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In the study of economic networks, econometric approaches interpret the traditional Gravity Model specifica-
tion as the expected link weight coming from a probability distribution whose functional form can be chosen
arbitrarily, while statistical-physics approaches construct maximum-entropy distributions of weighted graphs,

Econ"phzsfcs constrained to satisfy a given set of measurable network properties. In a recent, companion paper, we integrated
T:Zg:me ries the two approaches and applied them to the World Trade Web, i.e. the network of international trade among
Gravity world countries. While the companion paper dealt only with discrete-valued link weights, the present paper

extends the theoretical framework to continuous-valued link weights. In particular, we construct two broad
classes of maximum-entropy models, namely the integrated and the conditional ones, defined by different
criteria to derive and combine the probabilistic rules for placing links and loading them with weights. In the
integrated models, both rules follow from a single, constrained optimization of the continuous Kullback-Leibler
divergence; in the conditional models, the two rules are disentangled and the functional form of the weight
distribution follows from a conditional, optimization procedure. After deriving the general functional form of
the two classes, we turn each of them into a proper family of econometric models via a suitable identification
of the econometric function relating the corresponding, expected link weights to macroeconomic factors. After
testing the two classes of models on World Trade Web data, we discuss their strengths and weaknesses.

1. Introduction where w; = GDP, /GDP is the GDP of country i divided by the arithmetic

mean of the GDPs of all countries, d;; is the geographic distance

Over the last couple of decades, the growth of network science
has impacted several disciplines by establishing new, empirical facts
about many, real-world systems, in terms of the structural, network
properties that are typically found in those systems. In the context of

between (generally the capitals of) countries i and j and y = (z, f, f,,7)
is a vector of parameters (notice that §; = f, when the direction of
the exchanges is disregarded, as we will, throughout the paper, and

trade economics, the growing availability of data about import/export
relationships among world countries has prompted researchers to ex-
plore and model the architecture of the international trade network, or
World Trade Web (WTW) [1-12].

This approach has complemented, and in many ways enriched, the
traditional econometric exercise of modeling individual trade flows,
i.e. relating the volume of individual trade exchanges to the most rele-
vant covariates (generally, macroeconomic factors) they may depend
on. The earliest example of an econometric model for international
trade is the celebrated Gravity Model (GM) [13] that predicts that
the expected value (w;;)gy of the trade volume w;; from country i to
country j can be expressed via the econometric function

(Wom = F (@ ;. djly) = 1] ol d, @
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7 takes care of dimensional units). Eq. (1) has a long tradition in
successfully explaining the existing (i.e. positive) trade volumes between
pairs of countries. Outside economics, the gravity equation has also
been extensively employed in studies concerning transportation, mi-
gration [14] and the maximization of utility functions constrained to
satisfy requirements on the rate of information acquisition [15].
Although accurate in reproducing the positive trade volumes, the
traditional GM cannot replicate structural network properties, unless
the topology is completely fixed via a separate approach [16]. Indeed, if
W denotes the weighted adjacency matrix of the WTW, where the entry
w;; represents the trade volume from country i to country j, Eq. (1)
predicts that the expected matrix (W)gy has no off-diagonal zeros,
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i.e. an expected positive trade relationship exists between all countries.
This means that, when interpreted as an expected value of a regression
with small, symmetric, zero-mean (e.g. Gaussian) noise, Eq. (1) predicts
a fully connected network: if a;; denotes the generic entry of the binary
adjacency matrix A = O[W] (equal to a;; = 1 if a positive trade
volume from country i to country j is present, i.e. w;; > 0, and equal
to a; = 0 if a zero trade is, instead, observed, i.e. w; = 0), then
Eq. (1) predicts almost surely a;; = 1, Vi # j. This result is in obvious
contrast with empirical data, which show that the WTW has a rich
topological architecture, characterized by a broad degree distribution,
(dis)assortative and clustering patterns and other properties [1-12].

In order to overcome such a limitation, the plain Gravity Model
needs to be ‘dressed’ with a probability distribution Q(W) that produces
(W)gum as the expected value while, at the same time, accounts for null
outcomes as well (i.e. those entries reading w;; = 0 and representing
missing links in the network) [17]. Clearly, the support W of the
probability (W) should not include matrices with negative numbers.
From the Sixties on, the GM has indeed been interpreted as the expected
value of a probability distribution whose functional form needs to be
determined.

Trade econometrics models the tendency of countries to establish
trade relationships relating it to accepted, macroeconomic determi-
nants (the so-called ‘factors’) such as GDP and geographic distance,
as in the expression of Eq. (1). Econometricians have considered in-
creasingly flexible distributions, the most recent versions of them being
capable of disentangling the estimation of the presence of a trade
exchange from the estimation of the traded amount. This has led
to the definition of two distinct classes of models, i.e. zero-inflated
models [18] and hurdle models [19]. Zero-inflated (ZI) models have
been introduced to model the following two scenarios: the possibility
of exchanging a zero amount of goods even after having established
a trade partnership (e.g. because of a limited trading capacity); the
possibility of establishing a very small amount of trade (in fact, so small
to be compatible with statistical noise and, as such, removed). A general
drawback of employing ZI models is that of predicting sparser-than-
observed network structures [20]; moreover, only discrete distributions
(specifically, either the Poisson or the negative-binomial one [18]) have
been considered, so far, to carry out the proper weight-estimation step.
Hurdle models, introduced to overcome the limitations affecting zero-
inflated models, can predict zeros only at the first step [19]: in any
case, the presence of links is established by employing either a logit or
a probit estimation step.

Network science has tackled the aforementioned inference problem
using techniques rooted in statistical physics. The most prominent
examples descend from the Maximum-Entropy Principle (MEP) [21—
23] applied to network ensembles [24,25], prescribing to maximize
Shannon entropy [26,27] in a constrained fashion to obtain the max-
imally unbiased distribution of networks compatible with a chosen
set of structural constraints. This approach is formally equivalent to
the construction of so-called Exponential Random Graphs (ERGs) for
social network analysis [28] but differs in the typical choice of the
constraints: in particular, when the enforced constraints are local, such
as the degree (number of links) and the strength (total link weight) of
each node, maximum-entropy network models have been shown to suc-
cessfully replicate both the topology and the weights of many economic
and financial networks, including the WTW [5,6,20,29-35]. The entire
framework can also accommodate possibly degenerate, discrete-valued,
single- or multi-edges [36].

Although maximum-entropy models have been also studied from
an economic perspective (see [37] for a discussion of the economic
relevance of the constraints defining the Poisson and the geometric
network models), it is only recently that progress has been made to
reconcile the above two approaches, allowing for economic factors
parametrizing the maximum-entropy probability distribution producing
links and weights [5,6,20,32-35] or by introducing network-related
statistics into otherwise purely econometric models [38]. On one hand,
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the novel framework enriches the methods developed by network
scientists with an econometric interpretation; on the other, it enlarges
the list of candidate distributions usable for econometric purposes.

With this contribution, we refine the theoretical picture provided in
a companion paper [20], introducing models to infer the topology and
the weights of undirected networks defined by continuous-valued data.
In order to do so, we present a theoretical, physics-inspired framework
capable of accommodating both integrated and conditional, continu-
ous models, our goal being threefold: (1) testing the performance of
both classes of models on the WTW in order to understand which
one is best suited for the task; (2) offering a principled derivation
of currently available, conditional, econometric models; (3) enlarging
the list of continuous-valued distributions to be used for econometric
purposes. From an econometric point of view, our work moves along
the methodological guidelines defining the class of Generalized Linear
Models (GLMs) [39] while enriching it with distributions defined by
both econometric and structural parameters. From a statistical physics
point of view, our work expands the class of maximum-entropy net-
work models [24] or weighted ERGs [28] and endows them with
macroeconomic factors replacing certain model parameters.

The rest of the paper is organized as follows: in Section 2, after
introducing the basic quantities, we derive the class of conditional
models; in Section 3 we derive the class of integrated models; in
Section 4 we apply all models to the analysis of WTW data; in Section 5
we discuss the results and provide our concluding remarks.

