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Abstract

We consider an inhomogeneous Erdős–Rényi random graph ensemble with exponen-
tially decaying random disconnection probabilities determined by an independent and
identically distributed field of variables with heavy tails and infinite mean associated
with the vertices of the graph. This model was recently investigated in the physics liter-
ature (Garuccio, Lalli, and Garlaschelli 2023) as a scale-invariant random graph within
the context of network renormalization. From a mathematical perspective, the model fits
in the class of scale-free inhomogeneous random graphs whose asymptotic geometrical
features have recently attracted interest. While for this type of graph several results are
known when the underlying vertex variables have finite mean and variance, here instead
we consider the case of one-sided stable variables with necessarily infinite mean. To
simplify our analysis, we assume that the variables are sampled from a Pareto distribu-
tion with parameter α ∈ (0, 1). We start by characterizing the asymptotic distributions of
the typical degrees and some related observables. In particular, we show that the degree
of a vertex converges in distribution, after proper scaling, to a mixed Poisson law. We
then show that correlations among degrees of different vertices are asymptotically non-
vanishing, but at the same time a form of asymptotic tail independence is found when
looking at the behavior of the joint Laplace transform around zero. Moreover, we present
some findings concerning the asymptotic density of wedges and triangles, and show a
cross-over for the existence of dust (i.e. disconnected vertices).
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1. Introduction

We consider a class of inhomogeneous Erdős–Rényi random graphs on n vertices. Our ver-
tex set V is denoted by [n] = {1, 2, . . . , n} and on each vertex we assign independent weights
(or ‘fitness’ variables) (Wi)i∈[n] distributed according to a common distribution FW (·) with
1 − FW (x) ∼ x−α for some α ∈ (0, 1). Therefore, the weights have infinite mean. Conditioned
on the weights, an edge between two distinct vertices i and j is drawn independently with
probability

pij = 1 − exp(−εWiWj), (1.1)

where ε is a parameter tuning the overall density of edges in the graph and playing a crucial
rule in the analysis of the model. This inhomogeneous random graph model with infinite-mean
weights has recently been proposed in [19] in the statistical physics literature, where it was
studied as a scale-invariant random graph under hierarchical coarse-graining of vertices. In
particular, the model follows from the fundamental requirement that both the connection prob-
ability pij and the fitness distribution FW (x) retain the same mathematical form when applied to
the ‘renormalized’ graph obtained by agglomerating vertices into equally sized ‘supervertices’,
where the fitness of each supervertex is defined as the sum of the fitnesses of the constituent
vertices [19]. This agglomeration process provides a renormalization scheme for the graph
[16] that, by admitting any homogeneous partition of vertices, does not require the notion of
vertex coordinates in some underlying metric space, unlike other models based on the idea of
geometric renormalization where ‘closer’ vertices are merged [7, 17]. We summarize the main
ideas behind the original model later in this paper.

More generally, (1.1) represents a special example of connection probability between ver-
tices i and j defined as κn(Wi,Wj), where κn : [0,∞)2 → [0, 1] is a well-behaved function and
the weights are drawn independently from a certain distribution. In the physics literature, these
are called ‘fitness’ or ‘hidden variable’ network models [8, 10, 18]. In the mathematical liter-
ature, a well-known example is the generalized random graph model [11, 31]. In most cases
considered in the literature so far, due to the integrability conditions on κn and moment prop-
erties of FW , these models have a locally tree-like structure. We refer to [32, Chapter 6] for
the properties of the degree distribution and to [9, 33] for further geometric structures. Models
with exactly the same connection probability as in (1.1), but with finite-mean weights, have
previously been considered [3, 4, 24, 27, 31]. In this article we are instead interested in the
non-standard case of infinite-mean weights, corresponding to the choice α ∈ (0, 1) as men-
tioned above. The combination of the specific form of the connection probability (1.1) and
these heavy-tailed weights makes the model interesting. We believe that certain mathematical
features of an ultra-small world network, where the degrees exhibit infinite variance, can be
captured by this model. In this case, due to the absence of a finite mean, the typical distances
may be much slower than the doubly logarithmic behavior (in relation to the graph’s size)
observed in ultra-small networks (refer to [36] for further discussion on this).

Another model where a connection probability similar to (1.1) occurs, but with an additional
notion of embedding geometry, is the scale-free percolation model on Z

d. The vertex set in
this graph is no longer a finite set of points, and the connection probabilities also depend on
the spatial positions of the vertices. Here we also start with independent weights (Wx)x∈Zd

distributed according to FW (·), where FW has a power law index of β ∈ (0,∞); conditioned on

https://doi.org/10.1017/jpr.2025.10037 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10037


Inhomogeneous random graphs with infinite-mean fitness 377

the weights, vertices x and y are connected independently with probability

p̃xy = 1 − exp

(
− λWxWy

‖x − y‖s

)
,

where s and λ are some positive parameters. The model was introduced in [13], where it was
shown that the degree of distribution has a power-law exponent of parameter −τ = −sβ/d.
The asymptotics of the maximum degree was derived recently in [5] and further properties of
the chemical distances were studied in [14, 21, 35]. In some cases the degree can be infinite
too. The mixing properties of the scale-free percolation on a torus of side length n was studied
in [12]. In our model, the distance term ‖x − y‖−s is not present and hence on one hand the
form becomes easier, but on the other hand many useful integrability properties are lost due to
the fact that interactions do not decay with distance.

In this paper we show some important properties of our model. In particular, we show that
the average degree grows like log n if we choose the specific scaling ε= n−1/α . In this case,
the cumulative degree distribution behaves roughly like a power law with exponent −1. In
the literature for random graphs with degree sequences having infinite mean, this falls in the
critical case of exponent τ = 1. The configuration model with given degree sequence (Di)i∈[n],
independently and identically distributed with law D having a power-law exponent τ ∈ (0, 1),
was studied in [30]. It was shown that the typical distance between two randomly chosen
points is either 2 or 3. It was also shown that for τ = 1 similar ultra-small-world behavior is
true. Instead of the configuration model, we study the properties of the degree distribution for
the model, which also naturally gives rise to degree distributions with power-law exponent
−1. Additionally, we investigate certain dependencies between the degrees of different ver-
tices, the asymptotic density of wedges and triangles, and some first observations on the subtle
connectivity properties of the random graph.

The rest of the paper is organized as follows: in Section 2 we state our main results, in
Section 3 we discuss the connection to the original model [19], and finally in Sections 4, 5, and
6 we prove our results.

2. Model and main results

The formal definition of the model considered here reads as follows. Let the vertex set be
given by [n] = {1, 2, . . . , n} and let ε= εn > 0 be a parameter that depends on n. For notational
simplicity, we will drop the subscript n from εn throughout the paper, except where the context
needs it. The random graph with law P is constructed in the following way:

(i) Sample n independent weights (Wi), under P, according to a Pareto distribution with
parameter α ∈ (0, 1), i.e.

1 − FW (w) = P(Wi >w) =
{

w−α, w> 1,

1, 0<w ≤ 1.
. (2.1)

(ii) For all n ≥ 1, given the weights (Wi)i∈[n], construct the random graph Gn by joining
edges independently with probability given by (1.1). That is,

pij := P(i ↔ j | Wi,Wj) = 1 − exp(−εWiWj), (2.2)

where the event {i ↔ j} means that vertices i and j are connected by an edge in the graph.
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378 L. AVENA ET AL.

We will denote the above random graph by Gn(α, ε) as it depends on the parameters α and
ε. Self-loops and multi-edges are not allowed, and hence the final graph is given by a simple
graph on n vertices. Note that in choosing the distribution of the weights in (2.1) we could
alternatively have started with a regularly varying random variable with power-law exponent
−α, i.e. P(Wi >w) = w−αL(w) where L(·) is a slowly varying function, i.e., for any t> 0,

lim
w→∞

L(wt)

L(w)
= 1.

