the claim is proved and
we conclude the proof of Step 3.

. t
Step 4. Now we claim that for any m € X7, and for any path » € Q°r

m,XsOS’
w; € g(@;gs) = w,_, 0 & QZIS':)S. (6.14)
Using Corollary 6.2, for any m € X~ and any path w € _Q;ptxx there exists an integer i such that w; € F(Z). Assume by
> 0S

contradiction that w;,; € 2. In particular, since w; and ;,, have the same number of spins m, note that w;,; is obtained by
flipping a spin 1 from 1 to 7 # 1. Since w;(v) # ¢ for every v € V, the above flip increases the energy, i.e., Hpos(@i41) > Hpos(0)).
Hence, using this inequality and (6.5), we have

D5 > Hpos(@41) > Hpos(@;) = Hpos(m) + Tpos(m, X5 ) = @ (m, X500)s (6.15)

pos

which implies the contradiction because w is not optimal. Thus w,,; ¢ Do and similarly we show that also w;_; & Dpos:
opt

Step 5. In this last step of the proof we claim that for any m € X and for any path w € ", there exists a positive integer i
>“*pos

pos
such that w; € Whos(m, X;os). Arguing by contradiction, assume that there exists w € _Q::’Xq such that ®@NWpes(m, X;os) = @. Thanks

to Corollary 6.2, we know that w visits F (D5os) and thanks to Step 4 we have that the col;f%igurations along w belonging to & (Dhos)
are not consecutive. More precisely, they are linked by a sub-path that belongs either to 9[’,'3: or 91;"0’5_ . If n is the length of w, then
let j < n be the smallest integer such that ®; € F (96’;5) and such that (@, ... ,wn)ngr’,'(';: = @, thus, j € g,,(w) since j plays the same
role of j* in the proof of Step 2. Using (6.7), Step 3 and the assumption © N Wpos(m, XB’OS) = @, it follows that w; € W (m, X3 ).

pos pos
Moreover, starting from w; € # (Dpos) the energy along the path decreases only by either

(i) flipping the spin in the unit protuberance from 1 to m, or
(ii) flipping a spin, with two nearest neighbors with spin 1, from m to 1.

Since by the definition of j we have that » i1 s the last that visits 9{,’3;’ , Wi & QZ[','(’;:, (i) is not feasible. Considering (ii), we have
Hpos(@41) = Hpos(m) + Tpos(m, X ) — h. Starting from w;,,; we consider only moves which imply either a decrease of energy or an
increase by at most A. Since C!'(w ;41) is @ polyomino £* x (£* — 1) with a bar made of two adjacent unit squares on a shortest side,

the only feasible moves are

(iii) flipping a spin, with two nearest neighbors with spin m, from m to 1,
(iv) flipping a spin, with two nearest neighbors with spin 1, from 1 to m.

By means of the moves (iii) and (iv), the process reaches a configuration ¢ in which all the spins are equal to m except those,
that are 1, in a connected polyomino C!(¢) that is convex and such that R(C'(¢)) = R+ 41)x(¢+—1)- We cannot repeat the move
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(iv) otherwise we get a configuration that does not belong to Dhos While applying one time (iv) and iteratively (iii), until we fill
the rectangle R/« )x+_1) With spins 1, we get a set of configurations in which the one with the smallest energy is ¢ such that
Cl(c) = R(C!(0)). Moreover, from any configuration in this set, a possible move is reached by flipping from m to 1 a spin m with
three nearest neighbors with spin m that implies to enlarge the circumscribed rectangle. This spin-flip increases the energy by 2 — h.
Thus, we obtain

DY > 4% — h(£* + 1)(¢* = 1) +2 = h+ Hpyo(m)
=46% — h(£*)* +2 + Hpog(m)

> Tos(m, X5 ) + Hpog(m) = @po(m, X5 ), (6.16)

pos

which is a contradiction by the definition of an optimal path. Note that the last inequality follows by 2 > hA(Z* — 1) since 0 < h < l

opt S ) is a

see Assumption 4.1. It follows that it is not possible to have w N Wyo5(m, X7 ) = @ for any w € Qn s namely Wp,o(m, &,

pos

gate for this type of transition. []
6.2. Minimal gates for the transition from a metastable state to the other metastable states

This subsection is devoted to the study of the transition from a metastable state to the set of the other metastable configurations.
In Propositions 6.7 and 6.10 we identify geometrically two gates for this type of transition and in Theorem 4.11 we show that the
union of these sets gives the union of all the minimal gates for the same transition. Furthermore, in this subsection we also give

some more details for the transition from any metastable state to the stable configuration 1. More precisely, in Proposition 6.9 we

prove that for any m € Xos almost surely any optimal path w € .Q"”’XS does not visit any metastable state different from the initial

one during the trans1t10n Let us begin by proving the following usetP 1 lemma.

Lemma 6.4. For any m € {2,...,q}, let n € B! o1, f*(m, 1) and let ij € X a configuration which communicates with n by one step of the
dynamics. Then, either Hp, (1) < Hpo() O Hyos(1) > Hpyo(i).

Proof. Since n and 7 differ by a single-spin update, let us define 77 := #*' for some v € V and ¢t € S, t # n(v). Note that
n € B! 1 v (M 1) implies that # is characterized by all spins m except those that are 1 in a quasi-square (¢#* — 1) x #* with a
unit protuberance on one of the longest sides. In particular, for any v € V, either n(v) = m or n(v) = 1. If n(v) = m, then for any
t € S\{m}, depending on the distance between the vertex v and the 1-cluster, we have

4—11]1(,:1), ifnm(y)=4
Hpyos (i) = Hpos(n) =13 = Loy = Alypmyy,  if 1,(0) = 3, ny(0) = 1 (6.17)
2-21 gy —hljeyy, f () =2, 0y (0) =2

Otherwise, if n(v) = 1, for any ¢ € S\ {1}, depending on the distance between the vertex v and the boundary of the 1-cluster, we get

4+h, if n,(v) = 4

3= Ty + @) =1, () = 3;
2 =21 jmpy + b, if 1, () =2, ny(v) =2
1 =30 oy +ho i 1,y (0) =3, my(0) = 1.

Hipos (7)) = Hipos (1) = (6.18)

We conclude that Hpos(n) # Hpos(). O

In the next proposition we prove that the communication energy between metastable states is equal to the one between a
metastable state and the stable state XSOS = {1}.

