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Abstract

Maximum entropy models are probabilistic models that reproduce
a prescribed set of empirical constraints while leaving everything
else maximally random. They provide a general framework for con-
structing reference models, rooted in information theory, and are
particularly useful for studying complex systems. This thesis investi-
gates the use of maximum entropy models in statistical inference, and
in particular for model selection, hypothesis testing, and statistical
validation.

The first chapter introduces Maximum Entropy Models and the main
statistical inference problems addressed throughout the thesis. A
focus is put on the distinction between canonical models, which
reproduce the constraints on average, and microcanonical models,
which reproduce the constraints exactly. These two formulations
are known to become inequivalent when an extensive number of
constraints are enforced.

The second chapter of the thesis studies how to choose between
these two formulations with model section. Using the Minimum
Description Length principle, canonical and microcanonical models
are compared by balancing their fit to the data against their complex-
ity. The results show that the microcanonical formulation provides
a better fit but is also more complex. The chapter shows that the
balance between fit and complexity becomes relevant when the two
formulations are inequivalent.

The third and fourth chapters develop e-values for hypothesis testing
between maximum entropy models. E-values provide a modern and
flexible way to quantify statistical evidence. The proposed methods
are first studied theoretically, providing analytical solutions to derive
optimal e-values. Secondly, applications to contingency tables are
introduced and studies in details, providing practical considerations
for practitioners.

The fifth chapter applies maximum entropy models as null models
for validating patterns in brain activity. Resting-state fMRI data are
represented as interactions between brain regions and time points,
and observed pairwise and triadic co-activations are compared with
those expected under the null models. This analysis reveals distinct
forms of triadic coordination, including both spatially compact in-
teractions supported by pairwise connections and more distributed
interactions without such support.
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Chapter 1

Introduction

Picture a lecture room full of students waiting for a class to begin.
Some of them wear glasses. The room is divided into two equally sized
sectors: the front and the back, each of which is fully occupied. However,
even though all students arrived roughly at the same time, there was no
tension in choosing where to sit, and everyone appeared satisfied with
their position.

Suppose we start wondering whether students wearing glasses tend
to prefer the front sector of the room. Intuitively, this seems reasonable:
people with impaired vision might wish to sit closer to the blackboard.
However, intuition alone is not sufficient. We therefore turn to the data
to see whether the arrangement offers any concrete indication of such a
preference.

We begin by counting. Among the students who wear glasses, we
find that more than half of them are seated in the front sector. At first
glance, this appears to support our intuition. Yet this number, by itself,
is not very informative. Without a clear reference describing what we
should expect in the absence of any seating preference, it is impossible to
tell whether such an uneven distribution reflects a genuine tendency or is
merely compatible with chance.

To proceed, we must first clarify what we mean by “chance” in this
context. Doing so requires us to be explicit about which information we
consider relevant to the problem. In this example, assuming that the
room will always be fully occupied, we decide that our interpretation
of “chance” should still take into account one element: the number of
students wearing glasses. All other factors — such as the order of arrival,
social interactions among students, or individual preferences unrelated
to vision — are deliberately ignored, either because they are unobserved
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or because we deem them irrelevant to the question at hand. It is worth
noting that we do not fix in advance how many students with glasses
end up in the front or in the back. We intentionally leave this aspect
unconstrained. In this way, the observed arrangement can be compared
with what would normally arise under the assumptions we have chosen
to encode.

Once this choice has been made, we are left with many possible seating
arrangements that are all consistent with the information we have fixed. A
fundamental question arises: among all these admissible configurations,
how should we assign probabilities? In the absence of any additional
information, it would be unjustified to privilege one configuration over
another beyond what is imposed by the constraints themselves. The
statistical description we seek should therefore reflect the information
encoded in the constraints, and otherwise remain maximally random.

These requirements lead us to imagine a large collection of hypotheti-
cal copies of the same room, all equally likely to be observed. In each copy,
the number of students wearing glasses is the same. What differs from
one copy to another is the specific assignment of students to seats, which
is performed without introducing any systematic dependence on whether
a student wears glasses or not. These hypothetical copies represent the
ensemble of configurations generated by a model that incorporates the
chosen constraints and no further assumptions.

The role of this ensemble is not merely illustrative. It provides a princi-
pled statistical representation of our state of knowledge about the system,
given the information we have decided to encode. Any observed seating
arrangement can be interpreted only in relation to this reference model.
In the classroom example, this means that the observed concentration of
students wearing glasses in the front sector acquires meaning only when
compared to what is typical within the ensemble of admissible seating
configurations.

Once such a model has been constructed, it becomes possible to formu-
late precise questions about the data. One may ask, for instance, whether
the observed arrangement is a typical outcome under the assumption that
seating choices are unrelated to vision, or whether it deviates sufficiently
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from the ensemble’s expectations to suggest the presence of an additional
organizing mechanism, such as a genuine preference for front seats. In
this sense, the problem of students choosing where to sit can naturally be
framed as a hypothesis testing problem, whose answer depends explicitly
on the statistical model adopted as a reference.

Although presented in the familiar setting of a classroom, this line
of reasoning is entirely general. The same questions arise whenever we
observe a structured pattern and wish to understand whether it can be
explained solely on the basis of partial information, or whether further
mechanisms must be invoked. Throughout this thesis, we will follow
this strategy systematically: starting from a set of empirically motivated
constraints, we construct statistical models that are otherwise maximally
random. These models, known as maximum entropy models (MEMs),
provide a coherent framework for representing partial knowledge about
complex systems and form the basis upon which subsequent analyses,
including hypothesis testing, are built.

The logic underlying this construction has a long and well-established
history in statistical physics. In his seminal work [1], Edwin T. Jaynes
proposed the principle of maximum entropy as a general method for
assigning probability distributions from incomplete information. The
starting point is the interpretation of entropy as a quantitative measure of
uncertainty or randomness in a probability distribution. Among all distri-
butions compatible with a given set of constraints, the distribution that
maximizes entropy is therefore the one that remains as random as possi-
ble, introducing no additional structure beyond what is strictly implied by
the constraints themselves. In this sense, entropy maximization provides
a principled way to select, from the many distributions consistent with
our partial knowledge, the least biased one.

In equilibrium statistical mechanics, this principle provides a unifying
foundation for the familiar ensembles used to describe physical systems.
For example, when the total energy of a system of particles is fixed, all
microscopic configurations compatible with that energy are considered
equally likely. This setting defines the microcanonical ensemble. 1f instead
the temperature is fixed and the energy is allowed to fluctuate around
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a fixed average value, one obtains the canonical ensemble, characterized
by the Boltzmann distribution. In both cases, macroscopic constraints
encode partial information about the system, while microscopic details
remain maximally unconstrained. The corresponding probability distri-
butions are precisely those that maximize entropy subject to the imposed
conditions.

Jaynes’ key insight was that this reasoning is not specific to physical
systems, but applies broadly whenever one seeks a principled statistical
description based on limited information. Maximum entropy models
can be understood precisely in this spirit: they generalize the ensembles
of statistical physics to systems — such as networks and other complex
structures — where the constraints take forms very different from energy,
yet play an analogous conceptual role in defining what is known and
what is left to chance. The link with statistical physics remains evident in
both reasoning and mathematical formulation, as well as in notation and
terminology: we still speak of microcanonical MEMs when constraints are
imposed exactly, and of canonical MEMs when constraints are enforced on
average, even when the system under study has nothing to do with a gas
of particles.

Maximum entropy models form the guiding thread of this thesis. This
broad class of models has found applications across a wide range of
fields, including biology, finance, and the social sciences, and has proven
especially fruitful in network science, where they are widely used for
reconstruction tasks and for the statistical validation of structural pat-
terns, in both their canonical and microcanonical formulations. In the
works composing this thesis, we explore different aspects of inference
with MEMs. Model selection addresses how to choose, among competing
models, the one that offers the ”best’ﬂ description of the data; hypothe-
sis testing evaluates whether the observed data are consistent with the
assumptions encoded in a given model; and statistical validation applies
hypothesis testing to identify patterns or interactions that cannot be ex-

INote that the notion of a “best” model is not unique: different practical criteria can lead
to different model choices when applied to the same data. This is exemplified by the AIC
and BIC criteria discussed in Section



plained by the model and therefore signal the presence of additional
structure.

Throughout this work, a recurring theme will be that of the differences
and interplays between the microcanonical and canonical formulations of
MEMs sharing the same set of constraints. While this difference is very
well-known in statistical physics, where it is linked to different experi-
mental settings, it is far less known in other domains, where, nonetheless,
MEMs are implemented in both formulations. A further well-known fact
in statistical physics is that the two formulations are, in typical settings,
asymptotically equivalent, i.e., if the volume of the system of interest is big
enough, one will draw the same conclusions by implementing constraints
exactly or on average. This phenomenon is called ensemble equivalence.
When this is not the case, we talk about ensemble non-equivalence. Up until
a few years ago, non-equivalence of canonical and microcanonical en-
sembles had been observed in physics only in the presence of long-range
interactions or other forms of non-additivity. Recently, non-equivalence
has been shown to appear when an extensive number of constraints is
enforced, i.e., a number of constraints that scales with the system size.
This is often the case for complex systems, such as networks or time series.
Returning to the classroom example, notice that the model was specified
by a fixed number of constraints, namely one: the total number of stu-
dents wearing glasses. The number of constraints does not increase if we
imagine a larger classroom. In such a setting, a canonical formulation
of the model - in which the number of glasses-wearers is allowed to
fluctuate slightly across configurations — becomes equivalent to the micro-
canonical formulation, where this number is fixed exactly, once we let the
classroom (still assumed to be completely full) and the number of seats
grow. This equivalence would disappear, however, if we changed the set
of constraints. For instance, if we decided to fix not only the total number
of students wearing glasses but also the number of such students in each
row, then the number of constraints would increase as the classroom
becomes larger. With a number of constraints that scales with system size,
the canonical and microcanonical formulations would no longer coincide
in the large-system limit. This is often the case when local constraints are
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enforced. Unlike global constraints, which refer to aggregate quantities
and remain fixed in number as the system grows, local constraints apply
separately to many individual components — for example, to each row
in the classroom or to each node in a network. As the system becomes
larger, the number of such constraints grows accordingly. When this
happens, the canonical and microcanonical formulations no longer need
to agree in the large-system limit, and ensemble equivalence may break
down. The theme of ensemble non-equivalence plays a central role in
the first chapter of this thesis, where it is examined in detail through the
lens of model selection. However, the distinction between canonical and
microcanonical models and their interplay remains present throughout
the entire work: in the design of hypothesis tests, in the comparison of
canonical and microcanonical evidence, and in the construction of null
models for validating structural patterns.

As our simple classroom example already suggests, maximum entropy
models are not only useful as modeling devices but also play a central
role in statistical inference. Because they provide principled reference
distributions derived directly from the information we choose to encode,
they naturally enter problems of statistical inference. These inferential
perspectives motivate the three directions explored in this thesis: how
to select among competing MEMs using information-theoretic criteria
such as the Minimum Description Length principle; how to formulate
and assess hypotheses through modern evidence measures such as
e-values; and how to extend the framework to non-linear models capable
of validating higher-order interactions. Although the tools differ across
chapters, they are united by a common theme: understanding how the
assumptions encoded in MEMs shape the conclusions we draw from data.

The next section provides a summary of the common background nec-
essary to understand the models, methods, and results developed in the
remainder of the thesis, along with an outline of each chapter. We start by
providing a formal definition of maximum entropy models.
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1.1 Maximum entropy models

We focus on discrete random variables X taking values in a countable
set X. Let ¢(X) denote a vector of observables defined on X. Given a
probability distribution P over X, the Shannon entropy is defined as

S[P]=- Y P(X)log P(X). (1.1)

The maximum entropy distribution associated with a given vector of ob-
servables c(X) = (c1(X),...,cx (X)) —referred to as the sufficient statistics
of the model - is the probability distribution P over X’ that maximizes the
Shannon entropy subject to constraints on the realization of the sufficient
statistics. These constraints may be imposed either exactly (microcanon-
ical formulation) or in expectation with respect to the model (canonical
formulation). Originally introduced by Gibbs [2]] and later reformulated
by Jaynes [1], this approach yields probability distributions that are, intu-
itively speaking, maximally mndonﬂ subject to the prescribed constraints,
whose values are controlled by the model parameters.

More specifically, maximizing the entropy under the hard constraint
c(X) = ¢, requiring all realizations to satisfy a fixed value c of the suffi-
cient statistics, yields the microcanonical distribution

1 . _
Puie(X;¢) = { Q(c) fe(X) = (1.2)

0 otherwise,

which is uniform over all configurations X satisfying the hard constraint
¢(X) = c. The normalization constant 2(c) denotes the number of such
configurations, while the values ¢ themselves play the role of model pa-
rameters. The corresponding microcanonical model is defined as the family
of distributions sharing the functional form of Eq. and parameters

2The notion of “randomness” depends on the chosen entropy functional. Modifying
either the entropy functional or the imposed constraints leads to a different reference notion
of randomness. While Shannon entropy is a standard and well-founded choice, alternative
entropy functionals can also be considered [3], resulting in different classes of maximum
entropy models.



ranging over the set C of admissible values of the sufficient statistics’}
Mupic = {Pmic(X; C) . ceE C} (13)

Back to the classroom example of the previous section, the observed
classroom corresponds to a specific realization of X, while X represents
the set of all possible fully occupied classrooms of the same size. Choos-
ing the number of students wearing glasses as the sufficient statistic
determines the associated microcanonical model. A specific probability
distribution is then selected by fixing the parameter ¢ so as to match
the observed number of students wearing glasses. From a statistical in-
ference perspective, this choice admits a direct interpretation: selecting
the parameter that reproduces the observed value of the sufficient statis-
tic is equivalent to maximizing the likelihood of the model given the
data. To this end, notice that the microcanonical likelihood can take only

1
two values, either 0 or e As a result, likelihood maximization is a
c

rather degenerate problem in the microcanonical setting. Nevertheless,
the likelihood-based perspective remains useful, as it also applies to the
canonical case and provides a unified way to frame the problem.

The canonical distribution is obtained by maximizing the entropy un-
der the soft constraint Ep[c(X)] = c, i.e., by requiring the probability
distribution to reproduce a prescribed value of the observables only in
expectation. The resulting distribution takes the exponential form

efe-c(X)

Pcan(X;a) = ?0)’

(1.4)

where the normalization factor
Z(0) = Z e 0e(X)
Xex

is known as the partition function. In network science, the canonical maxi-
mum entropy formulation gives rise to what are commonly referred to
as Exponential Random Graph Models (ERGMs) [4, 5, 6]. In this setting,

3We restrict attention to the graphical values of c, namely the set C = {c : Q(c) # 0} of
values realized by at least one configuration.
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the parameter vector # emerges naturally from the entropy maximization
procedure as the set of Lagrange multipliers associated with the imposed
constraints. The corresponding canonical model is defined as the family
of distributions sharing the functional form of Eq. and parameters
ranging over the parameter set ® = RX, where K is the number of com-
ponents of ¢, or in other words, the number of constrained observables:

Mean = {Pean(X;0) : 0 € O}. (1.5)

Returning once more to the classroom example, a canonical model
would enforce the average number of students wearing glasses, allowing
fluctuations across the ensemble of classrooms. As in the microcanonical
case, the distribution used to represent an observed system is typically
selected by choosing the parameters 8 so that the expected value of the
sufficient statistics matches the empirical one, which is equivalent to
solving the constraints equation Ep[c(X)] = c. This choice is again
equivalent to maximizing the likelihood of the model with respect to the
observed data.

Notice that the microcanonical distribution can always be obtained
from the corresponding canonical distribution by conditioning on the
observed value of the sufficient statistics. From a statistical perspective,
microcanonical models can therefore be interpreted as conditional models
associated with the canonical formulation.

Relaxing hard constraints and enforcing them only in expectation,
as in the canonical formulation, is often convenient in practice. Besides
allowing for fluctuations that may be genuinely present in empirical sys-
tems, soft constraints can lead, in many relevant settings, to models with
simpler analytical structure or more efficient numerical implementations.
In such cases, canonical models may admit closed-form expressions and
smoother parameter spaces, making them a natural choice for inference.

At the same time, these advantages are not general across all set-
tings. The canonical formulation can be less transparent from an intuitive
standpoint, as it describes ensembles in which the constrained quantities
fluctuate rather than remain fixed. Moreover, in discrete settings, there are
important cases in which the microcanonical formulation is technically
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simpler to implement, as in the case of Bayesian inference, where counting
configurations is often easier than computing integrals.

For this reason, the choice between microcanonical and canonical
formulations is inherently context-dependent. This distinction becomes
particularly relevant when the two formulations are not asymptotically
equivalent. Several formal definitions of ensemble equivalence have been
introduced in the literature and shown to be equivalent under mild as-
sumptions [7]. Throughout this work, we adopt the so-called measure-level
definition of equivalence. In the case of maximum entropy models, un-
der this definition, (non-)equivalence can be established in terms of the
Kullback-Leibler divergence [8] between the two distributions that maxi-
mize the likelihood under the respective formulations. When ensemble
equivalence does not hold, selecting between hard and soft constraints ex-
tends beyond modeling convenience and acquires an inferential meaning.
One natural way to formalize this comparison is to frame it as a model
selection problem, which is the perspective adopted in the next section.

1.2 Model selection

In general terms, model selection aims to choose, given observed data,
one model from a set of competing candidates [9]], where a model is
defined as a parametric family of probability distributions sharing the
same functional form. Many popular model selection approaches are
grounded in information theory; in most cases, these criteria assign a
score to each model and output a model ranking. Among the best-known
approaches of this kind are the Akaike Information Criterion (AIC) [10]
and the Bayesian Information Criterion [[11]. According to these criteria,
the best model is the one that minimizes

AIC=-InL+K (1.6)

and X
BIC=—-InL+ EIHV' (1.7)

Note that both criteria are often defined with an additional factor of
2, which does not change the relative ranking of models. Both criteria
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incorporate a trade-off between the maximized model likelihood (denoted
by £), which measures the model goodness-of-fit relative to the observed
data, and the model complexity, which measures the tendency of a model
to overfit. The complexity term, for both AIC and BIC, depends on the
number K of free parameters in the model, which, in the case of MEMs,
is equal to the number of constraints (with BIC additionally depending
on the system volume V).

Chapter 2] of this thesis is devoted to the comparison of microcanon-
ical and canonical formulations defined by the same set of constraints.
While these two formulations encode the same type of information, they
may lead to different statistical descriptions, especially in regimes where
ensemble equivalence does not hold [12} 13} (14, [15]. Model selection
provides a natural framework for formalizing this comparison within the
context of statistical inference. According to AIC and BIC, the two formu-
lations share the same complexity; nevertheless, there are several reasons
why neither AIC nor BIC are appropriate for comparing canonical and
microcanonical MEMs (see the Introduction of Chapter 2] for more details).
To overcome this problem, one can turn to a more refined information-
theoretic approach based on the Minimum Description Length (MDL)
principle [16, 17} [18]. The MDL principle frames statistical inference as
the task of identifying structure or regularities in data. This idea can be
interpreted in terms of compressibility: the more regular the data, the
more concisely it can be described. The Minimum Description Length
principle brings these ideas together by framing learning as a problem
of data compression and by stating that the best model is the one that
outputs the shortest description of the data.

There are several ways of computing this description. Nowadays, the
standard approach is the universal coding approach, which encompasses
several methods, among them the Normalized Maximum Likelihood
approach and the Bayesian approach. In this work, we focus on the first
one but provide a thorough analysis of the interplay between the two
methods when comparing microcanonical and canonical MEMs.
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Chapter 2] examines, from a model-selection perspective, the inferential
consequences of choosing hard (microcanonical) versus soft (canonical)
constraints in maximum entropy modeling. Using the Minimum Descrip-
tion Length principle and the Normalized Maximum Likelihood (NML)
formulation, it compares canonical and microcanonical models defined by
the same sufficient statistics, providing a principled framework for com-
paring discrete maximum entropy models, including regimes in which
ensemble equivalence does not hold.

Closed-form expressions for the NML description lengths are derived,
revealing a trade-off between likelihood and complexity: microcanoni-
cal models achieve higher likelihood but are systematically more com-
plex, so the preferred formulation depends on the observed constraints.
These results are illustrated on binary rectangular matrices, showing fi-
nite description-length differences for global constraints and extensive
differences (i.e., that scale at least linearly with the system size) for lo-
cal constraints. The chapter also connects the NML analysis to Bayesian
universal coding, highlighting how prior choice can have non-negligible
inferential consequences in non-equivalent settings.

So far, we have focused on comparing microcanonical and canonical
formulations defined by the same set of constraints. A different inferential
question arises when alternative sets of constraints are considered. We
tackle this problem using hypothesis testing with e-values, which we
show in Chapter 3|to be deeply connected to MDL universal coding.

1.3 Hypothesis testing

When the models to be compared are defined by different sets of con-
straints, the comparison can be framed as a problem of hypothesis testing.
In the classical Neyman-Pearson framework, one specifies a null hypothe-
sis and an alternative hypothesis. A test statistic, defined as a function of
the data, is then chosen, and its distribution under the null hypothesis is
used to compute the probability of observing a value at least as extreme
as the one obtained. This probability is known as the p-value. The p-value
is compared to a predefined significance level «, and the null hypothesis
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is rejected if the p-value falls below this threshold.

P-values are widely used across scientific disciplines. However, in-
creasing attention has been drawn to limitations in their interpretation
and use [19, 20, 21], particularly in settings involving multiple testing,
sequential data collection and analyses where methodological decisions
are informed by the observed dat:ﬂ These concerns have motivated the
development of alternative measures, designed to provide more robust
and transparent inferential procedures. Recently, e-values [22, 23, 24, 25|
26| 27] have emerged as a compelling alternative to p-values, designed
to address long-standing issues in traditional hypothesis testing. Unlike
p-values, e-values serve as direct measures of evidence that support the
combination of experimental results, allowing for optional continuation of
data sampling. Despite their relatively recent formalization, e-values have
quickly gained attention, appearing frequently in high-impact statistical
literature as a promising framework for valid and transparent inference.

While e-values are rapidly attracting interest as they offer desirable
properties compared with p-values, this comes at the price of increased
technical difficulties in finding simple, scalable, and ready-to-use imple-
mentations for practical purposes —even in the light of their comparatively
more recent history in the statistical literature. Chapter [3]focuses on con-
structing optimal e-values [24] for hypothesis tests between canonical
or microcanonical MEMs with different sufficient statistics. In light of
ensemble non-equivalence and its non-trivial consequences on model
selection, such tools should, in principle, be tailored to both formula-
tions, although the resulting e-values remain closely related, as shown
in Chapter 3| While e-values are rapidly attracting interest as they offer
desirable properties compared with p-values, this comes at the price of
increased technical difficulties in constructing simple, scalable, and ready-
to-use procedures, especially given their comparatively recent history in
the statistical literature. Chapter [3|focuses on the construction of optimal
e-values [24] for hypothesis tests between canonical or microcanonical

4These concerns have entered both the methodological and the broader scientific dis-
course under labels such as p-hacking, and have even become the subject of popular satire
and online memes.
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maximum entropy models with different sufficient statistics. In light of
ensemble non-equivalence and its non-trivial consequences for inference,
such tools should, in principle, be tailored separately to the two formu-
lations, although the resulting e-values turn out to be closely related,
as shown in Chapter 3| Moreover, the construction of optimal e-values
is closely connected to that of model description lengths. In particular,
the universal distributions underlying MDL-based description lengths —
including Bayesian and Normalized Maximum Likelihood distributions
— can also conveniently be used to construct GRO-optimal e-variables,
establishing a direct link between hypothesis testing with e-values and
model selection through universal coding.
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Chapter 8| develops growth-rate optimal (GRO) e-variables for hypothe-
sis tests between maximum entropy models (MEMs) that differ in their
sufficient statistics, treating separately the cases in which both null and
alternative hypotheses are formulated as microcanonical (hard-constraint)
models or as canonical (soft-constraint) models. The chapter also con-
nects the construction of optimal GRO e-variables to the MDL principle,
showing that universal distributions can be used to build model description
lengths as well as GRO-optimal e-variables.

In the microcanonical setting, the chapter derives an explicit closed-form
expression for the growth rate optimal (GRO) e-variable. For canonical
models, the optimal GRO construction is characterized by an optimization
problem over priors on the parameter space, which is typically intractable.
To address this difficulty, the chapter introduces a microcanonical ap-
proximation: a canonical universal distribution under the alternative is
rewritten as a microcanonical mixture by inducing a prior on the sufficient
statistic, yielding a (microcanonical) computationally tractable candidate
for the canonical test. A key result is that any microcanonical e-variable is
automatically a valid canonical e-variable when the two models share the
same sufficient statistic.

The quality of this approximation is analyzed both theoretically and em-
pirically, showing that the gap between the canonical GRO e-variable and
its microcanonical approximation decreases rapidly with sample size in
relevant regimes. These results are illustrated through applications to
contingency tables, including explicit calculations for 2 x 2 tables and ex-
tensions to general 2 x k tables under different sampling regimes. Across
these settings, the microcanonical GRO construction is shown to provide
an accurate and practically effective approximation to the canonical GRO
e-variable, even when the number of groups grows with the sample size.

A simple and yet powerful application of e-values for MEMs is found
in contingency tables. Contingency tables are a fundamental tool in
statistical analysis for examining the relationship between categorical
variables. Given a dataset where observations are classified according
to categorical factors, a contingency table provides a structured way to
summarize the frequencies of different category combinations. In this
work, we focus on binary categorical data with & categories or groups,
which are represented as 2 x k contingency tables. In fact, our simple
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classroom example can be phrased as a 2 x 2 contingency table. We have
two categories: wearing glasses and not wearing glasses, and two groups:
people sitting in the front sector and people sitting in the back one. What
we observe can be summarized as the following contingency tables:

Glasses | Front Back | Total

f b
Yes ng ng Ng
f b
No Nng Npg | Ting
Total nf nb n

The question whether the probability of sitting in the front or the
back depends on wearing glasses is the standard test for contingency
tables of this kind, and can be interpreted as a test between canonical
maximum entropy models, differing in the structure of their constraints
(as explained in Chapter [3). The same holds for the more general case of
2 x k contingency tables.

Despite the simplicity and ubiquity of this setting, a systematic com-
parison between classical p-value-based methods and e-values tailored
to contingency tables is still lacking. This gap is particularly relevant in
applied contexts in which many tables must be analyzed under hetero-
geneous conditions, such as studies relating genotypic and phenotypic
information, where statistical evidence needs to be assessed in a reliable
yet flexible manner.

A natural bridge between classical p-value and e-values is provided
by p-to-e calibrators [26], which allow one to construct valid e-values
starting from p-values while retaining the main advantages of the e-value
framework, such as optional continuation and evidence accumulation.
Since a wide variety of p-values are available for testing association in
contingency tables, calibrated e-values provide an immediate and broadly
applicable solution in this setting.

However, calibration alone does not guarantee optimality: the result-
ing e-values are not, in general, tailored to maximize evidence against
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specific alternatives. This raises the question of whether e-values can be
constructed directly in a way that improves upon calibrated approaches.

Rather than advocating a single universal approach, Chapter [ ad-
dresses this problem by developing and comparing different e-value con-
structions for contingency tables in a concrete and practically motivated
setting. The chapter examines how different e-values behave in practice
and how their properties depend on the way data are collected. Particular
attention is devoted to defining new conditional e-values [28| 29], which
exploit the exponential-family structure of the null model and simplify
hypothesis testing by conditioning on its sufficient statistics. Although
formally different, this construction is closely related to the microcanon-
ical approach developed in Chapter (3| as both rely on conditioning on
sufficient statistics.

Importantly, the conclusions also depend on how the data are collected.
In some applications, evidence is assessed based on a single contingency
table, observed at once. In other applications, contingency tables arise
as data are collected over time, for example, across different studies, ex-
perimental batches, or successive observation windows, and inferential
conclusions can be updated as new information becomes available. Al-
though these situations correspond to the same underlying question, they
impose different requirements on statistical evidence. This distinction is
particularly relevant for e-values, whose defining properties are inher-
ently linked to the way evidence is accumulated. Indeed, some e-value
constructions for contingency tables have been explicitly designed to
reach asymptotic optimality in a sequential setting [30].

Understanding how different e-value constructions behave under
these different modes of data acquisition is therefore essential for assess-
ing their practical usefulness in applied settings, and it is the main focus
of Chapter
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This chapter presents a comparative study of different e-values for testing
association in 2 X 2 contingency tables, as they arise in applications such as
genetic association analysis. Several e-value constructions are compared,
including existing proposals and newly introduced conditional e-values
that reduce composite testing problems by conditioning on the sufficient
statistics of the null model. The analysis considers both a one-shot setting,
where a single table is observed, and a sequential setting, where tables
arrive in batches over time. In the one-shot case, conditional e-values — in
particular, the uniformly most powerful constructions — tend to perform best,
whereas in the sequential setting the comparison becomes more nuanced:
Turner’s e-variable, designed for sequential settings, is asymptotically
optimal, while the normalized maximum likelihood conditional e-variable
is often preferable at practically relevant sample sizes.

Contingency tables are a simple yet powerful example. Nevertheless,
there are more complex settings where MEMs can be defined and applied
to obtain statistically sound results. A particularly representative example
is that of pattern validation.

1.4 Pattern validation

Maximum entropy models are often employed not as competing hypothe-
ses, but as stand-alone null models used to assess the statistical relevance
of observed structures. This leads to the problem of pattern validation,
where the inferential goal is to determine whether a structured feature
observed in data can be accounted for solely on the basis of the infor-
mation encoded in a reference model, or whether it signals the presence
of additional organization not captured by the imposed constraints. In
this setting, inference does not aim to select one model over another, but
rather to identify which aspects of the data are incompatible with a given
notion of randomness.

From a statistical perspective, pattern validation can be viewed as a
collection of hypothesis tests carried out against a common null ensemble.
One first specifies a maximum entropy model by fixing a set of constraints
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that encode the information deemed relevant. This model defines a ref-
erence distribution over admissible configurations. Observed patterns
are then evaluated by comparing their empirical realization to what is
typical under this distribution. Patterns that deviate sufficiently from the
null ensemble are considered statistically validated, in the sense that they
cannot be plausibly explained by the constraints alone. Maximum en-
tropy models thus serve as principled statistical baselines, against which
deviations acquire inferential significance.

A paradigmatic application of this framework arises in the analysis of
bipartite networks. Bipartite representations are a natural way of encod-
ing relational data involving two distinct classes (or layers) of entities, such
as countries and products, authors and publications, or users and items
in recommender systems. In such datasets, relations are observed only
between nodes belonging to different layers, reflecting the structure of
the data-generating process. In many applications, however, the scientific
question of interest concerns relationships within one of the two layers.
For instance, in a user—item dataset, one may wish to identify connec-
tions between users who exhibit similar patterns in the items they select,
even though no direct user—user interactions are observed. A common
approach to address this problem is to project the bipartite network onto
a monopartite one, where nodes represent entities from a single layer, and
links encode some notion of co-occurrence or similarity inferred from the
shared connections in the original bipartite data.

Entropy-based null models have been successfully introduced to sta-
tistically validate projected links [6}31]. In this framework, one defines
a bipartite maximum entropy model, either microcanonical or canoni-
cal, that reproduces selected local properties of the observed bipartite
network, such as degree sequences on both layers. The number of co-
occurrences between two nodes in the projected layer is then compared
to its distribution under the null ensemble. Only co-occurrences that
are unlikely to arise under the reference model are retained, yielding a
statistically validated projection.

This approach highlights a key aspect of pattern validation: the role of
the null model is not to reproduce the observed structure in detail, but to
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encode a minimal and interpretable set of assumptions about the system.
Statistical significance is therefore inherently model-dependent. What
counts as a validated pattern depends explicitly on which information is
treated as relevant and which is left to chance.

While pairwise validation in projected networks has proven effective
in many empirical settings, it becomes insufficient when the phenom-
ena of interest involve interactions that are intrinsically higher-order. In
several complex systems, the collective behavior of groups comprising
three or more components cannot be reduced to the sum of pairwise ef-
fects alone. This is particularly evident in neuroscience, where increasing
empirical evidence suggests that coordinated activity among multiple
brain regions plays a fundamental role in information processing and
in the emergence of higher-level functions, such as cognition and con-
sciousness [32} 133} 134} [35]]. In such cases, restricting attention to pairwise
interactions may obscure essential aspects of the underlying organization.

Extending the pattern-validation framework to higher-order struc-
tures requires null models capable of reproducing relevant lower-order
properties. From a statistical standpoint, this corresponds to fixing a
suitable set of lower-order constraints and testing whether higher-order
patterns observed in the data are compatible with the resulting ensemble.
Maximum entropy models provide a natural language for formalizing
this procedure, as they allow one to control which features are enforced
into the model and which are left available for validation.

As shown in Chapter [5} the statistical validation of higher-order struc-
tures may require null models that enforce constraints that are non-linear
functions of the system variables. Incorporating such constraints into
maximum entropy models poses substantial methodological challenges,
both computational and analytical, even in the canonical framework,
which is typically more tractable: non-linear constraints are known to
induce phase transitions and degeneracy in the corresponding ensembles.
Chapter 5 of this thesis addresses these challenges by developing and
analyzing a second-order maximum entropy model that retains non-linear
constraints while remaining computationally manageable. Combined
with suitable statistical testing procedures, this enables the validation of
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higher-order interactions that cannot be solely explained by the chosen
null ensemble. These methods are developed and applied in the context
of brain data, with a focus on resting-state fMRI time series. In this
context, the approach enables the identification and characterization of
statistically validated higher-order topological interactions between brain
areas, providing insight into forms of functional coordination that cannot
be reduced to pairwise relationships.

5

Chapter b investigates the statistical validation of higher-order interaction
patterns in resting-state fMRI time series within a maximum-entropy null-
model framework. Pairwise interactions are validated using the Bipartite
Configuration Model (BiCM), while triplet interactions are assessed using
the Bipartite Partial Local Overlap Model (BiIPLOM), a canonical maximum
entropy model introduced in this chapter to include non-linear constraints,
and solved in the mean-field approximation.

Validated triplets are later classified into connected triplets, supported by
validated pairwise interactions, and non-connected triplets, which lack
pairwise support. Their statistical and spatial properties are analyzed
across multiple scales, including the whole brain, the seven resting-state
networks of Yeo, and individual brain regions.

The results reveal two distinct regimes of higher-order functional coordi-
nation. Connected triplets form spatially compact and redundant struc-
tures, reflecting strong lower-order dependencies, whereas non-connected
triplets are more spatially distributed and exhibit weak or absent redun-
dancy, consistent with genuinely higher-order coordination. These regimes
display distinct anatomical distributions, with unimodal regions predom-
inantly involved in connected triplets and transmodal regions more fre-
quently associated with non-connected ones.

From the simple classroom example to complex empirical systems, the
unifying theme of this thesis is that statistical inference is meaningful only
relative to a well-defined notion of chance. Maximum entropy models
provide a principled way to formalize this notion, and to study how
different inferential tasks depend on the assumptions one chooses to
encode.
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Chapter 2

Description length of canonical
and microcanonical models

Abstract

The (non)equivalence of canonical and microcanonical ensembles is a
fundamental question in statistical physics, concerning whether the use of
soft and hard constraints in the maximum-entropy construction leads to
the same description of a system. Despite the fact that maximum-entropy
models are also commonly used in statistical inference, pattern detection,
and hypothesis testing, a complete understanding of the effects of ensem-
ble nonequivalence on statistical modeling is still missing. Here, we study
this problem from a rigorous model selection perspective by comparing
canonical and microcanonical models via the minimum description length
principle, which yields a trade-off between likelihood, measuring model
accuracy, and complexity, measuring model flexibility and its potential to
overfit data. We compute the normalized maximum likelihood (NML) of
both formulations and find that (1) microcanonical models always achieve
higher likelihood but are always more complex; (2) the optimal model
choice depends on the empirical values of the constraints—the canonical
model performs best when its fit to the observed data exceeds its uni-
form average fit across all realizations; (3) in the thermodynamic limit,
the difference in description length per node vanishes when ensemble
equivalence holds but persists otherwise, showing that nonequivalence
implies extensive differences between large canonical and microcanonical
models. Finally, we compare the NML approach to Bayesian methods,
showing that (4) the choice of priors, practically irrelevant in equivalent
models, becomes crucial when an extensive number of constraints are
enforced, possibly leading to very different outcomes.
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2.1 Introduction

Entropy maximization provides a principled approach to inference, re-
sulting in maximally random models under specified constraints. These
models have found applications across a wide range of scientific disci-
plines, such as network science [6} |31} 36] and time-series analysis [37,
38].

Two distinct formulations of maximum-entropy models are possible
depending on how constraints are enforced. Canonical models are de-
fined by requiring the value of the constraints to be satisfied on average.
Microcanonical models are defined by requiring the value of the con-
straints to be satisfied exactly. These two formulations do not necessarily
lead to the same description of a given system, i.e., they are, in general,
non-equivalent.

The concept of ensemble equivalence, introduced by Gibbs [2], plays
an important role in statistical mechanics. Traditional studies have shown
that canonical and microcanonical ensembles tend to become equivalent in
the thermodynamic limit for systems with short-range interactions. Viola-
tions of this asymptotic equivalence, known as ensemble non-equivalence,
have historically been linked to systems with long-range interactions or
other forms of non-additivity, such as mean-field spin models or self-
gravitating systems [7}, 39, 40, 41} 42, 43, 44, 45| 46| {47, 48], |49].

More recently, it has become clear that ensemble non-equivalence can
also arise due to an additional mechanism: the presence of an exfensive
number of constraints [12, 13} |14, [15]. This has been demonstrated, for
example, in network models with local constraints, such as the Configura-
tion Model. In these cases — unlike the classical examples from statistical
physics — non-equivalence is not necessarily associated with long-range
interactions or phase transitions, and is not confined to specific parameter
regimes, but is present across the entire parameter space. Moreover, this
phenomenon can have practical implications for the expected macroscopic
properties of the system under study (see [50] for an example concerning
bipartite networks).