2. Conditional models

Discrete maximum-entropy models can be derived by performing
a constrained maximization of Shannon entropy [21-23]. However,
unlike the companion paper [20], our focus, here, is on continuous
probability distributions. In such a case, mathematical problems are
known to affect the definition of Shannon entropy and the resulting
inference procedure. To restore the framework, one has to introduce the
Kullback-Leibler (KL) divergence Dg; (Q||R) of a distribution Q from a
prior distribution R and re-interpret the maximization of the entropy
of O as the minimization of Dg;(Q||R) from a given prior distribution
R. In formulas, the KL divergence is defined as

ow) ,
R(W)

where W is one of the possible values of a continuous random vari-
able (in our setting, an entire network with continuous-valued link
weights), W is the set of possible values that W can take, Q(W) is the
(multivariate) probability density function to be estimated and R(W)
plays the role of prior distribution, the divergence of Q(W) from which
must be minimized. Such an optimization scheme embodies the so-
called Minimum Discrimination Information Principle (MDIP), originally
proposed by Kullback and Leibler [40] and implementing the idea that,
given a prior distribution R(W) and new information that becomes
available, an updated distribution Q(W) should be chosen in order to
make its discrimination from R(W) as hard as possible. In other words,
the MDIP demands that new data produce an information gain that
is as small as possible. The use of the KL divergence is widespread
in the fields of information theory [26] and machine learning [41],
e.g. as a loss function within the Generative Adversarial Network (GAN)
scheme (the aim of the ‘generating’ neural network being that of
producing samples that cannot be distinguished from those constituting
the training set by the ‘discriminating’ neural network).

In order to introduce the class of conditional models, we write the
posterior distribution Q(W) as

Dy (QlIR) = / OW)In w (2
W

OW) = P(A)O(W|A), 3

where A denotes the adjacency matrix for the binary projection of the
weighted network W. The above equation allows us to split the KL
divergence into the following sum of three terms

Dy (QI|R) = S(Q,R) - S(P) — S(Q,|P) 4
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where

S(P) = — Z P(A)In P(A) (5)
AecA

is the Shannon entropy of the probability distribution describing the

binary projection of the network structure,

S(Q,|P)=- Z P(A)/ O(W|A)InOQ(W|A)dW (6)

AeA W
is the conditional Shannon entropy of the probability distribution of the
weighted network structure given the binary projection and

S(Q.R) = - Z PA) O(W|A)In RW)dW 7

AeA Wa

is the cross entropy quantifying the amount of information required
to identify a weighted network sampled from the distribution Q(W)
by employing the distribution R(W). When continuous models are
considered, S(Q,|P) is defined by a first sum running over all the
binary configurations within the ensemble A and an integral over all
the weighted configurations that are compatible with each, specific,
binary structure — embodied by the adjacency matrix A, i.e. such that
Wy ={W:0[W]=A}.

The expression for S(Q, R) can be further manipulated as follows.
Upon separating the prior distribution itself into a purely binary part
and a conditional, weighted one, one can write

R(W) = T(A)R(W|A) ®
an expression that allows us to write S(Q, R) as

S, R ==Y P(A)InT(A)

AeA

- Z P(A)

AeA Wa

O(W|A)In R(W|A)dW ©)

which, in turn, allows the KL divergence to be rewritten as

Dy, (QIIR) = =Dy, (P||T) — Dyr(Q |IRy) (10

i.e. as a sum of two terms, one of which involves conditional distribu-
tions; specifically,

P(A)
Dy (P||IT) = — P(A)1 , 11
. (PIIT) A% W =2 an
o)
D R))=- PA WIA)L dW 12
w@ulir) == 3 P [ ooviam Ters a2

with T'(A) representing the binary prior and R(W|A) representing the
conditional, weighted one. In what follows, we will deal with com-
pletely uninformative priors: this amounts at considering the somehow
‘simplified’ expression

Dy, (QIIR) = =S(P) = S(Q,|P) 13
with
S(P)== )" P(A)In P(A), a4
AeA
$@Q,1P)=- 2 P(A)/ O(W|A)In Q(W[A)dW. (15)
AeA Wa

The (independent) constrained optimization of S(P) and S(Q,|P)
represents the starting point for deriving the members of the class of
conditional models.

2.1. Choosing the binary constraints

The functional form controlling for the binary part of conditional
models can be derived by carrying out a constrained maximization of
the binary Shannon entropy

S(P) = — Z P(A)In P(A) (16)
AeA
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leading to a probability mass function reading

PA) = 0 an
(A) = Y, e h
where the functional form of the Hamiltonian reads H(A) = ¥, _; a;;a;;.

This choice induces a factorization of the probability mass function

P(A), which becomes

Py =[] r)a-ppt= (18)
i<j

i.e. a product of a number of Bernoulli-like probability mass functions

with p;; = li;;’ Vi < j, where x;; = ¢™% is the Lagrange multiplier

controlling for the generic entry of the adjacency matrix A.

In what follows, we will consider the specification of the tensor-
like Hamiltonian introduced above reading o;; = o; + @;, Vi < j, a
choice inducing the Undirected Binary Configuration Model (UBCM),
characterized by the following, pair-specific probability coefficient

UBCM _ i 19)

and ensuring the entire degree sequence of the network at hand to be
reproduced.

The econometric reparametrization of the UBCM can be achieved
by posing x; = \/Eco,-, Vi, a choice inducing the so-called fitness model
(FM), characterized by the pair-specific probability coefficient

FM bw;0;

b = m (20)
and requiring the estimation of a global parameter only, i.e. 5. The
FM represents a particular case of the logit model [42], being defined
by a vector of external properties (the ‘fitnesses’) that replace the
information provided by some kind of (otherwise) purely structural
properties [5,43]: in fact, Eq. (20) can be equivalently rewritten as
logit [pf/M] = X% with X = [1,In(w,o,)] and ¢ = [In5,1]. The global
constant 6 can be determined by imposing the total number of links
as the only constraint. Remarkably, the fitness model has been proven
to reproduce the (binary) properties of a wide spectrum of real-world
systems [6,29] as accurately as the UBCM, although requiring much
less information.

In what follows, we will consider both the UBCM and the FM
specifications.

2.2. Choosing the weighted constraints

The constrained maximization of .S(Q, |P) proceeds by specifying
the following set of weighted constraints

1=/ P(W|A)dW, VA € A (21)

Wa

(Cy =D PA) / O(WIA)C,(W)dW, ¥ a (22)
AeA Wa

the first condition ensuring the normalization of the probability distri-
bution and the vector {C,(W)} representing the ‘proper’ set of weighted
constraints (weights are, now, treated as continuous random variables,
ie. w;; €RY, Vi< j). They induce the distribution reading

<Y wew
zy A (23)
0, W ¢ W,

OWIA) =

where HW) = Y, y,C, is the so-called Hamiltonian, listing the con-
strained quantities, and Z, = /WA e~HW)gW is the partition function,
conditional on the ‘fixed topology’ A.

The explicit functional form of Q(W|A) can be obtained only once
the functional form of the constraints has been specified. In what
follows, we will deal with the Hamiltonian reading

HW) = Z SfwiBijs &ijovi) @4

i<j
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with the Lagrange multipliers (§;;,&;;.7;;) satisfying the following re-
quirements:

* Bij = By + Byj, where f, is the Lagrange multiplier associated with
the total weight 3, ; w;; = W, and f;; encodes the dependence
on purely econometric quantities;

* &; will be kept either in its dyadic form, to constrain the loga-
rithm of each weight, or in its global form, ¢;; = &), to constrain
the sum of the logarithms of the weights, i.e. Y._. In(w; ) =W

* 7ij = ¥ Plays the role of the Lagrange multiplier associated with
(a function of) the total variance of the logarithms of the weights,
ie. ¥, lnz(w,-j) = W;.

i<j

2.2.1. Conditional exponential model.
Let us start by considering the simplest, conditional model, defined
by the positions y;; = §;; = 0 and inducing the Hamiltonian
HW) =Y f(w;lfy + )
i<j
=Y (Bo+ Biwy; 25)
i<j

inserting the expression above into Eq. (23) leads to the distribution

O(W|A) = H g;j(wijlai;)

i<j
H —(Bo+B;j)wi;
i<j é’

=TT 8o + pipe=ohr 26)
i<j

and each node pair-specific distribution induces a (conditional) ex-
pected weight reading

1
By + Bij ’

From a purely topological point of view, constraining each weight
and their total sum is redundant. However, this is no longer true
when turning the conditional, exponential model into a proper econo-
metric one. Its econometric reparametrization should be consistent
with the literature on trade, stating that the weights are monotoni-
cally increasing functions of the gravity specification, i.e. (w;;)em =
ePHh @y InGy) = z;;, Vi < j and with ¢/ = 7; for this reason,
the link function usually associated with the exponential distribution
prescribes to identify the linear predictor with the inverse of the purely
econometric parameter of the model, i.e.

