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NETWORKS OF REINFORCED STOCHASTIC PROCESSES:
PROBABILITY OF ASYMPTOTIC POLARIZATION
AND RELATED GENERAL RESULTS

GIACOMO ALETTI, IRENE CRIMALDI, AND ANDREA GHIGLIETTI

ABSTRACT. In a network of reinforced stochastic processes, for certain values of the parameters,
all the agents’ inclinations synchronize and converge almost surely toward a certain random vari-
able. The present work aims at clarifying when the agents can asymptotically polarize, i.e. when
the common limit inclination can take the extreme values, 0 or 1, with probability zero, strictly
positive, or equal to one. Moreover, we present a suitable technique to estimate this probability
that, along with the theoretical results, has been framed in the more general setting of a class of
martingales taking values in [0, 1] and following a specific dynamics.
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1. INTRODUCTION: SETTING AND SCOPE

One of the main problems in Network Theory (e.g. [1, 21, 25]) is to understand if the dynamics
of the agents of the network will lead to some form of synchronization of their behavior (e.g. [7]). A
specific form of synchronization is the polarization, that can be roughly defined as the positioning
of all the network agents on one of two extreme opposing statuses. The present work is placed in
the recent stream of mathematical literature which studies the phenomena of synchronization and
polarization for networks of agents whose behavior is driven by a reinforcement mechanism (e.g.
[2,3,4,5,6,8, 11, 13, 14, 17, 18, 20, 23]). Specifically, we suppose to have a finite directed graph
G = (V, E), where V = {1,..., N}, with N > 2, is the set of vertices, that is the network agents,
and F C V x V is the set of edges, where each edge (I1,l2) € F represents the fact that agent [; has
a direct influence on the agent lo. We also associate a deterministic weight wy, ;, > 0 to each pair
(l1,12) € V x V in order to quantify how much [; can influence Iy (a weight equal to zero means
that the edge is not present). We define the matrix W, called in the sequel interaction matriz, as
W = [wi, 1,1, 1sev xv and we assume the weights to be normalized so that Zf\{:l wy, 1, = 1 for each
lo € V. Regarding the behavior of the agents, we suppose that at each time-step they have to make
a choice between two possible actions {0,1}. For any n > 1, the random variables {X,,;: l € V'}
take values in {0,1} and they describe the actions adopted by the agents at time-step n. The
dynamics is the following: for each n > 0, the random variables {X,, 11, : { € V'} are conditionally
independent given JF,, with

N
(1) P(Xn+171 =1 ’]:n) = Z wll,lZn,ll a.s.,
1=1

where, for each [ € V,
(2) Zn,l = (1 - Tn—l)anl,l + rn—an,la

with 0 < r, < 1, {Zy; : | € V} random variables with values in [0,1] and F,, = o(Zy; : | €
V)Vo(Xg;:1<k<n,leV). Each random variable Z, ; takes values in [0, 1] and it can be
1
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interpreted as the “personal inclination” of the agent [ of adopting “action 1”. Thus, Equation (1)
means that the probability that the agent [ adopts “action 1”7 at time-step (n + 1) is given by a
convex combination of [’s own inclination and the inclination of the other agents at time-step n,
according to the “influence-weights” wy, ;. Note that we have a reinforcement mechanism for the
personal inclinations of the agents: indeed, by (2), whenever X,,; = 1, we have a strictly positive
increment in the personal inclination of the agent [, that is Z,,; > Z,_1; (provided Z,_;; < 1)
and, in the case w;; > 0 (which is the most usual in applications), this fact results in a greater
probability of having X, 11; = 1.

To express the above dynamics in a compact form, let us define the vectors X,, = (X, 1, .., X, N)T
and Z, = (Zn1,.,Znn)'. Hence, for n > 0, the dynamics described by (1) and (2) can be
expressed as follows:

(3) E[Xn11|Gn] = W' Zy,
and
(4) Zn+1 = (]. — Tn) Zn + T'an+1.

Moreover, the assumption about the normalization of the matrix W can be written as W1 = 1,
where 1 denotes the vector with all the entries equal to 1.

The recent paper [5] provides the sufficient and necessary conditions in order to have the almost
sure asymptotic synchronization of all the agents’ inclinations, that is the almost sure convergence
toward zero of all the differences (Z,, 1, — Z,,1,)n, with l1, I; € V. This phenomenon has been called
complete almost sure asymptotic synchronization and, in the considered setting, it is equivalent to
the almost sure convergence of all the inclinations (Z,, )y, with [ € V, toward a certain common
random variable Z,,. Under the assumption that W is irreducible (i.e. G = (V, E) is a strongly
connected graph) and P(Z, € {0,1}) < 1! (in order to exclude the trivial initial conditions), in [5]
it has been proven that:

(i) when W is aperiodic, the complete almost sure asymptotic synchronization holds true if
and only if >~ r, = +o0;
(ii) when W is periodic, the complete almost sure asymptotic synchronization holds true if
and only if > rp(1 —ry) = 4o00.
In the case of complete almost sure asymptotic synchronization, in order to provide a full descrip-
tion of the asymptotic dynamics of the network, we here deal with the phenomenon of non-trivial
asymptotic polarization, i.e. with the question when the common random limit Z,, can touch the
barrier-set {0, 1} with a strictly positive probability, starting from Zg ¢ {0,1}. As we will show, this
probability depends on how large is the weight of the new information with respect to the present
status of the process (Z,),. Indeed, looking at the dynamics (4), we can interpret the terms r,, and
(1—7y,) as the weights associated, respectively, to the new information X, 11 and to the present sta-
tus Z,, in the definition of the next status Z, 1 of the process. Moreover, the quantity [];_,(1—7)
can be seen as the weight associated to the entire history of the process until time-step n, and so it
can be taken as a measure of the memory of the process at time-step n. Under the conditions that
ensure the complete almost sure asymptotic synchronization (note that, in particular, this means
that > r, = +00), in the non-trivial case P(Zy ¢ {0,1}) > 0, we can have different scenarios
for the probability of asymptotic polarization of the network. In particular, adding the condition
T = O(exp(— Y 1_oTk) 2op—oTk)s OF equivalently 7, = O(ITp_o(1—7%) >_p_ &), in order to bound
the impact of the new information with respect to the past, we guarantee that the probability of

1Similarly to the notation 1 already mentioned above, the symbol 0 denotes the vector with all the entries equal
to 0.
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non-trivial asymptotic polarization is zero (see Theorem 3.1). On the contrary, if we add condi-
tions in order to bound the impact of the history, we allow to have a strictly positive probability
of non-trivial asymptotic polarization: specifically, we refer to condition >, [[;_,(1 — %) < 400,
which assures that the probabilities P(Z = z|Zo ¢ {0,1}), with z =0 or z = 1, are both strictly
positive (see Theorem 2.4). Finally, condition ) 72 < 400 is enough to avoid that the probability
of asymptotic polarization is equal to one (see Theorem 3.3(7)). Indeed, this condition ensures that
the weight of the new information decreases to zero rapidly enough. Then, we can argue that,
since the contribution of the past in defining the next status of the system remains relevant, the
process (Z,), can stay close to its initial value Zg, and this, since P(Zy ¢ {0,1}) > 0, forces
Zs € (0,1) with a strictly positive probability. On the contrary, when Y, r2 = +ooc, the limit Z
touches the barriers with probability one and so it is a Bernoulli random variable with parameter
depending on the initial random variable Z (see Theorem 3.3(i7)). In particular, the above results
fully characterize the probability of non-trivial asymptotic polarization in the case when there exist
¢ > 0and 0 <~ < 1such that lim, nr, = cand ), (1, —cn™7) is convergent, which is the setting
of the results proven in [2, 3, 4, 13]. Table 1 summarizes the different scenarios according to the
values for v and c.

Parameters |0 <y <1/2|1/2<y<1| rv=1
0<c<1 =1 €(0,1) =0
c>1 =1 € (0,1) €(0,1)
TABLE 1. Probability of non-trivial asymptotic polarization: possible scenarios for

the case when lim, nr, = ¢ and ), (r, — cn™7) is convergent. Specifically, when
it is strictly positive, we have P(Zy = z|Zy ¢ {0, 1}) > 0 for both z = 0 and z = 1.

When the probability of non-trivial asymptotic polarization is in (0, 1), an interesting problem
is to find statistical tools, based on the observation of the system until a certain time-step, in order
to determine, up to a small probability, if the system will polarize in the limit. This paper deals
with this question and provides a suitable technique, which is essentially based on concentration
inequalities and Monte Carlo methods. Moreover, we use the provided estimators for the probability
of asymptotic polarization to define an asymptotic confidence interval for the random variable Z..
The statistical tools illustrated in this work complete the more classical ones obtained in [2, 3, 4]
by means of central limit theorems under the conditional probability P(-|0 < Z, < 1). Indeed,
when Z, takes values in {0, 1}, these central limit theorems become convergences in probability to
zero and so they are not useful in order to obtain the desired confidence interval for Z., under P.
The problem of making inference without excluding the case when the random limit Z., belongs
to {0,1} is not covered by the urn model literature either.