Proposition 6.5. For any m € X,

(m, X% ). (6.19)

PGS pos

D,,,5(m, X;f”\{m}) =4 =W -+ D)+ H,,(m) =
Proof. Let us divide the proof in two steps. First we compute an upper bound of @;,,(m, pos\{m}), second a lower bound.
Upper bound. For any z € Xl;"os\{ }, we use Definition 5.4 to construct two reference paths @ : m — 1 and @? : z — 1. Thus,
we define the reference path * : m — z as the concatenation of the reference path @ and the time reversal (@®)" : 1 — z. Thus,
* = @, @2)7T). By this definition of w*, we have max,e,+ Hpos(&) = max{max,c;1) Hpos(£), MaXsez@yr Hpos(§)}. In the proof of
Lemma 5.6, using Egs. (A.1)-(A.3) and (A.7), we get that
max Hpoo(&) = 4% = h(£*(¢* = 1) + 1) + Hpog(m). (6.20)

{ew*

Thus, applying the definition of the communication energy, we conclude that

Ppos(m,2) = min max Hyoo(§) < 46" = A(Z*(€" = 1) + 1) + Hpoy(m). (6.21)
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Lower bound. During the transition from m to any z € X% \{m} the process has to intersect at least once the set V" := {c € X :

pos

N,,(c) =k} for any k = KL, ...,0. In particular, given k* := #*(¢* — 1)+ 1, the process has to visit at least once the set V‘ ke Since
Vl”/’” o = @POS, from Lemma 6.1, we have
pos(f(lel o) = 4% —h@* @ - D+ 1)+ Hpos(m). (6.22)

It follows that the process visits at least once the set Vl ke in a configuration with energy larger than or equal to the r.h.s. of
(6.22), i.e., we obtain the following lower bound for the communication height between metastable states

Dpos(M,z) > 46* = h(£*(¢* = 1) + 1) + Hpog(m). (6.23)
Thanks to (6.21) and (6.23), we conclude that (6.19) is satisfied. [

Exploiting the equality @p,o(m, X5 ) = @poe(m, X7 we are now able to state the following corollary and

pos pDS\{m})for any m € X"
proposition.

pos’

) is a gate for the transition m — X! \{m}.

Corollary 6.6. Letm e X7 andletw € QZ{'{Y%S\{ )’ Then, onF(2,;) # @. Hence, (2,

Proof. Thanks to (6.19) the proof is analogous to the one of Corollary 6.2. We refer to Appendix A.2.1 for the explicit proof. []

Proposition 6.7. For any m € X" pos? Wpos(m, X o s ,) is a gate for the transition m — Xpas\{m

Proof. Thanks to (6.19) the proof is analogous to the one of Proposition 6.3. See Appendix A.2.2 for the detailed proof. []

Given m € &7, the reader may be surprised that W, (m, Xpos) is a minimal gate for both the transitions m — Xpos and
m — X[',”OS\{m} Intuitively, the set @, X7\ (m) is partitioned in two non-empty subsets, i.e., the set containing those paths
® € Qy, X\ (m y such that @ n cl o (Flgf,s(l Xg'os)) # @ and the set containing those paths that do not enter this cycle. Corollary 4.12
points out that the Q%' e\ (m 1s a subset of the first set, i.e.,
opt . 1
e iy € 1@ € Cunag vy @0 Co (TR0 (LXT)) # 0. (6.24)

More precisely, in Proposition 6.9 we show that almost surely the process started in m € X! bos does not visit any other metastable
states before hitting the stable configuration Xoos = {1}.In order to prove this result, first we need to introduce the following habitat
and to show that almost surely during the transition from a metastable to the stable state the process does not exit from it. For any
mE XPOS, let

Apos =10 € X 1 Hpog(0) < Hypog(m) + Ipos(m, X5 ) +8/2}, (6.25)

where § is the minimum energy gap between an optimal and a non-optimal path from m to X} os- Note that Ap is a cycle and that

the choice to give some results on the dynamics from a metastable to the stable state inside A, is justified by the following result.

opt

Proposition 6.8. Let A, be the habitat defined in (6.25). Then, F(A,) = X5, and V(A,,,) = I Moreover, for any o € Q7 s
during the transition from any m € X} to X, the process does not exit almost surely from A, ie.,
ﬂll_)n; P(ngm < 73':4’)0&) =1. (6.26)

Proof. By Proposition 4.2 we have X Xos
Furthermore, by (6.25) we also get that X7 C A Hence, using Theorem 4.3 we have that V(Ay.) =
verified thanks to Equation (2.20) of [59, Theorem 2.17] applied to the cycle Apos: O

= {1} and by the definition (6.25) we have 1 € Apos- Hence, (Apos) POS = {1}.
Finally, (6.26) is

pos

We are now able to prove the following result.

Proposition 6.9 (Study of the Transition from any m € Xos O X;m) For any m € X1 every optimal path from m to X, almost surely
does not intersect other metastable states. More precisely,

11m P(z™

X \m) > T, ) = 1 (6.27)

Proof. Let w = (wy=m,...,0,) € Q"p' x, and, for some j < n, let w; € Wpos(m, X3 ). By Corollary 4.10 and by Corollary 4.12 we

pos

) before hitting X’ pos U X" \{m}. Hence, almost surely we

get that almost surely the process started inm e A% visits Wyos(m, X pos

have

pos

(@, ..., @) N (X UXN\{m}) =@ (6.28)

pos pos
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Thus, our claim is to show that starting from w;, the process arrives in X bos before visiting pos\{m By Lemma 6.4, we have
that w;,, does not have the same energy value of ;. Thus, starting from w;, the path passes to a conﬁguratlon with energy strictly
lower or strictly higher than H(w;). More prec1sely, for some v € V and some € S, letw;, = “’, We have to consider the
following possibilities:

(a) v is the vertex in the unit protuberance in the 1-cluster in @ ; and t = m;
(b) v is a vertex with spin m with two nearest-neighbors with spin m and two nearest-neighbors with spin 1 in »; and t = 1;

(c) v has spin 1 (respectively m), t = m (respectively 7 = 1) and v is not a vertex that follows in case (a) (respectively case (b));
(d) t e S\{1,m}.

If v and 1 are as in case (a), then w;,; € C} Ipes) and, starting from this configuration, almost surely the process comes back to

m. Indeed, by Equation (2.20) of [59, Theopl?em 2.17] applied the cycle CmY (F "

pos) We have that there exists k; > 0 such that for

every f sufficiently large

P(r* > rdcf:f ) < ehip, (6.29)
Xlgos

pos )

Thus, we repeat the same arguments to reduce the proof again to the cases (a)-(d) above. If v and ¢ are as in case (b), then

@) € C;’S‘OS(FPOS(I Xpos) and almost surely the process visits Xpos = {1} before exiting from this cycle. Indeed, by Equation (2.20)

of [59, Theorem 2.17] applied to the cycle Clm (Fpos(L, X;”OS)) we have that there exists k, > 0 such that for every g sufficiently
large

Pzt > 7% < ekl 6.30

R Taclm Tyt = (6.30)

Since almost surely (6.28) holds, we conclude that (6.27) is verified.

Finally, we consider v and ¢ as in case (c) and (d) and our claim is to prove that almost surely o ;41 @S in these two cases does
not belong to any optimal path from m to X7 .. Indeed, Hyo5(®;,1) > Hpyos(w;) and since the minimum increase of energy is A, it
follows that

Hpos(@)41) 2 Hpos(@)) + h = @po(m, X7 ) + h, (6.31)

pos

where the last equality follows by @; € Wy,s(m, &) ). Hence, by (6.31) and by the definition of the habitat A, we get that
;41 & Apos- However, by Proposition 6.8 we have that almost surely the process started in m does not exit from A, before hitting

its bottom, and thus the cases (c) and (d) do not belong to any optimal path from m to XSos' O

Exploiting Proposition 6.9, we are now able to identify another gate for the transition from a metastable state to the set of the
other metastable states.

