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Linking through time: Memory-enhanced community discovery in temporal networks
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Temporal networks present a unique challenge regarding the community discovery task. The inherent dy-
namism of these systems requires an intricate understanding of memory effects and structural heterogeneity,
which are often key drivers of network evolution. This study focuses on Markovian temporal networks and ad-
dresses these challenges with an innovative community detection method that introduces a modularity function.
We specifically demonstrate how our approach enhances the detectability threshold, thereby improving the effec-
tiveness of community detection in such a dynamic setting. We show that by associating memory directly with
nodes’ memberships and including it into the modularity expression, we can enhance the detectability threshold
compared to scenarios where memory is ignored, thus extending the conditions under which communities can be
accurately identified. We validate our approach through extensive numerical simulations, confirming its efficacy
in a controlled environment. Additionally, by applying our method to real-world data, we not only demonstrate
its practicality and robustness but also reveal its capacity to indirectly tackle additional challenges, such as
determining the optimal time window for aggregating data in dynamic graphs.
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I. INTRODUCTION

Models of real networks often describe complex systems
as static entities. However, these systems dynamically evolve,
with their connections undergoing continual changes. Such
dynamism can significantly enrich network characterizations
[1–3] and influence phenomena happening on them [4–8]. A
key driver of this dynamism may be affiliation with specific
mesostructures [9], which can thus identify and characterize
relevant aspects of the system under examination. Particu-
larly, the presence of communities or groups within these
mesostructures has garnered significant interest within the
scientific community. This focus is justified by the profound
influence these communities can exert on various aspects of
the system, such as the diffusion of processes within it [10],
or its stability [11,12].

When considering the network’s topology, communities
emerge as clusters of nodes exhibiting a significantly higher
link density than expected. Based on this aspect, numerous
methodologies have been developed to tackle community de-
tection, ranging from the use of objective functions to quantify
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the quality of a partition, such as the modularity function
[13], to approaches based on generative models such as the
stochastic block model [14], and flow models that leverage
network dynamics to cluster nodes based on persistent flow
patterns [15].

A fundamental concept on which this work is based is
the definition of “expected,” which is central to the modu-
larity function, the main tool employed here. This function
quantifies the deviation between a standard benchmark, which
sets the expectations, and the observed values of specific
measurements within the network, typically represented by
links. Often termed a null model, this benchmark is essential
for achieving accurate results, a significance we will discuss
throughout this paper.

While the above-mentioned methodologies have been well
developed for static networks, they encounter challenges
when generalizing for time-varying graphs. Nevertheless,
community detection for temporal networks is a rapidly ex-
panding field, and several studies have endeavored to adapt
static methods to the dynamic context [16–18]. The develop-
ment of a robust modularity function for temporal networks
meets a major obstacle due to the lack of suitable null models.
These null models are crucial for incorporating time depen-
dencies between nodes within the same community. If such
dependencies exist and are not properly integrated into the
benchmark, the performance of established algorithms can
suffer [17]. Conversely, effectively incorporating time de-
pendency can significantly enhance algorithmic performance
and reveal new insights. In this paper, we fill this gap by
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demonstrating how the maximum entropy approach [19] can
be utilized to construct various forms of the modularity func-
tion and leverage them to account for different aspects of
network structure. In our main result, we introduce a formula-
tion of the modularity function based on a recent Markovian
null model for temporal networks [20]. This formulation
allows simultaneous control over anomalies related to link
persistence between nodes and link formation, thus allowing
an accurate generalization of the modularity function to time-
varying graphs.

To demonstrate the advancements achieved by leveraging
these properties, we investigate the problem of the detectabil-
ity threshold, which serves as a theoretical limit defining the
boundary for the ability of any algorithm to detect the pres-
ence of communities [21]. Initially, we introduce the threshold
for the static case, and subsequently, by incorporating the
insights presented in Ref. [22], we compute the threshold
while considering the presence of memory between nodes
within the same blocks. To support our theoretical results, we
conduct a series of analyses on synthetic temporal networks,
wherein the number of nodes and memberships remain fixed
throughout the network’s evolution while exploring various
combinations of parameters. Our findings confirm theoretical
expectations. Building on these results, we enhance the appli-
cability of our modularity function by integrating a structural
break detection method, which effectively captures significant
changes in community structures. This adaptation improves
our analysis of time-evolving communities and broadens the
function’s utility in dynamic network analysis.

In the final section of this study, we applied our proposed
methodology to a real-world data set of proximity relations
in a primary school [23], demonstrating its practical utility.
We also addressed the challenge of selecting the optimal time
window for constructing a temporal network. For our specific
scenario, where we assume that memory is driven by nodes’
membership, choosing a time window with heightened mem-
ory leads to a temporal network where community structures
are more distinctly observable. We conclude this work with
several key remarks and observations.

II. COMMUNITY DETECTION, NULL MODELS
AND MODULARITY FUNCTION

Consider a graph G = (N, E ), where N represents a set
of nodes and E ⊆ N × N denotes the set of edges. A com-
munity structure within G is defined as a partition �g =
{g1, g2, . . . , gq} of N , where each gi ⊂ N is a cluster of nodes
such that the density of edges within each gi is significantly
greater than the density of edges between gi and N \ gi. In this
context, we focus on nonoverlapping communities, implying
that each node belongs to exactly one gi within �g. Identifying
the optimal subdivision of a network with an inherent block
structure is challenging and has attracted extensive research
attention [24]. In response, Newman and Girvan introduced a
quality function known as modularity in 2004 [13], designed
to evaluate the effectiveness of network partitions. The origi-
nal formulation of this function is expressed as follows:

Q(g) =
∑
i, j∈N

[ai j − 〈ai j〉]δg(i)g( j), (1)

where ai j refers to the observed element of the adjacency
matrix A for the graph G, marking the presence of a link
between node i and node j. Conversely, 〈ai j〉 is the expected
value of the same link in a null model that presumes no com-
munity structure exists. The vector �g specifically designates
the community membership of each node.

The modularity function measures the deviation between
the observed and expected number of intracommunity edges,
as defined by the null model. The effectiveness of this measure
lies significantly on the design of the null model, a pattern-
generating model that maintains certain properties constant
while allowing others to vary stochastically [25]. This ran-
domization process is designed to simulate aspects of the data
that would be expected in the absence of any specific mecha-
nisms, such as community structure. It is precisely through
this characteristic that the modularity function achieves its
goal. Modularity is maximized with respect to the assigned
node memberships to identify the optimal partition. When
the optimal partition produces a modularity close to zero, it
indicates a lack of strong community structure. Conversely, a
modularity value approaching one signifies the presence of a
strong community structure.

The choice of the null model is subjective and depends
on the specific properties we aim to replicate in our random
network. Significant focus has been placed on null models
that accurately reproduce the degree sequence of undirected
and unweighted networks, primarily to examine the impact of
local inhomogeneity [26]. In this paper, we focus exclusively
on null models that precisely reproduce the degree sequence
of a given network. For binary and undirected networks, the
degree-constrained Chung-Lu model is often used, defined
by 〈ai j〉 = kik j

2m , where ki and k j are the degrees of nodes i
and j, respectively, and 2m represents the total number of
possible links. However, while popular, the Chung-Lu model
is an approximation valid only under stringent conditions [27],
which many real networks do not meet. An example of this
discrepancy can be seen in the work of Maslov et al. [28],
who found that using the Chung-Lu model to calculate the
connection probability between two hubs in an internet net-
work snapshot on January 2, 2000, yielded a probability of
43.5, a clear anomalous value. Using such a flawed measure
in the modularity function could introduce significant bias,
adversely affecting the method’s performance. To address
these issues, we introduce a modularity function based on
null models developed through a maximum entropy approach
[19]. This method not only adheres more closely to the actual
network structure but also avoids the biases inherent in models
such as Chung-Lu.