Finally, we point out that we present the theoretical results and the estimation technique in the
general setting of a stochastic process M = (M, )n>0 that takes values in [0, 1] and is a martingale
with respect to some filtration G = (G, ), with the dynamics

(5) M1 = (1 - Tn)Mn + 7 Ynt1, n >0,

where Y,,;1 takes values in [0, 1] and E[Y,4+1|G,] = M,, a.s. In particular, when the probability of
touching the barrier-set {0, 1} in the limit, given 0 < My < 1, belongs to (0, 1), our scope is to find
an estimator of this probability and to construct an asymptotic confidence interval for the almost
sure limit My, of (My,),, based on the information G, collected until a certain time-step n. This
general framework can cover many other contexts in addition to the one presented above (e.g. [19]).
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The sequel of the paper is so structured. Section 2 presents the results about the probability of
touching the barrier-set {0, 1} in the limit for a martingale with dynamics (5). In Section 3 we state
the results of the asymptotic polarization of a network of reinforced stochastic processes, i.e. we deal
with the problem of touching the barriers for the random variable Z,, when the complete almost
sure asymptotic synchronization holds true. In Section 4 we present the estimation technique for
the probability of touching the barriers in the limit for a martingale with dynamics (5). Then, in
Section 5 we construct a confidence interval for the limit random variable M, given the information
collected until a certain time-step. Finally, in Section 6 the provided methodology is applied in the
framework of a network of reinforced stochastic processes and some simulation results are shown.
In the appendix we give some recalls and technical details.

2. PROBABILITY OF TOUCHING THE BARRIERS IN THE LIMIT FOR A CLASS OF MARTINGALES

Consider a stochastic process W = (W,,)n>0 taking values in the interval [0, 1] and following the
dynamics

(6) Wit = (1 —=ro)Wn + 1m0, n>0,

where 0 <7, <1 and Y,,11 takes values in [0, 1].

The next proposition establishes a relationship between the above dynamics and the evolution
of an urn model. In the particular case of Y, 11 € {0,1} and E[Y,11|Wo, Y1,...,Ys] = W,, from
this result we get that a single reinforced stochastic process corresponds to a time-dependent Pélya
urn [22].

Proposition 2.1 (Correspondence with an urn model). For each n > 0, the random variable W,
corresponds to the proportion of balls of color A inside the urn at time-step n for a two-color urn
process where the number of balls of color A (resp. B) added to the urn at time-step n > 1 is a, Yy,
(resp. an(1 —Y,)) with

(7) o, = Som——l

where sg > 0 is an arbitrary constant.

Proof. Firstly, we recall the dynamics of a general two-color urn model: if Sy is the initial number
of balls in the urn, Z,, is the proportion of balls of color A inside the urn at time-step n, U;L4 (resp.
UB) is the number of balls of color A (resp. B) added to the urn at time-step n > 1, we have that
(Zp)n follows the dynamics

(8) Zp+1 = (1= Ryy1)Zn + Rpt1Ynp1

with Ry41 = Upt1/Sn+1 and Y41 = UfH/UnH, where U,,11 = U;;‘H + Ufﬂ (i.e. the number of
balls added to the urn at time-step 7+ 1) and S, 11 = Sp + 771 Uy (i.e. the total number of balls
in the urn at time-step n + 1).

Now, let sqg > 0 and, for any n > 0, set

Tn Sn

A1 :Snﬁv Sntl = Qnyl + Sp = 1—r
n n
so that
n
S0 'n
Sn+1 = So + Zak-H = =p Qn+l1 = Sn+1Tn = S0 77—~
Hk:(}(l - Tk) Hk:o(l - Tk)

k=0



and, by (6),
3n+1Wn+1 = spWh + an+1Yn+1-
Set H,, = s, W, for each n > 0. By induction, we get

n
Hy11=Hp + apnt1Yny1 = Ho + Z g1 Ykq1-
k=0

If K, = sp(1 —W,) for each n > 0, then we have

n
K1 = Ky + ang1(1 = Y1) = Ko+ Y apa(1 = Yiga).
k=0
(Note that H,, and K, can be interpreted as the numbers of balls in the urn of color A and color
B, respectively, at time-step n). Moreover s,+1 = Hyp41 + Kpt1.
Summing up, we have shown that W,, corresponds to the proportion Z,, = H,, /s, of balls of color
A inside the urn at time-step n for a two-color urn process where Sy = s¢ is the initial number of balls

in the urn, the number of balls of color A (resp. B) added to the urn at time-step n is U;f‘ =a,Yn
UA+1+U7}13+1 Qnt1

(resp. UP = a,,(1 — Y;,)). Indeed, (6) and (8) coincide since R, 13 = —= = =r, O

Sn+1 Sn+1

Remark 1. Note that in the above proposition, we only give the number of added balls U;L4 and
UB at each time-step n in terms of a, and Y;,. We give no specifications about the conditional
distribution of Y41 given (W, Y1,...,Y,), that is the updating mechanism of the urn. Even if we
require that (W),), is a martingale with respect to some filtration G = (G,,), (as below), that is
E[Y,+1]Gn] = W, a.s., this is not enough to determine the conditional distribution of Y,, given G,
except for the trivial case when the random variables Y,, are indicator functions.

Now, let M = (M,,)n>0 be a martingale with respect to some filtration G = (G, )., taking values
in [0, 1] and following the dynamics of (6), that is

(9) Myt = (1 - Tn)Mn + rnYn+17 n >0,
where 0 < 1, < 1, Y11 takes values in [0, 1] and E[Y,4+1|Gn] = M,,. Set M = lim,, M,,.

In the following theorem we will present a sufficient condition ensuring that the probability that
the process (M), converges to the barrier-set {0, 1} is zero. The merit of this result is that it is
very general, as it holds for any martingale whose dynamics can be written as in (9).

Before presenting the theorem, notice that when P(My = 0) > 0, we trivially have a strictly
positive probability of touching the barrier-set {0} in the limit, i.e. P(My = 0) > 0, since we
obviously have P(My = 0|Mp = 0) = 1. On the contrary, when P(My = 1) > 0, we trivially have
P(My =1) >0 as P(Ms = 1|My = 1) = 1. For this reason, in the next result the probability of
touching the barriers in the limit will be presented given the set {0 < My < 1}.

Theorem 2.2. If P(0 < My < 1) >0 and
(10) Ty = O(ei >k=0"k Z Tk),

k=0
then P(Ms =00 < My < 1) =P(Ms =1|0< My < 1) =0.

In order to prove the stated result, we generalize the technique used in [19, Lemma 1]. Firstly,
we present some auxiliary results that will be proven in Appendix A.

Lemma 2.3. Let o, be defined as in (7) and s, = so+ > p_y ar. We have:
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a) If >, rn = 400, we have

o0

Tn
(11) —=n— = +oo.
nz:() 2 k=0 Tk
b) If 0 < sup,, 7, < 1, then we have >.
k+1 0
(12) TR = = In(sp+1) =In <—>
27 2 e =

c¢) Condition (10) implies >, r2 < +oo and is equivalent to

03 < =o([a-m).

k=0
which is equivalent to
(14) ant1 = O(In(sni1))
and also to
(15) rn = O(In(sp41)/Sn+1)-

We can interpret [[;_q(1 — ) as a measure of the memory of the process at time-step n.
Therefore, the above condition (13), equivalent to (10), can be read as a bound for the amount of
new information in order to avoid that it becomes too large with respect to the historical information
observed in the past until time-step n. Then, since the contribution of the past in defining the
current status M, remains relevant, the process M, cannot move too far from the initial values,
and this avoids it to touch the barriers 0 or 1 in its limit.

Proof of Theorem 2.2. Without loss of generality, we can assume P(0 < My < 1) = 1 (otherwise,
it is enough to replace P by P(:|0 < My < 1)). In this proof we will focus only on the case
> Tn = +00 as when ) 1, < 400 condition (10) is trivially satisfied and we have

o0 o0
0<M[JA—m) <Moo <1—-(1—- M) [Ja=m) <1 as..
k=0 k=0

In the sequel we use the notation of the above Proposition 2.1 and we split the rest of the proof in
some steps.

First step (proof of Hy, = spnMy, % too and K,, = sp(1— My,) =S +00):
As seen in the proof of Proposition 2.1, we have

n
Hy = soMy and Hpq1 = soMp + Z g1 Ykt1-

k=0
Therefore, we have (H,), increasing and
n n k
. . . . Qf+1
lim H,, = limsup H, > lim supz Qgy1 Y41 = lim supz ng kiYkH
" n " k=0 no Do Vs ) =0Tt

—+o0 o

k+1
>0 Z kiyk—kL
k=0 226=0""¢

24,, < b, means that 0 < lim inf,, Z—: < limsup,, ﬁ:—: < 4o00.
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It follows, that H,, — +o0 a.s. if Zk
that, by (13), we have

Yk+1 = 400 a.s. For proving this last fact, we recall

Q41 Tk 1
= S0 = O(l)
k k k
> =0Tt [Tmo(X = 7e) 2opg e
Therefore, by Theorem A.2 reported in Appendix A, >, —2 Yk+1 = 400 a.s. if and only if

-
Yk S Ot Mk = 400 a.s. But, we have

k
g1 My = g Mo [ (1 = ) = soMor,
=0

so that by (11)

Okl Tk
Z My, > so My Z =+
k k
Zzzo Ty A 24:0 e

By a symmetric argument, we get K,, — +o0 a.s.