Whenever the two approaches are equivalent, they identify the same
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set of typical configurations. In these cases, preferring one formulation
over the other becomes a matter of convenience (e.g., computational ef-
ficiency). Whenever the two approaches are non-equivalent, the choice
depends on the specific characteristics of the system under study and
the nature of the constraints involved. For example, in the context of
choosing a null model to be compared with real data, for e.g., pattern
detection, it has been argued that, when non-equivalence holds, the en-
semble choice should be based on a theoretical guiding principle [14}[15,
31} 51} 52]. In this case, if the data are expected to be noisy, meaning that
the measured values of the constraints generally do not match the true
(unobservable) ones, one should prefer the canonical version of the null
model because it allows for fluctuations in the constraint quantities, while
the microcanonical one would paradoxically assign zero probability to
the true configuration of the system. Conversely, if, by hypothesis, the
measured values of the constraints are not affected by error or noise, the
microcanonical model should be preferred.

When there is no prior expectation available about the presence or
absence of noise in the empirical values of the constraints, the decision
between hard and soft constraints should be based on posterior evidence,
i.e., which of the two null models best describes the data. This imme-
diately leads to a problem of model selection between canonical and
microcanonical ensembles.

Information theory provides a powerful framework for model selec-
tion by offering criteria that capture the trade-off between a model’s
“goodness of fit,” quantified by its log-likelihood, and its “complexity.” In
general, model complexity measures the flexibility of a model in fitting
different datasets. In other words, it measures how easily the model can
overfit the data. A common way to quantify model complexity is by
counting the number £ of the model’s free parameters, which, in the case
of maximum-entropy models, corresponds to the number of constraints.
This is the case of the two historically most popular model selection
criteria: the Akaike Information Criterion (AIC) [10] and the Bayesian Infor-
mation Criterion (BIC) [11], according to which one should pick the model
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minimizing
AIC=-InL+k (2.1)

and )
BIC=—-InL+ §an, (2.2)

respectively, where £ is the model likelihood and V' is the sample
size. Canonical and microcanonical models defined by the same set of
constraints share the same number of parameters. Therefore, according
to both AIC and BIC, their complexity is the same, and a comparison
based on these criteria would reduce to a mere comparison between
their log-likelihood functions. This would naively lead to the conclusion
that the microcanonical model is always the best-scoring one since it has
the highest likelihood. However, neither AIC nor BIC can be computed
for microcanonical models since they are derived under regularity
assumptions that are not even remotely met by the latter. Moreover, both
criteria are asymptotic results derived under the assumption of a finite
number of parameters as the system size approaches infinity [9]. This
assumption is not met by models whose number of parameters scales
with the size of the system.

To overcome these issues, here we consider the Minimum Description
Length (MDL) principle [16, 17, 18], a family of information-theoretic ap-
proaches to model selection seeking the model that provides the shortest
description of data. Specifically, we focus on the approach based on the
Normalized Maximum Likelihood (NML), or Shtarkov, distribution [53]],
with the aim of investigating the trade-off between the difference of log-
likelihoods and that of complexities in light of ensemble non-equivalence.

A particularly useful definition of non-equivalence, naturally con-
nected to information theory, is the measure-level one, which involves
the Kullback-Leibler (KL) divergence between the microcanonical and
canonical probability distributions. Under mild conditions, this approach
is equivalent to other definitions commonly used in statistical physics [7].
According to this definition, (non-)equivalence is characterized by a (non-
)vanishing relative entropy density as the system size approaches infinity.
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Interestingly, the KL divergence between canonical and microcanonical
distributions coincides with the difference between the corresponding
log-likelihood functions [12,[13]. Thus, measure-level (non-)equivalence
can be inspected by simply considering the asymptotic behavior of this
log-likelihood difference [12], providing a natural connection to statistical
inference.

While the impact of non-equivalence on the difference between log-
likelihoods is relatively well understood [12,14], its effects on the differ-
ence between complexities remain largely unexplored. To encompass a
broad spectrum of applications, our study focuses on maximum-entropy
models suitable for studying systems represented by binary rectangular
matrices (e.g., bipartite networks, time series). More precisely, we aim
at determining i) whether the influence of non-equivalence persists even
when the complexity term is accounted for, and ii) whether non-equivalent
canonical and microcanonical models should, in fact, be regarded as sta-
tistically distinct models. We conclude that the answer to both questions
is yes, raising the question of whether non-equivalence can be defined at
the model selection level. Furthermore, we show that in the presence of
extensively many constraints, the choice of prior in a Bayesian framework
can critically affect the resulting description length, underscoring the
importance of this choice in non-equivalent settings.

The rest of the paper is organized as follows. Section 2.2]introduces
MDL for discrete data and the Normalized Maximum Likelihood (NML)
approach to define description lengths. In Section we provide a
general expression for the difference between the description lengths of
canonical and microcanonical models as a function of the Kullback-Leibler
divergence between the two distributions. In Section we explicitly
derive and compare the description lengths of both the canonical and
the microcanonical formulations of models defined by one global con-
straint (i.e., the sum of the entries of a matrix) as well as one-sided local
constraints (i.e., the row-specific sums of a matrix). While the first con-
straint leads to ensemble equivalence, the second set of constraints leads
to ensemble non-equivalence. Finally, Section 2.5 reviews the relationship
between the NML-based and Bayesian approaches when non-equivalence
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holds.

2.2 The Minimum Description Length principle

The MDL principle embodies the idea that the best model to describe a
given dataset is the one providing the shortest description. We now intro-
duce the basic formalism by focusing on the discrete data « € X', where
X represents the space of all possible samples of fixed size V. A paramet-
ric statistical model M consists of a family of probability distributions
sharing the same functional form, i.e.,

M ={Pm(x;0)}eco (2.3)

where 6 is the vector of parameters whose values lie in the set ©.

In order to apply the MDL principle, one needs to compute the de-
scription length of the data « provided by a model M. By Kraft’s inequal-
ity [16}54], the optimal number of natural digits (nats) needed to describe
the outcome x of a probability distribution P(x) is given by —In P(x).
Since, however, M encompasses many distributions corresponding to
different parameter values, a natural choice is that of considering the
description length provided by the distribution minimizing the quantity
—1In Ppy(x; 0), reading

Lym(m) = Pu(a;0(x)), (2.4)

with @(z) being the maximum-likelihood (ML) estimator of 6, i.e.

6(x) = arg max Pr(x; 9). (2.5)

However, the distribution £ () is affected by (at least) two problems
having the same origin: the parameters appearing in its definition are
evaluated for each individual data in X. As a consequence, i) L(x)
cannot be a probability distribution with support in & as it is not properly
normalized, and ii) adopting £ ((x) may lead to severe overfitting since
it is defined a posteriori relative to the observations.

To solve these problems, one can build a so-called universal distribution
relative to M, i.e., a unique, representative distribution Pp(x) of the
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statistical model M. Once equipped with a universal distribution, the
description length of « through is M is defined as

DLY (z) = — In Py(x). (2.6)

Universal distributions (which don’t necessarily belong to M) can be
defined in several ways. In what follows, we will consider the MDL
recipe based upon the NML universal distribution (for a more formal
introduction to universal coding, we redirect the interested reader to [16]).

2.2.1 The Normalized Maximum Likelihood universal dis-
tribution

The NML distribution corresponds to the distribution attaining the min-
imum point-wise redundancy (or regret) in the worst-case scenario [16],
ie.,

PNME = arg mfin max {— In P(x) — [~ In Pp(z; é(w))]} . (2.7)

In words, it is the distribution that a priori requires the minimum number
of nats when compared to the shortest description length a posteriori, that
is — In Ppy(2; O(x)). The minimum is found in the worst-case scenario, i.e.,
for the data « for which this difference is maximal. The unique solution
to this minimax problem reads

ML () = _ Pu(@:0(@) (2.8)

Syex Pru(yi0(y)’

which is a normalized maximum likelihood. Following the universal cod-

ing approach, the description length of  through model M is computed
as
DLIJ\\TAML(Q:) =—1In PJI&ML(:B)

=—InPum(a;0(z)) +1n > Puly;0(y).  (29)
yeX

While the first term is (minus) a model maximum log-likelihood, the
second term

COMPy =In Y~ Pu(y:0(y) =In Y Lam(y) (2.10)
yeX yeX
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is named parametric complexity of M. Notice that X represents the set of
all possible data sets of fixed size V/, i.e., all the observable samples of size
V. Thus, COMP,, depends on both the model and X'. Finally, we can
rewrite equation as

DLYMY () = —In Ly () + COMP . (2.11)

Similarly to other criteria rooted in information theory, this description
length consists of two terms: the log-likelihood term, evaluated on the
data and favoring models with a high goodness-of-fit, and the complexity
term, depending only on the chosen model and penalizing the ones that
are too complex.

Once we have evaluated the description length of our data according
to a basket of competing models, the MDL principle prescribes selecting
the one providing the minimum DL.

2.3 Description length of canonical and micro-
canonical models

Although computing the complexity term within the NML-based descrip-
tion length can be challenging, models defined by a sufficient statistic
admit a simpler expression for this term. This section introduces an impor-
tant class of models of this kind, the maximum-entropy models (MEMs),
both in their canonical and microcanonical formulations.

Specifically, we will focus on discrete data that can be represented as a
binary n x m matrix G, i.e.

G ={gij}i=(1..n} (2.12)
j={1...m}

and denote by G the set of all such matrices that, when endowed with a
probability distribution P(G), constitute a proper ensemble of matrices.
The matrix representation is often used to describe systems composed of
n elements to be modeled (corresponding to the number of rows), each
characterized by m state variables or degrees of freedom (corresponding
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to the number of columns). The size of the data set is fixed and supposed
to represent the number of independent entries of the matrix, i.e., nm.

In the most common scenario, we can access a vector of quantities
c¢* = ¢(G"), evaluated on the only available matrix G*, and represent-
ing the sufficient statistic of the model. Maximum-entropy models are,
then, obtained by looking for the probability distribution that maximizes
Shannon entropy

S[P]=-)_ P(G)lnP(G) (2.13)

Geg

while constraining the sufficient statistics. If the model is required to
reproduce the value of the constraints exactly, i.e., ¢(G) = c*, one obtains
a microcanonical model. If, instead, the model is required to reproduce the
value of the constraints on average, i.e., (c(G))p = c¢* with (-) p being the
ensemble average induced by distribution P, one obtains the correspond-
ing canonical formulation. This approach, introduced by Gibbs [2] and
reprised by Jaynes [1]], leads to ensembles of matrices that reproduce (ei-
ther exactly or on average) the constrained quantities while randomizing
everything else.

In what follows, we will adopt the NML-based approach to compute
the description lengths of microcanonical and canonical MEMs, which is
optimal (in a minimax sense) when assuming no prior knowledge on the
parameters. Thus, the description length is taken as the one defined in
equation (2.11). For models admitting a sufficient statistic, the complexity
term takes the convenient form

COMP =1n) " Q(c)L(c), (2.14)
ceC

where £(c) denotes the value of the maximum likelihood in correspon-
dence with a sufficient statistic reading ¢ and 2(c) denotes the number of
configurations with ¢(G) = ¢, i.e.,

Geg

with §; ; being the Kronecker delta. As this set may be empty for some
values of ¢, we will solely focus on the graphical values, i.e., the set C =
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{c : Q(c) # 0} of values that are verified by at least one configuration,
and denote it with N¢ = |C| its cardinality. In other words, the sum in
equation runs over the graphical values of the sufficient statistics
rather than over all possible data.

2.3.1 Description length of microcanonical models

When considering microcanonical models, entropy maximization yields
the following functional form

Pre(Gic) = {9(1) fe(G) = e (2.16)

0 else,

where c is the vector of parameters whose values lie in the discrete set C -
for microcanonical models, in fact, the vector of parameters corresponds
to the sufficient statistics itself - and Ppi.(G; c) is a uniform probability
whose mass differs from zero only in correspondence of those configura-
tions that verify the condition ¢(G) = c. The derivation of this probability
functional form as the solution of entropy maximization under hard con-
straints is given in more detail in Section [A]of the Appendix.

We will now evaluate the description length of a microcanonical model.
Its maximum log-likelihood simply reads

1
Q(c)

While combining this equation with equation (2.14), one obtains the fol-
lowing expression for the related complexity:

In Liic(c) =1n =—InQ(c). (2.17)

COMPpric = In )~ Q(c) -
ceC

=In) 1=InA. (2.18)

ceC

1
Q(c)

Hence, the description length of a microcanonical maximum-entropy
model is

DLYME(G*) = InQ(c*) + In NG, (2.19)

mic
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2.3.2 Description length of canonical models

When considering canonical models, entropy maximization yields the
following well-known exponential form
o—0-c(Q)
Z(0)
with Z(0) = Y gcg e~ (®) being the partition function. In the context of
network theory, the maximum-entropy canonical models are also known

Pcan(G; 0) = (220)

as Exponential Random Graph Models [4, 5, 6]. In this case, the vector of
parameters @ corresponds to the vector of Lagrange multipliers needed to
carry out a constrained entropy maximization. The ML estimators (G)
are found by solving the system of equations

<C>é((;) =¢(G) (2.21)

with (-)g representing the ensemble average induced by Pen (G 8).
The maximum log-likelihood of a canonical model is linked to the
microcanonical one through the Kullback-Leibler divergence:

Pric(Gs )
i n)leo = mic (G SERTR 222
S (Pamicl | Fean e, 0 Z Prmie(G; ¢) In Pean(G; 0) @.22)
Geg
In fact, it can be shown [12,[13] that
DKL(C*) = S(PmicHPcan) c*,0*
Pmic(G*; C*)
= 1 _—
" Pan(G*167)
=1nLmic(c*) — In Lean(c¥) (2.23)
where 6* = 6(c*). Hence,
1
— . .o~ Dxi(e) — -  ,—Dxi(c) 224
Ecan(c) Emlc(c) € Q(C) € ( )
for any value of the sufficient statistic, and
1
MPEME =1nY ~ Q(c) - e~ Dr(e)
COMPY" =1n )~ Q(c) a9
ceC
—Iln Z e~ Prule), (2.25)
ceC
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Consequently, the description length of a canonical model can be ex-
pressed as

DL?EXIL(G*) =—In Ecan(c*) +1n Z G*DKL(C)
ceC

=InQ(c*) + Dx(c*) +In Y e Pl (2.26)
ceC

2.3.3 Comparing canonical and microcanonical models

We can now compare the description length of canonical and microcanon-
ical models. Given that Dgj, is guaranteed to be non-negative, we have

AInL(G") =InLean(G*) — In Lyic(GY)
i.e., the canonical likelihood is always smaller than or equal to the micro-
canonical one. For the same reason, it is straightforward to see that the

canonical complexity is always smaller than, or equal to, the microcanoni-
cal one:

ACOMP = COMPy, — COMP i

=In > cec e~ Prrle)
Ne

Thus, microcanonical models achieve a higher goodness-of-fit but, at the

<0. (2.28)

same time, are more complex. The interplay between the two differences
determines the difference between the canonical and the microcanonical
description length:

ADL(G*) = DLNML(G*) — DLIMY(G¥)

‘can mic

= ~AIn£(G*) + ACOMP

ZCEC eiDKL ()
Ne '

The following reasoning provides a different way of looking at the

= Dxi(c*) +1n (2.29)

expression above. The canonical distribution Pen(G; 6) induces the fol-
lowing distribution on the values of the sufficient statistic

Qcan(c; 0) = Q(c)Pean(c; 0) (2.30)
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where Pgn(c;0) is the canonical probability of a matrix G, such that
c(G) = ¢, for a given value of the vector of parameters 6. The maximum
likelihood assigned to c by the correspondent model {Qcan(c, 8) }oco is,
thus,

Qcan(c; é(c)) = Q(c) Pean(c; é(c))

Lean(c) _ _—Dxi(c)
Comc(©) =e (2.31)

and

> eec Qean(€: 6(c))

ADL(G") = —In Qcan(c*;0) + In ;
Ne

(2.32)

upon defining

eec Qean(c, 6(c))
Ne

Qcan = (233)
as the uniform average of Qen(c; 8(c)) over all possible values of ¢ € C,
we find that the difference between description lengths can be expressed
as

Qcan

Q:an ’

where Qf,, = Qcan(c*, 8%). This expression depends only on the canonical

ADL(G*) = In

(2.34)

model, providing a new interpretation of the comparison between the
canonical and the microcanonical description length: the canonical
model provides a shorter description length whenever ADL(G*) < 0,

*

o > Qcan. In other words, the canonical model is the

i.e., whenever Q
best-scoring model whenever the maximum likelihood it assigns to the
observed value c* is higher than the maximum likelihood averaged
over all possible values of the sufficient statistic (or, more intuitively, if
it performs ‘better than on average’ on the observed sufficient statistic).
Remarkably, this is in open contrast with a comparison based only on the
likelihoods, according to which the microcanonical formulation should

always be preferred, independently of the observed data.
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Expression shows that the entity of the difference between the
two description lengths crucially depends on the value of the KL diver-
gence. As said in the introduction, the canonical and the microcanonical
ensembles are (non-)equivalent if the relative Dxy, is (non-)vanishing as
the system size approaches infinity. When studying matrices, identifying
the system size with the number of entries, i.e., nm, may be inappropriate,
as adding (only) one entry to a matrix without altering its structure is,
in fact, impossible. In these cases, it may be much more reasonable to
identify the system size with the number n of items: increasing the system
size from n to n+1 would, thus, correspond to adding a node to a network
or a time-point to a time series.

In this scenario, the canonical and the microcanonical ensembles are
equivalent in the measure sense [7] if

o Daler) | [AlnL(e)

n—00 n n—00 n

=0 (2.35)
or, equivalently, if
Dxi(c*) = |Aln L(c")| = o(n). (2.36)

where o(z) stands for a quantity that goes to 0 when divided by z as
n — +00.

This definition of non-equivalence relies on comparing the likelihood
functions of the two models. We aim to extend it in order to take into
account the models’ complexities. As a first step, we consider the order of
ADL. Notice that

Dxi(c)=o0(n) YVceC = ADL(c)=o(n) VceC (2.37)

as it follows directly from (2.29). Thus, if the two ensembles are equiv-
alent, the difference in description lengths between the corresponding
models will be o(n). However, a similar conclusion cannot be immedi-
ately derived when non-equivalence holds and Dxj, grows at least linearly
with n. Indeed, the likelihood and complexity terms in (2.29) are of the
same order and have opposite signs; therefore, evaluating the order of
ADL is a non-trivial task in this case. The following section addresses
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this problem by explicitly evaluating ADL in two notable examples of
maximum-entropy models.

2.4 Applications to maximum-entropy models

The simplest constraint one may imagine to enforce is the sum of the
elements of a matrix, i.e.

(G =D gy (2.38)
i=1 j=1

In the case of bipartite binary networks, this quantity corresponds to the
total number of links and induces the well-known Erdds-Rényi model.
While this model is one of the most popular ones, it is also widely recog-
nized to fall short in capturing the topological heterogeneity that charac-
terizes most real-world systems. An alternative approach to introduce
heterogeneity is to constrain the sum of elements of each row, i.e.

m

ri(G)=> gy i=1...n. (2.39)
j=1

In the case of bipartite binary networks, the sequence r;(G), i =1...n
coincides with the degree sequence of the nodes belonging to just one
layer and induces the canonical MEM known as Bipartite Partial Configu-
ration Model [55]. As we will employ asymptotic results to compare the
canonical and the microcanonical description lengths, we need to specify
the scaling of the constraints ¢c* as n — oco. In what follows, we will
focus on dense matrices, i.e., we will assume that g;; = ©(1) V(i, j), where
©(z) indicates a quantity of the same order of « as n — co. This choice
leads to rf = O(m) and [* = ©(nm), the “actual’ order of these quantities
depending on the growth rate of m. We will consider two cases: (i) m
finite in the limit, i.e., m = ©(1) and (ii) m growing linearly with n, i.e.,
m = ©(n). As a consequence of our assumption, the matrix density
I*

pt = (2.40)
nm
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and the row densities

pr="t i=1...n (2.41)
m
will remain finite in the asymptotic limit, i.e., p* = ©(1) and p; = ©(1),
V.

2.4.1 Enforcing one global constraint

Since we are considering binary matrices, constraining the total number
of 1s in a microcanonical fashion leads to a number of configurations
equal to (1) = (""). The corresponding microcanonical distribution,
thus, becomes

s ifU(G) =1
Pric(G;1) =4 (") @ (2.42)
0 else,
inducing the maximum log-likelihood
In Lonic(l) = — In (”Z”) (2.43)

The complexity equals the logarithm of the number of graphical values,

ie.
nm

COMPL" =Y 1 = In[nm + 1]. (2.44)
1=0
The microcanonical description length, thus, reads
DLWML(G*) = In ("lm) +In[nm + 1. (2.45)

The canonical probability can be computed explicitly, as this model
represents one of the few canonical MEMs whose partition function can

be computed analytically. Specifically, it reads Z () = (1 + ¢?)"™ and
induces the expression
o—0L(G)
Pan(G:0) = —S 2.4
(Gi6) = ey (246)
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Upon defining
_
T 14e?

we can re-write the canonical probability via the so-called mean-value

p (2.47)

parametrization leading to the expression
Pean(Gip) = p(@) (1 = p)"m (S (248)

i.e., the distribution of a collection of nm i.i.d. Bernoulli variables, indi-
cating that each matrix element is either 1, with probability p, or 0, with
probability 1 — p. The ML estimator of p is given by the matrix density
P(G) = I(G)/nm and the maximum log-likelihood, obtained by inserting
p into (2.48), reads

InLean(l) = —nm - h (l) (2.49)

nm
where h(p) = —pln(p) — (1 — p) In(1 — p) is the entropy of a Bernoulli
distribution with a parameter equal to p. An exact expression for the
canonical complexity has been derived in [56] and reads

(2.50)

can

COMPYM' = In {e L(nm, nm) 1}

nmnmfl

where I'(s, z) is the upper incomplete gamma function. In case s is a
positive integer (as it happens to be our case), it can be expressed as

s—1 L
—z x
I(s,z) =e *(s—1)! Z o (2.51)
k=0
In conclusion, the canonical description length reads

DLYMY(G*) = nm - h ( " ) +In {e’”"F(nmnm) + 1} . @52)

can nm nmnm—1

Notably, the details of the matrix structure play no role as DLYw - solely

depend on global quantities, namely the number of 1s and the sample
size - in our case, nm.
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So far, all the reported results are exact. Nevertheless, as we are
interested in the order of ADL when n — oo, we consider the following
asymptotic results, derived from the exact ones (see section of the

Appendix):
AlnL(G¥) = —% In[nm] — %ln[2ﬂ'p*(1 —p")] + o(1), (2.53)
ACOMP = —% In[nm] + %m [g} +o(1) (2.54)

and, upon combining them, the (asymptotic) difference between descrip-
tion lengths becomes

ADL(G*) = %1n[7r2p*(1 — )] + o(1). (2.55)

The expressions above provide two significant insights. First, the order
of the difference between log-likelihood functions is o(n), regardless of
the growth rate of m, a result implying that condition is met and
ensemble equivalence holds. Second, the leading terms of expressions
and are identical, thus canceling out when compared. Conse-
quently, the (asymptotic) difference between description lengths depends
on the size of the system only through the matrix density p*, assumed to
be finite in the dense regime. Thus, such a difference is finite in the same

regime, in agreement with (2.37).

2.4.2 Enforcing n local constraints

Let us now consider canonical and microcanonical models induced by
an extensive number of parameters, each one corresponding to the sum
of the elements of a different row. With this choice, the matrix can be
viewed as a collection of n independent strips of size 1 x m. Since we
impose a single constraint per row, all the prior results hold row-wise,
with m replacing nm and r; replacing . Specifically, the microcanonical
probability distribution reads

[T, A ifr(G)=r

Pric(Gir) =3¢ 7 () (2.56)
0 else,
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and the related maximum log-likelihood is the sum of the individual ones,

In Lomic(G Z In ( ) (2.57)

Analogously, the microcanonical complexity reads

ie.,

COMPpic = nln[m + 1], (2.58)

inducing the expression

DL (G) Zln (

Similarly, the canonical probability is the product of row-specific

) +nlnfm +1]. (2.59)

7

canonical probabilities

no =0 (G)
Pan(G:0) = [[ +——5n (Er=n (2.60)
7,:1
and can be rewritten as
Pean(G;p) = [[ 29 (1 = pi) (@) (2.61)

=1

upon considering the mean-value parametrization

Di i=1...n. (2.62)

(1+e-0)m

Since for each row the ML estimator of the parameter p; is given by the

ri(

row density p;(G) = ’TG), the maximum log-likelihood reads

I Loan(r) = —mz h (7’) (2.63)

and the complexity reads

e™T(m, m)

mmfl

COMPepn = nln [ + 1} . (2.64)
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In conclusion, the canonical description length reads
e™T'(m,m)
DLean( mz h ( ) {mm + 1] (2.65)

In the hypothesis of m growing linearly with n, i.e.,, m = ©(n), we con-
sider the following asymptotic expressions (for a derivation, see section

of the Appendix)

Alnﬁ(G*):—iln —121n27rp1(1—pl)]
i=1

n 1 1

" om T 12m ;p;(l —

n n s

ACOMP = - Z Infm] + 2 In [5}

n n

M o(1),  (2.66)

with

2 /2
= —4/—~0.53
¢ 3V ’

11 4
——— — — ~ 106
b= o

By combining these expressions, we obtain the asymptotic expression

- 1
ADL(G*) = In[r*p; (1— m
G*) Z n[rp} (1-p)]+a \ﬁ“ m+12mzpj(1—p2‘)

+o(1)

wherec= -1 - = ~ —1.14.

As for the case of one global constraint, we focus on two aspects of
these results. First, the difference between log-likelihood functions is
either ©(n) or O(nlnn) depending on the order of m, i.e, m = ©(1) in
the first case and m = O(n) in the second case. In any case, according to
(2.36), the ensemble equivalence is broken. In particular, if m = ©(n), the
leading terms of expressions and are both of order O(nInn),
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thus canceling out when compared, precisely as in the equivalent case.
Nonetheless, the remaining terms are still of order ©(n). Hence, the
(asymptotic) difference between description lengths increases linearly
with the system size, regardless of the growth rate of m.

2.4.3 Towards model-level equivalence

At this point, it is important to emphasize that comparing canonical and
microcanonical ensembles is not the same as comparing the corresponding
models. The former involves comparing two probability distributions,
each obtained for specific parameter values, whereas the latter involves
comparing two sets of distributions (i.e., two models), with each set shar-
ing a common functional form within itself. While in the context of the
measure-level definition of ensemble equivalence, the comparison be-
tween ensembles can be reduced to comparing their likelihood terms, the
comparison between models must take into account both their likelihoods
and complexities.

In this section, we have shown two examples where the leading-order
terms of the differences in likelihood and complexity are identical. This
confirms that the complexities play as crucial a role in model comparison
as the likelihoods. Furthermore, we validated relation in the case
of a single global constraint: when ensemble equivalence holds, the dif-
ference in description lengths between the canonical and microcanonical
ensembles turns out to be o(n). At the same time, our result that ADL
grows with n in the case of n local constraints shows that the signature of
broken ensemble equivalence remains visible when model complexities
are included in the comparison.

These findings lead to the following question: can we generalize the
definition of ensemble equivalence at the model level? To do so, we need
a quantity that plays a role analogous to the relative entropy in comparing
ensembles, but that applies to comparing models.

ADL might seem like a good candidate, but it is not suitable for
this purpose: while it does take into account the model complexities, it
still depends on the observed values. To be more general, we propose a
definition involving the universal NML distributions representing the two
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models. Inspired by the measure level definition of non-equivalence [7]
of equation (2.35), we consider the following KL divergence

DY = S(ENM[PAY)
_ Z PNML(G PIIQIQAL(G)
&t PQNL(G)
=Y PAMY(G)ADL(G)
Geg
1
=Y Q(c)=————ADL
> (C)Q(c) No (c)
ceC
= ADL(c), (2.68)

where ADL(c) represents the uniform average of ADL(c) over all possible
values of ¢ € C. Following the standard definition and assuming that the
more relevant scale to consider is still the system size n, we say that the
canonical and microcanonical models are equivalent on the model level if

D™ . ADL(c) _

lim (2.69)
n—00 n n—oo n
Notice that, according to (2.37)
Dii(c) =o(n) YeelC = DRM:=o(n). (2.70)

i.e., whenever ensemble equivalence holds, the corresponding micro-
canonical and canonical models are equivalent on the model level. The
reverse implication, verified here in the specific case of one-sided local
constraints, will be investigated in future work.

2.5 NML-based VS Bayesian approach to model
selection

In the previous sections, we implicitly assumed that no prior knowledge
about the parameters was available. Under this assumption, the NML-
based universal distribution is the best choice in a precise minimax sense,
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as shown in section[2.2] Here, we consider the Bayesian approach to model
selection [16} [17] by introducing the Bayesian universal distribution

PR (z) = /@ Pr(;0)w(0)do 2.71)

(see [57, 58] for applications in the context of network models). The
main difference with respect to the NML description length lies in the
presence of a prior on the parameters w(@) to be supplied by the user.
This implementation, which is formally equivalent to the Bayes factor
method [59], provides a description length for « through model M that is
defined as

DL (z) = —In Py (a). (2.72)

In some cases, the NML-based approach can be retrieved in a Bayesian
context once the Bayesian distribution is equipped with a prior such that
the two description lengths are, at least asymptotically, the same. We will
refer to these priors as NML-optimal priors. In the microcanonical case,
the uniform prior is an NML-optimal prior. Indeed, when the parameter
space is a discrete set, the integral in is replaced by a sum, and the
microcanonical Bayesian description length reads

DLEqai}c]es(G*) =—InLmic(G") — lInw(c*)
=InQ(c”) — Inw(c”), (2.73)

which coincides with the NML-based description length provided by
equation (2.19), upon identifying w(c) with a uniform prior over C:

wUniform (¢) = J\i/c Veec. (2.74)

In the canonical case, the situation is quite different. First, consider V'
iid. outcomes « = (z1,...zy) from a general k-dimensional exponential
model. When x is such that the ML estimators of § are bounded away
from the boundaries of © as the sample size goes to infinity, and under
some regularity conditions on M which hold in our setting, the following
asymptotic results hold true:

DL (z) = —In L (z) + gln QK +1In / \/detI(0)d6 + o(1), (2.75)
4 e
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g In % —Inw(f(x))+1ny/detl(6(x)) +o(1),

(2.76)

where detI(6) is the determinant of the k x k normalized Fisher information
matrix.

If we equip the Bayesian universal distribution with the Jeffreys

DL (@) = —In L (z) +

prior [60]
B detI(0)
J(0) = [ /detI(8)d6

by posing w(0) = J(8), the two asymptotic expressions coincide (for a

(2.77)

formal derivation of these results, we redirect the interested reader to
[53] and [16]). Thus, whenever the asymptotic formulas (2.75) and (2.76)
hold true, the NML-based description length is asymptotlcally equivalent
to the one provided by the Bayesian distribution equipped with Jeffreys
prior (hereby, Bayes-Jeffreys description), which is NML-optimal.

This is verified in the case of one global constraint, where the result-
ing canonical model turns out to be an exponential i.i.d. model. The
asymptotic formulas do not provide the rate of convergence between the
two description lengths, which can be derived by directly comparing the
exact expressions of the NML description length DLYM" (2.65) and the
Bayes-Jeffreys description length

DLBayesTeffreys (G*) — In[x(nm)!] — In [D(nm — I* + 1/2)D(1* +1/2)]
(2.78)
(see section [C.1]of the Appendix for a derivation). In the limit n — oo one
finds
2 2 1

DLYME(G) — DLByesTeffreys (G = s\~ 40 (nm) . @79

The same comparison can be carried out in the case of n local constraints
by applying the results above to each row. In this case, the Bayes-Jeffreys
description length reads

DLEeTefeys (G*) = Infrm!] — Zln =7 +1/2)0(r] +1/2)]

(2.80)
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and in the limit n — oo one finds

DLNML ( G* ) DLBayes Jeffreys (G* ) _

can can

2 Van @( ) (2.81)

3/mm
As n — oo, the last difference diverges both in case m stays finite, i.e.,
m = O(1), and in case m diverges, upon assuming that the rate at which
m diverges does not exceed that of n. Consequently, in this case, it is no
longer true that the NML approach can be asymptotically retrieved from
the Bayesian one equipped with Jeffreys prior. Although the existence of
a modified Jeffreys prior extending the equivalence of the two approaches
to the case of n local constraints can indeed be hypothesized, for the time
being, we merely suggest not to assume this to be true when ensemble
non-equivalence holds.

In the remainder of this section, we show that the Bayesian description
length becomes more sensitive to the choice of prior whenever local
constraints are enforced. Let us start by considering the relationship

DLNML DLBayes -Rissanen (2 82)

can mic

stating that the NML-based description length of a canonical model coin-
cides with the Bayesian description length of its microcanonical variant,
equipped with the so-called canonical prior, introduced by Rissanen in [61]
(see the definition in section [C.2]of the Appendix). Moreover,

DLNML _ DLBayes -Uniform (283)

mic can

i.e., the NML-based description length of the microcanonical model co-
incides with the Bayesian description length of its canonical variant
equipped with a uniform prior on the mean-value parameters.

The two identities, derived in|[C.2} show that there exists a prior guar-
anteeing that the Bayesian description length of the canonical (micro-
canonical) model coincides with the NML-based description length of
the microcanonical (canonical) model. This might lead to the conclusion
that, in the framework of model selection, canonical and microcanonical
models coincide even when non-equivalence holds if the right priors
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are chosen. Nevertheless, these priors are not NML-optimal. While this
non-optimality is negligible in the case of one global constraint, it could
play a crucial role when local constraints are enforced. In other words, in
this case, different choices of prior can result in very different Bayesian
description lengths for microcanonical as for canonical models.

The 7 local constraints case examined in the previous sections pro-
vides an instructive example. In this case, we showed that the difference
between the canonical and microcanonical NML description lengths is
O(n). Combining this result with (2.82), we can conclude that when it
comes to the microcanonical model, choosing between the uniform prior
(which is NML-optimal) and the canonical prior can amount to a differ-
ence in description length of ©(n) nats. Similarly, when it comes to the
canonical model, it can be easily shown that, based on when
m = O(n), choosing between the uniform and the Jeffreys prior can lead
to a difference in description length of ©(y/n) nats. In contrast, the same
differences are ©(1) when one global constraint is involved.

This simple example shows that when non-equivalence holds, the
selection of different priors can result in increasingly larger differences in
DL when the system size grows. In other words, fine-tuning the prior can
result in a significant gain - or, conversely, a loss - in terms of compression,
particularly for large-scale systems.

2.6 Conclusion

This study explored the implications of ensemble non-equivalence in
the context of MDL-based model selection. We specifically compared
the NML-based description lengths of canonical and microcanonical
maximum-entropy models. The NML approach enables a comparison of
model description lengths derived from the same underlying principle
without requiring prior assumptions about the parameters.

We found that, although microcanonical models fit the data better than
their canonical counterparts, they are always more complex. Determining
the best-scoring model - i.e., the one that minimizes the description length
- is not straightforward, as it depends on the observed values of the suffi-
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cient statistics. Specifically, we found that the canonical model performs
best when its fit to the observed data exceeds its average fit across all
possible values of the sufficient statistics.

Additionally, we explicitly compared the description lengths of canon-
ical and microcanonical models for dense n x m binary matrices in two
cases of interest: one with a global constraint, such as the sum of the
matrix entries, and another with n local constraints, such as the sum of
the entries in each row. In the former case, the model is homogeneous,
where the probability of an entry being 1 is the same for all entries, while
in the latter, the model becomes heterogeneous, with the probability of an
entry being 1 depending on the specific row. In this second scenario, the
canonical and microcanonical ensembles are no longer equivalent.

By comparing the description lengths of the canonical and microcanon-
ical formulations of these models, we found that the difference remains
finite when a global constraint is enforced but grows linearly with system
size when local constraints are imposed. Our findings highlight the im-
pact of choosing hard or soft constraints on data compression, leading us
to conclude that canonical and microcanonical models should be treated
as distinct from a model selection perspective in the presence of ensemble
non-equivalence. Furthermore, they suggest a new definition of model
equivalence based on MDL, which requires further investigation.

In addition, we investigated the relationship between NML-based and
Bayesian description lengths. We defined NML-optimal priors as those
that, when applied in a Bayesian framework, result in description lengths
that asymptotically match the NML-based approach. While the Jeffreys
prior is well known to be NML-optimal for canonical models under a
single global constraint, we show that this optimality does not hold when
local constraints are imposed. Indeed, in such cases, the difference be-
tween the corresponding description lengths increases with system size.
This observation serves as a caution to practitioners, suggesting that the
two approaches (NML and Jeffreys priors) should not be treated as inter-
changeable in the presence of ensemble non-equivalence. It also raises the
question of whether an NML-optimal prior exists when local constraints
are enforced.
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Lastly, we showed that different priors can result in largely different
description lengths when local constraints are involved. This finding
underscores the importance for practitioners of carefully selecting priors,
since the choice of prior could greatly impact the accuracy and effective-
ness of model selection.

Appendix of Chapter 2

A. Derivation of the microcanonical distribution from
entropy maximization

It is well known that canonical maximum-entropy models can be derived
by maximizing the Shannon entropy subject to soft constraints [[1]. Here,
we show that microcanonical models can also be seen as the solution to an
entropy maximization problem under hard constraints, as a direct conse-
quence of the Shannon-Khinchin axioms that uniquely identify Shannon
entropy [3}62].

Let G denote the set of all configurations, and let Gy.1iq C G denote the
subset of configurations that exactly satisfy the hard constraints. Consider
the problem of maximizing the Shannon entropy

S[P]=-)_ P(G)log P(G) (2.A.1)
Geg
over probability distributions P(G) supported on G, under the require-
ment that P(G) = 0 for all G ¢ Gyaiq. That is, configurations violating
the constraints are assigned zero probability.

The third Shannon-Khinchin axiom states that S[P] is expansible, i.e., it
does not change if an outcome with zero probability is added. This implies
that, in this case, maximizing entropy over the full space G with support
restricted to Gyaiiq is equivalent to maximizing entropy over Gyaq only.
Then, according to the second Shannon-Khinchin axiom, which states
that entropy is maximized by the uniform distribution in the absence of
further constraints, the solution is the uniform distribution over G.jiq:

1 if G c .
Pric(x) = {(l)gvaual lelse Guaia; (2.A2)
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With this derivation, canonical and microcanonical ensembles emerge as
distinct solutions to the same entropy maximization principle, differing
only in how the constraints are imposed.

