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Spingarn’s Method and Progressive Decoupling Beyond
Elicitable Monotonicity

Brecht Evens! Puya Latafat? Panagiotis Patrinos'

Abstract

Spingarn’s method of partial inverses and the progressive decoupling algorithm address inclusion prob-
lems involving the sum of an operator and the normal cone of a linear subspace, known as linkage problems.
Despite their success, existing convergence results are limited to the so-called elicitable monotone setting,
where nonmonotonicity is allowed only on the orthogonal complement of the linkage subspace. In this paper,
we introduce progressive decoupling+, a generalized version of standard progressive decoupling that incor-
porates separate relaxation parameters for the linkage subspace and its orthogonal complement. We prove
convergence under conditions that link the relaxation parameters to the nonmonotonicity of their respective
subspaces and show that the special cases of Spingarn’s method and standard progressive decoupling also
extend beyond the elicitable monotone setting. Our analysis hinges upon an equivalence between progres-
sive decoupling+ and the preconditioned proximal point algorithm, for which we develop a general local
convergence analysis in a certain nonmonotone setting.

Keywords. Spingarn’s method of partial inverses - progressive decoupling - linkage problems - nonconvex
optimization - nonmonotone variational inequalities
AMS subject classifications. 47H04 - 49J52 - 49]J53 - 65K15 - 90C26.

1 Background

A fundamental problem in variational analysis and optimization is to solve structured inclusion problems of
the form
find xe€R"” suchthat 0 e Nx(x)+S(x), (1.1)

where § : R” =3 R” is a set-valued operator, X C R” is a proper closed linear subspace and Ny is the normal
cone operator of X. Due to the linearity of the subspace X, this problem can be equivalently represented as a
so-called linkage problem [27], given by

find (x,y) €e R"xR" suchthat xe€X, ye X", yeS(x). P)

The condition x € X is known as the linkage constraint with corresponding multipliers y € X*. Throughout,
we denote to the set of all pairs (x*, y*) solving (P) as linky S .

Linkage problems arise naturally in many applications as first-order conditions of optimality. As an im-
portant special case consider the following class of constrained optimization problems, known as monotropic
programming problems [26, 2]:

mini{{nize Y(x) subjectto x€X, (1.2)
YeR"
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where ¢ : R” — R := R U {oo} is a proper lower semicontinuous (Isc) function. Under suitable constraint
qualifications on the function , the first-order optimality conditions of (1.2) take the form of linkage problem
(P) with S being to the subdifferential 9.

Many optimization problems can be cast as an instance of (1.2) by introducing auxiliary variables and
using the subspace X to enforce relationships between these optimization variables. For instance, consider the
structured minimization problem

mil}ei{{rlize g(x) + h(Lx)

where g : R” — R and /& : R” — R are Isc functions and L : R” — R™ is a linear mapping. Such problems
can be equivalently formulated as (1.2) using a simple lifting, defining the function ¥(x;, x2) = g(x1) + h(xy)
and linear subspace X = {(vi,v;) € R™" | v, = Lv;}. Other examples of optimization problems of the form
(1.2) arise in Lagrangian duality [24, §29, §30], [31, §11.H] and in multistage stochastic programming [32, 5],
where the subspace X enforces non-anticipativity in the decision-making.

However, the range of applications is not only restricted to minimization problems. For instance, consider
the operator splitting problem of finding a vector x € R” such that

0e A1(x) + Ary(x) + ...+ Ay(x),

where A; : R" =3 R” are general set-valued operators. Such structures capture the popular finite sum mini-
mization problem as well as matrix splitting problems. It can be cast in the form of linkage problem (P) by
letting S (x,...,xy) = (A1(x1),...,Ay(xy)) and X c RM" denoting the consensus set (see e.g. Examples 4.5
and 4.12). For more details and examples of linkage problems, we refer the interested reader to [27, §4].

The most popular method for solving (P) is Spingarn’s method of partial inverses, which involves a single
evaluation of the resolvent Js := (id +S)~! at each iteration, followed by projections onto the subspaces X and
X*, respectively. In particular, given an initial guess x” € X and y° € X*, the iterations are given by

g e Js(k +yh)
= Tx(gh) (Spingarn)
Y= 3% — Ty (gh),

where Iy and ITy. denote projections onto X and X*, respectively. Under the standard assumption that S is
maximally monotone, Spingarn showed that the sequence (x, yk)ke]N generated by this method converges to
some point in linky S, provided one exists [35].

More recently, Rockafellar proposed a generalization of Spingarn’s method of partial inverses, named
the progressive decoupling algorithm, which introduces a stepsize parameter y and a so-called elicitation
parameter ¢ < 0 into the update rule as follows [27]:

¢ e dys(F+y Ty

1= Ty(g) (1.3)

Y =y =y + 0 T ().
This algorithm can be viewed as a generalization of the progressive hedging algorithm for multistage stochas-
tic programs [30] to general linkage problems. The progressive decoupling algorithm reduces to Spingarn’s
method of partial inverses for y = 0 and y = 1. By drawing a connection with the proximal point method,
Rockafellar established that progressive decoupling converges under the assumption that S is elicitable mono-
tone, i.e., that

S — uIlx: is monotone for some u < 0.