Second step (proof of liminf, In(s,)/H, = 0 and liminf, In(s,)/K, “ 0): We will prove that

lim sup,, ln(sn) 2 1 00. This is equivalent to showing that, for any a > 0, the event
n—1
Y;
A, = {Sup D k—0 Y+1Yk+1 < a}
In(sp)

has probability zero. To this end, fix b > a and let us define, for any n € N, the sets

n—1 n—1
Y, M,
Ay = {Zkzo Qp41Y k41 < a} and B, = {Zk:o Oy 1V > b}.
’ In(sy) ’ In(sy,)

To prove P(A,) = 0 we will show the following points:
(i) P(A,) =lim, P(A, N By y);
(ii) lim, P(Aq N Byy) < limsup,, P(Aqn N Bpy);
(ili) for any e > 0 there exists a sufficiently large b such that limsup,, P(Aqn N Byy) < €.

Regarding point (i), we know from the first step of this proof that Hy — +o0o a.s., and so, for any
A > 0, the probability that M = & > 2 > A eyentually is one. Therefore, by (12), we have

Sk T Sk T Sk+1

(for a suitable constant ¢ > 0) that

n—1 —-la
M,
liminfM > )\hm inf ———— =0 s k 2 cA a.s.
n In(sp) ( n)
which implies, by the arbitrariness of A,
n—1
M
lim inf M = 400 a.s.

n In(sy)

Then P(liminf, By ) = 1, hence lim,, P(B) = 1 and (i) is verified.
For point (ii), it is enough to notice that A, = Ny Aq p.
Finally, regarding point (iii), set C' = sup,, ln‘z‘s” j < +oo by (13) and let n be fixed and define for

any k=0,...,n—1

* A1 % Q41
X = _—""Y] M, = E(X —M,
k+1 Oln(sn) k+1> k ( k+1‘gk) Cl ( ) ks
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while X; | = My =0 for £ > n. With this notations, 0 < X7 <1, 7* =n — 1 is a stopping time,

and A, = {22;0 Xp1<a/C}, Byp = {Zk _o M, >b/C}. Then, by [16, Theorem 1], we have
the following upper bound

P<Aa’" a Bb’") - P<Z::o X1 < %’2::0 My 2 %) = (gy/ce(aib)/ca

which holds uniformly in n. This naturally implies that there exists b large enough such that
P(Aqn N By,) < e for any n € N. This concludes the proof.
By a symmetric argument we can obtain the same limit relation also for K.

Third step (conclusion):
We observe that

E[(M — Mn)2|gn ZrkE (Yer1 — M) |gn Z TkE [(Yig1 — Mk:)2|gk]|gn]

k>n k>n
<> rRE[My — M|Gn) < My Y i
k>n k>n

Moreover, we have

(Moo — Mn)2 = MT2L:H'{M00:O} + IL{Moo;zréo}(jwoo - Mn)2 > le{Moo:O}‘

Therefore, recalling that C' = sup,, m( <t and that z — 2@ g decreasing for x > 2, we

x2
have, for any n with s, > 2,

O[
M2P(Myo = 0/Gn) < E[(Moo — My)*|Gn] < My Y 1} = M, Z bt
k>n k>n k+1

S [ g

< M, ZCID 8k+1) QA1 _ =CM,
Str1 k>n 5k+1

k>n

“+o0o
< CMn/ 1nm<§> di = CM”(M)

Sn

which, taking into account that s, — +o0o, means M2P(My, = 0|G,) = O(M,In(sy)/s,). Since
M, = H,,/sn, it follows P(Ms = 0|Gy,) = O(In(s,,)/H,) and so (denoting by ¢ a suitable constant)
we get

1
a0y " lim B[ (as —0)|G] = lim P(Meg = 0[G,) < clim inf 22 e
n
By a symmetric argument, we obtain P(My, = 1) = 0. 0

We will now present the conditions to ensure that the probability of touching the barrier-set
{0,1} in the limit for the general class of martingales (M,,), with dynamics (8) is strictly positive.
In particular, we will focus on the barrier {0}, as the results for the barrier {1} would be completely
analogous. Moreover, the result will be presented conditioning on the set {0 < My < 1} since, as
already observed, it is trivial that P(My = 0|Mp =0) =1 and P(M, =0|My=1) = 0.

Before stating the result, let us first present the required assumptions and a technical remark.

Assumption 1. Assume P(0 < My < 1) > 0 and that there exist:
(1) a sequence (3,)n in [0,1] such that 320 8,1y = +00;



(2) a sequence of non-decreasing functions gy, : [0,1] — [0, 1] such that, for any C > 0,

+oo n—1
Zgn<min (C H(l — 0kr), 1)) < +o0;
n=1 k=0
(3) a reinforcement mechanism based on {ng, (0, gn)n}, with ng € N: setting
An-‘rl = {Yn-i-l < (1 - 5n)Mn})
By = {P(Ant1|Gn) =2 1 = gn(Mp)},
Cno = mnzno{AfL U Bn} = mnzno{ﬂAn < IlBn},

there exists and event Ep, € Gy, such that E,, C Cp, and P(Ep,NAng+me|0 < My < 1) >0
for some mg > 1.

Remark 2. Let Pg, () = P(:|Ey,) and Eg, [|G] = Epg,, [|G], that is the conditional expectation
given the o-field G with respect to Pp, . Then, for any non-negative random variable X and
n > ng, we have

(16) E[X|G,] > E[X|gn]]1EnO = Eg,, [X|gn]1lEn0, a.s. (and PEnO—a.s.)
Let X =14,,,. As a consequence of Assumption 1.3, we have for n > ng
(17) P, (An+411Gn)La, = P(Ani1]Gn)la, = (1 = gn(Mn))La,, Pg, -a.s.

Example 2.1. For simplicity, assume that P(0 < My < 1) = 1 (otherwise, replace P by P(-|0 <
My < 1)). Now, consider the case when there exist ng € N and an event E,,, observable at
time-step mo (this is the meaning of the G, -measurability) such that P(E,,) > 0 and, given the
occurrence of E,,, Y,,11 takes value in {0,1} for each n > mng. Then, there exists a reinforcement
mechanism based on {ng, (0, = 1,9, = id),}. Indeed, A,+1 = {Y,+1 = 0} and, by (16), we
have P(Yn4+1 = 0|Gn)1E,, = Pr,,(Yot1 = 01G,)1Eg,, = (1 — My)lg, = (1 — gn(My))1E,, as.
for each n > ng. Therefore, we have E,, C B,, (a.s.) for any n > ng and so E,, C C,, (a.s.).
Assumption 1.3 is equivalent to requiring that Pg, (Yng4mo = 0) = 1 — E[Myg+mo—1|FEny] > 0
for some mg > 1. But, this is true for each mg > 1 since, by the martingale property, we get
E[Myytmo—1|En,] = E[My,|En,] and this last quantity belongs to (0,1) since r, < 1 and ¥;, <1
for each n in the dynamics (9) and so M,, < 1 a.s. on {0 < My < 1}. Assumption 1.1 reduces
to Y, rn = 400, that we already know to be necessary for P(Ms = 0|0 < My < 1) > 0, while
Assumption 1.2 reads as > o2 o [Tr_o(1 — r) < +o0.

Theorem 2.4. Let Assumption 1 hold. Then

P(My =0]0 < My < 1) > PNt Anl0 < My < 1) > 0.

n=ng-+mo

Specifically, on {0 < My < 1}, for each m > 1, we have *

(18) P(Mso = 0|Gng4m) = P(ﬂ+oo An‘gno—l-m) >

n=no+m =
+00 n—1
LB,y Ang+m H (1 — On (Mnoer H (1 — 51&%))) a.s..
n=ng+m k=no+m

Remark 3. If Assumption 1 holds for (1 — M,,) and (1 —Y,,), then P(Myx = 1|0 < My < 1) >0
and an inequality analogous to (18) holds true.

3 no+m—1 __ .
where [0 """ =1 by convention.
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Before presenting the proof of Theorem 2.4, let us briefly discuss the basic ideas behind it and
the conditions reported in Assumption 1.