By =z (28)

(wijla; =1) = 27)

a position that turns Eq. (27) into
1 _ Zij

v f 29)
bo +z’.‘jl L+ oz

<wij|aij =1)=
notice that the only structural constraint is, now, represented by the
total weight (see also Appendix A).

2.2.2. Conditional gamma model.
Let us, now, consider a different Hamiltonian, constraining each
weight, their total sum and the sum of their logarithms, i.e.
H(W) =" f(w;;|By + Bj o)
i<j
= D [Bo + Bi)w;; + & Inw;)]
i<j
= Zﬂijwij + bWy + &EWas (30)
i<j
it induces the distribution reading
O(W|A) = Hq,‘j(wijla[j)

i<j
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e~ Pothijwij—Eo In(w;;)

i<j Cij
e~ Pothipwij =%
ij

i<j ij
H (Bo + ﬁu) —(ﬂo+ﬁij)wi/ w50, G
i<j r(] - 50) ’

each node pair-specific distribution is characterized by a (conditional)
expected weight reading

(wijla;; =1) = [~ % (32)
Bo + Bij

and by a (conditional) expected logarithmic weight reading

{In(w;pla;; = 1) = w(l = &) — In(By + ;) (33)

where the function y(x) = I''(x)/I'(x) is the so-called diggmma function.

Such a model can be turned into a proper, econometric one by
considering the inference scheme of the gamma model with inverse
response, which allows us to identify the linear predictor with the
inverse of the purely econometric parameter of the model, i.e.

By =z} €D

a position that, in turn, leads to the expressions

o 1-¢& _(l_f())z,'j
=h= T 1+ Bz (35)

<W,‘j|a

(allowing the conditional, exponential model to be recovered in case
& = 0, i.e. when the constraint on the sum of the logarithms of the
weights is switched-off) and

(Inw;pla;; = 1) = w(l = &) = In(By + z;;) (36)

(see also Appendix A).

2.2.3. Conditional Pareto model.
Constraining a slightly more complex function of the weights,
i.e. their logarithm, leads to the Hamiltonian

HW) =Y fw, &)
i<j

=Y & In(w,) (37)

i<j

which, in turn, induces the distribution

O(W|A) = Hqij(wijlaij)

i<j
H ln(w )
i<j
*5:/
— i
i< S
-1 e
— ij
B H 1-&; Wij (38)
i<j m..

where m;; is the minimum, node pair-specific weight allowed by the
model. Each node pair-specific distribution is characterized by a (con-

ditional) expected weight reading

—1
(wyjla; = 1) = <§” 2) m;. (39)
i~

Such a model can be turned into a proper, econometric one by
considering the positions

&i-2=z77"

m;; = Wy (40)
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ensuring that the expected weights are monotonically increasing func-
tions of the gravity specification and leading to the expression

(w - 1) - (1 + Zu)wmm (41)

where w,,;, is the empirical, minimum weight (see also Appendix A).

Let us explicitly notice that the derivation of the gamma and Pareto
distributions within the maximum-entropy framework has been already
studied in [44]; here, however, we aim at making a step further,
by individuating a suitable redefinition of these models parameters
capable of turning them into proper, econometric ones.

2.2.4. Conditional log-normal model.

Adding a global constraint on (a function of) the total variance of
the logarithms of the weights to the Hamiltonian defining the Pareto
model leads to the expression

HW) = f(w;lr0.&,)
i<j
= Z[ff,‘ In(w;;) + 7o lnz(wij)]
i<j
=Y &, In(w;) + roWs; (42)
i<j
the Hamiltonian above induces a distribution reading

OWIA) = [ 4wy la;)

i<j

=11+

i<j /

ln(w,j) 70 In? (w;j)

& In(uw;))~7o In% ()

“T1< -, (43)
&,-17?

i<j
Le 40
70

each node pair-specific distribution is characterized by a (conditional)
expected weight reading

3-2¢;
(wijla;; =1)y=e "0, (44
by a (conditional) expected, logarithmic weight reading
1-¢,
In(w; )|a;: = 1) = 45
(In(w;))la;; = 1) 7 (45)

and by a (conditional) logarithmic weight whose squared expectation
reads
27’0 +( - 61}')2
> .
4y,
Such a model can be turned into a proper, econometric one by
considering the position

1—5:']'

ensuring that the expected weights are monotonically increasing func-
tions of the gravity specification and leading to the expressions

(lnz(w,-/-)|a,-j =1)= (46)

=In(z; j) 47)

1421n(z;)
(wijlaj;=1)=e *0 (48)
n(zi')
In(w; )|a; =1) = J
(In(w;;)la;; ) 27 (49)
2y, +]n2(z,~)
<1n2(wij)|aij =1)= 0—21 (50)
4y

0
(see also Appendix A).

3. Integrated models
MDIP can be also implemented in a straightforward way, by carry-
ing out a constrained optimization of Dy (Q||R). In this second case,

the following set of constraints

1=/ OW)dW, (51)
w
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<Ca>=/ OW)C,(W)dW, V a (52)
W

can be specified, with obvious meaning of the symbols. Differentiating
the corresponding Lagrangian functional with respect to Q(W) and
equating the result to zero leads to

R(W)e=HW)
ow) = —We _—__ (53)
Joy RW)emHWgW
where H(W) = Y, v, C, is, again, the Hamiltonian and Z = [W e~ HW)

dW is the ‘integrated’ partition function.

The explicit functional form of Q(W) can be obtained only once
the functional form of both the prior distribution and the constraints
has been specified as well. In what follows, we will deal with com-
pletely uninformative priors, a choice that amounts at considering the
simplified expression

—H(W)

e
OW) = ————3 (54
W Sy e HWdW
notice that the result above could have been also derived by carrying
out a constrained minimization of

Dy (QlIR) = /WQ(W)an(W)dWE -S(Q) (55)

i.e. of (minus) the functional named differential entropy into which the
KL divergence ‘degenerates’ in case completely uninformative priors are
considered.

3.1. Choosing the constraints

Let us, now, specify the functional form of the constraints. In what
follows, we will deal with a specific instance of the generic Hamiltonian

HW) =Y fQwylay, 6,); (56)

i<j
in particular, one could pose ¢;; = «, a choice that would lead to
constrain the total number of links, or o;; = «; + @;, a choice that
would lead to constrain the whole degree sequence. If not specified
otherwise, in what follows we will employ the second functional form
and pose f;; = fi, + f;;, where f, is the Lagrange multiplier associated
with the total weight and f;; encodes the dependence on purely econo-
metric quantities. Our choices induce the Hamiltonian of the so-called
integrated exponential model, i.e.
HW) =Y fQwyla; +a;, 6 + b))

i<j

= Z[(ai + aj)a,-j + (b + ﬁ,‘j)wij]
i<j

= Z ak;+ Y (Bo+ Biw,

i<j

= Zak +Zﬂl/wu+ﬂ0VVl

i<j

that leads to the distribution

owW) =[] a;(w;)

i<j

i<j lJ
()% &~ oty
S | i —— (57)
i<j 1+xixj(ﬂ0+ﬂij)_l

(x; X; e (Bo+Pij)wi;

where x; = e%. The generic node pair-specific distribution induces a
probability for nodes i and j to be connected reading
x;(Bo + ﬂij)_l
L+ x;x;(Bp + ;)7
ix;Cij )

pij = 1- q,-,-(O) =

(58)
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besides, the corresponding expected weight reads

Pij

i) Bo+ B

Eq. (58) clarifies why the models considered in the present sec-
tion are classified as ‘integrated” each node pair-specific probability
of connection is a function of the parameters controlling for both
topological and weighted properties. Models of the kind are, thus,
capable of ‘integrating’ information concerning a network structure
with information concerning its weights, hence employing them in a
joint fashion to define both inference steps.

The recipe for the econometric reparametrization of the integrated
exponential model can read as the one of its conditional counterpart,
ie.