In this work, we introduce a further generalization of Spingarn’s method, hereafter referred to as progressive
decoupling+, for solving linkage problems (P) in the nonmonotone setting. It generalizes the standard progres-
sive decoupling algorithm by incorporating two relaxation parameters, A, and A,, whose main role is to allow
for greater flexibility in handling the nonmonotonicity of the operator §. Specifically, given an initial guess
x% € X and y° € X*, the iterates are as follows:

g € Jyis (X +y71y0)
= (1 = A )x* + 2, x(¢") (ProgDec+)
Y =y = Ay Ty (¢h).



Leveraging the full generality of this algorithm, we establish the convergence of ProgDec+ under the assump-
tion that

(S —puHy)™! = pIIy is monotone for some 1 € R and p € R, (1.4)

a condition referred to as (uIlx-, p I1y)-semimonotonicity of S (see Definition 4.1). It is not required that this
monotonicity assumption holds between any two points in the graph of S, but instead only between any point
in the graph of S and at least one element of the solution set linky S (see Assumption III). This operator
class arises quite naturally in practical applications, as we illustrate with several examples throughout the
paper (see for instance Examples 4.3 to 4.5 and the calculus rules for continuously differentiable mappings
in Section 4.1). Notably, it strictly encompasses both the elicitable monotone setting (retrieved for p = 0)
and the standard monotone setting (retrieved for u = p = 0). For other recent works studying the class of
semimonotone operators, we refer to [11, 10, 23].

ProgDec+ recovers several existing methods as special cases. Notably, when A, = A,, it reduces to the
well-known relaxed Douglas—Rachford splitting (DRS) method applied to inclusion problem (1.1) (see Re-
mark 2.5). The standard progressive decoupling method is recovered for 4 < 0, A, = 1, and 4, = 1 + #/y,
while Spingarn’s method corresponds to the choice y = 4, = 4, = 1. Our novel convergence theory extends
existing results for these three well-known methods, as summarized in Table 1, reaching beyond the traditional
monotone setting. Specifically, our analysis reveals that the range of admissible relaxation parameters A, is
determined by the properties of S on X, quantified by the parameter p, while the range of viable A, is similarly
governed by p. In particular, higher levels of nonmonotonicity correspond to a narrower range of permissible
relaxation parameters (see equation (4.6)).

Our development of ProgDec+ primarily relies on two key equivalences, with the partial inverse of the op-
erator S playing a central role (see Definition 2.1). Specifically, we first show that ProgDec+ can be interpreted
as an instance of the preconditioned proximal point algorithm (PPPA) with matrix A, ITx +4, ITx. as its relax-
ation parameter applied to the partial inverse of S. Second, we demonstrate that under the semimonotonicity
assumption on S from (1.4), the partial inverse of S satisfies an oblique weak Minty assumption [11] (see Def-
inition 3.1). In order to leverage these equivalences, we develop a general convergence analysis for relaxed
PPPA in the nonmonotone setting with arbitrary relaxation matrices. This is achieved by exploiting the tech-
nique developed in [11] for nonmonotone inclusion problems that relies on interpreting each iteration of the
algorithm as a projection onto a certain hyperplane. The hyperplane projection interpretation of the proximal
point method is a powerful idea that dates back to [34, 33, 19] in the monotone setting.

To further broaden the scope of our work, our convergence analysis includes the local setting, where the
assumptions only hold on a subset of the corresponding graph. Specifically, we provide convergence results
for relaxed PPPA applied to inclusion problems that admit local oblique weak Minty solutions (see Defini-
tion 3.1). The idea of graph localization draws on Pennanen’s local analysis of the proximal point algorithm
[21, 18, 4], where a key step in the analysis is to ensure that the PPPA iterates remain within the localized,
restricted graph. In the minimization setting, this localization of the graph is closely related to relaxing global
convexity to variational convexity [28, 29]. Note that many nonconvex optimization problems possess such a
variational convexity assumption, providing a partial explanation for the success of many numerical methods
beyond the standard, monotone case. We would like to highlight that our analysis is valuable not only for
studying the convergence behavior of ProgDec+, but also in its own right, as many other methods are known
to be instances of relaxed PPPA, including the alternating direction method of multipliers (ADMM) [7, §8], the
(proximal) augmented Lagrangian method (ALM) [25, §4 & 5] and the primal-dual hybrid gradient (PDHG)
method [15, Lem. 2.2], [9], also known as Chambolle-Pock (CP) [3].

1.1 Organization

The paper is structured as follows. First, we recall some notation in Section 1.2. Then, we demonstrate in
Section 2 that the proposed algorithm can be cast as a specific instance of the relaxed preconditioned proximal
point algorithm. Consequently, we dedicate Section 3 to the local convergence of relaxed PPPA under an
oblique weak Minty condition. Section 4 then applies these convergence results to our algorithm, showing
local convergence to a solution of linkage problem (P) under the assumption that S is locally semimonotone.
Moreover, several examples are provided, including an example showing tightness of the obtained range for the
relaxation parameters, and we provide sufficient conditions for a differentiable operator to be semimonotone.
Finally, Section 5 concludes the paper.