The proof of P(Ms = 0]0 < My < 1) > 0 will be realized by extending the definition of fization,
which typically refers to the event that a real process definitively assume the same fixed value, e.g.
in this case Np>p{Yn = 0}. In our general framework, where the distribution of ¥;,1; given G,, is not
specified, and so not necessarily discrete, we introduce the notion of “d,-fixation” as the fixation on
the value 1 of the sequence of {14, : n > ng+mg} and we prove that it occurs with strictly positive
probability given {0 < My < 1}, i.e. P(Mp>ngtmoAn|0 < My < 1) > 0. Assumption 1.1 ensures
that this 0,-fization implies { My, = 0}. Indeed, since on each A, 11 we have M, 11 < (1—0,7,) My,
condition ), &,r, = 400 ensures that the decrease of the process M, on the fixation event is strong
enough to reach the barrier {0}. Assumption 1.3 ensures A, N E,, C B, N E,, for any n > no,
where E,, is an event with strictly positive probability, given {0 < My < 1}, and observable at
time-step ng (i.e. En, € Gpn,). Since each B, provides a lower bound on the probability of the
next set A,1+1, we can read Assumption 1.3 as the existence of a triggering mechanism, with a
strictly positive probability of starting at time mg (i.e. P(En, N Apgtmgl0 < Mp < 1) > 0 for some
mgo > 1), for the sequence of sets {A, : n > ng + mp}: the occurrence of A, implies, with at least
a certain probability, the occurrence of A, 11, which, iterating this argument for any n > ng + my,
is the key point of the d,-fization. Then, Assumption 1.2 ensures that g,(m,) — 0 sufficiently fast
to have Y, gn(mp) < +o0, for any m, = O([];_,(1 — dxry)). This fact guarantees that the above
triggering mechanism implies the d,-fization with a strictly positive probability.

Proof of Theorem 2.4. Without loss of generality, we can assume P(0 < My < 1) = 1 (otherwise,
it is enough to replace P by P(:|0 < My < 1)). First note that, on A, 11, Mpi1 < (1 — §,1r) My,
so that, for each m > 1 and N > 1, on N"F™ V=14, we have

k=ng+m
no+m+N-—1
(19> Mno+m+N < Mno+m H (1 - 5krk)
k=no+m
Hence, because of Assumption 1.1, we have O;ZO‘T’LO +mAk € {Ms = 0}. Moreover, by Assump-
tion 1.3, (17) and (19), we obtain, Pg, -a.s.
no+m+N+1
PEnO ( ﬂ An gng—i—m)
n=no+m
no+m+N-—1
= Brng [ By Wty Grotm i g i 1] L4u|Gngtm]
n=no+m
no+m+N
> EEnO [(1 - gno+m+N(Mno+m+N)) H La, gno+m]
n=nog+m
no+m+N-—1 no+m+N
> (1 — 9ng+m+N (Mn0+m H (1 - 6ka))>PE‘n0 ( m Ay gno+m)a
k=no+m n=ngp-+m
which leads by induction to
PEnO ( mZO:—;T_:#LVJrl An‘gno-i—m) >
no+m+mN n—1

LA sm H (1 — Gn (Mn0+m H (1 — 5krk))> PEn0 —a.s.,

n=ng+m k=no+m
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that gives (18) by (16) and letting N — +oc0 and recalling that we have ﬂ:zofLOerAk C {My =0}.

Finally, let m = mg as in Assumption 1.3 such that Pg, (Ang+m,) > 0. From (18), taking the
mean value of both sides, we get that P(My, = 0) > 0 by Assumption 1.2 as follows

P(My = 0) = E[P(Mos = 0|Gnotmo)] = PN, An|Grg+mo)

n=no+mo
+00 n—1
>F |:]]‘EnomAn0+’m0 H (1 — 3n (Mno—l—mg H (1 - 5k74k)))1|
n=no+mo k=no+mo
+oo o n—1
P | S (AR PR
0 om0 n:rg-mo " Hk% ot (1—6wk) k‘llIO
400 n—1
> P(Bng O Angtmg) [] (1= gn(min (€TI0 87),1)))
n=ng+mo k=0
>0,
where C~1 = [[/5™ (1 — dry) and, using the fact that g,(-) is a non-decreasing function, we
have replaced My,+m, < 1 by 1. g

The next result deals with the case in which the probability of touching the barriers in the limit
is not only positive as in Theorem 2.4, but it is exactly equal to one.

Theorem 2.5. Set Lo, = liminf, o Var[Y,+1|G,] and assume
(20) P{Mx(1— M) >0}N{Ls =0})=0.
Then, if >, 72 = 400, we have P(Mo = 0) + P(Ms, = 1) = 1 and P(Ms = 1) = E[Mj).

Condition (20) is a natural assumption. It ensures that, asymptotically, the variance of the
reinforcement variables (Y},), is bounded away from zero whenever M., € (0,1). If this is not the
case, the convergence to the barriers may not be related with the type of reinforcement sequence
(rn)n. For instance, when Y,4+1 = M, (that means Var[Y,4+1|G,] = 0) eventually, then M, is
definitively constant (not equal to 0 or 1 when 0 < My < 1) whatever the sequence (ry,)y, is.

Proof of Theorem 2.5. Let us first denote by (M) = ((M)y,), the predictable compensator of the
submartingale M? = (M?2),,. Since M is a bounded martingale, we have that (M), converges a.s.
and its limit (M) is such that E[(M)s] < +oo (and so (M)s < +00 a.s.). Then, we observe
that
(M)oo = Z(<M>n+1 —(M)n) = ZE[(Mn+1 - Mn)2|gn] = Zrivar[YnJrl’gn] .
n n n

Therefore, for each € > 0, the event
Ac = ({Var[Yis1|Gx] = Loc — €}
n k>n

is contained (up to a negligible set) in the event {(Lo — €)Y, 2 < +00}. Since > r2 = +oo0, this
last event coincides with { L., < €}. It follows that, since P(A.) = 1 for each € > 0 by the definition
of Lo, we have P(Lo < €) =1 for each € > 0, from which we get P(Lo = 0) = 1 and so, by (20),
P(Mx(1— My) > 0) =0, that is P(Ms(1 — M) = 0) = 1. This concludes the proof of the first
statement. For the last statement, it is enough to note that P(Ms = 1) = E[My] = E[My]. O

Now, we conclude the picture with a simple general result.

Proposition 2.6. If P(0 < My < 1) >0 and >, 72 < +0o0, then P(My = 0) + P(My = 1) < 1.
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Proof. We note that P(Ms, = 0) + P(Ms = 1) = 1 if and only if E[My (1 — My )] = 0. Therefore,
we set x, = E[M, (1 — M,)] so that E[M (1 — Ms)| = lim,, z,, and we observe that

o1 = B[Mny1] = E[M; 1] = E[M,] = (1 =) E[M] = i B[Y,},4].

From this equality, we get zn+1 = (1 — 12)zy + 12 (E[M,] — E[Y,2,1]) > (1 — r2)z,, because Y11
takes values in [0,1] and so E[Y,2 ] < E[Y,41] = E[M,]. Thus, we have x,41 > 2 [[_o(1 — r7)
for each n and so E[Mso (1 — Mso)] > @0 [[520(1 —72), where the infinite product is strictly positive
when Y, r2 < +oo0. O

Finally, the following remark can be useful in order to describe the distribution of the limit
random variable M in the open interval (0, 1).

Remark 4. Arguing exactly as in [2, Theorem 4.2], we get
(M, — Mag) 22 N(0, Moo (1 — M.y)),

(for the definition of the stable convergence, see, for instance, Appendix B in [2] and references
therein) provided that E[(Y,11 — M,)?|Gn] “3 @M (1 — M), where ® is a suitable bounded
positive random variable, which is measurable with respect to Goo = \/,, Gn, and that there exists
a sequence (ay)y of positive numbers such that a,, — +o0

az Z rE— 1 and apsupry — 0.
k>n k2n

The above convergence is also in the sense of the almost sure conditional convergence (see [12,
Definition 2.1]) with respect to (Gy),. If P(® > 0) = 1, this last fact implies that P(Ms = 2) =0
for all z € (0,1) (see the proof of [13, Theorem 2.5]).

3. PROBABILITY OF ASYMPTOTIC POLARIZATION FOR A NETWORK OF REINFORCED STOCHASTIC
PROCESSES

We consider a system of NV > 2 RSPs with a network-based interaction as defined in Section 1.
Assuming to be in the scenario of complete almost sure asymptotic synchronization of the system,
that is when all the stochastic processes (Zy,;)n, with [ € V, converge almost surely toward the
same random variable Z, (or, in other terms, when Z, 25 Zo1), we are going to describe the
phenomenon of asymptotic polarization, i.e. to determine if the common limit variable Z,, can
or cannot belong to the barrier-set {0,1}. To this end, in order to exclude trivial cases, we fix
P(Tp) < 1 with Top = {Zy =0} U{Z( = 1} and we collect the conditions that ensure the complete
almost sure asymptotic synchronization of the system (see [5, Corollary 2.5]) in the following
assumption:

Assumption 2. Assume that at least one of the following conditions holds true:
(1) >, rn =400 and W aperiodic,
(2) >, rn(l —1ry) = —4o00.

(For the definition of periodicity of a matrix please refer to Appendix C). Under these conditions,
the almost sure random limit Z., of the system is well defined and we can introduce the set

Too = {Z0 5 1} U{Z, “5 0} = {Zoo = 1} U {Zso = 0}.
The rest of this section is dedicated to characterize when we have P(T|T§) = 0 (non-trivial as-
ymptotic polarization is negligible), 0 < P(Tw) < 1 (asymptotic polarization with a strictly positive

probability, but non almost sure) or P(Ts) = 1 (almost sure asymptotic polarization). In particular,
for the second case, we will give a condition that assures P(Too|T{§) > 0 (non-trivial asymptotic
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polarization with a strictly positive probability).