A. Maximum entropy null models

The maximum entropy approach [29] is a methodology
that enables the definition of a probability distribution over
a set of elements, such as graphs, in a manner that ensures
specific expected values are reproduced while all other aspects
remain maximally random. Applying the maximum entropy
formalism to real-world network-related problems involves
a two-step process. The first step addresses a graph G with
certain distinctive properties Ci(G). In this step, we seek to
obtain the most unbiased probability distribution P(G) over
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the set of all possible graphs, ensuring that the expected value
of Ci(G) aligns with the imposed constraints. To achieve this
distribution, we leverage the Shannon-Gibbs entropy:

S[P] = −
∑

G

P(G) ln P(G). (2)

Imposing that the probability distribution reproduces on aver-
age

〈Ci〉 =
∑

G

Ci(G)P(G) = C∗
i , (3)

where G is an ensemble element, C∗
i is the measured value of

the constraint i, and 〈·〉 indicates the expected value over the
ensemble.

It is crucial to emphasize that, as we have defined it, this
class of models allows for the imposition of constraints where
the expected value, rather than the exact value for each net-
work realization, is reproduced. This has implications not only
on computational aspects [19] but also on the model’s ability
to replicate metrics not predetermined by constraints [30].

The constrained maximization problem is approached by
employing the method of Lagrange multipliers (�θ). The result-
ing probability distribution has the following functional form
[31]:

P(G|�θ ) = e−H (G|�θ )

Z (�θ )
, (4)

where H (G|�θ ) = ∑
i θiCi is called graph Hamiltonian, and

Z (�θ ) = ∑
G e−H (G|�θ ) is the normalization constant.

The second step of this procedure involves determining the
numeric values of the parameters �θ that reproduce the mea-
sured quantities on a real graph. To tackle this problem, we
can employ the maximum likelihood principle, which entails
setting the parameters to the specific values that maximize the
likelihood function P(G∗|�θ ) given the model [32].

The first maximum entropy model we introduce is the bi-
nary configuration model [31], which serves as the maximum
entropy counterpart to the Chung-Lu model. As previously
noted, this model forms the basis for the classical definition of
modularity. The binary configuration model (CM) is derived
by imposing constraints on the degree sequence, resulting in
the following Hamiltonian expression:

H (G|�θ ) ≡
N∑

i=1

θiki, (5)

where ki is the degree of node i. Hence for this specific
problem, we have that

〈ai j〉 ≡ xix j

1 + xix j
, (6)

where xi ≡ e−θi for each node i [19,32]. In the subsequent sec-
tions, we will employ maximum entropy null models to define
new modularity expressions and characterize their properties.

B. Detectability threshold in static graphs

To explore the impact of temporal information on com-
munity detection, we investigate the behavior of various

modularity functions in relation to the detectability threshold
(DT) problem. This issue, which has attracted significant at-
tention from researchers [14,33,34], describes a fundamental
limitation in the ability of algorithms to discern commu-
nity structures in networks, marked by the presence of a
phase transition [34]. To frame this problem, we consider the
well-known stochastic block model (SBM) [35], a generative
model that produces networks with a block structure. This
model serves as an ideal framework for examining the effec-
tiveness of community detection algorithms under controlled
conditions.

Given a set of nodes N and q groups denoted by �g =
{g1, g2, . . . , gq}, the SBM in its basic formulation defines
a network structure in which unweighted edges are placed
between node i and node j with probability pgig j depending
on the groups which they belong. Hence the probability of
observing a graph G is

P(G|g) =
∏

(i j)∈N

p
ai j
gig j (1 − pgig j )

1−ai j , (7)

where ai j is the element of the adjacency matrix A corre-
sponding the graph G.

In the subsequent analysis, we focus on a specific class of
block models where clusters are of uniform size, known as
the planted partition model. All theoretical results in this work
relate to this model configured with two communities. These
communities are distinguished by a probability of connection
between nodes of different clusters, pout, and within nodes
of the same cluster, pin. For this specific case, it has been
shown rigorously [36] that given a sparse graph G, i.e. with
pi j = O( 1

N ), with two communities, an average degree k, an
average number of connections between groups kout = N

2 pout,
and within groups kin = N

2 pin, it exists a value �k = kin −
kout = �∗ such that, below this threshold, no algorithm can
capture the community structure better than by chance:

�∗ = 2
√

k. (8)

In the following, to measure the quality of the partition com-
puted by our models, we use the adjusted Rand index (ARI)
[37] defined by:

ARI(gt , ge) =
∑

i j

(ni j

2

) − [∑
i

(ai

2

)∑
j

(b j

2

)]
/
(N

2

)
1
2

[∑
i

(ai

2

) + ∑
j

(b j

2

)] − [(ai

2

)∑
j

(b j

2

)]
/
(N

2

) ,

(9)
where, index i goes over all the sets in gt , while index j goes
over all sets in ge.

ni j defines the number of elements in common between the
sets in gt (i) and ge( j), ai = ∑

j ni j is the sum of the elements
in common between set i and all sets in j, and b j = ∑

i ni j is
the sum of the elements in common between the set j and all
the possible sets j. Hence, the value of ARI varies between
0, when none of the elements is well classified, and 1, when
there is a perfect matching between the real membership and
the one inferred.

As a first experiment, we use the modularity function de-
fined with the null model in Eq. (6), denoted as:

Q(g) =
∑
i, j

[
ai j − xix j

1 + xix j

]
δg(i)g( j). (10)
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FIG. 1. Figure shows the performances using the modularity de-
fined in Eq. (10) on a static network with k = 8 and 200 nodes. Each
point is averaged over 30 iterations.

To optimize the partitions, we use a modified version of the
algorithm introduced by Clauset and Moore, as detailed in
Appendix 4. We explore how the modularity performs by
varying the relationship between pin and pout. Interestingly,
since the expected degree is the same for each node, a suitable
null model for our case involves a single parameter, in contrast
to the CM that requires N parameters. However, the choice of
the null model does not significantly affect the final results,
so we employ the binary configuration model for illustrative
purposes.

Figure 1 displays the transition between a regime where
the modularity function-based algorithm successfully detects
the community structure and a regime where it fails. The plot
results from examining of graphs, each composed of two com-
munities, where the relationship between pin and pout varies,
implying a variation in �k as previously described. These
artificially generated graphs maintain a constant average node
degree k. The plot substantiates the theoretical forecast that a
distinct transition point, denoted as �k = �∗, exists. As can
be observed, our algorithm, consistent with theoretical expec-
tations, performs better than expected, as measured by the
ARI up to the detectability threshold. It is important to note
that, since the networks we are estimating are of finite size,
we cannot completely eliminate random fluctuations, which
result in peculiar algorithmic performance behavior near the
phase transition. This effect has been noted in several studies
[34,38,39]. Indeed, near this threshold, finite size effects can
make the phase transition not abrupt, but rather smooth and
continuous. Thus, we will assume the numerical simulation is
consistent with the theoretical result when the ARI value is
close to 0.5. As we will see in the rest of the paper, this value
agrees with other well-documented results in the literature,
supporting our assumption. Throughout this paper, all numer-
ical simulations designed to demonstrate changes in the DT

FIG. 2. Schematic representation of temporal networks with
fixed communities. Each node in the network is assigned a color to
indicate its membership, which remains fixed throughout the evolu-
tion of the network.

depending on the model used will have the same parameter
values; thus, they will also be characterized by these effects
near the DT. Finite-size effects can be mitigated by increasing
the number of elements in the simulation. The main problem
is the complexity involved in solving parameter estimation for
the more complex null models addressed in this work. As the
number of nodes increases, the computation time increases
exponentially, making the problem infeasible. This is why we
have opted to work with smaller networks.

