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A B S T R A C T

Polylactic acid (PLA) plays a prominent role in medical implants, packaging, and the textile industry, among the 

various industrial sectors. Components can be efficiently 3D printed by the Fusion Deposition Modeling (FDM) 

process, which however is inducing a material anisotropy due to the layer-by-layer deposition. The phase field 

(PF) approach to fracture generalized to handle anisotropic brittle materials is herein critically examined since 

it offers potential capabilities to simulate crack paths in such materials. Since the formulation is based on an 

anisotropic structural tensor 𝝎 with the incorporation of penalty parameter 𝛽, this governs the material frac-

ture energy 𝐺 𝑐 

, the internal length scale 𝑙 𝑐 

, and the apparent strength. The novel contribution of the work lies 

in integrating a metaheuristic machine learning algorithm (MLA) with the PF approach to robustly estimate 

fracture parameters (𝐺 𝑐 

, 𝑙 𝑐 

and 𝛽) and get an insight into epistemic uncertainty of the formulation. Results high-

light that particle swarm optimization (PSO) is robust in estimating fracture parameters to reproduce target 

force-displacement response curves. Sensitivity analysis of fracture parameters reveals the critical role of 𝛽 in 

influencing fracture predictions.

1. Introduction

In the past decade, additive manufacturing (AM), also known as 

3D printing, has become a very popular field and revolutionized the 

manufacturing industry with supremacy over conventional processes in 

creating complex structures [1,2] with polymers, ceramics, metals, and 

also composite materials. AM has played a significant role in Industry 

4.0 by reducing material waste and promoting a sustainable, cleaner 

production process, a subject of interest in academia and industry [3]. 

In this regard, different types of additive manufacturing techniques and

methods have been developed and successfully implemented at the in-

dustry level, such as selective laser melting [4], selective laser sintering 

[5], fused filament fabrication [6], fused deposition modeling [7], di-

rect energy deposition [8], etc. Among the above-mentioned methods, 

FDM is the most widely adopted technique [9] in the engineering field 

because the components produced by the FDM process [10] are of high 

quality with excellent retention of mechanical properties and also main-

tain good dimensional accuracy with repeatability. FDM works on the 

layer-by-layer concept in which the 3D-printed material is extruded from
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Nomenclature

Acronyms

2D Two-dimensional space

ABC Ant Bee Colony

CS Cuckoo Search

FDM Fused Deposition Modelling

FEA Finite Element Analysis

FEM Finite Element Method 

GA Genetic Algorithm 

MLA Metaheuristic machine Learning Algorithm 

PFF Phase Field for Fracture 

PLA Polylactic acid 

PSO Particle Swarm Optimizaition

SENB Single Edge Notch Bending

TLBO Teaching Learning Based Optimization

Variable notation

𝐮 Displacement field vector

𝛽 Penalty parameter

𝜈 Poisson ratio

𝝎 Anisotropic structural tensor

Φ Phase field variable

Υ PSO target cost function

E Young’s modulus

𝐺 Fracture𝑐  energy

𝑙 Internal𝑐  length scale parameter

a nozzle tip in a semi-solid state, deposited on a substrate, and then 

allowed to solidify, resulting in a solid 3D-printed part.

The mechanical strength behavior of various 3D printed polymer ma-

terials available on the market, such as acrylonitrile butadiene styrene, 

polylactic acid, polycarbonate, polyethylene terephthalate glycol, and 

polyamide, has been studied in [11,12]. Out of the polymers mentioned 

above, the strength and fracture analysis of 3D printed PLA material has 

been investigated widely since it is eco-friendly and biodegradable. PLA 

can also be blended with other materials to accelerate the degradation 

[13,14] and serve applications in automobiles [15], biomedical fields 

[16,17], etc. 3D printed components using the FDM method best suits 

for bio-degradable materials [18]. The printing process parameters such 

as raster orientation, layer thickness, printing speed, and extruded tem-

perature, to name a few, need to be set optimally [19] and should be 

maintained consistently throughout the printing process. From the liter-

ature [12,20–22], it was found that the process parameters of 3D printed 

PLA parts produced by the FDM process strongly affect the mechanical 

and fracture strength. Even the mechanical behavior of a 3D printing 

material changes by altering the printing orientation [23]. This moti-

vates the study of the mechanical and fracture strength of PLA materials 

concerning particular printing process parameters and, in general, the 

numerical investigation of the anisotropic behavior of such 3D-printed 

components.

The present work conducts two experimental tests on 3D-printed PLA 

materials. Experimental tensile tests are conducted as per ASTM stan-

dards [24] to investigate the mechanical properties [25] such as Young’s 

modulus 𝐸, and tensile strength 𝜎 max. Single edge notch bending (SENB) 

experimental tests are also conducted as per ASTM standards [26] to in-

vestigate the effect of anisotropy on fracture toughness 𝐺 𝐶 

[27,28]. The 

printing process parameters are set consistently to prepare both testing 

3D printed samples. Since the PLA material in the 3D printing process 

is deposited layer-by-layer, the material might exhibit anisotropic be-

havior [19,29]. Material properties obtained from the above tests are 

dependent upon the 3D printing process parameters, and there might be 

a possibility of experience a strength reduction even higher than 50 % 

as compared to those traditionally manufactured by injection molding 

[30]. The finite element analysis (FEA) based on the phase field model 

for fracture (PFF) proposed in [31] is implemented in this work. The 

generalization to anisotropic materials closely simulates the fracture be-

havior of 3D-printed PLA materials. The PFF leads to LEFM predictions 

for a vanishing internal length scale [32], with crack evolution ruled by 

the Griffith criterion [33].

Since 3D printed materials experience anisotropic behavior, the 

anisotropic structural tensor 𝝎 is incorporated into the crack surface 

density function term [34,35] of the basic isotropic PFF formulation 

[31]. The anisotropic tensor term contributes to the directionality of 

the crack evolution and consists of a penalty parameter 𝛽 that signifi-

cantly influences the crack orientation [36] during crack propagation.

Several researchers [36–39] have studied the crack propagation phe-

nomenon by exploiting anisotropic PFF numerical models and applying 

them to polycrystalline materials [40–42]. While the crack path due 

to anisotropic behavior has been studied intensively, how the effect 

of the penalty parameter 𝛽 influences the global force-displacement re-

sponse of the experimental results remains an open question yet to be 

investigated. In this study, we analyze the effect of the value 𝛽 by us-

ing a parameter identification procedure with an inverse method to 

match the target force-displacement curve to a numerically simulated 

response. The material parameters 𝐸, 𝐺 𝑐 

, 𝛽, 𝑙 𝑐 

are identified by mini-

mizing the user-defined cost function. In the literature, particle swarm 

optimization (PSO) [43] algorithm has been applied to fracture [44] 

and plasticity [45] problems to identify the respective model parame-

ters, and in [46] the Bayesian approach was used to estimate the phase 

field model parameters. The question arises as to which metaheuristic 

optimization algorithm best suits isotropic and anisotropic fracture pa-

rameter identification problems. In this direction, the authors herein 

explore evolutionary machine learning algorithms (MLA) such as PSO 

[43,47], PSO-GA [48], ABC-PSO [49,50], CS [51], TLBO [52], and 

EJAYA [53,54]applied to isotropic PFF (𝛽 = 0) test problems, com-

pare predictions and find the most efficient algorithm for identifying 

PFF parameters. Subsequently, the best obtained algorithm is applied to 

the proposed PFF-MLA combined approach to determine the effect of 

the penalty parameter 𝛽 in identifying target input fracture mechanics 

parameters.