Before stating the results, we point out that the conditions reported in Assumption 2 are essen-
tial only for the complete almost sure asymptotic synchronization, and so for the existence of Z,.
Indeed, the provided results could be also stated for the case N = 1 omitting Assumption 2.

We highlight that the key-point for the following results is that, in the case of complete almost
sure asymptotic synchronization, the random variable Z,, can be seen as the almost sure limit of
the martingale
Zl = vTZn ,
where v is the (unique) left eigenvector associated to the leading eigenvalue 1 of W' with all
the entries in (0,400) and such that v'1 = 1. Indeed, we note that the assumption P(Tp) < 1
corresponds to P(0 < Zy < 1) > 0 and the stochastic process (Zn)n is a martingale, with respect
to the filtration F = (F,,), associated to the model (see Section 1), which follows the dynamics

(21) Znor = (1 = 10) Zn + T Yns1, with Ve = v Xpp1.

The first result follows from Theorem 2.2 and Lemma 2.3, and it shows sufficient conditions to
guarantee that the probability of touching the barriers in the limit is zero on 7§, i.e. on the set
where the initial condition is non-trivial.

Theorem 3.1 (Non-trivial asymptotic polarization is negligible). Under Assumption 2, if we also
have condition (10) or, equivalently, (13), then P(Tx|T5) = 0. In particular, these conditions are
satisfied when there exists 0 < ¢ < 1 such that lim, nry, = ¢ and Y., (r, — cn™1) is convergent.

Proof. The first statement follows by an application of Theorem 3.1 to (Zn)n Regarding the last
statement, we note that S 7_, rx = c¢In(n) +O(1) and then e~ 2k=1" S°7_ 1 = O(n~¢In(n)). O

Note that, since Y, 7, = +00 (by Assumption 2), conditions (10), or (13), imply >~ TTp_o(1 —
rr) = 400 (see (11) in Lemma 2.3). In the next result we consider the opposite condition.

Theorem 3.2 (Non-trivial asymptotic polarization with a strictly positive probability). Under

Assumption 2, if
n
Z H(l — 1) < 400,
n k=0

then we have P(Zs = z|Tf) > 0 for both z = 0 and z = 1 and so P(Tx|T§) > 0. More
precisely, we have a strictly positive probability, given T, of fization of all the stochastic processes
{(Xpn1)n : L€V} on the value z for both z =0 and z = 1.

In particular, the above assumptions are satisfied when lim, n'r, = ¢ and >, (rn, —cn™7) is
convergent for y =1 and ¢ > 1 or for 1/2 <~y <1 and ¢ > 0.

Proof. This result follows from Theorem 2.4 applied to Z, and to (1 — Z,) (see Remark 3) with
no =0, 0, =1, Gy = Fn, gn(z) = g(x) = min (ﬁ, 1) Vn, where vy = mingv; > 0, E,, = Cp,.
Indeed, we have A, 11 = {Y,41 =0} = ﬂf\il{XnH,l =0} and so a.s.

P(A511]Gn) = P(UL { X410 = 1} F)

w'z,,=1"w'z,

IN
~ M=

1
v W'z, = v' Z, = Z.

Umin Umin Umin

IN
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It follows P(A,+1|Gn) > 1 —g(Zn) a.s. for each n. This means P(B,,) = 1 for each n, Cy € Gy and
P(Cp) = 1. Assumption 1.2 is simply to be verified as, for any C > 0,

3 min e — 0T = oomim an;é(l_rk)
;gn( <C;£[o(1 i) 1)) ; ( 1)

Umin
C oo n—1
<SS o
min 70 27
C © n
TP ) | ()
i, —0 k=0
< +00.

Let us now focus on Assumption 1.3 (with ng = 0 and E,, = C,,), and in particular on proving
that, for some mg > 1, P(Apg+melZ§) > 0 holds true. To this end, we observe that, by the
irreducibility of W and the assumption P(Tp) < 1, there exists a time-step m, such that, the event
{0 < Z,,,;1 <1:Vl eV} has a strictly positive probability under P(:|7f5). Then, we have

N
P(Am,alT8) = BI04 (X410 = O} 78] = B[ [0~ Zn, )| 7]
=1

> El(1 - max 2 NTC} .

Therefore Assumption 1.3 holds true with mg = m, + 1. Hence, we can apply Theorem 2.4 to Zn
and we get

P(Zs =0|T5) > P(NI2 A,|T5) > 0,

n=no+mo

—+o00 _ _
where ﬂn:nOerOAn = ﬁnzno—i-mo,l:l,...,N{AXn—i-l,l = 0}-

By simmetry (1 — Z,,) and (1 —Y},) also satisfy Assumption 1 (with the same ng, 6., gn, En, and
mg) and so we get

P(Zoo = 1|15) > P(Nn>ngtmo, 1=1,...N{ Xnt1, = 1}|T5) > 0.

The last statement of Theorem 3.2 follows from Lemma A.l: indeed, when v = 1 and ¢ > 0,
we have [[;_ (1 —r) = O(n™°) and the series ), n~° is convergent when ¢ > 1; while, when
1/2 <y < 1and ¢ > 0, we have [[}_q(1 — rx) = O(exp(—Cn'™7)) (with C = ¢/(1 — 7)) and the
series Y, exp(—Cn'~7) is always convergent. O

The last result follow from Theorem 2.5 and Proposition 2.6, and it affirms that the probability
of asymptotic polarization is strictly smaller than or equal to 1 according to the convergence or not
of the series Y r2.

Theorem 3.3. Under Assumption 2, we have:

(1) If >, 72 < +oo, then P(Tx) < 1 (non-almost sure asymptotic polarization);
(ii) If >, r2 = +oo, then P(Ts) = 1 (almost sure asymptotic polarization) and P(Zx = 1) =
T
v E[Z()]
In particular, when lim, n7r, = ¢ > 0, case i) is verified if 1/2 < v < 1 and case i) is verified
when 0 < v < 1/2.
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Proof. Statement (i) follows from Proposition 2.6.
Statement (ii) follows from Theorem 2.5, with G,, = F,,, since

Var[Yoy1|Fl Zv, WTZ.i(1—-[W'Z,]).
Then, we have
N
VarYpi1|Fo] =5 Lo = (Z v,2> Zoo(1 = Zs),
=1
and so (20) is trivially satisfied.

Regarding the last statement of Theorem 3.3, we note that r, — 0 and, since r,n”/c — 1, the
series ) . ry has the same behaviour as the series ¢)_ n~7 (that is they are both convergent or
both divergent). This last series diverges for 0 < v < 1 and ¢ > 0. Therefore, in that case, the
second condition in Assumption 2 is verified. Similarly, the series Y, rZ has the same behaviour
as the series ¢) n~27, which is convergent or not according to 2y > 1 or not. (]

In the special case of a single process, the first part of Theorem 3.3 is in accordance with [22, 24].
Indeed, [24, condition (1.4)] corresponds to ) (ﬁ) < 400, that is >, 72 < +00. Moreover,
Theorem 3.3 agrees with [13, Theorem 2.1], where Y, r2 = +oc is given as sufficient and necessary
condition for the almost sure asymptotic polarization of the process (Zfi 1 Zn,/N)n, under the
mean-field interaction.

Finally, for the sake of completeness, we conclude this section with the following remark:

Remark; 5. leen the complete almost sure asymptotic synchronization of the system, since E[(v' X 41—

Zp)AFp] 13 ®Zoo(1 — Zs), with ® = ||v]|2 > 0, we can apply Remark 4 to (Z,), so obtaining
P(Zsx = z) =0 for all z € (0,1), provided that there exists a sequence (ay,)y, such that a,, — +o0,

ain%—)l, and ansupry — 0.
k>n k2n

For instance, this fact is verified when lim,, n7r, = ¢ with ¢ > 0 and 1/2 < v <1 (it is enough to
take a,, = n7"1/2,/(2y — 1))/c).

4. ESTIMATION OF THE PROBABILITY OF ASYMPTOTIC POLARIZATION

Given the theoretical results about the probability of asymptotic polarization for a network of
reinforced stochastic processes, our next scope is to provide a procedure in order to estimate this
probability, given the observation of the system until a certain time-step. In this section, and in
the next one, we again face the problem in the general setting of a G-martingale M = (M,,),>0
taking values in [0, 1] and following the dynamics (9). Here, the filtration G = (G, ),, assumes the
meaning of the information collected until time-step n, i.e. the observed past until time-step n, and
we aim at providing consistent estimators for the conditional probabilities Py, = P(Ms = 0|Gy)
and Py, = P(Ms = 1|G,).