(59

by=3 (60)
a position that turns Eq. (59) into
p. .
<W[j> = % (61)
Bo + Z,‘j
where
X;X;
P = el (62)

-1
X xj + fo + 2

(see also Appendix B).
4. Results

The effectiveness of the two classes of models considered in the
present paper to reproduce the topological properties of the World
Trade Web has been tested on two different datasets, i.e. the Gleditsch
one (covering 11 years, from 1990 to 2000 [45]) and the BACI one
(covering 11 years, from 2007 to 2017 [46]). To carry out our analyses,
we have built the ensemble induced by each model as follows. First,
the presence of a link connecting any two nodes i and j is established
with probability p;;. Numerically, a real number u is drawn from the
uniform distribution U/[0, 1] with unit support and compared with p;;:
if u < p;;, then i and j are linked, otherwise they are not. Once the
presence of a link is established, it is loaded with a weight by employing
the inverse transform sampling technique: another random variable 7,
uniformly distributed between 0 and 1, is set equal to the value of the
complementary cumulative distribution

vij
F(u;) = / q(wjla;; = Ddw;; (63)
0

and, inverting the equation F(v;;) = #, one obtains the value of the
random variable v;; to be assigned as link weight to the pair i < j. Each
ensemble is sampled repeatedly to obtain 10* configurations. The error
accompanying the estimate of any quantity of interest is quantified via
the confidence intervals (CI) induced by the ensemble distribution of
the quantity itself.

4.1. Model selection via statistical indicators

Let us consider two measures of goodness-of-fit, i.e. the reconstruc-
tion accuracy RA’ and the Kolmogorov-Smirnov (KS) compatibility
frequency f7: while RA; is defined as the percentage of node-specific
values of the statistic s falling within the CIs, induced by model
m, at the significance level of 5%, f; measures the percentage of
times the distribution of a given, expected statistics s, under model
m, is compatible with the empirical one, according to the two-sample
Kolmogorov-Smirnov test; for example, a value f = 0.8 would indicate
that the distribution of the expected values of the statistics s, under
model m, is found to be compatible with the empirical one on the 80%
of the years in the dataset, at the significance level of 5%.

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 166 (2023) 112958

Table 1

Compatibility between the distributions of the expected values of the statistics output
by the models considered in the present work and their empirical counterparts for
the Gleditsch and the BACI datasets. A large value of f; indicates a large percentage
of years for which the distribution of the network statistic predicted by model m is
compatible with the empirical one. While all models seem to perform quite well in
reproducing the binary statistics on the Gleditsch dataset, this is no longer true when
considering the BACI dataset, on which the UBCM outperform the FM — a result that
leads us to prefer the former as the ‘first step-algorithm’ of our conditional models.
For what concerns the set of weighted statistics, the models constraining W, (i.e. the
integrated exponential model, the conditional exponential model and the conditional
gamma model) clearly outperform the others.

Dataset Model [k Sk f
Gleditsch I-Exp 1 1 1
Gleditsch UBCM 1 1 1
Gleditsch FM 1 1 1
Dataset Model [k [k e
BACI I-Exp 1 0.09 0.09
BACI UBCM 1 0.09 0.09
BACI FM 0.09 0.09 0.09
Dataset Model [ [m few
Gleditsch I-Exp 1 1 0.18
Gleditsch C-Exp 1 1 0.18
Gleditsch C-Pareto 0 0 0
Gleditsch C-Gamma 1 1 0.27
Gleditsch C-Lognormal 1 0 0
Dataset Model [ S m Sfew
BACI I-Exp 1 1 1
BACI C-Exp 1 1 1
BACI C-Pareto 0 0 0
BACI C-Gamma 1 1 1
BACI C-Lognormal 0 0 0

The network statistics for which the values RA} and f; have been
computed are the degree sequence
N
ki= Y a; Vi (64)
J&#=1
(which gives information about the tendency of node i to connect to
other trade partners), the average nearest neighbors degree

N
2= 9k
K

i

k"= Vi (65)
(which gives information about the degree correlations), the clustering
coefficient
N N
Dkt 2ok jy=1 %9k ki
o= JjFED)=1 &k(#ij)=1 "1 "] " Vi (66)
ki(k; = 1)

(which counts the percentage of node i’s partners that are also part-
ners themselves). For what concerns the weighted statistics, we have
considered the strength sequence

N
s; = Z wij, Vi 67)
J@#n=1
(which gives information about the trade flow of a country), the
average nearest neighbors strength
ZN Ny ;S
jFE)=1"1j"] .
"= — % Vi (68)
(which gives information about the strength correlations), the weighted
clustering coefficient
N N

o= =1 L=t Wik Vi 69)

! ki(k; = 1)
(that weighs the closed triangular patterns that node i establishes with
other trade partners).
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(b) Reconstruction accuracy for the weighted network statistics.

Fig. 1. Reconstruction accuracy for the statistics of interest, calculated as the percentage of node-specific values of the statistics s falling within the CI, induced by model m, at
the significance level of 5%; yearly percentages are, then, averaged. The whiskers represent the 2.5 and 97.5 percentiles of each RA’ distribution, across different years. Overall,
all models perform quite well in reproducing the degrees, with the only exception of the FM — whence our choice of employing the UBCM as the ‘first step-algorithm’ of our
conditional models. For what concerns higher-order, binary statistics, both the UBCM and the I-Exp perform quite well while the performance of the FM is much poorer — a result
that holds true for both the Gleditsch (left panels) and the BACI (right panels) dataset. For what concerns the weighted statistics, only the average nearest neighbors strength is
satisfactorily recovered — however, only by the (integrated and conditional) exponential models and the conditional gamma one.

4.1.1. KS compatibility frequency

Table 1 lists the values of f; for both binary and weighted net-
work statistics. For what concerns the binary statistics, we report the
performance of three different models, i.e. the UBCM, the FM and the
integrated exponential model (denoted as I-Exp).

For what concerns the Gleditsch dataset, compatibility is observed
for every year; for what concerns the BACI dataset, instead, this is no
longer true: in fact, the FM outputs predictions that are not compatible
with the empirical values for a large number of years and irrespectively
from the considered quantity; the UBCM and the I-Exp (i.e. the models
constraining the degrees), instead, output predictions whose compat-
ibility depends on the considered quantity: higher-order statistics are
the ones for which the two aforementioned models ‘fail’ to the larger
extent. Overall, these results lead us to prefer the UBCM as the ‘first
step-algorithm’ of our conditional models.

Let us, now, comment on the performance of our models in repro-
ducing weighted statistics. As it can be appreciated upon looking at
Table 1, the only models outputting predictions whose distributions are
compatible with the empirical analogues are the integrated exponential
one, the conditional exponential one and the conditional gamma one.
On the other hand, employing only logarithmic constraints (as for the
conditional Pareto model and the conditional log-normal model) does
not help improving the accuracy of the description of the system at
hand.

4.1.2. Reconstruction accuracy

So far, we have inspected the compatibility of the distributions of
the empirical values of each network statistics with the ones of their
expected values under each of our models. Let us, now, quantify the

extent to which each model is able to recover node-wise information
by computing the RA;] values. Fig. 1 shows the temporal average of
the latter ones (i.e. across the years covered by our datasets), with the
whiskers representing their variation, i.e. an indication of the stability
of each model performance.

For what concerns the binary statistics (see Fig. 1a), both the UBCM
and the [-Exp perform quite well in reproducing them; on the other
hand, the performance of the FM is much poorer. For what concerns
the weighted statistics (see Fig. 1b), only the average nearest neighbors
strength is satisfactorily recovered by the (integrated and conditional)
exponential models and the conditional gamma one. Still, they are
found to perform poorly on the other statistics, i.e. the strength, that
is only recovered in distribution on both datasets, and the weighted
clustering coefficient, that is only recovered in distribution on the BACI
dataset. For what concerns the lognormal model, it performs better than
competitors in reproducing the strength and the weighted clustering
coefficient on the Gleditsch dataset but worse on the BACI dataset,
causing its behavior to be dataset-dependent.

Finally, let us inspect the reconstruction accuracy of our models
for what concerns the link weights of our networks. Specifically, let
us define RA)’, i.e. the percentage of empirical weights falling within
the CI, induced by model m, at the significance level of 5% [47].
Here, we have proceeded numerically, i.e. by considering the 2.5 and
the 97.5 percentiles induced by the ensemble distribution of each
node pair-specific weight. As Fig. 2 shows, all models perform quite
well in reproducing the weights (across all years, on both datasets)
with the only exception of the conditional Pareto model. Overall,
the best-performing model on the Gleditsch dataset is the integrated
exponential one while the best-performing model on the BACI dataset
is the conditional gamma model.
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Fig. 2. Reconstruction accuracy RA; for the Gleditsch dataset (left panel) and the BACI dataset (right panel). All models perform quite well in reproducing the weights (across all
years, on both datasets) with the only exception of the conditional Pareto model. Overall, the best-performing model on the Gleditsch dataset is the integrated exponential while

the best-performing model on the BACI dataset is the conditional gamma model.

