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Abstract. We present DeGAS, a differentiable Gaussian approximate
semantics for loopless probabilistic programs that enables sample-free,
gradient-based optimization in models with both continuous and dis-
crete components. DeGAS evaluates programs under a Gaussian-mixture
semantics and replaces measure-zero predicates and discrete branches
with a vanishing smoothing, yielding closed-form expressions for poste-
rior and path probabilities. We prove differentiability of these quantities
with respect to program parameters, enabling end-to-end optimization
via standard automatic differentiation, without Monte Carlo estimators.
On thirteen benchmark programs, DeGAS achieves accuracy and run-
time competitive with variational inference and MCMC. Importantly, it
reliably tackles optimization problems where sampling-based baselines
fail to converge due to conditioning involving continuous variables.

Keywords: Probabilistic Programming · Gaussian Mixtures · Differen-
tiable Semantics · Sample-Free Optimization

1 Introduction

Probabilistic programming languages (PPLs) extend general-purpose languages 
with probabilistic primitives. In recent years they have received significant at-
tention, motivated by their ability to model and analyze inherently stochastic 
systems such as randomized algorithms [18], probabilistic cyber-physical sys-
tems [23], and machine-learning models [8].

Probabilistic programs (PPs) typically expose parameters that must be tuned 
to meet goals: maximize likelihood [10, 5], satisfy safety constraints [31], cali-
brate uncertainty [13], or optimize bespoke utilities [29]. Current practice relies 
on sampling—either Markov chain Monte Carlo (MCMC) [2] or variational in-
ference (VI) [7]. While often effective, t hese m e thods c an e xhibit high-variance 
gradient estimates and brittle behavior on discontinuous objectives induced by 
branching and hard conditioning, frequently necessitating problem-specific repa-
rameterization tricks [34, 28, 1, 14, 26].
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This paper asks the following: Can we obtain gradients for PP objectives
without sampling? We answer affirmatively by introducing DeGAS, a differen-
tiable Gaussian-mixture approximate semantics that renders end-to-end evalu-
ation differentiable, enabling optimization with off-the-shelf automatic differen-
tiation (AD) and without Monte Carlo estimators. The key idea is a principled,
vanishing smoothing of discrete and measure-zero constructs (e.g., point masses
and Boolean predicates), which yields differentiable densities and path proba-
bilities throughout a program’s execution. This delivers deterministic objective
values and gradients with respect to the program parameters.

DeGAS builds on the SOGA (second-order Gaussian approximation) se-
mantics for a class of loop-free probabilistic programs [30]. With SOGA, each
program state is represented as a Gaussian mixture (GM) and program con-
structs update mixtures analytically (affine transforms, products, and condition-
ing via truncation) to approximate the posterior over program variables. DeGAS
smooths the discontinuities that arise under branching and conditioning by in-
jecting small Gaussian noise where needed and relaxing predicates accordingly,
while preserving closure under mixture operations. We prove differentiability of
posterior distributions and path probabilities with respect to parameters, and we
show that as the smoothing parameter tends to zero, the differentiable semantics
converges to the unsmoothed SOGA semantics under mild regularity conditions.

We implement DeGAS in PyTorch leveraging its AD capabilities to provide
a sample-free gradient-based optimizer. Numerical experiments show that, on
thirteen benchmark programs, DeGAS achieves accuracy and runtime compet-
itive with VI and MCMC. More important, we show DeGAS is able to solve
instances of optimization problems for which sampling baselines fail to converge
due to the presence of constructs such as conditional statements depending on
continuous variables.

Structure of the paper. Section 2 reviews related work. Section 3 presents the
syntax and defines the differentiable semantics. Section 4 states and proves our
main properties (differentiability and convergence). Section 5 reports the exper-
imental results. Section 6 concludes.

2 Related Work

To the best of our knowledge, this is the first work that computes gradients of
probabilistic programs without sampling. For deterministic programs, the idea
of smoothing to achieve sample-free optimization via gradient-free methods has
been explored in [11, 12], and successively adapted for automatic differentiation
in [20]. However, as will be shown in Section 4, the smoothing of deterministic
programs does not trivially carry over to PPs.

An attempt was made to extend the smoothing to PPs in Leios [22]. Leios
takes as input a discrete or hybrid discrete-continuous PP and approximates it
with a fully continuous one using smoothing. The authors notice that the re-
laxation parameters must be tuned to avoid collapsing any probability event to
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zero. For example, a variable initially distributed as a Bernoulli after smoothing
becomes distributed as a mixture of two components, with means in 0 and 1 and
small standard deviations. This implies that the probability of the event x == 0
passes from 0.5 to 0. To avoid this, Leios solves an optimization problem to
replace all Booleans predicate depending on smoothed variables. Conceptually,
we are close in spirit in that we tackle discontinuities by controlled smoothing.
However, the goal is fundamentally different: similarly to the previously men-
tioned works, Leios aids sampling-based inference; instead, we enable sample-free
optimization.