We point out that we will not use the lower bound (18) since this bound has been obtained eval-
uating the probability that the process converges to the barrier {0} by d,-fization, i.e. evaluating
the probability of the event N, Znot+moAn- However, in general it could be possible that the process
touches the barrier {0} in the limit without J,-fixation. Hence (18) would not provide a consistent
estimate for the considered probability.
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In the sequel we assume ) r2 < 400, because, as previously shown, this condition assures that
the probability of asymptotic polarization is strictly less than 1 when P(0 < My < 1) > 0 (see
Proposition 2.6). In this framework, we present some strongly consistent estimators for the condi-
tional probabilities Py, = P(Ms = 0|G,) and Py, = P(My = 1|G,). Naturally, the estimation
makes sense when the observed value My belongs to (0,1) (otherwise we trivially have My = 0
when My =0, or My, = 1 when My = 1, with probability one).

We start by proving the following result:

Proposition 4.1. Assume Y., r2 < +00. Then, the random variables

2M?2 2(1 — M,)?
(22) Uo.n = exp (—OO"> and Uy, = exp (—OO
Zk:n Tl% Zk:n Tl%

provide almost sure upper bounds for Py, and P, respectively, such that
Uon — Pon 30 and Uy, — Py 250.

Proof. We observe that —r,(1—M,,) < My, —M, 11 = rn(Mp—Y,+1) < r, M, and so, by Hoeffding’s
lemma (applied to My — M1 and to E[-|Gx| with a = —rg(1 — M) and b = riMy,), we have for
each k and t e R

2.2
Tk

E |:€t(Mk*Mk+l) | gk} < eét a.s..

Hence, for each K > n and t € R, since M,, — Mg = f:_nl(Mk — Mp41), we get

ElefMn=MK) | g 1= E

K—1
H E [et(Mk—MHl) ‘ gk} | g”] < eFPTi R as..
k=n

Taking K — +oo (and recalling that My %3 M, and e!(Mn=Mx) < ¢t since M, € [0,1] for each
n), we find

EefMn—Mw) | g1 < e3P TR ..
Therefore, for each A > 0, we obtain
P(Myx=01G,) =P(M,— My =DM, | Gn)
< P(My, — Moo > My, | Gy) = P(XMn=Moo) > A | Gy
< e Mo g [ AMn—Me) | gn}

e~ AMn+g A2 33 77

IN

a.s. .

Choosing A = 4M,,/>°22 72 (> 0 if M,, > 0, but for M,, = 0 the upper bound is trivial!) in
order to minimize the above expression, we obtain Fy,, < Uy, almost surely. Moreover, we know
that Py, = E[lo(Mwx)|Gn] “3 Io(Ms,), where Iy denotes the indicator function of the set {0},
that is Io(z) = 1 if z = 0 or Iy(z) = 0 otherwise. Hence, when P, — 0, that is when My, > 0,

[e') 2 : (o] 2
by the fact that Y, r2 < 400, we have that a.s. — lim, 0 2’3\7[3 "k — hm”%“’]‘\}gkm "k = 0 and

so Up.n % 0. When Py # 0, that is when P, 2% 1, we also have Uon 2% 1, because, by
construction, Py, < Uy, <1 a.s. for each n.
Analogously, we can compute the upper bound for the barrier 1, i.e. Uj,, and prove that

Uin — P 2%0. O
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The above upper bounds could be used in order to have consistent estimators of P, and Py,
respectively. However, at a fixed n the difference between U, ,, and P,,, with z € {0,1}, may
be large. Therefore, in applications, given the observed past until time-step n, we can get better
estimates if we replace U, by U, ,,; = E[U.|Gs] with t > n. Indeed, by Blackwell-Dubins result
(see [9, Theorem 2] or [12, Lemma A.2(d)]), we have

! Pzn:E[Uz’t_Pz,t|gn]2>O fOft-}—i-OO.

znt )

The quantity U;’n,t can be estimated by simulating a large number K € N of realizations of

M, based on the observed past G, (say {Mtj ,j=1,...,K}), then computing the corresponding
realizations of U, by the above formulas (say {Ug,t, j =1,...,K}), and finally averaging over
these realizations, so that we get

K
1 .
vk, = 7 E Ui, where lim U;{fm ©C E[U,.]Gn] = UL
i=1

zm,t T K00 zZ,m,t*

It is important to notice that the increase of ¢ has only a computational cost but it does not have
anything to do with the increasing of the number of observed data, which depends on n. Some
pratical guidelines on the choice of the time-step t > n are reported in Section B of the Appendix.

Remark 6. Note that the random variables (22) represent only one of the multiple bounds that can
be used to create analogous consistent estimators of the probability of asymptotic polaritation F,,
and P ,. Indeed, the methodology presented in this paper works as well with other bounds (see
[10]), e.g. Chebychev, Bennet, etc. ..

5. A CONFIDENCE INTERVAL FOR M

In this section we define an asymptotic confidence interval for M., given G,, i.e. based on
the information collected until time-step n. Analogously to the estimators Ugf%t, for z € {0,1},
presented in the previous section, also this interval is built by simulating a large number K € N of
realizations of M; (with ¢t > n) based on the observed past G,,. However, as we will see in Remark 7,
the confidence interval cannot be simply constructed using the quantiles of the empirical distribution
M; given G,, obtained in simulation, because in that case the desired confidence level 1 — a would
not be guaranteed. Instead, we define an asymptotic confidence interval for M, as a suitable union
of some of these three components:

(i) an asymptotic confidence interval constructed for the case 0 < My, < 1 (see Subsection 5.1
for the details);
(ii) the barrier set {0}, in order to include the possible case My, = 0;
(iii) the barrier set {1}, in order to include the possible case My, = 1.

The presence or absence of each one of the above three sets (and the confidence level chosen for the
interval (i)) in the union depends on the estimated probability, given G,,, of the events { M, = 0},
{My = 1} and {0 < M < 1}, i.e. on the estimates of Py, Pin and Py, =1 — Pon — Pin,
respectively, proposed in the previous section.
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Given a € (0,1), we denote by IX nt.1—q the asymptotic confidence interval for My that we want
to construct in this section. First of all we observe that we have the following decomposition:

P(My € IX t1-a|Gn) = P(Mx c Ik t1—alGn, 0 < Moo <1)P(0 < My < 1|Gp)
+P(M eItl a‘gm —O)P( oo:O‘gn)
+ P(My Eltla|gn, My =1)P(My =1|Gy)
P(My € I tl—a |Gn,0 < My < 1)P(071)7n
+P(0€ n,t,1— a’gn)POn
+ P(1eIk t1-a | Gn)P1n,
where we have used that I nit1—a is based only on G,, and so it does not depend on M,,. Now,
we can consider the consistent estimators, Uo ¢ and U1 1> defined in the previous sectlon, and

U(’éfl),n,t =1- Uont {Ifn 4. Moreover, let us denote by I(o 1)t the asymptotic confidence

interval of level 0 for My, based on G, when 0 < My, < 1 (see Subsection 5.1 for details). Then,
we can give the following definition:

Definition 5.1. The asymptotic confidence interval I mt1—a for Moo, based on Gy, is defined as
follows:

(1) ntl a_{o} lfUOnt —a;
(2) ntl a_{l} lfUlnt -
K K .
(3) In,t,lfa I(O n, 7U,11{<1 lf U(O 1),n Z 1 - a;
(0,1),n,t
4) If e = {O}U{l}
if max{Uffy;, Uih,} <1—a, Ul , + U5, > 1~ and U(o1)nt < min{Ug}, ., Ui, o}
(5) Intl a_{O}UIK UK
(0,1), ”ﬂZWM
n,t
T maX{U{)ﬁt,U'K nt} <l-a, UOMjLU(O Dn , > 1—aand Ulnt < min{U(’)ﬁt, (01 nt}
(6) IX, :{I}UIK T
n7t71 : (071)7n7t71/}(7UK
U(O 1),n,t X X X X
: !/
if maX{UO )t Uy nt} <l—a, U(o D, nt+U{,n,t >1—aand U(/),n,t < mln{U(/O,l),n,t’ Ulnits
(7) IF, o ={0}u{1}UIX ik i if all the above conditions do not hold.
(0,1),n,t, ,(}(nt lnt
(0,1),n,t

We notice that I t1-o depends on the G,—measurable random variables U0 it U{{fm and
U(0 1),ne> Which means that the specific form of the interval, i.e. (1)-(7), is selected based on
the information collected until the time-step n. In addition, we note that the level 8 of the interval
I {5’1),”’ 1 18 Dot always the same, as it is set so that the global level of the interval IK it 1—q attains
(asymtotically in ¢t and K') the nominal level 1 — «. Indeed, if we denote as Cy, 1—, the asymptotic
(in K and t) coverage of the interval I it 1—q 1€

Col-o™® lim P(My e IE 1ol Gn);

t,K—o0

4If the time ¢ > n used in the simulations is not high enough to make these estimators accurate, it is possible that

K Uk, Uik, K
Ug%,. + Uik,. > 1; in that case, we can replace Uf’, ; by W Uik« by W and U{g 1), ¢ by 0.
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we can show that, for any value of Py, P1, and P ),, we always have Cp1-o > 1 —a. To
this end, we consider the following seven cases, where in each one the interval In 't 1—q 1S the one
reported in the corresponding case of the previous Definition 5.1, because it is exactly the interval
that is selected in that case when ¢, K are large (since the choice is based on strongly consistent

estimators of the probabilities Fp ,,, P1,, and P(o,l),n)3
()1fP0n21 ayCn,l—a:0+1'P0,n+0:P0,nZ1_a;
()lfpanI aCn’l_a:O—i—O—i—l-Pl,n:Pl’nZl—a
(3) lfP[)l)nzl OéCnl a = L—a P( 1),n —i—()—l—():l—a
(4)