B. Asymptotic expansions

Here we derive the asymptotic expansions used to obtain the asymptotic
results in section 2.4

B.1. One global constraint

We start by deriving an asymptotic expansion for the microcanonical
log-likelihood:

In Loic(l) = — In <"lm>
= —In(nm)! + In(nm — )! + Inl!. (2.B.3)
In the dense regime, [ is of order O(n) and Stirling’s approximation
mal = olnz — -+ %m(gm) +0(1/2) (2.B.4)
can be used to evaluate all the factorials above, yielding

In Limic(l) = —nmIn(nm) + (nm — 1) In(nm — 1)
nm

1
lnl—=-In|{ ———
i 2 " (27Tl(nm—l)

> +o(1), (2.B5)

which can be further expressed as a function of the density p = {/nm:
In Lic(p) = —nm - h(p) + %ln(nm) + %1n(27rp(1 —p)) +o(1). (2.B.6)
By combining this expression with the canonical log-likelihood
In Lean(p) = —nm - h(p), (2.B.7)
we obtain the asymptotic log-likelihood difference of equation (2.53).
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Similarly, we combine the asymptotic expansion of the microcanonical
complexity

COMPpyic = In(nm + 1) = In(nm) + In <1 + 1)
nm

= In(nm) + o(1), (2.B.8)

which follows from In (1 + 1) = ©(1/z), and the following asymptotic
expansion of the canonical complexity

can

1
COMPoyn =  In(nm) + 5 L (2) +o(1). (2.B.9)
The latter is easily derived by asymptotically expanding the following
approximation
COMPNML ~ 11’1 [ mTnm + 2 + V 27'(' 4

2 24/nm  135nm

V2 8
576« /(n 2835

provided in [56], where the authors show it to be very precise already for

] . (2.B.10)

small values of the total number of entries nm. Finally, equation (2.54) is
obtained by comparing the two asymptotic complexities. Notice that the
asymptotic formula for the canonical complexity represents a well-
known result, as it can be derived directly by applying the asymptotic
formula to the case of i.i.d. Bernoulli random variables.

B.2. One-sided local constraints

Here, we consider the regime in which m = ©(n). Similarly to the previ-
ous case, we need to expand the microcanonical likelihood

In Loic(r Z In ( >

= —nlnm!+ Z In(m —r;)! + Inr;!. (2.B.11)
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In the dense regime, all r;’s are of order ©(n), and we could again apply
Stirling’s formula to the factorials above. Nevertheless, because of the
factor n ahead of everything, Stirling’s formula is not enough, and we
turn to Stirling’s series [63]

1 1
Inz!=zlnzx —x + B In(27x) + Tor +0(1/2%). (2.B.12)
T

The resulting asymptotic expression can be expressed as a function of the
row densities p; = r;/m:

In Loie(r) = —mZh Di) lnm—|— Z [ln(27p;(1 — p;))]

i=1

12m EZ: [pz ) ] +0(1). (2.B.13)

By combining this expression with the canonical log-likelihood

In Lean(p) = —m Z h(p;), (2.B.14)

one obtains the asymptotic log-likelihood difference of equation (2.66).
Similarly, the asymptotic expansion of the microcanonical complexity
1
COMPpic =nln(m+1) =lnm+nln (1 + )
m

=nlom+ 2 +o(1), (2.B.15)
m

which follows from In (1+ 2) = 2 + ©(1/2?), is compared to the follow—
ing asymptotic expansion of the Canomcal complexity, based on (

2 [2 1 4
COMPm:glnm+gl ”+ n (

T /m or
to express (2.64). The asymptotic expression (2.67) is obtained as the
difference between the two asymptotic complexities.

)-”+o(1) (2.B.16)
m
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C. NML and Bayes

C.1. Bayesian-Jeffreys description lengths

In what follows, we compute the Bayesian description length DLP;Jeffreys

of the canonical model obtained by constraining the sum / over the matrix.
As already stated, this model is equivalent to modeling nm i.i.d. Bernoulli
variables, and this result can be found in Example 8.3 of [16]. In the paper,
we extend this result to the case of n one-sided local constraints.

First, we compute Jeffreys prior. For a Bernoulli variable, the Fisher
information for the parameter pis I(p) = p~*(1 — p)~! and fol VIp) = 7.
Thus, the Jeffreys prior reads

1
J(p) = —F——= (2.C.17)
m/p(1 = p)
and the Bayesian-Jeffreys DL is
DL?;}(es ]effreys — _1In / Pcan : p ( ) dp

lnf/ prE(l—p) gy, (2.C.18)
™ Jo

The integral above is the Beta function

! ['(2)T(y)
B(x, :/ t* 71—ty tdt = =L =2 2.C.19
)= [ et = TN .ca9)
computed for z = I* + 1 and y = nm — I* + 3, where I'(z) is the Gamma
function e
I'(z) = / t* e tdt. (2.C.20)
0
Thus

DI Bayes ]effreys(G*) — n T (l* + %) T (nm A %)
7 (nm)!

can

, (2.C.21)

which corresponds to Equation (2.78). By employing the Stirling series,
this expression can be expanded asymptotically as

DLE:Z“‘WYS(G*)=nm.h(l ) +gm ™ Lo (1/nm). (2C2)

nm 2
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The last expression is compared with the asymptotic expansion of the
canonical NML description length DLYME, obtained as the difference
between the asymptotic expansion of (2.B.10) and the canonical log-

likelihood:

pLWML(G* )—nm-h(l )+;ln7w;m+2 2 —— +o0(1). (2.C.23)

can nm 3V mnm

Fmally, Equation (2.79) is obtained as the difference between (2.C.23) and
2.C.22)

C.2. Proving identities
In what follows, we prove identities (2.82) and (2.83) of section 2.5

Proving Identity . We begin with identity (2.82), namely:

NML Bayes-Rissanen
DLCan DLmlC )

(2.C.24)

where the canonical prior I inducing the Bayes-Rissanen description
length is expressed as

_ Q(c)Lean(c)
> Lean(G)

We recognize the canonical complexity in the denominator of W. Thus,

(2.C.25)

putting this expression in the Bayesian microcanonical description length,

we get
Bayes-Rissanen * * z *
DL (G*) =InQ(c*) — InW(c*) (2.C.26)
—In Lean(c) + COMPap
= DL?L??L(G*)

which proves the identity.
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Proving Identity (2.83). We will now prove identity (2.83), namely:
g Y p y y

DLYME — pp Bayes-Uniform (2.C.27)

for the specific maximum-entropy models considered in this work, start-
ing from the case of one global constraint. The uniform prior on the
mean-value parameter p reads

wUmerm™(py =1 forp € [0,1]. (2.C.28)

Putting this prior in the Bayesian description length yields:
1
DL]CS:I)IIes-Umform(G*) _ ln/ Pcan(G*§p)dp
0
1 * *
— _ ln/ pl (1 _ p)nm—l dp
0

=In (nl?:l) +In(nm + 1)
= DLYME(GH), (2.C.29)

mic

where the integral is computed by integrating by parts [* times. This
proves the identity for the case of one global constraint.

The identity holds as well for the case of n one-sided local constraints,
with the uniform prior reading

wUniform(p) =1 for pc [0, 1]”_ (2C30)

Indeed, we have that

DLE:r}lles—Uniform(G*) — _In Pcan(G*;p)dp
1 N .
—Y o [ pia-pridp
= Zln <:Z) +nln(m+1)

i=1 g

= DLNML(GY), (2.C.31)

which proves the identity for the case of n one-sided local constraints.
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Chapter 3

Testing maximum entropy models
with e-values

Abstract

E-values have recently emerged as a robust and flexible alternative to
p-values for hypothesis testing, especially under optional continuation,
i.e., when additional data from further experiments are collected. In this
work, we define optimal e-values for testing between maximum entropy
models, both in the microcanonical (hard constraints) and canonical (soft
constraints) settings. We show that, when testing between two hypotheses
that are both microcanonical, the so-called growth-rate optimal e-variable
admits an exact analytical expression, which also serves as a valid e-
variable in the canonical case. For canonical tests, where exact solutions
are typically unavailable, we introduce a microcanonical approximation
and verify its excellent performance via both theoretical arguments and
numerical simulations. We then consider constrained binary models,
focusing on 2 x k contingency tables — an essential framework in statistics
and a natural representation for various models of complex systems.
Our microcanonical optimal e-variable performs well in both settings,
constituting a new tool that remains effective even in the challenging case
where the number k of groups grows with the sample size, as in models
with growing features used for the analysis of real-world heterogeneous
networks and time series.
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3.1 Introduction

In recent years, scientific interest in complex data modeling has surged,
due to the increasing availability of both global-scale structured data and
computational power. At the same time, rising concerns about the misuse
of p-values and significance testing [19, 20, 21] underscore the need for
reliable statistical methods to extract knowledge from data. As a robust
and flexible alternative to p-values for hypothesis testing, e-values [22, 23]
have recently gained considerable attention. Having been independently
(re)discovered several times in different contexts (including by physicists
[14] — see [22]] for early history) over the past decades, interest sud-
denly exploded in 2019 when the first versions of several breakthrough
papers [24, 25| 26| 27] appeared on arXiv.

An e-variable is a nonnegative random variable whose expected value
under the null hypothesis is at most one. The value it takes on the given
sample is called the e-value. This simple definition yields several de-
sirable properties: e-values provide rigorous control of the Type I error,
retain it under optional continuation (i.e., when data from additional
experiments become available), and can be interpreted as a measure of
evidence against the null hypothesis. However, not all e-variables are
equally useful as test statistics. To address this, a notion of optimality is
introduced. An optimal e-variable is one that grows quickly under the
alternative hypothesis, accumulating strong evidence against the null
when the latter is false. In this paper, we focus specifically on growth-
rate optimal (GRO) e-variables [24]. The results in [24], later extended in
[64]|65], provide a general theoretical framework for constructing GRO
e-variables in broad testing scenarios.

The aim of this work is to develop optimal e-variables for hypothe-
sis testing between maximum entropy models (MEMs). These models
are derived by considering each possible realization x € X of the data
(where X is the set of allowed realizations) and looking for the probability
distribution P(x) that maximizes Shannon entropy

Z P(x)log P(x 3..1)

XEX
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under a set of constraints, typically defined through a vector of observ-
ables c(x) over the data. This approach, due to Gibbs [2] and Jaynes [1],
outputs ensembles of data reproducing the constrained quantities and
randomizing everything else maximally.

Two main formulations of MEMs exist, depending on how the con-
straints are enforced. If the constraints are imposed as exact values,
i.e., ¢(x) = c¢* on each realizable x, one obtains a microcanonical model,
where only configurations satisfying the constraints are assigned nonzero
probability. If, instead, the constraints are satisfied only on average, i.e.,
Ep[c(x)] = c*, one obtains a canonical model, where fluctuations are al-
lowed and the probability distribution has exponential form. In statistical
terminology, by varying c* one obtains an exponential family with discrete
outcome space and uniform carrier [66]. In both cases, the probability of x is
entirely determined by the value of ¢(x), which plays the role of sufficient
statistic.

MEMs are commonly used to model complex systems that give rise
to structured data, e.g., in network science [6, [31} 36] and time-series
analysis [37,38], where they capture structural properties such as (hetero-
geneous) node degrees in networks or empirical trends in (non-stationary)
temporal data, respectively. However, while statistical tests for exponen-
tial family models are well established, testing procedures specifically
tailored to maximum entropy models remain far less developed, espe-
cially when applied in the microcanonical setting. In fact, e-variables for
testing between general MEMs have so far not been developed at all: the
only related works we are aware of are [30}[67]] and [28}|29]. The former
concentrates on the very specific sub-case of 2 x 2 tables (to re-appear
as Example A—C in our paper later on), but uses e-variables which are
designed for purely sequential purposes, and are therefore not optimal
in the sense we define below, neither in the canonical nor in the micro-
canonical setting. The latter works, [28} [29], studied e-variables for testing
between two exponential families with the same sufficient statistic but
different carriers. By contrast, testing between MEMs amounts to test-
ing exponential families with different sufficient statistics but the same
(uniform) carrier. This is exactly the aim of this work.
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This paper is organized as follows. In section we introduce e-
variables and growth-rate optimality. In section[3.3] we address the prob-
lem of finding optimal e-variables for testing between two maximum
entropy models, either microcanonical or canonical (3.3.2), that
differ in their sufficient statistics. We introduce a method to construct
optimal e-variables. We show that the microcanonical GRO e-variable is
also a valid canonical e-variable, and that in some cases, it asymptotically
coincides with the optimal one. This is particularly relevant: while canon-
ical models are way more commonly used in the literature, calculating
the optimal canonical e-variable is usually analytically impossible and
computationally infeasible. Here, we provide a method to compute the
optimal microcanonical e-variable explicitly and to further verify how
well it approximates the optimal canonical e-variable. In section we
explicitly apply these results to contingency tables, highlighting their con-
nections to important problems in network science. We first analyze the
case of 2 x 2 contingency tables and then generalize to 2 x k (3.4.2).
In both cases, we provide fully worked-out examples, allowing for exact
calculations of the corresponding e-variables and a detailed comparison
between microcanonical and canonical constructions. We show that, in
all scenarios considered, the GRO microcanonical e-variable is not only
a valid canonical e-variable but also an excellent approximation of the
optimal canonical one.

3.2 Introduction to E-variables

Consider the typical hypothesis testing scenario, where the goal is to
test a null hypothesis M, against an alternative hypothesis M. Both M,
and M are assumed to be parametric statistical models, i.e., families of
distributions sharing the same functional form:

M; = {Pj(x;0)}eco,, j<€{0,1}, (3.2)

where 0 represents the vector of model parameters and ©; the corre-
sponding parameter space for model M;.
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An e-variable E is a non-negative random variable that satisfies the
following condition under all distributions in the null hypothesis:

Eo[E] <1 VP e M,. (33)

The realized value of E evaluated on data x is called an e-value. Unlike
p-values, larger e-values indicate stronger evidence against the null. This
follows directly from their defining property that, under the null, their
expectation is bounded by one. This simple yet powerful definition has
several important implications [22,23]:

e Type I error control: The condition E¢[ E] < 1 ensures that a test
based on e-values controls the Type I error, that is, the probability
of rejecting the null hypothesis when it is actually true. Given a
significance level 0 < a < 1, by Markov’s inequality, we have

Py(E > 1/a) € a, (3..4)

for all Py € Mg. This guarantees that the probability of wrongly
rejecting the null hypothesis does not exceed the significance level
a, regardless of the true parameter value within the null model.

¢ Post-hoc error control: E-values allow a variation of valid Type-I
error control even when the significance level is chosen after ob-
serving the data [68]. Specifically, if e is the observed e-value, then
rejecting the null hypothesis at level 1/e preserves a Type I risk
bound despite this level being data-dependent. This contrasts with
traditional p-values, which only guarantee valid inference when the
significance level is fixed in advance.

* Optional continuation: E-values support valid testing under op-
tional continuation, making them well-suited for sequential analyses
and meta-analyses across independent studies. If (1), (), . .. are
e-values computed on independent data batches (e.g., studies), their
product remains a valid e-value — even if the decision to analyze
further batches, to perform tests on them, or to incorporate specific
prior knowledge into the e-values is guided by the outcomes of ear-
lier batches. In this way, Type I error control is preserved, enabling
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flexible and robust hypothesis testing across repeated or cumulative
experimental settings.

We emphasize that post-hoc error control and Type-I error control
under optional continuation cannot be achieved with p-value-based and
other classical hypothesis testing methods — in particular, classical meta-
analyses in the medical and the social sciences come without any er-
ror guarantees. Regarding the latter, [69] contains an e-value-based re-
analysis of 2 of 28 classic psychological findings considered in the Marny-
Labs2 Project [70]. The goal of this project was to asses the replicability of
the original results. Each of the 28 psychological studies was repeated
in many labs across the world, each repetition (called replication attempt)
involving newly acquired, expensive experimental data. [69] found that,
for the two findings considered, if e-values had been used, correct and
statistically valid conclusions could have been drawn based on a much
smaller number of replication attempts than had actually been done, sav-
ing enormous amounts of time and money. For an overview of other
practical applications of e-values (there are many, besides meta-analysis),
we refer to [22} 23].

While all random variables satisfying condition qualify as e-
variables, not all of them are informative. For instance, the constant
random variable E(x) = 1 satisfies the definition but provides no infor-
mation. To address this, a notion of optimal e-variables was introduced
in [24]. In particular, the authors define the Growth Rate Optimal (GRO)
e-variable as the unique solution to a specific optimization problem based
on a growth criterion, which we present below.

As a first step toward understanding GRO e-variables, we introduce
the concept of Bayesian evidence (also known as the Bayesian marginal
likelihood) of model j with prior density w;, defined as:

P (x) = /@ P;(x; 0)w;(6)d6. (3.5)

This quantity reflects the overall support the data provide for model j,
by averaging the likelihood over the prior; it is widely used in Bayesian
model selection, where models with higher evidence are preferred. We

62



shall mostly work with prior densities w; defined on convex parameter
spaces ®; C R? (d > 0), assuming they are continuous and strictly
positive for all @ € ©®;. We refer to such priors as regular priors.

Given a fixed prior w; (regular or not) on the alternative hypothesis,
the GRO e-variable SRO is the unique solution to the following optimiza-
tion problem:

SORO — arg max Epw [log F], (3..6)
where &, denotes the set of all e-variables relative to the null model My,
i.e,, the set of all random variables satisfying (3..3).

This optimization can be interpreted as a growth criterion: while
the expected value of any e-variable is bounded under the null, a well-
designed e-variable should grow rapidly assuming the alternative is true,
when the prior w; is correctly specified. The use of the logarithmic growth
in this criterion is motivated and discussed in more detail in [24]. The
quantity E pv1 [log £], known as the e-power [71}72, 73] of E, has become a
standard measure for evaluating the performance of an e-variable.

In the most common case, a GRO e-variable solving the aforemen-
tioned optimization problem takes the form of a Bayes factor [74], i.e., the
ratio between two Bayesian evidences:

b (x)

S(x) = P ()" (3..7)
The fact that the solution to looks like is not at all obvious — it
is the central result of two breakthrough papers, [24,65]. Equation (3..7)
represents the Bayes factor comparing models M; and M. It measures
the relative support that the data provide for one model over the other.
However, not all Bayes factors qualify as e-variables; to ensure the e-
variable property (3..3), while w; may be chosen freely, a specific prior wg,
depending on w1, must then be chosen for the null hypothesis. Specifically,
wg is the solution to the following optimization problem:

wy = arg min Dgp (P || Fy™) (3..8)
’LUEWQO
where W, is the space of all priors on 6y, and Dk (P;" || F’°) denotes
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the Kullback-Leibler divergence:

W1 wo w1 Pwl X
Dy (P |1 P™) Z P (x) log T EX;
XEX
=Epu [log S(x)]. (3..9)

Theorem 1 in [24] proves that given w;, among all Bayes factors of the
form (3..7), the random variable

=1 = (3..10)

is the only e-variable, assuming that a w( achieving the minimum in (3..8)
exists [l

To sum up, the GRO e-variable is the unique solution of two different
optimization problems, defined on two different sets: for a given P;”!
and null model My, SSRO is the only e-variable among Bayes factors of
the form at the same time it is the only e-variable maximizing the
e-power (see Figure [l).

! As shown in [24], multiple distinct minimizers w may exist, but they yield the same

we . . we X .. o
Py °. Even when a minimizer does not exist, P, ° can be defined as a limit along a mini-
mizing sequence w;, ensuring that (3..10) remains a valid e-variable.
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Figure 1: The GRO e-variable S°* is the unique intersection between the
set By, |w, of all Bayes factors for a given P;"* and varying Fy’°, and the
set & of all e-variables relative to model M. At the same time, it is the
unique e-variable maximizing the e-power relative to P;"*. This schematic
representation considers two possible alternative priors, w; and @;.

The reader may have noticed a seeming asymmetry: while e-values
are defined in a frequentist sense — requiring Type I error control for all
Py € My — our optimality criterion for GRO relies on a prior w; over the
alternative model M, and thus relies on a Bayesian formulation.

It would be conceptually appealing to define an optimality criterion
that, like the e-variable condition, provides performance guarantees over
all Py € M; rather than on average according to a prior wy. As it turns out,
this is indeed possible by drawing on ideas from information theory.

To move in that direction, we first note that the result of [24] is not
limited to Bayes factors. It applies to more general e-variables of the form

Sx) = ) (3.11)
Fy® (%)
where P; is any probability distribution over the data space. For such
constructions to be useful, however, the choice of P, must be guided by
an appropriate extension of the GRO criterion.
This leads us to the concept of regret, also referred to as relative growth
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(regrow) in [24], which we adopt here using more common terminology.
Regret quantifies the power loss incurred when using a candidate e-
variable instead of the ideal one, which is designed for the true data-
generating distribution.

To define it precisely, suppose that the data are generated according
to a fixed but unknown distribution P;(x;6;) € M;. If we knew 84,

we could construct the GRO e-variable SCRO(91) optimal for that specific
alternative:
seroy) _ L1(xi61) (3.12)
P ()
where Py(x:6)
T in Eg, |log =2t 3.13
wo = arg min Fo, {Og P (3.13)

and Eg, denotes the expected value under P;( -, ;). Here, the alternative
hypothesis reduces to a singleton — a statistical model containing only
one distribution — and in some cases, such as the 2 x k contingency tables
considered later in this paper, SSRO(61) can be computed exactly. The
regret of a candidate e-variable Scang is then given by:

REG (81; Seand) := Eo, [1og SORO(6Y) _ g Scand} . (3.14)

which quantifies the expected loss in log-growth due to not knowing the
true parameter.

Since 6, is unknown, a natural robustness criterion is to consider the
worst-case regret across the entire alternative:

REG;(®1; Seand) := max REG;(601; Seand)- (3..15)

6,€0,;

This leads to a new optimality principle: among all e-variables, one
would seek the minimax optimal e-variable — i.e., the e-variable that mini-
mizes REG; (©1; Scang) over all valid choices of Scang. However, comput-
ing this minimax-optimal e-variable is generally infeasible in practice,
as we currently lack efficient algorithms to solve the corresponding opti-
mization problem. Nevertheless, when the models M, and M; exhibit
sufficient regularity — as is the case for Maximum Entropy models, dis-
cussed in the next section — GRO e-variables constructed from
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with appropriately chosen P; can closely approximate the minimax opti-
mal solution. In particular, one can consider e-variables of the form ,
where the numerator P; is set to a universal distribution relative to the
alternative model M. Universal distributions, which include Bayesian
mixtures P;”* as special cases, arise naturally in the theory of the Mini-
mum Description Length (MDL) Principle [16,17,/18]. Such choices of P
lead to e-variables that, while not exactly minimax-optimal, are typically
close to optimal in terms of regret minimization, and therefore provide
a practical and principled strategy for robust hypothesis testing. To clar-
ify this connection, we take a brief detour to explain how e-value-based
methods relate to the MDL Principle and its central concept, the universal
distribution.

3.21 GRO e-values and description lengths

The Minimum Description Length Principle provides a general framework
for model selection: from a set of candidate models, it chooses the one
that yields the shortest encoding of the observed data. In this approach,
each model is represented by a single probability distribution, and models
are compared via their description length. The preferred model is the one
with the smallest description length.

When comparing two models M, and M, the difference in descrip-
tion lengths is

ADL(x) = DL;(x) — DLo(x)
= —log P;(x) + log Py(x), (3..16)

where P; and P are the representative distributions for M; and M,. By
Kraft’s inequality [16, 54], the code length to describe x, using a code
that compresses optimally in expectation under Q, is (up to rounding)
—log Q(x) nats (log denoting natural logarithm here); thus, — log P;(x) is
the code length implied by P;.
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Universal distributions and worst-case redundancy

The key point is how to determine a single probability distribution P;
representing M ;: it should perform well regardless of which specific dis-
tribution within M generated the data. In other words, if a distribution
P € M achieves a short expected code length Ep[—log P(x)], then P;
should yield a similarly short one. Such P; are called universal distributions
for the model M; [16].

To be more precise, we can define the redundancy of Pj relative to a
parameter 6; as

RED](OJ, PJ) = Egj [ — log Pj (X) —+ IOg Pj (X; 0])] . (317)

This quantity measures the expected extra bits needed when using P; in-
stead of the expected optimal code for P;(-; 8;). The latter is not available
in practice, since the true 8; is typically unknown. Thus, it is useful to
define the worst-case redundancy:

RED;(©;; P;) := r;le%(j RED;(0;; P;). (3..18)
A distribution is universal if this quantity is small.

Ideally, one would like to find a P; that minimizes the worst-case re-
dundancy, but this is generally infeasible. However, for a d;-dimensional
parametric model under standard regularity conditions (satisfied by
the Maximum Entropy models considered later), the Bayesian choice
P; = P} with a regular prior w; attains near-optimal performance: its
redundancy is within a constant of the optimal value as the sample size
grows. This is formalized in the following result.

Definition 3.2.1 (INECCSI sets [16]).
Let
M; ={P;(x;0)}oce,, Jj€{0,1}.
A subset ©®) C ©; is an INECCSI subset if its interior is a non-empty,
convex, compact subset of the interior of ©;.

INECCSI subsets exclude boundary effects and ensure regular asymp-
totics. For instance, in the Bernoulli model with © = [0,1], any [, 1 — €]
with 0 < e < 1/2is INECCSL
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Let Mgm) be the i.i.d. extension of M to m observations, i.e., a model
over y™ - (x1,...,Xm,) where each x; € X is independently sampled
from P;(-;0). Let Pj(m) be the i.i.d. extension of P; and P_’j(m) be a distribu-
tion on y™. Let RED™(0;; Pj(m)) be the worst-case redundancy attained
by Pj(m). Since Eg, [ log Pj(m) (y™; 0;)] grows linearly in m, universality
of 15]-(7”) requires RED™ to grow sub-linearly in m.

A standard result [16] states that for every INECCSI subset @; and
regular prior wj, there exists C' > 0 such that for all m:

dj . m 1. p(m)
5 logm — C }?f)RED (G)J,PJ )
Py w;(m d;
< RED ”((-);-;Pj ( )) < —2] logm + C, (3..19)

where the infimum is over all distributions on X (™). The key implications
of these results are:

¢ the minimum achievable worst-case redundancy grows as
(d;/2)log m;

¢ Bayesian marginal likelihoods are universal distributions, and their
redundancy exceeds the minimum attainable by at most a constant
— in this sense, they are asymptotically almost optimal.

Universal distributions guarantee low-regret e-variables

We can now formalize the connection between e-values and MDL: we
show that using a universal distribution P; as the numerator in the e-
variable construction leads to small regret. This provides a princi-
pled justification for the use of Bayesian mixtures in e-value methods.
To see this, notice that (minus) the log-ratio of any variable of the form
Py (x)

S e

induces a difference in description lengths between models M; and M,:

—log S(x) = —log Py (x) + [log Py (x)]. (3..20)
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This mirrors expression (3..16), but with one crucial difference: for S
to be an e-variable, the denominator P cannot be chosen freely, as it
must be the prior w( that ensures that S qualifies as a GRO e-variable (i.e.,
satisfies the e-variable condition).

This formulation, however, brings a clear interpretative advantage:
the description length difference expressed in now has a direct
statistical interpretation. Indeed, if S is an e-variable, the corresponding
code-length difference can be mapped to a statistical significance measure,
since Type I error control is guaranteed. This grounds the MDL code-
length difference within a frequentist hypothesis testing framework. In
particular, smaller values of —log S(x) correspond to larger e-values and
hence stronger evidence against the null model M. This observation
addresses a longstanding issue in MDL: although it provides a principled
model comparison method, it lacks explicit statistical guarantees such
as Type I error control [16, Open Problem No. 9, page 413]. Restricting
attention to code-length differences that admit an e-value interpretation
not only provides such guarantees but also makes it possible to assign a
well-defined evidential value to differences in description lengths. This
can be seen as the natural solution to the problem — at least for the two-
model comparison case [17]]. Extending this insight to multiple models
remains an important open challenge.

The connection between e-values and MDL becomes even more com-
pelling when considering the regret of e-variables. Indeed, we now show
that the worst-case regret of an e-variable using numerator P is never
larger than the worst-case redundancy of P;. Let us restrict attention to
an INECCSI subset ®] C ®;. Moreover, for clarity, let’s denote the regret
relative to the GRO e-variable associated to P, i.e. the regret obtained by
putting Seand = P1(x)/Pi (x) in deﬁnitionm as REG;(©; P;). Then,
for any distribution Py, according to definitions and (see
section[A) it holds:

This shows that, in the worst-case over 6, the regret of an e-variable
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built with numerator P; is upper bounded by the redundancy of P;.
Consequently, choosing a universal distribution P;, which by definition
provides small redundancy, guarantees small regret.

This motivates our choices in the next sections: we will construct e-
variables by setting P; to the Bayesian mixture P;"* (with a regular prior),
which yields small regret of order (d;/2) logm + O(1). This choice is also
common in the literature, as Bayesian mixtures are widely adopted in
the construction of e-variables [22]. In Section of the Supplementary
Material, we show the same results for another universal distribution,
the Normalized Maximum Likelihood PNML, which yields regret of the
same order, and has already been used (implicitly) in [75] as an e-variable

numerator.

3.3 Application to maximum entropy models

Here, we provide explicit formulas for hypothesis tests that involve either
microcanonical or canonical maximum entropy models. We focus on the
case of discrete data. For a given choice of sufficient statistics c(x), we
denote by C the discrete set of values of c(x) that are realizable by at
least one x € X; for mathematical convenience, we assume that C is a
(finite or countable) subset of R for some d € N. Moreover, for any given
value c € C, let Q(c) represent the number of configurations satisfying

the constraint c(x) = ¢, formally defined as:
Q)= > L (3.22)

x:c(x)=c
Entropy maximization, when the hard constraints c¢(x) = c are en-
forced on each realizable configuration x, yields a microcanonical model
whose functional form is a uniform distribution over data satisfying the

constraints:

1 : —
@ el = (3.23)
0, else.

Pmic(x§ C) = {

The parameters of a microcanonical model correspond to the sufficient

statistics themselves, with values in the discrete parameter space ;. =
C.
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When soft constraints E[c(x)] = c are enforced (that is, the value c
of the sufficient statistic is to be met only as an ensemble average), the
maximization of the entropy returns a canonical model where the resulting
functional form of the probability distribution is, instead, exponential,
with positive probability for all possible data:

679-c(x)
Z(0)

where Z(0) = Y, ., e~ 9™ is a normalization term known as partition

Pcan(x; 0) = (3..24)

function. Canonical models coincide with what is called exponential families
with uniform carrier function in the statistics literature [66], and the formula
above is generally referred to as canonical parametrization, where the
parameters 6 € ®.,, may be viewed as the Lagrange multipliers resulting
from the entropy maximization. For each value c defining the micro-
canonical model in Eq. (3..23), there is a corresponding value 6 such that
Eg[c(x)] = ¢ under the canonical distribution in Eq. (3..24).

The above ‘duality’ between canonical and microcanonical models
implies that, alternatively, canonical models can also be parameterized
using the expected value of the sufficient statistics. Given parameters 6,
define the mean value vector:

11(6) = Eglc(x)]. (3.25)

This defines a smooth, one-to-one mapping between the canonical param-
eter space O and the set of realizable mean values, denoted by M. In
exponential family theory, p is known as the mean value parameter. For fu-
ture reference, we refer to P,, = Pean(+; @(pt)) as the canonical distribution
defined in its mean value parametrization, where 6(p) is the mapping
from mean-value parameters to corresponding canonical parameters, i.e.
the inverse of p(8).

A well-known result in this setting is that, if the set of possible con-
straint values C is finite, then:

e the canonical parameter space is the full space ®cn = RY;

¢ the corresponding space of mean values M coincides with the interior
of the convex hull of C.
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This result ensures that the mapping 6 — p is not only bijective but
also covers all “physically meaningful” expected constraint Valuesﬂ In the
rest of the paper, we will make use of this bijection and employ whichever
parameterization is most convenient. In particular, when dealing with
Bayesian marginal likelihoods and their priors, we will typically work in
the mean-value space, bearing in mind that all results can be equivalently
expressed in the canonical parameter space via the mapping 6 — p(0).

In what follows, we define GRO e-variables for tests where both the
null and the alternative hypotheses are two microcanonical or two canon-
ical MEMs that differ in the choice of constraints. Our main theoretical
results are presented in a general form, but to guide the reader through
the derivations, we will use a running example throughout (Examples A,
B, and C): a simple 2 x 2 contingency table, representing two groups of
binary data.

3.3.1 Microcanonical test

Consider a test where the null Mpjc o is a microcanonical model with
sufficient statistics c( taking values in set Cy and the alternative Mp;c 1
is a microcanonical model with sufficient statistics ¢, taking values in
set C; # Cy. The parameters of microcanonical models are discrete and
correspond to their sufficient statistics. In this section, we restrict our
analysis to the case of microcanonical Bayesian universal distributions for
the alternative hypothesis, denoted by Prfgclm where W is a probability
mass function defined on C;. Thus, the microcanonical GRO e-variable

reads w
Plo(x
SGRO = 7“3;}1( ) (3.26)
P miC,O(X)

and it solves the discrete version of the GRO optimization problem:
mic,0

Wi = arg min D (Pt || Py ) (3.27)
<o

where instead of prior densities wg, we need to consider prior probability
mass functions Wy, and W, is the set of all such distributions on the

2It follows from the general theory of exponential families with finite support [76, Theo-
rem 9.2], under a technical condition known as steepness, which holds when C is finite.
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parameter space Cy. We solve the microcanonical GRO optimization
problem explicitly and exactly (full derivation in Section of the
Supplementary Material; here we report only the main results) and find
the optimal prior distribution on the null:

Wileo)= Y. Puli(x), (3.28)
x:co(x)=cq
i.e., Wi (co) is the marginal distribution of the null sufficient statistic ¢ (x)
induced by Pﬁg’l. In the special case where the alternative sufficient
statistics completely determine the value of the null, we say that Condition
A holds:

Condition A: (3..29)

there exists a function f : C; — Cp s.t. co(x) = f(c1(x)).

Under Condition A, one can write:

Wilco)= >, Wiler), (3..30)
c1: f(c1)=co
i.e., the GRO-optimal prior on the null is the distribution induced on
the null sufficient statistics by the alternative prior, or equivalently, the
marginal distribution of ¢, induced by W;.
Once that W{ is computed, the microcanonical GRO-optimal e-
variable can always be expressed as

_ Qo(co(®)) Wi(ei(x)

-~ (er(x)) W (eo(x))’
Finally, although the fact that SSRO is an e-variable follows from a general
theorem (Theorem 1 in [24], as mentioned above Equation ), we
additionally provide a further, direct proof showing that its expected

Smic (%)

(3.31)

value under the null is exactly one:
Eo[SSh] =1 VPrico € Mumico. (3.32)

This direct proof, as well as the section’s other detailed calculations and
proofs, can be found in section [Bl For clarity, we now provide a first
example application.
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Example A

Let us consider the dataset x = (x%, x") consisting of two groups of binary
data, represented as x* = (z{, ..., #%.) and x” = (29, ..., 2%, ), with n* and
n® the respective group sizes. The total sample size is n = n, + n,. We
denote by n¢ = Y"1 2% and n% = Y"1'*| 2? the total number of 1s in x*
and x%, and by n; = n¢ + n} the total number of 1s in x. The aim is
to build a microcanonical test to determine whether the probability of
observing « = 1 differs across groups. To do so, we set the alternative
sufficient statistics equal to the number of 1s in each group, ¢; = (n{,n?),
and the null sufficient statistic equal to the total number of 1s, cg = n4.
In the microcanonical formulation, these quantities are treated as fixed

in the respective models. To find the microcanonical GRO e-variable, we

apply formula (3..31), where:

* Qy(ny) = (:1) is the number of permutations of x preserving the
total number of 1s;

by a N . .
e Qy(nf,nh) = (2%) (Z?) is the number of permutations of x preserving

the total number of 1s in each group.

For the sake of this example, we put independent, discrete uniform priors
on the alternative parameters n¢ and n}:

1 1
n®+1nb+1
In this case, Condition A (3..29) holds, as the null sufficient statistics can
be written as a function of the alternative one: n; = n{ + n%. Thus, the

Wi(nf,n) = Ua(n$) Uy(n]) = (3.33)

optimal prior on the null W is the distribution of n; induced by Wj. In
this case, that is simply the convolution of ¢, and U4;,, which is a triangular
discrete function:

ni+1
(ne+1)(nb+1)°

N %m, if min(n®n’)<n; <max(n®,n’),
Wi (n) = (3..34)

n“+nb+1—n :
m, if max(n“,nb)<n1§n“+nb,

if o<ny <min(n®,nb),

0, if otherwise.
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as shown in Figurelzl The microcanonical GRO-optimal e-value is finally
obtained by substituting each term in Eq. (3..31).

Discrete Uniform prior W§ GRO-optimal prior W, : Convolution of W$ and W¥

Probability
°

°
°
°
~
IS
°
®

2
ng 5
: E
. . " 0.04
Discrete Uniform prior W9 £

0.02

Probability
a

o o
s
8

0.00
00 25 50 7.5 100 00 25 50 75 100 125 150 175
m

np

Figure 2: In the microcanonical Example A, when the prior on the alternative
sufficient statistics n¢ and n are uniform distributions (on the left), the re-
sulting GRO-optimal prior on the null sufficient statistic n; is the convolution
of the two uniform distributions, which results in a triangular distribution
(on the right). In this example, n® = 8 and n® = 10.

3.3.2 Canonical test

Consider a test where the null Man o is a canonical model with sufficient
statistics cg taking values in set Cy, and the alternative Mcan 1 is a canon-
ical model with sufficient statistics ¢, taking values in set C; # Cy. The
goal is to find the canonical GRO e-variable:

Pcan
garo _ Frana () (3.35)
Peano(%)

can,0

where wy is a prior density on the mean-value parameter space My and

solves the optimization problem

(3..36)

wy = argwg%/iVI,lLO Do (Pu[|Pg™).
No exact general solution is currently available for this problem. While in
some cases it can be solved analytically or numerically, in the majority of
cases, there is neither a known analytic solution nor a feasible numerical
approach. Here, we propose two candidate approximations, the micro-
canonical approximation and the pseudo approximation. As we will see, the
first serves as an actual approximation, and the second as a tool to assess

whether the former approximation is good.
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The definition of the microcanonical approximation is based on two
facts, proven in section|C}

e A canonical universal distribution Pcan,l with sufficient statistics
c; can always be expressed as a microcanonical Bayesian marginal
likelihood, i.e., there always exists a prior probability mass function
Wean,1(c) such that

Pcan,l = chan’l (337)

mic,1

with Wean 1 obtained by setting (for j = 1):

Wenj(c;) = Y Peanj(x), (3..38)

x:cj(x)=c;

i.e.,, Wen,j(c;) is equal to the distribution of c;(x) induced by

Pean,j(X).