It is our belief that most of the results stated in this article will go through in the presence of
a slowly varying function, even if the analysis is more involved. In particular, as we explain in
Section 3, in the approach of [19] the weights are drawn from a one-sided α-stable distribution
with scale parameter γ , and not from a Pareto (the α-stable following from the requirement
of invariance of the fitness distribution under graph renormalization). We expect that the com-
putations will go through if we assume P(Wi >w) ∼ w−α as w → ∞, which is the case for
α-stable distributions. In this work, however, we refrain from going into this technical side.

In terms of notation, convergence in distribution and convergence in probability will be

denoted respectively by
d−→ and

P−→. E[·] is the expectation with respect to P, and the con-
ditional expectation with respect to the weight W of a typical vertex is denoted by EW [·] =
E[· | W]. We write X | W to denote the distribution of the random variable X conditioned on the
variable W. Let (aij)1≤i,j≤n be the indicator variables (1i↔j)1≤i,j≤n. As standard, as n → ∞ we
will write f (n) ∼ g(n) if f (n)/g(n) → 1, f (n) = o(g(n)) if f (n)/g(n) → 0, and f (n) = O(g(n)) if
f (n)/g(n) ≤ C for some C> 0, for n large enough. Lastly, f (n) � g(n) denotes that there exist
positive constants c1 and C2 such that

c1 ≤ lim inf
n→∞

f (n)

g(n)
≤ lim sup

n→∞
f (n)

g(n)
≤ C2.

Finally, we use A ∨ B to represent max{A, B}, the maximum of two numbers A and B.

2.1. Degrees

Our first theorem characterizes the behavior of a typical degree and of the joint distribution
of the degrees. Consider the degree of vertex i ∈ [n], defined as Dn(i) =∑

j 
=i aij, where aij

denotes the entries of the adjacency matrix of the graph, i.e.

aij =
{

1 if i ↔ j,

0 otherwise.

Theorem 2.1 (Scaling and asymptotics of the degrees.) Consider the graph Gn(α, ε) and let
Dn(i) be the degree of the vertex i ∈ [n].

(i) Expected degree: The expected degree of a vertex i scales as

E[Dn(i)] ∼ −(n − 1)	(1 − α)εα log εα

as ε ↓ 0. In particular, if ε= n−1/α then we have

E[Dn(i)] ∼ 	(1 − α) log n as n → ∞. (2.3)
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(ii) Asymptotic degree distribution: Let ε= n−1/α . Then, for all i ∈ [n], Dn(i)
d−→ D∞ as

n → ∞, where D∞ is a mixed Poisson random variable with parameter 
= 	(1 −
α)Wα , where W has distribution (2.1). Additionally, we have

P(D∞ > x) ∼ 	(1 − α)x−1 as x → ∞. (2.4)

(iii) Asymptotic joint degree behavior: Let D∞(i) and D∞( j) be the asymptotic degree
distributions of two arbitrary distinct vertices i, j ∈N. Then

E
[
tD∞(i)sD∞( j)] 
=E

[
tD∞(i)]

E
[
sD∞( j)] for fixed t, s ∈ (0, 1), (2.5)

and for s, t sufficiently close to 1 we have∣∣E[tD∞(i)sD∞( j)]−E
[
tD∞(i)]

E
[
sD∞( j)]∣∣

≤ O

(
(1 − s)(1 − t) log

((
1 + 1

	(1 − α)(1 − s)

)(
1 + 1

	(1 − α)(1 − t)

)))
+ C((1 − t) + (1 − s)) (2.6)

for some constant C ∈ (0,∞).

We prove Theorem 2.1 in Section 4. The first part of the result shows that, in the chosen
regime, the average degree of the graph diverges logarithmically. This indeed rules out any
kind of local weak limit of the graph. We also see in the second part that, asymptotically,
degrees have cumulative power-law exponent −1, for any α ∈ (0, 1). This rigorously proves
a result that was observed with different analytical and numerical arguments in the original
paper [19], as we further discuss in Section 3. It is expected that when ε= n−1/α , we should
have P(Dn(i)> x) � x−1 as x → ∞.

The third part of the result deserves further comment. Indeed, (2.5) shows that D∞(i) and
D∞( j) are not independent. In the generalized random graph model, this is a surprising phe-
nomenon. If we consider a generalized random graph with weights as described in (2.1) and

p̃ij = WiWj

n1/α + WiWj
,

then it follows from [32, Theorem 6.14] that the asymptotic degree distribution has the same
behavior as our model and the asymptotic degree distributions are independent. Although
there is no independence as (2.5) shows, we still believe that∣∣P(D∞(i)> x,D∞( j)> x) − P(D∞(i)> x)P(D∞( j)> x)

∣∣= o(P(D∞(i)> x)P(D∞( j)> x))
(2.7)

holds, and hence the limiting vector will be asymptotically tail independent. Although not
provided with a rigorous proof yet, this conjecture is supported by numerical simulations
(see Fig. 1). Such a property of limiting degree was observed and proved using a multivariate
version of Karamata’s Tauberian theorem for preferential attachment models, see [26]. In our
case, (2.7) would be valid, given an explicit characterization of the complete joint distribution
of the asymptotic degrees. Currently, we have not been able to verify the conditions outlined
in [26] for the application of their general multivariate Tauberian theorem. We hope to address
this question in the future.
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FIGURE 1. Asymptotic tail independence between degrees. Scatterplot of the degrees of the vertices with
labels 1 and 2 (assigned randomly but fixed for every realization in the ensemble). Each point in the plot
corresponds to one of 2000 realizations of a network of N = 2000 vertices, each generated as described

at the beginning of Section 2 (see (2.1) and (2.2)).

2.2. Wedges, triangles, and clustering

Our second result concerns the number of wedges and triangles associated with a typical
vertex i ∈ [n], defined respectively as

Wn(i) := 1

2

∑
j 
=i

∑
k 
=i,j

aijaik, �n(i) = 1

6

∑
j 
=i

∑
k 
=i,j

aijaikajk.

Theorem 2.2. (Triangles and wedges of typical vertices.) Consider the graph Gn(α, ε) and let
Wn(i) and �n(i) be the numbers of wedges and triangles at vertex i ∈ [n]. Then:

(i) Average number of wedges: E[Wn(i)] � εαn2 as ε ↓ 0. In particular, when ε= n−1/α ,
E[Wn(i)] � n.

(ii) Asymptotic distribution of wedges: Let ε= n−1/α . Then Wn(i)
d−→W∞(i), where

W∞(i) = D∞(i)(D∞(i) − 1) with D∞(i) as in Theorem 2.1. Also,

P(W∞(i)> x) ∼ 	(1 − α)x−1/2 as x → ∞.

(iii) Average number of triangles: Let i ∈ [n]. The average number of triangles grows as
E[�n(i)] � ε3α/2n2 as ε ↓ 0. In particular, when ε= n−1/α we have E[�n(i)] � √

n as
n → ∞.

(iv) Concentration for the number of triangles: Let ε= n−1/α and �n =∑
i∈[n] �n(i) be the

total number of triangles. Then

�n

E[�n]
P−→ 1,

�n(i)

E[�n(i)]
P−→ 1.
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Remark 2.1. (Global and local clustering.) Let Wn =∑
i∈[n] Wn(i) be the total number of

wedges. We see from Theorem 2.2 that E[�n]/E[Wn] � εα/2 as ε→ 0. This shows in a quan-
titative form that the graph is not highly clustered from the point of view of the global count
of triangles. In particular, in the scale of ε= n−1/α , the above ratio goes to zero like n−1/2.
However, this does not mean that the graph is not highly clustered from the point of view of
the local count of triangles around individual vertices. Indeed, simulations in [19] of the aver-
age local clustering coefficient suggest that the graph is locally clustered (see also Section 3). A
dissimilarity in the behavior of local and global clustering coefficients has also been observed
in different inhomogeneous random graph models; see, for example, [23, 34, 37]. We do not
consider the local clustering here.