The overview of the paper is as follows. The numerical implementa-

tion of anisotropic PFF is outlined in Section 2. The combined PFF-MLA 

is outlined in Section 3, followed by Section 4, which investigates 

the best optimization algorithm for identifying the PFF parameters. 

Section 5 discusses the 3D-printed PLA material fabrication process, ex-

perimental testing methodology for tensile and SENB loading cases, and 

the numerical investigation of sensitivity analysis of penalty parameter 

𝛽. Finally, in Section 6, results are discussed.

2. Anisotropic phase field model for fracture in a nutshell

This section provides an overview of the well-known phase field ap-

proach to fracture generalized to handle anisotropic brittle materials. 

The underlying concept of phase field applied to fracture emerged from 

the fundamental principles of Griffith’s theory [33] applied to brittle ma-

terials, which states that a crack propagates when the fracture energy 

required to generate the new crack surface equals the amount of elastic 

strain energy released in the material due to crack growth. The mathe-

matical expression of Griffith’s total energy functional Π 𝑇 

includes the 

contributions of the elastic strain energy Π 𝐸 

, the fracture surface energy

Π 𝑆 

, and the potential energy  due to external loading:

Π 𝑇 

∶= Π 𝐸 

+ Π 𝑆 

−  (1)
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Fig. 1. (a) Schematic representation of the continuum Ω with a crack Γ and 

boundaries 𝜕Ω 

𝑢 , 𝜕Ω 

𝑡 . (b) Approximation of the sharp crack into a diffusive region 

of width 𝑙 𝑐 

, where Φ denotes the phase field damage variable.

Consider a continuum domain Ω ⊂ R 

𝑛 in the reference configura-

tion of dimension 𝑛 ∈ [1, 3] with external boundary 𝜕Ω and an evolving

internal cracked discontinuity Γ ⊂ R 

𝑛−1 . The displacement field 𝐮 is im-

posed on the Dirichlet boundary 𝜕Ω𝑢 

 and surface tractions t 
 
̄

 are applied

on the Neumann boundary 𝜕Ω𝑡 

 , see Fig. 1, where 𝜕Ω = 𝜕Ω 

𝑢 ∪ 𝜕Ωt 

 and

𝜕Ω  t 

 

𝑢 ∩ 𝜕Ω = ∅. Body forces 𝐛, if any, are applied on the continuum Ω. 

The total energy of the system reads:

Π 𝑇 

(𝐮, Φ) = ∫ Ω
Ψ 𝐸 

(𝜺(𝐮), Φ) dΩ 

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Π 𝐸

+ ∫ Γ
𝐺 𝑐 

𝑑Γ
⏟⏞⏞⏟⏞⏞⏟

Π 𝑆

− ∫ Ω
𝐛 ⋅ 𝐮 dΩ − ∫𝜕Ω𝑡

̄ t ⋅ 𝐮 d𝜕Ω
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟



(2) 

The second term in Eq. (2) can be expressed in the regularized form 

[55] by approximating the sharp crack into a diffusive region with a 

phase field damage variable Φ as shown in Fig. 1. The value of Φ 

ranges between 0 and 1, with 0 representing an intact material and 1 

corresponding to a fully cracked material. The regularized expression 

reads

Π 𝑆 

(Φ) ∶= ∫ Γ
𝐺 𝑐 𝑑Γ ≈ ∫ Ω

𝐺 𝑐𝛾(Φ, ∇Φ)dΩ (3)

in which 𝛾(Φ, ∇Φ) represents the crack surface density function that can 

be expressed in general form [56] as

𝛾(Φ, ∇Φ) = 

1
𝐶 0

[

𝛼(Φ)
𝑙 𝑐 

+ 𝑙 𝑐 

∇Φ ⋅ ∇Φ 

]

(4)

where 𝑙 𝑐 

is the regularized internal length scale parameter that governs 

the width of the diffusive crack. When 𝑙 𝑐 → 0, the regularized crack 

surface Γ-converges to the sharp crack [57], satisfying the Griffith’s 

criterion [33]. The standard Ambrosio–Tortorelli (AT-2) model [58] is 

adopted in the present work, and the crack geometric function 𝛼(Φ) and 

the normalized factor 𝐶 0 in Eq. (4) are [31,59]:

𝛼(Φ) = Φ 

2 , 𝐶 0 = 2 (5) 

To consider the material anisotropy induced by the layer deposition 

in the PFF analysis, the second-order structural tensor 𝝎 is incorporated 

into the nonlocal part of isotropic crack surface density for an anisotropic 

case as shown in Eq. (6):

𝛾(Φ, ∇Φ) = 

1
2

[

Φ 

2

𝑙 𝑐
+ 𝑙 𝑐 

∇Φ ⋅ 𝝎 ⋅ ∇Φ 

]

(6)

The second-order tensor 𝝎 is frame-invariant. The surface energy for

crack propagation depends on the material orientation 𝜃, which char-

acterizes the anisotropic failure of the material. Following Clayton and

Knap [34], 𝝎 can be defined as

𝝎 = I + 𝛽(I − 𝑓 ⊗ 𝑓 ), I = 

[ 

1 0
0 1

] 

(7)

where I is a second-order identity tensor and 𝑓 represents a vector nor-

mal to the material orientation plane 𝜃. 𝛽 ≫ 1 represents the degree of

anisotropy contributing to the crack evolution in the surface energy term

Π 𝑆 

along the direction of material orientation plane 𝜃. The isotropic 

material behavior can be retrieved when the penalty parameter 𝛽 is 

vanishing (orientation independent).

Therefore, the surface energy term Π 𝑆 in Eq. (2) for an anisotropic

material assumes the following final form:

Π 𝑆 (Φ) = 

𝐺 𝑐
2 ∫ Ω

[

Φ 

2

𝑙 𝑐 

+ 𝑙 𝑐 

∇Φ ⋅ 𝝎 ⋅ ∇Φ 

]

dΩ (8)

+The elastic energy Ψ(𝜺(𝐮), Φ) is split into tensile  

 Ψ and0  compressive

Ψ 

− parts, as is typically done t0  o degrade the material response only in 

tension according to [31], and is controlled by the evolution of the phase 

field function 𝑔(Φ) = (1 − Φ)2 

 + 𝜅  

 

with a parameter 𝜅 

 

of the o𝑝 𝑝  rder of 

10 

−6 to avoid ill-conditioning of the stiffness matrix when Φ → 1. The 

final expression reads

Π 𝐸 

(𝐮, Φ) = ∫ Ω
[𝑔(Φ)Ψ+

0 (𝜺) + Ψ−
0 

(𝜺)]dΩ (9)

Now, the elastic energy term Π 𝐸 

in Eq. (9) and the anisotropic surface 

energy term Π 𝑆 in Eq. (8) are introduced into Eq. (2). The weak form of 

the displacement field 𝐮 and phase field Φ is then obtained by applying 

the energy minimization principle to Eq. (2) with respect to the state 

variables (𝐮, Φ):

𝜕Π(𝐮, Φ)
𝜕𝐮 

= ∫ Ω
𝝈 ⋅ 𝛿𝜺 dΩ − ∫ Ω 

𝐛 ⋅ 𝛿𝐮 dΩ − ∫𝜕Ω𝑡
̄ 𝐭 ⋅ 𝛿𝐮 d𝜕Ω 

𝑡 = 0 (10a)

𝜕Π(𝐮, Φ)
𝜕Φ

= ∫ Ω
−2(1 − Φ) Ψ 

+
0 (𝜺) 𝛿Φ dΩ 

+ ∫ Ω

𝐺 𝑐
2

[

1
𝑙 𝑐 

2Φ𝛿Φ + 𝑙 𝑐 

∇ ⋅ (𝝎 ⋅ ∇𝛿Φ) 

] 

dΩ = 0 (10b)

The Cauchy stress tensor is 𝝈 = 𝜕Ψ 𝐸
𝜕𝜺 . To enforce the irreversibility

of the phase field damage ( 

̇ Φ > 0), a history variable  is introduced

[31], which takes the maximum strain energy value during the damage 

evolution process:

 = 

{

Ψ 

+
0 (𝜺) if Ψ 

+
0 (𝜺) >  𝑛 

 𝑛 

otherwise
(11)

The numerical implementation of the PFF formulation into the finite 

element method (FEM) is performed as in [31]. The weak forms in Eq. 