III. MODULARITY FOR TEMPORAL NETWORKS WITH
A STATIONARY DATA GENERATING PROCESS

The transition from static to temporal graphs introduces
complexities that significantly affect community detection
tasks. As the network evolves, changes in community struc-
tures may occur [40]. To address these challenges, selecting
a representation method that aligns with our algorithm for
analyzing temporal networks is crucial. In this study, we use
a snapshot approach, representing the network as a sequence
of T static sparse graphs, denoted as Gi. Each graph in this
trajectory, referred to as a graph trajectory, G, maintains a con-
stant number of nodes, N , and is characterized as unweighted
and undirected:

G ≡ {G1, . . . , GT }. (11)

As previously mentioned, communities in temporal networks
undergo a variety of transformations [41]. In the theoretical
part of this work, we focus on persistent communities that
remain constant over time, see Fig. 2. Although this scenario
is relatively simple, it is worth investigating because, as we
show in the following sections, it allows us to develop insights
into how memory impacts community discovery. Afterward,
we explain how to adapt our approach to situations where
communities evolve throughout the network’s lifespan. In the
following sections, we examine graph trajectories generated
with communities that maintain consistency over time, pro-
duced through a stationary process. Specifically, we explore
two different data-generating processes (DGP): initially, a
time-varying graph with no correlation between snapshots,
which then evolves into a temporal network with inherent
memory.

A. Temporal networks with independent observations

The first DGP we analyze produces a graph trajectory con-
sisting of independent and sparse snapshots. Each snapshot
is constructed using the planted partition model, which is the
same model applied in the static case. In this configuration,
the average connectivity for each block within each snapshot
remains consistent at k, ensuring that the average connectivity

043204-4



LINKING THROUGH TIME: MEMORY-ENHANCED … PHYSICAL REVIEW RESEARCH 6, 043204 (2024)

over time,
∑

t
1
T k(t ), equals k = k. Consequently, the model

defined has the following expression for the probability of
observing a given graph trajectory G:

P(G|g) =
T∏

t=1

∏
(i j)

p
agig j (t )
gig j (1 − pgig j )

1−agig j (t )
. (12)

We refer to this model as a dynamic stochastic block model
(DSBM).

To address community detection within this framework, we
employ a modularity function that utilizes a naive temporal
generalization of the binary configuration model. This model
is constructed by replacing the degree sequence of a single
snapshot with the temporal average as a constraint. Conse-
quently, the related Hamiltonian is expressed as follows:

H (G|�α) ≡
N∑

i=1

αi

T∑
t=1

ki(t )

T
. (13)

Formally, the resulting expression for the expected value of
the link existence between two nodes is the same as the non-
temporal CM [20], but this time it refers to its average over
time:

〈ai j〉 = xix j

1 + xix j
, (14)

Where, in this case, xi = e−αi/T .
Therefore, the related modularity can be defined as:

Q(g) =
∑
i, j

[ ai j − 〈ai j〉 ]δg(i)g( j), (15)

with 〈ai j〉 as in Eq. (14) and ai j = 1
T

∑
T ai j (t ). Intuitively,

when the community structure does not change in time, as
the case described in Eq. (12), using Eq. (15) allows for the
filtering out spurious links by observing several realizations
of the same network, therefore directly putting more evidence
on the hidden block structure.

However, by employing this modularity function, we im-
plicitly assume that each snapshot represents an independent
realization of the same network. This approach overlooks the
temporal order in the graph’s trajectory, thereby discarding
relevant information when it is present.

B. Community detection in Markovian time-varying graphs

We now aim to introduce a refined version of the modu-
larity function that incorporates node features related to their
capacity to maintain links. These ideas originate from the
findings in Ref. [20], where the authors highlight the signif-
icance of node-level memory and its critical role in analyzing
real-world systems. With this in mind, we demonstrate how
leveraging these features can enhance the performance of the
modularity function in community detection tasks. To achieve
our objectives, we employ a DGP with a Markovian structure,
allowing for controlled memory incorporation into the system.

The DGP we employ is conceptualized as a dynamic
stochastic block model, distinct from similar models in the
literature, such as those described in Refs. [17,22,42]. Unlike
other DGPs where memory is an external parameter inde-
pendent of the network’s intrinsic characteristics like degree

distribution, our model integrates a memory effect directly.
This effect is realized through a Markovian evolution of the
system, where node-specific features govern interdependently
both the formation and persistence of links. To introduce this
model, we first identify the features to be encoded in the
maximum entropy model, which forms the basis for both the
DGP and the definition of modularity. In this context, we focus
on the persisting degree, which represents the portion of the
degree maintained between one snapshot and the next:

hi(t, 1) ≡
∑
j �=i

ai j (t )ai j (t + 1) =
∑
j �=i

bi j (t, 1). (16)

We will refer to the quantity ai j (t )ai j (t + 1) as the one-lagged
persisting link.

Hence, imposing the persisting degree sequence as fur-
ther constraints in the case described by the Hamiltonian in
Eq. (13), we generate the following Hamiltonian:

H (G|�α, �β ) ≡
N∑

i=1

[
αi

T∑
t=1

ki(t )

T
+ βi

T∑
t=1

hi(t )

T

]
. (17)

By solving the related problem [20], we can obtain the analyt-
ical expression for the expected value of the average link and
the average persisting link:

pi j = 〈ai j (t )〉, (18)

and

qi j = 〈ai j (t )ai j (t + 1)〉. (19)

Both the expressions as function of �α and �β; see Appendix 1
for details.

Here, pi j represents the marginal probability of having a
link between node i and node j at time t , and

P[ai j (t + 1) = 1 & ai j (t ) = 1] = qi j, (20)

is the probability that two nodes have a connection at time
t and t + 1. Once obtained pi j and qi j , we can compute the
following stochastic matrix:

Pi j (qi j, pi j ) =
[ qi j

pi j

pi j−qi j

pi j
pi j−qi j

1−pi j

1−2pi j+qi j

1−pi j

]
, (21)

which defines the transition matrix associated with the evo-
lution of each link. This stochastic matrix essentially defines
the system’s evolution, ensuring that the expected values for
the persisting degree and the degree precisely match those
constrained in Eq. (17). This matrix is applicable only for a
link that exists in at least one snapshot of the graph trajectory,
i.e., pi j �= 0.

Operationally, our implementation of the dynamic stochas-
tic block model starts by generating an initial network
snapshot using a static planted partition model. Afterward, the
presence of links evolves according to the stochastic matrix
detailed in Eq. (21), creating the full trajectory.

Similar to the other cases, in our experiments, we generate
graph trajectories by specifying our DGP with two distinct
probabilities: pout and pin for connection, and qout and qin

for preserving links. These probabilities automatically induce
an average degree, k, and an average persisting degree, h,
respectively. Consequently, the membership influences both
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the link density within blocks and the persisting link density.
All probabilities are set to ensure the network’s sparsity is
maintained, being of the order O( 1

N ), which is a crucial con-
dition for defining the expression for the DT.

Once the graph sequence G is generated, we can extract
two sequences of matrices:

A = [A(1), A(2) . . . A(T )], (22)

and

B = [B(1), B(2) . . . B(T )], (23)

where A(t ) = [ai j (t )] and B(t ) = [ai j (t + 1)ai j (t )], from
which we can define a new matrix

C(t ) = A(t ) + B(t ), (24)

such that each element of ci j (t ) = ai j (t ) + bi j (t ).
By computing the average in time of A(t ) and B(t ), we

obtain the matrix C, whose elements are used to define a new
modularity in the following way:

Q(g) =
∑
i j∈N

[ci j (t ) − 〈ci j〉]δ(gi, g j ), (25)

where 〈ci j〉 = pi j + qi j . Through this approach, we account
for two contributions that are, in principle, interdependent and
capable of providing distinct insights into the DGP.

IV. DETECTABILITY THRESHOLD FOR STATIONARY
TIME-VARYING GRAPHS

This section illustrates how the DT varies based on the
assumptions about the DGP and the type of modularity used.
As previously stated, the DGP is constant over time, indicating
that our data are samples from a stationary process. Under this
premise, it is intuitive that an increase in the number of sam-
ples, i.e., the length of the trajectory, reduces the influence of
noise on the observed block structures. This reduction occurs
as noise is averaged out over more samples, consequently en-
hancing the DT and leading to improved outcomes. Moreover,
as we observe in the numerical simulations, the finite-size
effect, already shown in Fig. 1, tends to be filtered out as
well with an increasing number of snapshots, characterizing
a sharper transition near the DT.