2.3. Connectedness: Some first observations

Connectivity properties of inhomogeneous random graphs were studied in the sparse set-
ting in [9]. The connectivity properties when the connection probabilities are of the form
min{1, κ(Wi,Wj)log n/n} with κ being a square-integrable kernel were studied in [15]. Note
that due to the dependency of ε in our pij, this does not fall in this setting; as such, connectivity
properties of this ensemble would deserve a new detailed analysis, which will be addressed
elsewhere. We close this first rigorous work on this ensemble by pointing out that connectivity
properties heavily depend on the ε regime considered, as can be already appreciated by looking
at the presence of dust (i.e. isolated points in the graph). Indeed, the following and previous
statements show a cross-over for the absence of dust at the ε scale ( log n/n)1/α .

Proposition 2.1. (No-dust regime.) Consider the graph Gn(α, ε). Let N0 be the number of
isolated vertices, i.e.

N0 =
n∑

i=1

1{i is isolated}. (2.8)

Then E[N0] ∼ nE[e−(n−1)	(1−α)εαWα
1 ]. In particular, if ε ↓ 0 and εαn/log n → ∞, then

P(N0 = 0) → 1. (2.9)

If ε= n−1/α , then a positive fraction of points are isolated, i.e. E[N0]/n →E[e−	(1−α)Wα
1 ].

3. The multi-scale model (MSM)

In this section we discuss the connection between our results and the model introduced
in [19].

3.1. Motivation for the MSM

The motivation for the MSM arises from statistical physics, where the concept of renor-
malization [22, 39] plays a central role. In the context of networks, renormalization involves
selecting a coarse-graining approach for a graph, which essentially means projecting a larger
‘microscopic’ graph onto a ‘reduced’ graph with fewer vertices [16]. This reduction is deter-
mined by a non-overlapping partition of the vertices of the original microscopic graph into
‘clusters’ or ‘supervertices’, which then become the vertices of the reduced graph. The edges
of the reduced graph are defined according to specific rules, usually aimed at preserving cer-
tain structural features of the original network. This renormalization process can be iterated,
potentially infinitely, in the case of an infinite graph.
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For example, when the network is a regular lattice (or geometric graph) embedded in a
specific metric space, a straightforward renormalization scheme exists. However, for generic
(non-geometric) graphs, the absence of an explicit metric embedding makes the choice
of renormalization significantly more challenging. Proposed approaches include borrowing
box-covering techniques from fractal analysis [25, 29], employing spectral coarse-graining
methods [20, 38], and utilizing graph embedding techniques to infer optimal vertex coordi-
nates in an imposed (usually hyperbolic) latent space [7, 17]. For a recent review on network
renormalization, see [16].

Regardless of the method used to find the optimal sequence of coarse-grainings for a given
graph, the MSM has been introduced as a random graph model that remains consistently appli-
cable to both the original graph and any reduced versions of it [19]. This implies that, assuming
the probability of generating a graph at the microscopic level follows a specific function of the
model parameters, the probability of generating any reduced version of the graph should have
the same functional form, potentially with renormalized parameters.

The MSM can be explicitly obtained as the model that fulfills the requirement that the
random graph ensemble is scale-invariant under a renormalization process that accepts any
partition of vertices. Importantly, this renormalization scheme is non-geometric by design,
as it doesn’t rely on the notion of vertex coordinates in an underlying metric space, unlike
the previously mentioned models based on the concept of geometric renormalization, where
‘closer’ vertices are merged.

3.2. Construction of the MSM

The renormalization framework allows for the same random graph ensemble to be observed
at different hierarchical levels �= 0, 1, 2, . . .. Let us start with the ‘microscopic’ level �= 0
and consider a random graph on n0 vertices where, adopting the notation used in [19], each
vertex (labeled as i0 = 1, . . . , n0) has a weight Xi0 . To move to level �= 1, we specify a par-
tition of the original n0 vertices into n1< n0 blocks (which here, for simplicity, we assume to
be all equal in size and composed of b vertices, so that n1 = n0/b). The blocks of the parti-
tion, labeled i1 = 1, . . . , n1, become the vertices of the graph at the new level and each pair
of blocks is connected if there existed at least an edge between any two original vertices
placed across the two blocks. At this new level, the weights of all vertices inside a block i1
get summed to produce the (renormalized) weight for that block, denoted as Xi1 ≡∑

i0∈i1 Xi0 .
The process can continue to higher levels � >1 by progressively reducing the graph to one with
n�+1 = n�/b = · · · = n0/b�+1 vertices and renormalizing the weights as Xi�+1 ≡∑

i�∈i�+1
Xi� .

To define the MSM, we enforce the requirement that, under the coarse-graining process
defined above, the probability distribution of the graph preserves the same functional form
across all levels. This scale-invariant requirement becomes particularly simple if we consider
the family of random graph models with independent edges, which are entirely specified by
a function pi�j� of the parameters, representing the probability that the vertices i� and j� are
connected. For this family, the connection probability pi�+1j�+1 between two vertices i�+1 and
j�+1 defined at the level �+ 1 is related to the connection probabilities {pi�j�}i�,j� between the
vertices at the previous level � via

pi�+1j�+1 = 1 −
∏

i�∈i�+1

∏
j�∈j�+1

(1 − pi�j�). (3.1)

Assuming that the connection probability depends on a global parameter δ > 0 as well as on the
additive vertex weights {Xi�}i� introduced above, the simplest non-trivial expression consistent
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with (3.1) is given by

pi�j� = 1 − exp(−δXi�Xj� ). (3.2)

At this point, we may require that the weights are either deterministic parameters assigned
to the vertices, so that the only source of randomness lies in the realization of the graph
(‘quenched’ variant of the MSM), or that they are random variables themselves, thus adding
a second layer of randomness (‘annealed’ variant of the MSM). In the latter case, it is nat-
ural to subject the weights to the same scale-invariant requirement as the random graph,
i.e. to demand that the weights are drawn from the same probability density function (with
possibly renormalized parameters) at all hierachical levels. Since the weights are chosen to
be additive upon renormalization, this requirement immediately implies that they must be
drawn from an α-stable distribution. Moreover, the positivity of the weights and the con-
current requirement that the support of their pdf is the non-negative real axis, irrespective
of the hierarchical level, imply that they should be one-sided α-stable random variables
with (scale-invariant) parameter α ∈ (0, 1) and some (scale-dependent) scale parameter γ�.
In this way, if the blocks of the partition are always of size b, as assumed above, then the
vertex weights at level � are one-sided α-stable random variables with rescaled parameter
γ� = b1/αγ�−1 = · · · = b�/αγ0 = (n0/n�)1/αγ0. This completes the definition of the annealed
MSM, along with its renormalization rules for both the weights of vertices and all the other
model parameters.

3.3. Connection between the MSM and the model studied in this paper

Despite the obvious relationship between the model studied in this paper and the original
annealed version of the MSM recalled above (in particular, between (1.1) and (3.2)), there
are apparently some differences that require further discussion. First, here we have considered
weights drawn from a Pareto distribution with tail exponent α, rather than a one-sided α-
stable distribution; second, here the other parameters of the weight distribution are fixed and
the scale parameter ε is n-dependent, while in the original model the other parameters (γ ) of
the weight distribution are �-dependent (hence also n-dependent) and the scale parameter δ is
fixed; third, here we have not exploited the scale-invariant nature of the MSM under coarse-
graining. We now clarify the close relationship between the two variants of the model, these
apparent differences notwithstanding.