4.1.3. Confusion matrix

The UBCM and the integrated exponential model perform similarly
in reproducing the binary statistics, on both datasets. Let us, now,
compare them in reproducing the four indicators composing the so-
called confusion matrix, i.e. the true positive rate (TPR) = (TP)/L =
Yi<; a;;pi;/ L (measuring the percentage of links correctly recovered by
a given reconstruction method), the specificity (SPC) = (TN)/(N(N —
/2-L)= Zi<j(1 —a;;)(1 = p;)/(N(N = 1)/2 — L) (measuring the per-
centage of zeros correctly recovered by a given reconstruction method),
the positive predictive value (PPV) = (TP)/(L) = X, a;;p;/{L)
(measuring the percentage of links correctly recovered by a given re-
construction method with respect to the total number of links predicted
by it) and the accuracy (ACC) = ((TP) + (TN))/N(N — 1)/2 (measuring
the overall performance of a given reconstruction method in correctly
placing both links and zeros).

The results are reported in Table 2, that shows the increments of
the four indicators, defined as Ay = (X)pgy — (X)ypem With X =
TPR, SPC, PPV, ACC. Notice that each entry of the table is posi-
tive, a result signaling that the integrated exponential model steadily
performs better than the UBCM. This is further confirmed by the (non-
parametric) Wilcoxon rank-sum test on the ensemble distributions of
the statistics to compare: all increments are significant, at the 1% level.

4.2. Model selection via statistical tests

Let us now rigorously test if constraining the entire degree sequence
{ki}fi , leads to a significantly better description of our data than that
obtainable by just constraining the total number of links L.

Upon solving the model constraining the entire degree sequence
and the one constraining the total number of links, we are able to
construct a vector reading (X!, Y;”") where X" is either RA; or f; for
the ith statistics under the ‘L-constrained version’ of model m; on the
other hand, Y;" is either RA; or f, for the ith statistics under the ‘k-
constrained version’ of model m — naturally, both values have been
considered for the same year, keeping the same set of weighted con-
straints. Pairing statistics as described above allows us to employ the
(non-parametric) Wilcoxon signed-rank test for testing the hypotheses
RA; < RAj and f; < f;, i.e. that the models just constraining L
perform better, in reproducing the statistics s, than those constraining
the entire degree sequence.

Our results let us conclude that, for both datasets, constraining the
degree sequence leads to a significant improvement, at the level of 5%,
of the reconstruction accuracy of the average nearest neighbors degree,
the clustering coefficient, the strengths and the average nearest neigh-
bors strength; on the other hand, constraining the degree sequence
does not lead to any significant improvement of the reconstruction
accuracy of the weighted clustering coefficient. For what concerns the
KS compatibility frequency, a significant improvement, at the level of
5%, is observed in the description accuracy of the average nearest
neighbors degree, the clustering coefficient and the average nearest
neighbors strength.

Table 2

Increments of the four indicators composing the confusion matrix, i.e. the true positive
rate (TPR), the specificity (SPC), the positive predicted value (PPV) and the accuracy
(ACC) when passing from the UBCM to the integrated exponential model for the
Gleditsch and the BACI datasets. All increments are significant at the 1% level,
according to the (non-parametric) Wilcoxon rank-sum test on the ensemble distributions
of the statistics to compare.

Dataset Arpr Aspc Appy Aace

Gleditsch 90 0.017 0.026 0.017 0.020
Gleditsch 91 0.016 0.020 0.016 0.018
Gleditsch 92 0.015 0.019 0.015 0.017
Gleditsch 93 0.015 0.019 0.015 0.017
Gleditsch 94 0.013 0.018 0.013 0.015
Gleditsch 95 0.013 0.019 0.013 0.016
Gleditsch 96 0.012 0.019 0.012 0.015
Gleditsch 97 0.013 0.022 0.013 0.016
Gleditsch 98 0.013 0.022 0.013 0.016
Gleditsch 99 0.013 0.023 0.014 0.017
Gleditsch 00 0.014 0.023 0.014 0.017
Dataset Arpr Aspc Appy Aacc

BACI 07 0.007 0.037 0.007 0.012
BACI 08 0.006 0.035 0.006 0.010
BACI 09 0.005 0.031 0.005 0.009
BACI 10 0.005 0.032 0.005 0.009
BACI 11 0.005 0.029 0.006 0.008
BACI 12 0.005 0.033 0.005 0.009
BACI 13 0.005 0.034 0.005 0.009
BACI 14 0.005 0.031 0.005 0.008
BACI 15 0.005 0.028 0.005 0.008
BACI 16 0.003 0.021 0.004 0.006
BACI 17 0.004 0.028 0.004 0.007

4.3. Model selection via information criteria

Let us, now, compare the performance of our models in a more
general fashion. To this aim, let us consider the Akaike Information
Criterion (AIC) [48], reading

AIC,, =2k - 2L, (70)

where k is the number of free parameters of the model and L,, is its
log-likelihood, evaluated at its maximum.

The purely binary log-likelihood induced by model m is readily
obtained from Eq. (18) and reads

£® =1n P(A) = Z [a;; In(p;;) + (1 — a;) In(1 = p;)] 71)
i<j
where g;; is the generic entry of the empirical adjacency matrix and
p;; is the model-dependent probability that node i and node j estab-
lish a connection. The ‘binary’ AIC values (normalized by the yearly
maximum, across models, for better visualization) are reported in
Fig. 3a: the integrated exponential model outperforms the others, across
all years, for both datasets. This result suggests that the information
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(b) AIC values for the full log-likelihood (normalized by the yearly maximum, across models).

Fig. 3. AIC values for the binary and the ‘full’ log-likelihood, normalized by the yearly maximum, across models, for better visualization, for the Gleditsch (left panels) and the
BACI (right panel) datasets: a lower AIC value is associated to a better performance. Our plots clearly show that constraining the degree sequence increases a model performance
in reproducing a network topology: moreover, the integrated exponential model steadily outperforms the UBCM, signaling that the information gain due to inclusion of economic
variables does not affect the parsimony of its description. For what concerns the capability of our models in reproducing weighted properties, the conditional log-normal and

gamma models compete, outperforming the other ones.

gained by including economic factors into the connection probabilities
predicted by it does not affect the parsimony of its description, allowing
it to perform better than the UBCM.

When, instead, the ‘full’ log-likelihood is considered, reading

£) = QW) = )" In(g;(w;)) 72)
i<j
for integrated models and
£d) =In P(A) + In Q(W|A)
= Yla; In(pi;) + (1 = ) In(1 = p;)
i<j
+ In(g,; (w,;1a;)))] 73)

for conditional models (see Fig. 3b), the conditional log-normal and
gamma models compete, outperforming the other ones — although
the performance of the first one in predicting the network statistics
of interest, on the BACI dataset, was less remarkable than that of the
competing models (see Fig. 2b).

4.4. The Shannon-Fisher plane

We now complement the analysis of model performance, given in
terms of realized likelihood, with an investigation of model ‘sensitivity’,
given in terms of the variability of the likelihood across network con-
figurations sampled from the model. To this end, for each conditional
model we build the so-called Shannon-Fisher plane [49], which is a
technique that has acquired some popularity in the study of time-
series. For instance it has been employed to understand ordinal pat-
terns [50], quantify the degree of stochasticity [51], classify financial
stock markets [52] and build indicators of economic efficiency [53].

Within our context, we can use the Shannon-Fisher technique to
project a given model onto a plane by assigning two coordinates to
each connected dyad, i.e. to each pair of nodes (i, j) with a;; = 1, where
a;; is taken from the empirical adjacency matrix of the network. The y
coordinate in the plane is the Shannon entropy

Sy = _/dw‘lij(w|aij=1) Ing;;(wla;; = 1)
=/dW‘Jij(w|aij = D[H;;(w) +In¢;]

=(H;;) +In¢;;, 74

which quantifies the degree of uncertainty encoded in the link weight.
Note that, since the above entropy is constructed from a continuous
pdf, it can attain negative values. This is a well-known problem that
can be regularized by introducing the Kullback-Leibler divergence with
respect to a continuous uniform pdf, however the result will only
consist in an overall shift and rescaling of the y coordinate that are
inessential for our discussion below.