(10) are solved using a staggered scheme to obtain the displacement 𝐮 

and the phase field Φ solutions, see [31] for more details. Both equations 

are connected with the history field variable in Eq. (11) to exchange the 

state variable during the iterative scheme. 

3. Integration of metaheuristic algorithms and the phase field 

approach to fracture

The integration of metaheuristic machine learning algorithms and 

the formulation of the phase field approach to fracture is proposed to 

identify fracture mechanics parameters for a user-defined purpose. The 

issue of material parameters’ identification to fulfill the desired sys-

tem functionality and identify new material design solutions is a timely 

research topic. The optimization algorithms can tackle the inverse prob-

lems, and the metaheuristic algorithms [60], which are inspired by 

natural phenomena, are particularly efficient for this task. Although the 

metaheuristic algorithms [61,62] employ various search strategies, they 

typically balance local exploitation with global exploration to solve the 

inverse problems. The objective of local exploitation is to find better 

solutions in the vicinity of the current search space, while global ex-

ploration aims to find superior solutions across the complete space of
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admissible solutions. This combination resolves the problems encoun-

tered by gradient-based optimization algorithms that contain only local 

information [45].

The metaheuristic optimization approach called PSO has been pro-

posed and tested in [44] for the very first time in relation to the problem 

of parameter identification for the isotropic phase field approach to 

fracture, providing promising results. Here, the methodology is gen-

eralized and tested in relation to anisotropic fracture and additional 

metaheuristic optimization approaches based on genetic algorithms and 

other machine learning techniques are exploited. PSO [43] is inspired 

by a flock of birds’ behavior in search of food, where they help each 

other to reach their destination by exchanging information to find the 

optimal solution. To increase the performance of the PSO algorithm, a 

velocity constriction factor-based approach [47,63] is implemented.

Alternatively, genetic algorithms (GA) [64] can be exploited for in-

verse analyses, mimicking the process of population evolution by using 

several genetic processes, including crossover, mutation, and selection, 

to produce a new generation within the present population and progres-

sively move it closer to an optimal solution. The ABC algorithm [65], 

for instance, is based on the approach used by a swarm of honey bees 

to find food sources. Two distinct beehive groups exchange information 

to discover these sources successfully. First, there are the employee bees 

working and taking advantage of a food supply. Secondly, unemployed 

bees (scout bees) are constantly searching for a food supply. The im-

plementation details of hybrid algorithms PSO-GA [48] and ABC-PSO 

[49,50] take advantage of their respective individual algorithms and 

solve the inverse problems. The cuckoo’s brood parasitic behavior is the 

basis for the Cuckoo Search (CS) algorithm [51]. Lévy flights are used by 

CS to search the solution space and create step sizes efficiently. Switch 

probability is used for the local search when a specific percentage of 

solutions are eliminated.

The teaching-learning-based optimization algorithm (TLBO), on the 

other hand, is an algorithm that draws inspiration from the teaching-

learning process [66,67] and is based on how a teacher’s influence 

affects the work that students do in a class. The program simulates how 

a teacher and students would interact in a classroom. The population-

based TLBO approach algorithm implementation details can be found 

in [66]. Another approach that can be used to solve the inverse prob-

lem is the Enhanced JAYA (EJAYA) algorithm [53], whose goal is to 

find a search mechanism that fully utilizes population data using a com-

bination of local exploitation and global exploration tactics. A global 

exploration approach and a local exploitation strategy are part of the 

planned search mechanism, which was missing in the JAYA algorithm 

[68]. A detailed procedural description is found in [53].

3.1. Numerical implementation of combined PFF-MLA for parameter 

identification

All the above-mentioned machine learning algorithms do not rely on 

the gradient of the objective function, while they require the objective 

function to be evaluated in the hyper-parameter design space. The con-

verged solution has to be identified by minimizing the objective function 

Υ. For the present mechanical problems, the cost function to be mini-

mized can be set as the difference between the predicted and the target 

reaction force-displacement curves:

Υ(𝜒) = 1 − 1
𝑛

𝑛
∑

𝑑=1

√

√

√

√

√

[

Δ𝑅𝑥 𝑑 

(𝜒)
𝑅𝑥 max 

(𝜒)

] 2

; Δ𝑅𝑥 𝑑 

(𝜒) = 𝑅𝑥 𝜏 

− 𝑅𝑥 𝑠 

(𝜒) (12)

where:

𝑅𝑥 𝑠 

∶ history of simulated reaction forces 

𝑅𝑥 𝜏 

(𝜒) ∶ target value of the reaction forces
̂ 𝑅𝑥 max 

(𝜒) = max{max(𝑅𝑥 𝑠 

(𝜒)), max(𝑅𝑥 𝜏 

)}

⎫

⎪

⎬

⎪

⎭

for same imposed time 

steps 𝑑 = 1, … , 𝑛

Algorithm 1 Integrated phase-field fracture (PFF) - metaheuristic ma-

chine learning algorithm (MLA) for parameter identification.

1: Initialization 

2: Input data: population size 𝑁  

 

, maximum number𝑝   of iterations

It max, MLA algorithm tuning parameters (if required) 

3: Output data: optimized solutions 𝐏 𝐨𝐩𝐭 at  

 

the minimum of the cost

function Υ
4: 𝐈𝐧𝐢𝐭𝐢𝐚𝐥𝐢𝐳𝐚𝐭𝐢𝐨𝐧
5: for all 𝑖 = 1, … , 𝑁 𝑝 

do
𝟎6: Generate a population with random positions 𝜒 in the 3D ( )𝐢 ℘ = 3  

parametric space (𝐸, 𝐺 𝑐 

, 𝑙 𝑐 

) within the search space. 

7: Evaluate cost 

𝟎function Υ(𝜒𝐢 ) using the phase field fracture FE

model. 