Let us start by recalling that, for large values of the argument x, a one-sided α-stable dis-
tribution P(X > x) with scale parameter γ is well approximated by a pure power-law (Pareto)
distribution P(X > x) ∼ Cα,γ x−α with a prefactor Cα,γ that depends on the parameters of the
stable law [28]:

Cα,γ ≡ γ αcα, with cα ≡ 2	(α)

π
sin

πα

2
. (3.3)

Then, we note that, besides n0 and b, the three remaining parameters of the original annealed
MSM are α ∈ (0, 1), γ0 ∈ (0,∞), and δ ∈ (0,∞). However, of these three parameters, only
α and the combination δγ 2

0 are independent. Indeed, it is easy to realize that rescaling γ0 to
γ0/λ (which is equivalent to rescaling Xi� to Xi�/λ, for some λ> 0) while simultaneously
rescaling δ to λ2δ leaves the connection probability unchanged. In combination with the scale-
invariant nature of the MSM, this property can be exploited to map the quantities ({Xi�}n�

i�=1, δ)
introduced in the original model to the quantities ({Wi}n

i=1, ε) used here by choosing a level �
such that the number n� of vertices in the MSM equals the one desired here, i.e. n = n�, and
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defining the weight of vertex i as Wi ≡ c−1/α
α γ−1

� Xi� for i = 1, . . . , n, so that

lim
x→∞ P(Wi > x) xα = 1, i = 1, . . . , n, (3.4)

irrespective of �. This implies that, while the distribution of Xi� depends on � through the
parameter γ� (see (3.3)), the distribution of Wi is actually �-independent in the tail, which is
why we could drop the subscript � in redefining Wi. Note that this procedure yields weights that
are only asymptotically �-independent, as expressed in (3.4). Nevertheless, in this way we can
keep the connection probability unchanged (i.e. 1 − e−δXi�Xj� ≡ 1 − e−εn�WiWj) while moving
the scale-dependence from {Xi�}n�

i�=1 to εn� by redefining the latter in one of the following
equivalent ways:

εn� ≡ c2/α
α γ 2

� δ = c2/α
α

(
n0

n�

)2/α

γ 2
0 δ = c2/α

α b2�/αγ 2
0 δ = b2�/αεn0 , where εn0 ≡ c2/α

α γ 2
0 δ,

(3.5)
where we now make explicit the dependence of ε on n� to track variations across scales �.
In other words, our formulation here can be thought of as deriving from an equivalent MSM
where, rather than having a scale-dependent fitness distribution and a scale-independent global
parameter δ, we have a scale-independent fitness distribution (with asymptotically the same
tail as the Pareto in (2.1)) and a scale-dependent global parameter εn = εn� , for an implied
hierarchical level �. According to (3.5), since δ, α, and b are finite constants, achieving a certain
scaling of εn with n in the model considered here corresponds to achieving a corresponding
scaling of γ� with n� (or equivalently of γ0 with n0), or ultimately to finding an appropriate �,
in the original model. Results that we obtain for a specific range of values of ε can therefore be
thought of as applying to a corresponding specific range of hierarchical levels in the original
model. In particular, Theorems 2.1 and 2.2 reveal that at the specific scale ε= λn−1/α the
model undergoes drastic structural changes (e.g. concerning typical degrees and wedges).

3.4. Implications of our results for the MSM

Some topological properties of the original MSM were investigated in [19] numerically, and
either analytically (for α= 1

2 , corresponding to the Lévy distribution, which is the only one-
sided α-stable distribution that can be written in explicit form) or semi-analytically (for generic
α ∈ (0, 1)). Notably, it was found that networks sampled from the MSM feature an empirical
degree distribution P(k) exhibiting a scale-free region, characterized by a universal power-law
decay ∝ k−2 (corresponding to a cumulative distribution with decay ∝ k−1) irrespective of the
value of α ∈ (0, 1), followed by a density-dependent cut-off.

The results obtained here provide significant additional insights. With regard to the degrees,
we have identified the specific scaling (or equivalently, as explained in Section 3.3, the specific
hierarchical level) for which the density-dependent cut-off disappears and the tail of the cumu-
lative degree distribution can be rigorously proven (through an independent proof) to become
a pure power law with exponent −1, for any α ∈ (0, 1). Secondly, we have provided a rigor-
ous evaluation of the overall number of triangles and wedges, valid for any α, that supports
the outcome of simulations shown in the original paper, which illustrated the vanishing of the
global clustering coefficient in the sparse limit (as opposed to the local clustering coefficient,
which remains bounded away from zero as recalled above).
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4. Proof of Theorem 2.1: Typical degrees

Since Karamata’s Tauberian theorem is used here as a key tool in the analysis of the degree
distribution and later analysis, it is first worth recalling those results.

Theorem 4.1. (Karamata’s Tauberian theorem [6, Theorem 8.1.6].) Let X be a non-negative
random variable with distribution F and Laplace transform F̂(s) =E[e−sX], s ≥ 0. Let L be a
slowly varying function and α ∈ (0, 1); then the following are equivalent:

1 − F̂(s) ∼ 	(1 − α)sαL(1/s) as s ↓ 0,

1 − F(x) ∼ x−αL(x) as x → ∞.

Then, another property of the tails of products of regularly varying distributions will be
needed. A general statement about the product of n independent and identically distributed
(i.i.d.) random variables with Pareto tails can be found in [1, Lemma 4.1 (4)]. For completeness,
a proof for two random variables is given here, which is useful in our analysis.

Lemma 4.1. Let W1 and W2 be independent random variables satisfying the tail assumptions
(2.1). Then P(W1W2 ≥ x) ∼ αx−α log x as x → ∞.

Proof. Consider the random variable log (W1), which follows an exponential distribution, or
alternatively a Gamma distribution with shape parameter k = 1 and scale θ = 1/α. Then, the
random variable Z = log (W1) + log (W2) follows a Gamma distribution with shape parameter
2 and scale θ . This means that

P( log (W1) + log (W2)> x) = α2

	(2)

∫ ∞

x
ye−αy dy.

Therefore

P(W1W2 > x) = P( log W1 + log W2 > log x) = α2
∫ ∞

log x
ye−αy dy = α2

∫ ∞

x
log (t)t−α−1 dt.

(4.1)
Then, applying Karamata’s theorem (see [1, Theorem 12]),

P(W1W2 > x) ∼ α2 x−α log x

α
,

which proves the statement. �

Remark 4.1. Theorem 4.1 remains true if W1 and W2 are not exactly Pareto, but asymptotically
tail-equivalent to a Pareto distribution, i.e. under the assumption P(W1 > x) ∼ cx−α as x → ∞.
See [1, Lemma 4.1] for a proof.

Proof of Theorem 2.1. For (i), we begin by evaluating the asymptotics of the expected
degree, which is an easy consequence of Lemma 4.1 and Theorem 4.1. Indeed, we can write

E[Dn(i)] =
∑
j 
=i

E[1 − exp(−εWiWj)] = (n − 1)E[1 − exp(−εW1W2)], (4.2)

where the last equality is due to the i.i.d. nature of the weights. It follows from Lemma 4.1 that
P(W1W2 > x) ∼ αx−α log x. Therefore, using Theorem 4.1, we have

E[1 − exp(−εW1W2)] ∼ 	(1 − α)αεα log
1

ε
as ε ↓ 0,
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which together with (4.2) gives the claim.
For (ii), by following the line of the proof of [32, Theorem 6.14], we can prove our statement

by showing that the probability-generating function of Dn(i) in the limit n → ∞ corresponds
to the probability-generating function of a mixed Poisson random variable. Let t ∈ (0, 1); the
probability-generating function of the degree Dn(i) reads

E
[
tDn(i)]=E

[
t
∑

j 
=i aij
]=E

[∏
j 
=i

taij

]
,

where aij are the entries of the adjacency matrix related to the graph Gn(α, ε), i.e. Bernoulli
random variables with parameter pij as in (2.2). Conditioned on the weights, these variables
are independent. Recall that we denoted by EWi[·] the conditional expectation given the weight
Wi. Then

EWi

[
tDn(i)]=EWi

[∏
j 
=i

(
(1 − t)e−εWjWi + t

)]=
∏
j 
=i

EWi

[
(1 − t)e−εWjWi + t

]
=
∏
j 
=i

EWi [ϕWi(εWj)],

where we have used the independence of the weights and introduced the function

ϕWi(x) := (1 − t)e−Wix + t.