¢ Given the canonical and microcanonical models M, and My
built upon the same sufficient statistic ¢(x), a microcanonical e-
variable E is always a canonical e-variable:

Ep|E]<1 VP E Mmc = Ep|E]<1 VP € Men.
(3..39)

Following the first fact, given Pcaml and using the results of the previous
section, we can build the approximating microcanonical GRO e-variable

Sgﬁo for the microcanonical test based on the corresponding Prz/:“l’l =
Pran,1- Thus (3.26) becomes
Srcr;lﬁo = % = pcan,lw (3..40)
Pl o(x) Wi (co(x))

where, readapting (3..28)

Wg (CO) = Z Pcan,l(x)~ (341)

X :co(x)=cq

Given the second fact (3..39), the resulting microcanonical GRO e-variable
is a valid canonical e-variable, i.e., it is an e-variable for the test between
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two canonical models, even if, for this test, it is not the GRO-optimal one.
As such, from (3..6), it will have a smaller e-power than the canonical
GRO one unless the two coincide:

Ep,., [log Ser’] <Ep,, , [log SGRO] . (3.42)

ic can

The pseudo approximation is further built over the microcanonical
SGRO

one. The prior W (used to build S;%”), defined on Cy, is transformed into
a smooth density wpseudo,0 OVer the corresponding (continuous) mean-
value parameter space My. This is obtained through a high resolution limit,
by computing W (co) for a much higher dimension and by properly
rescaling and normalizing it such that it is interpreted as a Riemann
approximation of a continuous density on g19. A practical example of this
procedure, which might seem abstract at this stage, is given in Examples
B and C. Moreover, a pseudo-code is provided in section [E] Given that,
in general, wpseudo,o 18 different from the GRO-optimal prior wg, which in
most cases remains unknown, the resulting variable
P, can,1 (X)

Spseudo = Pwpbeuao’g (X) (3--43)

can,0

is not an e-variable, unless wpseudo,0 = wp- Indeed, from Theorem 1 of [24],
SGRO is the only e-variable of that form. Moreover, from (3..8), it holds:

can

Die(Pean1 | P22t ) < Dict (Pean, 1| P (3..44)
or, equivalently:
Ep,., [0gSan’] <Ep,,, [10g Spseudo) - (3.45)
Consequently, one has

Ep,.., logSaic’] <Ep,,, [logSan’] < Eg,,, [10g Spseudo]

i.e., the two approximations provide an upper and a lower bound for the
e-power of the canonical GRO e-variable. In summary, when the canonical
GRO e-variable is not available, we can follow a two-step procedure:
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1. We build the corresponding microcanonical approximation, know-
ing that it is a valid candidate e-variable. To build it, we first trans-
form the canonical universal distribution into a microcanonical one,
by finding Wean 1 as in (3-38). Then, we compute SSRO according

mic
to the formulas expressed in the previous section (Equations (3..28)

and (3..31))).

2. The goodness of the microcanonical approximation can be evaluated
by looking at the width of the interval

r=Ep,., [10g Spseudo] — Ep,, , [log Spi] >0 (3..46)

where, for future reference, it is useful to note that, using definitions

(3..43) and (3..40) and sufficiency, we can rewrite

wy Wpseudo,
r= Epcan,l {k)g Pmié),O (X) - log Pcafl,Od O(X)}
= Eﬁ’cm’l DOg W(Sk (CO(w)) — log Wpseudo,O(CO (X))} (3.47)

where Wiseudo,0(co(x)) is defined as in (3..38).

The evaluation above is under Pcan,l-expectation; this makes sense if we
use a Bayesian universal distribution Pepn 1 = P4 1 and the prior w is
a reasonable expression of our uncertainty. If we are not so sure about
our priors, or if Pcan,l is non-Bayesian (see , we may be interested in
a more stringent, worst-case measure for evaluating the performance of
the microcanonical approximation. In analogy with the worst-case REG
defined in we define an alternative version of r, denoted by /, which
can be defined both relatively to a single parameter 8, (equivalently and
more conveniently relative to p1 = p(61):

7nl(ll’l) =E,, DOg Spseudo — log SSIE;O] (3..48)
=Epu, DOg Wy (CQ(:B)) — log Wpseudo,O(CO (X))] )

where E,, denotes the expected value under P, and in its worst-case
version, which for clarity will be denoted by »’:

r’ = max ' (p1). (3..49)

M1 €My
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It can be easily argued that

r>0=1>0. (3..50)

In case r (or 7’) is small, we know that our easily computable mi-
crocanonical e-variable SSRO is close to optimal according to the GRO
criterion for the canonical problem, and hence can be used instead of
the canonical SGRC. In the following example, which is a continuation of

Example A, we show a practical case where this turns out to be true.
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Figure 3: Procedures to compute the microcanonical approximation S
and the pseudo approximation Spseudo for testing between two binary data
streams, under uniform priors (as in Examples A, B, and C). Starting from two

independent continuous uniform priors on the alternative (top left), we con-

struct discrete microcanonical priors (top right) satisfying P, = P!
In the specific case of continuous uniform priors, these discrete priors are

also uniform. The optimal discrete prior W{, used in Sf;’lﬁo, is obtained by

convolving the alternative priors. The continuous prior wpseudo,0 for Spseudo
is derived either from Wy through a high resolution limit (wéseudo,o), or by
directly convolving the original continuous priors (wgseudo,o).
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Example B (continued from Example A)

We consider the same setting as in Example A, but in this case, we are
interested in constructing a canonical test. In a canonical formulation, the
observed number of 1s is fixed only in expectation. As a result, the null
model is a collection of n i.i.d. Bernoulli variables, where the parameter is
the probability py € [0, 1] of observing « = 1, which is the same regardless
of the group. The alternative model, instead, assumes that data in the two
groups are independent Bernoulli variables, where the parameters are the
probabilities (p4, py) € [0, 1]? of observing x = 1, which depend on the
group. The tests aim to assess whether p, and p;, are the same or whether
they are different. Again, for the sake of this example, we put indepen-
dent, continuous uniform priors on the alternative parameters p, and
Db, W1 (Pas Pb) = u(pa)u(py) where u(p) = 1if p € [0,1] and u(p) = 0 else.
In this simple case, the Bayesian marginal likelihood can be computed
analytically, and it reads:

! @ a a 1 b b b
ngfllyl = /0 pgl (1 *pa)n 7n1dpa/0 pgl(l *pb)n 7"1dpb

a\ —1 b -1
1 1
= na S — nb - (3.51)
ng n®+1 \nj n® +1

Following the procedure described in this section, we first build the mi-
crocanonical approximation. To do so, we need to compute the probability
Wean,1 induced by P;"™* on the alternative sufficient statistics, such that
P = PX;‘H‘. By inspecting Eq. (3..51)), it is easy to observe that Wean 1
is the uniform distribution: Wean1 = (na+1) 71 (np+1) 71 = Uy (n$) Up(n?).

Thus, we can compute the microcanonical approximation SSRO by using
the results of Example A. As a second step, we check whether this micro-
canonical e-variable is a good approximation by studying the behavior
of the interval width r as the total size n increases. To evaluate Spseudo,
we compute the prior wpseudo,0 as described above (denoted by wéseudo’o
in Figure 3| to be distinct from wgseudo)o of the following Example C). A
schematic representation of how SSRO and SPseude are built is shown in
Figure

Once SSRO and Spseude are computed, we can compute the gap be-
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tween their e-power, , which contains the optimal e-power: the smaller
r, the better the microcanonical approximation works. In our simple
example, r is already very small for small sample sizes and converges
very rapidly to 0 as the sample size increases, as shown in Figure [4

Example B: Two Bernoulli streams with uniform prior

0.0016
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0.0008
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0.0002

100 200 300 400 500 600
Sample size

Figure 4: Convergence of the interval width r for a canonical test between
two streams of binary data (as in Example B), for n = n” = m, as the sample
size n = 2m grows.

3.3.3 Asymptotic justification for the microcanonical ap-
proximation

We now provide a theoretical result that explains why the microcanonical
approximation tends to perform very well in practice, even when the
canonical GRO e-variable is not available. Specifically, it suggests that in
many cases the gap r defined in Equation (3..46)) converges very fast to 0
as the sample size increases.

First, let M be a canonical maximum entropy model with sufficient
statistic c(x) taking values in a finite set C C R?. The canonical distribu-
tion has an exponential form

Pran:6) = £ 3.52
can (X; 0) = W7 (3.52)

and induces the mean-value mapping
u(6) == Eqle(x)], (3.53)
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with p taking values in the mean-value parameter space M.

Next, consider the i.i.d. extension M (™) in which y(™) = (x1,...,%,,)
are m i.i.d. samples from P, (+; 0). The sufficient statistic of y(™) is the
sum .

s(m) (y(m)y = Zc(xj). (3..54)
j=1

Let w be a prior density over M, and let Q* be the induced probability
for any measurable M’ C M:

Q¥(peM):= / w(p) du. (3..55)
M/
The following theorem shows that the normalized sufficient statistic

converges in distribution to Q™. Convergence is quantified in terms of
probabilities of subsets, with error decaying at rate O(log m/m).

Theorem 3.3.1.
Let w be any regular prior density on the mean value parameter space M C R4
Then, for any INECCSI (Definition subset M’ of M, we have

o (8 () )
pu {S'ER‘Y) € M’} —QV{peV} = O( Oi;”) . (3.56)

In words: under the Bayesian marginal likelihood nggm), the nor-

malized sufficient statistic s(™) /m becomes increasingly close to being
distributed according to the prior over mean-value parameters.

Assume we can extend both canonical models My and M to ii.d.
models Mf{’” and Mgm) as above, where holds for both ¢ = ¢y
(sum denoted by s¢) and ¢ = c; (sum denoted by s;). In such settings, The-
orem 3.3.1|supports the claim that the gap r between the microcanonical
and pseudo approximations vanishes for large m. This is best explained
in terms of our running example.

Example C (continued from Examples A and B)

Suppose n® = n® = m, so that data can be grouped into m ii.d. blocks,
each consisting of one binary outcome from group a and one from b. For

each m, the sufficient statistics are:
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o s\™ = (¢ ™). number of ones in each group under the
alternative;
o 5™ = 1(nf"™ 4+ nf™): average number of ones across both

groups under the null. The division by 2 is required to ensure that,
for a single outcome, My = [0, 1], and can be interpreted, intuitively,
as a set of probabilities.

After normalization by m, s\ /m € My = [0,1]2 and s{"™ /m € My = [0, 1].
Notice that every discrete distribution Wj(m) on the sufficient statistics of
M;m) induces a discrete distribution Vj(m) on the normalized sufficient

(m

T w1 (m
statistics: P can.,

can,1

) induces a probability 1, on the alternative suffi-

cient statistics s1, and a corresponding one, denoted here by Vl(m), on

the normalized alternative sufficient statistics s; /m. Similarly, the micro-
canonical optimal prior W "™ on the null sufficient statistic sy induces a
distribution V on so/m.

In Example B, we used a prior w; under which p, and p, were inde-
pendently and uniformly distributed, i.e., w1 (pa,ps) = Wi (pa) - Wi (py)

with w¢ = w? = u. The independent uniform prior has a remarkable

)

property: Vl(m coincides exactly with the product of two independent

discrete uniforms, each defined on {0,1/m, ..., 1}, corresponding to the
components of s\ /m.
Consequently, the distribution V; ) i exactly equal to a triangular

discrete distribution, which is the convolution of these two discrete uni-
forms (Figure 2). Theorem indicates that something analogous,
but now in an asymptotic sense, will happen for every regular prior
w1 (Pa, Po) = wé(pa)wt (py), as long as p, and py, are still independent un-
der w;. More in detail, even if w¢ and/or w! are not uniform, Vl(m) will
converge to a distribution on M; that is a discretized version of w;, and
V™ will still be the exact convolution of the two components of V",
which are the (approximate) discretized versions of the components of w;.
To illustrate, in Example 1 below, w§ and w? will be taken to be of general
beta form rather than restricted to uniform, and then we will see Theo-
rem [3.3.1]in action, the correspondence becoming asymptotic rather than
precise at each m. Still, Vo*(m) will converge, as m grows, to a continuous,
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strictly positive density on My, denoted by wl:l)seudo,()' This distribution

can be approximated by considering a very large m and “smoothening”

) 1
pseudo,0*

what we referred to earlier as the high resolution limit. Once w

the corresponding VO*(m tow This limiting procedure is precisely

1

pseudo,0 1s

1
obtained, ijg*“d"’o(m) induces a probability distribution W;s(g;glo.o on the

null sufficient statistics. As above, we can define

(m)
I(m) [ S — tm) ()
VPSEUd0,0< 7(;1 )'_ pseudo,O(SO ) (3.57)

Now we invoke Theorem again: it indicates that V;SS:C;O o, converges
bseudo,0- TNUS, One may expect V™ and Vplsg;go’o, and consequently

W™ and W;s(eTZ()i o.o» to be close and r to be small, according to Eq. (3..47).

The microcanonical e-variable becomes thus an excellent approximation

tow

of the canonical one — which is what we set out to argue.

2
pseudo,0

uous convolution of the independent priors w{ and w?. Applying The-

orem to M with this density shows that the induced distribution

2(m) (m) : : : 2
Voseudo,0 O S /m converges to a discretized version of w4, - At the

In the current example, we can go further: let w be the contin-

VO*(m) is constructed by first discretizing the prior w; and then

same time,
computing the discrete convolution of its two components. In the high-
resolution limit m — oo, this procedure yields the discretized version of
the continuous convolution of w;. Thus, in the large-m limit, wéseudo,o and
wgseudo’o become indistinguishable. In practice, one can compute Spseudo
either by directly convolving the continuous components of w;, or by
taking the discrete convolution W (™) and then its high-resolution limit:

both approaches yield the same result (Figure 3).

How precise and general is this? In the reasoning above, we invoked
Theorem 3.3.1]several times to go back and forth between prior distribu-
tions on mean-value parameters and marginal distributions on sufficient
statistics. Specifically: (a) at the level of M; (blue and yellow arrows in

wl
Figure 3); and (b) at the level of My, for relating W, (M) o plpsedo (b1,

2
Pwpseudo, 0

bottom right arrow in Figure i and FPeah (b2, bottom left arrow).
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In step (a), the theorem is not really needed when w{ and w® are
uniform (as in the figure). Nevertheless, as long as the priors remain
independent and regular, Theorem 3.3.1|suggests that step (a) holds even
if they are not uniform. More generally, moving from the binary 2-group
case to a general MEM M, Theorem still suggests that step (a) is
valid whenever w; factorizes into independent regular priors, making
the mean-value parameters independent. We write “suggest” rather
than “prove” because the convergence in (3..56) is too weak to formally
imply r — 0 (it concerns probabilities of sets, whereas involves
expectations of log densities). Nevertheless, it provides strong heuristic
evidence, and we do observe convergence numerically (see Figure[d). All
reasoning based on Theorem [3.3.1|should thus be understood as heuristic
rather than fully formal.

Turning now to step (b) for general M, and M;: as long as s|™ is
a linear function of sgm), the use of Theoremin steps (b1) and (b2)
remains heuristically justified, provided w; factorizes into regular inde-
pendent priors as above. This linearity condition holds in all our examples
(e.g. in Example C, sgm) is the average of the components of sgm)). It guar-
antees that the limiting density wéseudo,o exists, and Theorem then
suggests that it coincides with wéseudo’o.

In the more general case where s(()m) is a function (not necessarily
linear) of sgm) — i.e. Condition A holds — then it may still be true that
V7™ converges to a high-resolution limiting density Whseudo,o- N that
case, Theorem still suggests that step (b1) remains valid, so that r
becomes small with growing sample size, making the microcanonical

approximation effective. However, in such settings, it is less clear whether

2
pseudo,

the approach based on w o still makes sense.

We stress that this asymptotic justification does not rely on P; being

1
pseudo,0

applies to any universal distribution P, on the alternative, since P; al-

a Bayesian mixture with prior w;. The construction leading to w

ways induces a discrete distribution on the alternative sufficient statistic;

from this, one can derive V; "™ and then obtain Whseudo,o Via the high-

resolution limit. By contrast, the alternative route based on wgseudo’o

explicitly requires a factorized regular prior on the alternative.
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3.4 Application to contingency tables and re-
lated models

Contingency tables are a fundamental tool in statistical analysis for ex-
amining the relationship between categorical variables. Given a dataset
where observations are classified according to categorical factors, a con-
tingency table provides a structured way to summarize the frequencies of
different category combinations.

Formally, a contingency table is an [ x k matrix where each entry
represents the count of occurrences for a particular combination of row
and column categories. Such tables are widely used in fields where
categorical data naturally arise, such as biostatistics, social sciences, and
market analysis.

In network science, this approach plays a crucial role in link analysis,
where the presence or absence of an edge (z = 1 or = 0) in a network
is studied across different subsets of nodes. For instance, in community
detection, one may ask whether the probability of forming a link differs
within and between predefined groups of nodes. This idea is closely
related to the Stochastic Block Model (SBM), a generative model in which
nodes are assigned to latent groups, and connection probabilities are
determined by group memberships. Contingency tables provide a natural
way to summarize and test the differences in connection probabilities
across groups, helping to assess whether observed patterns deviate from a
null model where edges are formed independently of group structure. See
e.g., [77,|78] for connections between network modeling and contingency
tables, and the discussion in[3.4.3of this paper.

In this work, we focus on binary categorical data, which corresponds
to [ = 2 in the general | x k contingency tables setting. We first apply
our results to the simple case of two groups, i.e., 2 X 2 contingency tables.
We consider microcanonical and canonical tests. For canonical tests, our
main focus will be that of finding the microcanonical approximation
in practical cases; this translates into finding the induced prior on the
alternative and then applying formula (3..40). We will finally verify
the approximation validity by evaluating the interval width r, and show
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results on the regret. Later, we extend these results to the more general
case of 2 x k contingency tables.

3.4.1 2 x 2 contingency tables

A 2 x 2 contingency table is a fundamental tool to assess whether the
distribution of a binary outcome differs between two groups. Given a
dataset where each observation consists of a binary variable = € {0,1}
and a categorical label indicating group membership, the data can be
summarized in the following 2 x 2 table:

Group A Group B | Total

rz=1 ng n} ny
z=0 ng ng ng
Total n? nb n

The dataset x consists of two groups, represented as x, = (2, ..., 2%.)
and x, = (24, ...,2,), where n® and n® are the respective group sizes. The
table reports the number of ones (n{ and n}) and zeros (n& and nf) in each
group, along with their totals, n; and ng. The key question is whether
the probability of observing x = 1 differs between the two groups. This

problem translates into a hypothesis testing problem, where:

¢ In the alternative hypothesis, the two groups are distinct, meaning
the number of ones is constrained separately in each group:

¢y = (nf,n}). (3..58)

¢ In the null hypothesis, the groups are indistinguishable, so only the
total number of ones is constrained:

Cop = Nq. (359)

These constraints define the sufficient statistics under each hypothesis
and form the basis for the microcanonical and canonical tests discussed
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next. The reader may have noticed that this is exactly the setting of
Examples A, B, and C in section Nevertheless, for the sake of clarity,
in this section all quantities will be defined again and in more detail, at
the cost of repeating ourselves.

2 x 2 microcanonical test

In the microcanonical formulation, we enforce hard constraints on the
observed counts, treating them as fixed quantities. The null model with
sufficient statistics n; reads

1 , f — :
Praic,0(x;n1) = ¢ So(m) ifn(x) = m (3..60)
0, else;
where
n
Qo(nl) = n (361)

is the number of permutations of x preserving the total number of 1s. The
alternative model with sufficient statistics (n¢,n%) reads

oy i (00,18 ()
Pruie,1(x;mf,m}) = = (n¢,nb);  (3.62)
0, else,
where ,
Q(nn) = (", ) (" )

is the number of permutations of x preserving the total number of 1s in
each group.

For any given prior W; on the alternative sufficient statistics, SSR©
is found exactly by computing W and applying (3..3I). In this case,
Condition A is satisfied, as the null sufficient statistics can be

written as a function of the alternative one:
ny =ng +nb. (3..64)
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Thus, following (3..30), the optimal prior on the null is the distribution of
no induced by Wy (n¢,n%). If n{ and n} are independently distributed:

Wi(n{,n%) = Wi(n$) - Wi (nh), (3..65)
then W is simply the convolution of W{ and W?:
We =WesW?, (3..66)

where f * g represents the convolution between functions f and g.

Notice that an example application of this formula for the case of two
independent uniform priors has already been carried out in Example A of

section[3.3.1]
2 X 2 canonical test

The null canonical model obtained by constraining the average number
of 1s, i.e., the expected value of n, is represented by the exponential

distribution
6700 N1 (X)
Pean(x;00) = m7 (3..67)
which can be rewritten in the mean-value parametrization:
Pcan(x§p0) = pgl(x) (1 — po)ninl(x) (368)
upon defining
e
= 3..69
Po T1e ( )

The null model is the distribution of a collection of » ii.d. Bernoulli
variables, where the occurrence of x = 1 has the same probability pg
regardless of the group.

The alternative model, obtained by constraining the expected values
of n{ and n?, reads:

0o ()= n} (x)

Pcan(X; Oas 0p) = (1 + e_ea)na (1 + e—eb)nb ’

(3..70)
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or, equivalently,

n?(x n®—n(x nh x nb_,nb x
Pean(X; pa, py) = pat (1 = po )" i1 (1 — py)n’—ni (3,71

upon defining the mean-value parameters:

—04 —04

e
1+ eba

e

m . (3..72)

Pa and p, =
The alternative model assumes that the data in groups A and B are inde-
pendent Bernoulli variables, with different probabilities of = = 1 across
groups. In this scenario, the aim of the test is to assess whether p, and p;
are the same or whether they are different. In what follows, we explicitly

apply the procedure described in section to different choices of Pean 1.

Example 1: Independent beta priors. The beta probability distribution

reads:
a—1 _ B—1
y* (1-y)
Beta(y;a,8) = =—————— fory € (0,1), 3..73
(y; v, B) Ba.p) y € (0,1) (3.73)
where B(«, ) is the beta function, defined as
1
B(a,ﬂ):/ t* (1 — )P Ldt. (3..74)
0

The beta prior represents a popular choice because it is flexible enough
to encompass several cases of interest (Table [I| of the Supplementary
Material). Here, we put two independent beta priors w¢ and w? with
parameters, respectively, (o, 8,) and (s, By), on pg and p,. The Bayesian
marginal likelihood resulting from this choice can be written explicitly as

D _ B(@avga) B(dbaﬁb)
Prana(x) = a5 B P (3.75)

where
a® =nl+a?, B =n"—n§ + 3%,
~b b b 2b b b b
o’ =n] +a’, B8’ =n"—nq+p".
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As in the previous example, to obtain the microcanonical approximation
for this problem, we look for the probability mass function induced by
Pran,1 on the alternative sufficient statistics, which reads:

Wean,1 (nf,17) = Wan 1 (nf) - Wein 1 (n1) (3.76)

with B
G (0f) = 2800) - o2 (3.77)

and B
W1 (n )Q’{(n?)-m. (3.78)

With this choice, W and W} are beta-binomial distributions. Given that
n¢ and n} are independently distributed, as we expected because we put
independent priors on p, and py,, W' (n1) is the convolution of W, ;(n{)
and W2, | (n}). Whether this expression can be written in closed form
depends on the specific values of the beta parameters chosen. For exam-
ple, if all beta parameters are equal to 1, W reduces to the convolution
between two discrete uniform distributions (3..34). When no closed form
is available, the convolution can be computed numerically.

for different

In FlgureE]we show W¢, WP, W§, o and w?

pseudo pseudo,0
choices of the beta parameters. As expected, in all cases where wf and

b
wy are well defined in the whole parameter space, w pseudo o and wpseudo o

are almost indistinguishable. This is a consequence of Theorem 1: the
pseudo, o) and that of the

sufficient statistic (wpseudo,o) resemble each other when the sample size is

distribution of the mean value parameter (w?
big (high resolution limit).

In the next section, we show results obtained by numerical simulations
concerning the optimality of the microcanonical approximation and the
regret, measured in the examples reported in this section. For simplicity,
when necessary, we will assume that the two groups have the same

sample size, i.e., n® = n®

= m, and that the independent beta priors on
the alternative, denoted by w{ and w?}, have all parameters equal to a

certain value vy > 0.
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Evaluating the microcanonical approximation

In order to evaluate the goodness of the microcanonical approximation,
we employ two approaches: a direct comparison and a comparison
through r.

In the first case, we directly compare the e-power of the microcanonical
approximation to the GRO-optimal canonical one, where the latter is
computed by numerically solving the optimization problem (3..36). We
find that the e-power of the microcanonical approximation converges to
that of the canonical GRO e-variable as the total size grows (Figure[8). The
e-power of the pseudo approximation converges as well, even though the
convergence is slower compared to that of the microcanonical one. From
these plots, we can already conclude that the microcanonical one works
as a good approximation of SGRO.

The numerical approach to directly compare the e-power is feasible in
a few simple cases and only for relatively small sample sizes. Conversely,
the value of r can be easily evaluated, even for very large system sizes.
In Figure 9} we show the plot of 7 as defined earlier to evaluate the effec-
tiveness of the microcanonical approximation in different scenarios. The
results confirm those of Figure[8| as in all cases considered, r converges
to 0. In conclusion, we argue that the microcanonical approximation is a
perfect candidate in this case.

Results on regret

Let’s again consider the m-dimensional i.i.d. extension of our models. In
section of the Supplementary Materials, we show that, if the error r/(gt1)
in (3..48) vanishes as the sample size m increases, both the canonical

growth-optimal e-variable SSR© and its microcanonical approximation
SCRO gatisfy:
di —d
REG; (p1,-) = ——= -logm + O(1). (3..79)

2

In the 2 x 2 case, where d; = 2 and dy = 1, this becomes:
1
REG; (p1;-) = 3 logm + O(1).
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This result holds uniformly over all pq € M;, provided that M] is an
INECCSI set (i.e., excluding regions near the boundary of the parameter
space). However, it does not extend to the full parameter space M, where
the asymptotic form may fail to hold even in well-specified cases.

Our experiments confirm these insights. We evaluated worst-case
regret in the 2 x 2 setting for different values of the beta prior parameter
~. Notice that in what follows we apply our reasoning to the mean value
parameter spaces, (pa,pp) € M1 = [0,1]?> and py € My = [0,1], and that
we consider INECCSI sets with respect to M;. From experimental results,
collected in Figure 5|, we observe a clear dichotomy:

* For v < 1, the convolution of the beta priors w¢ and w?} is non-
differentiable at py = 1/2, as shown in Figure ﬁ] (e.g., for v = 0.5).
Consequently, the convergence of Vo*(m) to a density over the mean-
value space My (as discussed under Theorem 3.3.1)) may be very slow

or fail altogether. In this case, SP*U4° becomes incomparable to SR

and SSRO, and (B-79) no longer holds (see Figure[10). Indeed, in

Figure |5, we see that even on small INECCSI sets, the regret grows
like alog m + b for some a > 1/2.

e For v = 1, convergence is moderate. Although r’ decays quickly
(Figure[10), the experimental values of Figure 5|show areas (e.g., the
yellow counter-diagonal) where regret exceeds the expected rate.
These may still belong to an INECCSI set, but convergence has not
yet been reached at the sample sizes considered (m < 1800).

e For v > 1, the convolution is differentiable, and convergence of
V™ is fast. The asymptotic behavior (1/2) log m+O(1) is observed
on INECCSI sets (see again Figure

These findings imply that, from a minimax perspective, using priors with
v < 1is generally suboptimal. Such priors fail to achieve the expected
regret rate of (1/2)log m + O(1) even when the true parameters lie well
inside the parameter space.

This has implications for default prior choices. In both the Bayesian
and MDL literatures, Jeffreys prior [16] is often recommended as a default
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when no prior knowledge is available, and is justified in the MDL frame-
work because it achieves asymptotically minimax optimal redundancy
(i.e., the middle inequality in becomes an equality [79]). However,
in our setting, Jeffreys prior corresponds to v = 1/2, which, despite its
MDL-optimality, is not optimal with respect to worst-case regret under

e-values.
y=0.5 y=1 y=15
-,
"
0.8 0.8 0.8
0.6 0.6 0.6
8 8 g
04 04 04
0.2 0.2 0.2
.\'h_\.
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Pa Pa Pa

[ — T e——

0.46 0.48 0.50 0.52 0.54 0.56 0.58

Fitted logarithmic slope

Figure 5: Fitted slope of the logarithmic growth a log m+b of the microcanon-
ical approximation regretin the 2 x 2 case (n® = n® = m), shown for
different combinations of the alternative parameters (pa, ps). The expected
asymptotic slope is 0.5 (yellow). Three alternative beta priors are considered:
a=f=050a=p8=1and a = § = 1.5. The sample sizes used for
fitting are m € {600, 800, 1000, 1200, 1400, 1600, 1800}. p, and py vary in the
interval [0.02, 0.98], with a grid step of 0.02. Values at the boundaries are
excluded to improve the readability of the plots.

3.4.2 2 x k contingency tables

A 2 x k contingency table is a natural extension of the 2 x 2 case, allowing
us to assess whether the distribution of a binary outcome differs across
multiple (k) groups. Given a dataset where each observation consists
of a binary variable z € {0, 1} and a categorical label indicating group
membership (among k different groups), the data can be summarized in
the following 2 x k table:
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Group1l Group2 --- Group k | Total
r=1 ni n? e n¥ ny
z=0 ng né R ng ng
Total n' n? e nk n
The dataset consists of k groups, represented as x; = (21, ...,2%,)

fori = 1,...,k, where n’ denotes the size of group i. The table reports
the number of ones (n}) and zeros (n) in each group, along with their
respective totals, n; and ny.

The goal is to test whether all groups share the same probability of
observing x = 1. This problem again translates into a hypothesis testing
problem, where:

* Under the alternative hypothesis, the groups are allowed to have
different probabilities, meaning the number of ones is constrained
separately in each group:

¢ = (ni,n2,...,nh). (3..80)

¢ Under the null hypothesis, all groups share the same probability,
meaning only the total number of ones is constrained:

Co ="Nnq. (381)

Rejection of the null, therefore, indicates a lack of homogeneity across
groups, or equivalently, that at least two groups differ in their outcome
distribution.

These constraints define the sufficient statistics under each hypothesis
of the microcanonical and canonical tests discussed next. As the examples
will illustrate, most of the results in this section naturally extend from
the 2 x 2 case. The key distinction is that, in the latter case, the only
relevant asymptotic behavior is as the total sample size n grows large. In
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contrast, in the present setting, both n and % can grow large, with different
scenarios arising depending on the application (see[3.4.3). In all cases,
the asymptotic behavior of e-variables plays a crucial role, particularly in
the canonical test, where only asymptotic approximations are available,
and we need to assess whether the microcanonical approximation can be
used.

2 x k microcanonical test

While the null model stays the same (Eq. (3..60), the alternative model is
simply the extension of (3..62) from 2 to k£ groups:

oy, i (M0, nf()
m1c 1( {nl} = (n%, ey n]f), (382)
07 else,

where

o =T1 (1) 6.89

i=1

As in the 2 x 2 case, Condition A (3..29) is satisfied:

k
np=>» nj (3..84)
i=1

and the optimal prior on the null is the marginal distribution of ny induced
by W1({ni}). If all n{ are independently distributed:

Wi({ni}) H Wi(n (3..85)

then W is simply the convolution of the individual alternative priors:
We =W ...« WF. (3..86)

Interestingly, when the number of groups k is large, and the priors are
regular enough, a Central Limit Theorem holds; thus, Wy is well approxi-
mated by a discrete Gaussian distribution, i.e., if k > 1:

* ~ 1 (nl - :LLk>2
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where N is the normalization constant and

k
HE = Z EW;‘ [n1]
i=1

k
ol = ZVarWii (nh).
i=1
This result is particularly convenient: when £ is big enough, the
only effect of the choice of priors on the alternative, as long as they
are independent and regular enough, is in determining the average
and the variance of the optimal (approximated) Gaussian prior on the null.

Example 2: Independent uniform priors. Here, we extend the compu-
tations of Example A to the case of k groups. When a uniform discrete
prior U is put on each parameter of the alternative:

k

k
Waln)) = [[thtrd) = [ -y .59)

i=1 =1 nt+1

the GRO null prior is again the convolution of all the individual priors,
i.e., the convolution of k discrete uniform distributions, which reads [80]:

i_n koo
W(ng) = Z (_1)\5\ (m—i—k—l—zjes(” )) lan+1
} i=1

ny — 1
SC{1, ...k

(3..89)
where the sum runs over all possible subsets of {1, ... k} and | S | is the
number of elements of set S. In the formula, the first factor stands for the
number of ways in which a set of k£ non-negative numbers ({n! }) can be
chosen uniformly such that their sum is equal to n;, with the constraint
that for each i, n{ must be smaller than or equal to n’. The second factor
represents a normalization constant. If all n are equal to a certain value
m, the formula simplifies and reads:

S~ Lm/ffm(l)j (n) (nl —j(m+1)+k— 1) [ﬁ .

-1

)

J k=1 i=1

j=1

(3..90)
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where | z] is the floor function of z. This is the formula used to generate
Figure[6| where we show W, along with its Gaussian approximation, for
increasing values of k.

k=1 k=2
. PMF . PMF
0.075
0.050
0.025
0.000
k=3 k=4
. PMF . PMF
§~0~075 W Gaussian Approx. W Gaussian Approx.
20.050
Qo
o
a 0.025
0.000
k=5 k=6
s PMF s PMF
0.075 s Gaussian Approx. B Gaussian Approx.
0.050
0.000- :
0 20 40 60 0 20 40 60
ny nm

Figure 6: The microcanonical GRO-optimal prior on the null Wy for testing
2 x k tables is obtained as the convolution of the k independent priors on
the alternative, which are discrete uniform priors in the case shown in this
picture. Each convolution, for k > 2, is superposed to its discrete Gaussian
approximation.

2 x k canonical test

The null canonical model is the same as in the 2 x 2 case, Eq. , ie. a
collection of n i.i.d. Bernoulli trials, where the probability of observing
x = 1 is the same across all groups. The alternative model extends Eq.
(3..70) and to the case of £ groups, by constraining the expected
values of n} separately for each group i, leading to the expression:

e Zi‘czl ebn‘i(x)
Hle(l + e—ej)m )

or, equivalently, in the mean-value parametrization:

Pean(x;0) = (3..91)
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Pean(x: p) Hp"l(x )i, (3.92)

where we define the group-spec1f1c probabilities as:

et

In this formulation, the alternative model assumes that the data in each

P = foreachi e {1,...,k}. (3.93)

group are independent Bernoulli variables, with the probability of z = 1
depending on the group. The goal of the hypothesis test is to determine
whether these probabilities are equal across all groups (p1 = p2 = - -+ = px)
or whether they differ, indicating that the probability of observing z = 1
is group-dependent.

In the following sections, we apply the procedure described in section
to different choices of Pean 1.

Example 3: Independent beta priors. Here, we extend Example 1 to the
case of k groups. We assume that each p; is independently distributed
according to a beta prior with parameters (o, 3%). The Bayesian marginal
likelihood reads:

Prani(x) = H B(a", ) (3..94)
where

a'=ni+a
' =n'—n}+ 3" foreachic {1,...,k}.

To derive the microcanonical approximation, we compute the probability
mass function induced by Pran 1(x) on {n}}, which reads:

Wcan 1 {n1} H Can 1 (395)
with

o1 (nh) = Qi (n}) - foreachi € {1,...,k}. (3..96)



W§ (n1) is, then, the convolution of all W,
are equal to 1, W reduces to the convolution between k discrete uniform
distributions (3..89). When the beta parameters are such that no closed

form is available, the convolution must be computed numerically. Al-

(ni). If all beta parameters

ternatively, if k is big enough, one can resort to the discrete Gaussian
approximation (3..87). Analogously, a continuous Gaussian approxima-
tion can be used to approximate wpseudo- Figure , we show Wjaml, W§,
and wpseudo for k£ = 10.

Evaluating the microcanonical approximation

To assess the effectiveness of the microcanonical approximation, we study
the behavior of the interval width r in different cases. To simplify the
problem, all beta priors considered in our results have parameters equal
to the same number, v, and all groups share the same size, i.e., n; = m for
alli € {1,...,k}. In this scenario, we have that n = m - k. We consider
three cases: m increases and k is fixed; n is fixed, and m and k change
accordingly; finally, m and k grow together according to a certain law. We

evaluate Spseudo, and consequently r, by using w , according to the

1
pseudo, 0
procedure described in Example C, which is easily extended to the case of

k groups. Our experiments (Figure[12) show that:

1. r converges quickly to 0 for fixed k as the m increases (or, equiva-
lently, the total sample size increases);

2. r grows slowly for n fixed and k getting bigger;

3. r converges quickly to 0 whenever k£ and m grow together according
to different power laws.

The only case where r does not converge to 0 corresponds to a decreasing
m as O(1/k). We conclude that our microcanonical approximation SSRO
is an optimal candidate as long as m, i.e., the data size of each group, is
big enough.
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3.4.3 Connection to models of networks and time series

Maximum entropy models are widely used to construct null models of
complex systems that preserve specific structural or temporal features,
while remaining otherwise random [1} 6,31} 36} |81]].

For instance, when applied to networks, maximum entropy models
in their canonical formulations are known as exponential random graph
models [4, |5} |6]. Examples of commonly used maximum entropy network
models are the Erd6s—-Rényi model, Configuration Models, and Stochas-
tic Block Models [6, 31]]. The framework presented here is fully general
and can be applied to build and compute e-values when testing between
general maximum entropy network models with different sufficient statis-
tics, in both their canonical and microcanonical formulations. Moreover,
section establishes a link between e-values and the Minimum De-
scription Length principle — a framework increasingly used in recent
years for network inference, model selection [57}, 58, 82].

In particular, the hypothesis tests for contingency tables developed
here have a direct correspondence with hypothesis tests between common
network models. This mapping arises because the sufficient statistics in
our contingency tables capture the same structural constraints as those
imposed in standard binary network ensembles [6, 31]. Indeed, a binary
network is represented by a binary adjacency matrix, which is a (struc-
tured) collection of 1s and 0Os, corresponding to the presence or absence of
a link between two nodes.