8: end for 

9: Assign 𝐏𝐨𝐩𝐭 ← argminΥ( 𝟎𝜒𝐢 ) 

10: 𝐌𝐚𝐢𝐧 𝐥𝐨𝐨𝐩 𝐨𝐟 𝐌𝐋𝐀 𝐚𝐥𝐠𝐨𝐫𝐢𝐭𝐡𝐦
11: for 𝑘 = 1, … , It max 

do 

12: for all 𝑖 = 1, … , 𝑁 do𝑝  

   

𝐤13: Update solution 𝜒 based𝑖  on the MLA algorithm

14: if 

𝐤𝜒𝐢 ∉ ℘ then 

15: reassign randomly 𝜒 

𝐤 in𝐢  ℘
16: end if 

17: end for

18: 𝐏𝐨𝐩𝐭 

 

← 𝜒𝐨𝐩𝐭 

19: end for

Here, 𝑅𝑥 max(𝜒) denotes the maximum value of the reaction force out 

of the 𝑅𝑥 𝑠(𝜒), 𝑅𝑥 𝜏 

. The cost function Υ(𝜒) → 1 if the optimization al-

gorithm’s simulated curve and the target response curve match each 

other. The following material properties are considered for identifi-

cation: Young’s modulus 𝐸, the fracture energy 𝐺 𝑐 

, and the internal

length scale parameter 𝑙 𝑐 

. The initial population size of the variables 

is 𝑁 𝑝 = 30 and is randomly dispersed within the design-constrained

space. The search space is defined in such a way as to obtain a 

feasible optimal parameter solution. The target force-displacement re-

sponse curve for the benchmark problems is synthetically generated 

based on predefined material properties (𝐸, 𝐺 𝑐 

, 𝑙 𝑐). The simulated 

reaction forces for each solution set are computed, and the corre-

sponding cost function for the population size is evaluated. The so-

lution set is then updated using the mechanism of MLA, iteratively 

refining the solutions until convergence to the target response of the 

material properties. The combined PFF-MLA pseudo-algorithm, which 

integrates all the various optimization algorithms, is described in 

Algorithm 1. For further clarity, the step-by-step numerical implementa-

tion of the PFF-MLA methodology is illustrated in the flowchart shown 

in Fig. 2.

4. Comparison of metaheuristic algorithm techniques applied to 

phase field fracture mechanics

This section aims at investigating the performance of the meta-

heuristic optimization algorithms when applied to inverse phase field 

fracture mechanics problems required to identify model parameters to 

match a given output response. The above-selected algorithms are com-

pared in relation to a notched specimen tested under tensile loading 

(SENT) and for a single-edge notched bending (SENB) testing geome-

try, to evaluate their efficiency in the identification of the phase-field 

fracture mechanics parameters. The initial population is set to be the 

same for all algorithms, for the purpose of a consistent comparison. 

The geometry, loading, and boundary conditions of the two test prob-

lems are shown in Figs. 3 and 4, respectively. First, the isotropic case 

(𝛽 = 0) is examined. The target force-displacement response curves 

for each test are synthetically generated based on the set of param-

eters collected in Table 1. The set of parameters for the two test
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Fig. 2. Flow chart showing combined PFF-MLA for fracture mechanics parameters’ identification.

problems is selected to be very different to assess the reliability of 

the methods in case of materials with very small or very large frac-

ture energies. The design-constrained space is also reported in the same 

table.

The particles’ positions within the design space at the end of the 

execution of the PFF-MLA algorithms (solutions corresponding to the 

respective minima of the cost functions) for the two test problems are 

shown in blue in Figs. 5 and 7, respectively.

For the first test case related to the edge-notched specimen under 

tensile loading (Fig. 5), the values to be identified from the virtual ex-

periment are 𝐸 = 210 GPa, 𝐺 𝑐 = 2.7 kN/mm, 𝑙 𝑐 

= 0.1 mm and are 

shown with a red star in the figures. They were closely matched by the 

PSO algorithm, see Fig. 5(a). The PSO-GA and the ABC-PSO algorithms 

almost converged to the optimal solution, although not exactly match-

ing the target (Fig. 5(b) and (c)). The CS algorithm did not converge to 

the target solution (Fig. 5(d)) because the variables were trapped within 

their local minima. The solution variables from the EJAYA and TLBO 

optimization algorithms converged to a single point (Fig. 5(e) and (f)), 

which however does not match the target values.

The same analysis is herein repeated for the SENB test problem 

(Fig. 7). The PSO algorithm shows a good convergence to the target 

solution (𝐸 = 1400 MPa, 𝐺 𝑐 

= 7.5 N/mm, 𝑙 𝑐 

= 1.2 mm), see Fig. 7(a).

The PSO-GA, EJAYA, and the TLBO algorithms converge to points away 

from the target solution, see Fig. 7(b), (e), and (f). The ABC-PSO and CS 

algorithms, as in the previous test problem, do not converge, see Fig. 7(c) 

and (d).

Hence, the above analysis shows that PSO is the most accurate and 

robust algorithm for phase field fracture mechanics parameters’ identi-

fication compared to the PSO-GA, ABC-PSO, CS, EJAYA, and TLBO algo-

rithms. This is further observed by the comparison among the simulated 

force-displacement curves obtained at the end of the execution of each 

optimization algorithm, where the PSO algorithm accurately matches 

the target response curve for both virtual test problems, see Fig. 6(a) 

and (b). The input properties to be determined fall under the category of 

continuous variable datasets within a user-defined range. The results in-

dicate that the PSO algorithm outperforms PSO-GA for inverse problems 

when analyzing continuous data variables. Conversely, PSO-GA may 

be better suited for discrete variable datasets, demonstrating superior 

performance compared to PSO and other metaheuristic algorithms.

The results are further supported by checking and ensuring that 

the solution obtained from the PSO algorithm during each optimiza-

tion iteration is trapped in local minima. The value of the cost function 

𝑓 (𝜒 𝐨𝐩𝐭 

) during each iteration is calculated from Eq. (13), and it steadily

decreases with the number of iterations in both testing problems, see 

Fig. 8. The plot further confirms the observations on the results plotted 

in Figs. 5 and 7, showing the difficulty of some meta-heuristic algorithms 

in reducing the value of the cost function towards zero.

𝑓 (𝜒 𝐨𝐩𝐭 ) =

√

√

√

√

𝑛
∑

𝑑=1

[Δ𝑅𝑥 𝑑 

(𝜒 𝐨𝐩𝐭 )
𝑅𝑥 𝑡 

(𝜒 𝐨𝐩𝐭 )

] 2
(13)
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Fig. 3. Geometry and boundary conditions of the tensile test problem for an edge 

notched specimen (SENT).

A comparative analysis was performed to evaluate the computa-

tional runtime and number of iterations required to converge for six 

evolutionary algorithms, namely PSO, PSO-GA, ABC-PSO, CS, EJAYA, 

and TLBO. This study was conducted to identify material parameters 

in phase-field fracture simulations. As evidenced by the results summa-

rized in Table 2, and further supported by the results presented in Figs. 5 

and 7, the PSO algorithm consistently demonstrated robust performance, 

achieving close convergence to the target material parameters in both 

the SENT and SENB test cases, with the shortest runtime among the 

successfully converged methods. While PSO-GA and ABC-PSO showed 

reasonable performance for the SENT problem, only PSO-GA maintained 

convergence in the SENB case. The CS and ABC-PSO algorithms failed 

to converge in both test cases, likely due to premature entrapment in 

local minima. EJAYA and TLBO algorithms converged to suboptimal 

points, with TLBO exhibiting significantly higher computational time. 

These results clearly highlight PSO as the most accurate and efficient 

algorithm for parameter identification in phase-field models of fracture,

Fig. 4. Geometry and boundary conditions of the SENB test problem.

reinforcing its suitability for practical applications where reliability 

and computational efficiency are critical. For the reader’s reference, 

all simulations presented in this study were conducted on a dedicated 

workstation with the following specifications: HP Z2 Mini G3, featuring 

an Intel(R) Xeon(R) CPU E3-1225 v6 @ 3.30 GHz, 8 GB of RAM, and 

operating on a 64-bit version of Windows 10 Pro for Workstations.