To simplify our expression we introduce the notation ψn(Wi) := EWi[ϕWi(εWj)] for some j 
= i.
Using exchangeability and the tower property of the conditional expectation, the moment-
generating function of Dn(i) can be written as

E[tDn(i)] =E

[∏
j 
=i

EWi [ϕWi(εWj)]

]
=E[ψn(Wi)

n−1]. (4.3)

Consider now a differentiable function h : [0,∞) →R such that h(0) = 0. By integration
by parts, we can show that

E[h(Wj)] =
∫ ∞

0
h′(x)P(Wj > x) dx. (4.4)

By using (4.4) with h(w) = ϕWi(εw) − 1, we have

ψn(Wi) = 1 +E[ϕWi(εw) − 1]

= 1 +
∫ ∞

0
εϕ′

Wi
(εw)(1 − FW (w)) dw

= 1 +
∫ ∞

0
ϕ′

Wi
(y)(1 − FW (ε−1y)) dy

= 1 +
∫ ε

0
ϕ′

Wi
(y) dy +

∫ ∞

ε

ϕ′
Wi

(y)(1 − FW (ε−1y)) dy

= 1 + ϕWi(ε) − ϕWi(0) + εα
∫ ∞

ε

(t − 1)Wie
−yWiy−α dy. (4.5)
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In particular, for ε= n−1/α , combining (4.3) and (4.5) gives

E
[
tDn(i)]=E[ψn(Wi)

n−1]

=E

[(
1 + ϕWi(n

−1/α) − ϕWi (0) + 1

n

∫ ∞

n−1/α
(t − 1)Wie

−yWiy−α dy

)n−1]
.

Note that for a fixed realization of Wi, using the change of variable z = Wiy we have, as
n → ∞,

(1 − t)
∫ ∞

n−1/α
Wie

−yWiy−α dy → (1 − t)Wα
i 	(1 − α)

and ϕWi (n
−1/α) → ϕWi(0) = 1.

Observe that ϕWi(n
−1/α) − ϕ(0) = −(1 − t)

(
1 − e−Win1/α )≤ 0 and

0 ≤ (1 − t)
∫ ∞

n−1/α
Wie

−yWiy−α dy ≤ (1 − t)Wα
i 	(1 − α).

Hence, using (1 − x/n)n ≤ e−x we have(
1 + ϕWi(n

−1/α) − ϕWi(0) − (1 − t)
1

n

∫ ∞

n−1/α
Wie

−yWiy−α dy

)n−1

≤ exp
(−(1 − t)Wα

i 	(1 − α)
)≤ 1.

Thus, we can apply the dominated convergence theorem to claim that

lim
n→∞ E

[
tDn(i)]=E[ exp(−(1 − t) Wα

i 	(1 − α))],

so the generating function of the graph degree Dn(i) asymptotically corresponds to the gen-
erating function of a mixed Poisson random variable with parameter 	(1 − α)Wα

i . Therefore,

the variable Dn(i)
d→ D∞(i), where D∞(i) | Wi

d= Poisson(	(1 − α)Wα
i ).

In particular, we have the following tail of the distribution of the random variable D∞(i):

P(D∞(i) ≥ k) =
∫ ∞

0
P
(

Poisson(	(1 − α)wα) ≥ k | Wi = w
)

FWi (dw)

=
∫ ∞

0

∑
m≥k

e−	(1−α)wα	(1 − α)mwαm

m! FWi (dw)

=
∑
m≥k

1

m!
∫ ∞

1
e−	(1−α)wα	(1 − α)mwαmαw−α−1 dw.

Introducing the new variable y = 	(1 − α)wα , we have∫ ∞

1
e−	(1−α)wα	(1 − α)mwαmαw−α−1 dw

=
∫ ∞

1
e−	(1−α)wα	(1 − α)m−1wαmw−2αα	(1 − α)wα−1 dw

= 	(1 − α)
∫ ∞

	(1−α)
e−yym−2 dy

= 	(1 − α)	(m − 1) − 	(1 − α)
∫ 	(1−α)

0
e−yym−2 dy. (4.6)
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The first integral is dominant with respect to the second one. To show this, we can use a trivial
bound: ∫ 	(1−α)

0
e−yym−2 dy ≤ 	(1 − α)m.

Since m! ≥ (m/e)m, the following inequalities hold true:∑
m≥k

	(1 − α)m

m! ≤
∑
m≥k

(e	(1 − α))m

mm
≤ C(e	(1 − α))kk−k

for some positive constant C. Note that in last step we used the fact that k is large enough (it is
at least greater that e	(1 − α)). Note that

k
∑
m≥k

	(1 − α)m

m! ≤ Celog k−k log k+ke	(1−α) → 0 as k → ∞.

Using (4.6), we therefore obtain∑
m≥k

1

m!
∫ ∞

1
e−	(1−α)wα	(1 − α)mwαmαw−α−1 dw = 	(1 − α)

∑
m≥k

	(m − 1)

m! + o(k−1)

= 	(1 − α)
∑
m≥k

(m − 2)!
m! + o(k−1)

= 	(1 − α)
∑
m≥k

1

m(m − 1)
+ o(k−1)

∼ 	(1 − α)

k
.

This shows that P(D∞(i) ≥ k) ∼ 	(1 − α)k−1 as k → ∞.
For (iii), fix t, s ∈ (0, 1). Due to the exchangeability of vertices, without loss of generality

we just consider vertices 1 and 2:

E
[
tDn(1)sDn(2)]

=E
[
t
∑

j 
=1 a1j s
∑

j 
=2 a2j
]

=E

[ ∏
j 
=1,2

ta1j sa2j(ts)a12

]

=E

[(
(1 − ts)e−εW1W2 + ts

) ∏
j 
=1,2

(
(1 − t)e−εW1Wj + t

)(
(1 − s)e−εW2Wj + s

)]
, (4.7)

where we have used the independence of the connection probabilities given the weights. In
order to simplify the notation, we can introduce the functions

φb
a(x) := (1 − b)e−εax + b,

ψn(W1,W2) := EW1,W2

[
φt

W1
(Wj)φ

s
W2

(Wj)
]

for some j 
= 1, 2,

where a, b> 0 and, as customary throughout this paper, EW1,W2 [·] := E[ · | W1,W2].
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Using the tower property of conditional expectation, (4.7) reads

E
[
tDn(1)sDn(2)]=E

[
φts

W1
(W2)

∏
j 
=1,2

φt
W1

(Wj)φ
s
W2

(Wj)

]

=E

[
φts

w1
(w2)EW1,W2

[ ∏
j 
=1,2

φt
w1

(wj)φ
s
w2

(wj)

]]

=E

[
φts

w1
(W2)

∏
j 
=1,2

EW1,W2

[
φt

W1
(Wj)φ

s
W2

(Wj)
]]

=E
[
φts

W1
(W2)ψn(W1,W2)n−2],

where we used conditional independence in the second-last step and exchangeability in the last
step. The function ψn can be processed as follows. Just as in the one-dimensional case, using
ε= n−1/α we get, P-almost surely (a.s.),

ψn(W1,W2) − 1

=EW1,W2

[
φt

W1
(W3)φs

W2
(W3) − 1

]
→ −	(1 − α)

[
(1 − t)(1 − s)(W1 + W2)α + (1 − t)sWα

1 + t(1 − s)Wα
2

]
= −	(1 − α)

{
(1 − t)(1 − s)

[
(W1 + W2)α − Wα

1 − Wα
2

]+ (1 − t)Wα
1 + (1 − s)Wα

2

}
, (4.8)

where in the second step we used (4.4) with h(x) := φt
W1

(x)φs
W2

(x) − 1. Observe that
φts

w1
(W2) ≤ 1 and 1 −ψn(W1,W2) ≥ 0, and hence we can use the dominated convergence

theorem as in the single-vertex case. Therefore, using φts
W1

(W2) → 1 and (4.8), we get

E
[
tD∞(1)sD∞(2)]

= lim
n→∞ E

[
tDn(1)sDn(2)]

=E

[
e−	(1−α){(1−t)(1−s)[(W1+W2)α−Wα

1 −Wα
2 ]+(1−t)Wα

1 +(1−s)Wα
2 }]

=E

[
e−	(1−α)(1−t)(1−s)[(W1+W2)α−Wα

1 −Wα
2 ]e−	(1−α)(1−t)Wα

1 e−	(1−α)(1−s)Wα
2

]
.

