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1. Introduction

Dissipativity theory can be regarded as one of the most funda-
mental tools for analyzing the stability of control systems (Byrnes,
[sidori, & Willems, 1991). Its origins can be traced to the work of
Willems (1971, 1972), who analyzed the theoretical properties of
dissipative systems and formalized the concepts of energy supply
and energy storage for general control systems.

Recent work on dissipativity theory has focused on its applica-
tion to optimally operated control systems. For example, Angeli,
Amrit, and Rawlings (2012) established a link between dissipativ-
ity of a control system and the existence of optimal steady-states.
In Faulwasser, Griine, Miiller, et al. (2018), a thorough review of
economic model predictive control (MPC) schemes is presented.
Unlike standard tracking problems, economic MPC controllers are
based on objective functions which are, in general, not positive
definite. For such controllers a number of stability conditions are
available (Angeli et al., 2012; Miiller, Angeli, & Allgower, 2015;
Miiller & Griine, 2016; Zanon, Griine, & Diehl, 2017), which all
rely on dissipativity theory.

In order to understand why one may wish to develop a gen-
eralization of dissipativity for set-valued systems, one must be
aware of set-valued analysis (Aubin & Frankowska, 2009) and its
importance in the development and analysis of robust control
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methods (Bertsekas & Rhodes, 1971; Blanchini, 1999). Among the
various set-theoretic control methodologies, Tube model predic-
tive control strategies have been analyzed exhaustively during
the past two decades (Langson, Chryssochoos, Rakovi¢, & Mayne,
2004; Mayne, Seron, & Rakovi¢, 2005). Here, the main idea is
to replace trajectories by robust forward invariant tubes (RFITs),
i.e., set-valued functions in the state space enclosing all future
system states, independently of the uncertainty realization. A
great variety of methods for Tube MPC synthesis can be found
in the overview article (Rakovi¢, 2012).

Notice that there is a large body of work regarding the stabil-
ity of nominal (certainty-equivalent) MPC schemes (Chen & All-
gower, 1998; Griine, 2009; Rawlings & Mayne, 2009). Of course,
if a parameterized version of a Tube MPC problem can be written
as a standard MPC problem, such stability results can be applied.
For example, in the so-called Rigid Tube MPC (Rakovi¢, Munoz-
Carpintero, Cannon & Kouvaritakis, 2012; Zeilinger, Raimondo,
Domahidi, Morari, & Jones, 2014) one computes offline both the
tube cross-section as well as an ancillary feedback law in order to
add robustness margins to all constraints. Thus, in this case, the
robust reformulation is equivalent to a nominal MPC scheme with
tightened constraints and standard stability results for MPC can
be applied (Rakovi¢, 2012; Zeilinger et al., 2014). For Rigid Tube
MPC schemes with economic objectives, stability results can be
obtained using tools from the field of dissipativity theory (Bayer,
Miiller, & Allgéwer, 2014, 2018; Broomhead, Manzie, Shekhar, &
Hield, 2015).

As rigid tubes may be rather conservative, multiple strategies
have been proposed to increase the accuracy of RFITs. These
include the use of homothetic (Rakovi¢, Kouvaritakis, & Cannon,
2013; Rakovi¢, Kouvaritakis, Findeisen & Cannon, 2012) and elas-
tic tube parameterizations (Rakovi¢, Levine, & Acikmese, 2016),
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which are based on polytopic sets with a constant, pre-specified
number of facets. The use of ellipsoidal parameterizations, Vil-
lanueva, Quirynen, Diehl, Chachuat, and Houska (2017), has also
been proposed for tube MPC. In general, the question of which set
parameterization is the best has no unique answer, as Tube MPC
formulations face an inherent tradeoff between computational
tractability and conservatism (Rakovi¢, 2012). Roughly, whenever
one attempts to increase the accuracy of the set representa-
tion, the computational procedures become more demanding in
terms of their memory and run-time requirements (Houska &
Villanueva, 2019).

In this context, one of the main contributions of this paper
is the development of a rigorous mathematical framework for
the stability analysis of a rather general class of set-valued con-
trol systems. Towards this aim, Section 2 introduces a set-based
generalization of cost-to-travel functions, which have originally
been developed for certainty-equivalent control systems (Houska
& Miiller, 2017). Section 3 builds on this construction to propose
a set-theoretic generalization of dissipativity for a particular class
of storage functions. The practical applicability of these rather
abstract concepts is discussed in Section 4, which establishes
set-theoretic stability conditions for a large class of Tube MPC
controllers with possibly economic objectives and no assump-
tions on the feedback structure. These controllers can be based,
in the most general case, on parameterizations where the set-
valued cross-sections of the tube itself are free optimization
variables. The theoretical developments of this paper are illus-
trated throughout the paper using a series of academic examples.
Section 5 concludes the paper.

1.1. Notation and preliminaries

We use the symbols K" and K¢ to denote the sets of compact
and compact convex subsets of R", respectively. The Hausdorff
distance between two sets A, B € K" is denoted by

du(A, B) = max {max min ||x — y||, max min ||x — y|| } .
XxeA yeB yeB  xeA

Notice that (K", dy) is a metric space (Srivastava, 2008).
As this paper uses functions whose arguments are sets in K",
we introduce the following definitions.