1.2 Notation

The set of natural numbers including zero is_ denoted by IN := {0, 1,...}. The set of real and extended-real
numbers are denoted by R := (—c0, o) and R := R U {oo}, while the positive and strictly positive reals are

R, := [0,00) and R,, = (0, c0). We use the notation (Wk)kel to denote a sequence with indices in the set
I € N. When dealing with scalar sequences we use the subscript notation (yy),,- We denote the positive part
of areal number by [-]; := max{0, -} and the negative part by [-]_ := — min{0, -}. With id we indicate the identity

function x — x defined on a suitable space. The identity matrix is denoted by I,, € R™" and the zero matrix by
O.xn € R™"; we write respectively I and 0 when no ambiguity occurs.

We denote by R” the standard n-dimensional Euclidean space with inner product (-, -) and induced norm
| - |l. The set of symmetric n-by-n matrices is denoted by §". Given a symmetric matrix P € S”, we write
P > 0and P > 0 to denote that P is positive semidefinite and positive definite, respectively. Furthermore,
for any P € S" we define the quadratic function qp(x) = (x, Px). Let diag(-) denote the diagonal matrix
whose arguments constitute its diagonal elements. For arbitrary matrices A and B, we define the direct sum
A ® B = blkdiag(A, B), where blkdiag(-) denotes the block diagonal matrix whose arguments constitute its
diagonal blocks.

Two vectors u,v € R” are said to be orthogonal if (u,v) = 0, and orthonormal if they are orthogonal and
[lull = |lvll = 1. Two linear subspaces U € R"” and V € R” are said to be orthogonal if any # € U and any
v € V are orthogonal. We say that U € R™™ is an orthonormal basis for a linear subspace U C R” if U has
orthonormal columns and the range of U is given by U.

The domain of an extended real-valued function f : R" — R is the set dom f ={xeR"| f(x) < oo}
We say that f is proper if dom f # 0 and that f is lower semicontinuous (Isc) if the epigraph epi f =
{(x,@) e R" xR | f(x) < a} is a closed subset of R"*!. We denote the limiting subdifferential of f by df.
We denote the normal cone of a set E C R” by Ng. The projection onto and the distance from E with respect
to || - llg, O € S%., are denoted by Hg(x) = argmin_.{|lz — xllg} and disty(x, E) = infx{llz — x|lp}, Tespec-
tively. For two sets E, F C R, we denote the Minkowski sumby E+ F :={e+ f | e € E, f € F}. An operator
or set-valued mapping A : R” =3 R maps each point x € R” to a subset A(x) of R?. We will use the nota-
tion A(x) and Ax interchangeably. We denote the domain of A by domA = {x € R" | Ax # 0}, its graph by
gphA = {(x,y) € R" x R? | y € Ax}, and the set of its zeros by zer A := {x € R" | 0 € Ax}. The inverse of A is
defined through its graph: gph A~! := {(y, x) | (x,y) € gph A}. The resolvent of A is defined by J, = (id + A)~'.
The composition of two operators A and B is denoted by A o B. We say that A is outer semicontinuous (osc) at
x" € dom A if

limsupAx == {y | Ix* = x’, I* = y with y* € Ax} C Ax.

XX

Outer semicontinuity of A everywhere is equivalent to its graph being a closed subset of R” x R,

Definition 1.1 (local V-comonotonicity). Let V € R™" be a symmetric (possible indefinite) matrix. An oper-
ator T : R" 3 R" is said to be V-comonotone at (x',y’) € gphT ona setU > (x',y’) if

(x=xy=y)=2q,00 =), forall (x,y) € gphT NU,

where the quadratic form q,(:) = (-, -)v. An operator T is said to be V-comonotone on U if it is V-comonotone
atall (x',y") € gph T NU. It is said to be maximally V-comonotone on U if its graph is not strictly contained
in the graph of another V-comonotone operator on U.

Throughout, whenever U = R" X R”, the set U is omitted, and whenever V = pl for some p € R, the prefix
V is replaced by p and condition (1.1) reduces to

(x=x,y=y)y=plly-YI*  forall (x,y)egphT NU,

2 Progressive decoupling+ as an instance of relaxed PPPA

We recall the definition of the partial inverse of an operator, introduced in [35], along with some calculus rules
which will be used throughout the paper. The partial inverse will play a central role in our upcoming analysis.
For more details on the partial inverse, we refer the interested reader to [1, §20.3].



Definition 2.1. Let X C R" be a closed linear subspace, and T : R" =3 R" be a set-valued operator. Then, the
partial inverse of T with respect to X is the operator TX : R" =3 R" defined by

gph T := Ly(gph(T)), @.1)
where Ly is the Spingarn operator Ly(x,y) := (Ix(x) + Iy (y), Hx(y) + Hx-(x)).

Fact 2.2. Let X C R" be a closed linear subspace, and T : R" =3 R" be a set-valued operator. Then, the
following hold.

(i) T = (T¥) = (T
(ii) Ly' = Ly and gph T = Lx(gph(T*)).
(iii) z € zer T if and only if (x(2), Tx.(z)) € linky 7.
(iv) If T € R™" and x + Iy. T is invertible, then TX = (Ix. + Iy T)(Ilyx + Ix- 7).