It is straightforward to note that in the limit t → 1 and for fixed s ∈ (0, 1) we recover the
correct moment-generating function of D∞(1), and the inverse holds true as well. Finally, since
(W1 + W2)α 
= Wα

1 + Wα
2 P-a.s., (2.5) follows. We next move to the proof of (2.6), for which

we abbreviate η= 1 − t and γ = 1 − s, and show that

lim
η→0
γ→0

∣∣∣E[(1 − η)D∞(1)(1 − γ )D∞(2)]−E
[
(1 − η)D∞(1)]

E
[
(1 − γ )D∞(2)]∣∣∣= 0:
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∣∣∣E[(1 − η)D∞(1)(1 − γ )D∞(2)]−E
[
(1 − η)D∞(1)]

E
[
(1 − γ )D∞(1)]∣∣∣

=
∣∣∣E[e−	(1−α)ηγ [(w1+w2)α−wα1 −wα2 ]e−	(1−α)ηwα1 e−	(1−α)γwα2

]
− E

[
e−	(1−α)ηwα1

]
E
[
e−	(1−α)γwα2

]∣∣∣
=
∣∣∣E[(e−	(1−α)ηγ [(w1+w2)α−wα1 −wα2 ] − 1)e−	(1−α)ηwα1 e−	(1−α)γwα2

]∣∣∣
=
∣∣∣∣∣
∫ ∞

1

(∑
k≥1

(	(1 − α)ηγ )k

k! [ − (x + y)α + xα + yα]k

)

× e−	(1−α)ηxαe−	(1−α)γ yαα2(xy)−α−1 dx dy

∣∣∣∣∣
≤
∫ ∞

1

∞∑
k=1

(	(1 − α)ηγ )k

k!
∣∣−(x + y)α + xα + yα

∣∣ke−	(1−α)ηxαe−	(1−α)γ yαα2(xy)−α−1 dx dy.

Now, since (x + y)α ≤ (xα + yα) for all α ∈ (0, 1), we get∣∣xα + yα − (x + y)α
∣∣k ≤ (xα + yα)k ≤ 2k−1(xαk + yαk). (4.9)

Therefore, using Fubini we can bring the summation out of the integral and, using the inequal-
ity (4.9), we are left with the following quantity (which we will show to be converging to zero):

α2
∞∑

k=1

(	(1 − α)ηγ )k

k! 2k−1
∫ ∞

1
(xαk + yαk)e−	(1−α)ηxαe−	(1−α)γ yα (xy)−α−1 dx dy.

Let us consider the different terms of the sum separately. In the following we will consider
the exponential integral E1(x) = ∫∞

1 e−tx/t dt and the related inequality E1(x)< e−x ln (1 +
(1/x)) for any x> 0.

When k = 1,

α2	(1 − α)ηγ
∫ ∞

1

∫ ∞

1
(xα + yα)e−	(1−α)ηxαe−	(1−α)γ yα (xy)−α−1 dx dy

= 	(1 − α)ηγ

[
E1(	(1 − α)η)

∫ ∞

1

e−	(1−α)γ z

z2
dz + E1(	(1 − α)γ )

∫ ∞

1

e−	(1−α)ηz

z2
dz

]
≤ 	(1 − α)ηγ [E1(	(1 − α)η) + E1(	(1 − α)γ )]

<	(1 − α)

[
ηγ e−	(1−α)η log

(
1 + 1

	(1 − α)η

)
+ ηγ e−	(1−α)γ log

(
1 + 1

	(1 − α)γ

)]
.

When k = 2,

(α	(1 − α)ηγ )2
∫ ∞

1

∫ ∞

1
(x2α + y2α)e−	(1−α)ηxαe−	(1−α)γ yα (xy)−α−1 dx dy

= 	(1 − α)(ηγ )2
[

e−	(1−α)η

η

∫ ∞

1

e−	(1−α)γ z

z2
dz +

∫ ∞

1

e−	(1−α)ηz

z2
dz

e−	(1−α)γ

γ

]
≤ 	(1 − α)(ηγ )2

[
e−	(1−α)η

η
+ e−	(1−α)γ

γ

]
.
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When k> 2,

α2 (	(1 − α)ηγ )k

k! 2k−1
∫ ∞

1
(xαk + yαk)e−	(1−α)ηxαe−	(1−α)γ yα (xy)−α−1 dx dy

= α2 (	(1 − α)ηγ )k

k! 2k−1
[ ∫ ∞

1

e−	(1−α)ηxα

xα(1−k)+1
dx
∫ ∞

1

e−	(1−α)γ yα

yα+1
dy

+
∫ ∞

1

e−	(1−α)ηxα

xα+1
dx
∫ ∞

1

e−	(1−α)γ yα

yα(1−k)+1
dy

]
= α2 (	(1 − α)ηγ )k

k! 2k−1

×
[ ∫ ∞

	(1−α)η

(
z

	(1 − α)η

)k−2

e−z dz

α	(1 − α)η

∫ ∞

1

e−	(1−α)γ z

z2
dz

1

α

+
∫ ∞

1

e−	(1−α)ηz

z2
dz

1

α

∫ ∞

	(1−α)γ

(
z

	(1 − α)γ

)k−2

e−z dz

α	(1 − α)γ

]
≤ α2 (	(1 − α)ηγ )k

k! 2k−1
[(

1

	(1 − α)η

)k−1 1

α2

∫ ∞

	(1−α)η
zk−2e−z dz

+
(

1

	(1 − α)γ

)k−1 1

α2

∫ ∞

	(1−α)γ
zk−2e−z dz

]
≤ 	(1 − α)

k! 2k−1	(k − 1)(ηγ )k
[(

1

η

)k−1

+
(

1

γ

)k−1]
= 	(1 − α)

2k−1

k(k − 1)
(ηγ k + ηkγ ).

Combining together all the bounds, we have∣∣∣E[(1 − η)D∞(1)(1 − γ )D∞(2)]− E
[
(1 − η)D∞(1)]E[(1 − γ )D∞(2)]∣∣∣

<	(1 − α)

[
ηγ log

(
1 + 1

	(1 − α)η

)
+ ηγ log

(
1 + 1

	(1 − α)γ

)

+ 1

2

∞∑
k=2

2k

k(k − 1)
(ηγ k + ηkγ )

]
.

Since x log (1 + (1/x)) → 0 as x → 0, the above quantity goes to 0 as η, γ → 0. This completes
the proof of Theorem 2.1. �

5. Proof of Theorem 2.2: Wedges and triangles

Proof of Theorem 2.2. For (i), start from the equality

2E[Wn(i)] = E

[∑
j 
=i

∑
k 
=i,j

aijaik

]

= (n − 1)(n − 2)α3
∫ ∞

1

∫ ∞

1

∫ ∞

1

(1 − e−εxy)(1 − e−εxz)

(xyz)α+1
dx dy dz.
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We split the terms into two integrals by restricting the x variable to take values between (0, 1/ε)
and (1/ε,∞), and write 2E[Wn(i)] = (n − 1)(n − 2)(A + B), where

A = α3
∫ 1/ε

1

∫ ∞

1

∫ ∞

1

(1 − e−εxy)(1 − e−εxz)

(xyz)α+1
dy dz dx, (5.1)

B = α3
∫ ∞

1/ε

∫ ∞

1

∫ ∞

1

(1 − e−εxy)(1 − e−εxz)

(xyz)α+1
dy dz dx.

We first provide a bound for B. Note that x ≥ 1/ε and y ≥ 1, so we have 1 − e−1 ≤ 1 −
e−εxy ≤ 1. Hence,

B = α3
∫ ∞

1/ε

1

xα+1

( ∫ ∞

1

(1 − e−εxy)

yα+1
dy

)2

≤ α3
∫ ∞

1/ε

dx

xα+1

( ∫ ∞

1

dy

yα+1

)2

= εα .

A lower bound for B can be obtained similarly:

B ≥ α3(1 − e−1)2
∫ ∞

1/ε

1

xα+1

( ∫ ∞

1

dy

yα+1

)2

dx = (1 − e−1)2εα .