For PPs, most of the work has focused on coupling AD with sampling-based
inference, designing gradient estimators for discontinuous programs—either to
improve MCMC and VI globally [34, 28, 1, 14, 26] or only on the discontinuous
parts [35, 21, 24]. These approaches still estimate gradients via sampling and
are used to run inference faster or more stably. In contrast, we compute deter-
ministic gradients by evaluating a differentiable program semantics; no Monte
Carlo appears in the optimization loop. This lets us optimize likelihood and
non-likelihood probabilistic objectives directly (such as reachability), not just
expected values under a sampler.

Some methods start from an input program and compute a second program,
whose expected return value is the derivative of the input program’s expected
return value [3, 27]; the new program can then be sampled to obtain gradient esti-
mations. We differ in both goal (optimization rather than derivative-estimation
for inference) and mechanism: for our smoothing, we leverage the analytical
properties of the SOGA/GM semantics [30], that yield closed-form truncated
moments and CDFs for every node, which we then backpropagate through ana-
lytically.

3 Syntax and Semantics

SOGA was introduced in [30] as a semantics for a loop-free PPL that manipu-
lates input variables distributed as GMs. SOGA makes the language closed under
GMs, providing an analytical representation of the posterior that enables effi-
cient computation of moments, cumulative distribution functions (CDFs), and
probability density functions (PDFs). This semantics is the second-order approx-
imation of a family of approximate semantics based on Gaussian Mixtures, guar-
anteed to convergence to the true one, and demonstrated high accuracy across
a variety of programs. Here, we add the possibility of specifying parameters to
be used for optimization.

Notation. For a distribution D, let fD denote its pdf. A normal random vari-
able with mean µ and covariance matrix Σ is denoted by N (µ,Σ). A GM is a
weighted sum of Gaussians, Gπ,µ,Σ =

∑c
i=1 πiN (µi, Σi) where c is the number

of components and (πi){i=1,...,c} is the vector of weights satisfying 0 ≤ πi ≤ 1
and

∑c
i=1 πi = 1. A Dirac delta centered on x0 is denoted by δx0

. Let x[xi → e]
denote the vector with e as i-th component, and every other component equal
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to xj . Let Margy(D) denote the marginal of distribution D with respect to sub-
vector y. We denote with In the identity matrix of dimension n and with IA the
characteristic function of set A. We use ⊗ for the product of probability mea-
sures: if D1, D2 are distributions on R, D1 ⊗D2 is a distribution on R2 whose
marginal on the first coordinate is D1 and the marginal on the second coordinate
is D2. For a predicate b, PD(b) denotes the probability of b under distribution
D. D|b denotes distribution D conditioned to b.

3.1 Syntax

Variables. We consider programs defined over a vector of real variables x =
(x1, . . . , xn) and a set Θ of parameters, Θ = {θi = di}i=1,...,p where θi is the name
of the parameter and di ∈ R is an initial value. In addition, for each parameter
an interval domain is specified. For instance, we can specify a standard deviation
(std) as a parameter called σ, with initial value 1, and interval domain (0,+∞).

Expressions. Expressions over program variables can either be products between
two variables or linear expressions on program variables, where the coefficients
of the variables or the zero-th order term can either be constants or parameters:

E = {xixj | i, j = 1 . . . n} ∪ {c1x1 + . . .+ cnxn + c0 | ci ∈ R ∪Θ} .

Boolean predicates. Boolean predicates are true or false, or inequalities between
a variable and a real number, which can either be a constant or a parameter:

B = {true, false} ∪ {xi ▷◁ c | c ∈ R ∪Θ, ▷◁∈ {<,≤,==,≥, >}}

Boolean predicates in the guards of conditional (if) statements are restricted to
Bif with ▷◁∈ {<,≤,≥, >}.

The restrictions on expressions and Boolean predicates are inherited by SOGA
and are motivated by the need to preserve closure of the Gaussian-mixture se-
mantics under the supported operations. However, our grammar is expressive
enough to encode general polynomial assignments and guards.

Language. Our syntax uses the primitive x ∼ gm(π, µ, σ) for random assign-
ments with GMs, where π = (π1, . . . , πc), µ = (µ1, . . . , µc), σ = (σ1, . . . , σc) are
vectors of weights, means and standard deviations, respectively, and πi, µi, σi can
either be real constants or real parameters, with the restriction that πi, σi ≥ 0
and

∑
i πi = 1. The complete grammar of our programming language is:

P ::= skip | x := e (deterministic assignments)
x ∼ gm(π, µ, σ) (random assignment)
if b { P } else { P } (test)
observe b (observe)
P ; P (sequential composition)

The observe b construct represents a hard observe, which conditions the pro-
gram’s distribution on the event specified by b, effectively truncating the support
of the resulting distribution to the states satisfying b.
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3.2 Semantics

We denote with J·K the operator for the exact semantics of the program,intended
in the classic sense of Kozen’s Semantics 2 [19]; instead, J·KS denotes the Second
Order Gaussian Approximation (SOGA) semantics operator as defined in [30]
(both reported in Appedix A for completeness), which closes the language under
GMs. The closure is realized by replacing every distribution that would not be
a GM in the exact semantics (for instance, when conditioning due to a branch)
with a GM. The substitution is performed by a dedicated operator called the
moment-matching operator, denoted by Tgm, which approximates a density func-
tion with a GM by matching its first two moments. In particular, when Tgm acts
on a mixture, it acts on every component; when it acts on a single-component
mixture, it maps it to a Gaussian having mean and covariance matrix matching
the original distribution, denoted by µD, ΣD. Formally:

Tgm(D) =

{
π1Tgm(D1) + . . .+ πcTgm(Dc) if D =

∑c
i=1 πiDi

N (µD, ΣD) else.
. (1)

Notably, when acting on Gaussian mixtures, Tgm leaves them unaltered [30].