Notably, Fact 2.2(iii) demonstrates that a pair (x,y) € linky S can be obtained by finding a zero of the
operator S¥. Our upcoming analysis will revolve around this particular equivalence. Specifically, we introduce
the inclusion problem of finding a zero of a set-valued operator 7 : R” =3 R", i.e.,

find z€R" suchthat 0e Tz (G-I

The most well-known algorithm for solving this class of problems is the proximal point algorithm and its
preconditioned/relaxed variants. Given a symmetric positive definite preconditioning matrix P € R™" and a
relaxation matrix A € R™", the (relaxed) preconditioned proximal point algorithm applied to (G-I) consists of
the following fixed point iterations:

(PPPA)

Z oeP+T)'PF
Zk+l= Zk + A(Zk _ Zk)-

In what follows, we will show that ProgDec+ can be cast as a particular instance of the (relaxed) preconditioned
proximal point algorithm, as a consequence of the following lemma.

Lemma 2.3. Consider an operator S : R" =3 R" and a closed linear subspace X C R". Let y € (0, +o0) and
define P = yIlx +y~ ' TIx.. Then, for any 7 € R" it holds that 7 € (P + SX)~' Pz if and only if

(Mx(@ + 7' Ty (z - 2), Ty (2) + y Tx(z ~ 2)) € gphS,

=g

or equivalently,
q:=Tx@ +y "My (z—2) € -5 (Mx(2) + ¥ Hx: (2)).

Proof. If 7 € (P + SX )~"! Pz then it holds that (Z, P(z — ) € gph SX, so that equivalently Ly(Z, P(z — 7)) €
Lx(gph S¥) = gph S owing to Fact 2.2(ii). In particular,

(Tx(2) + My (P(z = 2)), Hx2(2) + Hx(P(z — 2))) € gphS.
Since Iy oP = yIIy and ITx. oP = y~! Iy, this corresponds to

My (2) +yMx(z - 2) € S[x(®) +y ' Ty (z = 2).

=iq

Multiplying by y~! > 0 and adding g to both sides, we obtain that
Mx(2) + ¥ ' My (2) € (id + ¥ 'S)(g). (2.2)

Since J,-1g = (id + y~18)7!, the proof is completed. O



In light of the above lemma, by selecting the preconditioner P = y Iy +y~! [Ix:, relaxation matrix A :=
ATy +4, My and denoting x* = TIx(zh), y* = My (25), ¥ = Mx(Z) and * = My:(Z"), update rule (PPPA)
reduces to

¢ € Jps(F Ty
x ("), proximal step z* € (P + S %)~ Pzt
o=y -y Txe(g) 2.3)
P N N )

yk+1 :yk +/1y(5)k _yk)

which is exactly ProgDec+. This equivalence is stated more formally below.

<
I

} relaxation step X! = 25 + A(Z* - 75)

Lemma 2.4 (equivalence of ProgDec+ and PPPA). Let 0 oex yo e Xt and set 2° = X0 + yO. Then, to
any sequence (g5, xX*, ") en generated by ProgDec+ (initialized with x° and y°) for solving (P) with stepsizes
v, Ay, Ay > 0 there corresponds a sequence (&, Fen = (& + yk, Hx(qk) + yk — ylx (qk))ke]N generated by
PPPA (initialized with 2° = x° +Y°) applied to 0 € S*(z) with P = yTlx +y~ ' Ty: and A = A, Tx +, Tx..

In the upcoming section, we will first examine the (local) convergence properties of PPPA in the nonmono-
tone setting. Then, in Section 4, we will leverage the equivalence from Lemma 2.4 to obtain local convergence
results for ProgDec+ for nonmonotone operators S .

Remark 2.5 (relaxed Douglas—Rachford splitting). We remark that the relaxed variant of the Douglas—Rachford
splitting (DRS) method can be seen as a particular instance of our algorithm. Specifically, for a given positive
stepsize y and relaxation parameter A, the relaxed DRS method applied to (1.1) follows the iteration:

K = TIg(s*)
g € Jy-us(2xk — 55
s = sk gk - x5).

To establish the equivalence with ProgDec+, introduce the variable y* = y(x* — s), and reorder the updates by
starting with the update for ¢*. This leads to the equivalent formulation:

¢ €T s +y71yo)
A = Tk — y~Iy% + AgF = X))
Y=y y (K — (1 = D)k = A4b).

Therefore, if the algorithm is initialized with x° € X and y° € X*, then it is an instance of ProgDec+ with
A, = A,. This equivalence extends those from [8, §5] for Spingarn’s method (where y = 4, = 4, = 1) and from
[5, Appendix] for standard progressive decoupling (where 4 = 1 and A, = 4, = 1). O

3 Local convergence of nonmonotone PPPA

Our analysis in this section builds upon and extends the one developed recently in [11] for nonmonotone
problems which admit so-called oblique weak Minty solutions. We generalize the definition of weak Minty
solutions to the local setting, only requiring the involved inequality to hold on a subset of the graph and allow
for matrix relaxation parameters, a generalization that is crucial for developing ProgDec+ as established in
Lemma 2.4. This localization of the graph is inspired by the local analysis for the proximal point algorithm in
the maximally comonotone setting [21, 18, 4] and related work on variational convexity [28].