So we have proved that B � εα .
Now we bound the term A in (5.1):

A = α3
∫ 1/ε

1

1

xα+1

( ∫ ∞

1

1 − e−εxy

yα+1
dy

)2

dx = α3
∫ 1/ε

1

1

xα+1

[
1

α
− (εx)α	(−α; εx)

]2

dx,

where 	(−s; ε) is the incomplete Gamma function. When ε is small, the following expansion
can be used [2]:

	(s; ε) = 	(s) −
∞∑

k=0

(−1)k εs+k

k!(s + k)
, s 
= 0,−1,−2,−3, . . . (5.2)

Thus

A = α3
∫ 1/ε

1

1

xα+1

[
− (εx)α	(−α) +

∞∑
l=1

(−1)l

l!(l − α)
(εx)l

]2

dx

= α3
∫ 1/ε

1

1

xα+1

[
	2(−α)(εx)2α − 2	(−α)

∞∑
l=1

(−1)l

l!(l − α)
(εx)l+α +

( ∞∑
l=1

(−1)l

l!(l − α)
(εx)l

)2]
dx

= α3	2(−α)ε2α
[

xα

α

]1/ε

1
− 2α3	(−α)

∞∑
l=1

(−1)l

l!(l − α)
εl+α

[
xl

l

]1/ε

1
+ C(ε)

= α2	2(−α)(εα − ε2α) − 2α3	(−α)
∞∑

l=1

(−1)l

l · l!(l − α)
(εα − εl+α) + C(ε)

= O(εα) + C(ε)
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as ε→ 0+, where we have introduced

C(ε) = α3
∫ 1/ε

1

1

xα+1

( ∞∑
l=1

(−1)l

l!(l − α)
(εx)l

)2

dx

=
∞∑

l=1

dl,αε
2l[x2l−α]1/ε

1 +
∞∑

l,k=1
k 
=l

dl,k,αε
l+k[xl+k−α]1/ε

1

=
∞∑

l=1

dl,α(εα − ε2l) +
∞∑

l,k=1
k 
=l

dl,k,α(εα − εl+k) = O(εα),

with dl,α and dl,k,α suitable constants depending on l, k, and α. So, we can deduce that A + B =
O(εα). Hence we have shown that E[Wn(i)] � n2εα , as desired.

For (ii), we now assume that ε= n−1/α . From Theorem 2.1 we know that Dn(i)
d−→ D∞(i).

Using the continuous mapping x �→ x(x − 1) we have, by the continuous mapping theorem,
convergence in distribution of the number of wedges Wn(i):

Wn(i) = Dn(i)(Dn(i) − 1)
d−→ D∞(i)(D∞(i) − 1) ≡W∞(i).

We then show that the tail satisfies P(W∞(i)> x) ∼ 	(1 − α)x−1/2 as x → ∞ by bounding the
ratio

P(D∞(i)2 − D∞(i)> x)

P(D∞(i)2 > x)
,

where, by (2.4), P(D∞(i)2 > x) ∼ 	(1 − α)x−1/2. Let δ > 0. Then

P(D∞(i)2 − D∞(i)> x) = P(D∞(i)2 > x + D∞(i),D∞(i)> x + δ)

+ P(D∞(i)2 > x + D∞(i),D∞(i) ≤ x + δ)

≤ P(D∞(i)> x + δ) + P(D∞(i)2 > x).

This implies that, for any δ > 0,

P(W∞(i)> x)

P(D∞(i)2 > x)
≤ P(D∞(i)> x + δ)

P(D∞(i)2 > x)
+ 1 ∼ 	(1 − α)(x + δ)−1

	(1 − α)x−1/2
+ 1 −−−→

x→∞ 1.

A similar break-up yields the lower bound:

P(D∞(i)2 − D∞(i)> x) ≥ P(D∞(i)2 > (1 + δ)x,D∞(i) ≤ δx)

≥ P(D∞(i)2 > (1 + δ)x) − P(D∞(i)> δx),

which yields

P(D∞(i)2 − D∞(i)> x)

P(D∞(i)2 > x)
≥ ((1 + δ)x)−1/2 − (δx)−1

x−1/2
−−−→
x→∞

1√
1 + δ

.
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Hence,

lim sup
x→∞

P(W∞(i)> x)

	(1 − α)x−1/2
≤ 1; lim inf

x→∞
P(W∞(i)> x)

	(1 − α)x−1/2
≥ 1√

(1 + δ)
.

The result follows by taking δ→ 0.
For (iii), we focus on the average number of triangles, whose evaluation will require integral

asymptotics similar to those used for the wedges:

6E[�n(i)] = E

[∑
j 
=i

∑
k 
=i,j

aijaikajk

]

=
∑
j 
=i

∑
k 
=i,j

E[pij pik pjk]

= (n − 1)(n − 2)α3
∫ ∞

1

∫ ∞

1

∫ ∞

1

(1 − e−εxy)(1 − e−εxz)(1 − e−εyz)

(xyz)α+1
dx dy dz.

First, we provide an upper bound for the above integral. To do this, we use the variables A =
xy, B = xz, and C = yz. Note that by setting x = √

AC/B, y = √
AB/C, and z = √

BC/A, and
considering that the Jacobian of this transformation is 1

4 (ABC)−1/2, we have

α3
∫ ∞

1

∫ ∞

1

∫ ∞

1

(1 − e−εxy)(1 − e−εxz)(1 − e−εyz)

(xyz)α+1
dx dy dz

= α3
∫ ∞

1

∫ ∞

1

∫ AB

(A/B)∨(B/A)

(1 − e−εA)(1 − e−εB)(1 − e−εC)

(
√

ABC)α+1

1

4
√

ABC
dC dB dA

= α3

4

∫ ∞

1

∫ ∞

1

∫ AB

(A/B)∨(B/A)

(1 − e−εA)(1 − e−εB)(1 − e−εC)

(ABC)α/2+1
dC dB dA.

Observing that for A, B ≥ 1 the interval ((A/B) ∨ (B/A), AB) is contained in [1,∞), the last
integral can be upper bounded by

α3

4

∫ ∞

1

∫ ∞

1

∫ AB

(A/B)∨(B/A)

(1 − e−εA)(1 − e−εB)(1 − e−εC)

(ABC)α/2+1
dC dB dA

≤ α3

4

∫ ∞

1

∫ ∞

1

∫ ∞

1

(1 − e−εA)(1 − e−εB)(1 − e−εC)

(ABC)α/2+1
dC dB dA

= α3

4

( ∫ ∞

1

1 − e−εA

Aα/2+1
dA

)3

= α3

4

[
2

α
− εα/2	

(
−α

2
;ε

)]3

= α3

4

[
−εα/2	

(
−α

2

)
+ O(ε)

]3

= −n2α3

2
ε3α/2	

(
−α

2

)3

+ O
(

n2ε3
)
,

where in the last step we used the expansion approximating the incomplete Gamma function
(5.2). By our assumption, since α < 2 and ε→ 0, we have ε3 = o

(
ε3α/2

)
, and hence E[�n(i)] =

O
(
n2ε3α/2

)
.

To complete the proof, we now show a lower bound that matches the correct order.
Specifically, we provide a lower bound for the integral

I =
∫ ∞

1

∫ ∞

1

∫ ∞

1

(1 − e−εxy)(1 − e−εxz)(1 − e−εyz)

(xyz)α+1
dx dy dz.
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First, we perform a change of variables with x = u/
√
ε, y = v/

√
ε, and z = w/

√
ε. Then we

obtain

I = ε3α/2
∫ ∞

√
ε

∫ ∞
√
ε

∫ ∞
√
ε

(1 − e−uv)(1 − e−vw)(1 − e−uw)

(uvw)α+1
du dv dw.

Since ε<1, it is not difficult to see that

I ≥ ε3α/2
∫ ∞

1

∫ ∞

1

∫ ∞

1

(1 − e−uv)(1 − e−vw)(1 − e−uw)

(uvw)α+1
du dv dw = cαε

3α/2,

where cα ∈ (0,∞) denotes the value of the above integral. This completes the proof of the
lower bound.