The x coordinate in the plane is the Fisher Information Measure
(FIM), defined as

F, = /dwqij(w|“ij =1 <W>z 7
) /dw e — <a[ H,,(w) In 4,,]) (76)
) /dw el =1 <ah;;()w)) 77)
:/dwq,-j(WIau = ”(H;/(W)) e
o 79)
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and quantifying the (average) change in probability induced by small
changes in the value of the link weight. Notice that the presence of
the derivative requires that g;;(wla;; = 1) is continuous throughout the
domain of integration, and this is why we consider only conditional
models with a;; = 1 so that there is no ‘jump’ in the unconditional
g;j(w) from w = 0 to w > 0. The expression F;; = ((Hi’j)z) captures
the ‘sensitivity’ of the dyadic probability distribution with respect to
small changes in the corresponding random variable. Note that this
sensitivity is not captured by Shannon entropy, which is indifferent
to any reordering of the values of the random variable, provided each
value retains its probability.

In principle, two dyads with the same Shannon entropy can exhibit
very different values of the FIM. This difference is captured by the
Shannon-Fisher plane in terms of different positions along the x-axis.
In general, since different connected dyads are described by a proba-
bility distribution with different parameters, scattering all connected
dyads in the plane provides an overall representation of the model
identified by ¢;;(wl|a;; = 1). Different models are described by different
probability distributions and hence have different projections in the
Shannon-Fisher plane. In Appendix D we compute the explicit values
of S;; and F; for all the conditional models considered. Using these
calculations we obtain the results shown in Fig. 4 for an illustrative pair
of datasets. We see that both the conditional exponential model and the
conditional log-normal model follow a decreasing pattern. However,
the conditional exponential model is, on average, characterized by a
smaller FIM, i.e. smaller ‘sensitivity’ to variations of the related random
variable. On the other hand, the conditional Pareto model collapses
onto a single point in the Shannon-Fisher plane while the conditional
gamma model is characterized by a diverging FIM (because of the
divergence of the first two negative moments, see Appendix D).

It is interesting to notice that, if we consider the sum of the y values
of all the connected dyads (a sort of ‘area under the curve’) for a given
model, we obtain the Shannon entropy for the entire weighted network,
conditional on the empirical binary adjacency matrix A:

X Sy

i<jlaj=1

S=- / O(W|A)In O(W[A)IW = (80)
Wa

(note that the dyadic entropy of q(w;;|a;; = 0) is zero, because if a;; = 0
then w;; = 0 deterministically). The above expression also coincides
with minus the average likelihood of weighted network configurations
sampled from the model (given the empirical binary structure), hence
providing an average (inverse) ‘goodness of fit’ of the weighted model.
Similarly, summing the x values of all the connected dyads gives an
overall value of the FIM, hence the average change in likelihood of
different weighted configurations sampled from the model. The results
shown in Fig. 4 therefore indicate that while different models (except
the Pareto) are characterized by similar values of the overall entropy
and goodness of fit, the conditional exponential model has minimum
overall FIM, thereby producing the most stable outcome (in terms of
likelihood of realized configurations) when used to sample weighted
networks.

5. Discussion and conclusions

In a companion paper [20] the performance of discrete economet-
ric models in reproducing the structural patterns of the WTW was
compared with that of discrete, maximum-entropy ones. The analysis
carried out there led to identify the zero-inflated Poisson model as the
one performing best among the econometric models; still, it was also
found to be largely disfavored by information criteria such as AIC and
BIC. This dilemma has been solved upon looking at a different class of
statistical models, i.e. the physics-inspired ones: the latter have been
found to outperform the purely econometric ones for reconstruction
purposes, the reason lying in the higher accuracy achieved by them
in estimating the topological structure of networks.
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With this contribution, we extend the work carried out in [20]
by, first, introducing models to infer the topology and the weights
of (undirected, weighted) networks defined by continuous-valued data
and, then, turning them into proper, econometric ones. In order to do
so, we present a theoretical, physics-inspired framework based upon the
constrained minimization of the KL divergence — hence, implementing
the Minimum Discrimination Information Principle, that generalizes
the Maximum-Entropy Principle — and capable of accommodating both
integrated and conditional (continuous) models.

The main difference between the models belonging to these classes
lies in the way the estimation of the topology is carried out; while
conditional models disentangle the purely binary step from the (condi-
tional) weighted one, integrated models do not, letting both topological
and weighted constraints determine all relevant, structural features of
a network. An example of integrated model is provided by the En-
hanced Configuration Model (ECM), defined by constraints such as the
degree and the strength sequences and described by a mixed Bernoulli-
geometric [31,54] (also called Bose-Fermi [55]) distribution; examples
of continuous, conditional models are provided by the CReM, and
the CReMj [47]. From a more econometric perspective, hurdle models
are conditional in nature while zero-inflated models can be thought
as integrated, the estimation steps being carried out by selecting a
distribution out of a basket of available ones.

Our analysis leads to several conclusions: (1) constraining the entire
degree sequence leads to a statistically significant improvement in
the reconstruction accuracy of the WTW. In particular, the integrated
exponential model, described by the Hamiltonian H(W) = Y, a;k; +
Yi<j Bijwij + oW, provides a very accurate, structural reconstruction
while being favored by information criteria: although it is defined by
N + 1 purely topological constraints, AIC reveals them as ‘irreducible’,
i.e. necessary to provide a satisfactory explanation of the network
generating process; (2) when considering weighted quantities, the con-
ditional gamma model is the one performing best (although it competes
with the integrated exponential one in reproducing properties such
as the weights, on some of the temporal snapshots covered by our
datasets), according to information criteria. To be noticed, however,
that if strengths are not explicitly constrained — jointly with the degrees
— maximum-entropy models recover them only ‘in distribution” while
failing to reproduce their exact values. The same consideration holds
true for the weighted clustering coefficient.

Coming to comparing the models belonging to the classes consid-
ered in the present work, the two, best-performing ones are the inte-
grated exponential model and the conditional gamma model, i.e. the
ones constraining the total weight (although the conditional exponen-
tial model constrains the total weight as well, it is outperformed by the
conditional gamma one within the class of conditional model): hence,
W, seems to constitute a somehow fundamental quantity to be necessar-
ily accounted for in order to achieve a good reconstruction accuracy.
From an economic point of view, the parameter f§, constraining the
total weight can be interpreted as a sort of ‘shadow price’ to be paid
by everyone to exchange goods.

Additional information is provided by our analysis of the Shannon-
Fisher plane, which combines Shannon entropy, i.e. the (inverse) likeli-
hood of a model, with the Fisher Information Measure, i.e. the average
variability of the likelihood itself across different sampled configura-
tions. The conditional exponential model turns out the be the least
variable in likelihood, hence the most stable. It is worth noticing at this
point that our maximum-entropy approach is formulated for canonical
ensembles, i.e. for ‘soft constraints’, which implies that different realiza-
tions of the network have fluctuating values of the weighted sufficient
statistics. These fluctuations are the origin of the FIM. By contrast, if we
were to formulate microcanonical models with ‘hard constraints’, then
the sufficient statistics would not fluctuate and the overall FIM would
be zero. Therefore the Shannon-Fisher plane shows that, among the
canonical models considered here, the conditional exponential is the
closest to the ‘least soft’ extreme, while the conditional gamma is at the
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Fig. 4. Shannon-Fisher plane for each conditional model considered in the present paper. For each pair of nodes (i, j) that are connected in the real network (a;; = 1), we consider
the conditional weight distribution g;;(wl|a;; = 1) and plot the corresponding differential Shannon entropy (y-axis) versus the Fisher Information Measure (x-axis). The results shown
correspond to the year 2000 of the Gleditsch dataset (left panel) and to the year 2017 of the BACI dataset (right panel). The dyads of both the conditional exponential and the
conditional log-normal model follow a decreasing trend, those of the conditional Pareto model collapse onto a single point, while those of the gamma model are characterized by
a diverging Fisher Information Measure independently of their entropy (symbolically depicted as a vertical line at the right edge of the plot). The results show that, while different
models (except the Pareto) produce similar values of the entropy, their Fisher measure can be very different (note the logarithmic scale of the x-axis). The conditional exponential
is the model for which, for a given value of the entropy, the Fisher measure is the minimum one, corresponding to the minimum variability in likelihood across different sampled

configurations.

opposite ‘softest’ extreme where the FIM diverges. As a question left for
future research, it would be interesting to relate the behavior of the FIM
to the phenomenon of inequivalence of canonical and microcanonical
ensembles of networks [56].