Non-differentiability of SOGA semantics. By closing the semantics with respect
to GMs, the general pdf of the distribution yielded by a program dependent on
parameters Θ can be shown to take the general form

fΘ(x) =
C∑
i=1

πi(Θ)

(2π)n/2|Σi(Θ)|1/2
exp

(
−1

2
(x− µi(Θ))TΣ−1

i (Θ)(x− µi(Θ))

)
.

Assuming that π(Θ), µ(Θ) and Σ(Θ) are differentiable in Θ, fΘ can only be
nondifferentiable in Θ if a covariance matrix is singular, i.e., |Σi(Θ)| = 0.

Figure 1 shows four minimal examples in which this may occur. In Figure
1a, y is assigned a constant value c, setting its variance to 0; in Figure 1b, y
is assigned with a discrete (Bernoulli) distribution, yielding again 0 variance; in
Figure 1c, y is assigned a deterministic function of x, so the distribution of y is
completely determined by that of x; reflected in the singularity of the covariance
matrix. In Figure 1d, y is observed to take on a real value, having an effect
analogous to a constant assignment.

In order to deal with such cases consistently, we smooth the semantics.
Smoothing will depend on a hyper-parameter ϵ > 0 that we assume fixed for
the rest of this section. Intuitively, ϵ represents the amount of smoothing ap-
plied to the program and corresponds to the standard deviation of the Gaussian
perturbation applied to smoothed variables.

Next, we discuss how we smooth Boolean predicates and the whole semantics
separately. Throughout the section, we let V denote the set of program variables
that have been smoothed.
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x = gm([1.], [0], [1]);
y = c;

π = 1, µ =

[
0
c

]
, Σ =

[
1 0
0 0

]
(a) Assignment with a constant.

x = gm([1.], [0], [1]);
y = gm([0.5, 0.5], [0, 1], [0, 0]);

π1 = 0.5, µ1 =

[
0
0

]
, Σ1 =

[
1 0
0 0

]
π2 = 0.5, µ2 =

[
0
1

]
, Σ2 =

[
1 0
0 0

]
(b) Assignment with a discrete distribution.

x = gm([1.], [0], [1]);
y = x + 1;

π = 1, µ =

[
0
1

]
, Σ =

[
1 1
1 1

]
(c) Deterministic function.

x = gm([1.], [0], [1]);
y = gm([1.], [0], [1]);
observe(y == 0.5);

π = 1, µ =

[
0
0.5

]
, Σ =

[
1 0
0 0

]
(d) Observation of a constant value.

Fig. 1: Nondifferentiability of SOGA semantics. Examples yielding singular co-
variance matrices.

Smoothing operator for Boolean predicates. We define the following smoothing
operator for Boolean predicates, that takes as input a predicate b and a set of
smoothed variables V and returns a new predicate.

Bϵ(x ▷◁ c, V ) =



x > c+ δϵ if ▷◁ is >, x ∈ V

x > c− δϵ if ▷◁ is ≥, x ∈ V

x < c+ δϵ if ▷◁ is ≤, x ∈ V

x < c− δϵ if ▷◁ is <, x ∈ V

(x > c− δϵ) ∧ (x < c+ δϵ) if ▷◁ is == t, x ∈ V

x ▷◁ c else

(2)

For now we allow δϵ to vary with ϵ under the only assumption that limϵ→0 δϵ =
0. In the next section we will introduce an additional restriction to guarantee
convergence to the SOGA semantics.

DeGAS. As in [30], we introduce the semantics in terms of the program’s control
flow graph (cfg). Each node in the graph represents a program instruction. We
consider six node types: entry, det, rnd, test, observe and exit and use the notation
v : type to denote that v is of type type. Nodes of type det are labelled by skip
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or by a deterministic assignment xi := e. Nodes of type rnd are labelled by
a random assignment xi ∼ gm(π, µ, σ). Nodes of type test are labelled by a
Boolean predicate in Bif, while observe node are labelled by a Boolean predicate
in B. A function arg is defined on all labelled nodes v, returning the label of v.
In addition, a function cond is defined on the set of det and rnd nodes, returning
either true, false or none and such that cond(v) = none if and only if the
parent of v is not a test node. Arithmetic expressions and Boolean predicates
are interpreted in the standard way. An expression e ∈ E denotes a mapping
e : Rn → R. A Boolean predicate b ∈ B denotes the set of vectors x ∈ Rn that
satisfy the predicate.