For (iv), let ε= n−1/α; then E[�n(i)] � n1/2. The above computations also show that �n =∑n
i=1 �n(i) behaves as

E[�n] � n3/2. (5.3)

To study the concentration of the latter quantity, we start by evaluating the second moment:

E
[
�2

n

]= E

[∑′

i,j,k

∑′

u,v,w

aijaikajkauvauwavw

]
= A + B + C + D,

where A represents the term in which there is no intersection between the triples of indices of
the two summations ((u, v,w) 
= (i, j, k)), i.e. |{u, v,w} ∩ {i, j, k}| = 0; B is the term in which
there is an intersection of one index, i.e. |{u, v,w} ∩ {i, j, k}| = 1; C is an intersection of two
indices, i.e. |{u, v,w} ∩ {i, j, k}| = 2; and D is the term in which all the indices coincide,
|{u, v,w} ∩ {i, j, k}| = 3.

∑′
i,j,k means sum over distinct indices.

For A, with no common indices,

A = E

[∑′

i,j,k

∑′

(u,v,w)
=(i,j,k)

aijaikajkauvauwavw

]

= E

[∑′

i,j,k

aijaikajk

]
E

[∑′

u,v,w

auvauwavw

]
= E[�n]2.

For B, with one common index,

B = E

[∑′

i,j,k

∑′

1 intersection

aijaikajkauvauwavw

]

= E

[∑
i,j,k

aijaikajk 3
∑
v,w

avw(aivaiw + ajvajw + akvakw)

]

≤ E

[∑
i,j,k

aijaikajk 9
∑
v,w

avw

]
= 9nE[�n]E[Dn(i)].
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For C, with exactly two common indices,

C = E

[∑′

i,j,k

∑′

2 intersections

aijaikajkauvauwavw

]
≤ 6nE

[∑′

i,j,k

aijaikajk

]
= 6nE[�n].

For D, with all indices matching,

D = E

[∑′

i,j,k

aijaikajkaijaikajk

]
= E

[∑′

i,j,k

aijaikajk

]
= E[�n].

Therefore,

Var(�n)

E[�n]2
= E[�2

n] − E[�n]2

E[�n]2
= B + C + D

E[�n]2

≤ 9nE[�n]E[Dn(i)] + 6nE[�n] + E[�n]

E[�n]2

≤ c7
(
n5/2 log n + n5/2 + n3/2

)
c6n3

= O

(
log n

n1/2

)
,

where c6 and c7 are positive constants, taken respectively from (5.3) and (2.3). Now, using
Chebyshev’s inquality it follows that for any δ > 0,

P

(∣∣∣∣ �n

E[�n]
− 1

∣∣∣∣≥ δ)≤ Var(�n)

δ2E[�n]2
= O

(
log n

n1/2

)
.

This completes the proof of the first statement in part (iv). The second one follows from the
very same computations. �

6. Absence of dust: Proof of Proposition 2.1

We begin with some nice bounds for the incomplete Gamma function.

Lemma 6.1. Let s = (1 − α) ∈ (0, 1) and let 	(s, x) = ∫∞
x e−zzs−1 dz, x> 0. Then

e−x(1 + x)s−1 ≤ 	(s, x) ≤ e−x	(s)

(
1 + x

s

)s−1

.

Proof. The proof is a standard use of Jensen’s inequality but we provide the details for
completeness. First we show the lower bound. Let

	(s, x) =
∫ ∞

x
zs−1e−z dz = e−x

∫ ∞

0
(z + x)s−1e−z dz = e−x

E[(Z + x)s−1],

where Z is an exponential random variable with parameter 1. Define the function g(t) = (t +
x)s−1. As s ∈ (0, 1), g(t) is a convex function. Hence, by Jensen’s inequality we have

	(s, x) = e−x
E[g(Z)] ≥ e−xg(E[Z]) = e−xg(1),
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which gives the lower bound. For the upper bound, we again represent the incomplete Gamma
function as

	(s, x) = e−x
∫ ∞

0

(
1 + x

z

)s−1

zs−1e−z dz = e−x	(s)E

[(
1 + x

G

)s−1]
,

where G is a Gamma distribution with shape parameter s and rate 1. Using the function h(t) =
(1 + x/t)s−1, which is a concave function, and using the reverse Jensen’s inequality we have

	(s, x) = e−x	(s)E[h(G)] ≤ e−x	(s)h(E[G]) = e−x	(s)h(s),

where we used E[G] = s. This gives the upper bound. �

The following is a non-standard bound that improves the well-known bound 1 − e−x ≤ x.

Lemma 6.2. For α ∈ [0, 1] and x> 0, 1 − e−x ≤ xα .

Proof. The proof follows by considering the function h(α, x) = 1 − e−x − xα and studying
the derivative with respect to α, ∂h(α, x)/∂α = −xα ln x. �

The next lemma gives a bound on the conditional degree distribution.

Lemma 6.3. For i ∈ [n], j 
= i, and w> 1,

εαwαe−(1+α)εw ≤E[pij | Wi = w] ≤ εαwα(1 + 	(1 − α)e−εw).

In particular, for fixed w> 1,

E[pij | Wi = w] ∼ 	(1 − α)εαwα as ε ↓ 0. (6.1)

Proof.

E[pij | Wi = w] =E
[(

1 − e−εWjw
)]

=
∫ ∞

0
(1 − e−εwu) FW (du) =

∫ ∞

0

∫ u

0
e−εwz(εw) dz FW (du)

= εw
∫ ∞

0
e−εwz

P(Wj > z) dz,

where we used Fubini’s theorem to swap the integrals. Using the fact that the Wj are supported
on (1,∞) we get

E[pij | Wi = w] = εw
∫ 1

0
e−εwz dz + εw

∫ ∞

1
e−εwzz−α dz

= (1 − e−εw) + εαwα
∫ ∞

εw
e−zz−α dz = (1 − e−εw) + εαwα	(1 − α, εw),

(6.2)

where 	(1 − α, εw) is an incomplete Gamma function. Now we can use the bounds from
Lemmas 6.1 and 6.2. For the upper bound we have

E[pij | Wi = w] ≤ εαwα + εαwα	(1 − α)e−εw
(

1 + εw

1 − α

)−α
.
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Now using the trivial bounds 1 + εw/(1 − α) ≥ 1 we have

E[pij | Wi = w] ≤ εαwα(1 + 	(1 − α)e−εw).

For the lower bound, we ignore the first term in (6.2) and use the lower bound in Lemma
6.1. We have

E[pij | Wi = w] ≥ εαwα	(1 − α, εw) ≥ εαwαe−εw(1 + εw)−α ≥ εαwαe−εwe−αεw,

where we used 1 + x ≤ ex for x> 0, and hence (1 + x)−α ≥ e−αx. This completes the proof of
the lower bound. The asymptotic estimate in (6.1) follows from (6.2). �

Proof of Proposition 2.1. From the definition of the number of isolated vertices in (2.8), we
compute

E[N0] =
n∑

i=1

P(i is isolated) =
n∑

i=1

E

[∏
k 
=i

(1 − pik)

]

=
n∑

i=1

E

[
EWi

[∏
k 
=i

e−εWiWk

]]

=
n∑

i=1

E

(∏
k 
=i

EWi

[
e−εWiWk

])

= nE
[(
EW1

[
e−εW1W2

])n−1]
, (6.3)

where we have used the property of the weights being independent and identically distributed.
We can then estimate asymptotically the last expression by means of (6.1) to obtain

E
[(
EW1

[
e−εW1W2

])n−1]=E
[
e(n−1) log (1−EW1 (p12))]∼E

[
e−(n−1)	(1−α)εαWα

1
]
.

Plugging this estimate into (6.3) we get

E[N0] ∼ nE
[
e−(n−1)	(1−α)εαWα

1
]=E

[
exp

{
−(n − 1)εα

(
Wα

1 − log n

(n − 1)εα

)}]
.

By the Markov inequality P(N0 ≥ 1) ≤E[N0], and noticing that the right-hand side goes to
zero as n grows, as soon as εα � (log n)/(n − 1) the claim in (2.9) follows. �
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