Overall, we believe the framework proposed in this contribution
to have the potential of reconciling the approach adopted by network
scientists for reconstructing economic networks, and focusing on the
purely structural aspects of a network formation, with the approach
characterizing econometrics, tailored to inform these same models
with macro-economic quantities — in all cases considered here, purely
bilateral ones such as the GDPs and the geographic distances. From
an operative point of view, our (classes of) models combine the pros
of both approaches: the importance of purely structural information
(highlighted by physics-inspired models) can be accounted for by con-
straining the entire degree sequence; on top of that, a second step
is needed to estimate a network weighted structure. Although the
information provided by the total weight cannot be discarded without
affecting the overall performance of a model, such an estimation can
rests upon econometric considerations driving the reparametrization of
otherwise purely structural models.

6. The DyGyS Python package

As an additional result, we release a Python package named ‘DyGyS-
DYadic GravitY regression models with Soft constraints’ and containing
routines to implement all models considered in the present work as
well as those considered in the companion paper [20]. The package is
available at the following URL: https://github.com/MarsMDK/DyGyS.

CRediT authorship contribution statement

Marzio Di Vece: Conceptualization, Methodology, Software, For-
mal analysis, Writing — original draft, Writing — review & editing,
Visualization. Diego Garlaschelli: Conceptualization, Methodology,
Writing - review & editing, Supervision, Fund acquisition. Tiziano
Squartini: Conceptualization, Methodology, Formal analysis, Writing
— original draft, Writing — review & editing, Supervision.

11

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
Data will be made available on request.
Acknowledgments

This work is supported by the European Union — Horizon 2020
Program under the scheme “INFRAIA-01-2018-2019 - Integrating Ac-
tivities for Advanced Communities”, Grant Agreement n. 871042, “So-
BigData++: European Integrated Infrastructure for Social Mining and
Big Data Analytics” (http://www.sobigdata.eu). This work has been
also supported by the project ‘Network analysis of economic and fi-
nancial resilience’, Italian DM n. 289, 25-03-2021 (PRO3 Scuole) CUP
D67G22000130001. DG acknowledges support from the Dutch Econo-
physics Foundation (Stichting Econophysics, Leiden, the Netherlands)
and the Netherlands Organization for Scientific Research (NWO/OCW).
MDV and DG acknowledge support from the ‘Programma di Attiv-
ita Integrata’ (PAI) project ‘Prosociality, Cognition and Peer Effects’
(Pro.Co.P.E.), funded by IMT School for Advanced Studies Lucca.

Appendix A. Conditional models

Any member of the class of conditional models is described by the
expression

e~ HW)

WA = ——re——
OWIA) =

81
the single instances being characterized by different expressions of the
Hamiltonian. Since, however, each Hamiltonian considered here is a
sum over the node pairs, the result

o~ Zi<j Hijwij)

OW|A) =
! e Yi<j Hijwij) gw
Wy
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(82)
U
holds irrespectively from the specific functional form of H;(w;;). Notice
that m;; is the minimum, pair-specific weight allowed by the model. The
identifications

H[j(wij) = f(w;j@a Z,‘j(ﬂ)) (83)
and
L =InQ(W]A) (84)
lead to estimate parameters by solving the (coupled) systems of purely
structural equatlons = 0 and econometric-like equations 2= % —0,ie
of (w;; \QvZ,j(z)) 1 9 _
Zicjla=1 [T o ()] =o
0f (w;10,2;; () 5)
wij19.zij Wy 1 [ 9%ij 9zjj
2i<jlay=1 [T o <g>] W =0.

Notice that the estimation of the parameters carried out by maxi-
mizing the conditional likelihood, and letting only the positive weights
to be accounted for, is perfectly consistent with the theory of hurdle
models [57,58]: although alternative estimation procedures can be
devised (see, for example, [47]), in the present paper, we will stick
to the proper, econometric one — which has been already employed in
our companion paper [20], to estimate the parameters of conditional,
discrete-valued models.

A.1. Conditional exponential model

The conditional exponential model is defined by the expression

Hij(wij)z(ﬁ0+ﬂij)wij (86)
that induces the following node pair-specific partition function
T oty 1
g = / AT P — — @7)
Y 0 Yo B+ By

After the econometric reparametrization, according to which f;; =
—1, the log-likelihood function of the conditional exponential model
reads

L= Y [=(y+z; wy — InG)l; (88)
o,
hence, its maximization leads to the system of equations
{Zi<j|a,j=l[<wij|aij =1)- w;; y =0 (89)
Z[<j|a,j:I[<wij|aij =1)- wij]ag(zij ) =0

where (w;;la . Notice that we have a condition on the

a;=1)= 1+ﬁ
parameters, reading f, + ﬂ, j > 0.

A.2. Conditional gamma model

The conditional gamma model is defined by the expression

H[j(wij) =(fy + ﬂ,‘j)w,'j +& ln(w,‘/) (90)
and induces the following node pair-specific partition function
G =/ e~ Pothipwi; wi__iodwi,
J 0 j J
ra-
_ ( 5:)) . 91)
Py + B; j) —%
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After the econometric reparametrization, according to which ;; =
z’.‘j' , the log-likelihood function of the conditional gamma model reads

Z [-(Bp + Z,'_jl)wij = &o In(w;;) — In(g; )]s (92)
iy
hence, its maximization leads to the system of equations
Zicjla,=1l(wijla; = 1) —wy; =0
T i< itay 1 [(In@wiplay; = 1) = In(w;] - =0 (93)
Z,qla’/_l[(w,/la,j = 1) — w;;19,/ (z—l) =0
where (wijla;; = 1) = Qo) and (In(w;)la;; = 1) =y = &) —

1+6yz;5
In(f, + Zi_jl)' Notice that we have conditions on the parameters, reading
Bo + By >0and & < 1.

A.3. Conditional Pareto model

The conditional Pareto model is defined by the expression

H[j(wij):'j;ij ln(w,-/-) 94)
that induces the following node pair-specific partition function
+o0
= / e_‘f'/]“("’fﬂdw[/
mj;
+oo &
= / w;; M dw;;
mj; 4
1—
_ (95)
éij -1

After the econometric reparametrization, according to which ¢; —

2=z;! and m j = Wy, the log-likelihood function of the conditional
Pareto model reads
L= Z [-2+ Zfl)ln(wu) In(G; 1 (96)
(a;;:/l)
hence, its maximization leads to the system of equations
Y, Kin(wpla;; = 1) = In(w;1o,(z;;") = 97)

i<jla;;=1

where (In(w;;)|a;; = 1) = In(w,y,;,)
on the parameters, reading w,,;,, > O and &

A.4. Conditional log-normal model

The conditional log-normal model is defined by the expression

Hyj(w;)) = &; In(w;) + o In(w;;) (98)
that induces the following node pair-specific partition function
+oo 5
gij _ / o—6ij InGwij)—roIn (w'j)dwij
0
+o0 2
— / U=ty g =101 dt;;
—0o0
z @;-1?
= X (99)
Y0

a result that is readily obtained by puttlng t;; = In(w;;) and exploiting

the relationship /¥ e~ Pbrte gy =
After the econometric reparametrlzatlon according to which 1 —

& = In(z;;), the log-likelihood function of the conditional log-normal

model reads

L= Z [(n(z;;) + DIn(w;;) — 7y lnz(w,j) = In(;p)l;

i<j
(@;j=)

—e4a

(100)
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hence, its maximization leads to the system of equations

{2[<H%,[<1n2(w,.j)|a,.j = 1) — In*(w;))] =0

(101)
Ei<j|a,j=l[<ln(wij)|au =1)- ln(w,»/-)]agln(zu) =0

ln(z,/)

2 29 °
Notice that we have a condition on the parameters, reading y, > 0.