Proposition 6.10. Uze?(p":”\( (z,X* ) is a gate for the transition m — X™ \{m}.

1103 pos pos

Proof. Using Proposition 6.9 we get that the process started in m almost surely visits XSOS = {1} earlier than X'" s\{m}. It follows
opt

m. X0 \{m}
has a subpath which goes from 1 to some X"' s\{m}. Thus, exploiting the reversibility of the dynamics, Proposition 6.3 and since

that almost surely 1 € o for any w € Q , and since it is necessary to complete the transition to POS\{ m}, ® almost surely

any optimal path v € Q7 tx"’ A\(m hlts Xg’os\{m} in any metastable state different from m with the same probability, i.e., ﬁ, we
get that |, X\ (m) Whos(> X555) 1s a gate for the transition 1 — X% \{m}. []

6.3. Minimal gates: proof of the main results
We are now able to prove Theorems 4.9 and 4.11.

Proof of Theorem 4.9. For any m € pos, by Proposition 6.3 we get that Wyes(m, XPOS) is a gate for the transition from m
to Xgos = {1}. In order to prove that Weos(m, X ,s) is a minimal gate, we exploit [59, Theorem 5.1] and we show that any
Whos(m, &) is an essential saddle. To this end in view of the definition of an essential saddle given in Section 3.1, for
any 7 € Wyos(m, X7 ) we define an optimal path from m to X7, that passes through # and such that it reaches its maximum energy
only in this configuration. In particular, the optimal path is defined by modifying the reference path @ of Definition 5.4 in a such
a way that @g««_1)4; = 1 in which Cl(n) is a quasi-square £* x (£* — 1) with a unit protuberance. This is possible by choosing
the initial vertex (i, j) such that during the construction the cluster Cl(d)f*(ﬁ_])) coincides with the quasi-square in 5 and in the
next step the unit protuberance is added in the site as in 5. It follows that @ N Wios(m, XPOS) = {n} and by the proof of Lemma 5.6
we get arg maxg Hp,,, = {n}. To conclude, we prove (4.12), i.e., that Wpos(m, XS s) is the unique minimal gate for the transition
m — X .. Note that the above reference paths & reach the energy @p,,s(m, pOS) only in pos(m Xpos)- Thus, we get that for any
M1 € Wpos(m, X5, the set Wp,s(m, l)OS)\ 1, } is not a gate for the transition m — &3  since, in view of the above construction, we
have that there exists an optimal path @ such that &N Wyes(m, X5 )\{#;} = @. Note that the uniqueness of the minimal gate follows

pos
by the condition % ¢ N, see Assumption 4.1(ii). [
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Remark 6.11. A saddle n € S(o,0’) is unessential if for any w € _Q:”;, such that w N # @ the following conditions are both
satisfied: '

() {argmax,H}\{n}# o,

(ii) there exists o’ € Q”" " such that {argmax , H} C {argmax, H }\{7}.

Proof of Theorem 4.11. By Proposition 6.7 we have that the set given in (a) is a gate for the transition m — z\,’g’os\{m}. Hence, our
aim is to prove that Wju(m, X3 ) is a minimal gate for the same transition. In order to show that this set satisfies the definition of

pos
minimal gate given in Section 3.1, we show that for any 7 € Wjes(m, X5 op tx'" \(m) Such that
pos

@' N (Wpos(m, pos)\ n}) = @. We construct this optimal path ' as the reference path «* defined in the proof of the upper bound
of Proposition 6.5 in such a way that at the step k* — 1 the rectangular #* x (¢* — 1) s-cluster is as in 5 without the protuberance.
For k* < k < k* + £* — 1, we proceed as follows. At step k* the unit protuberance is added in the same position as in #, and in
the following steps the same side is filled flipping consecutively to s spins 1 that have two nearest neighbors with spin s. Thus,
o' NW, pos (M, pOS) = {n} and the condition of minimality is satisfied. By Proposition 6.10 the set depicted in (b) is a gate for

the transition m — Xpos\{m}. Thus, our aim is to prove that | J,. Xz \(m) ) is a minimal gate for the same transition.

Similarly to the previous case we show that for any # € |J, X\ (m

) there exists an optimal path o’ € Q

POS (z, & pos

) there exists an optimal path o’ € Q%"

Wpos(2. &, pos &\ {m
that ' N (U, .\ (m} Whos (2, pOS)\ n}) = @. We define this optirnal path o' as the reference path »* constructed in the proof of
the upper bound of Proposition 6.5 in such a way that at the step k* — 1 the rectangular £* x (#* — 1) s-cluster is as in # without the
protuberance. For k* < k < k* 4+ ¢* — 1, we proceed as follows. At step k* the unit protuberance is added in the same position as in
n, and in the following steps the same side is filled flipping consecutively to s spins 1 that have two nearest neighbors with spin s.

) such

Thus, @ nUzexm \(m Whpos (2, XPOS) = {n} and the condition of minimality is verified. Thus UZGXm pos(Zs pos) C Gpos(m, POS\{m
and we concluJe explomng [59, Theorem 5.1] and showing that any
1 € Spos(m, X\ (m))\ U Wios(2: X300 (6.32)
zGX

is an unessential saddle for the transition m — X" \{m}. To this end we prove that any 5 as in (6.32) satisfies conditions

pos
Remark 6.11(i) and (ii). Indeed, let w € .Q such that w n {#} # @. Note that condition (i) in Remark 6.11 is satisfied

. . opt
since w intersects at least once both W, (m, pos) and | J,¢ e\ Woos (2, X0 m. X\ (m

order to prove that also condition (ii) in Remark 6.11 is satlsﬁed From Propositions 6.7 and 6.10, there exist ny € woNW, OS(m Xpos)

and 75 € @ N Uyepn n \(m Whos (2, Pos) Thus, we construct o’ as the reference path defined in the proof of the upper bound of
Proposition 6.5 in stich a way that @’ N Wpee(m, X35 ) = {7}, o' N UZEX{)"OS\(m) Wpos(Z, X3 ) = {17} and {argmax,, H} = {n{,n;}. O

pos pos

pos \{m}
). Next we define an optimal path o’ € Q

6.4. Tube of typical paths: proof of the main results
In order to give the proof of Theorem 4.13, first we prove the following lemmas.