Nevertheless, this intuition only tells part of the story. As
we will demonstrate, when the persistence of connections is
a relevant topological feature for characterizing community
membership, using a modularity function that incorporates
this information can positively alter the expression for the DT.
Consequently, this enhances the configuration space in which
the presence of communities can be detected. Conversely,
using a function that does not consider this feature may result
in worse detection.

A. Detectability threshold for noncorrelated time-varying
graphs

We now revisit the expression for the DT in a well-known
scenario, where we consider a DGP in which each snapshot
is sparse and independent, as outlined in Eq. (12). It is es-
tablished that under these conditions, an expression for the
DT has been derived by Ref. [22] for T → ∞ and has been

conjectured for finite T , a conjecture that was later analyti-
cally supported in Ref. [42]. The computation focuses on the
sparsity of each snapshot, which suggests a locally treelike
structure for the graph trajectory G. Consequently, the authors
in Refs. [22,42] have interpreted the community detection
task in temporal networks as a label recovery problem. They
demonstrate that, in our specific case where communities re-
main stable over time, community detection is feasible only
if:

�∗
ν = 2

√
k

T
, (26)

where ν indicates no-memory in the DGP.
The type of temporal network defined in Eq. (12) is de-

signed to incorporate topological information of membership
based solely on the density of connections, without consid-
ering other features such as their persistence. Intuitively, this
implies that the DT has an expression that is a function of
this quantity, described towards the degree. Interestingly, as
anticipated, the threshold is also a function of T and is such
that as T increases �∗

ν goes to zero, so, if T is big enough, we
will always spot the block structure. Given this framework,
here we can employ a modularity function that uses only
information on the degree sequence to spot the community
structure.

B. Detectability threshold for Markovian time-varying graphs

Transitioning to Markovian temporal networks introduces
a series of issues that negatively affect various aspects of our
approach so far. Introducing snapshot correlations compli-
cates the observed matrix sequence A, with the presence of
links influenced not only by the community structure but also
by memory effects, which have been shown to affect commu-
nity detection performance adversely [17]. Furthermore, the
lack of independence between consecutive snapshots under-
mines the prerequisites for computing the DT, as described in
[22,42], preventing an explicit phase transition prediction.

Indeed, the aspects highlighted above are interconnected
and can be well-described within our framework. Specifically,
using the stochastic matrix in Eq. (21), that defines a fun-
damental part of our DGP, we can precisely determine the
necessary waiting period to consider two consecutive matri-
ces as uncorrelated. This adjustment allows us to restore the
conditions required to calculate the threshold and to quantify
how the algorithm’s performance deteriorates in comparison
to the related non-Markovian case.

Hence, by acknowledging that each link present in at least
one snapshot evolves according to the stochastic matrix de-
fined in Eq. (21), we can extract two eigenvalues from each
matrix. The first eigenvalue, by definition, is equal to 1, and
the second is given by:

λ
(2)
i j = qi j − p2

i j

pi j − p2
i j

. (27)

This eigenvalue is directly linked to the system’s memory.
Indeed, by calculating λ

(2)
i j , as detailed in Ref. [20], we can

determine the correlation length and the rate at which the
correlation diminishes between two consecutive snapshots.
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Consequently, we obtain τ ∗
i j , which is defined as:

τ ∗
i j = 1

ln
(

1
λ

(2)
i j

) . (28)

Hence, waiting for a duration equal to the maximum of all τ ∗
i j ,

denoted as τ ∗, between one snapshot and the next ensures that
the snapshots can be considered independent. At this point,
by discounting the entries of the matrix A by the maximum
correlation length τ ∗, we reproduce the condition for the
calculation of the DT for finite T , resulting in the following
expression for the DT:1

�∗
M,ν = 2

√
τ ∗

T
k, (29)

where M stands for Markovian, and indicate that the threshold
refers to a Markovian DGP.

Moving ahead, we now adopt a perspective in which in-
formation about the existence of communities is not only
confined to the density of connections but also extends to
how these connections persist over time. In scenarios where
the process exhibits memory, relying solely on the degree
sequence to identify communities results in the neglect of
crucial information that could provide deeper insights into
the block structure. In the following sections, we demon-
strate how incorporating the density of persistent connections,
through the persisting degree, into the expression of modu-
larity, enhances the algorithm’s performance and alters the
expression for the DT.

In this regard, our innovative modularity function, as de-
fined in Eq. (25), integrates information from two distinct
matrices, B and A. This approach allows us to present how
the method proposed by Ghasemian et al. [22] to compute the
DT can be re-adapted to our context, thereby implying a new
and better threshold.

We have previously demonstrated that, by adjusting A with
τ ∗, its elements can be interpreted as those realized by an
equivalent DSBM with independent snapshots [17,42]. To
extend this rationale to the entire matrix C, it is necessary to
justify how the same discounting factor can be applied to the
matrix B. This is achieved by explicitly calculating the auto-
correlation between elements at time t and t + 1 for sequence
B. As detailed in Appendix 2, by adjusting for a time τ ∗, even
in this scenario, the elements of sequence B can be considered
independent. This adjustment allows for the application of
the previously discussed methodology in calculating the DT.
Thus, when considering the matrix resulting from the sum
of A and B, we re-establish the conditions necessary for the
analytical computation of the DT:

�∗
M,μ = 2

√
τ ∗

T
c, (30)

where c = k + h, and h < k by definition. The symbol μ as a
subscript indicates memory, emphasizing that the modularity
utilized for this data set, which exhibits Markovian depen-
dency, leverages memory. Although the threshold indicated in

1All the links for which this equation is valid exist in at least one
snapshot and have pi j �= 0.

Eq. (30) is always larger than the one indicated in Eq. (29),
it should be noted that, while in the case of Eq. (29), the
space where the communities are observable is essentially
delineated by values of �k greater than the threshold, in the
case of Eq. (30), in addition to the values of �k, the values of
�h = hin − hout also contribute. This makes the choice of this
second approach always preferable, as we will see in the next
section.

V. NUMERICAL SIMULATIONS

To validate the analytical results presented in the pre-
vious sections, we have conducted a series of numerical
simulations. These simulations demonstrate the consistency
between the predicted and observed thresholds. Additionally,
we characterize the algorithm’s performance across various
combinations of parameters, showing how our modularity
function works better in different scenarios.

To achieve this, we utilize the DGPs previously introduced
for temporal networks, along with their associated modularity
functions. For all experiments, we optimize the modularity
function using the algorithm detailed in Ref. [43], adapting
the expression for the null model specific to each case, see
Appendix 4. We generate the trajectories by varying the values
of �k and �h, as defined in:

�k = kin − kout and �h = hin − hout, (31)

with

kin = N

2
pin, hin = N

2
qin, (32)

kout = N

2
pout, hout = N

2
qout. (33)

Here, N denotes the number of nodes within a single snap-
shot. In general, each trajectory is generated to maintain both
the average degree and the average persisting degree across
the entire temporal network, when those are specified, or
otherwise only the average degree. In this setting, �k sig-
nifies the disparity between the average (temporal) number
of links formed within the communities and those outside,
whereas �h denotes the difference in the persistence of links
within these communities compared to external links. In all
the experiments, we have two communities whose elements
are known and play the role of ground truth.

The initial series of experiments involves generating graph
trajectories with independent observations, as in Eq. (12),
by varying kin and kout, thus altering the value of �k while
maintaining a constant average degree k. By specifying the
number of time steps for each trajectory, we consequently
establish the threshold �∗

ν . We generate 50 trajectories for
each �k value and various T values, then plot the average
performance across these 50 instances.