For a program P we let ΩP denote the set of paths in its cfg. For each
path ω ∈ ΩP the function sω(v) associates v ∈ ω with its succcessor in ω. The
semantics of path ω, denoted by JωK∆,ϵ is defined as a function taking no input
and returning a pair (p,D) where p ∈ R≥0 and D is a GM on Rn. The semantics
of a path ω = v0..vn is defined as the composition of the semantics of each node
in the path: JωK∆,ϵ = JvnK∆,ϵ

ω ◦ . . . ◦ Jv0K∆,ϵ
ω .

As noted earlier, when computing the semantics of a node, in addition to
p and D, we need to keep track of the smoothed variables, so we augment the
semantics with a set V , containing the variables that would be discrete in the
exact semantics. The semantics of a node v is a function taking as input a triple
(p,D, V ), and returning a triple (p′, D′, V ′) of the same type. The only exceptions
are the entry node which takes no input and the exit node which just outputs
the pair (p,D) The semantics of each node type is defined separately.

– If v : entry, then JvK∆,ϵ
ω = (1,N (0, In), ∅).

– If v : det, let D′ denote the distribution of x[xi → e] and Dϵ denote the
distribution of x[xi → e + z], where z is a fresh program variable with
distribution N (0, ϵ). Let V ′ be V ∪ {xi} if all variables in e are in V and
V ′ = V else. Then:

JvK∆,ϵ
ω (p,D, V ) =


(p,D, V ) arg(v) = skip
(p,Dϵ, V ∪ {xi}) arg(v) = xi := c

(p,Dϵ, V ′) arg(v) = xi := e, e linear, xi not in e

(p, Tgm(D′), V ′) else.

– If v : rnd and arg(v) = xi ∼ gm(π, µ, σ), let σ′ be the vector with σ′
j = σj if

σj ̸= 0 and σ′
j = ϵ else. Then:

JvK∆,ϵ
ω (p,D, V ) =

{
(p,Margx\xi

(D)⊗Gπ,µ,σ′ , V ∪ {xi}) σj = 0 for some j

(p,Margx\xi
(D)⊗Gπ,µ,σ, V ) else.

– If v : test, letting arg(v) = b and b′ = Bϵ(b, V ):

JvK∆,ϵ
ω (p,D, V ) =

{
(p · PD(b′), Tgm(D|b′), V ) cond(sω(v)) = true
(p · PD(¬b′), Tgm(D|¬b′), V ) cond(sω(v)) = false.
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– If v : observe, letting arg(v) = b, I =
∫
Rn−1 fD(x[xi → c])d(x \ xi) and

b′ = Bϵ(b, V ):

JvK∆,ϵ
ω (p,D, V ) =


(p · I,Margx\xi

(D|b)⊗N (c, ϵ), V ∪ {xi})
b is xi == c, xi ̸∈ V

(p · PD(b′), Tgm(D|b′), V ) else

– If v : exit, JvK∆,ϵ
ω (p,D, V ) = (p,D).

A program P is called valid if for at least a path ω ∈ ΩP JωK = (p,D) with
p > 0. The semantics of a valid program P is then defined as a mixture of the
semantics of its path:

JP K∆,ϵ =
∑

ω∈ΩP

JωK∆,ϵ=(p,D)

p ·D∑
ω′∈ΩP

Jω′K∆,ϵ=(p′,D′)

p′
.

Let us go back to Figure 1, to briefly discuss how J·K∆,ϵ avoids the discon-
tinuities. For the program in Figure 1a, J·K∆,ϵ effectively assigns y with c + z,
where z is a freshly defined variable, Gaussianly distributed with mean 0 and
std ϵ. This is equivalent to assigning y with N (c, ϵ), and yields a non-degenerate

covariance matrix Σ =

[
1 0
0 ϵ2

]
. For the program in Figure 1b, J·K∆,ϵ replaces

components with zero std with non-degenerate components with std ϵ. There-
fore the assignment effectivaly performed would be y = gm([0.5, 0.5], [0, 1], [ϵ, ϵ]),

yielding Σ1 = Σ2 =

[
1 0
0 ϵ2

]
. For the program in Figure 1c, J·K∆,ϵ acts similarly

as in the first case, y is a assigned with x+1+ z, with z fresh Gaussian variable

with mean 0 and std ϵ. The covariance matrix then becomes Σ =

[
1 1
1 1 + ϵ2

]
.

Finally, for the program in Figure 1d, the variance of y after the observation is

corrected and put equal to ϵ, yielding Σ =

[
1 0
0 ϵ2

]
.

To avoid unwanted changes in the behaviour of the probability mass due
to the smoothing, J·K∆,ϵ uses the operator Bϵ to interpret differently Boolean
predicates when they involve smoothed variables, as reflected in the definition
of the semantics of test and observe nodes. This has the effect of avoiding con-
ditioning to zero probability events, since J·K∆,ϵ always acts on non-degenerate
distributions and Bϵ(b, V ) always returns open sets.

In the next section, we will prove that the semantics computed by J·K∆,ϵ is
indeed differentiable in the program parameters and that by suitably choosing
the value of δϵ when applying Bϵ J·K∆,ϵ will converge to to J·KS .