Lemma 6.12. For any m € S\{1}, consider the local minimum n € R, ,_ (m,1) with ¢ < ¢* and { € Ry ,(m,1) with £ < £* — 1. Let
C(n) and C({) be the non-trivial cycles whose bottom are n and ¢, respectively. Thus,

B(C) = B}_, ,_,(m, 1); (6.33)
B(C(&) = B)_, ,(m,1). (6.34)

Proof. For any m € S\{1}, let n, € Rf’f_l(m, 1) with # < #*. Using (4.17), our aim is to prove the following

B, ,_,(m1)=F(@Cn,)). (6.35)

In #,, for any v € V the corresponding v-tile (see before Lemma 5.10 for the definition) is one among those depicted in Fig. 4(a),
(b), (@), (e) and (n) with r = m. Starting from #,, the spin-flip to m (resp. 1) the spin 1 (resp. m) on a vertex whose tile is one among
those depicted in Fig. 4(b), (e) (resp. (a), (d)), the process visits a configuration ¢, such that

pos(o-l) - pos(”l) 22-h (6.36)

Thus, the smallest energy increase is given by 4 by flipping to m a spin 1 on a vertex v, centered in a tile as in Fig. 4(n) with r = m
Let n, := 111' e B; f o l(m ). In #,, for any v € V the corresponding v-tile is one among those depicted in Fig. 4(a), (b), (d), (e),
(n) and (1) with r = 1. Since Hpos() = Hpos(ny) + h, the spin-flips on a vertex whose tile is one among those depicted in Fig. 4(a),
(b), (d), (e) lead to Hpos(03) — Hpos(iry) 2 2. Thus, as in the previous case, the smallest energy increase is given by flipping to m a
spin 1 on a vertex v, centered in a tile as Fig. 4(n). Note that starting from #, the only spin-flip which decreases the energy leads
to the bottom of C(,), namely in #,. Iterating the strategy, the same arguments hold as long as the uphill path towards & (0C(#,))
visits n,_, € B 1o (m D). Indeed, in this type of configuration for any v € V the corresponding v-tile is one among those depicted
in Fig. 4(a), (b) (d) (e), (n) and unstable tile (s) with 7 = r = s = m, and it is possible to decrease the energy by passing to a

configuration that does not belong to C(5;). More precisely, there exists a vertex w such that its tile is as the one in Fig. 4(s) with

27



G. Bet et al. Stochastic Processes and their Applications 172 (2024) 104343

t = r = s = m. By flipping to m the spin 1 on w the energy decreases by 2 — h, and the process enters a new cycle visiting its bottom,
i.e., a local minimum belonging to R,_, ,_,(m, 1). Let us now note that

Hpos('lf—l) - Hpos(ﬂ]) = h( - 2). (6.37)

Since # < ¢*, comparing (6.36) with (6.37), we get that ,_; € F(3C(n,)), and (6.35) is verified.
Let us now consider for any m € S\{1} the local minimum ¢; € R, ,(m, 1) C Mpos with £ < £* — 1. Arguing similarly to the
previous case, we verify (6.34) by proving that

B, | ,(m1)=F@C¢&). O (6.38)

Lemma 6.13. For any m € S\{1}, consider the local minimum n € Rflfz(m, 1) with min{¢,¢,} > ¢*. Let C(n) be the non-trivial cycle
whose bottom is n. Thus,

B(Cn) =By , (m.1)UB, , (m1). (6.39)

Proof. For any m € S\{1}, let n, € R[lfz(m, 1) with #* < ¢, < ¢,. Using (4.17), our aim is to prove the following
B, ,(m1)UB, , (m1)=F(C(). (6.40)

In #,, for any v € V the corresponding v-tile is one among those depicted in Fig. 4(a), (b), (d), (e) and (n) with r = m. Let v; € V
such that the v,-tile is as the one depicted in Fig. 4(d), and let #, := ;11”"1. Note that if v, is adjacent to a side of length #,, then
n, € B} o, (m. 1), otherwise 1, € B o, (m, 1). Without loss of generality, let us assume that #, € Bél, ¢,(m.1). By simple algebraic
calculation we obtain that Hy,us(1,) = Hpos(;) = 2 — h. In 1, for any v € V' the corresponding uv-tile is one among those depicted in
Fig. 4(a), (b), (d), (e), (n) and (1) with r = 1. By flipping to 1 a spin m on a vertex w whose tile is as the one depicted in Fig. 4(1)
with r = 1 the energy decreases by h and the process enters a cycle different from the previous one that is either the cycle C whose
bottom is a local minimum belonging to Rfl +1,6,(m, 1), or a trivial cycle for which iterating this procedure the process enters C.
Thus, B;]’ /,(m,1) € 9C(n,). Similarly we prove that B}z_ s, (m. 1) € oC(ny).

Let us now note that starting from #,; the smallest energy increase is 4, and it is given by flipping to m a spin 1 on a vertex whose
tile is as the one depicted in Fig. 4(n) with r = m. Let us consider the uphill path w started in #, and constructed by flipping to
m all the spins 1 along a side of the rectangular ¢| x ¢, 1-cluster, say one of length #,. Using the discussion given in the proof of
Lemma 6.12 and the construction of w, we get that the process intersects dC(y) in a configuration ¢ belonging to B;Z—l, ‘ (m,1). By
simple algebraic computations, we obtain the following

Hpos(o') - Hpos(nl) =h(&; - 1). (6.41)

Since ¢, > £*, it follows that Hpo5(0) > Hpos()- Since by flipping to m (resp. 1) the vertex centered in a tile as depicted in Fig. 4(b),
(e) (resp. (a)), the energy increase is largest than or equal to 2 + A, it follows that (6.40) is satisfied. []

We are now able to prove Theorem 4.13.

Proof of Theorem 4.13. Following the same approach as [68, Section 6.7], we geometrically characterize the tube of typical
trajectories for the transition using the so-called “‘standard cascades”. See [68, Figure 6.3] for an example of these objects. We
describe the standard cascades in terms of the paths that are started in m and are vtj-connected to Xpos- See (4.20) for the formal
definition and see [63, Lemma 3.12] for an equivalent characterization of these paths. We remark that any typical path from m to
Xpos is also an optimal path for the same transition. In order to describe these typical paths we proceed similarly to [68, Section
7.4], where the authors apply the model-independent results given in [68, Section 6.7] to identify the tube of typical paths in the
context of the Ising model. Thus, we define a vtj-connected cycle-path that is the concatenation of both trivial and non-trivial cycles
that satisfy (4.19). In Theorem 4.9 we give the geometric characterization of all the minimal gates for the transition m — Xpos+ Let
1, be a configuration belonging to one of these minimal gates. We begin by studying the first descent from 7, both to m and to Xpos:
Then, we complete the description of ¥ Xos (m) by joining the time reversal of the first descent from 5, to m with the first descent
from 5, to Xpos:

Let us begin by studying the standard cascades from #; to m. Since a spin-flip from 1 to ¢ ¢ {1,m} implies an increase of the
energy value equal to the increase of the number of the disagreeing edges, we consider only the spin-flips from 1 to m on those
vertices belonging to the 1-cluster. Thus, starting from #; and given v; a vertex such that n;(v;) = 1, since Hpo5(11;) = @pog(m, Xpos)s
we get