In particular, the null model considered here, in both its canonical and
microcanonical formulation, corresponds to the well-known Erdds—Rényi
model (ER), where the sufficient statistic is the total number of links, equal
to (half, if the network is undirected) the total number of 1s observed in
the adjacency matrix.

In the Stochastic Block Model (SBM), nodes are partitioned into groups,
and the adjacency matrix of a network is structured in k blocks, corre-
sponding to the presence of inter- and intra-group links. For instance, in
models of networks with community structure, intra-group link proba-
bilities are larger than inter-group ones. The sufficient statistics are the
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number of links in each block. Testing an SBM against an ER model
corresponds exactly to testing whether the connection probabilities are
identical across all blocks (i.e., communities are absent), and this SBM vs
ER problem reduces to our canonical or microcanonical 2 x k& contingency
table test.

In the Partial Configuration Model (PCM) for bipartite networks [14],
the degree of each node in one layer is constrained, while connections
to the other layer are otherwise random. The (bi-)adjacency matrix is
a k x m rectangular binary matrix, and the sufficient statistics are the
number of links connected to each node in the constrained layer, i.e., the
number of 1s in each row. Testing a PCM against a bipartite ER model
corresponds to testing whether all nodes in the constrained layer have the
same connection probability (and therefore the same expected degree), i.e.,
testing for homogeneity of node properties in the graph. This again maps
to a 2 x k contingency table, where each constrained node represents
a “group” and each group size equals the number m of nodes in the
unconstrained layer.

Besides network models, a final connection worth mentioning is the
one between binary contingency tables and multivariate time series data
describing, e.g., a system of units being active (1) or inactive (0) at discrete
time steps (such as spiking neurons data). The PCM can, in this case,
represent a model enforcing, for each time step, a different activation
probability of the various units. Therefore, testing the PCM against a
bipartite ER model amounts, in this case, to testing for non-stationarity vs
stationarity of the observed process over time.

We therefore conclude that our microcanonical e-variable for contin-
gency tables can be directly applied to a wide range of problems, both
exactly in the microcanonical case and as an approximation for the canon-
ical case. Moreover, our results on the behavior of » show that the mi-
crocanonical approximation works very well in both scenarios, as long
as the size of each group is large enough. This circumstance is particu-
larly convenient when studying models of large complex systems with
a growing number of heterogeneous features, such as PCMs where the
number of nodes in both layers can diverge in the “thermodynamic limit”
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of infinitely large graphs, SBMs used to model networks with a growing
number of communities, and models of high-dimensional multivariate
(nonstationary) time series. As we mentioned, the growing number of
features (and parameters) in these models is generally needed to better
replicate the heterogeneous properties of real-world networks and time
series. At the same time, it makes the study of these models more chal-
lenging because of the breakdown of various useful approximations valid
for a finite number of parameters —and even of the asymptotic equiv-
alence between canonical and microcanonical versions of the resulting
ensembles( see [12] andof this work). Despite these complications, the
results derived here nicely apply to those regimes.

3.5 Conclusion

In this work, we have developed a general framework for construct-
ing optimal e-values for hypothesis testing between maximum entropy
models with different constraints, in both microcanonical and canonical
formulations. Our main theoretical contribution is the exact derivation of
the microcanonical GRO e-variable and its use as a valid approximation
to the canonical GRO e-variable when the latter is intractable. We pro-
vided analytical and numerical evidence that this approximation becomes
asymptotically exact in many relevant regimes.

We illustrated our results through applications to 2 x 2 contingency
tables, showing numerically that the microcanonical approximation pro-
vides a good proxy for the canonical solution, confirming our theoretical
results. We then extended the analysis to general 2 x k tables, where nu-
merical results suggest that the microcanonical approximation works and
remains asymptotically optimal for different interplays between k and the
group sizes, as long as the latter are sufficiently large. Interestingly, when
k becomes large, the microcanonical e-variable is itself well approximated
by choosing a discrete Gaussian prior on the null. We highlighted that this
framework can be naturally translated into network-science terms, where
many important models can be derived as maximum entropy models.

Universal distributions play a central role in our construction. These
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are the same distributions that underlie the Minimum Description Length
(MDL) principle, where they achieve minimax redundancy. Our results
show that such universal distributions can be conveniently used to build
GRO e-variables as well, thus providing a direct and convenient connec-
tion between description lengths and e-variables. A possible direction
to explore in future work is to extend this connection beyond pairwise
model comparisons and investigate how GRO e-variables and MDL can
be combined to design tests involving multiple models at once.

Appendix of Chapter 3

A. Redundancy and regret

Here we show that, given the null and alternative models M, =
{Po(x;0)}oco, and M; = {Pi(x;0)}eco,, the regret (3..15) of the GRO
e-variable (3..11), i.e.,

SGRO(X) _ by (%)

= m 3.A.1
By (x) G.A1)

for a given distribution P, is bounded by the redundancy (3..17) of P;.
Indeed, for any INECCSI (Def. 3.2.1) subset ®' of ©:

GGRO(61) _ | Py (%)

REG(®); P,) = max Eg, |lo ) .
(©31; F1) g, o, |log g P ()
P (x;0 P
= max min Eg, logM —lo Ui*(x)
61€0] wyEWs, P(;“UO (X) PO 0 (X)
P _
= max min Eg, 1og0,7(x) + RED, (04; 1)
0:€0] \ wiEWs, PSUO(X
< RED,(©7; Py). (3.A2)

B. Microcanonical test

In this section, the subscript “mic” is omitted for the sake of clarity, as all
the models considered are microcanonical.
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B.1. Exact solution of the optimization problem

We consider a test between a microcanonical alternative M; and a micro-
canonical null M. Given a universal microcanonical distribution P; on
the alternative, the GRO-optimal microcanonical e-variable

GGRO — % (3.B.3)
P

is found by solving the optimization problem

We = arg min D (P PyY) (3.B.4)

=arg min Z Py(x (X)

WeWe, 4 W(x)

- Py (x) log PV (x).
arg Hel%ioz 1 (%) log Pg¥ (x)

For a microcanonical model with sufficient statistics c;, the Bayesian
marginal likelihood reads (see Chapter[2)

= (X5 Cq))Wilc;) = (X5 ¢(X (c;(x :w
_c;ipz( s¢i)Wiler) = Pi(x;¢i(x))Wi(c(x)) e}
(3.B.5)

where the latter equality is due to the definition of the microcanonical
model, which assigns a positive probability only if ¢;(x) = c;. By putting

this result in (3.B.4), one gets

Wy = arg fax Z Py(x)[log Wo(co(x)) — log Qo(co(x))] (3.B.6)

E <o x X
= arg max Py(x)log Wy(c
gWGWCOZ 1(x) log Wo(co(x)).
The latter expression can be written as a sum over the values of cg:

Wi = arg aax Z Z Py(x) | log W (co). (3.B.7)

0 co€Cy | x:e(x)=co
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According to Gibbs inequality, the distribution maximizing the quantity
above is

Wilco)= Y Pi(x) (3.B.8)

X :co(x)=co

i.e., the marginal distribution of the null sufficient statistic co(x) induced
by P, hereby denoted, for simplicity, by Pf*.

In the special case where the alternative sufficient statistics completely
determine the value of the null one, we can write:

Condition A: (3.B.9)

there exists a function f : C; — Cy s.t.co(x) = f(c1(x)),

and thus

Wilco)= Y, Pi(x) (3.B.10)
x:co(x)=co
_ Wi(e1(x))
= 2 Q4 (c1(x))

X :co(x)=co

_ Ql(cl)g/ll<q)

c1: f(c1)=co

> Wi(e).

c1: f(e1)=co

In other words, the GRO-optimal prior on the null is the distribution
induced on the null sufficient statistics by the alternative prior, or, equiva-
lently, the marginal distribution of ¢ induced by W7, hereby denoted by
wre.

Once that Wy is computed, given that all universal microcanonical
distributions considered here are, in fact, Bayesian marginal likelihoods,
the microcanonical GRO-optimal e-variable can be expressed as
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(3.B.11)

B.2. The average under the null of the GRO e-variable is always
unitary

Here, we show that Eo[ SCRO] =1 VPy € M.

We start by picking a generic distribution inside the null model:

if co(x) = ¢
Po(x; co) = 4 Q0(0) o) = % (3.B.12)
0 else.
Then, we compute the average under Py(x;¢p) of SORO:
P P,
Eol S0 = By | 2| = 3 Py(xsg) o) (3B.13)
Py* XEX Fy® (%)
1 pl (X)
= —. 3.B.14
2o(S) <Z>_ R () R

In what follows, we use the explicit expression of the Bayesian marginal
likelihood (B.B5), i.e., P)V°(x) = Yoleol®) ‘and that of the GRO optimal

Qo(co(x))”
prior (3.B.§)

Eo[ SCRO] = —— (x) (3.B.15)

1
o(Co)
1

2

X :co(x)=Co

_ Qo(éo) 3 o
~ Qo(eo) W (<o) Y, PA=1

X :co(x)=Co
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C. Microcanonical approximation
C.1. Every microcanonical e-variable is a canonical e-variable

Given a sufficient statistic c¢(x), the microcanonical probability distribu-
tion can be expressed as a conditional canonical one:

Pric(x;¢) = Pean(x;0 | ©), (3.C.16)

where the probability of x is conditioned on a certain value of c(x). Ac-
cording to the law of total expectation, for every random variable S(x)
defined on X

Ecan[S] = Ecan, [Ecan[S | €]] = Ecan [Emic[ S]] - (3.C.17)

It follows that if F ;. is a microcanonical e-variable, it is also a canonical
one:

Emic[Emic] § 1 vpmic S Mmic = Ecar\[Emic] S 1 vPcan S Mcan-

(3.C.18)
Moreover, as proven in the last section, it holds:
Emic[ SSRO] = 1. (3.C.19)
Thus, from (3.C.17), it follows that
Ecan| Ser0] = 1. (3.C.20)

C.2. A canonical universal distribution can always be expressed as
microcanonical Bayesian marginal likelihood

In what follows, we show that:

1. Given a canonical universal distribution P.,, relative to a sufficient
statistic ¢, we can always define a prior distribution Wean(c) on the
sufficient statistic such that

Py = PWen, (3.C.21)

mic
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2. The opposite is not true: for some P, there is no choice of prior
density w(@) such that P¥ = Pv

mic can*

Proof 1. By construction, a canonical universal distribution Pran(x) rela-
tive to the sufficient statistics ¢ always assigns the same probability mass
to configurations sharing the same value of the sufficient statistic, just as
the corresponding Pean(x; @) does. Consequently, the following holds:

Pean(x]|€) = Pic(x;), (3.C.22)
i.e., when conditioned on the sufficient statistic, the universal canonical
distribution reduces to a uniform distribution over the number of configu-
rations corresponding to the observed value, which is the microcanonical
distribution. Moreover, we can always write

Pran(3) = Pran(x | €(x)) Pe(€(x)) = Paie(3; ¢(x)) Py (c(x)),  (3.C.23)

pC
where PS,

(c) is the distribution of ¢ induced by Pep. The proof follows
by comparing the expression above with the general expression of the
microcanonical Bayesian marginal likelihood (3.B.5) and by setting
Wcan(c) = pc?an(c)'

Proof 2. The canonical Bayesian marginal likelihood P%
ngn(x) = / Pcan(x§ 0)w(0)d0 (3.C.24)
[}

is the weighted sum of positive functions; indeed, Pen(x; 6) is an expo-
nential function that assigns positive probability to all x € X. As such,
for all proper choices of the prior density w(0), PY

e s strictly positive

everywhere: )
Py (x)>0 Vel (3.C.25)

can

Consider a microcanonical prior W(c) such that W(c*) = 0 for a certain
value c* of the sufficient statistics. Consequently,

PV (z*)=0 Va:c(x)=c". (3.C.26)

mic

Thus, there is no choice of canonical prior w(0) s.t. PY = PY ..
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D. Proof of Theorem m

In the proof, we freely use well-known properties of exponential families
as described by, e.g., [76]. Set B := M'. Fix a constant a and consider the
sets, form =1,2,...:

= {1 <

alogm
pn'eB ’

By,

alogm}

m
€ B: inf —u %>
{uen: it - 3> "%

B} is a superset of B, including a small region (whose volume tends
to 0 with sample size) just outside B’s boundary; similarly B, excludes
a small region just inside B’s boundary. To shorten notation we write
f=s(y"™)/mand PV := P2 ™) and, for any measurable subset B’ C V,
QY (B') := Q"(pn € B'), and P, := Pean(-;0(p)) where 0(p) is the map-
ping from mean-value parameters to corresponding canonical parameters,
i.e. the inverse of the (1-to-1) mapping p(0) defined in the main text. We

have:

P“(j € B) = / Pu(fs € B)w(p)dp (3.D.27)

S
> [ P Bupan
neEBy,
> QU(B;) inf Pu(ji€ B)
HEB,

> Q"(B,,) nf (1-Pu(p¢B))
peBn,

> Q"(B,,) — sup Pu(p ¢ B)Q"(B)
HEBm,

1
+0 ( Ogm> — sup Pu(i & B), (3.D.28)
m HEB,
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and also

PrpeB) = [ PupeBulwdnt [ Pupe B
HEB, néB,
<QU(BS)+ sup Pu(fr€ B)
BEM,ugBY
1
=Q"(B)+0 ( Ogm) + sup Pu(fr€ B). (3.D.29)
m EM\ B

We will now further bound the supremum terms in the above two formu-
las, showing that they are both of order O(m~%). The result then follows
by plugging in a = 1.

Supremum in To bound the supremum in (3.D.29), note first
that B is a convex set. We can therefore use Csiszar’s [83] multivariate
generalization of Chernoff’s concentration inequality (see [84] for general
discussion) to get that

sup P,(peB)<  sup e mPaPulB) (3.D.30)
e\ Bl HEM\B}, ,u€B

_ 7minfueM\B,J§pu/€B Dxu(Py,/ || Pu) (3D31)

< efminfueaB:ﬁ,u’EB Dxr(P,,r HP”)7 (3D32)

where Dy (P,||P,) is the Kullback-Leibler divergence between P, and
P, defined at a single outcome, and in the final inequality we used the
standard fact that the KL divergence between members of an exponential
family is strictly convex in its first argument.

Now, since B is an INECCSI subset of M, clearly there exists another
INECCSI subset of M, say B, and a finite mg such that B} C B for all
m > my. Since B is INECCSI, there exist ¢, C with 0 < ¢ < C < oo such
that all eigenvalues of the Fisher information matrix I(u) in the mean-
value parameterization are in between c and C for all i € B. This means
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that the KL divergence between any u, ' € B satisfies

,alogm

1
< ¢l — w113
< DKL(P;L’HP;L)

1
—cC
2

1 _alogm

1
<5CMlp - wE < 5C (3.D.33)

The result now follows by plugging in the lower bound on the KL di-
vergence implied by the above into (3.D.30) and then setting ¢ = 1 and
plugging further into (3.D.29).

Supremum in (3.D.27) To bound the supremum in (3.D.27), fix any

p € B, and let R,, , be a hyper-rectangle centered at p that is a subset of
B and that has side-length 2¢,,. By construction there is ¢/ > 0 such that,
for all m, we can take ¢, = ¢ - \/(alogm/m). Noting that we can write
p = (p1, ..., pq), with d the dimensionality of both the canonical space
© and the mean-value space M, we set Hiﬁ6 ={n eM:pl > p;+e}

< .
and H; ; :={p' € M: p; < pj — e} We have:

sup Pu(ﬂ 4 B) < sup Pu(ﬂ 4 Rm,u)

MHEB, HEB,

~ < ~ >
S Z (P“(” € Hu-,j,em) + PM(/“‘ € Hu,j,em))

j=1
d . .
—minf =~ < Dxw (P, 1Pu)) —minf , > Dxi (P [1Pu)l)
< Z (e WEHT jem wimH +e WEHD jem e
j=1
=0 (m_a) . (3.D.34)

Here the second inequality is the union bound. The third is once again
Csiszar’s [83] multivariate generalization of Chernoff’s concentration
inequality (in (3.D.30), we bounded P, (i € B) where B was a convex
set, allowing us to use Csiszdr’s result directly; but in (3.D.34), we need
tobound P, (ft ¢ B) = P,(fx € M\ B); since M\ B is not a convex set, yet
convexity is required by Csiszf’s result, we now first need to cover it by
2d convex sets H,, . . , for each of which we then use Csiszér’s result).

The final inequality follows by using (3.D.33) again.
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E. Pseudo approximation through the high resolution
limit

Below, we provide pseudocode to compute the density w for a

éseudo,O
canonical test on 2 x 2 contingency tables, under the alternative hypothesis
with independent beta priors on the mean-value parameters. Notice that
for oy = B, = ap = By = 1, we retrieve the uniform prior of Example B.

The procedure starts from the induced distribution on the sufficient
statistics under the alternative, denoted W, ; and chan’l in the main text,
which follow a beta-binomial form. To approximate the continuous limit,
we increase the resolution by multiplying the original group sizes by a
scaling factor (Steps 1-2). The higher the scaling factor, the better the
approximation — at the cost of greater computational effort.

The two high-resolution distributions are then convolved to obtain
an approximation of the GRO-optimal prior on the null, W (Step 3).
Since we want a density over p, € [0, 1], we define a pseudo-continuous
support for py accordingly (Step 4). Finally, the convolved distribution is
normalized to form a proper density over this support (Step 5).

Input:
n_a, n_b // group sizes
scaling_factor // resolution multiplier
alpha_a, beta_a // beta-binomial parameters
for group a
alpha_b, beta_b // beta-binomial parameters

for group b

Step 1: Define high-resolution support
x_high_a = 0 to scaling_factor * n_a
x_high_b = 0 to scaling_factor x n_b

Step 2: Compute high-resolution beta-binomial PMFs
For each i in x_high_a:
p_high_al[i] =
BetaBinPMF (i, scaling_factor * n_a, alpha_a, beta_a)
For each i1 in x_high_b:
p_high_b[i] =
BetaBinPMF (i, scaling_factor * n_b, alpha_b, beta_b)

115



Step 3: Convolve the two distributions
conv_high = Convolve(p_high_a, p_high_b)

Step 4: Define pseudo-continuous support over [0, 1]
p_0_fine =
[0, ..., len(conv_high)-1]/(scaling_fact » (n_a + n_Db))

Step 5: Normalize the convolved distribution

step = p_0_fine[l] - p_0_fine[0]

conv_high = conv_high / (sum(conv_high) =* step)
Output:

conv_high // approximate density over [0, 1]

p_fine // corresponding support

F.  Bound on regret

Here we provide a bound for the regret of a maximum entropy model
(3..15).

Let M, be a maximum entropy model. We begin by recalling an
extension of the classical (d/2) log m asymptotic redundancy result (see
Equation (3..19)) that remains valid even when the model M, is misspeci-
fied —i.e., it does not contain the true distribution P*. This generalization
appears in [16], and is formalized in [29} Proposition 3].

Let x™ be an i.i.d. sample from a distribution P* that may lie outside
Mo. Suppose that there exists a distribution Py € M, minimizing the
Kullback-Leibler divergence to P*:

Py, = arg Juin D1 (P*|| Pe,)-
Then, for any regular prior density wy, we have:

REDy(P*; P™) := Ep- [— log Py (x™) + log P;, (xm)} - % log m+0(1).

(3.E35)
In the well-specified case where P* € M,, it holds that P* = P§o’
REDy(P*; P;"®) coincides with our earlier definition REDy (8o, P;"°) (up

to notation), thus recovering the classical result (3..19).

and
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We now apply this general result in the setting where P* = Py, € M;,
in order to bound the regret REG(61; P;"*) of the Bayesian marginal P;"*
for a regular prior w;. Consider the pseudo-e-variable Spseudo, used as
a proxy for either SSRO or SGRO. Using the previous result to refine
equation (3..21), we obtain:

G(6:: S — By, [log S5RO©) _ joq 1)
RE ( 15 pseudo) = Lo, _Og - Ogm

M wpseudo 0

= Eq, logi(x) +RED;(6,; P/"")
i 0 (%)
M wpseudo 0

=y, log()(x) + RED; (6,; P/"")

— RED1(01;P1“’1) REDy(Pa,; Py ") 4+ O(1)

a) d

W a—d% S5 logm +0(1). (3.F36)

The first two equalities are direct, and the third follows from [29| Theorem
3 (Parts 3, 4)]. Equality (a) holds provided that wpseudo,o is regular, in
particular, that it has a continuous density.

G. Testing with the NML universal distribution

In this section, we propose an alternative to the Bayesian approach,
based on the Normalized Maximum Likelihood distribution. In a variation
of the definition of universality of we may search for P; such that
—log P;(x)+log Py, (x) is small, in the worst-case over all possible data re-
alizations x; here éj (x) is the maximum likelihood estimator of 8, relative
to x. This leads to comparing P;(x) to the best-fitting model a posteriori,
that is, the model that, with hindsight, would give the shortest code for
the observed data.

In the MDL literature, this more stringent criterion is often consid-
ered the ideal. The distribution achieving this is called the Normalized
Maximum Likelihood (NML) distribution [16} 17, [18]. For each observed
dataset x, this distribution assigns its maximum likelihood value, normal-
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ized over all possible datasets in X’:

PNML(x) — Pi(x:0;(x) (3.G.37)
! Y yex Pi(yi05(y))

Importantly, the NML distribution does not require any prior, and

achieves universality both in worst-case data and in worst-case ex-
pected regret. In fact, for the MEM models introduced in this work,
inequality also holds when P;*/ (™) is replaced by PJNML(m).

In what follows, we explicitly compute NML-based GRO e-variables
for contingency tables, introduced in[3.4]of the main text, starting from the
2 x 2 case and generalizing to the 2 x k case. In the microcanonical case,
resorting to the Normalized Maximum Likelihood approach is equivalent
to putting a uniform prior on both parameters of the alternative model,
as shown in Chapter 2] Consequently, this case is reduced to Example
A in [3.3.1] and is not considered further. Instead, we focus on com-
puting the microcanonical approximation of the canonical GRO e-variable.

Canonical test with NML. We first consider the case of a 2 x 2 contingency

table, where we test between two canonical models through an NML ap-
— pNML

proach, i.e., Pean,1 can,1 -

For a model with two independent Bernoulli
distributions, the exact expression of the NML distribution reads (see

Chapter 2):

PRYT (%) = P (x) - P (x) (3.G.38)
with A o
Boa () = S (3.G.39)

(né)nt=t
for i € {a,b}. In the formula above, I'(s,t) is the upper incomplete
gamma function. According to the procedure described in3.3.2] a natural
candidate e-variable is given by the microcanonical approximation, i.e.,
the GRO e-variable of the corresponding microcanonical test. To build it,
we first need the distribution of the alternative sufficient statistics (n{,n?%)
induced by Py NV

can,1 7/

Wcan,l (n(117 nl{) = Wg)n,l (n(ll) ' chan,l (nll)) (3G40)

which is
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with

ntlz(x))”il(x) (1 _ ntll(x))nafn‘f(x)

W 1) 250 -

can,1 enaz(::ﬁa) 1 (3G41)
(n®)
and
b b b
. ) . (na(bx)>n1(X) (1 B na(;())n —n;(x)
Wean,1(n1) = Q1(n7) - (3.G42)

en®T'(nb nb)
(nb)n®-1

+1

Given that n¢ and n} are independently distributed, W (n;) is the convo-
lution of W&, ;(n{) and W2, ,(n}), which can be computed numerically.
Once that W (n1) is computed, the microcanonical approximation is
evaluated through Eq. (3.40). The accuracy of the microcanonical ap-
proximation is assessed by directly inspecting the difference in e-power
(Figure [8) and through the interval width r (bottom row of Figure [9),
which is shown to be already close to 0 for small sample sizes and to

converge towards 0 as the sample size increases.

PNML

Notice that, if n{ and n} are both large enough, using PN

is asymp-
totically equivalent to using a Bayesian universal distribution with a
Jeffreys prior [16] on the alternative parameters. The Jeffreys prior, defined

as
wy(0) < /det I(0), (3.G.43)

where I(8) is the Fisher information matrix, is invariant under any smooth
reparametrization of § and is therefore commonly used as a canonical
non-informative prior. For a Bernoulli model, such as ours, the Jeffreys
prior is equal to a beta prior with parameters all equal to v = 0.5:

1 1 1
7™ /Pa(l = pa) V/po(l—pp)

Asymptotically, and in an expected-regret sense, the NML distribution

(3.G.44)

wy(Pa; py) = w5 (pa)w(pe) =

coincides with a Bayesian universal distribution based on Jeffreys prior
when the true parameter lies in the interior of M; = [0, 1]2.
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More explicitly, let us set n® = n® = m. Then, for any INECCSI subset
M) C My, asm — oo:
sup By, [—log Pag 1 (x™) + log Pant (x™)] = o(1), (3.G.45)
where o(1) denotes a quantity that goes to 0 as m — +oo. At the bound-
aries of the parameter space, however, the two constructions differ: Jef-
freys prior, which assigns densities that diverge to infinity at the bound-
aries, leads to substantially different data probabilities than the NML-
induced distribution. This difference becomes even more important when
convoluting the independent Jeffreys priors to compute Wy . This differ-
ence becomes even more important when convoluting the independent
Jeffreys priors to compute W{j. This explains why the first and third pic-
tures in Figure§|are quite different. For this reason, in all simulations we
use the exact NML formula rather than its Jeffreys approximation.
We now extend the solution to 2 x k contingency tables. For a model
with k independent Bernoulli distributions, the NML distribution (see

Chapter 2) reads:
k

Pt () =[] P () (3.G.46)
i=1
where Péaﬁnfl is given by Eq. (3.G.39). The microcanonical approximation
is obtained by defining
Wean1({n}}) = H i (3.G.47)

with

<n;<_x>)"i<") (1- n§<x>)"i—"i<x>
an,1(n1) = Q3 (n}) - >— ’

can,1

(3.G.48)

en’ T'(nt,n?)
(ni)ni—l

+1

Wy is then the convolution of all W, ,(n}), which can be computed
numerically or by resorting to the Gaussian approximation (3..87). Once
that W (n1) is computed, the microcanonical approximation is evaluated

through Eq. (3..40).
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H.

Supplementary tables and figures

Case Parameter Condition Behavior
Uniform a=p8=1 Flat
Jeffreys prior a=F=05 U-shaped

Bimodal a,f <1 Peaks at 0 and 1
Left-skewed a>1,<1 Peak near 1
Right-skewed a<l,f>1 Peak near 0
Bell-shaped a,B>1 Gaussian-like

Highly concentrated a=8>1 Sharp peak
Degenerate a,f — o Point mass at %ﬂg

Table 1: Behaviors of the beta distribution for different parameter values.
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Figure 7: Construction of the microcanonical optimal prior Wy (third col-
umn) and the pseudo-prior approximations wéseudo’o (fourth column) and
wgseudo,o (fifth column), for 2 x 2 contingency tables with independent beta pri-
ors on the alternative. Starting from the induced independent beta-binomial
distribution on the alternative sufficient statistics (first and second columns),
the microcanonical GRO-optimal prior Wy is obtained as their convolu-
tion. The pseudo prior approximation w;seudo,o is obtained starting from W¢
through a high-resolution limit. The pseudo prior approximation wgseudo,o is
obtained by directly convoluting the original continuous beta priors, when
well defined on the whole parameter space (i.e., for v > 1).
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Figure 8: E-power difference between the canonical GRO e-variable (com-
puted numerically), its microcanonical approximation (orange curve), and
the pseudo approximation (green curve), across sample sizes and different
choices on the alternative (NML and beta with all parameters equal to 7).
The microcanonical and pseudo approximations provide lower and upper
bounds for the canonical GRO e-power, converging to it as the sample size
grows. Results are shown for the 2 x 2 contingency tables canonical test with

n® = n® = m and sample size equal to 2m.
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Figure 11: The first column shows the discrete distribution of each com-
ponent of the alternative sufficient statistics, here denoted simply by W7,
induced by independent identical beta priors on the alternative, for differ-
ent prior parameters. The GRO-optimal microcanonical prior on the null
W4 (second column) for the 2 x k test is obtained by convolving these dis-

crete distributions k times. The pseudo prior density w

(third column)

is instead obtained by directly convolving k times the corresponding beta
priors. Both W5 and w),c.4, are shown together with their Gaussian ap-
proximations (discrete for W and continuous for wzl,seudo). In this example,

k = 10.
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Chapter 4

E-values for contingency tables

Abstract

We empirically investigate several e-values and e-processes for testing
in 2 x 2 contingency tables. While the e-process recently introduced by
Turner et al. exhibits theoretical growth-optimality properties for paired
data sequences, we find that, when applied to a single large table (the
batch setting), its performance deteriorates, with the other standard e-
process based on universal inference performing even worse. By contrast,
conditional e-variables tend to perform better, both in terms of growth
rate and expected stopping times, with uniformly most powerful e-variables
showing the best overall performance. When batches arrive sequentially,
the comparison becomes more nuanced: Turner’s e-variable is gener-
ally optimal in the asymptotic regime, whereas the normalized maximum
likelihood e-variable is often, though not always, preferable at practically
relevant sample sizes.
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4.1 Introduction

Over the last few years, e-variables have attracted increasing interest in
the statistical community as new, safe methods for assessing statistical
evidence; see, e.g., [22} 23, 24]. In a nutshell, an e-variable, also e-statistic
or e-value, is a non-negative random variable .S with expectation at most
one under the null, and large realizations of e-variables give evidence
against the null. The latter is easily seen, since, for every distribution P,
in the null hypothesis, we have Py(S > 1/a) < ¢, forany a € (0,1), as a
direct consequence of Markov’s inequality. E-variables allow for a mone-
tary interpretation as bets against the null [27], and may be combined by
taking averages or products. This simple behavior under combinations
makes them especially attractive for real-world problems where we want
to combine evidence across different studies or outcomes, and accumulate
statistical evidence sequentially over time. For a comprehensive intro-
duction to the theory of e-values, we refer to the recent monograph by
[23].

In this paper, we study and propose various e-variables and e-
processes for analyzing 2 x 2 contingency tables, a problem that dates
back as far as the field of statistics itself. Such a table is defined by two
group sizes, n, and n;, counts Y, € {0,...,n4} for g € {a,b}, where
we can write Y, = Y'Y, X?. According to the null hypothesis, the
outcomes in both groups are i.i.d. Bernoulli with the same parameter
P(X] = 1) = 0, where 0 is an unknown nuisance parameter, making
the null composite. According to the alternative, the parameter varies
across the groups: outcomes within each group g are i.i.d. Bernoulli with
parameter ;. Surprisingly, despite e-values being a rapidly growing
and developing research field, much remains unknown about the design
of optimal e-variables and e-processes for this simple yet fundamental
problem. At first, this statement may seem to contradict the findings of
[30,85], who have derived the GRO e-variable for a given contingency
table and simple given alternative (6,, 6;), and then use it to derive an
e-process for data arriving sequentially in small batches for composite
alternatives; for the case that data arrive in pairs, they provide encourag-
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ing empirical results. Here, GRO means ‘growth-optimal,” the standard
and best-researched optimality criterion for e-variables. However, when
one attempts to use the Turner e-variable for analysis of a particular table
taken from [86], the results, which we reproduce in Table below, are
very disappointing. The crucial differences in the setting in which Turner
performed well were that the table was large, with highly different group
sizes, and that it was observed one shot, rather than as a sequence of small
batches, such as pairs. The 43 other tables considered by [86] yielded
qualitatively similar results to those in Table [2} for brevity, we omit them.

a b
1 192 674
0 506 2370

Table 2: Data provided by [86] for n, = 698 participants in group a, and
ny = 3044 participants in group b. The groups a and b indicate a certain
difference in the genotype of the participants, and the outcomes indicate
whether some studied phenotype was present (1) or absent (0).

In this example, the p-value from Fisher’s exact test is 0.00282, strongly
suggesting that the outcomes depend on group membership. Ideally, we
want to draw the same conclusion if we base our analysis on e-values.
However, a naive calculation of Turner’s e-variable for the same data
gives an uninformative 1 (one), whereas the non-naive mini-batching
approach suggested by [30] (and explained in detail in the next sections)
yields a non-conclusive small value of 4.11 (usually we perceive e-values
larger than 10 or 20 as conclusive). Upon closer analysis, we find that the
problem is that the Turner approach to deal with composite alternatives,
although quite a standard one, does not combine well at all with the highly
skewed group sizes (group b is more than four times larger than group a)
of the given table, as we will explain in Section Besides Turner’s e-
value, there are two further well-known available approaches to compute
e-variables for the given problem: The universal inference (UI) e-variable
proposed by [25], and the e-variable obtained by calibrating Fisher’s exact
p-value into an e-value by a so-called p-to-e-calibrator, which maps any
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Method E-value

Turner (naive) 1
Turner (split) 4.11
UI (mixture) 0.0687
Fisher f-calibrated 10.087
Fisher g-calibrated 17.83
Conditional (mixture) 7.83

Conditional (UMP-2,a =0.05) 37.33
Conditional (UMP-2,« =0.01) 42.92
Conditional (NML) 2.30

Table 3: Different e-values for the data in Table

p-value to an e-value, see [26]. The Ul e-variable is easy to compute and
very broadly applicable, but also known to be overly conservative, as it
also turns out to be the case in our example, where we obtain a useless
value of 0.0687 (see Table [3). There exist many valid p-to-e calibrators,
and there are no guidelines as to which one to use in which situation, so
we consider just two standard ones: the functions g(p) := 1/,/p — 1 and
f(p) = (1 —p+plogp)/(p(—logp)?. g(p) turns Fisher’s exact p = 0.00282
into an e-value of 17.83, which seems quite reasonable. However, g(p)
has the property that it could vanish to 0 with non-zero probability, and
as such, we do not advocate its use. To see why, recall that a central
motivation for using e-values instead of p-values lies in their behaviors
for sequential problems where we can multiply e-values over time to
accumulate evidence from various outcomes and studies. Suppose, for
example, that the study underlying Table |2 was carried out in several
stages, each leading to a batch of data summarized by its own sub-table,
and that the decision to continue with the study would have depended on
the strength of evidence in the batches seen so far. Then it would not have
been allowed to reuse all data at the final step to compute Fisher’s exact
p-value based on the entire table, since part of the data had already been
used for the intermediate inference. In contrast, providing a final e-value
as the product of the e-values for all individual batches and rejecting if it
exceeds the significance level o does provide a valid test. However, if one
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of the batches had been small, then with non-negligible probability the
calibrator g(p) would have given us an e-variable of 0 for that batch. Then
the final product would have become 0 as well, rendering g useless (or at
best: highly risky) in such a standard optional continuation scenario.

For that reason, we prefer the other standard calibrator f (which can-
not reach 0), which provides an e-value of f(0.00282) = 10.087. The value
of 10.087 serves as a benchmark in this example: for at least two reasons,
we aim to find better (more powerful) e-values than the one obtained
by calibration. The first reason is that the calibration operation is ‘blind’
and does not make use of the underlying setting — one would hope that
knowledge of the setting/model should allow one to design improved
e-variables. The second reason is that, while useful, we can predict it will
be far from optimal in the optional continuation scenario described above.
There, one can, of course, compute the p-values py, ..., pr for each batch,
calibrate each into an e-value f(p1), ..., f(pr), and report their product
as the total summary statistic. However, such an approach is undesirable,
since we do not include any potentially valuable information from the
first j — 1 studies in the computation of an e-value for the j-th study. This
stands in contrast to the approach proposed by [85]], which, as is possible
for most e-variables designed for specific problems, incorporates implicit
learning of the parameters, allowing us to leverage valuable information
from past batches in the e-variable designed for the present one. How-
ever, as we already remarked, Turner’s method does not yield satisfactory
results in the table above either.

4.1.1 Novel methods considered in this paper

Here, we provide conditional e-values for analyzing contingency tables that
are easy to implement and powerful. By ‘powerful’, we mean that the e-
values should (with high probability) be larger than the calibrated p-value
based on Fisher’s exact test if the alternative hypothesis of association is
true. By ‘easy to compute,” we mean that resource-intensive operations,
such as a loop over all contingency tables with given marginal counts,
should be avoided, a requirement that applies when many e-values must
be computed simultaneously, as in genome-wide association studies. Re-
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cently, [28] and [29] have studied optimal e-values in situations where the
null and alternative hypotheses are given by exponential families sharing
the same sufficient statistic(s). Recall that, by definition, conditioned on
the sufficient statistic, the distribution of the data does not depend on the
unknown parameter of interest anymore; that is, all relevant information
about the parameter is contained in the sufficient statistic. The authors use
this characterization of sufficiency to study conditional e-values, in which
they condition on the sufficient statistic to convert the composite null to
a simple hypothesis. Conditional e-values are attractive alternatives to
GRO e-values since they are easy to compute and asymptotically optimal
in the sense that the difference in expected growth in comparison to the
theoretically optimal GRO e-variable grows sub-linearly (logarithmically).
This paper builds on the fact that the null hypothesis of no association
may be represented as a one-dimensional exponential family with the
total number of successes as a sufficient statistic, and that, conditioned on
the number of ones, the null becomes simple.

Conditional e-variables are generalizations of conditional likelihood
ratios; specifically, instantiated to our contingency table model, they gen-
eralize the conditional likelihood ratio for sequences of paired data as
used already by Wald in his sequential probability ratio test for two pro-
portions [87] and the conditional Bayes factors used by, for example, [88].
Indeed, what we call the conditional (mixture) e-variable in Table 3|is just
such a conditional Bayes factor (though we extend it in a non-standard
way to the sequential setting). The other versions of our conditional
e-variables have, to the best of our knowledge, never been considered
before. An initial study of a similar type of conditional e-variable, slightly
different from the ones we consider here but that served as an inspiration
for the present one, was applied, under the name microcanonical e-variable
in Chapter

Tablepresents the conditional e-values in three versions, as discussed
in what follows, for the data example in comparison with the previously
discussed e-values. We see that one particular version, UMP-2, performs
remarkably well on our table. UMP-2 stands for ‘the 2-sided extension
of the uniformly most powerful conditional Bayes factor’, an e-variable
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construction that will be explained in the next section. We have calculated
the e-variable types listed in Table[3|on various other tables as well, and
consistently find that UMP-2 shows the best behavior, which is in accord
with the heuristic analysis we give in Section Thus, we conclude that
it is the method of choice for the one-shot scenario, where we receive a
single table ‘thrown at us” and must analyze it.