Definition 1. Let the domain D C K" be given. A function
L:D — Ris called

(1) continuous on D if there exists for every A € D and every
€ > 0aé > 0such that |[L[(A) — L(B)| < ¢, for all B € D
with dy(A, B) < 4,

(2) lower semi-continuous on D if there exists for every A € D
and every € > 0 a constant § > 0 such that L(B) > L(A)—e,
for all B € D with dy(A, B) < §, and

(3) monotonous if A € B implies L(A) < L(B).

We also introduce the generalized Hausdorff distance,

H(D, £) = max {max min dy(A, B), max min dy(A, B)} ,
AeD Be& BeE AeD

which is defined for any D, & € K". The symbol K" is used to
denote the topological space of all nonempty subsets of K" that
are compact in 2K" _the power set of K". Recalling that dy induces
a metric in K", one can show that the generalized Hausdorff
distance H induces a metric in K" (Rockafellar & Wets, 2005).

The following definition is useful for the analysis of difference
inclusions, as needed in the context of Tube MPC.

Definition 2. Consider the function F : K" — K" It is called
continuous if there exists for every € > 0 a § > 0 such that

H(F(A), F(B)) < €,
for all A, B € K" with dy(A, B) < 4.

2. Set-based cost-to-travel functions

The main goal of this paper is to analyze uncertain discrete-
time control systems of the form

X1 = f (X, ug, wi). (1

Here, x, € R™, u, € R™, and w, € R™ denote the state, control,
and disturbance vectors at time k. The disturbance sequence w is
unknown, but assumed to take values in the given set W € K™,
The associated state- and control constraint sets, X € K™ and
U € K™, are also assumed to be given.

Since (1) depends on an uncertain disturbance sequence, its
reachable set is, in general, not a singleton. Hence, Section 2.1
briefly reviews some concepts from robust forward invariance
(Blanchini, 1999), used for the analysis. Section 2.2 introduces
a novel set-theoretic generalization of cost-to-travel functions
(Houska & Miiller, 2017), whose properties are analyzed in
Section 2.3.

2.1. Difference inclusions and robust invariance

Recalling that the focus of this paper is on set-based methods
for analyzing (1), we introduce the map F : K™ — K™, given by

VxeA, JuelU: Yw e W,

f(x,u,w)eB 2)

F(A) = {B € K™

for all A € K™. This transition map F is the basis for the
construction of control invariant sets and tubes for (1).

Definition 3. A sequence X = (Xp, Xi,...) of compact sets is
called a robust forward invariant tube (RFIT) for (1) if it satisfies
the difference inclusion

Vk €N, Xgiq1 € F(Xk).

If X = (X*, X*,...)is a time-invariant RFIT, X* is called a robust
control invariant (RCI) set.

Notice that F maps a set to a set of sets. This notation may
appear rather abstract on the first view, but it has the advantage
that we do not have to introduce notation for the underlying
possibly set-valued feedback law and the associated closed-loop
reachability sequences, which are parametric on the feedback
law.

2.2. Set-based cost-to-travel functions
Let D C K" be a given domain and L : D — R a given

lower semi-continuous function on D. The cost-to-travel function
Vp:DxDxN— RU/{oo} of (1) on D is given by

N—-1
Vo(A.B.N)= min, ’X(;L(Xk)
k=
Vke{0,1,...,N —1}, (3)
s.t Xk+1 € F(Xk)
o ngx7

Xo=A, Xy =8B,

which is defined for all sets A, B € D and all N € N. In order
to ensure that Vp is well-defined, the following assumption is
needed.
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Assumption 1. The domain D and the functions f and L have the
following properties:

(1) the right-hand side function f is continuous in all of its
arguments,

(2) the set D € K™ is closed in the metric space (K™, dy), and

(3) the function L : D — R is lower semi-continuous and
monotonous on D, in the sense of Definition 1.

Proposition 1. Let Assumption 1 be satisfied. Then, the right-hand
side of (3) either admits a minimizer or has an empty feasible set.

Proof. First, notice that F is continuous in the sense of Defini-
tion 2. This is a direct consequence of the definition of F in (2), the
continuity of f as well as the compactness of U and W—see Aubin
and Frankowska (2009) for details. Since X is compact and D
closed, the feasible set of (7) is compact in (K™, dy). Since L is
lower semi-continuous, the right-hand side of (3) either admits a
minimizer or has an empty feasible set. O

If the sets A and B are such that the right-hand side of (3)
is infeasible, we set Vp(A, B, N) = oo. This guarantees that the
function Vp is well-defined for all A, B € K™.

Example 1. Let us consider a dynamic system given by

u
f(x,u,w):( %x2+u+w ) ,

with X = [-5,5] x [-5,5], U = [-5,5], and W = [—1,1].
Moreover we consider the 2-dimensional interval domain

_ 2
P= { [ar. 2] las. aa] € & (a1 < a) A (a3 < aq)

ap, az,03,04 € R }

as well as the stage cost
1
Llar, az] x a3, aa]) = 2z + o (3} + a3 + 205 + af) .

In this setting, the cost-to-travel function V(-, -, 1) can be con-
structed explicitly. In fact, it is given by

Vp(A, B, 1) = {L([al’az] xlas, aa]) if (a,b)€G
0 otherwise.
for all intervals A = [a1,a;] x [a3,a4] € D and all intervals

B = [by, by] x [b3, bs4] € D. Here, we have used the shorthand
notation

Jvq, vy € [-5,5]

b3§%a3+v1—1

b4Z%a4+v2+l
G=1@@b) eR g, > 20 —v)+as

by <vi < b,

bi <vy; < by

—S5<a<a, <5

—5<a3<ay4 <5

2.3. Properties of cost-to-travel functions

The following propositions summarize basic properties of the
cost-to-travel function Vp.
Proposition 2 (Monotonicity). Let Assumption 1 be satisfied. Then,
Vp(A,C,N) < Vp(A',C,N) and Vp(A,C,N) > Vp(A C',N)
forall sets A,A’,C,C' e DwithACA and C CC' and all N € N.