Hpog(1,"™) = @pos(m, X3 ) + 1y (0)) = 1, (0)) + . (6.42)
It follows that the only possibility in which the assumed optimality of the path is not contradicted is the one where n,(v,) = 1 and
n,(v;) = 3. Thus, along the first descent from #; to m the process visits #, in which all the vertices have spin m except those, which
are 1, in a rectangular cluster £* x (¢* — 1), i.e., n, € Rﬁ_lﬁ(m, 1). According to (4.19) we have to describe the non-trivial cycle
whose bottom is #, and its principal boundary. Starting from #,, the next configuration along a typical path is defined by flipping
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to m a spin 1 on a vertex v, on one of the four corners of the rectangular 1-cluster. Indeed, since Hpo(1,) = @pos(m, Xpos) =2+ 1,
we have

vy,1

Hpos (1)) = Hpos(1y) + n1(02) = 1,y (02) + h = @pps(m, POS) =24 2h+ ny(vy) — n,(vy),

and the only possibility in which the assumed optimality of the path is not contradicted is n,(v,) = 2 and n,,(v,) = 2. Then, a typical
path towards m proceeds by eroding the #* — 2 unit squares with spin 1 belonging to a side of length #* — 1 that are corners of
the 1-cluster and that belong to the same side of v,. Each of the first £* — 3 spin-flips increases the energy by &, i.e., the smallest
energy increase for any single step of the dynamics, and these uphill steps are necessary in order to exit from the cycle whose
bottom is the local minimum #,. After these #* —3 steps, the process hits the bottom of the boundary of this cycle in a configuration
Ny« € B o1 pv_ (M 1), see Lemma 6.12. The last spin-update, that flips from 1 to m the spin 1 on the unit protuberance of the
1-cluster, decreases the energy by 2 — h. Thus, the typical path arrives in a local minimum 7, ,; € Ry«_j o+_;(m, 1), i.e., it enters a
new cycle whose bottom is a configuration in which all the vertices have spin 1, except those, which are 1, in a square (£*—1)x(£*—1)
1-cluster. Summarizing the construction above, we have the following sequence of vtj-connected cycles

() CRAE* = 2)), (B}, Ot (R(£* = 2)). (6.43)

Iterating this argument, we obtain that the first descent from 7, € Wyos(m, pos) to m is characterized by the concatenation of those
vtj-connected cycle-subpaths between the cycles whose bottom is a local minimum in which all the vertices have spin equal to m,
except those, which are 1, in either a quasi-square (£ — 1) X £ or a square (£ — 1) X (¢ — 1) for any # = ¢*, ..., 1, and whose depth
is given by h(¢ — 2). More precisely, from a quasi-square to a square, a typical path proceeds by flipping to m those spins 1 on one
of the shortest sides of the 1-cluster. On the other hand, from a square to a quasi-square, it proceeds by flipping to m those spins 1
belonging to one of the four sides of the square. Thus, a standard cascade from #»; to m is characterized by the sequence of those
configurations that belong to

% -1 -2
U [U B, ,m,)UR,_ ,m 1)U B, ,_ (m 1)U Ry, (m,1)|. (6.44)
¢=1li=1 I=1

Let us now consider the first descent from #; € B! o (m, 1) to XSOS = {1}. In order to not contradict the definition of an optimal

path, we have only to consider those steps which ﬂ1p to 1 a spin m. Indeed, adding a spin different from m and 1 leads to a
configuration with energy value strictly larger than @,q(m, X5 ). Thus, let w; be a vertex such that #,(w;) = m. Flipping the spin
m on the vertex w;, we get

pos

wy,l s
)= pos(m Xpos

Hpos (1, )+ n,(wy) —ny(wy) = h, (6.45)
and the only feasible choice is n,,(w;) = 2 and n,(w,) = 2 in 5,. Thus, ’71 le fo 1fx(m, 1), namely the bar is now of length two.
Arguing similarly, we get that along the descent to 1 a typical path proceeds by flipping from m to 1 the spins m with two nearest-
neighbors with spin 1 and two nearest-neighbors with spin m belonging to the incomplete side of the 1-cluster. More precisely,
it proceeds downhill visiting #; € B 1o (M 1) for any i = 2,...,¢* — 1 and 7j;+ € Ry p+(m,1). In order to exit from the cycle
whose bottom is 7.+, the process crosses the bottom of its boundary by creating a unit protuberance of spin 1 adjacent to one of
the four edges of the 1-square, i.e., visits {7j,+,,} where 7j,:,, € B! e (m, 1). Indeed, starting from 7, € R/*'f* (m, 1) the energy
minimum increase is obtained by flipping a spin m with three nearest-neighbors with spin 1 and one nearest-neighbor with spin m.
Starting from {7, }, a typical path towards 1 proceeds by enlarging the protuberance to a bar of length two to £* — 1, thus it visits
figpe.; € B! o ps (1) for any i = 2,...,£* — 1. Each of these steps decreases the energy by 4, and after them the descent arrives in the
bottom of the cycle, i.e., in the local minimum i+ € Rypw p+y1(m, 1). Then, the process exits from this cycle through the bottom of
its boundary, i.e., by adding a unit protuberance of spin 1 on any one of the four edges of the rectangular #* x (£* + 1) 1-cluster in
i+, see Lemma 6.13. Thus, it visits the trivial cycle {7+, }, where 7/, € Bﬂ e DU Bf*-H +(m, 1). Note that the resulting
standard cascade is different from the one towards m. Thus, summarizing the construction above, we have defined the following
sequence of vtj-connected cycles

(). CJ (A& = D) e 1}, CP (W™ = D). ey }- (6.46)

Note that if 7.+ € B;* K*+l(m 1), then the process enters the cycle whose bottom is a configuration belonging to R,s; s« (m,1).
On the other hand, if 7.« € B! o ee (M 1) then the standard cascade enters the cycle whose bottom is a configuration belonging to
Rf*f* 4+2(m, 1). In the first case the cycle has depth h¢*, in the second case the cycle has depth A(#* —1). Iterating this argument, we
get that the first descent from 7, to Xpos = {1} is characterized by vtj-connected cycle-subpaths from Rflfz(m, 1) to Rflfz +(m 1
defined as the sequence of those configurations belonging to B . (m1)forany/=1,...,¢, - 1. Enlarging the I-cluster, at a certain
point, the process arrives in a configuration in which this cluster is either a vertlcal or a horizontal strip, i.e., it intersects one of
the two sets defined in (4.25)-(4.26). If the descent arrives in &, (m, 1), then it proceeds by enlarging the vertical strip column
by column. Otherwise, if it arrives in é’é‘os(m 1), then it enlarges the horizontal strip row by row. In both cases, starting from a
configuration with an 1-strip, the path exits from its cycle by adding a unit protuberance with a spin 1 adjacent to one of the two
vertical (resp. horizontal) edges and increasing the energy by 2—h. Starting from the trivial cycle given by this configuration with an
1-strip with a unit protuberance, the standard cascade enters a new cycle and it proceeds downhill by filling the column (resp. row)

with spins 1. More precisely, the standard cascade visits K — 1 (resp. L — 1) configurations such that each of them is defined by the
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previous one flipping from m to 1 a spin m with two nearest-neighbors with spin m and two nearest-neighbors with spin 1. Each of
these spin-updates decreases the energy by 4. The process arrives in this way to the bottom of the cycle, i.e., in a configuration in
which the thickness of the 1-strip has been enlarged by a column (resp. row). Starting from this state with the new 1-strip, we repeat
the same arguments above until the standard cascade arrives in the trivial cycle of a configuration ¢ with an 1-strip of thickness
L —2 (resp. K —2) and with a unit protuberance. Starting from {c}, the process enters the cycle whose bottom is 1 and it proceeds
downhill either by flipping from m to 1 those spins m with two nearest-neighbors with spin m and two nearest-neighbors with spin
1, or by flipping to 1 all the spins m with three nearest-neighbors with spin 1 and one nearest-neighbor with spin m. The last step

flips from m to 1 the last spin m with four nearest-neighbors with spin 1. Note that if the vtj-connected cycle path (Cy, ..., C,) is such
that (Cy. ... C)NSpo(m. 1) # @ (resp. (C,....C NS (m. 1) # @), then (C,.....C)NS i (m. 1) = @ (resp. (Cy. ... C )nspvos(m ) =0).
Thus, the first descent from #, to Xpos is characterized by the sequence of those configurations that belong to
K-1 K-1 K-1 K-1 -1 -1 L-1
U Repmu U U U B, , (m.hu U U Repym )
O1=t* )= = L=t I= =% £H=t*
L-1 L-1 ¢5-1
U Bl ., (m DU Spog(m DU St (m, 1). (6.47)
O1=t* £y=¢* =1
Finally, the standard cascade from m to Xsos is given by (6.44)-(6.47). Finally, (4.28) follows by [63, Lemma 3.13]. []
Appendix