Example 1. Consider the program P and its cfg in Fig. 2, where θ and σ are
parameters with θ ∈ (−∞,+∞) and σ ∈ (0,+∞). The exact semantics is:

JP K = Φ(θ/σ) · (N (0, σ)|x<θ ⊗ δ−1) + (1− Φ(θ/σ)) · (N (0, σ)|x≥θ ⊗ δ1)
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x ∼ gm([1], [0], [σ])
if x < θ then

y := −1
else

y := 1
end if

v0
entry

v1
rnd

x ∼ gm([1], [0], [σ])

v2
test

x < θ
v4
det

y = −1

cond(v) = false

v3
det

y = 1

cond(v) = true v5
exit

Fig. 2: Example program P (left) and its cfg (right).

In particular, the exact marginal over y is a discrete distribution putting Φ(θ/σ)
probability mass on −1 and 1−Φ(θ/σ) on 1. Therefore, the exact marginal over
y is nondifferentiable (in fact, discontinuous) in the parameters.

Using the SOGA semantics, closed with respect to GMs, yields:

JP KS = Φ(θ/σ) · Tgm(N (0, σ)|x<θ ⊗ δ−1) + (1− Φ(θ/σ)) · Tgm(N (0, σ)|x≥θ ⊗ δ1)

However, the marginal over y remains unchanged, and therefore still nondiffer-
entiable. When computing the differentiable semantics, not only is the moment-
matching operator applied to close the semantics with respect to GMs, degen-
eracies are avoided by smoothing the assignments of y. This yields:

JP K∆,ϵ = Φ(θ/σ) · Tgm(N (0, σ)|x<θ ⊗N (−1, ϵ))+

+ (1− Φ(θ/σ)) · Tgm(N (0, σ)|x≥θ ⊗N (1, ϵ))

For any σ ∈ (0,+∞), the differentiable marginal over y is given by

Φ(θ/σ) · N (−1, ϵ) + (1− Φ(θ/σ)) · N (1, ϵ).

The marginal densities of the three semantics, computed for σ = 1 and θ = 0
are represented in Fig. 3, where the densities of the components of the mixtures
are highlighted in orange and for DeGAS we fixed ϵ = 0.05.

4 Properties of J·K∆,ϵ

In this section we prove two properties of the DeGAS semantics operator J·K∆,ϵ,
namely differentiability of JP K∆,ϵ with respect to the parameters and convergence
of JP K∆,ϵ to JP KS as ϵ → 0.

Differentiability. First, we focus on the differentiability of the DeGAS semantics
with respect to Θ. For this reason, in this subsection we make the dependence of
the programs on the parameters explicit, using the notation P (Θ). For instance,
program P from Example 1 would be denoted as P (θ, σ). We assume that the
parameters come with assigned initial values and interval domains and that
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Fig. 3: Marginal posterior densities of program P under different semantics. The
orange lines highlight the different components of the mixtures.

they always take values in the interval domains. For instance, for P (θ, σ) we
could specify the initial values dθ = 0 and dσ = 1 and the interval domains
θ ∈ (−∞,+∞), σ ∈ (0,+∞). We say that a distribution D(Θ) is differentiable
in Θ if its pdf is. For example, if D(Θ) is a GM, D(Θ) is differentiable in Θ if,
for i = 1, . . . , c (i) πi(Θ), µi(Θ) and Σi(Θ) are differentiable in Θ; (ii) Σi(Θ) is
non-singular for every value of Θ that satisfies the constraints.

Theorem 1. For any valid program P (Θ), JP (Θ)K∆,ϵ returns (p′(Θ), D′(Θ), V ′)
such that p′(Θ) and D′(Θ) are differentiable in Θ.

This is the core theoretical result of the paper (proved in the Appendix), because
it allows for a safe application of gradient-based optimization methods to PPs.

Convergence. DeGAS adds an additional layer of approximation, through the
Gaussian perturbation, to the already approximated semantics of SOGA J·KS .
We prove that this additional approximation tends to disappear when the per-
turbation becomes very small, i.e. in the limit for ϵ → 0. Coupled with SOGA’s
convergence result to the true semantics J·K, this offers a principled way of ob-
taining sample-free gradients for a class of PPs.

DeGAS’ convergence proof (provided in the Appendix) is surprisingly sub-
tle and deserves an intuitive explanation. When smoothing the predicates, the
dependence of δϵ on ϵ can jeopardize the convergence. The following example mo-
tivates the introduction of an additional requirement, called consistency, that is
needed to guarantee convergence.

Example 1. We consider two example programs:

P1 : x := 0; y ∼ gm([1.], [0.], [1.]); observe x ≥ 0,

P2 : x := 0; y ∼ gm([1.], [0.], [1.]); observe x > 0.
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In SOGA we have JP1KS = (1, δ0 × N (0, 1)) and JP2KS = (0, δ0 × N (0, 1)). In
DeGAS, before the observe statement for both programs we have the output
triple (1, Dϵ, {x}) where Dϵ = N (0, ϵ)×N (0, 1). However, the predicates of the
observe node are smoothed differently:

Bϵ(x ≥ 0, {x}) = x > −δϵ, Bϵ(x > 0, {x}) = x > δϵ.