P,
4) if max{Py,, Pin} <1—0, Po(zl—)k Py >1—aand Py, <min{Py,, P},
Cn,l a=0+1- P(),n—l—l Pl,n*PO,n""_Pl,n >1—q
(5) if max{Pyn, Po,1)n} <1—a, Pon+ Poiyn>1—aand P, <min{FPy,, Po1).};
Cn,l—a = % . P(O,l),n +1- PO,n +0=1-— o,
(6) if max{ P 1)n, Pin} <1—a, Po1yn+Prpn>1—aand Py, <min{Pg 1), Pia},
Cploa = 1;%”1 Poyn+0+1-P,=1-a

(7) if all the above conditions do not hold,

l—-a—Pyn—Pin
Cot-a = —p 0" Poynt1 - Pontl-Pp=1-a

5.1. Confidence interval for the case 0 < M., < 1. In this section we illustrate the details
concerning the asymptotic confidence interval I (K D6 of level 0 for M, given 0 < My, < 1, that

has been used above for the definition of the mterval Int 1—o- To avoid unnecessary complications,

here we focus on the case when the limit random variable M has no atoms in (0,1) (we recall
that a set of sufficient conditions for this scenario are provided in Remark 4 of Section 2, which
are for instance verified for a network of RSPs as discussed in Remark 5 at the end of Section 3).
The interval I {371)’n’ 10 is based on the quantiles of the conditional distribution of M; given G, and

{0 < M < 1}, and we show that

First of all, we define the following conditional cumulative distribution functions: for any z €
[0,1]

Fo)meo(®) = P(Myo <2|Gn,0< My <1) a.s. and
F(071)7n,t(m) =P(M; <z|Gn,0< My <1) a.s.

Because of the assumption that My has no atoms in (0,1), then Fg 1), and its inverse are
continuous. Moreover, we define the corresponding quantiles of order o/2 and 1 — «a/2:

_ 1 a 1 «
Gonnees = Fomne (5) and g1 meo1-5 = Flo1)ne (1 B 5) ’

: «
4(0,1),n,t,¢ = MIN {.T S [0, 1] : F(O,l),n,t(x) > 5} and
1

. (6%
9(0,1),n,t,1—2 = MmN {$ €[0,1]: Fopyme(z) > 1~ 5}-
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Nov}vl, we can set [(g 1), €qual to the interval with extremes 9(0,1)n,1,15° and 9(0,1),n,1,1£8 > SO that
we have

lim P(Moo € I(9,1) 00| Gn0 < Moo < 1) =

t—+o00
a.s.

lin P90t 250 < Moo < Qo) g, 150 [Gn) 0 < Moo < 1)

t——+o0

1— lim [F(o,1),n, (90,1 m e, 150) +1 = F(O,l),nvoo(q(0,1),n,t,%)} =

t—+o00

1 - |:F(0:1)7n700(q(O,l),n,oo,lT_e) +1- F(Oyl)vnvoo(q(o 1),n,00 i6):| =
1-6 1+6
- — -1+ =,

where we have used the continuity of Fg 1), 0. and the fact that 9(0,1)n,1,15° — 9(0,1),n,00,15° and
40,1)m £, 150 — 9(0,1),m,00, 140 as t — +oo (because M, s M, and F(0 Do 1s continuous and hence
the pseudo-lnverse of F(O 1),n,t Cconverges pointwise to F, 0, 1) o fort — +oo).

Remark 7. 1t is worth highlighting that if we had not conditioned on {0 < My, < 1}, then the

cumulative distribution function F;, o (-) of My given G, would not be continuous at 0 and 1, and
so the probability that M, lies within the quantiles, say Qp g, 150 and Gy 1, 140 defined as 9(0,1)m,1,15°
and 9(0,1),n,1, 12 but without the conditioning on {0 < My < 1}, would not attain the desired level
6. For instance, if Py, > 159, we have ¢, = 0, but, since P(0 < M; < 1|G,,) = 1 for any ¢, we
always have g, , 10> 0, and hence® Fnoo( 1- 9—) = 0, while lim; F},, (qn’ty%—) > Pon > 1%9.
Analogously, if P1 n 29, we may show that hmt - F, Oo(qn,u 140 ) > Py > 1;29. Therefore, we
16 <My <gq, t1+9|gn)<9

TLOO

would have lim;_,o, P (qn L

In practice we have to estimate the cumulative distribution function of M; conditioned on G,
and {0 < My, < 1}, i.e. the function Fg1),(-) defined above, and the corresponding quantiles

9(0,1)m,1,15° and 9(0,1),m,1, 142 needed for /(g 1) 0. In other words, the interval I(Ig’l)vmﬁ we are

constructing corresponds to the interval (g 1) ¢ 9, Wwhere we replace the two extremes 90,1) 0

1—
,’I’L,t, 2

and 9(0,1),n,1, 110 with their corresponding estimates ¢< 10 and ¢

(0,1),n, (0,1),n,t, 22"
More premsely, we observe that, after some easy computatlons, we get for each = € [0,1] and
t>n
E[Lpr,<a3Po,1), | Gnl
E[Po1)1Gn]l 7
where we recall that P ), = PO < My <1|Gt) =1— Pyt — Pi14. Therefore, if we generate
a large number K € N of reahzatlons of Mt based on the observed past G, we can approxnnate

Fonyni(r) = P(My <x[Gp,0 < Moo < 1) =

B, <23 Plo,1),t | Gn] by KZJ 1L (M <z} (0,1),t and E[P1)|9n] = Po,1),m by KZJ 1Po (0,1),t
(for K large), where P(0 1), can be approximated by Ugo,l),t (for t large), and so we can estimate
Fl0,1),n,t(z) by means of the strongly consistent estimator

ZJK 1 ]l{MJ <x}U(O 1),t
F§1yne(®) =

Y1 Uf

OF 00(®—=) = Froo(z) = P(Moo = x| Gn).
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. . K X . . K K
Finally, from the estimator F(071)7n’t() we can derive the quantiles q(071)7n7t7¥ and q(OJ)’n,u#
needed for the asymptotic confidence interval I {5’1)% 1o

K

Remark 8. It is important to highlight that the confidence interval ](0,1)7n7t,9 is to be intended
asymptotically in ¢ and K, but not in n. Then, since n represents the data size while ¢ and K
represent the simulation size, this means that improving the confidence of the above interval in
order to achieve the desired nominal level 6 consists only in a computational cost but not in the
practical cost of collecting new data.

6. APPLICATION TO A NETWORK OF REINFORCED STOCHASTIC PROCESSES

Consider the setting described in Sections 1 and 3. We can apply the proposed methodology to
the martingale Z = (Z,),, (see Sec. 3) with the filtration G, = F,, defined in Section 1. Indeed, as
observed in Section 3, in the case of complete almost sure asymptotic synchronization, the random
variable Z., can be seen as the almost sure limit of Z, and, when nr% < +o0, the random
variable Ugfht, with z € {0,1}, as defined in Section 4 provides a strongly consistent estimator
for the probability P,, that Z,, = z given the observed past F, until time-step n, i.e. given
the observation of the system until time-step n. These estimators can be used in applications in
order to predict how it is likely to have the asymptotic polarization of the network agents and then
providing a confidence interval for Z,, given the observation of the system until a certain time-step
n and provided that the sequence (ry,), is known.

For instance, let us focus on the case when lim,, n"r,, = ¢ and Zn(rn —en~7) is convergent, with
c¢>0and 1/2 < v < 1, for which we know that 0 < P,, < 1 (see Table 1 in Section 1). Then,
in Figure 1, for a given choice of v and ¢, we have simulated K = 100 realizations of the network
until a certain time-step n and, for each of them, we have plotted U;{fm for a chosen t > n that
satisfies the lower bound provided in the practical guidelines of Section B of the Appendix.

Notice in Figure 1 how the estimates change according to the values of Z, observed in the dif-
ferent simulations: when Z,, is very close to a barrier, z = 0 or z = 1, then the corresponding
U Zfl’t is close to one as well, while when Z, lies within (0,1) and is far from the barriers, then both

UE , and UjE , are very small, so leading U(’éi) "
K

n,t get more extreme with a larger value of n, since the probability of polarization

, to be large instead. In addition, notice how the

estimates of U’

itself gets close to 1 or 0 with more observations, i.e. U;{fm ﬂn’K P, &3 I,(Z) € {0,1}.