A.1. Additional material for Section 5.2

A.1.1. Definition 5.4
For any m € X%, we define a reference path @ : m — 1, @ = (o},...,wy,) as the concatenation of the two paths
oV =1 = a,, .. , @k _12) and @@ := (@k_1p2:---» m = @ ;). The path @ is defined as follows. We set @, := m. Then, we

) ' , where (i, j) denotes the vertex which belongs to the row r; and to the column ¢; of A, for some i =0,...,K — 1

define &, := @,

and j =0,...,L— 1 Sequentially, we flip clockwise from m to 1 all the vertices that surround the \lfertex (i,j) in order to depict a
3 x 3 square of spins 1. We iterate this construction until we get @_;2» € Rg_1 x_(m, 1). See [19, Figure 6(a)] for an illustration of
this procedure. This time the white squares denote those vertices with spin m, the black ones denote the vertices with spin 1. Note
that by considering the periodic boundary conditions the definition of & is general for any i and ;.

The path @® is defined as follows. Without loss of generality, assume that @k-1p € Rg_jg_1(m 1) has the cluster of
spin 1 in the first ¢j,...,cx_, columns, see [19, Figure 6(b)]. Starting from this last configuration D1y of @V, we define
@Dk_1)2417 - Dk-12+k-1 35 a sequence of configurations in which the cluster of spin 1 grows gradually by flipping the spins m
on the vertices (K — 1, j), for j =0,...,K — 2. Thus, Bk _12+k-1 € Rg_1x(m, 1), as depicted in [19, Figure 6(c)]. Finally, we define
@192+ - » Dk 1 S a sequence of configurations in which the cluster of spin s grows gradually column by column. More precisely,
starting from @ _j2,x_) € Rg_1x(m, 1), @® passes through configurations in which the spins m on columns c, ...,c;_; become
1. The procedure ends with @g; = m.

A.1.2. Proof of Lemma 5.5

Consider the reference path of Definition 5.4 and note that for any i = 0,..., KL, N|(®;) = i. The reference path may be
constructed in such a way that @« «_y) = 0. Let v i= (@ps(px_1) = 6, Dps(g+_1)—1> -+ @y = m) be the time reversal of the subpath
(@gs -+ » Dps(pv_1y) Of @. We claim that maxge, Hpos(§) < 4% — h(€*(€* — 1) + 1) + Hpog(m). Indeed, @pe(pe_1) = 0, @ps(pr_1y—15 -+ » @y 18
a sequence of configurations in which all the spins are equal to m except those, which are 1, in either a quasi-square # x (£ — 1) or
a square (¢ — 1) X (¢ — 1) possibly with one of the longest sides not completely filled. For any # = £*, ..., 2, the path y moves from
Rss_1(m,1)to R,_; ,_(m, 1) by flipping to m the # — 1 spins 1 on one of the shortest sides of the I-cluster. In particular, @),
is obtained by @,(,_;) € Ry ,_,(m, 1) by flipping the spin on a corner of the quasi-square from 1 to m and this increases the energy
by h. The next ¢ — 3 steps are defined by flipping the spins on the incomplete shortest side from 1 to m, thus each step increases
the energy by h. Finally, &,_,2 € R,_; ,_(m,1) is defined by flipping the last spin 1 to m and this decreases the energy by 2 — h.
For any ¢ = ¢*,...,2, h(£ —2) < 2 — h. Indeed, from (3.14) and from Assumption 4.1, we have 2 — h > h(¢* — 2) > h(¢ — 2). Hence,
maxse, Hpog(§) = Hpos(0) = 46% — A(* (€% = 1)+ 1) = (2 = h) + Hpoe(m) and the claim is verified. []

A.1.3. Proof of Lemma 5.6

Let m € Xg’os and let ¢ € Bi* . ﬂ(m, 1). Consider the reference path of Definition 5.4 and assume that it is constructed in
such a way that @g««_y)4 = 0. Let y := (@pr(pr—tyyn = O @pr(pv_1)43s ---» Dk 1, 1). Our aim is to prove that max.c, Hpos(§) <
42 = h(£"(£* =)+ 1)+ Hpos(m). In particular, we prove this claim by showing that max.c; Hpoo(§) =427 —h(£* (" — D+ 1) + Hpyog(m)
and that y does not visit the unique configuration in which this maximum is reached.

Consider # < K — 2. We recall that &V is defined as a sequence of configurations in which all the spins are equal to m except
those, which are 1, in either a square # X # or a quasi-square £ x (¢ — 1) possibly with one of the longest sides not completely filled.

For some £ < K —2, let @y,_y) € Ry_; »(m,1) and @,2 € R, ;(m. 1), then

max | Hios(0) = Hios(@pp1ys1) = 46 = he* + ht — h+ Hpog(m). (A1)

OE{@p(p—1)@Dp(f—1)+1D 2
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Hpos ((‘D(Kfl)2+1)

N H)os (:}K— 24K
HPOS(W(K—1)2+K_1) pos(. (K-1)%+ )

Hpos (@(1(71)24»21()

\ Hipos (1)

Fig. A.16. Qualitative illustration of the energy of the configurations belonging to @®.