Proof. As discussed above, Assumption 1 ensures that Vp is
well-defined. The definition of F implies that

CeFA) = CeF@A)

CeFA) = C( €FA)

hold for all sets A,A",C,C’ € DwithA € A and C C (.
Moreover, Assumption 1 requires L to be monotonous; that is,
ACA = LA CLA). (4)

The statement of the proposition is a direct consequence of these
three implications recalling the definition of V5 in (3). O

Proposition 3 (Continuity). Let Assumption 1 be satisfied. Then, the
function Vp(-, -, N) is lower semi-continuous on its domain

{(A,B)e D x D | Vp(A,B,N) < 00} .

Proof. Assumption 1 ensures that F is continuous and L lower
semi-continuous. Since X is compact, it follows, from standard
arguments from set-valued analysis (Aubin & Frankowska, 2009),
that Vp is lower semi-continuous. For example, one can use an
indirect argument, as follows.

If Vp was not lower-semi-continuous, we could find a se-
quence of sets (A;, B;) with
VD(Ais Bi7 N) < VD(A7 Ba N) — €,
for some € > 0 as well as a feasible pair (A, B), such that (A;, B;)
converges to (A, B) for i — oo. But this means that there exists
a sequence of associated feasible points X' of (3) with A and B
replaced by A; and B;; and
N—1
> LX}) < Vp(A,B,N) —€ .
k=0
Since X is compact, this sequence must have a convergent sub-
sequence, whose limit sequence X*° is feasible too, and satisfies
N—1
Y LX) < Vp(AB.N) —€.
k=0
This is a contradiction, as we have X§° = A as well as X° = B by
construction. Thus, Vp(-, -, N) is lower semi-continuous. O

The set-based cost-to-travel function Vp, satisfies a functional
equation, as stated in the following proposition.

Proposition 4 (Functional Equation). Let Assumption 1 be satisfied.
Then, Vp satisfies the functional equation

Vp(A,C,M +N) = IglinVD(A,B,M)-I—VD(B, C,N)
D
forallA,C e Dand all M, N € N.

Proof. This statement follows from the definition of Vp and
Proposition 3. This ensures that, either a minimizer exists for the
optimization problem over B or that the expressions on both sides
of the functional equation are equal to co. O

3. A set-theoretic generalization of dissipativity

This section introduces a generalization of dissipativity in the
context of discrete-time set-valued inclusions.

Definition 4. System (1) is called set-dissipative on its domain
X x U x W with respect to a given supply rate S : D — R on D,
if there exists a nonnegative storage function A : D — R, such
that the inequality

A(B) — A(A) < 5(A) ,
holds for all A, B € D with A, B C X and B € F(A).
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Notice that for the special case that W is a singleton and
D is the set of singletons in K™, set-dissipativity is equivalent
to dissipativity for deterministic systems with control-invariant
supply rates, as introduced by Willems (1971, 1972). To explain
how set-dissipativity relates to the ongoing developments in this
paper, we introduce the following definition.

Definition 5. A set X* € D is called an optimal robust control
invariant set, if

VA = Vp(X*, X*, 1) = min Vp(A, A, 1).
AeD

The following assumption is introduced to guarantee that V7,
is well-defined.

Assumption 2. The set {A € D | A € F(A), A € X} has a
non-empty interior in D.

Proposition 5. Let Assumptions 1 and 2 hold. Then, there exists at
least one optimal robust control invariant set X* € D.

Proof. Assumption 2 implies that there exists at least one set
A € D with A C X and A € F(A), which ensures that the domain

{(A,A) e D x D | Vp(A, A, 1) < 00}

is non-empty. Now, the statement of this proposition is a direct
consequence of Proposition 3 and Weierstrass’ theorem, which
can be applied here as X is compact. O

Example 2. Consider the setting from Example 1. Here, the
optimal robust control invariant set can be found by solving

{ (a,b) e G
s.t.

min L([a;, az] x [as, a4])
(a,b)eR4

5
a=h. ()
Notice that (5) is a strictly convex quadratic program with an
unique minimizer a* = b* = (—1, —1, —4, 0)". Thus, the optimal
robust control invariant set is given by the line segment X* =
{=1} x [—4, 0] with V}, = —1.
Definition 6. The function Vp(-, -, N) is called separable on D if
it admits a non-negative separable lower bound W : D — R,
satisfying

VA,Be D, Vp(A, B,N)— NV > W(B)— W(A) .

The following theorem establishes the link between set-
dissipativity and cost-to-travel functions.

Theorem 1. Let Assumptions 1 and 2 be satisfied. System (1) is
set-dissipative on its domain X x U x W with respect to the supply
rate S(A) = L(A) — L(X*) on D if and only if Vp(-, -, 1) is separable
on D.

Proof. Proposition 5 implies that the constant offset L(X*) =
V3 < oo is well-defined. If the system (1) is set dissipative and
A and B are such that V(A, B, 1) < 0o, we have
Vp(A, B, 1) = Vp, = L(A) — L(X™)

> A(AT) — A(A)
for all sets AT € D with A™ € F(A) and A" € X. In particular, this
inequality must hold for A* = B, which implies
Vp(A, B, 1) = V3, > A(B) — A(A) .