Our findings are more intricate in the sequential setting, where batches
(tables, potentially of different sizes and group size ratios) from the same
source arrive sequentially. In this setting, by its very construction, UMP-
2 will suffer from the same defect as the p-to-e calibrators: when data
comes in batches, it does not allow one to improve the e-variable for the
next batch based on previous batches. The NML conditional e-variables
do allow for this behavior, and soon start to outperform UMP as the
number of batches increases. Since they are harder to implement in the
sequential setting, in this preliminary study, we have not experimented
with the mixture conditional e-variables; we expect them to behave very
similarly to the NML ones. At the same time, though, we find that the
Turner e-variables generally perform better as the number of batches
increases — like the NML and mixture e-variables, they adapt to the data-
generating distribution as more data comes in. In a nutshell, we find that
asymptotically, in all our experiments, the Turner e-variable outperforms
the conditional NML one; but for reasonable sample sizes and reasonable
targets (i.e., rejection thresholds 1/a), the NML one either is substantially
better, or it is slightly (but never a lot) worse.

Thus, based on this preliminary study, our final recommendation for
the case of sequentially arriving batches will be to handle the first batch
(if it is not too small) using conditional UMP, and subsequent batches
using the conditional NML approach, and return as evidence the product
of all these e-variables. We hasten to add that the preliminary status of
these findings means they should be interpreted cautiously: since the
results are not entirely clear-cut, with the Turner e-variable sometimes
slightly outperforming the NML one, we aim to perform several further
experiments before we submit the present manuscript to a journal.

We also want to stress that we focus on the case where (a) under the
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null, §, = 6, and (b) the alternative is the entire set of (6,,0;) € (0,1)?
with 0, # 6, — thus there is no minimum relevant effect size, or a priori
knowledge that the discrepancy between 6, and 6, has a certain minimum
size. This is in contrast to [85], who extend the Turner e-variables to deal
with nulls in which 6, # 6, and minimum effect sizes; one can certainly
extend the conditional e-variables to this setting as well, but we do not
consider these extensions in this paper.

The remainder of this paper is structured as follows: in section 4.2} we
introduce notation and all e-values of interest in a rigorous mathematical
manner. In Section we explain the results underlying Table 3} and
more generally, the one-shot case, in detail. In Section 4.4, we compare
the performance of the proposed e-values in simulations when batches
(sub-tables) arrive sequentially. We end with a conclusion.

4.2 Preliminaries and notation

We consider binary data from two independent groups, denoted by a
and b, and suppose that, in each stream, data are i.i.d. Bernoulli with
parameters 6, and 6,, respectively, i.e.

X x¢, ... "5 Ber(d,) and XP,XL,... "K' Ber(6y), = (4.1)
for (0,,0,) € © = (0,1)%. We are interested in testing the null hypothesis
of no association

P:l,=0,=06y, &€ (01). (4.2)

We abbreviate the Bernoulli distribution with parameter 6, by Py,

and let Py, ,) be the distribution of a bivariate Bernoulli vector with

independent components and parameters 6, 6;. We denote by pg, and

P(6,,0,) the corresponding densities, and use the same notation for multi-

ple outcomes, naturally extended by the i.i.d. assumption. We write the
null hypothesis at equivalently as P = {Pg,,0,) | 0o € (0,1)}.

4.2.1 E-variables for a single batch/table

Recall that an e-variable for P is a non-negative test statistic S such that
Ep(S) < 1, for all P € P. In the following, we will introduce various
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e-variables for the testing problem at hand. For the sake of clarity, we
assume, first, that we have a single batch of data available and explain
in the next subsection how to derive e-processes and compute e-values if
data arrives in batches over time.

Assume then that we observe a batch of data consisting of observations
Xf,....Xk € {0,1}, forny > 1 and k = a,b. We denote by Y, =
Yo X¢and Y, = Y0, X? the number of ones (successes) in group a

and b, respectively, and let n = n, + np, and N; =Y, + V3.

The Turner E-Variables For arbitrary fixed (6,,6;) € ©, [30] show that

Sanog,.o — 22 o (X0)2))
Cst) ™ poy (XE)i21) pog (XD)2y)”

K3

for 90 = Eea + %91)7
n n

(4..3)
is the GRO e-variable with respect to the simple alternative Q = { P, ¢,)},
see [30, Theorem 1]. Note that

SGRO(84,0,) = SGRO(04,05) (Ya,s Y3) 4.4)

for some fixed function s, i.e. the e-value depends on the original outcomes
only through their counts. However, often we do not want to test P
against the simple alternative Q = {Py, g,)} but rather against the full
alternative

Q={Po,.,) | (0a;00) € O,00 # Ob}. (4..5)

For this case, [30] propose to consider a prior W over © under which
0, and 6, are independent. Thus, W decomposes into sub-priors W, W,
such that 6, ~ W, and 6, ~ W, are independent. We can then write
Py, = [ Py, dW,(8;) for g € {a,b}. By convexity of the Bernoulli model,
we have Py, = P, for some 0, for g € {a,b}. [30] then calculate the
GRO e-variable relative to this simple alternative (6,,6;). We denote
the corresponding Turner e-variable by Styrw). In case n, = ny = 1,
this coincides with the GRO e-variable relative to W, but in all other
cases, as long as W is non-degenerate, it does not, since if n, > 1 then
Py, (X{,..., Xp) # P5 (X{,..., Xn?); see [30] for more extensive dis-
cussion. [30] suggests uSing a Beta prior for W, and we use the uniform
Beta prior unless otherwise stated.
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Universal Inference In the given problem, a standard version of the
Universal Inference (UI) e-variable proposed by [25] with respect to the fixed
alternative { Py, g,)} is given by

0¥ (1—0,)""Ya0" (1 — 0,) >
ON1 (1 — G)Ni-y

SUI(0,,0,) =

)

where 0 denotes the MLE for the given data with respect to the binomial
distribution with sample size n;. For the general alternative Q and general
prior W (in this case, 6, and 6, do not need to be independent under W),
we report the mixture e-value Syyw,) = [ Surer, 6;) dw (e,,6;).

Conditional E-Variables As mentioned in the introduction, the Turner
e-variable as well as the Ul e-variable may perform poorly (i.e., remain
small) for some tables that intuitively provide strong evidence against
the null. Recently, [28] and [29] have introduced conditional e-values as an
attractive alternative to the theoretically optimal GRO e-value for general
exponential families. Clearly, the hypothesis P at forms a one-
dimensional exponential family with parameter §,, and the hypothesis
Qat forms a two-dimensional exponential family with parameters
(04, 6p). For the given data, the summary statistic N1 = Y, +Y}, is sufficient
for P, and the vector (Ny,Y,) is sufficient for Q. Moreover, under the
null, N; is Binomially distributed with parameters n and 6y, and, under
the alternative, Y}, is binomially distributed with parameters n;, and 6y,
for k = a,b. We denote the probability mass functions of the sufficient
statistic Y, by fy,, and refer to [66] for an extensive study of exponential
families. Next, we will condition on N; = n1, for some n; < ng + ng. It
is well-known, and may be verified by standard calculation, that, given
N1 =n4, Y, follows a hypergeometric distribution under the null, that is

(y>(<)_y) ye{v,...,7"}

ny

fr.(y| Ni=n1) =

for v~ = max{0,n; — np} and 7" = min{ny, n,}. Crucially, the density
fr, (- | N1 = n1) is independent of 6, by sufficiency. Similarly, for general

138



(0a,6p) € ©,Y,, given N1 = ny, follows a Fisher’s noncentral hypergeometric
distribution, that is

() Gy )e™

froy | Ni=m)= ————— , yve{y,...,7T)  (4.6)
Yy (0) Gt y)e™
where ¢ denotes the log odds-ratio,
0, 1—06,
d =log (1 —0. o, ) eR. (4..7)

Note that the hypergeometric distribution results as a special case for § =
0, which holds if, and only if, §, = 6. For fixed n,,ny > 1, n1 < ng + np,
and ¢ € R, we denote the density of Fisher’s non-central hypergeometric
distribution with parameters n4, 74,71 and §, by fenen, ny,n,,5)- Since ng
and ny, as well as the number of ones n; (by conditioning) are assumed to
be given, we abbreviate fen(n, ny,n,,5) SIMPly by fens) whenever ng, ng,
and n, are clear from the context. As seen from (4..6), for fixed nq, ny, n1,
the set of distributions corresponding to frn(s) themselves constitute
a 1-dimensional exponential family with canonical parameter §. The
conditional e-value is defined as

_ SNy (Ya)  fenes) (Ya)

Se(s)(Ya) = ’
(o) (¥e) SiNGa 0 (Ya) — fene) (Ya)

SER. (4.8

Lemma 4.2.1.
For any § € R, the conditional e-value S¢s) at is an e-value for P.

Proof. For any P € P, Y,, given N; = n,, is hypergeometrically dis-
tributed, and thus

Nt Nt
Ep(Ses) | N1 =n1) = Z fengo) (V) Ses) (y) = Z fengs) (v) = 1.
y=7" y=v"

The claim follows from the tower property and the fact that S5 is non-
negative.

By conditioning, we have reduced the dimensionality of the alternative
parameter space, and S, ;) is an e-value for any § € R. Analogously to

139



the unconditional case, we usually do not know a priori against which
particular 6 we should test P. Thus, we discuss three possible choices in
the sequel.

1. Mixture conditional e-variable. Given a prior W on R, it is natural to
consider the mixture conditional e-variable

Se (Ya) = / Se(s) (Ya) AW (8). (4.9)

Note that this e-variable can be thought of as a ‘conditional” Bayes
factor, and as such it has appeared before in the Bayesian literature:
[88] and [89]] give closed form expressions for the conjugate prior
on ¢ for Fisher’s non-central hypergeometric distribution. Other
natural choices for W include some Gaussian prior or Jeffreys’ prior.

2. NML conditional e-variable. Ideally, we would like to choose § such
that the enumerator in is as large as possible, which is achieved
by the MLE, denoted by 5 (Y,), for the given data. However, S, 3(Ya))
is not an e-variable in general, since usually E p(SC( S(Ya))) > 1 for
P € P. Nevertheless, by appropriately scaling, we obtain the nor-
malized maximum likelihood (NML) conditional e-variable

1
ST Fenioen (F)
k=~y— JEN(§(k))

where 5(k) denotes the MLE for fiN(n, ny,n,,5) With outcome & €

Sc(NML) (Ya) = Sc(g(ya))(ya) s (4..10)

{v7,...,7"}. The normalized maximum likelihood approach has
been derived within the Minimum Description Length (MDL) ap-
proach to statistical model selection and prediction [17, 18] and
often combined with some luckiness function, where we replace (k)
and §(Y,), with the MLEs with respect to the modified data where
ny, = ng + ka,nj, = ny + kp, ny = ny + ky, for some kg, kp, k1 > 0
with the default choice k, = k;, = k1 = 1. Classic results in MDL
theory for unconditional settings with simple nulls indicate that, for
large enough sample sizes, and under regularity conditions, which
are met in our case, the log Bayes marginal likelihood based on Jef-

freys’ prior will become equal, up to o(1), to the log NML e-variable.
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Although these classic results do not cover the present conditional
setting, they suggest that NML and Bayesian methods will behave
similarly.

. UMP e-variable. Finally, since fen(s)(-) constitutes a 1-dimensional
exponential family, we can use a result of [90] which states that, for
every pre-specified significance level o € (0, 1), among all tests of
our usual null § = 0 against the one-sided alternative H; : 6 > 0 that
take the form 1{S. 5 > 1/a} for some § € R, the choice § = §{/;p
is uniformly most powerful, where 6{;;p > 0 is given by

D (f FN () ‘ fFN(o>) = log(1/a), (4.11)

and the results hold as long as 0, > 0 satisfying the above
display exists; it will then also be unique. Existence is guaran-
teed if min{n,,n,} is larger than some minimal n* [90, [91]. Even
though there is no closed-form expression for () available, we
may solve efficiently numerically by convexity in §. Simi-
larly, if holds with d;;p replaced by some 6;;;p, then the test
l{SC( Soa) = 1 /a} is UMP among all tests of above form against
alternative H; : 6 < 0. If one is interested, like we are (since we
always consider every distribution (0,,6,) € (0,1)* with 6§, # 6,
as potential alternative), in a two-sided test, this suggests to take,
in analogy to the standard construction of a two-sided test, the
e-variable Symp-2 = (1/2)50(5GMP) + (1/2)SC(5$MP). We call this
the UMP-2 e-variable, even though it formally does not have UMP
status anymore.

4.2.2 Sequential (conditional) e-variables

We now assume that data arrives in batches (B;).cn over time, and that, at

each time point ¢ € N, we observe batch B; consisting of n,_; observations

in group a and n,; observations in group b. We denote by Y, ; and

Y} + the number of ones at ¢t € N in group a and b, respectively, and let

ne = Nat + e, and Ny p = Y, ¢ + Yy ;. Similarly, we let nf, = 22:1 N0,
and Y} = 3,_, Vi, for k = a,b,and n' = n!, +n}, and N¥ = Y +Y;!. For
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t € N, we summarize the data B, at t, and the total data B' = (B, ..., B;)
until t in tables as given in Tables 4and

outcome a b outcome a b
1 Ya,t Yb,t n17t1 Y[f Y;f
0 Nat — Yar Mot — Yo 100 nh, =Yl np-Y!
Nt Nt Ny nt nt
Table 4: Data B; at t € N. Table 5: Data Bt until t € N.

Throughout the paper, we consider the natural filtration (F;):en,
where F;, = o(B") for t € N. It was argued in the introduction that
e-values are particularly useful in sequential analysis where we want to
combine evidence from different studies (tables, batches) over time. We
call a sequence (S;)cn of e-variables for P sequential (with respect to the
filtration (F;)sen), if (Si)ten is adapted and, for all P € P,

Ep(st ‘ ]:t—l) <1, te N. (412)

Given some sequence of sequential e-values 51, Ss, ..., we consider their
cumulative products

t
My =[S, teN (4.13)
=1

It follows directly that (M;)cn is a nonnegative super martingale under
any P € P, and that it satisfies thus Ville’s inequality [92]], claiming that,
forany P € P,

PEt: My >1/a)<a, forallae (0,1). (4..14)

Ville’s inequality lays the foundation for safe anytime-valid inference [22].
It may be seen as a time-uniform generalization of Markov’s inequality,
and is stronger than P(M; > 1/a) < aforall ¢ € N, see e.g. [93] for a
discussion. Any sequence of sequential e-values thus suggests the natural
sequential tests ¥, = 1{M; > 1/a}, t € N, where we reject the null P at
level a € (0,1) as soon as M, exceeds the threshold 1/«, and, by {#..14),
one may upper bound the probability of ever doing a type-I error by «.
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Sequential Turner - Simple Alternative For the simple alternative
(04, 6s), the GRO e-variable for each block is given by , which takes
the form of a likelihood ratio between the alternative and a particular ele-
ment of the null. It then easily follows [94] that the GRO e-variable for any
sequence of blocks is given by the product of the individual e-variables

ii for each block, i.e. M; = [[}_, 5(Ya.r, Yo.¢), with s given by 1} is
the GRO e-variable for data B’.

Sequential Turner - Composite Alternative For the full composite al-
ternative, we may turn the Turner e-variable into a sequential sequence
of e-variables as follows: we start with a prior W; for the first batch and
calculate Styg(w,). We then, for the ¢-th batch, use the Turner e-variable
with prior W; set equal to the posterior W, | By,..., B;—1 based on all
previously observed data.

We note a few properties of this procedure:

1. No Within-Batch Learning. The posterior is updated only after a
new batch arrives. Therefore, if batch B; has large size, the Turner
e-value for that batch is a likelihood ratio in which all outcomes
in group a within that batch are predicted by the same Bernoulli
distribution, i.e., for g € {a, b}, every such outcome z appearing in
B; appears as a factor pg(z7) in the likelihood for the same  that
only depends on outcomes in past batches B; ..., B;_;.

2. Sequential GRO in Special Cases. If all batches B; are pairs, n,; =
np+ = 1, and the prior W; renders 6, and 6, independent, then so
does, for each ¢, the posterior W, that is used as prior in batch B;.
As a result, following the reasoning of the previous section, the
t-th sequential Turner e-variable Styrw,) is the W;-GRO e-variable
and the resulting martingale (M;):cn is sequential W1-GRO. [29]
shows that, for general exponential families, the growth rate of this
sequential version of GRO differs from the (‘overall” optimal) GRO
by clogn for some small (< 1/2) positive constant c.
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Sequential conditional We suggest using sequential conditional e-values
defined as

TN Na,t;Na,t,N1,t,0¢ (Ya,t)
Se(si)t(Yar) = (na,t,ma,6,N1,¢,0¢)

, teN§ eR, 4..15)
fFN(na,tﬂb,t,Nl,t,O) (Ya,t) K (

for some predictable sequence (4;).en € R. Importantly, the conditional
requirement at allows us to learn the true log-odds ratio ¢ adap-
tively, and thereby increasing power in case that the alternative is true.
For the mixture approach, this suggests considering

Sewirs = / Seioye(Yaur) AW (8), (4..16)

for some predictable sequence (W}):cn of priors over R, where the natural
choice is to choose W, as the posterior for ¢ after having seen the data
B*~1. Note that, while the individual e-variables have a conditional Bayes
factor interpretation, this is not so clear for their product: the conditional
Bayes factor for data consisting of a series of batches B, ..., By is not
equal to the product of conditional Bayes factors for each separate batch
B; with prior W; set to the posterior based on B*~! (such a coherence
results only holds for unconditional Bayes factors). Also, for the NML
approach, we want to predictably update the MLE, which suggests using

1

Sc(NML),t = Sc(g(yat)),t(ya,t) ’ , (4..17)

+
Ve .
k=~; fFN(na,t,nb,t,Nuﬁ(k))(k)

where v, = max{0, Ny ; —ny ¢} and v;" = min{Ny ;, na;}, and §(¥}}), and
4(k) denote the MLE for the full data B* with respect t0 feN(nt, nt Nt .5) fOT
Y!and Y!~! + k, respectively.

Finally, we note that the UMP-based approach presented in the pre-
vious subsection is not well-suited for a sequential application, since the
optimal log-odds ratio would be computed for each batch independently,
and there is no learning of the alternative between batches. That is, we
actually would obtain independent e-variables rather than sequential
e-variables, which are expected to perform worse in the long run.
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Notation Description

SGRO(Qa,Ob) GRO e-variable wrt Q = {Pgmgb}

STUuR(W) Turner e-variable with prior W

Se(5)r Seew), Sevmry  Cond. e-value for 6 € R, with prior W, and
cond. NML e-value

B; (BY) Data entering at (until) time ¢

Nats Mot (N, n}) Group sizes at (until) time ¢

Yo, Yo (Y1, YY) Total number of ones in group a and b at (until)
time ¢

Nyt (N} Total number of ones in both groups at (until)
time ¢

Se(s),t (S ( 5)) Conditional e-value for ¢ € R at (until) time ¢

Se(w.t (SE(W)) Conditional e-value wrt some prior W on

0 € R at (until) time ¢
Se(NML) ¢ (st (NML)) NML conditional e-value at (until) time ¢

Table 6: Notation used in the paper.

4.3 Calculating and analyzing e-variables for a
single table

In this section, we provide details underlying the calculations that gave
rise to Table[3|and we analyze the dismal behavior of the Turner e-variable
on the data underlying Table[2} To start with the latter: if we naively apply
the Turner e-variable to the whole table, considered as a single batch, we
get an e-variable of 1. This is a direct consequence of the fact we alluded to
before: the Turner e-variable does not facilitate parameter learning within
a batch. In the notation of Section [30] use priors W1 4 and W ; that
are identical, which implies that we get § = 6, = 0, for some 6, resulting
in a likelihood ratio with the alternative represented by (0,,6,) = (0, ).
The corresponding distribution is an element of the null, so the e-variable
equals 1. This was, in fact, noticed by [85], and for the case of one-shot
large tables B, they implicitly suggested to decompose the table into
mini-batches, i.e. several small tables By, ..., By whose entries add up to
those of B. We tried this for a decomposition into (approximately 700)
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mini-batches with n,; = 1,n,+ = 4, and that gave rise to the value 4.11
in Table 2| In more detail, we computed Turner’s sequential e-variable for
these individual batches (with priors in each batch equal to the posteriors
from the previous batch), and report their product. Additionally, we
averaged the results over 5000 runs of random sample splitting (with a
standard deviation of 1.90 when drawing without replacement) to obtain
a more objective result, as the resulting e-value strongly depends on the
particular splitting sample chosen.

The main reason why this e-variable is much inferior to the ones
discussed next seems to be that this procedure forces us to throw away
data points — at some point, one of the two groups is ‘exhausted,” and we
are left with a remaining batch of data points that all fall in the same group.
These data points (252 data points in group b, for our table) cannot be used
(similarly, we could have tried batches with n,; = 1,n,: = 5 but this
forces us to throw away points in group a rather than b and the resulting e-
variable still remains small). We tried several other combinations of n,, and
ny, but none of them yielded significantly better e-values. An additional
issue is that, in practice, it would not be clear which decomposition to
use. Another reason for the bad behavior is that, since in all reasonable
decompositions n, ¢+ # np ¢, the e-values we use do not have GRO status.

The UI e-variable behaves even worse than the Turner one. While
surprising at first, this finding is consistent with the asymptotic results
presented in [29]. Their Theorem 4 (parts 1 and 3) roughly states that,
if we were to pick a prior W that puts all its mass on the 1-dimensional
curve of all (¢,, 6;) that all share the same odds ratio, i.e. that satisfy
for the same ¢, then the expected logarithmic difference between the UI
e-variable applied to fixed sample size n and the Turner e-variable, for a
total of n batches, is of order clogn + O(1) for a constant ¢ close to 1/2
(in the language of their Theorem 4, what we call a ‘batch’ is a single
data point; what we call the Turner e-variable is their sequential-RIPr e-
variable). We would then expect a ratio between both e-variables of about
exp(clogn + O(1)) = ¢,+/n, where n is the number of batches, which,
due to our setting n,+ = 1,1+ = 4 (see above) was approximately 700
(accounting for a factor of V700 ~ 26),and ¢, tends to a positive unknown
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constant. The fact that this asymptotic analysis holds for every fixed 6,
suggests that something similar still holds if, as in our implementation of
Ul and Turner, we use a prior W spread out over all (,, 6, ) rather than just
those corresponding to a particular §. This independently suggests, but of
course does not prove, that (at least this version of) Ul is non-competitive.

As regards the e-to-p calibrators, the underlying p-value — based on
Fisher’s exact test — is obtained by conditioning on n; and modeling Y,
as a hypergeometric random variable, in close analogy with our condi-
tional e-variables. From this perspective, some degree of similarity in
their behavior is to be expected. Nevertheless, the specific choice of the
calibrators f and g is not derived from, nor directly connected to, the
hypergeometric model. For this reason, we found it somewhat surprising
that they exhibit such good performance, at least when compared to the
Turner e-variable.

Turning to the conditional e-variables, we observe remarkably strong
performance of the UMP-2 e-variable. Importantly, although the construc-
tion requires fixing an initial significance level « to derive a (powerful)
choice of 4, the resulting UMP-2 e-variable remains valid for any alter-
native significance level a* # «. That is, under the null hypothesis, it
satisfies

1
Py (SUMP_Q > a*) <a’ for all o € (0, ].)

When a* # «, the resulting test may no longer be optimal in terms of
power, but it still retains the Type-I error control at level a*. Moreover,
our experiments indicate that the performance of the UMP-2 e-variable is
relatively robust with respect to the choice of the initial significance level,
provided that « lies within a reasonable range (e.g. [0.01, 0.1]).

The two remaining conditional e-variables, although grounded in
standard approaches for handling composite alternatives, do not perform
particularly well. This is essentially due to the fact that both are designed
to achieve an expected logarithmic growth rate that, regardless of the true
parameter pair (6,,0;) generating the data, remains close to that of the
optimal oracle conditional e-variable, defined in terms of the true value of
§ associated with (6, 6,) via (4..7).
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This design choice entails a non-negligible overhead. In the case of the
mixture conditional e-variable, the overhead arises because the prior W (4)
distributes its mass over the entire parameter space. In the conditional
NML case, it is induced by the normalization factor appearing in (&..10).
In the unconditional setting, the resulting loss in expected logarithmic
growth relative to the oracle amounts to (1/2)logn + O(1), both for NML
and mixture e-variables [17] (see also Chapter B), and we expect a similar
behavior to hold in the conditional case.

By contrast, the UMP conditional e-variables circumvent this cost by
concentrating essentially all prior mass on values of § that allow rejection
with high probability for the given sample sizes and significance levels a.
This advantage, however, comes at the cost of markedly poor performance
when a or sample sizes differ substantially.

4.4 Comparison of Turner’s and conditional e-
variables in sequential settings

We assess performance in a sequential setting from three complementary
perspectives: asymptotic optimality, practical evidence accumulation,
and stopping-time behavior. To this end, we consider independently
distributed data streams for groups a and b, generated by two Bernoulli
processes with fixed oracle parameters 6, and 65, respectively. We evaluate
the performance of various sequential e-variables S; by simulation.

We present three figures, Figures each comprising 16 panels
corresponding to simulation settings that differ in the data-generating
parameters (64, 65), the total batch size n, + np, and the group-size ratio
nq/ny. For simplicity, we assume that all batches within a given simula-
tion have identical sizes and ratios; that is, for each batch B;, we have
Mgt = Ng and ny ¢ = ny, for some fixed n, and ny.

We selected two configurations of the effect size ¢ for the data generat-
ing distribution: § = 2log 19 (very large effect, rejecting the null is easy,
first two rows of the figures) and ¢ = 21log(3/2) (small-to-moderate effect,
more difficult to discover, third and fourth row of the figures), which can
be spotted by different ds” distance to the null, the diagonal line in the
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parameter space in Figure[17} For both these effect sizes, we chose two con-
crete instantiations: one on the counter diagonal, i.e. (¢, 6;) = (0.95,0.05)
corresponding to 6 = 2log19 (first row of the figures) and (6,,6,) =
(0.6,0.4) corresponding to 6 = 2log(3/2) (third row of the figures); and
one more towards the corner, i.e. (6,, 6,) = (0.78,0.01) corresponding to
0 = 2log 19 (second row of the figures) and (6,,6;) = (0.16, 0.08) corre-
sponding to § = 2log(3/2) (fourth row of the figures). Oracle parameters
are visualized as individual dots in Figure (17| We also considered small
and medium batches with group size ratio 1 (first two columns of the
graphs) and with a group size ratio far from 1 (third and fourth columns of
the graphs). In this way, each figure consists of 16 graphs, each depicting
a separate data-generating mechanism.

Figure |13| measures the deviation from the (,, 6;)-GRO e-variable.
This metric is defined as the expected difference

t

EPg, .0, [108 H SGRO(64,04) (Ya,0, Yo,0) — log H Se] =
=1

SGRO(04,05) (Ya,0> Yor0)
=Ep,, o) l21 5 , (4.18)
=1

with the explicit formula for the GRO given by and (.4), and
where S; denote the sequential e-values of interest. Figure [13|provides a
comparison for Sy either the sequential Turner Stygr(w,) or the sequential
NML e-variable S¢(xwmr),¢-

Secondly, we report the expected accumulated evidence over time as a
measure of performance. Figure[14]depicts the averaged cumulative prod-
ucts of the sequential Turner and sequential NML e-values with increasing
number of batches. Here, the red horizontal line indicates the threshold
log(100) ~ 4.60, corresponding to rejecting the null at level a = 0.01. Intu-
itively, we expect to reject the null after observing roughly the number of
batches in which the expected evidence exceeds this threshold. However,
since this reasoning can be misleading in general, we report also the stop—
ping time distribution as a third measure of performance: In Figure

compare the stopping times 7 = min { 1| I, Se=1/ a} at level
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o = 0.01 for the sequential Turner and sequential NML e-values. All plots
are generated by averaging over N = 1000 runs of each simulation.

Conclusions  Figure[I3|clearly illustrates that, asymptotically, the Turner
e-variable always wins in the sense of achieving the fastest growth rate.
The only panel where this behavior is not immediately apparent is the one
in the third row and fourth column; however, we expect that, upon adding
a sufficiently large number of additional batches, the Turner e-variable
would eventually overtake the conditional NML e-variable, as observed
in the other panels.

This behavior can be explained as follows. For each batch, the expected
growth of the conditional NML e-variable — even if it were equipped
with the oracle value of § corresponding to the true parameter pair (6,, 65)
— falls short of the expected growth of the optimal (oracle) e-variable by a
small amount € > 0. As t increases, the maximum likelihood estimator
6 used in the NML procedure at batch ¢ converges to this true value of
0, implying that the relative growth in converges, to first order,
to ne, for some small € > 0. As shown in [29]], ¢ vanishes as the batch
size increases; nevertheless, for any fixed batch size, the conditional NML
e-variable remains linearly suboptimal relative to the oracle e-variable as
the number of batches tends to infinity.

By contrast, the behavior of the Turner e-variable is, in a sense, dual.
Consider each batch B, itself as a sequence of observations {X;} and
{X?}. As already discussed in Section the Turner e-process does not
perform any within-batch learning: the approximation (6,, 6) to the true,
unknown parameter pair (6,,6;) used to evaluate the e-variable remains
fixed throughout the batch, thereby incurring a constant approximation
error for all outcomes within that batch.

When a new batch becomes available, however, this approximation
is updated and converges to the true data-generating parameters (6, 6;).
Consequently, in contrast to the conditional NML case, the approximation
error — corresponding to each term in (4..18) — vanishes as the number
of batches ¢ grows. Within any given batch, the approximation error
remains non-zero but constant. As a result, for the Turner e-variable,
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smaller batch sizes are advantageous, a behavior that is consistent with
what is observed in the plots.

Figure|14|shows that, for large effect sizes (top two rows), the condi-
tional NML e-variable outperforms the Turner e-variable for practically
relevant numbers of batches, that is, for total number of observations
at which the accumulated evidence is not much larger than log(1/«) for
reasonable choices of o € (0, 1). Note that the horizontal scale in Figure[14]
is therefore substantially smaller than that in Figure |13 where our focus
was on asymptotic behavior.

When the effect size is small (bottom two rows), corresponding to a
more challenging testing problem, the comparison becomes less clear-
cut, and the two e-variables exhibit very similar performance. Moreover,
for large effect sizes, the non-centrality parameter appears to have little
influence on performance, as the first two rows look essentially the same.
Finally, we observe that the crossover point at which the Turner e-variable
overtakes the conditional NML e-variable occurs particularly early for
balanced data and small batch sizes, as illustrated by the top two rows
of the first column in Figure[14} This observation is consistent with our
earlier findings that small and balanced batch sizes are favorable for the
Turner e-variable.

From Figure we can conclude that, for large effect sizes, rejection
typically occurs slightly faster with the conditional NML e-variable than
with the Turner e-variable. The difference in the required number of
batches, however, is very small, since both methods lead to rejection
extremely quickly: across all eight simulations in the first two rows, no
more than four batches are ever needed. For smaller effect sizes (bottom
two rows), the stopping times associated with the conditional NML e-
variable appear to be somewhat more dispersed than those of the Turner
e-variable.

Figure [16| zooms in on one of the sixteen cases shown in Figure
and additionally displays the individual trajectories of the conditional
NML and Turner e-variables across all simulation runs. The visualization
of simulated trajectories together with stopping-time distributions is in-
spired by the informative plots presented in [95]. From these trajectories,
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we can clearly observe the potential advantage of the conditional NML
e-variable over the Turner e-variable already in the first batch, as well as
the fact that, for certain data realizations, the evidence accumulated by the
Turner method may drop to very low levels before eventually reaching
significance.

4.5 Conclusion

This paper investigates e-values and e-processes for testing 2 x 2 contin-
gency tables, with a particular focus on the sequential performance of
Turner’s e-variable and a newly proposed conditional NML e-variable.
Our simulation study suggests that, while the Turner e-variable dominates
asymptotically in terms of growth rate, the conditional NML e-variable
performs competitively at practically relevant sample sizes and target
significance levels. In these regimes, the NML-based approach is either
substantially better than Turner or only slightly worse. We emphasize
that these findings should be interpreted as preliminary. They provide
initial evidence on the relative strengths of the methods, but do not yet
offer a complete characterization of their performance. A more system-
atic exploration through additional experiments remains an important
direction for future work.
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trajectories of the sequential Turner (blue) and sequential conditional NML
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Chapter 5

Validation of higher-order
interactions: application to brain
data

Abstract

Null models and statistical tests play a key role in validating empirical
patterns in data, including relational structures that may involve inter-
actions of arbitrary order. This perspective is particularly relevant in
integrative neuroscience, where cognitive processes are understood to
emerge from the coordinated activity of multiple brain regions. Here, we
propose an algorithm to detect triadic hyperedges of cooperating brain
regions, rooted in entropy-maximization. Within such a statistical frame-
work, it is possible to constrain the number of lower-order co-activation
patterns, thus enabling the identification of higher-order, over-expressed
interactions. Our method generalizes the dyadic validation scheme by
returning a matrix of hyperedge-specific p-values, from which a validated
hypergraph of brain interactions can be constructed after correcting for
multiple hypothesis testing. When applied to human resting-state fMRI
time series, our approach suggests that subcortical, limbic, and trans-
modal regions are more frequently involved in triadic interactions that
lack full dyadic support, whereas somatomotor and visual regions are
comparatively more associated with triples consistent with dyadic clo-
sure (i.e., 2-simplices). Moreover, these purely higher-order interactions
tend to link more spatially distant regions and exhibit lower redundancy
than 2-simplicial configurations. By combining an information-theoretic
perspective with hypergraph modeling, this framework provides a prin-
cipled way to characterize higher-order functional coordination in the
brain.
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5.1 Introduction

The human brain is a complex system constituted of interacting neurons
whose organized activity allows properties such as behaviors and cogni-
tion to emerge [96, 97]. Functional connectivity (FC) analyses represent
the most popular approach to quantifying these interactions from fMRI
data, typically proxied by correlations between (the activity of) different
regions of the brain [98} 99| [100]. Pairwise analyses of this kind have been
instrumental in mapping the large-scale architecture of the human brain,
revealing a small-world, modular, and hierarchical organization [101].
Still, the neuroscientific literature has mainly focused on two-body in-
teractions so far, thus shedding light on only a subset of the interactions
that can take place in the brain, while disregarding those involving more
than two regions, i.e., the so-called higher-order interactions (HOIs). Recent
literature has successfully introduced HOIs in various contexts, including
biological [102], ecological [103], financial [33]], and social systems [104];
recent evidence has shown that HOIs are also key ingredients for the
emergence of higher-level brain functions, such as cognition and con-
sciousness [32}133}34, 135].

Several measures of HOIs have been introduced in neuroscience, the
definitions of which originate from multiple theoretical contexts, includ-
ing statistical inference [[105]], topological data analysis [33], multivariate
information theory and partial information decomposition [106, 107} |108)
109], and machine learning [110].

Information-theoretic studies have characterized HOIs between brain
regions in terms of redundancy and synergy: while redundancy emerges
when neural populations convey overlapping information, synergy domi-
nates when the information coming from multiple regions is integrated.
The contributions of redundancy and synergy have been quantified by in-
troducing the S-information [111]] and O-information [106], quantities which
have been shown to provide an exhaustive description of the higher-order
interactions between three bodies [112]. These two modalities differ in
their spatial distribution: while redundancy dominates in regions that
process information from a single, perceptual or motor, domain — like the
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primary sensory and the motor cortices — synergy becomes more promi-
nent within association networks - like the frontoparietal, default-mode
and dorsal-attention networks [32},[108].

At the same time, the topological data analysis of FC data [113,114]
115] often identifies the presence of higher-order interactions together
with that of all lower-order counterparts [116]. This simplicial closure
condition aligns naturally with redundant interactions, but precludes
the identification of collective effects that arise without lower-order sup-
port. Models based on the concept of hypergraph, instead, allow for
higher-order structures that do not require the presence of the corre-
sponding lower-order hyperedges [114]; yet, even within this framework,
applications have lacked a statistically principled procedure to determine
whether empirical group-wise interactions are a consequence of simpler
lower-order constraints. As a result, the extent to which higher-order
functional motifs rely upon lower-order structures, thus satisfying the
simplicial closure condition, remains unknown: answering this question
requires a statistical approach capable of testing whether higher-order
behaviors are consistent with (expectations based upon) lower-order de-
pendencies or, instead, exceed them to a significantly large extent, thereby
reflecting a genuinely collective organization.

The framework based on entropy maximization provides a rigorous
solution to this problem [6, 31], as it allows one to test whether a given
pattern carries information beyond that embodied by the enforced con-
straints. To apply such a framework to brain activity data, we represent
resting-state fMRI time series as a binary, undirected, bipartite network:
a link between a region of interest (ROI) and a (discrete) time point in-
dicates that the region is active at that specific time; we then turn such a
representation into a functional hypergraph, where nodes are connected
only if they are found to be active simultaneously a significantly large
amount of time. To assess the statistical significance of dyadic interactions,
we employ the Bipartite Configuration Model (BiCM) [55|117], a linear
Exponential Random Graph Model (ERGM) controlling for both the re-
gional and the temporal heterogeneity; to assess the statistical significance
of triadic interactions, we introduce the Bipartite Partial Local Overlap
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Model (BiPLOM), a non-linear ERGM that, in addition to controlling for
regional and temporal heterogeneity, explicitly accounts for each region’s
aggregated propensity to co-activate in pairs. Used in combination with
the BiCM, the BiPLOM allows us to assess which statistically validated
higher-order interactions are better represented as simplicial complexes,
in which the underlying pairwise interactions are validated as well (via
the BiCM) or, conversely, if they require the hypergraphs formalism, in
which the underlying pairwise interactions are not necessarily statistically
significant.

We show that introducing second-order constraints reshapes the
landscape of validated higher-order interactions, revealing distinct
regimes of coordination across brain systems. Triads supported by
validated pairwise interactions are spatially compact and display positive
O-information, consistent with redundancy. In contrast, triads lacking
dyadic support are more spatially dispersed and exhibit reduced or null
redundancy. Importantly, the distribution of these regimes is functionally
heterogeneous: limbic, subcortical, and transmodal regions show a higher
prevalence of triadic configurations that would remain undetected in a
simplicial framework relying exclusively on dyadic validation.