Definition 3.1 (local V-oblique weak Minty solutions). Let V € R™" be a symmetric (possibly indefinite)
matrix. An operator T : R" =3 R" is said to have V-oblique weak Minty solutions at a nonempty, convex set
S* CzerT onasetd CR"xR" if

w,z-27") 2 qp(v), forall z* € 8* and all (z,v) € gphT N U, 3.1)

where the quadratic form qy,(v) := (v, Vv). Whenever V = pl for some p € R, we refer to them as p-weak Minty
solutions. In the global setting, i.e., when U = R" X R", the set U is omitted.



It is important to emphasize that even in the global setting, i.e., when &/ = R" X R", this definition covers
many classical assumptions employed in literature for both proximal and gradient-type methods. For instance,
when U = R" X R" and V is equal to the zero matrix, (3.1) reduces to the classic Minty variational inequality
(MVI) [20, 14]. This condition is sometimes also referred to as variational coherence and is satisfied for
instance by all pseudoconvex, star-convex and quasar-convex functions [36, 16]. For V = pl it reduces to weak
MVI, which was first introduced in [6] in the context of the extragradient method. This class of nonmonotone
problems emerges quite naturally in nonconvex-nonconcave minimax problems and nonconvex games, see for
instance [22, Ex. 6], [11, Ex. 2.7]. It may also emerge in nonconvex optimization, as the following classical
example demonstrates.

Example 3.2 (Rosenbrock function). Let » > 0 and consider the function
Fx,y) = x* + by — x*)% (3.2)

The global minimum (x*,y*) = (0,0) of (3.2) is a (~!/16)-weak Minty solution of V. O

To establish local convergence of PPPA, we assume that 7 admits at least a single local V-weak Minty
solution. More specifically, we work under the following assumptions.

Assumption I (local assumptions for PPPA). The operator T : R" =3 R" and the linear mappings P € S" and
A € §" satisfy the following properties.

A1 There exists a nonempty, convex set S* C zer T and a symmetric, possibly indefinite matrix V € S" such
that T has V-oblique weak Minty solutions at S* on a set U C R" x R",

A2 T is outer semicontinuous on U.

A3 P and A are positive definite matrices satisfying AP = PA and

A <21+ P"Pvp'h). (3.3)

A4 There exists an € > 0 such that for every
Z2e€W, = {z € R" | distpp-1(z, S*) < g}

there exists a 7 satisfying (Z, P(z — 2)) € gphT N U. We drop the subscript and write YV whenever no
ambiguity occurs.

Remark 3.3. Assumption 1.A3 imposes a restriction both on the choice of the preconditioner P and the relax-
ation matrix A. Since A > 0, a necessary condition for (3.3) to hold is that I + P*VP"> > 0, which by positive
definiteness of P holds if and only if P~! + V > 0. This necessary condition is vacuously satisfied when V > 0,
as is the case for monotone problems. Moreover, (3.3) imposes an additional restriction on the relaxation ma-
trix. For instance, when the relaxation matrix is a multiple of identity, i.e., A = I, Assumption 1.A3 reduces to
the necessary condition 7 := Apin(I + P2V P"?) > 0 and the relaxation rule £ € (0, 27), showing that smaller
relaxation parameters are required in the nonmonotone setting. O

Remark 3.4. Note that the first step of PPPA corresponds to finding a point z* such that (z, P(zF—~7%)) € gph T.
In our local analysis, it is important to ensure that there exists such pairs within the local set /. Provided that
the current iterate z¥ is close enough to the solution set S*, this is ensured by Assumption I.a4. O

A visualization of the different subsets of R” introduced in Assumption I is provided in Figure 1. Observe
that in general our assumptions do not impose that the solution set zer 7 is convex or even connected. The
situation changes when we focus on the class of maximally comonotone operators, which are a special case
of operators satisfying the weak Minty condition. For such operators, the set of zeros is necessarily convex as
shown below.

Proposition 3.5. If an operator T : R" =3 R" is maximally V-comonotone on a convex set U C R" X R", then
zer T NU is convex.



Figure 1: Illustration of the subsets of R" involved in Assumption I.

The following proposition demonstrates that our assumptions for PPPA are satisfied for maximally comono-
tone operators, provided that the preconditioner P € §" and relaxation matrix A € §" are selected accordingly.
The proof follows a similar reasoning as [18, Lem. 1] and is deferred to Appendix B.

Proposition 3.6. Consider an operator T : R" =3 R" for which zer T is nonempty, and let the preconditioner
P € §" and relaxation matrix A € §" satisfy Assumption I.A3. Suppose that there exists a nonempty, convex set
S* C zerT and scalars 6, > 0 and 5, > 0 such that T is maximally V-comonotone on Uy X U,, where

Uy ={zeR"| distpy1(2.8*) <61} and Uy x {v € R" | distpp1(v,0) < 63).

. . _ _ . P
Then, Assumption I holds with U = Uy X U, and & = mln(\|I—A’1||]+||A*1||’ TP TATIIAT

U x Uy = R X R”, then this assumption holds globally.

0 .
- ) Moreover, if

Note that when Assumption I holds globally, i.e., for W = R" and &/ = R” X R”, then Assumption L.A1
and Assumption [.A2 simply reduce to assuming that 7" has global V-weak Minty solutions and is outer semi-
continuous, while Assumption 1.4 then corresponds to the preconditioned resolvent (P + T)~! o P having full
domain. We discuss the global setting at the end of this section (see Assumption II).