This inequality also holds whenever V(A, B, 1) = oo. Therefore,
W = A is a non-negative separable lower bound of Vp(-, -, 1) on
D. Therefore, if (1) is set-dissipative on X x U x W with respect

to the supply rate L(-) — L(X*) on D, then Vp(-, -, 1) is separable
on the domain D.

In order to establish the converse implication, we use the fact
that L(A) = V(A, B, 1) for all A, B € X with A, B C X and B € F(A).
Hence, for all such A, B we obtain

W(B) — W(A) < Vp(A, B, 1) — V}, = L(A) — L(X"),

which implies that (1) is set-dissipative with storage function
A = W, as long as Vp(-, -, 1) is separable on D with separable
lower bound W. O

Example 3. Here, we continue discussing Examples 1 and 2. In
this setting, the function

16 + £(as — a3)

W(lai, az] x [az, a4]) = { 0 if ACX

otherwise

happens to be a non-negative separable lower bound on
Vp(-, -, 1). Here, the offset 16 > %az — as is chosen such that
W is non-negative on X = [—5, 5] x [—2, 2]. To verify that W is
indeed a separable lower bound, we can compute the minimum
of the right-hand side of the inequality

Vo(A, B, 1) — V5 — W(B) + W(A) > 0 (6)

over the domain of V(A, B, 1). Here, we notice that the minimum
of the convex quadratic program

8 8
(bs —by) + g(az, —az)

min L([a1, az] x [as, a4]) — 3
vy

a,b,
1

S E SG v =1

vi<by, a1 <a,

is —é, with unique minimizer given by (a*)" = (—1, —1, —4, 0)T,
(b*)T = (0,3,0,0)" and v} = 3. Since we have V3, = —1, the
inequality (6) must be satisfied on the domain of Vp(-, -, 1).

Definition 7. The function Vp(-, -, N) is called strictly separable
on D if it is separable and the point (X*, X*) is the unique
minimizer of

min (Vp(A, B,N) — NV}, — W(B) + W(A)) .
A,BeD

Notice that V(- -, 1) is strictly separable if and only if (1) is
set-dissipative with respect to the supply rate S(A) = L(A) — L(X*)
and the storage function A is such that

A(B) — A(A) < S(A)

for all A,B € D with A,B C X, B € F(A), and (A, B) # (X*, X*).
In this sense, one may state that strict separability of Vp(-, -, 1) is
equivalent to “strict dissipativity” of (1).

4. Set-dissipativity and stability of tube MPC

4.1. Tube model predictive control

Tube MPC methods proceed by solving, in a receding-horizon
manner, optimal control problems of the form

N—1
min E(Xo)+ ; L(X,) + M(Xy)
Vke{0,1,...,N—1}, (7)
s.t. X1 € F(Xi), z € Xo,
XcCX, XyCT

with z € R™ being the current state-measurement and T € D a
terminal set. Here, E : D — R, L : D - R,and M : D — R
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denote lower semi-continuous initial, stage, and terminal costs,
respectively. It is well-known (Rawlings & Mayne, 2009) that this
tube MPC controller (7) is recursively feasible if T € F(T) and
TCX

Remark 1. If one is interested in adding a decoupled control
penalty to the objective of the MPC controller, one can always
introduce discrete-time states that satisfy

Xip1 = Uy,

and append them to the state vector, such that the next state is
equal to the current control input. In this sense, it is not restrictive
to assume that the objective in (7) does not explicitly depend on
the control input.

Remark 2. There is a close relation between the tube MPC
problem (7) and set-based cost-to-travel functions. In particular,
as a direct consequence of Proposition 4, (7) can be equivalently
written as
N—1
min E(Xo)+ Y Vo(Xe, Xer1) + M(Xn)

N+1
XeD =0

st. yeXo, XNCT.

4.2. Tube MPC feedback law

Notice that, any feasible point X of (7) is an RFIT. Thus, we can
construct a control law, u[X] : N x R™ — T, associated to this
RFIT such that the state of any closed-loop system

Vk € Z, Xier1 = f (X, X1k, xi), wie)

satisfies the implication

Xk €Xy —> Xp¢ €Xp

for all K > k with k, k' € {0, 1, ..., N}. This is implication is a
direct consequence of the definition of the transition map F.

Remark 3. Consider an RFIT X = (Xo, X3, ...) as well as point
z € Xi. One can evaluate the feedback law w[X](k, z) by solving
the robust feasibility problem

min 0 Yw e W

Uk

s.t. f(27 U, w) € Xk+la

In particular, the signal u[X](k, z) = uy—with uj being a solution
of the above feasibility problem, will drive z to X, regardless of
the uncertainty realization.

Now, in contrast to this control law w[X] associated to the
RFIT, the Tube MPC feedback law v : X — U is time-invariant
and given by

v(z) = u[&1(0, 2). (8)

Here, Z(z) denotes a minimizing sequence of (7) as a function
of the current measurement z. In the following, we use y =
(¥0, Y1, . ..) to denote the closed-loop state recursion of the Tube
MPC controller (7), given by

Yir1 =i vyk), wi) 9)

with k € N. That is, we first set z = yy, solve (7), update the
system using the feedback (8), and repeat. In the next section we
present an analysis of the stability properties of this closed-loop
sequence using set-dissipativity.