5.2 Results

5.2.1 From time series to bipartite networks

FC studies are typically carried out by exploiting the statistical
(ir)regularities of the BOLD fMRI time series [118]: the BOLD sig-
nal reflects local changes in blood oxygenation, and large deviations are,
in fact, believed to reflect episodes of neural activation. In this respect,
a foundational method is the so-called point process analysis (PPA) [119],
which converts normalized BOLD signals into (likely sparse) sequences
of discrete events by retaining only values exceeding a predefined
threshold. Despite the drastic reduction of dimensionality, PPA recovers
a resting-state network (RSN) structure comparable to that obtained via
standard correlation-based methods. Extensions of this approach include
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Figure 18: Infographics illustrating the pipeline of our analysis. Pictorial
representation of the pipeline we follow in the present contribution, from the
registration of brain activity to the definition of a hypergraph the nodes of
which are brain regions: a) resting-state fMRI time-series are standardized
and binarized; b) time series are mapped to a binary, undirected, bipartite
graph; ¢) the empirical abundances of dyads, V;;, are validated against the
benchmark named Bipartite Configuration Model (BiCM) [55} 117], while
the empirical abundances of triads, V;;i, are validated against the bench-
mark named Bipartite Partial Local Overlap Model (BiPLOM); d) the sets
of validated dyads and triads are identified by the two models; e) a binary,
undirected hypergraph is populated with the statistically validated interac-
tions.

the so-called co-activation pattern (CAP) analysis [[120} (121} [122]], which
clusters high-amplitude BOLD frames into recurring network states, and
event-based analyses in EEG data [123, 124, 125], which reveal activation
patterns on sub-second timescales.

As these findings support the intuition that large fluctuations carry key
information about the collective dynamics of brain, here we represent a

subject’s activation data as a binary, rectangular matrix B = {bit}ie{l_“ N}/
te{1...T}
where the rows correspond to the N brain regions of interest (ROls) and
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the columns correspond to the 7' time points (see Section [5.3.1). The
generic entry of such a matrix is then defined as

1, if |z (8)| > T,

by = 5..1
‘ {O, otherwise. (5-1)

where z;(t) = (z;(t) — p:) /04, with p1; and o; being the average and stan-
dard deviation of the time series {z;(t)}:c1...7} associated with region
i [119,123, 126]]. In other words, region i is flagged as ‘active” whenever
its standardized signal deviates from the average by more than a fixed
threshold 7: a typical choice is 7 = 1, corresponding to one standard
deviation. The resulting matrix B can thus be interpreted as a biadjacency
matrix.

Although associations between regions and time points can be rep-
resented via a bipartite network that retains the information about the
amplitude and sign of signals [127]128], here we restrict our attention to
the occurrences of extreme events, a simpler representation that offers a
valid basis for statistical validation via maximum entropy null models.

5.2.2 Inferring dyadic and triadic interactions

Once a multivariate time series has been represented as a bipartite net-
work, it is possible to leverage the information encoded in this representa-
tion to construct a network connecting brain regions that exhibit a similar
behavior: what is obtained is known as monopartite projection [55,|127, (129,
130, [131].

To this aim, we adopt and extend the framework introduced in [55]
to identify significantly similar interactions between pairs and triplets of
brain regions. Specifically, two brain regions are considered (functionally)
similar whenever the number of co-activations exceeds the expectation
from a null model that constrains the activity of each brain region and the
number of regions active at each time; analogously, three brain regions
are considered as similar whenever they are joint active more frequently
than expected under a null model additionally constraining the tendency
of each node to co-activate in pairs.
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More formally, the number of co-activations for the pair of regions
(i,7) is defined as

T
Vij = sz‘tbjt, (5..2)
t=1

i.e., the number of time points at which both regions ¢ and j are found
to be active; analogously, the number of co-activations for the triplet of
regions (i, j, k) is defined as

T
Vijk = > bitjibrs. (5.3)
t=1

For each n-tuple of regions (n = 2, 3), our algorithm quantifies the sta-
tistical significance of the empirical number of co-activations. To this aim,
we employ the BiCM [55|[117] to assess the statistical significance of the
empirical abundances of dyadic interactions, say {Vi;}; jef1..n}, and the
BiPLOM to assess the statistical significance of the empirical abundances
of triadic interactions, say {V;;x}i jxef1..n} (see Section.

Once the null model has been specified, each empirical value, say V}
and V%, is compared to the ensemble distribution of the corresponding
statistics, yielding a p-value (i.e. the probability of observing a number of
interactions greater than, or equal to, the empirical one) per tested pair
and triplet of areas, reading

p-value = Pr[V > V™ | null model] (5.4)

(where, for the sake of generality, we have dropped the indices).

Since thousands of tests are performed across pairs of regions and
millions across triplets of regions, the resulting p-values are corrected for
multiple hypothesis testing. Hereby, the Benjamini-Hochberg procedure
controlling for the percentage of ‘false discoveries’ (equivalently, ‘incor-
rectly rejected null hypotheses’), i.e., the False Discovery Rate (FDR) [132],
has been applied. The correction for dyads is performed separately from
the correction for triads, thereby controlling the FDR within each order of
interactions (as already done, for example, in [133]]). Interactions whose
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Figure 19: Co-activations residuals under BiCM and BiPLOM. For a repre-
sentative subject (id: 366446), histogram of residuals E[V;;] — V;; under BiCM
(blue) and BiPLOM (red): BiPLOM yields a sharper, higher peak around
zero, indicating a closer agreement between expected and empirical pairwise
co-activations once pairwise tendencies are controlled for.

p-value falls below the adjusted threshold (the single-test significance
level of which has been set to o = 0.05) are statistically validated, hence
retained (see Section 5.3.3).

The complete workflow, from data pre-processing to validation and
from validation to the analysis of the resulting higher-order network, is

depicted in fig.

5.2.3 Impact of second-order constraints on triplet valida-
tion

In principle, triadic interactions could be validated under both BiCM
and BiPLOM. However, the two null models differ in the constraints
they enforce. The BiCM imposes only first-order constraints, namely the
activity of each region and the number of active regions at each time point.
As such, it does not account for second-order co-activation tendencies.
The BiPLOM extends this framework by additionally constraining, for
each region, its aggregated propensity to co-activate in pairs. Importantly,
this does not mean that BiPLOM constrains each individual pairwise co-
activations V;;. Imposing such pairwise constraints would require O(N?)
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parameters and would render the model substantially less tractable. In-
stead, BIPLOM constrains node-level aggregated co-activations V;, which
encode each region’s overall tendency to co-activate in pairs, without
imposing constraints on each individual pairwise motif V;;. The formal
definition of the model and its constraints is provided in Section
Notably, although V;; are not directly constrained, enforcing V; indirectly
improves the reproduction of pairwise co-activations V;; as well; this
effect is illustrated in Figure [19|for a representative subject.

Because of their structural difference, the two models yield different
outcomes in triplet validation. Since BiCM does not account for aggre-
gated second-order tendencies, it is more likely to flag as significant
triplets whose apparent higher-order behavior is largely driven by pair-
wise co-activations. In other words, part of the signal detected by BiCM
may reflect dyadic structure that is not controlled for in its null model.

Empirical evidence for this interpretation comes from the analysis
of closed triangles in the validated pairwise network. We found that
BiCM systematically validates all such triangles also at the triadic level,
indicating that, under BiCM, dyadic closure is automatically promoted to
triadic significance. In contrast, BIPLOM validates only a subset of these
configurations, with the retained fraction varying substantially across

subjects (Figure[20a).

To further quantify the difference between the two models, we com-
pared, for each subject, the sets of triplets validated under BiCM and
BiPLOM, denoted by 7BM and TBFLOM | Qver their union, we com-
puted the proportion of triplets validated exclusively by BiCM, exclusively
by BiPLOM, or by both models (Figure 20b). Across subjects, BIPLOM
validates fewer triplets overall, consistent with a stricter null model that
accounts for aggregated pairwise tendencies. At the same time, the two
validation sets are not simply nested: although a substantial fraction of
triplets is validated by both models, BIPLOM identifies a non-negligible
subset of configurations that BiCM does not recover.
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Figure 20: Comparison of BiCM and BiPLOM triplets validations. (a) Frac-
tion of closed triangles (i.e., triads of nodes whose three pairs are validated
by BiCM) that are further validated as statistically significant triplets by
BiPLOM (blue dots) and by BiCM (red dashed line), for all subjects ranked
by their BiIPLOM value. While BiCM consistently validates all these triangles
across subjects, BIPLOM exhibits significant variability across subjects. (b)
The left panel decomposes, for each subject, the union of validated triplets
into three disjoint sets: triplets validated exclusively by BiCM (blue), exclu-
sively by BiPLOM (red), and by both models (orange). Subjects are ordered
according to the proportion of triplets validated exclusively by BiCM. The
right panel shows the across-subject validation densities (validated triplets
over the total number of possible triplets) for both models. Overall, BIPLOM
yields a more conservative set of validated triplets than BiCM, while still
detecting configurations that BICM does not.

2.4 Geometric and informational signatures of validated
triplets

To characterize the triadic interaction between regions of interest, we
considered three specific classes of validated triplets: connected triplets, in
which all three constituent pairs are validated by BiCM and can therefore
be modeled as simplicial complexes, mixed triplets, in which one or two
of the constituent pairs are validated by BiCM (Fig[2Ta), and unconnected
triplets, in which none of the constituent pairs are validated by BiCM.

To test whether these classes exhibit distinct spatial footprints, span-
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ning across the brain’s lobes or staying local, we quantified the geometric
area of each validated triplet using the centroids of its constituent ROIs. To
aggregate the results, we first calculated the area of each validated triplet.
Then, for each individual, the areas of connected, mixed, and unconnected
triplets were averaged separately, yielding a mean value per category per
subject. Finally, a relative mean area was obtained for each subject by
dividing its mean area by the median area of all possible triplets of regions
in our atlas. This procedure yielded three sets of relative average areas,
one for each subject in each set, allowing comparison of the typical spatial
footprints of connected, unconnected, and mixed triplets across the entire
cohort (Fig. 22). Unconnected and mixed triplets consistently exhibit
larger spatial areas, suggesting a more dispersed anatomical footprint
that may support integrative processes across different areas. In contrast,
connected triplets tend to remain more spatially localized, supporting the
coordination of activity across more homogeneous, spatially closer areas.

In addition, we investigated whether connected, mixed, and uncon-
nected triplets also differ in their O-information values, which quantify
the balance between redundancy and synergy in multivariate interac-
tions [[106]. For each subject and each validated triplet (i, j, k), we con-
sidered the corresponding time series array X;;, with [ € {3, j, k} and
t € {1,...,T}, and calculated the O-information Q(X;;) [134]. For each
subject, the O-information values were averaged across all validated
triplets. Unconnected triplets show O-information values concentrated
close to zero, indicating little net redundancy. Mixed triplets display
moderately positive values, while connected triplets exhibit the largest
positive O-information, reflecting increasing redundancy as the number
of pairwise-supported interactions within the triplet grows (Fig. 23).

5.2.5 Mesoscale-level characterization

Finally, we assessed mesoscale patterns by categorizing validated triplets
according to the Resting State Networks (RSNs) defined by Yeo et al.
[135]], to which their constituent regions are assigned. This classification
enables the analysis of co-activation motifs both within and across RSN,
thereby facilitating the interpretation of higher-order interactions in terms
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Figure 21: Triplets classification (a) Validated triplets were classified accord-
ing to the number of validated pairwise interactions among their underlying
pairs. We distinguish between connected triplets, where all internal pairs
are validated, mixed triplets, where one or two internal pairs are validated,
and unconnected triplets, where no internal pair is validated. (b) Validated
triplets were also classified based on the distribution of their nodes across
resting-state networks. Specifically, for a given node in a resting-state net-
work R, a validated triplet involving the node is said to be intra-RSN if it
involves only nodes in R; two-RSN (majority) if it involves two distinct RSN
and the majority of nodes belong to R; two-RSN (minority) if it involves two
distinct RSN and only one node belongs to R; three RSN if it involves three
distinct RSN, including R.

of known large-scale functional systems. The validated triplets were
grouped into connected, mixed, and unconnected triplets. Moreover, for
each RSN R, triplets involving at least one node in R were further distin-
guished into four categories (Fig.[21b): (i) intra-RSN triplets, in which all
three nodes belong to R; (ii) two-RSN (majority) triplets, involving exactly
two RSNs with two nodes in R; (iii) two-RSN (minority) triplets, involving
exactly two RSNs with a single node in R; (iv) three-RSN triplets, spanning
three distinct RSNs, with only one node in R.

To visualize the spatial distribution of brain regions across these motif
categories, we computed regional density maps for each configuration
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Figure 22: Comparison of relative triangle areas for validated connected,
unconnected, and mixed triplets. Rain plots illustrate the distribution of
relative mean triangle areas across subjects (each of which is represented
here by a dot). Triplets are classified according to the validation of their
constituent pairs: connected triplets (all pairs validated by BiCM), uncon-
nected triplets (no pairs validated), and mixed triplets (one or two pairs
validated by BiCM). For each subject, triangle areas were averaged across
all validated triplets and divided by the median of all the possible triangle
areas in our atlas. Unconnected and mixed triplets consistently exhibit larger
spatial areas, suggesting a more dispersed anatomical footprint that may
support integrative processes across different areas. In contrast, connected
triplets tend to remain more spatially localized, supporting the coordination
of activity across more functionally homogeneous and spatially closer areas.

separately. Specifically, we counted the number of validated triplets of
category c that include region  in each subject s, yielding N (r, ¢). These
counts were normalized within each subject and configuration to obtain
proportional densities expressed by the higher order regional density
index HORD,(r, c). Group-level maps, one for each configuration ¢, were
generated by averaging HORD;(r, c) across subjects.

In addition to the regional density maps, we derived regional connect-
edness maps to summarize whether each region tended to participate
more often in connected or unconnected motifs. For each configuration
type, we computed the higher-order regional flexibility index HORF(r, c)
for every subject and region, and then averaged these values across sub-
jects to obtain group-level connectedness maps. The resulting maps
illustrate, for each configuration, the relative predominance of connected
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Figure 23: Comparison of O-information for validated connected, uncon-
nected, and mixed triplets. Rain plots illustrate the distribution of mean
O-information values across subjects (each represented by a dot). Triplets
are classified according to the validation of their constituent pairs: connected
triplets (all pairs validated by BiCM), unconnected triplets (no pairs vali-
dated), and mixed triplets (one or two pairs validated by BiCM). For each
subject, O-information values were averaged across all validated triplets.
Connected triplets consistently show larger positive O-information, reflecting
redundancy and stronger lower-order dependencies. Unconnected triplets
reveal informational signatures more consistent with genuine higher-order
interdependencies. Mixed triplets show an intermediate regime of coexis-
tence between lower and higher order interactions.

versus unconnected triplets across the cortex (Fig[24).

To aggregate these results at the RSN level, we considered, for each
RSN R, all triplets including R. We then computed the proportion of
connected, mixed, and unconnected triplets with a given configuration,
normalizing by the total number of validated triplets. Fig. 25{summarizes
the aggregated results, showing whether connected, mixed or uncon-
nected triplets better describe interactions between and within specific

RSNE.
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5.3 Methods

5.3.1 Dataset description

We analyzed 3T resting-state fMRI data from the unrelated subjects sub-
set of the Young Adult Human Connectome Project (HCP) [136]. The
complete data set comprises approximately 1,200 participants aged 22
to 35 years, each scanned with a high-resolution multiband EPI BOLD
sequence (TR =720 ms, voxel size = 2 mm isotropic, 72 slices) optimized
for whole-brain coverage and functional coherence. During acquisition,
subjects were at rest with their eyes open and focused on a central cross.
The imaging parameters included a repetition time (TR) of 720 ms, an
echo time (TE) of 33.1 ms, a flip angle of 52°, and a spatial resolution of
2 mm isotropic across 72 slices. Each scanning session comprised two
14.5-minute runs with opposite phase-encoding directions (RL and LR),
yielding 1,200 frames per run.

Data preprocessing followed the HCP minimal pipeline [137], which
includes motion correction, intensity normalization, and spatial alignment
to standard space. Structured noise components were further removed
using the FIX denoising procedure [138], which regresses the motion-
related confounding values estimated from rigid-body parameters and
their temporal derivatives [139]. Temporal high-pass filtering was applied
prior to regression. To maximize temporal coverage, RL and LR runs were
concatenated after removing the mean signal across time.

The functional time series were divided into 116 regions of interest
(ROIs), combining the 100 cortical parcels of the Schaefer atlas [140] with
the 16 subcortical regions defined by the Tian atlas [141] (see Appendix[C).
The final dataset comprised 100 multivariate time series with 116 dimen-
sions and 2400 time points.
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Figure 24: Regional density and connectedness of triplet configurations.
Panels (a—d) and (e-h) show cortical and subcortical maps of regional density
and regional connectedness, respectively, for different classes of validated
triplets. Each row corresponds to a distinct triplet configuration (intra-RSN,
two-RSN majority, two-RSN minority, and three-RSN triplets). Panels (a—d)
report regional density maps (yellow—blue scale), quantified by the higher-
order regional density index (HORD), where warmer colors indicate more
frequent participation in validated triplets, averaged across subjects. Panels
(e-h) report regional connectedness maps (red-white-blue scale), quantified
by the higher-order regional flexibility index (HORF), with blue (red) indicat-
ing a relative predominance of connected (unconnected) triplets, averaged
across subjects. Notably, limbic and subcortical regions show increasing
relative involvement in triplets spanining multiple RSNs and a relative pre-
dominance of unconnected configurations. In contrast, somatomotor and
visual regions are more prominently associated with connected triplets.



5.3.2 Null models for validation

To assess whether the observed co-activations V;; and V%, arise beyond
expectations from random fluctuations, we employ canonical maximum-
entropy null models, also known, in the context of network science, as
Exponential Random Graph Models [4}5,31] (see Appendix A). These models
define probability ensembles of bipartite graphs that reproduce selected
empirical properties of the data while randomizing all others, thereby
providing rigorous statistical baselines. As anticipated, two null models
are implemented in this work: the Bipartite Configuration Model for
pairwise validation and the Bipartite Partial Local Overlap Model for
triadic validation.

Pairwise validation: the BiCM

The BiCM [55] is a first—ordelﬂ maximum-—entropy model that preserves,
in expectation, the degree sequence of both layers of the observed bipartite
network B*. In formulas, it enforces the following constraints:

Elki] =k, Viel,...N, (5..5)
Elh]=h;, Vtel,. ..T, (5..6)

where E[x] represents the expected value of = in the chosen model, and
k¥ and h} are the observed degrees of nodes i and ¢ or, in other words,
the empirical number of activations in region 7 and the number of active
regions at time ¢. In this model, the entries b;; are independent Bernoulli
variables by construction, with heterogeneous success probabilities p;;
determined by imposing the above constraints. The probability of a
bipartite configuration factorizes as

P(B) = H Pl (1 — pig)t b, (5..7)
it

where
e—(ﬁr‘r%)

- T (5.8)

Dit

THere, “first-order” indicates that the model constrains only quantities that are linear in
the entries of B.
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and f;, 7+ are Lagrange multipliers estimated either by maximizing the
likelihood of the model or by solving the constraint equations. This inde-
pendence property implies that, for any pair of regions (i, j), the random
variable V;; = 3, bi1bj; is the sum of T independent Bernoulli trials with
heterogeneous probabilities p;.p;:, hence it follows a Poisson-Binomial
distribution (see Appendix . Empirical values V;} are compared with
this distribution to compute p-values for pairwise validation. A detailed
derivation of the Poisson-Binomial distribution and its computation can
be found in [55].

Triadic validation: the BiPLOM

BiCM controls first-order heterogeneity by reproducing, in expectation,
the activity level of each region and the number of active regions per time
point. This allows the identification of pairwise interactions, quantities
of the second order that cannot be explained solely by local differences
in activation frequency. When moving to the validation of triplets, how-
ever, this model becomes insufficient: to test for genuine third—order
interactions, one must account not only for local heterogeneity but also
for the tendency of regions to co-activate at the pair level. For this rea-
son, we introduce a second-order maximum-—entropy model, the Bipartite
Partial Local Overlap Model (BiPLOM), which constrains both first- and
second-order statistics. By controlling for lower—order dependencies,
BiPLOM provides a stricter statistical baseline, reducing the number of
spurious triplets that would otherwise appear significant under the BiCM,
as shown in the Results section. A full derivation of the BIPLOM and a
detailed discussion of its properties are provided in Appendix[A]

For each region ¢, in addition to constraining its degree, as performed
by the BiCM, the BiPLOM preserves the expected number of co-activations
the region shares with others:

Vi) =3 pupje=Vy  Viel,...N. (5.9)
At

This additional set of constraints ensures that the model reproduces the
empirical tendency of each region to co-activate with others, effectively
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incorporating second-order correlations into the null ensemble. Unlike
the BiCM, these additional constraints introduce dependencies among
the variables b;;, making them non-independent Bernoulli variables. To
obtain a tractable formulation, we adopt a mean-field approximation (see
Appendix [A), which replaces the full joint distribution with a product
of effective Bernoulli marginals. Under this approximation, each b;; be-
comes effectively independent, and the model regains a factorized form
analogous to the BiCM, with success probabilities which read:
e~ (@itBi+d:h})
Pt = T e (it Buraihy)

(5..10)

where the parameters «;, 5, and §; are estimated by maximizing the
likelihood. In the same mean-field approximation, the number of triplet
co-activations

Vijk = Z bitbjtbre (5..11)
t

is again the sum of 7' independent Bernoulli trials with heterogeneous
probabilities p;;p;¢pr: and follows a Poisson-Binomial distribution. Com-
parison between empirical and expected values yields the p-values used
for triadic validation.

Computation of p-values. Exact evaluation of Poisson-Binomial distri-
butions is computationally demanding, especially when repeated for a
large number of pairs, triplets, and subjects. For this reason, while the
null distributions of V;; and V;;;, are defined exactly by the correspond-
ing Poisson-Binomial laws, in practice we rely on analytical approxima-
tions to compute p-values efficiently. A detailed comparison of different
approximations and their performance on our dataset is provided in
Appendix Bl Based on this analysis, we adopt the refined normal ap-
proximation throughout this work, which offers an excellent compromise
between computational efficiency and accuracy.

5.3.3 Multiple hypothesis testing

The validation of dyadic and triadic interactions involves testing a large
number of statistical hypotheses simultaneously. Specifically, for each
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subject, hypotheses are tested for all pairs and all triplets of brain regions,
resulting in thousands of tests at the dyadic level and millions at the
triadic level. To control for the inflation of false positives arising from
multiple comparisons, we adopt a False Discovery Rate (FDR) control
procedure [132].

Given a set of |H| hypotheses {H;, Ha, ..., H g}, each associated
with a p-value, the Benjamini-Hochberg procedure prescribes sorting the
p-values in non-decreasing order,

p-value, < ... < p-value (5.12)

and identifying the largest index 7 such that
i
p-value; < ] t, (5..13)
where ¢ denotes the nominal single-test significance level, set here to
t = 0.05.

All hypotheses H; with i < 7 are then rejected, ensuring control of the
expected proportion of false discoveries among the rejected hypotheses.
In our context, each hypothesis tests whether the empirical number of
co-activations for a given pair or triplet of regions is consistent with
the distribution predicted by the corresponding null model (BiCM or
BiPLOM).

Rejecting a dyadic hypothesis amounts to retaining the correspond-
ing pair of regions as a statistically validated link in the monopartite
projection [55]. Analogously, rejecting a triadic hypothesis results in the
validation of the corresponding triplet as a higher-order interaction. FDR
correction is applied separately to dyadic and triadic hypotheses, ensuring
control of the FDR within each family of tests.

5.3.4 C(lassification and characterization of validated
triplets

To characterize the validated triplets identified by the application of Bi-
PLOM, we distinguished them based on the number of their constituent
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pairs validated by BiCM. Triplets in which all three pairwise interactions
were validated by the BiCM were labeled as connected triplets, whereas
triplets for which none of the three pairs were validated were labeled
unconnected triplets. These two extreme cases provide the clearest contrast
between higher-order structure strongly supported by pairwise statistics
and structure that is essentially “invisible” at the pairwise level. Inter-
mediate cases in which exactly one or two edges were validated are
also possible and were labeled mixed triplets (see Fig. for a schematic
overview of all configurations).

Global geometric characterization of validated triplets

Having defined connected, mixed, and unconnected triplets, we next
examined whether these classes differed in their spatial footprint. To this
end, we associated each ROI with a centroid in standard space, using
the combined Schaefer-Tian atlas aligned to the MNI152NLin2009cAsym
space, which removes inter-subject differences in overall brain size. For
every validated triplet (4, j, k), with centroid coordinates x;,x;, x5 € R?,
we computed the area of the triangle between the three centroids,

1
A = 5 10665 = %) x (i = %) (5..14)

which provides a simple Euclidean distance-based geometric measure of
how spatially extended each triplet is. This also allows the use of the same
measure for cortical (both ipsilateral and contralateral) and subcortical
distances, whereas geodesic distances would not.

O-information analysis of higher-order dependencies

To complement the geometric characterization with an information-
theoretic perspective, we quantified the nature of higher-order statistical
dependencies within validated triplets using the O-information [106].
In this work, the O-information is computed on the original fMRI time
series associated with each validated triplet.

Specifically, for each validated triplet (¢, j, k) and for each subject, we
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considered the corresponding time series array

X ={z1(t)} 1eqijky > (5..15)
te{1,...,T}

where z,(t) denotes the fMRI signal of region [ at time ¢. The time index ¢

is treated as indexing repeated observations of the joint random variable

(Xi, Xj, Xi), allowing the estimation of the associated entropic quantities

from the empirical joint distribution of the signals.

The O-information Q(Xy;) is a signed measure that quantifies whether
the joint interaction among the three time series is dominated by lower-
order, redundant dependencies (positive values) or by synergistic contri-
butions (negative values). For three variables, it can be expressed as

Q(X;, X;, X3) = TC(X;, X;, X)) — DTC (X, X, Xp), (5..16)

where T'C' and DTC denote the Total Correlation and Dual Total Correla-
tion, respectively. The Total Correlation is defined as

TC(Xi,Xj,Xk) =H(X;)+ H(Xj) + H(Xk.) — H(Xi,Xj,Xk), (5..17)
while the Dual Total Correlation reads

DTC(Xi,Xj,Xk) = H(Xi,Xj,Xk) — [H(Xi | Xj,Xk)
+H(X; | X5, Xp) + H(Xx | X5, X;)], (5.18)

with H(X) denoting Shannon entropy of variable X and H(X | Y") denot-
ing the conditional entropy of X with respect to Y.

For each subject, Q(X;;) was computed for all validated triplets and
subsequently averaged within each class (connected, mixed, and uncon-
nected), yielding subject-level estimates of the prevailing informational
regime associated with each class.

Triplet configuration types and higher-order regional density

To relate validated higher-order interactions to their spatial embedding
across the cortex and subcortex, we further classified triplets according to
the distribution of their constituent regions across resting-state networks
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(RSNs). We distinguished three main configuration types: intra-RSN
triplets, in which all three regions belong to the same RSN; two-RSN
triplets, involving exactly two distinct RSNs; and three-RSN triplets, span-
ning three different RSNs. For two-RSN triplets, we additionally dis-
tinguished between majority and minority configurations with respect to
a given RSN R, depending on whether R contributed two or only one
region to the triplet (see Fig. for a schematic overview).

This classification allows the characterization of individual brain re-
gions by how often they participate in higher-order motifs associated with
different RSN-based configurations. Specifically, for each subject s, region
r, and configuration type ¢ (e.g., intra-RSN, two-RSN majority, two-RSN
minority, three-RSN), we counted the number of validated triplets of type
¢ that include region r, denoted by n(r, c).

To enable comparison across subjects, these counts were normalized
within each subject and configuration, defining the higher-order regional
density (HORD) as

ng(r, c)

Yo ans(re)

Accordingly, HORD(r, c) represents the fraction of validated triplets of

HORD,(r,c) = (5.19)

configuration c that involve region r for subject s. Group-level regional
density maps were then obtained by averaging HORD,(r, ¢) across sub-
jects.

Regional connectedness index

In addition to quantifying how frequently regions participate in different
triplet configurations, we assessed whether regions tend to be involved
preferentially in triplets supported by validated pairwise interactions
or in triplets that emerge only at the higher-order level. To this end,
we retained the same triplet classification described above and further
distinguished, for each subject s, region 7, and configuration ¢, how many

of the contributing triplets were connected or unconnected. We denote these

conn
S

counts by n$°™(r, ¢) and n2"°"™(r, c), respectively.
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We then defined a regional connectedness index, termed higher-order
regional flexibility (HORF), which contrasts these two contributions:
nconn(,r7 C) _ nl;nconn(r’ C)

HORF(r,c) = =

ngonn(r7 C) + nlémcorm(r7 C) :

(5..20)

This index takes values in the interval [—1,1]. Positive values indicate
that region r participates more frequently in connected triplets of type c,
whereas negative values indicate a predominance of unconnected triplets.
Values close to zero reflect a balanced involvement in both types of higher-
order interactions. The index is defined only for regions participating in
at least one validated triplet of configuration c.

For each configuration type, HORF(r, c) was averaged across sub-
jects to obtain group-level maps that summarize the relative involvement
of each region in lower-order-supported versus genuinely higher-order
interaction patterns.

To aggregate these results at the RSN level, we considered, for each
RSN R, all triplets including R. We then computed the proportion of
connected, mixed, and unconnected triplets with a given configuration,
normalizing by the total number of validated triplets. Fig. 25{summarizes
the aggregated results, showing whether interactions between and within
specific RSNs are better described by connected, mixed, or unconnected
triplets.

5.4 Discussion and conclusion

Understanding how brain regions coordinate their activity beyond pair-
wise interactions is a central challenge in network neuroscience. While
pairwise functional connectivity has provided valuable insights into large-
scale brain organization, it is increasingly recognized that collective inter-
actions involving more than two regions may capture additional aspects
of neural coordination that are not evident at the dyadic level. In this
work, we addressed this problem by introducing a statistically grounded
framework to identify and characterize higher-order co-activation pat-
terns directly from multivariate brain time series.
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By representing binarized fMRI signals as a bipartite network be-
tween brain regions and time points, and by validating co-activation
motifs through maximum-entropy null models, we obtained a principled
mapping from temporal data to statistically validated higher-order inter-
actions. Crucially, the use of null models that explicitly control for lower-
order statistics allows us to distinguish between triadic co-activations
that are consistent with pairwise structure and those that exceed it. This
separation provides an operational definition of higher-order interactions
in statistical terms, independent of any a priori functional interpretation.

The resulting validated triplets reveal a non-trivial organization of
higher-order co-activation patterns in resting-state brain activity. Rather
than forming a homogeneous class, triadic interactions span a spectrum
of statistical configurations, reflecting different degrees of support from
lower-order dependencies. This motivates a systematic comparison of
triplets based on their statistical, spatial, and informational properties.

A central outcome of our analysis is the emergence of distinct regimes
of triadic coordination, defined by the extent to which higher-order co-
activations are supported by validated pairwise interactions. Connected
triplets are fully supported by dyadic structure, indicating that their
higher-order organization can be largely explained in terms of redundant
lower-order dependencies. Unconnected triplets lack any statistically vali-
dated pairwise support and therefore constitute genuinely higher-order
interactions in a strict statistical sense. In addition, a substantial fraction
of validated triplets falls into an intermediate mixed category, in which
only a subset of the underlying pairs is statistically supported. Impor-
tantly, these regimes are not defined heuristically, but arise directly from
comparisons between null models encoding different levels of constraints.
An important methodological feature of our analysis is that unconnected
and mixed triplets do not satisfy the simplicial closure condition. As
a consequence, they would remain undetected in frameworks based on
simplicial complexes or clique expansions of pairwise networks [113,114].

These different regimes exhibit systematic differences in both spatial
organization and informational signatures. Connected triplets tend to be
spatially compact and are associated with positive, large O-information
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values, consistent with interaction patterns dominated by redundant,
lower-order dependencies. Unconnected triplets, in contrast, are typ-
ically more spatially extended and display attenuated or near-zero O-
information values. Consistently, mixed triplets occupy an intermediate
regime in O-information values, reflecting the coexistence of lower-order
and higher-order interdependencies within the same motif. However, the
spatial extension of mixed triplets is compatible with that of unconnected
ones, showing that both categories help the integration of information
across the brain.

At the mesoscale, these higher-order interaction regimes exhibit struc-
tured relationships with the organization of resting-state networks (RSNs).
Across RSNs, connected, unconnected, and mixed triplets are observed
in all configuration types (intra-, two-, and three-RSN), but their relative
prevalence varies systematically across functional systems. Unimodal
networks, such as visual and somatomotor systems, are predominantly
associated with connected and within-RSN triplets, consistent with their
tightly coupled, locally and functionally redundant dynamics [32].

In contrast, limbic and subcortical areas display a marked predomi-
nance of unconnected and mixed configurations. These areas are primarily
involved in information routing across RSN and integrating, relaying, and
modulating signals between cortical areas [142, 143, |144]. Our findings
suggest that these functions are predominantly supported by spatially
sparse, purely higher-order interactions. Notably, these interactions favor
integration between subcortical /limbic regions and functionally diverse
areas, rather than forming isolated clusters within the limbic or subcortical
systems themselves.

A particularly coherent mesoscale profile is observed for Control- and
association-related networks, most notably the Central Executive Network
(CEN), the Default Mode Network (DMN), and the Salience/Ventral At-
tention Network (SVA), where mixed triplets dominate in number over
both connected and unconnected ones across all the types of configu-
rations: within-RSN, two-RSN, and three-RSN. This shared signature
suggests that their functional interplay relies on a balance between lower-
order supported interactions and genuinely higher-order coordination.
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This is consistent with the Triple Network Model |145, 146, (147]], which
conceptualizes these systems as a tightly integrated control ensemble
supporting adaptive cognition. Our results extend this framework by
showing that interactions involving these networks are supported by
statistically validated higher-order co-activation patterns that cannot be
fully reduced to dyadic structures.

More generally, the prominence of higher-order configurations, es-
pecially in cross-network triplets, highlights the role of higher-order de-
pendencies as a flexible substrate for integration across functional sys-
tems. These interactions capture coordination patterns that cannot be
reduced to purely dyadic ones, yet recur robustly across subjects and spa-
tial scales. Our results, therefore, identify a class of statistically validated
higher-order interactions that are invisible to simplicial representations
by construction, despite playing a non-marginal role in the empirical
organization of brain activity. This finding suggests that restricting the
analysis to cliques or simplices may overlook important dynamics such
as those related to large-scale functional integration.

Beyond methodological considerations, the observed distinction estab-
lishes a statistically grounded link between topological and information-
theoretic descriptions of multivariate interactions. By combining topolog-
ical validation with the O-information, we show that triplets lacking full
pairwise support are not only non-simplicial from a structural standpoint
but are also associated with distinct informational regimes, character-
ized by near-zero redundancy. Consistently, connected triplets exhibit a
markedly higher level of redundancy. Crucially, this correspondence does
not follow from the construction of the analysis: despite being obtained
through independent procedures, topological validation on binarized data
and information-theoretic quantification on the full time series, the re-
sulting distinction persists, indicating that topological and informational
notions of higher-order interaction converge at the level of empirically
validated brain dynamics.

Despite the novelty and robustness of the methods and the reported
findings, some limitations must be acknowledged. First, the present
formulation relies on binary and unsigned representations of the data
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obtained through thresholding. Although this choice facilitates the analy-
sis, it inevitably removes information about the magnitude and polarity
of fluctuations, which may still be relevant, especially in the context
of higher-order synergistic interactions. Recent extensions of pairwise
validation techniques to signed bipartite networks [127] and to signed
brain time series [[128] provide promising avenues for future research.
Generalizing these approaches to the higher-order setting discussed here
could enable the explicit inclusion of sign and weight information in the
validation process.

Second, the current framework remains invariant under temporal
reshuffling. Although rs-fMRI dynamics are typically modeled under
stationarity assumptions, such simplifications inherently overlook the full
complexity of brain activity over time. While some aspects of temporal
heterogeneity are indirectly captured via degree-based constraints, the
explicit temporal ordering of events is ignored. As a result, the method
cannot account for time-dependent correlations or causal interactions.
Future developments could address this by introducing second-order
null models that retain temporal structure or constrain sequential motifs,
thereby enabling a more direct investigation of co-activation dynamics.

Third, although computationally efficient formulations, such as canon-
ical models and mean-field approximations, have been introduced, the
scalability of higher-order validation remains a practical challenge, espe-
cially when testing all possible triplets or larger combinations. Optimizing
sampling procedures or developing analytical approximations for mo-
tif distributions may be necessary to ensure applicability to large-scale
datasets.

Despite the methodological limitations discussed above, our results
demonstrate that statistically validated higher-order interactions provide
a meaningful and interpretable level of description for brain activity that
complements and extends pairwise connectivity analyses. By revealing
robust triadic coordination patterns that cannot be reduced to dyadic
structure, this work shows that collective neural organization cannot be
fully captured within purely pairwise or simplicial frameworks.

More broadly, the proposed approach illustrates how null-model-based
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validation can be used to define higher-order interactions in operational
statistical terms, enabling principled comparisons between structural,
spatial, and informational signatures of multivariate coordination. In
this sense, higher-order co-activation patterns emerge not merely as
descriptive constructs, but as statistically grounded objects that can
inform our understanding of large-scale integration in complex systems,
in the brain and beyond.

Data availability

Data concerning rs-fMRI from the HCP can be found on the [Human
Connectome Project website; for a detailed description, see the HCP
51200 Release Reference Manual.