Consider P1. To compute the differentiable semantics of the observe node we
need to compute PDϵ(x > −δϵ) and the moments of (Dϵ)|x>δϵ , and we want
them to tend to 1 and to the moments of δ0 × N (0, 1), respectively. Here, we
focus on the probabilities, since the convergence of the moments are proved
using similar arguments. Letting Φ denote the cdf of the standard Gaussian,
then PDϵ

(x > −δϵ) = 1 − Φ
(
− δϵ

ϵ

)
. For this quantity to tend to 1 we need

δϵ
ϵ → ∞. Intuitively, this limit forces δϵ to decrease slower than the variance of
x (in this case ϵ), so that as ϵ tends to 0 more and more of the probability mass
of Dϵ is inside {x > −δϵ}. Moreover, it is clear that if δϵ is a linear function of
ϵ or if it decreases faster than it, the limit cannot hold.

Analogously consider P2 for which PDϵ(x > δϵ) = 1 − Φ( δϵϵ ). For it to tend
to 0 we need again δϵ

ϵ → ∞. This time the slower convergence of δϵ to 0 allows
a larger part of the probability mass of Dϵ to remain outside {x > δϵ}.

The previous example leads us to the following definition and theorem (we
report the full proof in the Appendix).

Definition 1. The operator Bϵ is applied consistently if for every test and
observe node with arg(v) = xi ▷◁ c when Bϵ is applied to compute JvK∆,ϵ(p,D, V )
and xi ∈ V , δ is chosen such that:

lim
ϵ→0

δϵ(ϵ) = 0 and lim
ϵ→0

δϵ(ϵ)√
Σxi,xi

(ϵ)
= +∞

for every Σ(ϵ) covariance matrix of a component of D. The dependence of Σ
from ϵ is guaranteed by the fact that xi ∈ V .

Theorem 2. Suppose P is a valid program and Bϵ is applied consinstently when
computing JP K∆,ϵ. Then limϵ→0JP K∆,ϵ = JP KS (where convergence for the dis-
tributions is intended in the sense of convergence in distribution).

We remark that, while in theory it is possible to let ϵ tend to 0 to make the
additional error vanish, in practice we want to use a value of ϵ large enough to
enable efficient gradient-based optimization, as will be discussed next.

5 Experimental Evaluation

Setup. We evaluate DeGAS along two axes: (i) we optimize parameters of bench-
mark probabilistic programs taken from the literature comparing with Varia-
tional Inference (VI) and Markov Chain Monte Carlo (MCMC); (ii) we evaluate
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DeGAS on programs with discontinuities related to continuous variables, which,
as we will show, make standard optimization methods inapplicable. In this case
we consider classic models of cyber-physical systems (CPS), whose parameters
are synthesized to optimize trajectory likelihoods or reachability properties.

We implemented DeGAS in Pytorch, leveraging automatic differentiation for
the gradient computation (cf. Appendix C) and employing Adam as optimizer.
For all the experiments we set δϵ =

√
ϵ and report the results for ϵ = 0.001. The

choice of δϵ is coherent for the consistency assumptions. Furthermore, we did not
observe significant accuracy changes with respect to the SOGA approximation
when varying ϵ, as long as it stays below 0.1, as reported in Appendix D.1. This
is further confirmed by the results reported in Appendix D.6, pointing to the
fact that the main source of error is that induced by SOGA, while ϵ has a neg-
ligible empirical effect for the considered values. For a dedicated analysis of the
SOGA error for inference tasks, including discussion on increasing the Gaussian
approximation order, we refer the reader to [30]. We run all the experiments on a
machine equipped with an Apple M2 processor with 8 cores running at 3.49GHz
and 8 GB RAM. For all the experiments we set a time-out threshold of 600s.

Comparison with VI and MCMC. We start by comparing DeGAS with Varia-
tional Inference (VI) and Markov Chain Monte Carlo (MCMC) as implemented
in Pyro [5] on a set of 13 case studies taken from the PPL literature ([10, 15,
16]). As a standard benchmark optimization task, we also consider a Propor-
tional Integral Derivative (PID) controller, described in Appendix D.2.

For each case study, some of the significant variables are set as optimizable
parameters while others as observables. For the observables a dataset D of size
N = 1000 is generated for the true value of the parameters. For the PID case
study, data correspond to idealized representations of stable dynamics, maintain-
ing the system at its equilibrium point. For each program, the posterior density
computed by DeGAS is used to compute the negative log-likelihood l(Θ) =
− log fΘ(x) of the dataset D; then, we optimize to find Θ∗ = argminΘl(Θ).