Hpos (Q(I(71)2+2K71)

Otherwise, if @,2 € Ry ,(m.1) and @41, € Ry p41(m. 1), then

max Hpog(0) = Hpog(@p2,) = 4¢ = he® +2 = h+ Hpog(m). (A.2)

OE{®,2.0 42 v Bp(r41)}

Let k* := £*(¢* — 1) + 1. By recalling the condition % & N of Assumption 4.1 and by studying the maxima of H as a function of
¢, we have

arg maxg Hyos = {@px }- (A.3)
Note that if % belonged to N, then @+ and &+, would have the same energy value.
Let us now study the maximum energy value reached along @®. This path is constructed as a sequence of configurations whose

clusters of spins 1 wrap around A. Moreover, the maximum of the energy is reached at the first configuration of &, see Fig. A.16
for a qualitative representation of the energy of the configurations in @®. Indeed,

Hpos(@k—124) = Hpos @k —1y24j-1) = =2 = h, j=2,....K~1,

Hypos(@k—1y24x) = Hpos( @ _124x-1) =2 = h,

Hpos(@k_194)) = Hpos(@k_1p4j) = —h, j=K+1,...,2K 1,

Hpos(@(K—1)2+2K) - Hpos(d)(l(—])2+2k—l) =2-h
Note that

Hopos(@ _1241) = Hpos (@ _1p4x) = 4K —4 = h(K = 1)* = 2K — h((K = 1)? + K))

=2K-4+hK-1)>0, A9

where the last inequality follows by K > 3¢*. Moreover,

Hpos @k~ 124 k)~ Hpos @k 1242K)
— 2K 42— h(K =12 +2K 2K +2—h(K =12 +K)=K > 0. (A.5)

By iterating the analysis of the energy gap between two consecutive configurations along @, we conclude that
arg maxge Hpos = {@g_1y241 }- (A.6)
In particular,
Hopos @k —19241) < Hpos (@) (A7)
This inequality is proved in [19, Appendix A.1]. Hence, arg maxgHp,os = {@-}. Since y is constructed as the subpath of @ which

goes from @ «(,+_1)4, = 0 to 1, y does not visit the configuration @;.. Hence, the claim is verified. []

A.1.4. Proof of Proposition 5.8

For any k = 1,...,|V], let V,i :={o € X : N|(c) = k}. Every path w from any m € {2,...,q} to the stable configuration 1 has to
intersect the set Vll for every k = 1,...,|V|. In particular, it has to visit the set V,i at least once, where k* = £*(¢* — 1)+ 1. We prove
the lower bound given in (5.10) by showing that HPOS(P/‘-(V]*)) =47" — h(@*(¢* — 1) + 1) + Hpe(m). Note that from (5.5), we get
that the presence of disagreeing edges increases the energy. Thus, in order to describe the bottom % (V!,) we have to consider those
configurations in which the #*(¢* — 1) + 1 spins 1 belong to a unique cluster inside a homogeneous sea of spin m € S\{1}. Hence,
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consider @ be the reference path of Definition 5.4 whose configurations satisfy this characterization. Note that @n V,i = {@+} with

@+ € B! (m, 1). In particular,

Cx=1,0%
Hpos(d)k*) - Hpos(m) =40" - h(?f)*(f* - 1) + 1), (A.S)

where 4¢* is the perimeter of the cluster of spins 1 in @,.. We want to show that it is not possible to have a configuration with k*
spins 1 in a cluster of perimeter smaller than 4¢*. Since the perimeter is an even integer, we suppose that there exists a configuration
belonging to V!, such that the I-cluster has perimeter 4£* — 2. Since 4¢* — 2 < 41/k*, where Vk* is the side-length of the square

k* X \/k_* of minimal perimeter among those in R? of area k*, using that the square is the figure that minimizes the perimeter for
a given area, we conclude that there is no configuration with k* spins 1 in a cluster with perimeter strictly smaller than 4/*. Hence,
@ € F(V),) and (5.10) is satisfied thanks to (A.8). []

A.1.5. Proof of Lemma 5.9

Letm € A% . In the proof of Proposition 5.8 we noted that any path @ : m — 1 has to visit V]: at least once for every
k=0,...,|V|. Consider V! In [2, Theorem 2.6] the authors show that the unique configuration of minimal energy in V!

G HGE))
is the one in which all spins are m except those that are 1 in a quasi-square #* x (£* — 1). In particular, this configuration has

energy @po(m, X5 ) — (2 - h) = 4% =2 — he*(f* - 1) + Hpos(m). Note that 4¢* — 2 is the perimeter of its 1-cluster. Since the

pos
perimeter is an even integer, we have that the other configurations belonging to V! have energy that is larger than or equal

£ (f* =1
to 4% — he*(f* — 1)+ Hpos(m). Thus, they are not visited by any optimal path. Indeed, 4¢* — h¢*(£* — 1) + Hpos(m) > @, (m, XSOS).
Thus, we conclude that any optimal path intersects v;* @1 in a configuration belonging to Ry«_; »+(m,1). O

A.2. Additional material for Section 6.2

A.2.1. Proof of Corollary 6.6
Every path from m € Xpos to the other metastable configurations in Xpos \{m} has to pass through the set V' := {c € & :
N,,(0) = k} for any k = |V],...,0. In particular, given k* := £*(£* — 1)+ 1, any o = (o, ... ,®,) € .Q"m”;m \(m)
>“Lpos

the set Vl”}”_k* = 9&5. Hence, there exists i € {0,...n} such that w; € 9;’35. Thanks to (6.5) and to (6.19) we have that the energy

value of any configuration belonging to % (2" ) is equal to the min-max reached by any optimal path from m to X \{m}. Thus,

pos pos
we conclude that w; € F (9;’05). O

visits at least once

A.2.2. Proof of Proposition 6.7
Forany m € S, m # 1, let Qfl;"os and 951;'35 be the subsets of (91;';)5) defined as follows. 95"65 is the set of those configurations of

F(Dpy) in which the boundary of the polyomino C'(c) intersects each side of the boundary of its smallest surrounding rectangle

R(C'(0)) on a set of the dual lattice Z? + (1/2,1/2) made by at least two consecutive unit segments, see Fig. 15(a). On the other
hand, Qfg'os is the set of those configurations of # (93)5) in which the boundary of the polyomino C! (o) intersects at least one side of

the boundary of R(C'(0)) in a single unit segment, see Fig. 15(b) and (c). In particular note that & (9[’)'6 S = 951;'1)5 V] 91;'2)5. The proof
proceeds in five steps.
Step 1. Our first aim is to prove that

DI = Wios(m, X3 )UW, (m, X5 ). (A9

pos pos pos pos

From (4.11) we have Wpos(m, X5 )uUW. m,XS ) € D™ . Thus we reduce our proof to show that ¢ € 2" implies ¢ €

pos pos pos’ = pos*® pos
Wpos(m, XSOS)UWI’)OS(m, XJos)- Note that this implication is not straightforward, since given ¢ € 2" , the boundary of the polyomino

pos’

C!(o) could intersect the other three sides of the boundary of its smallest surrounding rectangle R(C'(c)) in a proper subsets of the
sides itself, see Fig. 15(d) for an illustration of this hypothetical case. Hence, consider ¢ € Qfl;"os and let R(C'(6)) = R+ oyt 4n)
with a,b € Z. In view of the proof of Lemma 6.1 we have that C!(c) is a minimal polyomino and by [33, Lemma 6.16] it is also

convex and monotone, i.e., its perimeter of value 4/* is equal to the one of R(C!(c)). Hence, the following equality holds

4% = 46" + 2(a+ D). (A.10)

In particular, (A.10) is satisfied only by a = —b. Now, let R be the smallest rectangle surrounding the polyomino, say C'(c), obtained
by removing the unit protuberance from C!(¢). If C!(s) has the unit protuberance adjacent to a side of length #* + a, then R is a
rectangle (£* 4+ a)x (£* —a—1). Note that R must have an area larger than or equal to the number of spins 1 of the polyomino C'(¢),
that is #*(¢* — 1). Thus, we have

Area(R)= (¢* +a)(¢* —a—- D)= - 1) —ad* —a2 5" - 1) < —-a*-a>0. (A.11)