The above analysis focused on benchmark problems associated with 

mode-I fractures. Now, we extend the discussion to scenarios involving 

mixed-mode fracture problems which serve as a benchmark to validate 

the robustness and accuracy of the PSO-PFF approach under complex 

loading conditions. The three-point bending unsymmetric configuration 

in Fig. 9 effectively generates a combination of mode-I and mode-II 

stress intensities, enabling a comprehensive assessment of the fracture 

mechanics parameters’ prediction capabilities of the method. The geom-

etry of the problem is illustrated in Fig. 9. For the PSO-PFF analysis, the 

properties to be identified were 𝐸 = 1500 MPa, 𝐺 𝑐 

= 0.8 N/mm, 𝑙 𝑐 

= 1.2
mm. The constraints and bounds of the design space for the parameters 

subject to optimization are:

𝒵 = {0.01 < 𝐺 𝑐 

< 2.5 N/mm; 0.6 < 𝑙 𝑐 

< 3.5 mm; 600 < 𝐸 < 2500 MPa}
(14)

The evolution of swarm particles within the design space, from their ini-

tial positions to their final converged positions, is depicted in Fig. 10. 

The results demonstrate that the PSO algorithm effectively identifies 

the optimal particle positions with high accuracy. The convergence be-

havior of the swarm particles highlights the algorithm’s capability to 

search the design space efficiently, achieving a globally optimized so-

lution while adhering to the defined constraints. To further validate 

the accuracy of the identified optimum solution, a comparison between 

the force-displacement curve for the target response and the optimized 

response is presented in Fig. 11. The close agreement between the 

target and optimized curves confirms the reliability of the PSO algo-

rithm in capturing the fracture parameters of the mixed-mode fracture 

problems.

The numerical results obtained for the SENT and SENB benchmark 

problems (see Figs. 5 and 7) clearly demonstrate that the PSO algo-

rithm provides superior performance in terms of efficiency, robustness, 

and convergence stability when compared to the hybrid and alterna-

tive metaheuristic algorithms considered, namely PSO-GA, ABC-PSO, 

CS, EJAYA, and TLBO. In particular, the PSO-based identification of 

phase-field fracture parameters yields more accurate and consistent 

estimates across different test configurations, thereby validating its suit-

ability as a reliable optimization framework for parameter calibration 

in phase-field fracture mechanics. Furthermore, the robustness of the 

PSO framework is not limited to mode-I dominated fracture scenarios; 

it also extends to mixed-mode fracture conditions. By effectively captur-

ing shear driven crack initiation and propagation, the PSO algorithm 

demonstrates its ability to identify parameter sets (see Fig. 10) that
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Table 1 

Input data to generate target responses (virtual experiments) and range of parameters for the search space of 

the identification algorithms.

Test problem 𝐸 (GPa) 𝐺 𝑐 (N/mm) 𝑙 𝑐 

(mm) Range 𝐸 (GPa) Range 𝐺 𝑐 

(N/mm) Range 𝑙 𝑐 

(mm)

SENT test 210 2700 0.3 180–230 1200–3800 0.02–0.45

SENB test 1.4 7.5 1.2 0.9–2.5 1.5–12.5 0.3–3

Fig. 5. Comparison of the particles’ position predicted by the different optimization algorithms for the tensile test problem with an edge-notched specimen. Not all 

the algorithms converge to the target response shown with a red star.

govern the complex interplay between normal and tangential separation 

mechanisms.

Therefore, the PSO algorithm is explored in Section 5.3 to study the 

influence of anisotropic parameter 𝛽 in addition to 𝐸, 𝐺 𝑐 

, 𝑙 𝑐 

parameters. 

The proposed methodology is robust and shows promising results for in-

verse problems nevertheless it has certain limitations. The high compu-

tational cost might arise due to the iterative nature of the meta-heuristic 

algorithms and their sensitivity to initial guess of the solution’s design 

variables which might require optimized tuning of design-constrained

space. The risk of convergence to local minima is due to the interdepen-

dency of identified fracture parameters and non-convex optimization of 

search space, which is typical of phase-field problems. Proper setting of 

the MLA parameters is essential to ensure better algorithm performance. 

The methodology may be less suitable for inverse problems involving the 

solution of field variables with a large number of degrees of freedom, as 

this significantly increases the computational cost. This challenge may 

be mitigated by leveraging parallel computing techniques or reduced 

order models to enhance computational efficiency and scalability.
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Fig. 6. Force vs. displacement curves at the end of the execution of the different optimization algorithms; the target response is highlighted by blue stars.

Fig. 7. Comparison of the particles’ position predicted by the different optimization algorithms for the SENB test problem. Not all the algorithms converge to the 

target response shown with a red star.
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Fig. 8. Cost function vs. number of iterations for the different meta-heuristic algorithms.

Table 2 

Comparison of evolutionary algorithms on benchmark test problems.

Evolutionary Algorithms SENT (Fig. 3) SENB (Fig. 4)

Run time (hrs) Number of iterations Run time (hrs) Number of iterations

PSO 53.86 41 40.35 38

PSO-GA 87.08 48 67.29 47

ABC-PSO 74.25 44 – Not converged

CS – Not converged – Not converged

EJAYA 62.08 39 41.519 42

TLBO 89.58 45 87.35 43

Fig. 9. Three-point bending numerical test case for mixed-mode fracture parameters identification.

5. Application to anisotropic fracture of 3D printed PLA specimens 

5.1. Specimens’ fabrication process

The PLA specimens to be tested were fabricated via a material ex-

trusion additive manufacturing technique, namely the FDM. First, the 

specimen geometries for the tensile test (unnotched specimens) and 

for the SENB testing geometry were designed in SolidWorks 2021, a 

computer-aided design (CAD) software, see the geometrical data in 

Fig. 12. The modeled CAD geometry files were exported in STL files and

then transferred to the 3D printer DIVIDE_ BY ZERO AION 500 MK2. 

The G-codes for the FDM printing process were generated using the slic-

ing software - Simplify 3D. The tested specimens were produced from 

a PLA+ filament spool commercially available (https://esun3dstore. 

com/).

The PLA filament with an initial diameter of 1.75 mm and density 

of 1.25 g/cm 

3 is hot extruded through a nozzle of 0.6 mm diameter. 

The extruded filament is deposited layer by layer with respect to ma-

terial orientation (𝜃 = 0 

◦ ) onto a pre-heated metallic bed platform by

Computers and Structures 319 (2025) 108006 
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Fig. 10. Initial and final converged PSO solution for mixed mode fracture problem with target response solution shown with a red star.

Fig. 11. Force vs. displacement curves of target and PSO identified response for 

mixed-mode fracture test problem.

Fig. 12. SolidWorks generated CAD geometry models.

following the G-code pattern to obtain the desired geometry. We opted 

for a 0 

◦ material orientation because it maximizes the strength of the 3D-

printed material under the selected loading conditions. The 3D printing

Table 3 

Process parameters for the DIVIDE_ BY ZERO AION 500 MK2 

3D printer.

Printing process parameters Values

Nozzle diameter 0.6 mm 

Layer height 0.1 mm 

Infill pattern Aligned 

Infill density 100 % 

Pattern rotation 0 

◦ 

Nozzle temperature 200 

◦ C 

Bed temperature 65 

◦ C 

Printing speed 70 mm/s 

Travel speed 90 mm/s 

Filament diameter 1.75 mm

process parameters to manufacture tensile and SENB specimens made

of PLA material have been selected according to the recommendations 

available in the literature (see Table 3), as it is known that the strength 

of the tested specimens is greatly influenced by the choice of the printing 

process parameters [69].