Figure 2 is focused on the construction of a confidence interval for Z., in the same framework
as considered in Figure 1. In particular, it shows how the asymptotic confidence interval Ié{t,lfoz
presented in Section 5 can be composed by different disjoint sets: {0}, {1} and I(I(g,l),mt,e’ i.e. the
two barriers and the interval for the case 0 < Z,, < 1. The specific form assumed by the interval
depends on the observation of the system until the time-step n, and in particular on Zn Indeed,
from Figure 2 it is evident that when Zy is very close to a barrier, z = 0 or z = 1, the interval is
only made by that barrier z, while when Z, remains inside (0,1) and is far from the barriers we
get a more classical two-sided interval that excludes them. Naturally, with a larger value of n we

observe more intervals composed by a single set, which can be {0}, {1} or the interval I (Ig,l),n,tﬂ’

that gets narrower as a natural consequence of the fact that Zn X5 7.

Remark 9. We observe that the estimating procedure for the probability of asymptotic polariza-
tion and the construction of the asymptotic confidence interval for Z,, can be adapted to the case
when only the asymptotic behaviour of (r,,) is known and the observable variables are the agents’
actions X,, . In that case, we have to replace the random variables Z,, ; by the empirical means
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Estimation
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FiGure 1. Model parameters: N =3, r,, = m with ¢ =1 and v = 0.75, the

interaction matrix W is of the mean-field type, precisely wy, 1, = 55 + 301, 1,, With
initial condition Zy = %1. Number of simulations S = 102.

Parameters for the estimating procedure: K = 10%, n = 10%,10* and t = n +
10* (that satisfies the guidelines of Section B of the Appendix, e.g. with 7 = 0.2
and € = 0.05). In each panel identified by n and a limit set z = {0}, (0,1), {1},
the triangles correspond to the values of Z, for the different S simulations. The
circular dots represent the estimate U’ ;Iflt for the different .S simulations. The crosses

represent the target values P, , = limg i q00 U Zf%t, here estimated as U ; IfL 1057 for
the different S simulations. The vertical segments indicate the differences between

the estimates and the corresponding target values.

> p—1 Xke/n or by suitable weighted empirical means [3, 4].
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APPENDIX A. SOME AUXILIARY RESULTS

We start with the proof of Lemma 2.3.
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Confidence Intervals
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FIGURE 2. Model parameters: N =3, r, = m with ¢ = 1 and v = 0.75, the
interaction matrix W is of the mean-field type, precisely wy, 1, = 5k + 301, 1, With
initial condition Zy = %1. Number of simulations S = 102.

Parameters for the estimating procedure: K = 102, n = 102,104, ¢t = n + 10* (that
satisfies the guidelines of Section B of the Appendix, e.g. with n = 0.2 and € = 0.05)
and confidence level 1 —a = 0.95. In each panel identified by n, the (possible) three
parts that can compose the confidence interval I mt1-q are reported: the set {0}

(red), the set {1} (blue) and the interval I (K Dnt,0 (green). The triangles correspond

to the Values of Z, for the different S simulations. The crosses represent the target
values Z., = hmtﬁJroo Zt, here estimated as 2105 for the different S simulations.

Proof of Lemma 2.3. a) In order to prove (11), we note that

ZZk ork_HZZ"

n>0

and, smce Zk ok Sk = (1 / SSpZbr) ! = 1Twhen Y, 7, = +00, we have that the series
Zn21 ZZ:O - has the same behaviour as the series Enzl % (i.e. they are both convergent or
both divergent). In order to prove that the last series diverges to +o00, we observe that

E: T E: r [e'e)
St =X [ etz [0 e [ L= e

n>1 kOTk n>1 R0 Tk kork n>1 Ko Tk 0

b) The relation (12) follows by combining the following inequalities:

Sk+1
ak1
zrk— : z/

3k+1

Sk4+1 1 Sn+1 1
< Z/ —dr = / —dz =In(sp+1) — In(sp) < In(sp41)

0 x

3k+1
(23)
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and

Sk+1 ]

1 Ok41
l—supnrng Zl—rk_z - Z/ 7d$

k=0

n Sk+1 ] Sntl ]
Z/ —dx = / —dzx =1In(sp+1) — In(sp).
k= so

(24)

Indeed, we get
1 n
(25) (1 - supr) (1 ~ nls0) ) < Zk=0Th
n In(sp+1) In(sp41)

and, since the limit of In(sg)/In(s,+1) is strictly smaller than 1 if sup,, r,, > 0 (i.e. if the numbers
oy, are not all equal to zero), there exists a real constant ¢ > 0 such that

2 k=0 Tk 2k=0Tk <1
In(sp+1) In(spt1) =
c¢) It is immediate to see that (13) implies (10) since (1 —z) < e™® Vx > 0. The converse is also
trivial when ) 7, < +o0o. Indeed, (10) is always verified when >, 7, < 400 and >, r, < 400
trivially implies >, r2 < +oo since 7, < 1 Vn.

Now we focus on the case when ) 7, = 4o00. In that case, there exists N > 0 such that

c< hm inf Z£= = < lim sup

Zk o Tk > 1. Then, since x — xe™* is decreasing on [1, 00), under (10) we obtain

Z n
Zr < Zrn<Ce k= Orerk C’Z/ O e Zrkdx
k=0 k=0

n>N n>N n>N k 0 Tk
n oo
<C Z / e Tadr < C/ e Txdr < +00,
n>N Z:& Tk 1

and so the first part of point c) is proven, that is (10) implies >, 72 < +oo (and so 7, — 0). As a
consequence of this first result, we have
n

2
Zl_rk—Zrk—Z rk<+oo

Therefore, using the inequality (24) for ), l—rk’ we obtain
Zrk > In(spt1) — In(sp) — Z | —krk ,
k=0 k=0

that is sp41 = O (exp(D_jp_o7%)). Then, (10) also implies (13): indeed, for suitable real constants
Ct1 > 0 and Cy > 0, we have
n —r Sn+1
[Tio@ =) " s

< (Cle— >h—o Tk Z: rk) (CoeZiao™) < 10y Zk_o e

Recalling that a1 = S()W and using (25), we get that (13) is equivalent to (14), i.e. a1 =
=0

O(In(sp41)). Finally, recalling that s,41 = so/ [[_o(1 — %) and using (25), we also obtain that

(13) is equivalent to (15), i.e. 7, = O(In(Sp+41)/Sn+1)- O

For reader’s convenience, we here recall some general results. In particular, the first one is a
little generalization of [2, Lemma A.4].
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Lemma A.1. Given 1/2 < v <1 and ¢ > 0, let (r,)n be a sequence of real numbers such that
0<r, <1,

limn'r, =c¢ and E (rn, —en™7) is convergent.
n

Then we have

ﬁ(l — ) = {O (eXp [_137711_7}) for 1/2 <~ <1,
k=0 O (n™°) for~y =1.

We omit the proof of the above lemma because it is exactly the same as the one of [2, Lemma
A4

Theorem A.2 ([15, Theorem 46, p. 40]). Let (Y,)n be a sequence of positive (i.e. non-negative)
random variables, adapted to a filtration G. Then the set {)_, E[Y,4+1|Gn] < 400} is almost surely
contained in the set {> Y, < +oo}. If the random variables Y, are uniformly bounded by a
constant, then these two sets are almost surely equal.

APPENDIX B. PRACTICAL GUIDELINES ON THE CHOICE OF THE TIME t

In this section we provide a practical guideline on the choice of the time-step ¢ > n that has to

be used in the above described estimating procedure. .
For instance, consider the estimator U{ffw = % Zszl U&t of Pyt (analogqus arguments can be
made for the estimator U{{fm of P;;) and focus on a single realization U&t and, in particular,
2

on its expression in (22), where it is defined as a function of the ratio > po, 2/ (M7)2.
a.s. ]

Proposition 4.1 Ug’t L5, Io(ML), this ratio must tend to infinity a.s. on the set {MZ, = 0}.
On the other hand, since >, 72 < +o0, we obviously have that it tends to zero a.s. on the set
{0 < M3 < 1}. Moreover, we notice that (M;)? is bounded by 1, while Y22, r2, although it

always tends to zero, can be very large for small ¢ (much larger than 1). As a consequence, if U(J),t

Since by

is computed when the time-step ¢ is small, the ratio Y ., r,%,/(M%)2 (and so Ug}t) may be always

large, regardless of the value of Mt] , i.e. regardless of the information contained in G, used to

generate M. To address this issue, we can impose some initial conditions in order to ensure that:
(a) Ug’t is small when M/ is not very close to 0;

(b) U{.,t is small when Mt] is not very close to 1.

Formally, we can fix e > 0 and 1 > 0 such that Ug,t < e when M] > 1 and, analogously, Uit <e€

when Mt] < 1 —mn. These constraints provide us with a condition on the minimum time-step tmin
that we should take to compute the previous estimators: indeed, we have that t,;, should be the
minimum integer ¢ such that

n? S 2 21
exp | 2—==—5 ) <€, that is ry < ——=—.
(25t ) 2

APPENDIX C. PERIODICITY OF A MATRIX

Let A be a non-negative N x N square matrix such that A'1 = 1. Then, for any element
leV ={1,...,N}, we can define the period of I, say d(l), as the greatest common divisor n € N
such that A?’l > 0. Then, if A is also irreducible, all the elements will have the same period and so
we can define the period of the matrix A as d = d(1) = --- = d(N). A matrix with period d =1 is
called aperiodic, otherwise a matrix with period d > 2 is called periodic.
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