For both VI and DeGAS, we report the results for the value of the learning
rate chosen among {0.001, 0.005, 0.01, 0.05, 0.1, 0.2} that achieves the minimum
error. The optimization is stopped upon convergence within a tolerance of 10−8

with a patience of 30 iterations, with a maximum of 500 steps for DeGAS (except
1000 for the PID model) and 1000 for VI. For VI, we use the Trace_ELBO loss4.
For MCMC, we run the NUTS kernel with 4 chains, initially running inference
with 500 samples and 50 warm-up steps. If R̂ exceeds 1.05, the procedure is
repeated, increasing the number of samples by 500 and the warm-up steps by 50
when the total number of steps is between 2000 and 5000, and by 100 thereafter,
up to a maximum of 6000 total steps. All hyperparameter values are reported
in Appendix D.3.

Table 1 collects the results, where ‘time’ refers to the average runtimes (in s)
out of 10 executions and ‘error’ refers to the average relative difference between
the optimized value and the real value across all the optimizable parameters of

4 https://docs.pyro.ai/en/dev/inference_algos.html
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Model # Par. # Var. VI MCMC DeGAS

Time Error Time Error Time Error

Bernoulli 1 2 0.204 0.024 10.968 0.023 1.986 0.001
Burglary 2 7 3.244 0.913 13.014 0.141 14.347 1.686
ClickGraph 1 6 1.635 0.376 62.546 0.096 21.600 0.086
ClinicalTrial 3 6 1.055 1.980 120.492 2.536 17.070 0.657
Grass 4 6 3.077 0.306 58.151 0.015 317.582 0.036
MurderMistery 1 1 0.792 8.015 14.036 2.303 2.508 0.203
SurveyUnbiased 2 2 0.794 0.013 17.030 0.013 11.570 0.008
TrueSkills 3 6 2.056 0.003 t.o. t.o. 1.664 0.003
TwoCoins 2 1 0.095 0.864 49.120 0.873 3.410 0.688
AlterMu 3 5 1.007 1.043 t.o. t.o. 0.640 0.312
AlterMu2 2 3 0.718 0.556 384.730 0.139 0.618 0.096
NormalMixtures 3 3 1.061 0.909 345.409 0.053 2.941 0.386
PID 2 55 10.778 – nc nc 213 –

Table 1: Comparison of inference methods across models. Models highlighted in
gray indicate cases where DeGAS outperformed both other methods in either
accuracy or execution time. For the last model, PID, we are not able to quantify
the error, as the true parameters are unknown, but we show the result of the
optimization in Figure 7. MCMC fails to converge for this case study (R̂ ≫ 1.)

the program. As the table shows, our approach generally achieves performance
comparable to the baseline methods, and in several benchmarks it outperforms
them in terms of accuracy. Two models particularly challenging for DeGAS are
Grass and Burglary. Both models contain a large number of nested if state-
ments, that give rise to a high number of components in the GM approximation.
This problem is also known for SOGA and can be mitigated using a pruning
strategy [30], whose tuning is outside the scope of this paper.

Many benchmark programs include conditional statements with Boolean
guards over discrete variables. When these conditions are enumerable, both VI

v ∼ gm([1], [µ1], [5])
if v > 0 then
y ∼ gm([1], [µ2], [1])

else
y ∼ gm([1], [−2], [1])

end if

MCMC can correctly perform inference through
enumeration.5 However, when the condition de-
pends on continuous variables, the resulting
model becomes discontinuous and nondifferen-
tiable, breaking the smoothness assumptions of
gradient-based VI and affecting the convergence of
MCMC. This behavior is clearly visible in the pro-
gram on the right inset adapted from [25], where
µ1 and µ2 are optimizable parameters and whose true value is 0.5 and 1. Fig-
ure 4 shows that VI has oscillatory loss values (similarly, MCMC does not reach
a value of R̂ < 1.05, indicating nonconvergence), while DeGAS optimizes suc-
cessfully. This highlights the complementarity of DeGAS with existing methods:

5 https://pyro.ai/examples/enumeration.html
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Fig. 4: Comparison of DeGAS and VI loss curves for the program in Section 5.

while it may incur longer runtimes on some benchmarks, it can also enable effi-
cient optimization in challenging discontinuous settings, where VI and MCMC
are known to struggle.

Parameter synthesis for cyberphysical systems. We now consider models of cyber-
physical systems (CPS) where control-flow branches depend on continuous ran-
dom variables such that the previously described nondifferentiability issue arises.
DeGAS, instead, provides an analytic form for the loss functions: we show exam-
ples of both data likelihoods and complex reachability objectives. We consider
the following models taken from [32, 11] and fully described in Appendix D.4:

1. Thermostat represents a thermostat maintaining fixed temperature by
switching an heater on or off when the temperature crosses the thresholds
ton and toff (optimizable parameters). The temperature evolves according
to a first-order decay process with an added heating term when the heater
is active and stochastic fluctuations due to noise.

2. Gearbox represents a car’s transmission system. We consider a model with
three gears. The controller determines when to shift from one gear to the
next, allowing only consecutive transitions. The thresholds si (optimizable
parameters) specify the velocity at which gear i is released and gear i + 1
engages. Additionally, gear shifts are not instantaneous: in our model, each
transition lasts 0.3 seconds, during which the gearbox remains disengaged.
The velocity grows linearly when the gear is engaged and decreases quadrat-
ically when disengaged. In both cases it is subject to stochastic fluctuations.