5.2. Experimental characterization and the issue of epistemic uncertainty

The tensile and SENB specimens were manufactured with a 0 

◦ ma-

terial orientation and according to the ASTM D638 [24] and ASTM 

D5045-14 [26] standards, respectively, as shown in Fig. 13. Ten replicas 

of tensile and SENB specimens were mechanically tested up to fail-

ure using the Tinius Olsen universal testing machine with a 10 kN 

load cell capacity. In all the tests, a crosshead displacement rate of 

3 mm/min was imposed. The Young’s modulus 𝐸 and the tensile 

strength 𝜎 max 

were collected from the tensile tests, and the data are 

reported with their mean and standard deviations in Table 4. The ob-

tained mean value of the Young’s modulus, 1067.2 MPa, is lower than 

that reported in previous publications [12,20,22]. A possible reason 

might be related to the effect of different printing process parameters 

[30,69]. On the other hand, the mean value of the tensile strength, 

43.1 MPa, is within the range reported in the previous literature. The 

stress-strain curves for the ten tensile samples are shown in Fig. 14: 

the specimen breaks almost when it reaches the tensile strength, with

no sign of plastic yielding and a very brittle behavior, which justi-

fies the application of the phase field approach to fracture for brittle 

materials.

The experimental setup for the SENB tests followed the ASTM 

D5045-14 standards. The dimensions of the manufactured SENB spec-

imens were set accordingly. Therefore, the fracture toughness 𝐾 IC

(MPa 

√ 

m) was determined by meeting the requirements in Eqs. (15a) 

and (15b):
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Fig. 13. Photos of the 3D printed PLA specimens.

Table 4 

Experimental data obtained by processing the tensile and the SENB tests of 3D printed PLA material.

Specimen No. Tensile tests SENB tests

𝐸 (MPa) 𝜎 max (MPa) 𝑃 max (N) 𝐾 IC (MPa 

√ 

m) 𝐺 IC (N/mm)

1 1194.39 38.5 946 7.12 41.39

2 1175.31 46.2 826 6.22 31.56

3 1129.08 39.3 929 7.00 39.92

4 1072.68 46.1 893 6.72 36.88

5 1059.94 46.2 915 6.89 38.72

6 1003.52 43.9 1170 8.81 63.32

7 965.47 44.1 1200 9.04 66.60

8 994.12 40.0 1040 7.83 50.03

9 1060.68 42.5 1100 8.28 55.97

10 1016.81 44.2 965 7.52 43.07

Mean 1067.20 43.1 998 7.54 46.75

Std. dev. 77.53 2.92 124 0.93 11.77

(𝑊 − 𝑎 𝑐 

) > 2.5 

(

𝐾 IC

𝜎 max

) 2
(15a)

0.45 < 

𝑎 𝑐
𝑊

< 0.55 (15b)

where 𝐵 and 𝑊 represent the specimen thickness and height equal to

10 mm and 20 mm, respectively; 𝑎 𝑐 

is the pre-crack length equal to 

10 mm; 𝜎 max is the maximum tensile stress at failure estimated from 

tensile tests, and 𝐾 IC is the plane-strain fracture toughness of the mate-

rial. The pre-notch in the specimens was manufactured during the 3D 

printing process, to minimize potential imperfections and variations in 

the value of this parameter.

The SENB tests were performed, and the maximum load (𝑃 max 

) at 

failure for each specimen was recorded; see Table 4. The fracture tough-

ness 𝐾 IC 

was determined according to [26] based on Eq. (16) for all the 

SENB specimens and results are reported in Table 4 with values in the

range of [6 − 9] MPa 

√ 

m.

𝐾 IC = 

𝑃 max

𝐵 

√ 

𝑊
𝑓 

( 𝑎 𝑐
𝑊

) 

(16)

where the function 𝑓 for 0 < 𝑎 𝑐 

∕𝑊 < 1 reads:

𝑓 

( 𝑎 𝑐
𝑊

)

= 6
( 𝑎 𝑐
𝑊

) 1∕2

×

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1.99 − 

𝑎 𝑐 

𝑊

[ 

1 − 

( 𝑎 𝑐
𝑊

)] 

[ 

2.15 − 3.93 

( 𝑎 𝑐
𝑊

) 

+ 2.7 

( 𝑎 𝑐
𝑊

) 2 

]

[

1 + 2
( 𝑎 𝑐
𝑊

)] [ 

1 − 

( 𝑎 𝑐
𝑊

)] 3∕2

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(17)

In this work, the relationship between fracture toughness 𝐾 IC 

and 

fracture energy 𝐺 IC is considered under plane strain conditions, as 

fracture toughness represents a true material property only in this 

regime. The experimental tests were conducted in accordance with

ASTM D5045-14 [26], which specifies specimen geometries that en-

sure valid plane strain fracture toughness measurements. Consequently,

the experimentally obtained 𝐾 IC values can be consistently converted

into 𝐺 IC 

and implemented within the phase-field framework to achieve 

reliable numerical predictions of fracture behavior. The relationship be-

tween fracture toughness 𝐾 IC and fracture energy 𝐺 IC 

for plane strain
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Fig. 14. Experimental stress-strain curves from tensile tests.

conditions is calculated from Ref. [70]:

𝐺 IC 

=
𝐾 

2
IC
(1 − 𝜈 

2 )
𝐸

(18)

where 𝐸 and 𝜈 are the Young’s modulus and the Poisson’s ratio of the 

material, respectively. To calculate 𝐺 IC 

values for SENB specimens, the 

mean value of 𝐸 = 1067.2 MPa obtained from the tensile tests was con-

sidered, and 𝜈 = 0.36 was also determined from uniaxial tensile tests and 

is consistent with the literature. The calculated 𝐺 IC 

values are reported 

in Table 4.

A direct comparison between the numerical simulations and ex-

perimental results for the SENB tests is presented in Fig. 15, focus-

ing on the global force–displacement response. The phase-field model 

demonstrates a reasonable ability to replicate the average experi-

mental trend using a set of fracture parameters defined by 𝐺 𝑐 

= 

12 N/mm and 𝑙 𝑐 

= 2.5 mm. It is important to note that the fracture

energy adopted in the numerical model is lower than the experimen-

tally determined value of 𝐺 𝑐 = 46.75 N/mm. This difference might 

be caused by additional energy dissipation mechanisms occurring in 

the experiments, such as plastic deformation, interfacial debonding, 

and crazing, which are not accounted for in the present model, and 

pose further challenges for reliability studies and epistemic uncer-

tainty quantification. Despite the model simplification, the numerical 

results exhibit good qualitative agreement with the experimental data, 

supporting the robustness of the phase-field approach in capturing 

the overall fracture response of 3D-printed PLA under mode-I loading 

conditions.

In this study, the elastic response of the material is modeled 

as isotropic, whereas anisotropy is introduced solely in the fracture 

energy contribution. This assumption is justified on the basis that the 

dominant source of anisotropy in 3D-printed materials often manifests 

more strongly in their fracture resistance (due to layer-by-layer bonding, 

print path orientation, and interfacial defects) than in their bulk elastic 

stiffness, which may remain approximately isotropic when homoge-

nized at the macroscale. By assuming isotropic elasticity, the mechanical 

equilibrium problem is simplified, and the directional dependence of 

crack evolution is isolated within the phase-field fracture term. If elas-

tic anisotropy were considered, the governing equations would require 

the use of a fully anisotropic stiffness tensor with additional calibra-

tion parameters, leading to increased computational cost and potential 

ambiguity in separating the contributions of elastic versus fracture

Fig. 15. Comparison of numerical and experimental Force–Displacement re-

sponses for SENB test on 3D-Printed PLA.

anisotropy. Therefore, the present isotropic elasticity assumption is con-

sistent with the goal of highlighting fracture anisotropy effects, while 

retaining a computationally efficient model.