4.3. Stability analysis

The goal of this section is to analyze stability of Tube MPC in
the enclosure sense. Our definition of stability is motivated by the
fact that the closed-loop trajectory y, given by (9), depends on the
uncertainty sequence w.

Definition 8. The closed-loop state sequence y is said to admit
a stable enclosure, if there exists a sequence Y = (Yp, Y1, ...) of
compact sets, Y, € K™, such that

(1) yx € Y, for all k € N, and
(2) the sequence dy(Yy, X*) is stable (in the sense of Lyapunov).

If, additionally,

lim dy(Ye, X*) =0,

k—o00

then y admits an asymptotically stable enclosure Y.

Remark 4. Notice that Y is not necessarily an RFIT, since the
set sequence Y is only required—under the above definition—to
contain the actual closed-loop sequence y.

The following theorem establishes a stability result for the
Tube MPC controller (7) under the assumption that the initial
cost function E is a strictly separable lower bound of Vp(-, -, 1).
Equivalently, E must be a storage function that establishes strict
dissipativity of (1) on D with respect to the supply rate S(A) =
L(A)—L(X*). The statement is based on the additional assumption
that the strictly separable lower bounding function E is also lower
semi-continuous. At this point it has to be mentioned that a
precise characterization of dissipative systems for which such a
lower semi-continuous storage function exists, is still an open
problem. However, there exist sufficient conditions under which
one can assert the existence of continuous storage functions (Po-
lushin & Marquez, 2002)—at least for nominal (not set-valued)
systems.

Theorem 2. Let Assumptions 1 and 2 be satisfied. Let the terminal
region be an optimal robust control invariant set, T = X*, and let y,
be such that (7) is feasible for y = yo. If (1) is strictly set-dissipative
on X x U x W with respect to the supply rate S(-) = L(-) — L(X*)
on D with E being an associated lower semi-continuous storage
function and M = 0, then the closed-loop sequence y of the tube
MPC controller (7) admits an asymptotically stable enclosure.

Proof. We start the proof by constructing a sequence of compact
sets, Y = (Yo, Y1, Y5, ...), as follows.
For all j € N:

(a) Measure the state, y;
(b) Set X/ = Z(y;), where Z(y;) is the optimal solution se-
quence of the jth tube MPC problem

N-1
, j J oy
nin E(X)) + ; Vo(X Xirq: 1)

st. yext, x=xv.

(c) SetY; = Xé
(d) Evaluate v(y;), cf. Remark 3, send the feedback signal to the
system, and go to (a).

For the construction in Step (b), we recall the relation between
the tube MPC problem (7) and cost-to-travel functions in
Remark 2.
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Since y; € Xé holds, the relation y; € Y; also holds by
construction. In order to show that the sets Y; are well defined,
we introduce the shifted sequence

K= (4., XXX e D

Since the inclusion yj; € XJ] holds independently of the uncer-
tainty realization, the sequence X; is a feasible point of the (j41)th
Tube MPC problem. Thus, recursive feasibility holds and Y; is well
defined.

Let Rp : D x D — R denote the rotated cost-to-travel
function, defined by

Rp(A,B) = E(A) — E(B)+ Vp(A, B, 1) — V,

for all A, B € D. Thus, the tube MPC problem in Step (b) can be
written in the equivalent form

J
yi€eX;

N-1
min ZRD(Xf(,XfM) sty X
k=0 Xy =X

XjEDN+1
The key idea of this proof is to establish the claim that the
function £p : PV*! — R, given by

N-1

Lp(Z) =) Ro(Z Zis1)
k=0

vZ e DV,

can be used as a Lyapunov function for the iterates X/ of the tube
MPC controller.

Our first goal is to show that the sequence X/ is stable and
converges to the limit point

X* = (X*, X%, ..., X*) e DVt |
Let us establish the following properties of the candidate Lya-
punov function Lp.

P1 The function £p is lower semi-continuous (in the sense of
Definition 1).

P2 The function Ly is positive definite, i.e., it satisfies £Lp(Z) = 0
if and only if Z = X* and £p(Z) > 0 otherwise.

P3 The sequence X’ satisfies
£ (X < £p (¥)
for all j, whenever Xé # X*.

Notice that P1 follows from Proposition 3. Moreover, P2 follows
from the definition of £p and the assumption that Vp(-, -, 1) is
strictly separable with non-negative and strictly separable lower
bound E. Thus, it remains to establish P3. As discussed above, the
proposed tube MPC controller is recursively feasible. This implies
that

Lp (Xj“) <’p (3@41)
= £ (x) = Rop (X)X

whenever X{) # X*. Here, we have used our assumption that
Vp(-, -, 1) is strictly dissipative, which implies that

Rp (X{),X{) > 0 whenever Xé # X~

These properties are sufficient to conclude that £p is a Lya-
punov function proving asymptotic stability of X/ to X* with
respect to the Hausdorff metric. This implies that the sequence
Y is an asymptotically stable enclosure of y, converging to X*. O

Similar to existing results for economic MPC (see Faulwasser
et al,, 2018 and references therein), Theorem 2 establishes asymp-
totic stability for the proposed Tube MPC controller under a
dissipativity condition. But—in contrast to nominal, certainty-
equivalent, economic MPC schemes—the storage function E is not
only needed for analysis purposes. In fact, the proposed Tube MPC
controller makes explicit use of the initial cost E, as the initial
tube is not fixed but an optimization variable.