In our upcoming convergence analysis, we interpret each iteration of the preconditioned proximal point
algorithm as a projection onto a certain halfspace. This perspective was previously employed in [34, 33, 19] in
the maximally monotone setting. Specifically, for P = y~'T and A = ¢I, [33] considers the halfspace

Dy = {r eR | (' -F-rn> 0}. (3.4)

This halfspace was later generalized in [ 1 1] to the form of (3.5) to account for symmetric positive (semi)definite
preconditioners P and for operators T that are not necessarily monotone but admit global weak Minty solu-
tions. In this work, we build on this idea by extending it to the weaker local setting and incorporating matrix
relaxation A. In particular, we show in the following lemma that this particular halfspace continues to sepa-
rate the current iterate from a subset S* of solutions that satisfy the local oblique weak Minty assumption,
provided that the current iterate z is close enough to S*.

Lemma 3.7 (halfspace interpretation). Suppose that Assumption I holds with U and VV denoting the sets
therein. Let z € YV and consider a point 7 such that (Z, P(z — 2)) € gph T N U, which exists by Assumption I.A4.
Let 7t := 7+ A(Z — 2) and define the halfspace

Dz ={reR"[(P(z=2), Z-1r 2 qy(P(z-2)} (3.5
Then, the following hold.
(i) The set S* is a subset of D, ;.
(ii) If z € D,z then z = Z, and in particular7 € W N zer T.
(iii) If z ¢ zer T, then ||z — ZII%A #0and a > a > /2, where

5112
Z—Z 1 1 -
el e ” ”_’]l;” Y2 and &= Agn((1+ PPVPF)AT). (3.6)
<~ Zllpp



(iv) 75 = = Ya)z + Ve H;’}z(z), and in particular for all 7* € §*
llz* = 2 lpper < llz = 2¥Ip0o — & = Dllz = Zl[p. 3.7)

Proof.
& 3.7(i): Since (Z, P(z — 7)) € gph T N U, it holds that
P(z-2) €Tz (3.8)
Thus, owing to the V-oblique weak Minty assumption on U/ (Assumption L.a1), it holds for all z* € S* that
(P(z-2),2—2") 2 qy(P(z — 2)), (3.9
showing that S* C 2 -.
& 3.7(ii): Suppose that z € &, ; and define the shorthand notation Z := z — Z. By definition of Z,;, it holds that
02 [IZll7 + qy(P2) = (PZ, L+ VP)Z) = |l pyp- (3.10)

Since I + P?VP'? is positive definite owing to Assumption I.a3, this inequality implies that Z = 0, so that
z e zer T by (3.8).

o 3.7(iii): If 7 ¢ zer T, then inclusion (3.8) implies that P(z — Z) # 0. Since P > 0 and A > 0 by assumption, it
holds that PA = P"*AP™"> > 0 and thus ||z — lei, A > 0, ensuring that a as defined in (3.6) is finite-valued. In
particular, since o can be written as a Rayleigh quotient [17, Thm. 4.2.2] of A™' + A"2P'?VP'>A"> and A"z,
it follows that

(AP (z = 2), (A" + APPPVP AN P (7 - 2))
B IA2P2(z — Z)|2

> Amin(A™" + ATPPPVPRATR) = a,

where the final equality holds by similarity transformation using the similarity matrix A"? [17, Cor. 1.3.4]. The
claim that @ > 1/2 follows directly by Assumption .43 since the condition 2(I + P*VP'?) > A is equivalent to
A+ ATPPRYPRATE S L

& 3.7(iv): Since P and A are positive definite, 7, : may be equivalently represented as
Doz ={r e R"|[(A(z—2), 2= r)pp-1 2 qy(Pz - D)}
Consequently, for any u ¢ Z,z, it holds that [1, Ex. 29.20]

(2—Zu—-2p+qy(Pz—-12)
IAGz =23,

N () = (AG - 2)).

Therefore, H;’:l (z) = z+ aA(Z — 2) and it holds that
=2+ AG-2) =1 - Ya)z+ Ya H;g‘ (2) = M(2).

Owing to firm nonexpansiveness of HP AT, Prop. 4.16], the relaxed projection IT is !/2e-averaged in the space
with inner product (-, -)pa-1 [1, Cor. 4 41] Note that for any z* € S* it holds by Lemma 3.7(i) that z* € Z, ;.
Therefore, it follows from [1, Prop. 4.35(iii)] for any z* € S* that

1—1/24y” +

”Z -2 ”PA 1= ”H(Z) H(Z )”PA P < ”Z -2 ”PA [ 120 _Z”PA 1
=|lz—z* IIPA,I - Qa - l)llz—zllpA. (3.11)
The claim is established by using that @ > @ owing to Lemma 3.7(iii). O



Lemma 3.7(iv) characterizes the update rule of PPPA as an oblique projection onto a halfspace, which
separates the current iterate from the subset of solutions S* (as shown in Lemma 3.7(i)). Leveraging this
result alongside the descent inequality in (3.7), we can derive the following local convergence result for PPPA,
where the preconditioned resolvent evaluations of the operator T are restricted to the localization U/ as in
update rule (local-PPPA). By construction, any sequence satisfying (local-PPPA) also satisfies (PPPA), and
both update rules coincide when I/ = R" x R".