In Fig. 3, the results obtained using the modularity function
described in Eq. (15) are represented. The red vertical line cor-
responds to the static DT, as computed in Eq. (8) based on the
first snapshot of the trajectory (see Fig. 1). Interestingly, even
with a few snapshots, the improvement in performance quality
is evident. In all cases, the DT expected from theory and those
computed numerically are the same. Even in these cases, we
observe the presence of finite-size effects, as previously noted
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FIG. 3. This figure illustrates three different performance profiles
of the modularity, as described in Eq. (15), for graph trajectories
of varying lengths generated using the DSBM outlined in Eq. (12),
for different valued of �k. The vertical blue line represents the DT
for the temporal network with T = 15, while the red vertical line
indicates the DT for a single static snapshot. For each trajectory, we
maintain k = 8, two communities and N = 200. Each point is the
result of the average over 50 sampled trajectories.

in Sec. II B. It is also noteworthy that as the number of snap-
shots, T , increases, the finite-size effects become less evident,
supporting the assumption that as the number of iterations
increases, these effects are gradually averaged out.

Our next analysis explores graph trajectories generated
through a Markovian data-generating process, as detailed in
Eq. (21). Similar to our previous experiments, we generate
50 trajectories for different values of T and �k, and then we
average the performances for each trajectory. However, in this
updated scenario, we incorporate a memory effect by keeping
the values of qin and qout constant but allowing pin and pout

to vary. This approach, as discussed in Sec. IV B, is expected
to significantly influence the performance of the modularity,
previously defined in Eq. (15).

Figure 4 illustrates the adverse effects of memory on the
quality of the detected communities. This diminishes the ben-
efits of using additional snapshots compared to the static case,
thereby confirming the observations in Eq. (29). Notably, the
curve patterns in Fig. 4 differ from those observed in Fig. 3.
Intrinsically, the value of τ ∗, which reflects the memory level
in our process, given the way the trajectory is built, is in-
fluenced not only by qin and qout, that are kept fixed in this
experiments, but also by �k, as expressed in Eq. (27). Hence,
the variation of �k (pin and pout), impacts memory and alters
the shape of curves.

Although this is the case, we can easily predict when the
value of �k of the trajectory surpasses the expected DT, and
so indicate the point at which we are expecting the presence of
the change in the algorithm performances. As shown in Fig. 4,

FIG. 4. This figure illustrates three different performance profiles
of the modularity, as described in Eq. (15), for graph trajectories of
varying lengths generated using the DSBM outlined in Sec. III B,
for different valued of �k. The vertical blue line represents the DT
for the temporal network with T = 15, while the red vertical line
indicates the DT for a single static snapshot. For each trajectory, we
maintain k = 8, h = 4, two communities and N = 200. Each point is
the result of the average over 50 trajectories.

our prediction captures those points well. It is worth noting
that the finite-size effect, together with the dynamic behavior
of the memory just described, produces a much smoother tran-
sition than the one observed in Fig. 3, making the predicted
point less evident than its memoryless counterpart.

We now take a further step by demonstrating how integrat-
ing information on community structure into link persistence
can help recover some of the information about community
structure that is lost due to the presence of memory. We
proceed to the most comprehensive scenario addressed in this
study, generating graph trajectories while varying �k and �h
for two different values of T , T = 15 and T = 50. It is impor-
tant to note that the average value of h should remain lower
than k during trajectory generation to create realistic trajec-
tories. Moreover, as we adjust �k and �h while maintaining
the values of k and h constant, we are indirectly changing τ ∗,
which affects both the curve shapes and the value of the DT
as previously mentioned and shown in Fig. 4.

To accomplish this task, we employ the dynamic stochas-
tic block model described in Sec. III B. In this scenario, we
compare the modularity that does not consider temporal de-
pendency, Eq. (15), with our proposal, Eq. (25). We verify
whether the expected DTs, �∗

M,μ and �∗
M,ν , are accurately

reproduced.
The process used to generate the trajectories ensures that

the evolution does not change the relationship between pin

and pout when altering �h, facilitating a direct comparison
between the modularity built on the model with memory and
the one built on the memoryless model.
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FIG. 5. This figure presents the results of two different types of simulations, each employing distinct modularity equations. The first uses
the modularity equation from Eq. (15) and the second utilizes the modularity equation from Eq. (25). All trajectories are generated according
to the model described in Sec. III B, and each point represents the average over 20 trajectories, simulated with corresponding values of �k and
�h. (a) illustrates the results from applying the modularity equation (15) to graph trajectories with T = 15, while (b) relates to the application
of the modularity equation from Eq. (25), on the same trajectories. (c) and (d) apply the same modularity equations as (a) and (b), respectively,
but with T = 50. All generated trajectories have N = 200, k = 8, h = 4, and consist of two communities. Red lines represent the analytically
derived DT.

The experimental outcomes, as depicted in Fig. 5, align
with expectations. Figures 5(a) and 5(c) demonstrate the ap-
plication of the modularity Eq. (15) for trajectories generated
with 15 and 50 snapshots, respectively. As expected, more
snapshots lead to a more precise inference of the community
structure given the same set of parameters. This results in
an expanded space of parameters where the algorithm can
effectively capture the presence of communities, as previously
observed in Fig. 4. The detectability threshold, �∗

M,ν , changes
with the presence of memory, which varies with �h. Increas-
ing �h not only impacts the value of τ ∗ but also the behavior
of the curve near the DT, making it smoother, as observed in
the three-dimensional (3D) plots. Figures 5(b) and 5(d) show-
case the application of the novel modularity function (25)
to the same trajectories used in Figs. 5(a) and 5(c). In these
figures, the threshold exhibits peculiar behavior due to the
combination of changes in memory resulting from variations
in �k and �h. These changes imply alterations in the values
of pin, pout, qin, and qout, upon which the detectability thresh-
old (�∗

M,ν) depends through τ ∗. An interesting phenomenon
to note is the behavior of the threshold as �h increases. As
expected, as �h increases, the algorithm more effectively
distinguishes communities. However, this increase also ele-
vates the value of τ ∗, eventually offsetting the benefits gained

by increasing �h. Comparing the plots where the modularity
function includes memory versus those that do not, our mod-
ularity (25) consistently outperforms the other in recognizing
communities. The no-memory approach fails to recognize
the varying propensity of nodes within different groups to
preserve links, inadvertently discarding valuable information
that is better captured by our approach. The only scenarios
where the distinction between modularity incorporating the
persisting degree and that without it becomes negligible are
those where �h(0).

VI. PROXIMITY NETWORKS

We now examine a real-world application, aiming to test
the implementation of the previously defined modularities
on a data set where ground-truth community information is
accessible. This data set provides information about proximity
relations between students and teachers in a primary school
[23]. Electronic proximity detectors worn by the participants
were used to collect the data, capturing the presence of other
nearby detectors at 20-s intervals. The data was collected over
a period of two days, specifically from October 1 to October
2, 2009. For simplicity, in this analysis, we focus only on
the data from the first day. Based on this data, we aim to
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construct a temporal network, which will be characterized
by a series of snapshots created by aggregating data over a
specific time window. This implies that within each window,
two nodes will be connected if they have come into contact at
least once during that time interval. In our study, we leverage
verified information about existing communities. The under-
lying hypothesis is that the network dynamics are primarily
driven by the community memberships of the nodes. The aim
is to investigate whether, by examining these dynamics, it is
possible to discern the node memberships. It is important to
note that these dynamics are far from trivial, as even during
class hours, students change classrooms and have the freedom
to move around.

Working with snapshot representations of real temporal
networks requires taking into account how the choice of time
windows for aggregating information can impact the quality
of results, as noted by Krings et al. [44] and Clauset et al.
[45]. Before suggesting a solution to this challenge for our
specific scenario, we begin analyzing the real network by ini-
tially adopting a 10-min time aggregation window. This initial
aggregation will be used for preliminary analyses, which will
lay the foundation for developing a strategy to determine the
optimal window for our task.