Remark 5. Theorem 2 specializes—for simplicity of presentation
—on the case T = X* and M(A) = 0. However, a generalization of
this stability result for any terminal region T € D with T C X is
possible under the additional assumption that the function M is
lower semi-continuous and satisfies the condition

VA C T, 3B € F(A),
A,BeD
BCT
M(B) — E(B) < M(A) + L(A) — E(A) ,

see also Angeli et al. (2012) for details. An in-depth discussion
on how to construct such set-based terminal costs is, however,
beyond the scope of this paper.

Example 4. Let us return to the setting from Examples 1 and 2—
recalling that the optimal RCI set is given by X* = {—1} x[—4, 0].
Let us attempt to set up a robust MPC controller without initial
costand N = 2, i.e.

vk € {0, 1}
Xi+1 € F(Xk)
min L(Xo) + L(X;) s.t. Xy € X (10)
XeD3
z€Xp
X, =X*.

Using the notation from Examples 1 and 2, the optimization
problem (10) can be formulated as the strictly convex parametric
quadratic program

min I([ay, a] x [a3, aq]) + L([b1, b2] X [b3, bs])
a,b,ceR*
{ (a,b) e G,

T =x",

(b,c) €G (11)
z € [a, ax] x [a3, a4]

with (x*)T = (—1, —1, —4, 0)7. Having Remark 3 in mind, we can
introduce a decision variable uy € [—5, 5] and augment (10) with
the constraints

Yw e [-1,1], f(z, ug, w) € [by, bp] x [b3, ba] ,

which hold, whenever

b1 <up < by,

(12)

1 1
b3§522+uo—1, and b42522+uo+1

hold.

Now, the parametric optimizer of (10) (augmented with (12))
is a piecewise linear function defined on 22 critical regions (non-
overlapping interval boxes).

Let us consider the region [—5, 0] x [—4, 0], containing X*. An
associated parametric optimal set sequence is given by

1
EO(Z) = {Zl} X [227 0] ) E](Z) = {_222 - 3} X [_47 0] )

and 5»(z) = X*, for all z € [-5, 0] x [—4, 0]. An optimal feedback
law in this region is given by

Vz € [-5,0] x [-4,0], v(z)=ug(z) = —%zz -3.
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Fig. 1. Component uy of the parametric optimizer of (14). The region [—5, 5] x
[—4, 0] is shown hatched while the set X* is shown as a red solid line. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

This feedback law is recursively feasible, but unstable in the
enclosure sense. Consider a closed-loop sequence with initial
condition yg = (—1, —2)7. The initial condition is in the optimal
RCI set and Yy = &(yo) = {—1} x [—3, 0] C X*. Now, at the next
time instance we have, by construction of the RFIT, y; € Z1(yo) =
{—2} x [—4, 0]—regardless of the uncertainty realization. Notice
that &1(yo) N X* = @. Since y; € Y; must hold by construction,
no matter how the uncertainty is realized, the closed-loop system
must be unstable in the enclosure sense.

This instability issue can be fixed by adding the initial cost
term E = W from Example 3. Now, the robust MPC formulation
is given by

Vk € {0, 1}
1 XI<+1 € F(Xk)
min E(Xo) + Y LX) s.t X, € X (13)
XeD3 ‘o
= yeXo
X, = X*.

Again, we can formulate this as the quadratic program

min  W([ay, a2] x [as, a4]) + L([aq, az] x [as, a4])

a,b,ceR*
+ L([b1, b2] x [bs, ba]) (14)
ot {(a,b)eG, (b,c) €G
cT=x", yela,a]x[as, a4

augmented with the decision variable uy € [—5, 5] and the con-
straints (12). The optimizer is, again, a piecewise affine function
defined over 24 critical regions. Fig. 1 shows the component ug
of the parametric optimizer.

The tube MPC feedback law v, leading to the minimal stage
cost, is given by

—32,—3 ifz, €[5, —4]
v(z) =uy(z) = § —1 if zy € [—4, 0] (15)

—12z;— 1 otherwise ,

for all y € [—5,5] x [—5,5]. This feedback law is not only re-
cursively feasible, but also asymptotically stable in the enclosure
sense.

Notice that the region [—5,5] x [—4, 0] - depicted with a
hatched pattern in Fig. 1 - is forward reachable in at most one
step, for any initial feasible initial condition and any wg € W.

22

5

W\

o

21

T T T

-5 0 5

Fig. 2. Closed-loop behavior under the feedback law (15). The figure shows the
closed-loop sequences y = (Yo, y1,y2) (blue dots joined by blue dotted lines),
and the optimal sequences Z(y,) (gray) starting from two initial conditions. The
boundaries of their asymptotically stable enclosures are shown as blue dashed
lines. The terminal set is shown as a red solid line. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

Moreover, any closed-loop sequence satisfies y,.1 € X*, when-
ever y, € [—5,5] x [—4, 0]—irrespective of wy. Since we have
Y, € X* for all k > 0, any closed loop sequence admits a
stable enclosure. In addition, the associated optimal set sequence
is given by

[z1, —4] x [—4,0] ifz; € [-5, —4]
{z1} x [-4,0] ifz; € [-4,0]
[0,2z1] x [—4,0] otherwise ,

and Z4(z) = &5(z) = X* for all z € [-5, 5] x [0, 4]. Based on the
previous reachability argument, it is clear that any closed loop
sequence under the feedback law (15) admits an asymptotically
stable enclosure.