Since a € Z, —a* — a > 0 is satisfied only if either a = 0 or a = —1. Otherwise, if C'(c) has the unit protuberance adjacent to a side
of length #* — a, then R is a rectangle (£* +a — 1) X (£* — a) and

Area(R) = (* +a- D —a) =" =) —a*+a> 5" = 1) < —-a*+a>0. (A.12)

Since a € Z, —a®> + a > 0 is satisfied only if either a = 0 or a = 1. In both cases we get that R is a rectangle of side lengths #* and
¢* — 1. Thus, if the protuberance is attached to one of the longest sides of R, then ¢ € Wpos(m, X;’DS), otherwise ¢ € Wl’)os(m, XSOS)~
In any case we conclude that (A.9) is satisfied.
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Step 2. For any m € X and for any path o = (w,, ..., ®,) € Q:ﬁ"ﬁ”os\{m)’ let
@) 1= (i €N : @, € F(DI). Ni(@_) = 5" = 1), Ny(_) = Al - (" = D). (A13)

opt

We claim that g,(w) # @. Let 0 = (®,...,w,) € 2 ) and let j* < n be the smallest integer such that after j* the path

m&x" \{m =
pos
leaves 9{,’3: , e, (@p,....0) N 9{,’2;: = @. Since w;._; is the last configuration in 9{,’(';;“, it follows that ;. € 27 and, by
the proof of Corollary 6.6, we have that wp € F (@67»)' Moreover, since wj._; is the last configuration in 9;'3:, we have that

N,(@j«_1) = |A|=£*(¢* - 1) and ;. is obtained by w;._; by flipping a spin m from m to s # m. Note that N,,(w«_;) = [A|=£*(£* ~1)
implies Ny(w;«_;) < £*@* — 1) for any s € S\{m}. By Lemma 6.1, 0w € 97(91')’85) implies Ny(@;«) = £*(¢* — 1) + 1, thus
Ny(@j«_;) < £*(@* = 1) is not feasible since w;« and w;._, differ by a single spin update which increases the number of spins 1
of at most one. Then, j* € g, (w) and the claim is proved.

opt
R m'X{Jnos\(m) B
there exists i € g,,(w) such that w; ¢ Dios and w; € Dpos- Since w;_; is obtained from w; by flipping a spin 1 to m and since any

configuration belonging to Dpos has all the spins 1 with at least two nearest neighbors with spin 1, using (2.8) we have

one has w; € 955”05 for any i € g,,(w). We argue by contradiction. Assume that

Step 3. We claim that for any path w € Q

Hpog(@;_1) = Hpos(@;) > (2 =2)+ h=h> 0. (A.14)
In particular, from (A.14) we get a contradiction. Indeed,
¢5]os > Hpos(@;_1) > Hpos(0;) = Hpyos(m) + Ipog(m, Xl”"os\{m}) = @po5(m, Xlg"os\{m}), (A.15)

where the equality follows by (6.5). Thus by (A.15) w is not an optimal path, which is a contradiction, the claim is proved and we

conclude the proof of Step 3.
Step 4. Now we claim that for any m € Xglos\{ m} and for any path w € Q;itf‘fﬁ"os\ (m)?

0, €F (DN ) = w;_|, 0, & QZIS':)S. (A.16)

pos

.:ftxm \(m) there exists an integer i such that w; € & (9;’;5). Assume by
' pos

contradiction that w;,; € 2. In particular, since ; and w,;, have the same number of spins m, note that w,,, is obtained by

flipping a spin 1 from 1 to 7 # 1. Since w;(v) # ¢ for every v € V, the above flip increases the energy, i.e., Hpyos(@i11) > Hpog(@)).

Hence, using this inequality and (6.5), we have

Using Corollary 6.6, for any m € Xios and any path w € Q

DD > Hypog(@11) > Hpo(;) = Hpog(m) + Fpog(m, X%\ (m}) = dpog(m, X7\ (m}), (A.17)

which implies the contradiction because o is not optimal. Thus w;,; & 2 and similarly we show that also w;_; & D[
opt

m~X£"os\(m)
). Arguing by contradiction, assume that there exists w € Q% ! such that w n Wpos(m, X5 ) = @.

m&X" \{m} pos
Thanks to Corollary 6.6, we know that w visits (Dpos) and thanks to Step 4 we have that the configurations along » belonging to
F (I

bos) are not consecutive. More precisely, they are linked by a sub-path that belongs either to 913'3: or 9;'3; . If n is the length

of , then let j < n be the smallest integer such that w; € (@;’gs) and such that (@;,...,®,) N 9{,’2: = @, thus, j € g,(w) since

J plays the same role of j* in the proof of Step 2. Using (A.9), Step 3 and the assumption N Wy,(m, Xoos) = @, it follows that

; € W{JOS(m’ Xpos)- Moreover, starting from o; € & (Dpos) the energy along the path decreases only by either

Step 5. In this last step of the proof we claim that for any m € Xos and for any path w € Q there exists a positive integer

i such that ®; € Wp,s(m, X3

pos

(i) flipping the spin in the unit protuberance from 1 to m, or
(i) flipping a spin, with two nearest neighbors with spin 1, from m to 1.

Since by the definition of j we have that w i1 is the last that visits 921;'3: , Wiy & 9;'};;’, (i) is not feasible. Considering (ii), we have
Hpyos(@;11) = Hypog(m) + Tos(m, X7\ {m}) — h. Starting from w;,, we consider only moves which imply either a decrease of energy
or an increase by at most 4. Since C l(60,-+1) is a polyomino #* x (¢* — 1) with a bar made of two adjacent unit squares on a shortest

side, the only feasible moves are

(iii) flipping a spin, with two nearest neighbors with spin m, from m to 1,
(iv) flipping a spin, with two nearest neighbors with spin 1, from 1 to m.

By means of the moves (iii) and (iv), the process reaches a configuration ¢ in which all the spins are equal to m except those,
that are 1, in a connected polyomino C'(c) that is convex and such that R(C'(s)) = R+ 4 1)xe#—1)- We cannot repeat the move
(iv) otherwise we get a configuration that does not belong to Dhos While applying one time (iv) and iteratively (iii), until we fill
the rectangle R/« )x+—1) with spins 1, we get a set of configurations in which the one with the smallest energy is ¢ such that
Cl(c) = R(C'(0)). Moreover, from any configuration in this set, a possible move is reached by flipping from m to 1 a spin m with
three nearest neighbors with spin m that implies to enlarge the circumscribed rectangle. This spin-flip increases the energy by 2 — h.
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Thus, we obtain
DL > 42% — h(¢* + 1)(¢* = 1) + 2 = h+ Hpyo(m)
> Fpos(m’ Xl;')nos\{m}) + Hpos(m) = q)pos(m’ X{,nos\{m})s (A18)

which is a contradiction by the definition of an optimal path. Note that the last inequality follows by 2 > a(Z* — 1) since 0 < h < %,

opt .
, namely Whos(m, XSOS) is

see Assumption 4.1. It follows that it is not possible to have w N Wjos(m, X7 ) = @ for any w € e o\ (m)

a gate for this type of transition. []
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