Theorem 3.8 (local convergence of PPPA). Suppose that Assumption I holds with U and VW denoting the sets
therein. If 2° € W, then for any sequence (z*,7%) N enerated by the update rule

(local-PPPA)

find 7* such that (Z*, P(* = 7)) e gph T N U
Zk+l — Zk + A(Zk _Zk)

it holds that either a point 7 € W N zer T is reached in a finite number of iterations or the following hold.
(i) Z* belongs to W for all k € N since (distpp-1(z~, 8™))ien is nonincreasing.

(ii) The sequences (dist?,A(O, T(Z")))ke]N and (|ZF = 78| PA)jeN CONVerge to zero with rate

dist;, (2%, 8*)

(N+DQRa-1) (3-12)

mi ot =k . Kk
in distp,(0,7(Z)) < min ||z -Z <
k=0,1,...N pa(0. 7)) o l llpa

where @ > 1/2 is defined as in equation (3.6). Additionally, if T is V-comonotone on U, then the sequence
(el PA)en IS nonincreasing and it holds that

disty, (2, S*)

dist2, (0, T(ZV)) < |12V = 2V||pp < — LA =2~ ~
istpr (0, T@D) < lle™ = Zllen < - "oy

(3.13)

(iii) The sequences (ZVeen, (F)en are bounded and their limit points belong to VW N zer T.

(iv) If in Assumption I.a1 the set S* is equal to W N zer T, then the sequences (zk)kelN, (Z]‘)ke]N converge to
some element of YW N zerT.

Proof.

# 3.8(i): Suppose for some k > 0 that z* € W. Then, Assumption I.a4 ensures that there exists a zZ* satisfying
update rule (local-PPPA). If z* € Z.x then by Lemma 3.7(ii) the algorithm has reached a point Z* € zerT.
Otherwise, it follows from Lemma 3.7(iv) for any z* € S* that

1 2 2 _ k2
I = I, < I = 212, - @ - DI - 21, (3.14)
Since @ > 1/2, this implies that

. . -1
distpr1 (1, 8%) = inf {12 = dllpact) < 1 = TIEY @ S™)lpa
€S8

(3.14) .,
<l -TIEY (", 8M)llpa-r = distpp-1 (2, S*),

and therefore z*! € W. Since we assumed that z° € W, it follows that either a point 7* € zer T is reached in a

finite number of iterations, or that for all & € N it holds that z* € W, that (Zk, P(zF - Zk)) € gph T N and that
(3.14) holds for any z* € S*, establishing that (*);cn is Fejér monotone with respect to S* [1, Def. 5.1].

o 3.8(ii): By telescoping inequality (3.14) fork = 0, 1,..., N, we get that 0 < ||zV*! —z*||12L,A,1 <|I2° —z"‘||?JA,1 -

2,’?’:0(2@ - Dl - Zkllf, A for any z* € §*. By rearranging and taking the square root, this implies that

infxess {112° = 2%l pa-t distpp-1(20, S*
min ||Zk —Zk||PA < 7*e { } _aistpp I(Z s ) (3_15)

(D1 WHivaa—1  AN+Iv2a-1

Then, the claimed rate from (3.12) follows by noting for all k that

distp1n(0.7Z9) = min {IMlp1a) < IPE" = 2llp-ia = I = Zllea, (3.16)
Ve Z
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where we used that P(z¥ — 7%) € T(z*). Define z* := z* — Z* for all k € N and note that (z*, PZ*) € gph T NU and
(71, PZ*1) € gph T NU. Consequently, if T is V-comonotone on I/, then it holds that (z* -7+, P(zK —7K+1)) >
qy(P(Z* — 7*1)). By reordering the terms and using the definition of #, this implies that

k k+1 =k _ =k+1 ~k  ~k+1
=7 PE -7 > QpopypE -7

kl(“)l k k+112
Y = 51 =2

— =k
= dpleqip'ypinyp'e @ - PP

Recall that AP = PA due to Assumption 1.43. Plugging in z*! = z¥ — AZ* from (local-PPPA), it follows that
&k, PAGE -2y > Lk - 212 In turn, since [|ull%, — VI3, = (2PAu,u—v) —|lu—v||3, for any u,v € R",
this implies that

~k112 ~k+12 ~k =~k ~k+1 ~k ~k+1,12
IZ5Npp = 12 MIpp = QPAZ,Z =27 = 1IZF =2 lppy 2 0,

showing that ||Zk||12D  is nonincreasing. Combining this with (3.15) and (3.16) yields the rate from (3.13).

o 3.8(iii): By update rule (local-PPPA), it follows that 7 := P(z* — 7*) € TZ* for all k. Since (|| — Zk||pA)k€]N
converges to zero as shown in Theorem 3.8(ii) so does (\"/k)keN, since

74117 = 1P = 2917 < IIPPAPIF A PR = Z29IP = IIPATYI1IZE = 2113, (3.17)

Consequently, it follows from outer semicontinuity of 7" on U (due to Assumption I.A2) that any limit point of
(Z")en belongs to zer T. Moreover, it follows from (3.14) that (|| —z*||pa-1) en converges, and in particular that
(z%)ken is bounded. In turn, using that ||z* — Z||po — 0 and the triangle inequality [|Z][pa < [1Z5 = Z¥llpa + 12¥]1PAs
it follows that (Z")keIN is bounded and thus that it has at least one limit point. Take a subsequence @Vex
converging to some limit point z*° € zer T. Since (Z* — )i converges to zero as shown in Theorem 3.8(i),
we have that (zX);cx also converges to the same limit point z°. The claim is established by noting that z* € W
for all k.