27p+In%(z;)
2

where (In*(w;))la;; = 1) = and (In(w,))la;; = 1) =

Appendix B. Integrated models

Any member of the class of integrated models is described by the
expression
e~ HW)

o = T ewaw

(102)

the single instances being characterized by different expressions of the
Hamiltonian. Since, however, each Hamiltonian considered here is a
sum over the node pairs, the result

o~ Zi<j Hij(wij)

owy= ——————

Jo e B i) gw

_ H e~ Hijwij)

- —H;;(w;;
i<j Za,,:o,l /@[w‘-j]:a” e ’(w’)dwij

_Hlj(wyj)

=[]—— (103)

i Zij

holds irrespectively from the specific functional form of H;;(w;;). The
identifications

H,-j(w,-j) = f(w,-jIQ, Z,‘j(ﬂ)) (104)
and
£ =InQW) (105)

lead to estimate parameters by solving the (coupled) systems of purely

structural equations % = 0 and econometric-like equations % =0,ie.
D ofwijlo.z;w) (az,j ) —0
i<j a0 z;\oe J| ™=
) (106)
Zi<- 0f (wij10.2;;(w)) n 1 BZ_,/ dz_,j —o.
J 0z;; Zij 0z;; oy =

The integrated exponential model we have considered in the present
paper is defined by the expression

H,-j(w,-j)=(a,- +aj)aij +(ﬁ0+ﬂij)wij (107)
that induces the following node pair-specific partition function
1
z,= Y / e ara = Got B gy,
a;;=0 7 Olw;j1=a;;
+oo
=1+ (%) / e Pothipwy gy,
ij
0
—(a;+a;)
=1+ (108)
Bo + By
0 ij

After the econometric reparametrization, according to which f;; =
zi_jl , the log-likelihood function of the exponential model reads

L= 2[_((1,. +apay = (o + 2wy = In(Z; s (109)
i<j
hence, its maximization leads to the system of equations
(ki) —k; =0,Vi
wW)y-w =0 (110)

Zicilwiy) - wij]ag(zi_jl) =0
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where k; = 3., a;; is the empirical degree of node i, w;; is the
empirical, pair-specific weight and W = ¥, _; w;; is the empirical, total
weight; (k;) = ¥, pij» (wy;) and (W) = ¥, (w;;) are their expected
counterparts.

Notice that we have a condition on the parameters, reading fy+5;; >
0.

Appendix C. Turning structural models into econometric models

So far, we have derived two classes of models, by explicitly solving
the constrained maximization of a number of functionals derived from
the KL divergence. As the functional form of the probability distribu-
tions belonging to the two classes (solely) depends on the enforced
constraints, such models ‘are born’ as purely structural ones.

In order to turn them into candidate models to be employed for
econometric purposes, we need to properly transform (some of) the
Lagrange multipliers into functions of the econometric quantities of
relevance for the problem at hand. In this respect, the theory of GLMs
provides helpful suggestions about how to proceed; besides, one can
figure out some (sets of) basic requirements such a transformation
should satisfy:

+ the transformation should turn the expected values (w;;) and
(w;;la;; = 1) into positive, monotonically increasing functions of
Zj3

» the transformation should not violate the mathematical require-
ments to have well-defined (first and second) distribution mo-
ments.

In what follows, we will focus on the conditional models.
Conditional exponential model. It is characterized by the expression

1

a; =1y = ——— 111
(wijla;; =1) Bo+ P, (111)
that can be turned into an econometric one by posing

I _
oglay =10 = 5 g, = 8G0 e

according to the prescription informing the so-called generalized linear
models (GLMs). Before specifying the functional form of g, let us
consider that the dyadic parameter f;; must be decreasing in z;; - a
requirement that can be justified upon identifying f;; as the ‘shadow
price’ that countries i and j have to pay to trade a unity of goods [59];
analogously, f, can be interpreted as modeling a global tax that every-
one has to pay to exchange goods — independently of its trade ‘capacity’.
These considerations lead us to impose f;; = z[.‘j1 , a choice inducing the
expression

Z.
1 __ (113)

a.. =1
<wlj|alj > 1+ﬂ()zfj

Bo + z;}'
which violates none of the requirements listed at the beginning of the
section.

Conditional gamma model. 1t is characterized by the expressions

o 1%
<wij|aij =1)= %o +ﬁ[j, 114
<1n(wij)|aij =1) =y -¢) —In(B, +ﬂ,‘j) (115)

(where yw(x) = I'"(x)/I'(x) is the digamma function) that can be turned
into econometric ones by posing f;; = zi‘jl, according to considerations
which are analogous to those driving the econometric reparametriza-
tion of the conditional, exponential model. This choice induces the
expressions

1-¢& _ ¢! _fo)zfj

= R (116)

1) =
1+ﬂoz,~j

- -1
ﬂ0+z,‘j

(In(w;play; = 1) = w(l = &) = In(fy + 2,

<wij|aij =

117)
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notice that the conditional, exponential model is recovered in case
&y = 0 (i.e. when the constraint on the sum of the logarithms of weights
is switched-off).

Conditional Pareto model. It is characterized by the expression

ij—1
<wij|aij =1)= 51‘,‘ ) m;; (118)
that can be turned into an econometric one by posing
&ij—1
<wij|aij =l)=|"— m;; = g(z;;) (119)
&ij—2

according to the prescription informing the GLMs. Upon considering
that (1) the (conditional) expected value is well defined only if ¢ i—2>
0 and that (2) a linear relationship between the former and z; ; would
be desirable, a suitable reparametrization may read ¢;; — 2 = z7! and

ij
m;; = Wy, in turn leading to

(wijla; =1y = (1 + 2, )W, (120)

which violates none of the requirements listed at the beginning of the
section.
Conditional log-normal model. It is characterized by the expressions

1 Tt (121)
(n(w[/')laij =1)= 2% s
2 1-¢&,)?
(0w, lay = 1) = o+ —a) (122)
4)/3

Upon considering that the logarithm of weights can admit negative
values, i.e. when w;; € (0, 1), and that there are no theoretical restric-
tions on the sign of (In(w;;)|a;; = 1), a suitable reparametrization may
read 1 - ¢;; =In(z;;), in turn leading to

In(z;;)
<]n(wij)|aij =1)= 2% (123)
2y0 + In%(z;;
(In*(w;))la;; =1y = 2o+ Inzy) (124)
4}/3

which violate none of the requirements listed at the beginning of the
section.

Appendix D. The Shannon-Fisher plane

Here, starting from the conditional probability density function
g;;(wla;; = 1), for each connected dyad we compute explicitly the
continuous Shannon entropy S;; and the Fisher Information Measure
(FIM) F; ; needed to construct the Shannon-Fisher plane introduced in
Section 4.4. We do so for each model separately.

D.1. Conditional exponential model

The conditional exponential model is defined by the probability
distribution

aij(wijla; = 1) = (B + pyy)e” PorPulss (125)
inducing a Shannon entropy reading

Sy =(H;)+In¢; =1-In[f + ;] (126)
and a FIM reading

Fy = ((H])*) = By + b)) (127)

as the value of the parameter f, + f;; increases, Shannon entropy
decreases while Fisher Information Measure increases as well.
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D.2. Conditional gamma model

The conditional gamma model is defined by the probability distri-
bution

)=
B + ﬁ’/) wf_io e~ Pothipwi;

qij(wijlaij =D= I'(1-¢&y) ij (128)
— %0
inducing a Shannon entropy reading
Si; =(H;)+Ing;
=—In[fy + B;;] + Sow (1l — &) + In I'(1 — &) + (1 — &) (129)
and a FIM reading
Fy=(H])") = o+ ;)
+ 2&,(By + ﬁij)<w;j1 la; = 1)+ §g<w;j2|a,.j =1)
_ 2 I'(=¢y) 2 I(=1-&)]
=+ B |1 +2§ T =z +¢; Ta=2 | (130)

the expression above does not diverge for the values of the parameter
&, ensuring that the (first) two, negative moments, (wl?jl la;; = 1) and
<w,.*j2|a,- ; = 1), of the (conditional) gamma distribution do not diverge
as well, i.e. & < —1.

D.3. Conditional Pareto model

The conditional Pareto model is defined by the probability distribu-
tion

iy —1 —&ij
qij(wijlaij == 'UI_E__ ij ! (131)
&ij
ij
inducing a Shannon entropy reading
&
Sy =(Hy)+Ing,; = <5 i 1) ~In[&; — 1]+ Inm,; (132)
ij ~
and a FIM reading
& e —1
F, = H.’.2=l<” >; 133
i = {((H;)7) w2 \ &, +1 (133)

the expression above holds true for the values of the parameter ¢;
ensuring that the Pareto distribution exists, i.e. & ; > L Besides, the
convergence of the second, negative moment of the (conditional) Pareto
distribution ensures that its FIM does not diverge as well.

D.4. Conditional log-normal model

The conditional log-normal model is defined by the probability
distribution

e—'fi/ ln(wi/)—yo lnz(w,'/)

q;j(wijla;; =1) = i (134)
ie 419
70
inducing a Shannon entropy reading
1-¢&,
Sy =(H,)+In¢, = %” +% l+%ln<y£0>] (135)
and a FIM reading
Fyy = ((H])?) = /01 + 27y + & + &) (136)

the expression above holds true for the values of the parameter y,
ensuring that the log-normal distribution exists, i.e. y, > 0.
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