Fig. 2 depicts closed-loop sequences (blue dots with blue dot-
ted lines) starting from the lower right and upper left corners -
(5, —5)" and (-5, 5)7 respectively - of the constraint set X. The
disturbance sequence has been constructed so as to maximize
the cost. The gray sets denote the optimal sequences Z(yo),
while the blue dashed lines denote the boundary of the enclosure
sequences Y. Notice the closed-loop system reaches the region
[—5, 5] x [—4, 0] (hatched), in at most 1 step, and the terminal
set (red continuous line) in at most 2 steps—remaining there, as
predicted.

Eo(z) =

5. Conclusions

This paper has introduced a set theoretic generalization of
dissipativity in order to establish stability conditions for a general
class of Tube MPC controllers (cf. Theorem 2). Here, the focus has
been on robust MPC controllers, whose compact set-valued states
are either entirely free optimization variables, or belong to a
finite dimensional, parametric subset D of all compact sets in the
state space. The analysis has shown why the usual requirements
for asymptotic stability of certainty-equivalent MPC controllers—
namely invariance of the terminal region, a strict dissipativity
condition and feasibility of the initial point—are not sufficient to
guarantee asymptotic stability (see the first part in Example 4).
In fact, Example 4 shows that a tube MPC controller requires an
initial cost term, which corresponds to the storage function in the
set-dissipativity condition.



8 M.E. Villanueva, E. De Lazzari, M.A. Miiller et al. / Automatica 122 (2020) 109179

Acknowledgments

MEV, EDL, and BH were supported by the National Natu-
ral Science Foundation China (NSFC), Nr. 61473185, as well as
ShanghaiTech University, Grant-Nr. F-0203-14-012.

References

Angeli, D., Amrit, R, & Rawlings, J. B. (2012). On average performance and
stability of economic model predictive control. IEEE Transactions of Automatic
Control, 57, 1615-1626.

Aubin, J. P., & Frankowska, H. (2009). Set-valued analysis. Springer Science &
Business Media.

Bayer, F. A., Miiller, M. A., & Allgéwer, F. (2014). Tube-based robust economic
model predictive control. Journal of Process Control, 24(8), 1237-1246.

Bayer, F. A,, Miiller, M. A., & Allgéwer, F. (2018). On optimal system operation
in robust economic MPC. Automatica, 88, 98-106.

Bertsekas, P., & Rhodes, I. B. (1971). On the minimax reachability of target sets
and target tubes. Automatica, 7, 233-247.

Blanchini, F. (1999). Set invarinace in control — A survey. Automatica, 35,
1747-1767.

Broomhead, Timothy ], Manzie, Chris, Shekhar, Rohan C, & Hield, Peter (2015).
Robust periodic economic MPC for linear systems. Automatica, 60, 30-37.

Byrnes, Christopher L., Isidori, Alberto, & Willems, Jan C. (1991). Passivity, feed-
back equivalence, and the global stabilization of minimum phase nonlinear
systems. IEEE Transactions on Automatic Control, 36(11), 1228-1240.

Chen, H., & Allgéwer, F. (1998). A quasi-infinite horizon nonlinear model
predictive control scheme with guaranteed stability. Automatica, 34(10),
1205-1217.

Faulwasser, Timm, Griine, Lars, Miiller, Matthias A, et al. (2018). Economic
nonlinear model predictive control. Foundations and Trends® in Systems and
Control, 5(1), 1-98.

Griine, L. (2009). Analysis and design of unconstrained nonlinear MPC schemes
for finite and infinite dimensional systems. SIAM Journal on Control and
Optimization, 48(2), 1206-1228.

Houska, B., & Miiller, M. A. (2017). Cost-to-travel functions: a new perspective on
optimal and model predictive control. Systems & Control Letters, 106, 79-86.

Houska, B., & Villanueva, M. E. (2019). Robust optimzation for MPC. In S. Rakovi¢,
& W. Levine (Eds.), Handbook of model predictive control (pp. 413-443).
Birkduser, Cham.

Langson, W., Chryssochoos, I., Rakovi¢, S. V., & Mayne, D. Q. (2004). Robust model
predictive control using tubes. Automatica, 40(1), 125-133.

Mayne, D. Q., Seron, M. M., & Rakovi¢, S. (2005). Robust model predictive control
of constrained linear systems with bounded disturbances. Automatica, 41(2),
219-224.

Miiller, M. A., Angeli, D., & Allgéwer, F. (2015). On necessity and robustness
of dissipativity in economic model predictive control. IEEE Transactions on
Automatic Control, 60(6), 1671-1676.

Miiller, M. A., & Griine, L. (2016). Economic model predictive control without
terminal constraints for optimal periodic behavior. Automatica, 70, 128-139.

Polushin, I. G., & Marquez, H. J. (2002). On the existence of a continuous storage
function for dissipative systems. Systems & Control Letters, 46, 85-90.

Rakovié, S. (2012). Invention of prediction structures and categorization of robust
MPC syntheses. IFAC Proceedings Volumes, 45(17), 245-273.

Rakovié, S., Kouvaritakis, B., & Cannon, M. (2013). Equi-normalization and exact
scaling dynamics in homothetic tube model predictive control. Systems &
Control Letters, 62(2), 209-217.

Rakovi¢, S., Kouvaritakis, B., Findeisen, R., & Cannon, M. (2012). Homothetic tube
model predictive control. Automatica, 48(8), 1631-1638.