In addition, it is essential to emphasize the role of parameter iden-

tification and sensitivity analysis in validating the assumptions of the 

proposed phase-field fracture framework when applied to real case stud-

ies. The accuracy of the predictions is highly dependent on the correct 

estimation of the elastic modulus 𝐸, which governs the material’s load-

bearing stiffness; the critical energy release rate 𝐺 𝑐 

, which characterizes 

the fracture resistance; the length scale parameter 𝑙 𝑐 

, which controls 

the width of the diffused crack and thereby the resolution of crack lo-

calization; and the anisotropy parameter 𝛽, which affects the degree 

and orientation of directional crack propagation. Careful calibration of 

these parameters against experimental data ensures that the model not 

only reproduces the global force–displacement behavior but also the 

observed fracture patterns. Sensitivity analysis further highlights the in-

terdependence of these parameters. Identifying the relative influence 

of each parameter is crucial to distinguish whether variations in frac-

ture response stem from elastic assumptions (isotropy vs. anisotropy) 

or from the fracture-related anisotropy. This analysis not only supports 

the present modeling assumption of isotropic elasticity with anisotropic 

fracture, but also pinpoints the possibility to apply identification al-

gorithms to make an insight into epistemic uncertainty quantification, 

which is an issue inherent to any material model.

5.3. Application of the PFF-MLA approach for parameter identification and 

sensitivity analysis

The phase-field fracture parameters are herein identified according 

to the proposed PFF-MLA procedure in case of an anisotropic fracture 

model, see Section 3. The results in Section 3 evidenced that particle

Fig. 16. Finite element mesh of the simulated SENB tests.
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Table 5 

Set of input data to generate target responses and range of parameters for the sensitivity analysis of the anisotropic fracture 

tensor.

Fixed parameter 𝐸 (MPa) 𝐺 𝑐 

(N/mm) 𝑙 𝑐 

(mm) 𝛽 Range 𝐸 (GPa) Range 𝐺 𝑐 

(N/mm) Range 𝑙 𝑐 

(mm) Range 𝛽

𝐺 𝐶 2500 12 2.5 25 900–2500 – 0.5–8 5–100

𝑙 𝑐 2500 12 2.5 25 900–2500 2.5-20 – 5–100

E 2500 12 2.5 25 – 2.5–20 0.5–8 5–100

𝛽 2500 12 2.5 25 900–2500 2.5–20 0.5–8 –

Fig. 17. Sensitivity analysis of anisotropic phase-field fracture parameters.

swarm optimization (PSO) outperformed the other metaheuristic algo-

rithms and, therefore, is herein used. The FE mesh of the CAD model 

shown in Fig. 13(b) was created using the software Gmsh [71], see 

Fig. 16. Plane strain conditions are assumed with a fine discretization 

along the potential direction of crack growth and a total of 1751 finite 

elements in the model.

The phase field model for anisotropic fracture is implemented into a 

fully integrated four-node quadrilateral element as a user element in the 

MATLAB software DAEDALON [72]. The model parameters considered 

for the initial study of sensitivity analysis were 𝐺 𝑐 

= 12 N/mm, 𝑙 𝑐 

= 2.5
mm, 𝐸 = 2500 MPa, 𝛽 = 25. The design-constrained solution space of 

the problem is given in Eq. (19).

𝒵 =
{

2.5 < 𝐺 𝑐 

< 20 N/mm; 0.5 < 𝑙 𝑐 

< 8 mm;

× 900 < 𝐸 < 3000 MPa; 5 < 𝛽 < 100}
(19)

Preliminary investigation suggests that all the four design variables

(𝐺 𝑐 , 𝑙 𝑐 

, 𝐸, 𝛽) would not converge to the required target solution (𝐺 𝑐 = 12 

N/mm, 𝑙 𝑐 

= 2.5 mm, 𝐸 = 2500 MPa, 𝛽 = 25) when simultaneously iden-

tified. Therefore, it is proposed to investigate the effect of three design 

parameters by fixing the fourth parameter as shown in Table 5 with the 

parameter space in Eq. (19). The optimization simulation results for four

cases mentioned in Table 5 are shown in Fig. 17, which illustrates the 

convergence behavior of the parameter optimization process under dif-

ferent parameter-fixing strategies. Fig. 17 reveals that, by fixing 𝐺 𝑐 

or 𝛽, 

the results converge to the target solution (see Fig. 17(a) and (d)). In con-

trast, by fixing 𝑙 𝑐 

and 𝐸, the results do not converge to the target solution 

as shown in Fig. 17(b) and (c), respectively. Hence, the focus initially 

shifts to the penalty parameter 𝛽 in conducting sensitivity analysis. This 

examination aims to understand the influence of 𝛽 on determining frac-

ture mechanics parameters within the anisotropic PFF numerical model. 

In the context of phase-field modeling for anisotropic fracture, several 

researchers [34,35,41,42,73,74] have focused on 𝛽 rather than 𝐺 𝑐 

and 

have made diverse choices regarding the value of 𝛽 in relation to the 

constraint on crack orientation along the fracture plane. While the au-

thors have not explicitly discussed the rationale behind the choice of 𝛽 

value, it is evident that selecting an appropriate value for the penalty 

parameter 𝛽 is crucial to represent the behavior of anisotropic materials 

during fracture processes and accurately predict the force-displacement 

curve. Consequently, the study investigates how varying the penalty pa-

rameter 𝛽 impacts the results of fracture energy (𝐺 𝑐 

) and peak force

(𝑃 max) values. 

For sensitivity analysis, the FE model as shown in Fig. 16 is explored 

and PPF FEA is carried out for different 𝛽 values ranging from {0 − 100} 

as shown in Table 6 and compared with the isotropic case 𝛽 = 0 and
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Table 6 

Sensitivity analysis of 𝛽 and percentage (%) change in 𝑃 max 

,

𝐺 𝑐 

values for different values of 𝛽 with respect to 𝜃 = 0 

◦,

𝛽 = 0.

Penalty parameter 𝛽 % change with respect to 𝜃 = 0 

◦ , 𝛽 = 0

0 – –

0.5 0 0

5 19.97 28.46

10 28.02 44.11

15 32.29 53.65

20 34.99 60.22

25 36.86 65.08

30 38.27 68.84

35 39.36 71.87

40 40.21 74.39

45 40.96 76.49

50 41.57 78.31

55 42.09 79.89

60 42.56 81.30

65 42.97 82.54

70 43.32 83.65

75 43.64 84.69

80 43.95 85.63

85 44.23 86.48

90 44.48 87.28

95 44.71 88.03

100 44.92 88.72

Fig. 18. Force - displacement curve for 𝜃 = 0 

◦ , and different 𝛽 values.

material orientation 𝜃 = 0 

◦ . The percentage (%) change in peak force

(𝑃 max) and fracture energy (𝐺 𝑐 

) values for different 𝛽 values with respect 

to case (𝜃 = 0 

◦ , 𝛽 = 0) as reported in Table 6 confirms that there is a 

significant influence of 𝛽 ∈ {0 − 40} on the results, while the impact is 

negligible with 𝛽 ∈ {45 − 100}. This result is clearly visible in the force-

displacement curves plotted for different 𝛽 values, as shown in Fig. 18. 