3. Controlled Bouncing Ball represents a ball dropped onto a platform with
a spring and damper. The spring pushes the ball back with a force deter-
mined by the compliance C, and the damper slows the ball according to the
coefficient R (both are optimizable parameters). When the ball reaches the
platform, the system transitions to a reflection mode, returning to free fall
once the height is positive.

Parameter synthesis by data likelihoods. As in the previous case studies, the goal
of the optimization is to maximize the negative log-likelihood with respect to a
set of 100 trajectories generated from the models using the true parameter values.
Table 2 and Figure 5 show that DeGAS consistently recovers parameter values
close to the ground truth. The optimized mean trajectories (in red) accurately

DeGAS 579



Table 2: Results for the CPS optimization from trajectories
Case Study Params lr Steps Time Init Target Result

Thermostat tON , tOFF 0.1 40 61.964 (15, 22) (17, 20) (16.78, 19.97)
Gearbox s1, s2 0.15 200 167.643 (8, 12) (10, 20) (8.69, 19.24)
Bouncing Ball R, 1/C 0.8 100 500.621 (−1, 450) (7, 400) (5.27, 408.99)
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Fig. 5: Mean trajectories with one standard deviation (red) obtained using op-
timized parameters, compared to trajectories generated with initial parameters
(blue). The gray trajectories represent the samples used for optimization.

capture the behavior of the stochastic simulations (in grey), even when the initial
trajectories (in blue) are far from the correct one. The normalized loss curves
confirm convergence in all three cases.

Synthesis by reachability A complementary synthesis objective consists in
optimizing the parameters of the CPS to maximize the probability of reaching
specific target states or satisfying certain behavioral constraints. We consider
three such cases. Thermostat: the goal is to maximize the probability of reaching
the region T (t) ∈ [Tmin, Tmax] = [19.9, 20.1] in mode "ON" at various time
points (τ1 = 0.6, τ2 = 1.8 and τ3 = 2.4); gearbox: we maximize the probability
of maintaining velocity below 16 across the whole trajectory; bouncing ball: we
want to maximize the probability that the ball reaches H ≥ 7 when falling after
making one bounce. The optimizable parameters are the same as the ones in the
previous section.
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Table 3: Results for the CPS optimization from reachability properties
Case Study lr Steps Time(s) Init Init Loss Result Fin. Loss

Thermostat 0.1 100 2770 (16.5, 22) −2e−12 (19.04, 21.30) −5695
1Gearbox 0.5 40 52.642 (10, 20) 1.000 (1.92,−1.57) 0.966
Bounc. Ball 0.2 50 184.264 (7, 200) −0.002 (−3.87, 210.14) −0.979
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Fig. 6: Mean trajectories with one standard deviation (red) obtained by optimiz-
ing the target represented in gray are compared with initial trajectories (blue)

We report the results in Table 3 and Figure 6. The table reports the initial
and final loss values, since the true optimal parameters are unknown. As shown
in the figure, for all models the optimized trajectories (in red) satisfy the desired
behavioral constraints, unlike the initial trajectories (in blue). The optimization
curves further confirm convergence across all three models.

6 Conclusions

We introduced DeGAS, a method to enable sample-free optimization of prob-
abilistic programs via a differentiable program semantics. DeGAS smoothens
SOGA, a semantics which represents a program evolution through Gaussian-
mixture updates (affine maps, products, and truncated moments) that enable
an analytic—but, in general, discontinuous, representation of the posterior dis-
tribution. We demonstrated the potential of DeGAS in tackling synthesis tasks
that cannot be directly solved through classic optimization methods such as
variational inference and Markov chain Monte Carlo, due to the presence of
discontinuities hindering convergence.
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In principle, the main ideas behind DeGAS can be applied to any semantics
that (i) represents program states in a tractable form, (ii) supports closed-form
(or deterministic-quadrature) updates for transforms and conditioning, and (iii)
admits a smooth relaxation of discrete or measure-zero constructs whose pa-
rameter ε → 0 recovers the original semantics. We conjecture that under these
conditions, all statements about differentiability hold for ε > 0, and convergence
back to the unsmoothed semantics follows by similar arguments as for SOGA.
Thus, an interesting direction for future work is to study other semantics such
as probabilistic circuits, mixture of exponentials or general symbolic PPs that
provide analytic or semi-analytic representations of distributions.

Data Availability Statement

DeGAS is publicly available on Github at https://github.com/frarandone/DeGAS.
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tal results which can be found at: https://zenodo.org/records/18197807.
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Open Access. This chapter is licensed under the terms of the Creative Com-
mons Attribution-NonCommercial-NoDerivatives 4.0 International License (http://
creativecommons.org/licenses/by-nc-nd/4.0/), which permits any noncommercial use,
sharing, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons license and indicate if you modified the licensed material. You do
not have permission under this license to share adapted material derived from this
chapter or parts of it.

The images or other third party material in this chapter are included in the
chapter’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the chapter’s Creative Commons license and
your intended use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright holder.
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