Rakovi¢, S., Levine, W. S., & Acikmese, B. (2016). Elastic tube model predictive
control. In American control conference (pp. 3594-3599). IEEE.

Rakovié, S., Munoz-Carpintero, D., Cannon, M., & Kouvaritakis, B. (2012). Offline
tube design for efficient implementation of parameterized tube model
predictive control. In Proc. IEEE 51st annual conference on decision and control
(pp. 5176-5181).

Rawlings, J. B., & Mayne, D. Q. (2009). Model predictive control: theory and design.
Madison, WI: Nob Hill Publishing.

Rockafellar, R. T., & Wets, R. ]. (2005). Variational analysis. Springer.

Srivastava, S. M. (2008). A course on Borel sets (vol. 180). Springer Science &
Business Media.

Villanueva, M. E., Quirynen, R., Diehl, M., Chachuat, B., & Houska, B. (2017).
Robust MPC via min-max differential inequalities. Automatica, 77, 311-321.

Willems, J. C. (1971). Least squares stationary optimal control and the algebraic
Riccati equation. IEEE Transactions on Automatic Control, 16(6), 621-634.

Willems, J. C. (1972). Dissipative dynamical systems—Part I: General theory.
Archive for Rational Mechanics and Analysis, 45(5), 321-351.

Zanon, M., Griine, L., & Diehl, M. (2017). Periodic optimal control, dissipativity
and MPC. IEEE Transactions on Automatic Control, 62(6), 2943-2949.

Zeilinger, M. N., Raimondo, D. M., Domahidi, A., Morari, M., & Jones, C. N. (2014).
On real-time robust model predictive control. Automatica, 50(3), 683-694,.

Mario Eduardo Villanueva is a postdoctoral researcher
at the School of Information Science and Technology
at ShanghaiTech University. He received an M.Sc. and
Ph.D. in chemical engineering from Imperial College
London in 2011 and 2016, respectively. He was a
postdoctoral researcher at Texas A&M University in
2016. Mario Villanueva is the recipient of the 2016
Dudley Newitt Award (Imperial College London) and
the 2018 as well as 2019 SIST Excellent Postdoc Award.
His research interests include set based computing,
robust and stochastic control, global optimization and
system theoretic tools for data analysis.

Elena De Lazzari received her BS in Mechanical Engi-
neering from the Politecnico di Milano (2015) and a
Master’s degree in Mechanical Engineering from Delft
University of Technology (2017). During 2017 she was
a visiting student at ShanghaiTech University under the
supervision of Prof. Boris Houska. During this time, her
research was focused on set-based methods for robust
control.

Matthias A. Miiller received a Diploma degree in En-

gineering Cybernetics from the University of Stuttgart,

Germany, and an M.S. in Electrical and Computer

Engineering from the University of Illinois at Urbana-

Champaign, US, both in 2009. In 2014, he obtained a

Ph.D. in Mechanical Engineering, also from the Univer-

P sity of Stuttgart, Germany, for which he received the

: 2015 European Ph.D. award on control for complex and

heterogeneous systems. Since 2019, he is director of

the Institute of Automatic Control and full professor at

the Leibniz University Hannover, Germany. His research

interests include nonlinear control and estimation, model predictive control,

and data-/learning-based control, with application in different fields including
biomedical engineering.

Boris Houska is an assistant professor at the School of
Information Science and Technology at ShanghaiTech
University. He received a diploma in mathematics from
the University of Heidelberg in 2007, and a Ph.D. in
Electrical Engineering from KU Leuven in 2011. From
2012 to 2013 he was a postdoctoral researcher at the
Centre for Process Systems Engineering at Imperial Col-
lege London. Boris Houska’s research interests include
numerical optimization and optimal control, robust and
global optimization, as well as fast model predictive
control algorithms.


http://refhub.elsevier.com/S0005-1098(20)30377-0/sb1
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb1
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb1
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb1
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb1
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb2
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb2
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb2
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb3
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb3
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb3
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb4
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb4
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb4
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb5
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb5
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb5
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb6
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb6
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb6
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb7
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb7
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb7
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb8
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb8
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb8
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb8
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb8
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb9
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb9
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb9
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb9
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb9
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb10
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb10
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb10
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb10
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb10
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb11
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb11
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb11
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb11
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb11
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb12
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb12
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb12
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb13
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb13
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb13
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb13
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb13
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb14
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb14
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb14
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb15
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb15
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb15
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb15
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb15
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb16
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb16
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb16
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb16
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb16
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb17
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb17
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb17
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb18
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb18
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb18
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb19
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb19
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb19
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb20
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb20
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb20
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb20
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb20
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb21
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb21
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb21
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb22
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb22
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb22
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb24
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb24
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb24
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb25
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb26
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb26
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb26
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb27
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb27
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb27
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb28
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb28
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb28
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb29
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb29
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb29
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb30
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb30
http://refhub.elsevier.com/S0005-1098(20)30377-0/sb30

	A set-theoretic generalization of dissipativity with applications in Tube MPC
	Introduction
	Notation and preliminaries

	Set-based cost-to-travel functions
	Difference inclusions and robust invariance
	Set-based cost-to-travel functions
	Properties of cost-to-travel functions

	A set-theoretic generalization of dissipativity
	Set-dissipativity and stability of tube MPC
	Tube model predictive control
	Tube MPC feedback law
	Stability analysis

	Conclusions
	Acknowledgments
	References