Code availability

The Python package named TRIDENT (TRIplets DEtectioN via staTistical val-
idation), implementing the algorithms described in the main text, is avail-
able on PyPI and at the URL https://github.com/mattiamarzi/
TRIDENT.
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Appendix of Chapter 5

A. Canonical null models for hypothesis testing

The canonical null models employed in this work belong to the general
family of Exponential Random Graph Models (ERGMs) [4} 5, 6, (148].
Such models can be derived as maximum-entropy ensembles under soft
constraints, that is, by requiring that selected topological quantities match
their observed expectations while maximizing randomness in every other
respect. In this work, we are interested in implementing null models
for undirected, binary, and bipartite networks. As in [117], we follow
the analytical approach described in [148] and further developed in [31].
This approach rests upon an inference procedure allowing us to find a
probability distribution which is maximally non-committal with respect
to the missing data; quantitatively, it is based on the maximization of the
so called Shannon entropy S[P] = — 3 g5 P(B)In P(B), where B is the
set of all undirected, binary, bipartite graphs having N nodes in one layer
and T nodes in the other, and P(B) is a probability distribution defined
over B. The entropy maximization is carried out while constraining the
expected values of a chosen vector of proper topological quantities, the
constraints vector c(B). Solving such a maximization problem leads us to
find the exponential probability distribution:

o—H(B,O)  ,—0c(B)

PB:0) = 5= = e (5.A.1)

where 6 is the vector of Lagrangian multipliers associated with the vector
of constraints ¢(B), H(B, 8) = 0-c(B) is the Hamiltonian of the model and
Z(0) = Y pep €2 °®) is the partition function ensuring normalization. To
tune the parameters defining the entropy-based null model, we require
that the expected values of the constrained quantities E[c(B)] equate
the corresponding values ¢* = ¢(B*) computed on the observed data
B. Interestingly, it can be shown that in this framework the maximum-
likelihood estimation of the Lagrangian multipliers leads precisely to
satisfy the condition E[c(B)] = c¢(B*) [149].

In what follows, we focus on models in which the probability of each
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link can be written as an independent Bernoulli random variable. This
assumption holds exactly when the imposed constraints are linear func-
tions of the adjacency matrix, as in the case of node degrees (see the BiCM
below). When non-linear quantities are constrained, independence no
longer holds exactly; in such cases, we adopt a mean-field approximation,
as discussed later for the BIPLOM. Crucially, the independent-link formu-
lation allows the distribution of the number of shared neighbors for any
n-tuple of nodes to be expressed as a Poisson-Binomial law, providing a
tractable and analytically consistent basis for hypothesis testing. From a
modeling perspective, this independence structure is essential: it ensures
that the significance of higher-order co-occurrences can be computed ana-
lytically rather than estimated by computationally expensive simulations.
While here we apply these models to validate interactions between time
series, the proposed framework is far more general: it applies to all binary,
two-mode datasets that can be represented as bipartite networks. For this
reason, in this section, while retaining the same notation as in the main
text, we do not explicitly talk about brain or time nodes, but, respectively,
the bottom and top layers.

A.. Bipartite Configuration Model

The Bipartite Configuration Model [55] is a linear ERGM for binary, bi-
partite networks, defined by two sets of local constraints, the degree
sequences

kB) = (k1(B), - ,kn(B)) and h(B) = (h1(B),--- , hp(B)). Its Hamil-
tonian reads

N T N T
H(B;B,7) =Y Biki(B)+>_ whi(B)=> > (Bi+v)bi. (5.A2)
i=1 t=1 i=1 t=1
where the N-dimensional vector 8 = (51, - - - ) and the T-dimensional
vector ¥ = (71, - - , yr) are the parameter vectors corresponding to the top
and bottom degrees. The partition function can be computed analytically,
and the probability distribution reads
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E Z (Bi+e)bit N T

e i=1 t=1

Pricu(B; B, 7) = :HHpt (1 —pie)' =0,
Hz 1Ht (e Pz ’

(5.A3)
where the parameters p;; in the above expression are defined as
e Bi—v '
Pit = T B Vi, t. (5.A4)

The formula above is often written in terms of the exponential parameters
x,y, obtained by posing ; = e % and y, = e Vi, t:

pir = —2I g (5.A.5)

pit represents the probability that nodes ¢ and ¢ are linked. Thus, under
the BiCM, each entry b;; of a biadjacency matrix B € B is distributed
as a Bernoulli random variable with probability coefficient p;;. In turn,
this implies that B is a collection of N x T independent, non-identically
distributed Bernoulli variables.

As mentioned, to tune the parameters defining an ERGM, we can
either maximize the likelihood function or solve the constraint equations.
We now explicitly show this, as it underscores the differences with the
BiPLOM (defined later), where this equivalence is partially lost. The BiCM
log-likelihood function reads

Leicm(B,7) =1

E

Pgicm(B™; B, v¢)

e—Bi—mn N T ) s
bthl <1—|—e_/31_71) ZZ ]'_blt 111(1+€ * )

i=1 t=1

N T
b;, In )= D> (14 )

=1 t=1

I
Mz

1

=

.
I

|
&MZ

@
Il
_
~

N T

= =SS (B ) -

i=1 t=1 7

In(1 + e A7), (5.A.6)
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In order to maximize it with respect to 3 and -, we need to solve the
system of equations

3/331CM [3 ) e i ,
e Zb Z T (5.A.7)
3/3131CM 5 ) e i
e U Zb Z o (5.A.8)
and, upon equating them to zero, we find
. e—Bim .
ki —Z (= an = vi, (5.A.9)
. e~ Bi—
h = Z T oA an =E[h] V. (5.A.10)

The BiCM thus provides a first-order baseline that fully accounts for
heterogeneity in node activation patterns but not for correlations between
nodes. As discussed in the main text, this limitation becomes crucial when
validating structures of order three or higher. Notice that the system above
can be solved only numerically. A ready-to-use implementation of the Bi-
partite Configuration Model, along with several other Maximum Entropy
models, is available in the open-source Python package NEMtropy [150].

A.2. From first to second-order null models

As explained in the main text, in order to validate triplets, first-order
constraints might be insufficient. This motivates the introduction of
second-order null models in the validation pipeline described in this
work. The main limitation of introducing second-order constraints in a
canonical model is the loss of link independence, and consequently of
the analytical simplicity that stems from it, an aspect that is central to
the validation framework introduced by Saracco et al. [55] and that we
aim to extend here. In addition, second-order models are typically not
analytically solvable.
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To overcome these issues, a mean-field approach is employed [148)
151,[152]]. The mean-field approximation builds on the concept of separable
Hamiltonians, in which the Hamiltonian is expressed as a sum of local
contributions that may depend on global or mesoscopic properties of
the network. In contrast to linear ERGMs, whose Hamiltonians take the
general form

N T
0) = Z Z O3t bit, (5.A.11)

i=1t=1
and yield independent link probabilities, separable Hamiltonians adopt a
more general expression:

N T
=3 by fu(B,6), (5.A.12)
i=1 t=1
where the functions f;; introduce non-linear dependencies (e.g., on k;, h,
or motif statistics), possibly involving all entries of B.

The mean-field approximation consists of replacing the adjacency ma-
trix B with its expectation P = E[B], i.e., the matrix of link probabilities,
inside the functional terms f;;. Under this approximation, the expression
becomes separable, and links become independent:

H H PU (L — pi)t 0, (5.A.13)

i=1t=1

where now A
e—fit(P,0)

Pit = T TrePe)

This approximation restores independence at the cost of only approxi-

(5.A.14)

mate constraint satisfaction, which is the price paid to maintain analytic
tractability.

It is important to note that, once mean-field is applied, solving the con-
straint equations and maximizing the likelihood are no longer guaranteed
to be equivalent. In linear ERGMs (such as the BiCM), the two procedures
coincide, but in non-linear models, the mean-field approximation effec-
tively modifies the model class. This subtlety will play a key role in the
construction of the BIPLOM in the next section.
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A.3. The Bipartite Partial Local Overlap Model

Here, we introduce the Bipartite Partial Local Overlap Model, a second-
order ERGM which we solve in the mean-field approximation.

Ideally, in order to validate co-occurrences between triplets, a model
designed to reproduce, beyond degree sequences, local second-order
statistics is preferred. A direct way to impose second-order information
would be to constrain all pairwise overlaps V;;. However, since there are
O(N?) of them, this approach is computationally prohibitive and would
make the model intractable. For this reason, we seek summary statistics
that encode local second-order structure while keeping the number of
constraints linear in N. To this aim, for each node ¢ in the bottom layer,
define the aggregate overlap

T

T N
Vi = Z Z bitbjr = Zbit(ht — bit) Vi. (5.A.15)
#

t=1 j=1 t=1

—~
[

.
=

Vi counts the total number of V;; motifs in which node i participates, or
equivalently, the total number of bottom-layer nodes that share at least
one neighbor with i. By constraining both degree sequences and the
V; patterns, the resulting null model accounts for (i) the local tendency
of each node to form links (through degrees) and (ii) its local tendency
to share neighbors with others. This provides a suitable baseline for
statistically validating triplets whose co-occurrences cannot be explained
by lower-order tendencies. Such constraints induce the Hamiltonian

T N
B) + Z Yehi(B) + Z 8:Vi(B) (5.A.16)

Bz zt+zzfytbzt+zz(s bzt ht _bit>

1 t=1 =1 =1 t=1
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[ Bi + 7+ 0: (he(B) — bir) ] bie. (5.A.18)
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The mean field approximation requires replacing [ﬁi +7:+0;(he(B) —
bit)| with its expectation under the model, [8; + v¢ + 6;(E[h¢] — piz)]. The
induced mean-field link probabilities read

e~ Bi—ve—0i(E[he]—pit)

1+ e Bi—re—0i(Elhe]—pit)

Dit = (5.A.19)

Upon assuming that the constraints on the degrees are met, one gets:
e—Bi—vt—0i(hi—pit)

1 4 e Bi—re—0i(hiy—piz)

pit = (5.A.20)

However, it is easily shown that the solution to the constraint equation
is degenerate in the mean-field approximation. In fact, for each i the
expectation of V; reads:

T T
SO bubie| =D pupit

t=1 j=1 t=1 j=1

JFi i
T N T
= Z Z PPt — Y D (5.A.21)
T T
= Z i(hy —1) + Zpit(l — Dit) (5.A.22)
t=1 t=1
T
=" pulhy — 1) + Varlk], (5.A.23)

~
Il
-

where we assumed again that the constraints on the degrees are met.
Requiring E[V;] = V;* then implies

Z pi(hf — 1) + Var[k Z b (h — Vi. (5.A.24)
t=1

Summing both sides over i, one gets:
th hE—1) —l—ZVar Zh* (hf —1)

= ZVar[k ] =0 = Var[k;] =0Vi. (5.A.25)
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Moreover, in the independent-links approximation,

Var[k Zp” —pu)=0 Vi, (5.A.26)

which is obtained if and only if p;; € {0, 1}. Thus, the model collapses to
a deterministic configuration: no canonical ensemble exists.

Since exact constraint satisfaction is impossible, one may attempt
to maximize likelihood. However, in this case, the expression for p;;
in does not yield a closed form depending only on model param-
eters and observed data.

To solve this problem, we introduce a modified version of V;, including
the self term j = i. Formally, we constrain, together with the degrees, the
quantities

Vi= Zanbﬂ = an hy Vi (5.A.27)
t=1 j=1

This modification does not remove the degeneracy that would arise from
enforcing the constraints exactly: if one attempts to solve the constraint
equations, the system still collapses to a deterministic configuration:

T N
Emr[Vi] = Emr Z bztht‘| =3 D pumse + i
t=1 | j=1
J#i
T
= Z sztpjt — Pit pzt - 1 szth — VarMF[ki] VL
t=1 \j=1

(5.A.28)

where we used the fact that b, = b;;. Equating this expression to V; and
summing over i, one ends up again with condition (5.A.26). The role of
V; is, then, different and purely operational: by including the self-term,
the link probabilities p;; acquire a closed-form expression, which makes
maximum-likelihood estimation feasible even though exact constraint
satisfaction remains impossible.
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The modified vector of patterns V= (‘71, e ‘7N), together with the
degree sequences k and h, define the constraints of the Bipartite Partial
Local Overlap Model. The model Hamiltonian reads:

T
B,B,v,6 Z Z [Bi + 7t + 6i he(B)] big. (5.A.29)

i=1 t=1

Applying the mean-field approximation yields:

Hyr(B, 8,7, 6) Zan Bi+e+6i Elhy]] Zan [Bi+7e+3; by).,

=1 t=1 =1 t=1
(5.A.30)
where we assume that the constraints on the degrees h are satisfied. Thus,
in mean-field, the distribution factorizes:

Pur(B; 3,7, 0) HHW 1—py) =0, (5.A.31)

i=1t=1
with link probabilities admitting the closed form

e—Bi—vt—0dih}

Pit = T o Fimi—siht " (5.A.32)
The log-likelihood reads:
N T
»CMF /8177 Zzbzt ﬁz+’7t+§h ZZIH (1+€_Bi_%_6iht)«
=1 t=1 i=1 t=1
(5.A.33)
Setting its derivatives to zero, we get for the degree constraints:
or T T
85i:_2b;‘t+2pit:0 = szt—EMF , (5.A.34)
oL _ —Zb +2pn 0 — :Zpit = Enilh]. (5.A.35)
O i=1
For the 17, constraints:
T T N T
=S mb Y k=0 = V=Y hipy (5.A36)
t=1 t=1 t=1
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while the expected value is:

T
Emr(Vi] = > pith; — Vary[ki]. (5.A.37)
t=1
Therefore:
V" = Emp|Vi] + Varme|ki] Vi. (5.A.38)

The model thus reproduces, in expected value, first-order patterns
exactly, and second-order patterns as closely as possible while preserving
fluctuations. By doing so, it captures each node’s local tendency to co-
activate with others, without collapsing onto the observed configuration.

Figures [26|and 27| summarize how BiPLOM enforces the constraints in
practice. The parity plots in Figure 26| compare the constraint implemen-
tation of BiCM (top row) and BiPLOM (bottom row) for a representative
subject. Both models accurately reproduce the degree sequences. In
particular, the BiPLOM mean-field estimates EMF[k;] and EMF[h,] lie
essentially on the identity line when plotted against the empirical degrees,
indicating that first-order patterns are matched up to the numerical toler-
ance of the solver. As expected, BiCM does not reproduce the individual
tendency to activate in pairs, as reflected in the aggregated overlaps V;. By
construction, BIPLOM captures these second-order aggregated tendencies
much more accurately, albeit at the cost of the mean-field approximation.
The bottom-right panel reports the aggregated overlaps Vi, comparing
the empirical values with both the plain mean-field prediction Enis[Vi]

and the variance-corrected estimate Eyp[V;] + Varye[k;].

A complementary error diagnostic for V; across subjects is shown in
Figure[27} the histogram displays the distribution of relative errors across
all nodes and subjects; the violin plot reports the per-subject median
relative error; and the hexbin plot compares the empirical discrepancy
‘N/i* — Eni[Vi] with the corresponding variance-correction term. Taken to-
gether, these panels show that including the variance term systematically
compensates for the bias inherent in the plain mean-field estimate of V.

Although this systematic bias is intrinsic to our approximation, it is
predictable and therefore controllable: a direct check on the variances

provides an a posteriori diagnostic of the magnitude of the correction.

195



In this sense, the residual discrepancy represents the price to pay for
retaining a model that remains analytically tractable and computationally
efficient, and that can therefore be implemented simply and efficiently.

B. Approximations of the Poisson-binomial distribution

As discussed in Section for each subject and each pair or triplet
of regions, we count the number of co-activations V;; and V;j; from the
bipartite matrix B. Under the BiCM and BiPLOM null models (Sec-
tion , the entries b;; are modeled as independent Bernoulli variables
with success probabilities p;;. For a fixed n-tuple of regions (n = 2, 3), the
contribution of each time point ¢ is Bernoulli with probability

ittt = 27
g = 4 Pitbit " (5.B.39)
DitPjtPrt, T =3,

so that the total number of co-activations can be written in the general
form

T
S=>"Xi, (5.B.40)
t=1

where the X; are independent Bernoulli variables with heterogeneous
success probabilities ¢;. In this setting, S follows a Poisson-binomial
distribution:

fBP(S:S): Z Hth(l_Qt)v 5:0717"'7Ta (5B41)
AC{1,....T}t€A t¢A
|Al=s

whose mean, variance, and skewness are

T
p=E[S]=> a. (5.B.42)
t lT
o? = Var(S) = th(l —qt), (5.B.43)
. t=1
y=0" a1 - a)(1 - 2q1). (5.B.44)

t=1
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Given an observed co-activation count Vops, the exact upper-tail p-value
under the Poisson-binomial model is

prB(Vobs) = Ppe(S 2 Vops) Z fen(s (5.B.45)

5=Vobs

where fpp is the Poisson-binomial probability mass function. In our
implementation, this tail is evaluated using an FFT-based Hong-type
algorithm and serves as the reference for assessing the accuracy of the
approximations described below.

Exact Poisson-binomial tails provide a principled baseline but become
computationally expensive when applied to all pairs and triplets of all
100 subjects. Following [55], we therefore consider three approximations
that replace the Poisson-binomial distribution with simpler surrogates,
all sharing the same mean p and variance o2,

The Poisson approximation assumes that the success probabilities ¢,
are small and that ", ¢7 is not too large. In this regime, S is approximated
by a Poisson variable with rate 4, and the upper-tail p-value is

. pseH
PPoisson (Vobs) %P(Pmsson( > obs . (5.B.46)

5=Vobs

This approximation is simple and efficient, but it can underestimate the
tail probability when the ¢, are heterogeneous or not uniformly small.

A second approximation relies on the central limit theorem. For suffi-
ciently large 7" and moderate skewness, S can be approximated by a Gaus-
sian variable with mean x and variance o2. Introducing the continuity-
corrected standardized statistic

Vobs +0.5 — H

Z = (5.B.47)
o
the upper tail is approximated by
pnormal(vobs) P(N(O 1) Z) = (I)(—Z), (5848)

where @ is the standard normal cumulative distribution function. The con-
tinuity correction improves accuracy in the discrete setting, particularly
near the validation threshold.
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The refined normal (rna) approximation incorporates the skewness
~ of S into the Gaussian prediction, providing a one-parameter correc-
tion to the normal tail that remains tractable for large numbers of tests.
Following [55], define

1— a2

6

G(z) = @(—z) — v o(z), (5.B.49)

where ¢ is the standard normal density. The upper-tail p-value is then
approximated as

(5.B.50)

V. 0.5 —
prna(‘/obs) ~ G(Obs_F'u> .

g

For v = 0, the refined approximation reduces to the ordinary normal ap-
proximation. For moderate skewness, the skewness correction improves
the agreement with the Poisson-binomial tail without sacrificing compu-
tational efficiency. In our implementation, these three approximations are
available as alternative options in the validation routines for pairs and
triplets (BiPLOM).

To select a surrogate that can be safely used on the full cohort of
100 subjects, where exact Poisson-binomial calculations for all pairs and
triplets would be computationally prohibitive, we benchmark Poisson,
normal, and rna against the exact Poisson-binomial model on five ran-
domly selected subjects, identified as 100307 _treshold1, 125525 _treshold1,
149539 _treshold1, 198451 _treshold1, and 899885 _treshold1. For each sub-
ject and structure type (pairs for BiCM, triplets for BIPLOM), we compute,
for each method, the total number of validated structures, the distribution
of associated p-values, and the overlap between the corresponding sets of
validated structures.

The scatter plots in Figure 28| compare, for each subject, the number of
validated structures under Poisson, normal, and rna approximations with
respect to the Poisson-binomial baseline. For BiCM pairs, the Poisson
approximation validates on average about 0.87 times as many pairs as the
Poisson-binomial model (mean ratio Poisson/PoiBin ~ 0.871), whereas
the normal and rna approximations are slightly more liberal, with mean
ratios normal/PoiBin ~ 1.063 and rna/PoiBin ~ 1.044. The same pattern
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becomes more pronounced for BiPLOM triplets, where Poisson validates
on average only about 0.80 times as many triplets as Poisson-binomial
(mean ratio = 0.803), while normal and rna validate about 1.15 and
1.08 times as many triplets, respectively (mean ratios ~ 1.147 and ~
1.079). The points lie close to the diagonal for all methods, indicating that
the approximations track the baseline counts across subjects, but with a
systematic conservative bias for Poisson and a mild anti-conservative bias
for normal and rna. Across both structure types, rna remains close to the
diagonal and avoids the strong underestimation of Poisson and the more
pronounced over-validation of normal.

To characterize p-value distributions beyond simple counts, we an-
alyze the transformed scores z = —log p (natural logarithm). For each
approximation m and structure type, the violin plots in Figure [29|display
the empirical distribution of z across structures and subjects. Each violin
encodes a smoothed kernel density estimate

N
Fn(2) = Nih kz K(Z _hz’“> : (5.B.51)
=1

where z; are the observed — log p values for method m, K is a kernel

function and & is the bandwidth. Higher and wider violins toward large
z indicate heavier tails of small p-values and thus more aggressive valida-
tion. For both BiCM pairs and BiPLOM triplets, the rna approximation
produces — log p distributions that closely follow the Poisson-binomial
reference, with only a modest shift towards larger values. By contrast, the
Poisson approximation concentrates more mass at smaller z, that is, larger
p-values, which is consistent with its systematically smaller number of
validated structures.

We also inspect the kernel density of the original p-values. For each
approximation m, the curves in Figure 30| represent the kernel density

N
gm(p) = ﬁ kz K(p _hp’“> , (5.B.52)
=1

constructed from all p-values p, pooled across the five subjects. The

estimate

horizontal axis reports the p-value on a linear scale, while the vertical axis
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reports the estimated density on a logarithmic scale, which emphasizes
the behavior near p = 0. For both structure types, Poisson shows a marked
depletion of small p-values compared to the Poisson-binomial baseline,
while normal and rna closely track the Poisson-binomial density. The rna
curves are slightly enhanced in the extreme tail, in line with the modestly
higher number of validated structures reported in Figure [28 but remain
very close to the Poisson-binomial reference.

The stacked overlap plots in Figure [31| decompose, for each bench-
mark subject, the union of the Poisson-binomial and approximate vali-
dated sets into structures validated only by Poisson-binomial, by both
methods, or only by the approximation. For BiCM pairs, the Poisson
approximation recovers on average about 87% of Poisson-binomial val-
idated pairs, and 100% of Poisson-validated pairs are also validated by
Poisson-binomial. The normal and rna approximations recover essentially
all Poisson-binomial validated pairs (mean coverage close to 100%). In
contrast, about 94% and 96% of normal- and rna-validated pairs, respec-
tively, are also validated by the Poisson-binomial model. For BIPLOM
triplets, the pattern is similar but more pronounced: Poisson recovers
about 80% of Poisson-binomial triplets, and all Poisson-validated triplets
are contained in the Poisson-binomial set, whereas normal and rna re-
cover essentially 100% of Poisson-binomial triplets and about 87% and
93% of their own validated triplets overlap with Poisson-binomial. For
the representative subject 899885, the rna approximation validates 14539
triplets at a subject-specific threshold p < 0.00287, corresponding to ap-
proximately 14539/253460 ~ 5.7% of all possible triplets, and 92.98% of
these rna-validated triplets are also validated under Poisson-binomial,
while all Poisson-binomial validated triplets are recovered by rna. All
proportions are computed on linear scales in both axes.

To summarize the similarity between the Poisson-binomial and ap-
proximate validated sets, we use the Jaccard index. For each subject and
approximation, we define

|HPoiBin N Happrox |

T (Hroiin, Happrox) = ]HpoiBin U HapprOX‘

, (5.B.53)

200



where Hpigin is the set of structures validated by the Poisson-binomial
model and Happrox is the set validated by the approximation. The Jac-
card index equals 1 when the two sets coincide and 0 when they are
disjoint. The bar plots in Figure [32|report the mean Jaccard index across
the five subjects, together with one standard deviation. For BiCM pairs,
the mean Jaccard index is about 0.87 for Poisson, 0.95 for normal, and 0.96
for rna. For BiPLOM triplets, the mean Jaccard index decreases slightly
to about 0.78 for Poisson, 0.87 for normal, and 0.93 for rna. These val-
ues confirm that all approximations remain strongly nested within the
Poisson-binomial benchmark, while highlighting systematic differences:
Poisson is clearly conservative, with smaller validated sets and lower
Jaccard values, whereas normal and especially rna achieve a higher recall
of Poisson-binomial validated structures at the cost of a modest number
of additional validations.

Taken together, the evidence from validated counts, p-value distribu-
tions, overlap decompositions, and Jaccard indices consistently points to
rna as the most faithful approximation to the Poisson-binomial model.
Compared with Poisson, rna avoids the strong underestimation of the
number of validated structures and the depletion of small p-values. Com-
pared with normal, rna achieves higher Jaccard indices and a closer match
to the Poisson-binomial p-value density, particularly in the small p-value
regime that drives validation. Based on this five-subject benchmark, we
therefore adopt rna as the default surrogate for the Poisson-binomial
model in the large-scale analysis of all 100 subjects.

C. Atlas

The atlas considered, being the union between the Schaefer Atlas and
the Tian Atlas, includes both subcortical and cortical regions. Subcortical
regions are divided into left and right hippocampus, left and right amyg-
dala, left and right posterior and anterior thalamus, left and right nucleus
accumbens, left and right globus pallidus, left and right putamen, and left
and right caudate nucleus. Cortical regions, instead, are grouped based
on the seven canonical Resting-State Networks (RSNs) defined by Yeo et
al. [[135]]. Specifically, these include 17 different areas corresponding to the
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visual system (VS), 14 accounting for the sensorimotor network (SMN),
15 for the Dorsal Attention Network (DAN), 12 for the Salience Ventral
Attention Network (SVA), 5 for the limbic system, 13 for the Central Exec-
utive Network (CEN), also called Fronto-Parietal Network (FPN), and 24
for the Default Mode Network (DMN). The above partition is represented

in Fig[33]
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Figure 25: Mesoscale characterization of validated triplets across RSNs.
For each RSN R, validated triplets involving at least one node in R are classi-
fied into (a) intra-RSN triplets, (b) two-RSN (majority), (c) two-RSN triplets
(minority), and (d) three-RSN triplets spanning three distinct RSNs. For each
class and RSN, values are normalized to the total number of validated triplets.
Shaded bands represent the standard deviation across subjects. This analysis
reveals how connected, unconnected, and mixed triplets distribute across
canonical functional systems, highlighting which RSNs are predominantly
characterized by redundant lower-order dependencies versus genuinely
higher-order interactions. A clear pattern emerges: sensorimotor and vi-
sual networks show limited involvement in unconnected triplets, whereas
attentional and cognitive networks display a balance between connected and
unconnected triplets, with a clear predominance of mixed triplets. At the
same time, subcortical and limbic systems are often characterized by a higher
prevalence of unconnected triplets than connected ones, underscoring their
role as hubs of higher-order integration.
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Figure 26: Constraint implementation with BiCM and BiPLOM. Top row:
parity plots for a random subject (id: 366466) for bottom layer degrees k; (left),
top layer degrees h; (centre), and aggregate overlaps V; (right). Each marker
reports an empirical value on the horizontal axis and the corresponding
mean-field prediction on the vertical axis; the dashed line represents the
identity.
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Figure 27: BIPLOM error diagnostics for the aggregate overlaps. Left panel:
distribution of log,, relative errors on V; across all nodes and subjects, com-
paring the prediction En[V;] (orange) with the variance corrected prediction
Ewme[Vi] + Varur[ki] (green). Central panel: violin plot of the per-subject
median relative errors for the same two predictions. Right panel: hexbin plot
of V;* — Enmge[V;] versus (Enir[Vi] + Varmr[k:]) — Eme[Vi], with color indicating
the number of nodes falling in each hexagonal bin.

204



8001 ____

Approximation validated count

poisson
= normal
s ma

1:1 line

Approximation validated count

17500

. 15000{

125001

100001

75001

50001

25001

poisson .
= normal

s ma

1:1 line .

0=

200

400 600 800
Poibin validated count

(a)

0

2500 5000 7500 10000 12500 15000 17500

Poibin validated count

(b)

Figure 28: Validated counts under Poisson-binomial surrogates. Scatter
plots comparing the number of validated structures obtained with Poisson
(orange), normal (green), and rna (red) approximations against the Poisson-
binomial baseline (x-axis) across the five benchmark subjects. (a) BiCM pairs.
(b) BiPLOM triplets. The dashed diagonal marks equality.
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Figure 29: Distribution of significance scores across approximations. Vi-
olin plots of z = —logp (natural logarithm) for Poisson, normal, and rna
approximations, shown separately for each benchmark subject. (a) BiCM
pairs. (b) BIPLOM triplets. Colors follow Fig.
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Figure 30: p-value densities under Poisson-binomial surrogates. Kernel
density estimates of p-values for Poisson-binomial (blue), Poisson (orange),
normal (green), and rna (red), pooled across benchmark subjects. (a) BiICM
pairs. (b) BIPLOM triplets. The density axis is shown on a logarithmic scale
to emphasize the small-p regime driving validation.
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Figure 31: Overlap between Poisson-binomial and approximate validated
sets. Stacked decomposition of the union between Poisson-binomial vali-
dations and each approximation into structures validated only by Poisson-
binomial, by both methods, or only by the approximation. Panels compare
(a,d) Poisson, (b,e) normal, and (c,f) rna approximations against Poisson-
binomial. Top row: BiCM pairs. Bottom row: BiPLOM triplets. For each
subject, bar lengths are normalized by the union size so that each bar sums
to one; subjects are ordered by decreasing fraction of Poisson-binomial-only
structures.
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Figure 32: Agreement with Poisson-binomial validated sets. Mean Jaccard
index between the Poisson-binomial validated set and the sets obtained
with Poisson, normal, and rna approximations, computed across the five
benchmark subjects. (a) BiCM pairs. (b) BIPLOM triplets. Error bars indicate
one standard deviation across subjects.
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Figure 33: Yeo partition illustration on the brain. Here, we show Yeo’s
partition through the Enigma Toolbox [153]. In gray, the subcortical structures
that were not actually included in the Yeo analysis and here have been
grouped together, in blue the SMN, in purple VS, in orange FPN, in green
DAN, in pink VAN, in yellow the limbic system, in red the DMN.
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Chapter 6

Conclusion

This thesis has investigated how learning from data can be carried
out when models are defined through constraints, focusing on three
closely related inferential tasks: model selection, hypothesis testing, and
validation. Throughout, maximum entropy models have provided a
unifying formal framework for addressing these tasks in a coherent way.
In what follows, we discuss the main results of this work and outline a
number of open questions that naturally arise from them.

6.1 Model selection and ensemble non-equivalence

The first part of the thesis focused on model selection between canonical
and microcanonical maximum entropy formulations. Chapter[2addressed
this problem within the Minimum Description Length principle, using
Normalized Maximum Likelihood as a universal coding distribution.
From this perspective, the distinction between canonical and microcanon-
ical formulations becomes operational, as reflected in differences in the
description length that depend on the observed data. The chapter shows
that these differences remain finite when ensemble equivalence holds, but
can scale with the system size whenever non-equivalence is induced by
an extensive number of constraints.

While the NML approach is less widely adopted than Bayesian meth-
ods within the complex systems community, it has a clear and well-
founded justification in terms of data compression and provides a princi-
pled way to construct description lengths that applies the same criterion
across competing models. Chapter [2| also clarified the relationship be-
tween NML-based and Bayesian approaches. In settings where ensemble
equivalence holds, the NML construction asymptotically coincides with
the use of Jeffreys’ prior. However, this relation breaks down in the
presence of non-equivalence induced by local constraints. Whether a con-
tinuous prior exists that asymptotically reproduces the NML description
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length in such settings remains an open problem.

Chapter 2|also shows that, from a Bayesian perspective, canonical and
microcanonical formulations can in principle be made to agree through a
suitable choice of prior. This is somehow confirmed in Chapter 3| through
the construction of the microcanonical approximation: a universal canon-
ical distribution can always be rewritten as a Bayesian microcanonical
universal distribution (even though the opposite is not always true). Con-
sequently, the same holds for description lengths. Rather than resolving
the issue of non-equivalence, however, this observation highlights a more
general point: different priors can induce differences in description length
that themselves scale with system size. In this sense, the Bayesian formu-
lation effectively shifts the problem from the choice of ensemble to the
choice of prior, underscoring that prior assumptions can yield large gains
or losses in description length and model selection outcomes, depending
on how well they align with the data.

Finally, Chapter [2| opens the way to a fully model-based notion of
equivalence. The standard measure-level definition of ensemble equiva-
lence is formulated at the level of probability measures, comparing the
maximum-likelihood distributions associated with different ensembles
via their Kullback-Leibler divergence evaluated on the observed data.
This notion, therefore, concerns ensembles, understood as individual dis-
tributions, rather than models, understood as families of distributions.
Since the presence or absence of non-equivalence is determined by the
choice of constraints - that is, by the choice of models themselves - it is
natural to seek a definition of equivalence at the model level, taking into
account both likelihoods and complexities. In this direction, we suggested
a generalization based on the Kullback-Leibler divergence between the
universal NML distributions of two models. As shown in Chapter
this quantity depends only on the chosen constraints and not on the ob-
served data. We proved that ensemble equivalence implies model-level
equivalence in this sense, whereas the converse implication remains open.

As a final remark, the analysis in Chapter 2| deliberately restricted
attention to non-equivalence arising from the choice and scaling of con-
straints. Connections to other sources of non-equivalence, such as those
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associated with long-range interactions, as well as their detectability from
an MDL perspective, were left open for future investigation.

6.2 E-values and MDL

In Chapter 3] growth-rate-optimal e-values were constructed for tests in
which the competing hypotheses correspond to canonical or microcanon-
ical maximum entropy models. Exact constructions were obtained for
the microcanonical case, while for the canonical case, a microcanonical
approximation was proposed and justified both theoretically and empiri-
cally. The resulting e-values were illustrated in examples for 2 x 2 and
2 x k contingency tables, showing that the approximation performs well
across a range of settings.

A key insight emerging from this analysis is that universal distri-
butions, already central in MDL due to their redundancy-minimizing
properties, naturally induce e-values with small regret. This observation
provides a principled justification for constructing GRO e-variables from
universal distributions and establishes a clear conceptual link between
e-values and inference based on description lengths.

Building on this connection, an important open problem is the unifi-
cation of model selection based on description lengths and hypothesis
testing based on e-values within a single framework. While this thesis
has clarified their connection in settings involving pairwise comparisons
between models, extending this perspective to multi-model selection prob-
lems remains open. In particular, one would like to attach interpretable
measures of statistical evidence or significance (type-I error control) to
differences in description length across a collection of competing models.
Despite its technical challenges, such a unification is conceptually appeal-
ing, as it would bring model selection and hypothesis testing under a
common notion of evidence and further strengthen the role of universal
distributions and description lengths as central inferential quantities.

211



6.3 Conditional and microcanonical e-values

Chapter [ focused explicitly on 2 x 2 contingency tables and on the prac-
tical question of which e-values are appropriate, relative to classical p-
values, in different inferential scenarios. Both single-shot and sequential
settings were considered, with particular attention to finite-sample behav-
ior. Preliminary results highlighted a trade-off across inferential regimes.
E-variables optimized for sequential accumulation of evidence, such as
Turner’s e-variable, perform well when group sizes are comparable and
data arrive in many small batches, that is, when information is updated
repeatedly. In contrast, conditional e-values, and especially uniformly
most powerful ones, are comparatively preferable when data arrive in a
small number of large batches. The analysis was intentionally exploratory
and aimed at clarifying qualitative differences between approaches rather
than providing a definitive prescription.

In this study, the microcanonical e-values introduced in Chapter
were not employed directly, even though they partially inspired the defi-
nition of conditional e-variables. The precise formal relationship between
microcanonical e-variables and the conditional e-values used in Chap-
ter d remains to be clarified. Microcanonical e-variables are defined for
general choices of constraints under both the null and the alternative and
therefore apply broadly to tests between constrained models. By contrast,
the conditional e-variables considered in Chapter 4 while related to the
general theory of exponential families, were specifically tailored to the
2 x 2 contingency table setting.

At a conceptual level, however, the two constructions are closely
related. In the specific case of 2 x 2 contingency tables, conditional e-
variables are introduced as tools for canonical models and are obtained
by conditioning on the observed null sufficient statistic, thereby reducing
the problem to a single continuous parameter. Microcanonical e-variables,
instead, are defined directly for microcanonical models; nevertheless,
such models can themselves be derived from canonical formulations by
conditioning both the null and the alternative on their respective sufficient
statistics, leading to a description in terms of two discrete parameters. In
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this sense, both approaches exploit conditioning to reduce complexity and
render the resulting inference tractable, albeit through formally different
constructions.

Although these differences are primarily technical, clarifying their
implications — and, in particular, understanding which scientific or mod-
eling choices they correspond to in practice — would contribute to a more
unified picture of e-values for contingency tables and, more generally, for
hypothesis testing with constrained models.

6.4 Refining higher-order validation under null
models

The final part of the thesis shifted focus from inference between models
to the use of maximum entropy models as null models for validation.
Chapter 5| addressed the problem of identifying statistically validated
three-wise interactions in brain data, starting from multivariate fMRI
time series. By representing the data as a bipartite network between
time points and brain regions and projecting it onto the layer of regions,
the problem of validation was cast in terms of reproducing local con-
straints under suitable null models. While established approaches already
exist for validating pairwise interactions using models such as the Bipar-
tite Configuration Model, the chapter extended this framework to the
validation of triplets by introducing a non-linear canonical null model
(BiPLOM), solved within a mean-field approximation.

Applying this approach across multiple subjects made it possible to
characterize validated triplets according to their internal pairwise struc-
ture and their spatial and functional organization. In particular, con-
nected triplets were found to be more redundant and spatially compact,
whereas unconnected triplets displayed near-zero redundancy and were
more prevalent in transmodal areas. These latter structures would not
be detected within a simplicial-complex framework, underscoring the
importance of null-model-based validation compared to approaches that
restrict attention to fully connected motifs.

From a methodological perspective, several possible improvements
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emerge naturally. The current analysis is restricted to binary interac-
tions, whereas extending the null model to include signed and possibly
weighted interactions would allow one to incorporate information about
the direction and magnitude of co-fluctuations. This extension is not
merely technical: preliminary investigations suggest that synergistic ef-
fects tend to emerge in frustrated interactions, for which knowledge of
the signs of the underlying time-series fluctuations is essential. Cap-
turing such effects would therefore require a signed and/or weighted
formulation of the model.

Another methodological aspect concerns multiple-testing correction.
In the present analysis, statistical validation relies on the Benjamini-
Hochberg correction, which is standard in the statistical validation litera-
ture and provides a practical and well-established baseline. In settings
such as the one considered here, where tested structures may share nodes
or other components, alternative correction strategies that explicitly ac-
count for dependence could be explored as a methodological refinement.

In this broader context, e-values offer a potentially attractive perspec-
tive. Their use would make it possible to easily combine evidence across
subjects and to apply multiple-testing corrections that remain valid un-
der general dependence structures. At the same time, defining suitable
e-variables for higher-order validation problems remains a nontrivial task.
As an initial benchmark, one could consider e-values obtained by calibrat-
ing classical p-values, which, while not optimal, may serve as a useful
reference against which more tailored constructions can be assessed.
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