In this study, the penalty parameter 𝛽 was varied within the range 𝛽 ∈ 

[0, 100] to investigate its influence on the peak force (𝑃 max 

) and fracture 

energy (𝐺 𝑐). The chosen interval is consistent with values reported in the 

phase-field fracture literature, where moderate 𝛽 values ensure stable 

and accurate capture of anisotropic effects without inducing numerical 

ill-conditioning. A negative value of 𝛽 would mathematically imply a 

reduction of fracture resistance in certain orientations, which is non-

physical and may lead to unstable or unrealistic solutions (e.g., negative 

dissipation or spurious crack growth). Therefore, the admissible range 

of 𝛽 is restricted to non-negative values. Beyond 𝛽 = 100, preliminary

Table 7 

Showing test cases involving varying crack density functions with and without 

the application of a correction factor for conducting PFF numerical tests (𝜃 = 

0 

◦ , 𝛽 = 25).

Crack density function 𝑟 value

test 1 Anisotropic crack density function correction 4

test 2 Anisotropic crack density function correction 2

test 3 Anisotropic crack density function correction 4∕3
test 4 Anisotropic crack density function without correction –

test 5 Isotropic crack density function (𝛽 = 0) –

simulations confirmed that the results converge and exhibit negligible 

variation, justifying the upper bound of the sensitivity analysis.

The above sensitivity analysis is a result of incorporating the penalty 

parameter 𝛽, which aids in tracking the crack path along material orien-

tation planes 𝜃. By increasing the fracture energy 𝐺 𝑐 

along preferential 

crack path directions, the penalty parameter 𝛽 also enhances the value 

of the peak force. Therefore, it is advisable to adjust the values of 𝐺 𝑐 

and 

𝑙 𝑐 

when employing an anisotropic phase field fracture model to improve 

the prediction of crack path direction and force-displacement curve. In 

[42], efforts were made to correct the values of 𝐺 𝑐 

and 𝑙 𝑐 

(see Eq. (20) 

where 𝑟 = 4) in Eq. (8) to maintain the ratio 𝐺 𝑐 

∕𝑙 𝑐 

unchanged, ensuring 

the physical value of 𝐺 𝑐 remains consistent within the fracture plane: 

𝐺 𝑐𝑐 =
𝐺 𝑐

𝑟
√

1 + 𝛽 

, 𝑙 𝑐𝑐 = 

𝑙 𝑐
𝑟
√

1 + 𝛽 

(20)

This prompts the question of whether these corrected values of 𝐺 𝑐 

and 𝑙 𝑐 can be generalized to any geometry, boundary and loading condi-

tions. The investigation was conducted to validate findings by examining 

single edge notch tensile and bending test scenarios, as depicted in 

Figs. 3 and 4 of Section 4, utilizing identical material properties as in-

put conditions. Numerical tests were executed for various crack surface 

density functions (𝜃 = 0 

◦ , 𝛽 = 25), as outlined in Table 7. The force-

displacement plots for both numerical problems are shown in Fig. 19. 

Tests 1 through 4 were compared with test 5 (refer to Table 7), re-

vealing from Fig. 19 that the anisotropic crack density function, with 

or without correction factor, does not align with the isotropic case. 

In both test problems (see Fig. 19(a) and (b)), the force-displacement 

results for 𝑟 = 2 and 4/3 underestimate the peak force, while for 

𝑟 = 4, test 4 overestimates the peak force compared to the isotropic 

case.

Now we deal with the SENB testing problem with dimensions of 90 

mm × 20 mm, as illustrated in Fig. 20, meshed with 108 × 24 square 

finite elements. Material properties selected for analysis were 𝐺 𝑐 

= 12
N/mm, 𝑙 𝑐 = 2.5 mm, 𝐸 = 2500 MPa, 𝛽 = 25. The pre-notch was in-

troduced by imposing Dirichlet boundary conditions (Φ = 1, depicted 

in red in Fig. 20). Numerical analysis was conducted for all test cases 

listed in Table 7. Results indicate that for 𝑟 = 2 in Eq. (20), the force-

displacement curve (see Fig. 21) closely aligns with the isotropic crack 

density function while retaining the physical value of 𝐺 𝑐 

. Discrepancies 

in peak force predictions for other cases (e.g., 𝑟 = 4 and 4/3) suggest that 

the effectiveness of these corrections is not entirely geometry indepen-

dent. These findings indicate that although the correction factor strategy 

is formulated generically, its practical performance is influenced by the 

specific boundary conditions, loading modes, and geometry. These ob-

servations emphasize the need for further validation across a broader 

range of geometries, boundary conditions, and loading scenarios to fully 

generalize the proposed correction strategy. Further investigation into 

anisotropic phase-field fracture models is particularly essential to en-

sure accurate prediction of crack trajectories and force–displacement 

responses, while preserving the physical value of the fracture energy 

parameter 𝐺 𝑐 

.
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Fig. 19. Force vs. displacement curves for different test cases (𝜃 = 0 

◦ , 𝛽 = 25) as mentioned in Table 7.

Fig. 20. SENB geometric model with meshing details for case 𝜃 = 0 

◦ , 𝛽 = 25.

Fig. 21. Force-displacement curve for SENB numerical problem (see Fig. 20) for 

case 𝜃 = 0 

◦ , 𝛽 = 25.

6. Conclusion

In this work, we proposed the combined PFF-MLA approach to tackle 

inverse problems and identify the phase field fracture parameters. The 

metaheuristic machine learning algorithms (MLA) like PSO, PSO-GA, 

ABC-PSO, CS, TLBO, and EJAYA algorithms have been compared to iden-

tify the best parametric analysis optimization algorithm. SENT and SENB 

test problems were chosen for the analysis considering the isotropic 

case 𝛽 = 0. Results report that particle swarm optimization (PSO) is 

more efficient and robust in identifying fracture mechanics parameters

than PSO-GA, ABC-PSO, CS, TLBO, and EJAYA. Therefore, the sensitivity 

analysis of the fracture mechanics parameters has been carried out us-

ing the PFF-PSO MLA considering different model assumptions to get an 

insight into the epistemic uncertainty of the phase field approach to frac-

ture when applied to 3D printed isotropic or anisotropic materials, since 

different model assumptions can be put forward in terms of elastic prop-

erties and fracture energy. In the anisotropic case (𝛽 ≠ 0), the critical 

fracture energy release rate 𝐺 𝑐 

to be used in the model is overestimated. 

Also, the peak force is increased due to the influence of the penalty 

parameter 𝛽. The sensitivity analysis reports that the anisotropic phase 

field for fracture has to be further scrutinized for better quantitative 

predictions, in addition to qualitative analysis of the crack path.

Regarding the experimental analysis of 3D-printed PLA material, the 

study was limited to reporting material properties: Young’s modulus 

(𝐸) and tensile strength (𝜎 max 

) from tensile tests, and fracture energy 

properties 𝐾 𝐼𝐶 

, 𝐺 𝐼𝐶 

from single edge notch bending tests. The results 

were reported following ASTM standards. Future research aims at inves-

tigating and simulating the experimental force-displacement response 

curve with the anisotropic phase field fracture model, tracking the crack 

path qualitatively without compromising the quantitative results, and 

for different material orientations.

The results of this study demonstrated that evolutionary algorithms 

can effectively identify optimal parameters for phase-field fracture mod-

els, and can be a tool for assessing model uncertainties when applied to 

real materials. This capability holds significant potential for real-world 

applications, where accurate modeling of fracture behavior is critical. 

By enabling reliable calibration of model parameters such as fracture 

energy 𝐺 𝑐 and the length scale parameter 𝑙 𝑐 

, the proposed approach 

supports the design of materials with enhanced fracture resistance. 

Furthermore, it can improve the predictive capabilities of computational 

fracture simulations used in structural health monitoring, failure analy-

sis, and safety assessment of critical components in aerospace, marine, 

and civil engineering industries.
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