The proposed approach for community identification is
based on the assumption that the process that generated the
data is stationary. Therefore, it becomes crucial to identify
temporal segments for which it makes sense to consider the
network as generated by the same process. To solve this
task and identify potential breakpoints in the system’s evo-
lution, we apply the structural breaks approach introduced in
Ref. [20]. This approach uses a model that considers memory
at the node level as the reference model; see Appendix 5
for further details. It is noteworthy to highlight that using
the structural breaks algorithm enhances the applicability of
these types of modularity functions in real-world systems,
allowing us to deal with networks that exhibit evolution in the
community structure.

To evaluate the ability of our algorithms to capture com-
munities in time, we assume that the real-world network
is generated using a dynamic stochastic block model using
the ground truth communities, and with respect to this, we
measure the performances. This involves observing the algo-
rithm’s behavior and assessing the quality of the communities
identified in various segments.

Figure 6 presents the performance of our algorithm ex-
ecuted over a 10-min time window, identifying several
breakpoints that reflect diverse behaviors. In this scenario,
the dynamics are attributed to students’ class memberships
and their movements between classrooms. Notably, our ap-
proach indicates that the influence of class-based membership
significantly diminishes during playground periods. This
observation suggests that the supposed DGP, a dynamic
stochastic block model used to form the trajectory, accurately
describes behavior only during class hours. Conversely, the
decreased quality of the communities observed during play-
ground time compared to the ground truth suggests that the
assumed DGP may not be correct for this interval, indicating
that this model does not adequately capture the dynamics.

In the last part of our real-world application, we investigate
how the quality of the communities identified changes by

FIG. 6. The figure displays the ARI values across 10-min tem-
poral windows at various identified breakpoints (red vertical lines).
Each illustrated segment is proportional in length to the period during
which the network can be considered stationary. Within this interval,
the ARI value is fixed and calculated by comparing the detected
communities to those presumed real. The figure showcases the results
for two different types of modularity functions.

choosing different time windows to define the temporal net-
work. Our objective is to determine if there is a natural scale
where the effects of membership on link density and persistent
link density are more evident. To this end, we distinguish
between class hours, where a higher similarity between the
discovered communities and the ground truth was noted, and
playground hours. Our strategy is applied to the trajectories
built upon various time windows. For each time window, we
identify distinct stationary segments. In each segment, we
assess the ARI between the communities detected using our
modularities and the ground truth. Additionally, we character-
ize each stationary segment using the measured values of �k
and �h.

In this context, we define �k as the difference between
the average (temporal) number of links formed within the
ground-truth communities and those formed outside them.
Similarly, �h represents the difference in the number of links
that persist within the ground-truth communities compared
to those outside. Consequently, we can write the terms in
Eq. (31) become:

kin =
∑

i j

a∗
i jδ(g∗

i , g∗
j ), hin =

∑
i j

b
∗
i jδ(g∗

i , g∗
j ), (34)

kout =
∑

i j

a∗
i j I (g∗

i �=g∗
j ), hout =

∑
i j

b
∗
i j I(g∗

i �=g∗
j ), (35)
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FIG. 7. Figure displays the performance of community detection on a real network, where each point corresponds to a stationary segment
identified using structural break detection, see Appendix 5. Each point is assigned values of �k and �h, and the color of the points indicates the
ARI value, which is calculated by comparing the detected communities, using the modularity with memory, against the ground truths within
the specific segment. In (a), the values during class hours are shown, while (b) depicts values during playground time. The label associated
with each point indicates the size of the temporal window used to create the temporal network for that segment. Only labels corresponding to
ARI values greater than 0.8 are displayed.

where the ∗ indicates the real values, and with I as indicator
function

I(gi �=g j ) =
{

1 if gi �= g j,

0 otherwise. (36)

In Fig. 7, it is shown that during class hours, an increase in
both �k and �h corresponds with a rise in the ARI. However,
this correlation does not appear during playground hours, as
previously observed in Fig. 6. Unlike scenarios involving only
two partitions, �k and �h in this context do not provide
exactly the same insights. We observe the cumulative sum
computed across all possible clusters, each containing more
than two entities in our dataset. Therefore, the increase in the
difference between links may be attributed to the influence
of one specific community rather than being uniformly dis-
tributed across all clusters.

Our results indicate that for the nonplayground hours, per-
formances, regardless of the aggregation window size, align
with expectations for a scenario where evolution is genuinely
driven by membership. As the temporal window increases,
there is a corresponding increase in �k and �h for certain seg-
ments, which the model can leverage to enhance the quality of
community detection. During these hours, there is a noticeable
correlation between memory and community structures.

Conversely, the situation during playground hours is dif-
ferent. In these instances, additional factors likely intermingle
with the existing dynamics, confirming the presumed dynamic
stochastic block model being less effective in describing the
system.

We propose further analysis to explore the relationship
between memory and the quality of detected communities.
Our hypothesis posits that if the membership of its elements
drives the system’s evolution, a natural temporal scale might
exist where both the quality of communities, measured by
the ARI, and memory reach their peak. Identifying this scale
could determine the optimal time window for data aggrega-
tion, making the communities easier to distinguish.

To measure memory, we use normalized autocovariance
computed on the links persistence. This normalization con-
trols for the effects of degree since higher degrees generally
lead to higher average autocovariance. By dividing by the
degree of each node, we mitigate this effect.

Therefore, as a metric, we employ the average autocovari-
ance, defined as follows:

A(W, τ = 1) = 1

N

N∑
i

Ai(τ = 1)

ki
. (37)

Here, the average is computed over all nodes N in the network,
and

Ai(τ ) = 1

T

T∑
t=1

[hi(t, τ ) − 〈hi(t, τ )〉ν], (38)

represents the autocovariance specific to node i. In this con-
text, 〈hi(t, τ )〉ν denotes the expected node degree persistence
according to a null model that precludes memory. To accom-
plish this, we utilize a null model designed not to contemplate
memory effects, as defined in Eq. (14). This approach retains
genuine temporal correlations between snapshots.

With class hours identified as the segments where dynam-
ics are driven by membership, our focus shifts to these periods
for examining the behavior of normalized autocovariance. We
vary the time window within a range from 1–20 min, allowing
us to explore how the autocovariance responds to different
temporal aggregations:

W ∈ {1′, 2′, 3′, . . . , 20′}. (39)

We identify all the stationary segments that fall within class
hours using the same approach as before, corresponding to
the different time windows. For each of these, we calculate the
normalized autocovariance for τ = 1. We use the average of
the normalized autocovariance across all identified stationary
segments as a measure of memory. Thus, defining brks as
the set of segments where we can assume the memory to be
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FIG. 8. The top plot displays the values of 
A for different time
windows, while the bottom plot shows the values of the average ARI
for the same time windows. The red circles indicate the maximum
values for each series.

constant, the memory associated with each time window is
defined as:


A(W ) = 1

|brks|
∑

s∈brks

As(W, τ = 1). (40)

Hence, once for each segment, is computed the expected
value of the persisting degree relative to a memoryless model
(〈hi(t, τ )〉ν), we can compute 
A. We define the best window
Wbest as the value of W for which 
A(W ) is maximum:

Wbest = arg max 
A(W ). (41)

in Fig. 8 is presented the measurement of the normalized au-
tocovariance as a function of the time window and the average
ARI computed over the segments in-class hours. Each point
on the plot is designed for a nonoverlapping time window.
The red points represent the maximum value taken between
all the windows. Between these two quantities, we measure
the Pearson correlation, funding a strong and significative cor-
relation with value 0.73, demonstrating a relationship between
the presence of memory and the quality of the communities
found. In our data, Wbest = 16 min, which also corresponds
to the maximum on the ARI. In support of this assessment,
we have included controlled experiments in the Appendix 6
where the system evolves precisely in accordance with the
hypothesis tested above.

VII. DISCUSSION

Effective community detection in temporal networks ne-
cessitates the development of new, appropriate null models
[46]. Such models provide a basis for comparison and enable
the identification of dynamic structures in networks, thereby
enhancing the quality of the discovered communities. In this
work, we contribute to this area by demonstrating how using
the right null model can lead to discovering hidden structures
with higher precision.

We highlight the potential of modularity-based methods
in community detection by utilizing maximum entropy null
models to tailor their formulation to the specific challenges
encountered. We propose a modularity function that acknowl-
edges the persistence of connections among nodes within the
same community. By focusing on the issue of the detectability
threshold, our findings reveal that selecting an appropriate null
model can substantially improve the quality of the identified
communities. This underscores the critical role of account-

ing for memory effects when present and elucidates how
incorporating memory alters the detectability threshold for
community identification.

In real-world applications, we demonstrate the importance
of considering memory in community discovery and how
this feature can assist in indirectly related challenges, such
as determining the ideal time window for data aggregation
to develop a time-varying graph. We propose a data-driven
methodology to identify the most suitable time window that
reveals a more distinct delineation of community structures.
Furthermore, we demonstrate that by integrating this approach
with a change-point detection algorithm, we can track the
evolution of communities over time, identifying when they are
the primary drivers of system evolution and when they are not.

The results indicate that if memory is present but not ad-
equately incorporated into the model, it can deteriorate the
quality of the identified communities. However, if properly
integrated into the algorithm used for community detection, it
can become a fundamental advantage.

In numerous real-world systems, the influence of commu-
nity membership on memory is a critical factor that cannot be
ignored. Under these circumstances, a function that integrates
memory effects, such as the one we propose in this study, is
essential. It holds the potential to uncover new patterns that
were previously hidden. By acknowledging and incorporating
memory, our approach opens the door to revealing deeper
insights into the dynamics of these systems.
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APPENDIX: SUPPLEMENTARY INFORMATION

1. Explicit expressions for pi j and qi j

The expressions for pi j and qi j are derived from the solu-
tion to the problem defined by Hamiltonian in Eq. (17), here
recalled:

H (G|�α, �β ) ≡
N∑

i=1

[
αi

T∑
t=1

ki(t )

T
+ βi

T∑
t=1

hi(t )

T

]
. (A1)

In Ref. [20] it is provided an exact formulation for these quan-
tities. Specifically, through appropriate reparametrization, the
model outlined by this Hamiltonian can be precisely mapped
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to a combination of noninteracting one-dimensional Ising
models. These models are then solvable analytically, with
their solutions expressible in terms of a constant connection
probability.

pi j =
(

xix jyi j − 1

2
√

4xix j + (xix jyi j − 1)2

)(
(λ+

i j )
T − (λ−

i j )
T

(λ+
i j )

T + (λ−
i j )

T

)
+ 1

2
,

(A2)

qi j (τ ) = p2
i j + pi j (1 − pi j )

×
(

(λ−
i j )

τ (λ+
i j )

T −τ + (λ+
i j )

τ (λ−
i j )

T −τ

(λ+
i j )

T + (λ−
i j )

T

)
,

(A3)

with

λ±
i j = eJi j cosh Bi j ±

√
e2Ji j sinh2 Bi j + e−2Ji j , (A4)

and

Bi j ≡ 1
2 [ln(xi ) + ln(x j ) + ln(yi ) + ln(yi )]. (A5)

Ji j ≡ 1
4 [ln(yi ) + ln(y j )], (A6)

where, xi = e−αi/T , while yi = e−βi/T .
Based on these terms, we can determine the probability

of observing or not observing a link at time t + τ given its
presence or absence at time t . This result is then translated in
the stochastic matrix defined in Eq. (21).

2. Autocovariance for the matrix B

Our main argument for computing the DT, when employ-
ing modularity that uses the persisting degree, is based on a
heuristic that assumes after waiting τ ∗ [as defined in Eq. (28)],
all matrices in the sequences B and A can be considered
independent.

Using the argument in Ref. [47], we compute:

Cov[Bi j (t ), Bi j (t + τ )] = Cov[ai j (t )ai j (t + τ ), ai j (t + τ )ai j (t + 2τ )], (A7)

where the resulting calculation is as follows:

Cov[Bi j (t ), Bi j (t + τ )] = E [ai j (t )]2[Cov[ai j (t ), ai j (t + τ )]2 + Var[ai j (t )] + Cov[ai j (t ), ai j (t + 2τ )]]

+ Cov[ai j (t + τ )]2 + Var[ai j (t )]Cov[ai j (t ), ai j (t + 2τ )], (A8)

where we use the fact that Cov[ai j (t ), ai j (t + τ )] = Cov[ai j (t + τ ), ai j (t + 2τ )] that, after substituting the values of the
covariances as computed in Ref. [20] and the expected values, becomes:

Cov[Bi j (t ), Bi j (t + τ )] = p2
i j[pi j (1 − pi j ) + 2gi j (τ ) + gi j (2τ )] + g(τ )2 + pi j (1 − pi j )gi j (2τ )

= p3
i j (1 − pi j ) + p2

i jgi j (2τ ) + 2p2
i jg(τ ) + gi j (τ )2 + pi j (1 − pi j )gi j (2τ ). (A9)

Here, g(τ ) is a function of τ , defined in Ref. [20], whose value
decays with τ :

g(τ ) = pi j (1 − pi j )(γ )τ , (A10)

with γ < 1. Considering Eq. (A9), we note that waiting τ ∗,
and considering the term p3

i j (1 − pi j ) small enough, it is equal
to 0.

3. Generating community-preserving graph trajectories via
Markov chains

Operationally, we begin by defining a network generated
according to a stochastic block model characterized by an
internal cluster connection probability, pin, and an exter-
nal connection probability, pout. At this point, two different
stochastic matrices are used to define the evolution of connec-
tions in this initial network. These matrices are characterized
by pin and qin for internal cluster connections, and pout and
qout for external connections. By varying the ratio between the
densities of link and link persistence, we are able to study the
behavior of our methodology. Trajectories are generated in a
way that preserves both the network’s average total degree k̄∗
and the average total persistent degree h̄∗.

The concept revolves around altering the ratio between
the average contribution from internal cluster connections and
that from external links. This goal is achieved by adjusting

pin and pout as well as qin and qout. To maintain k̄∗ and h̄∗ as
mentioned, we use the following formulas:

pin
N

ngroups
+ pout

N (ngroups − 1)

ngroups
= k

∗
, (A11)

qin
N

ngroups
+ qout

N (ngroups − 1)

ngroups
= h

∗
, (A12)

where ngroups represents the number of clusters, N is the total
number of nodes in the network.

Hence, by defining pout and qout as functions of pin and qin,
respectively:

pout = εpin, (A13)

qout = ηqin, (A14)

where ε and η are parameters that determine the densities of
internal and external links and persisting links within clusters,
we can manipulate the differences between the internal and
external clusters by adjusting these parameters.

Using this further conditions we obtain the following for-
mulas:

pout = εpin

pin = ngroupsk
∗

[1 + ε(ngroups − 1)]N
(A15)
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qout = ηqin

qin = ngroupsh
∗

[1 + η(ngroups − 1)]N
. (A16)

By using Eqs (A15) and (A16), we ensure that the expected
value on the trajectory of 〈h̄〉 = h̄∗ and 〈k̄〉 = k̄∗.

The parameters η and ε can assume values within the
following intervals:

ε ∈ {kv | k ∈ N, nv � 1 & nv > 0}, (A17)

η ∈ {rε | r ∈ (0, 1)}. (A18)

In this way, the network’s evolution will preserve the con-
dition whereby the persistent degree within the group and
outside the group will always be lower, respectively, than
the internal degree to the group and the external one. In the
numerical simulations presented in Sec. V, we focused on a
scenario where ngroups = 2.

4. Schematic presentation of the algorithm

Here we explain the steps followed to optimize the
modularity function. The algorithm aims to maximize the
modularity function by changing the labels associated with
each element of the network. We exploit the method proposed
by Clauset and Moore in Ref. [43], by readapting it to use the
maximum entropy null models. In this sense we rewrite the
modularity function in a general form, so that the function for
which we want to find the maximum is

Q(g) =
∑
i, j

[
Ci j − P(null)

i j

]
δg(i)g( j), (A19)

where depending on the features considered, Ci j is

Ci j =
⎧⎨
⎩

ai j static case
ai j dynamic case no memory
ai j + bi j dynamic case with memory

. (A20)

While P(null)
i j assumes the form of the null models presented

in the main text. The implementation proposed in Ref. [43]
works by defining a matrix �Q, whose elements are indicated
with �Qvw (defined below) for each couple of communities.
The size of this matrix is initially assumed to be equal to
the number of nodes, i.e., at each node is initially attached
a unique label. The size is then reduced according to the
merging procedure, so to reduce the number of communities.
Hence, for our application, we define the initial value of �Qvw

as:

�Qvw = Cvw − P(null)
vw for j, i ∈ N. (A21)

Then is selected the largest �Qvw, and if it is positive, com-
munities v and w are merged, the value of Q is incremented
of �Qvw and the matrix �Q is updated according to the
following rule:

�Qnew
vk = �Qvk + �Qwk . (A22)

The procedure is repeated until it is no longer convenient to
merge communities.

5. Change point detection in temporal community structures

Here, we revisit the structural break detection algorithm
previously introduced in Ref. [20], with the aim of tracking
communities’ evolution over time. The central assumption of
our approach is that there are periods during which the sys-
tem’s statistical properties, specifically community presence,
remain static.

Our method is based on the binary segmentation technique
[48]. In our proposal, we employ the Akaike information
criterion (AIC) [49] as a cost function to measure uniformity
among observations. The AIC, which considers both the like-
lihood of the model and the number of parameters, is defined
as:

AICmodel = 2Kmodel − 2 ln(Lmodel) (A23)

where Kmodel is the number of parameters, and Lmodel is the
likelihood computed from the data.

Breaks in the structure are identified by solving the follow-
ing:

tbreak = argmin
t∈[1,··· ,T −1]

�AIC(t ), (A24)

where �AIC(t ), the difference in AIC before and after a
potential break at time t , is calculated as:

�AIC(t ) = AICtot − AICdiff(t ), (A25)

with

AICtot = 2Kmodel − 2 ln[L(G0,T )], (A26)

and

AICdiff(t ) = 4Kmodel − 2(ln[L(G0,t )] + ln[L(Gt,T )]). (A27)

A break tbreak is valid if �AIC(tbreak) < 0. Otherwise, it is as-
sumed that no structural breaks are present. Once a structural
break is determined, we can isolate the segment [0, tbreak] and
repeat the analysis on it. This iterative process continues until
no further significant breaks are detected. The final break is
marked as tbreak final. After identifying this break, the segment
[0, tbreak final] is removed, and the focus shifts to the remaining
segment [tbreak final, T ]. This approach results in a collection
of segments that, according to the model, are generated under
conditions of relatively constant parameters within each seg-
ment. In our memory-inclusive model, the parameters count
Kmodel equals 2N , where N is the number of nodes. The log
likelihood is given by:

ln[L(G)] = −H − ln(Z ), (A28)

where H is defined in Eq. (17), and ln Z , derived in Ref. [20],
is calculated as:

ln Z =
∑
i< j

ln[(λ+
i j )

T + (λ−
i j )

T ], (A29)

with λ±
i j as defined in Eq. (A4). For further details, see

Ref. [20].
To test this approach, we generated a synthetic data set

using a block model characterized by probabilities typical
of community structures. The system is designed to evolve
according to matrices Q and P, with elements qi j and pi j re-
spectively. These matrices are structured to maintain a higher
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FIG. 9. A representation of the evolution of synthetically generated temporal networks is shown. The graph trajectory includes 150 nodes.
Along the x axis, the real synthetic breaks are depicted (red vertical lines), and each defined segment illustrates the related average network,
highlighting the real community structure. Green dots represent the discovered structural breaks, which perfectly align with the real ones.

density of intracommunity links and persisting links com-
pared to intercommunity links. After generating an initial
segment of a specified length, we added a new segment with
the same nodes but altered the community structure and intro-
duced noise by randomly reshuffling some node labels. The
experiment was conducted using a synthetic trajectory of 75
snapshots, each containing a network of 150 nodes.

As illustrated in Fig. 9, our procedure effectively tracks
the evolution of communities. Utilizing the proposed mod-
ularity formula [Eq. (25)] in conjunction with our method
for detecting change points enhances its applicability to net-
works where nodes change membership over time but remain
stationary within sufficiently long segments. In our synthetic
experiment, we successfully captured all structural breaks.
Although the segments are accurately identified, this does not
necessarily guarantee perfect alignment with the underlying
changes in the DGP, which are driven by the evolution of the
hidden community structure.

The results, as detailed in Table I, reveal some discrepan-
cies in the communities detected across different segments. In
some segments, the identified communities do not perfectly
match the actual ones. A higher number of communities and
varying degrees of connectivity between and within these
communities complicate the task of accurately capturing com-
munity structures, especially when compared to simpler cases
in other segments.

6. Analyzing the evolution of detected communities and the role
of memory

Here we show how, if memory is encoded in the DGP,
selecting the appropriate time window for data aggregation
correlates with the observed memory in the data, as measured
by the normalized autocovariance. We display how this se-
lection may be relevant in enhancing the algorithm’s ability
to detect communities. We carried out a series of numerical

TABLE I. ARI for different segments identified in synthetic
trajectories.

Segment 0–10 10–20 20–35 35–48 48–57 57–75

ARI 1.00 0.81 1.00 0.83 0.69 1.00

experiments to verify whether, in line with the findings from
Sec. VI, the point at which the normalized autocovariance
peaks corresponds to a more discernible community structure
as detected by the memory-exploiting modularity (25). In our
simulations, we start with a time-varying graph generated as
described in Sec. A 3, featuring a structure of five commu-
nities. From this graph, we create additional structures by
disaggregating and aggregating snapshots. The disaggregation
process involves dividing each snapshot from the original
time-varying graph into a number of subsnapshots. Each sub-
snapshot Gsub comprises links randomly selected from the
original snapshot, ensuring that the union of all subgraphs
reconstructs the original, hence:

n⋃
t=1

Gsub(t ) = Goriginal, (A30)

FIG. 10. Results from the numerical simulations described in
Appendix 6. Each line is related to different initial values for �k
and �h at the natural time scale, which is consistently 3 for all tra-
jectories. Each network in the simulations comprises 200 nodes, 15
time steps, and five communities. Red dots represent the maximum
for the given metric regarding the aggregation level.
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where the operator
⋃

operates in such a way that if a link is
present in both snapshot t1 and snapshot t2, it is counted only
once in the aggregated graph.

Temporal order is maintained; for example, if the first
snapshot is divided into n graphs, these will occupy the same
position as the original snapshot in the complete time-varying
graph. The aggregation process functions by summing mul-
tiple snapshots to form a new snapshot, which will contain
all the links from the combined structures. The procedure
ensures that there will be nonoverlapping snapshots. Through
this approach, we establish a controlled setting with a natural
scale at which memory is incorporated into the generative pro-
cess. This enables us to numerically check whether this scale
corresponds to the point where the normalized autocovariance
is higher and where the modularity, with known ground-truth
communities, performs optimally.

In Fig. 10 are shown the results from a series of numerical
simulations for different values of �k and �h in a temporal
network featuring five ground-truth communities. Each point
pertains to an aggregation state of the network, selecting pro-
gressively more aggregated temporal windows as the value on
the x axis increases. The two charts display the ARI value
(top) for each aggregation window and the value of normal-
ized autocovariance (bottom). Points connected by the same
line represent the same network across different aggregation
windows. The points highlighted in red correspond to the
peak aggregation window for the variable of interest. The
natural scale of aggregation is 3, which is the baseline from
which all other temporal networks were generated. The natu-
ral time scale corresponds to the maximum for both metrics,
supporting our initial hypothesis.
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