& 38(iv): If §* = W N zerT, then the convergence of (Z)ken to some element of W N zer T follows by [1,
Thm. 5.5], and (Z)ken converges to the same point owing to Theorem 3.8(i). O

Observe that our local analysis concerns the set YW N zer T, i.e., the zeros of T which are located within
W. In that sense, the condition S* = W Nzer T as required in Theorem 3.8(iv) simply states that all the zeros
of T within the set W are local weak Minty solutions (see also Fig. 1).

For completeness, we conclude this section by providing the global counterpart of our results, considering
the case where YV = R"” and 4 = R” x R". In this setting, Assumption I simplifies as follows.

Assumption II (global assumptions for PPPA). The operator T : R" =3 R” and the linear mappings P € §"
and A € S" satisfy the following properties.

A1 There exists a nonempty set S* C zer T and a symmetric, possibly indefinite matrix V € S" such that T has
V-oblique weak Minty solutions at S*.

A2 T is outer semicontinuous.

A3 P and A are positive definite matrices satisfying AP = PA and

A <21+ PPvpP). (3.18)

A4 The preconditioned resolvent (P + T)™! o P has full domain.

Under these global conditions, the relaxed preconditioned proximal point algorithm is globally convergent,
as summarized below. This result directly extends [11, Thm. 2.4] to incorporate matrix relaxation A.

Corollary 3.9 (global convergence of PPPA). Suppose that Assumption Il holds. Consider a sequence (z*,7") N
generated by PPPA starting from any ° € R". Then, either a point 7° € zer T is reached in a finite number of
iterations or all the claims from Theorem 3.8 hold with VW = R".
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4 Local convergence of progressive decoupling+

Recall that an equivalence relation between ProgDec+ and PPPA was established in Lemma 2.4. In this section,
we obtain local convergence results for ProgDec+ leveraging those for PPPA from Section 3, provided that
the operator S satisfies Assumption I. We will delve deeper into this idea and provide explicit assumptions
on the operator S for establishing convergence of ProgDec+, rather than assumptions on the partial inverse
SX. To achieve this, we first present the class of semimonotone operators, which is discussed in more detail in
[11,10,23].

Definition 4.1 (semimonotonicity). Let M, R € R™" be symmetric (possibly indefinite) matrices. An operator
T : R" 3 R" is said to be (M, R)-semimonotone at (x',y") € gphT on a setU > (x',y") if

(x=x,y=Y) =2 qux—x)+qrv -y, Sorall (x,y) € gphT NU, 4.1)

where qx () = (-, -)x for any symmetric matrix X € R™".

An operator T is said to be (M, R)-semimonotone on U if it is (M, R)-semimonotone at all (x’,y") € gph T N
U. It is said to be maximally (M, R)-semimonotone on U if its graph is not strictly contained in the graph of
another (M, R)-semimonotone operator on U.

Throughout, whenever U = R" X R”, the set U is omitted, and whenever M = ul, and R = pl,, where
U, p € R, the prefix (M, R) is replaced by (u, p) and condition (4.1) reduces to

(x=x,y=yyzpulx=xIF +plly-yI*,  forall(x,y) € gphT NU. 4.2)

Several special cases of semimonotonicity are particularly relevant in the context of this paper and are
listed below. For additional connections to other classes of operators, we refer to [11, Rem. 4.2].

Remark 4.2 (relationship with other types of operators).

(i) (u, 0)-semimonotonicity is equivalent to u-monotonicity, which is also known as |u|-hypo-monotonicity
when u < 0, as monotonicity when u = 0, and as strong monotonicity when u > 0. (0, p)-semimonotonicity
on the other hand is equivalent to p-comonotonicity, which is also referred to as |p|-cohypo-monotonicity
when p < 0, and as p-cocoercivity when p > 0.

(ii) An operator has V-oblique weak Minty solutions at S* C zer T on U, as required in Assumption Lat, if
and only if it is (0, V)-semimonotone at every (x*,0) € gph T on U for all x* € S*. Similarly, maximal
V-comonotonicity on I/ and maximal (0, V)-semimonotonicity on / describe identical conditions (see
Proposition 3.6).

(iii) Finally, an operator S is said to be elicitable monotone at alevel e > 0if S +e Iy is maximally monotone
[27, Def. 1], which is equivalent to maximal (—e IIx:, 0)-semimonotonicity of S. O]

In [27], the convergence of standard progressive decoupling was established in the elicitable monotone set-
ting. However, many problems in optimization and variational analysis fall outside this particular framework
(see e.g. Example 4.12(ii)). Therefore, in our work we will focus on the case where S belongs to the more gen-
eral class of (locally) (uIly., o Ilx)-semimonotone operators. We proceed with several illustrative examples.
The first example is an equivalent formulation of the Rosenbrock function, which is shown to be semimono-
tone at its global minimum (see also Example 3.2). The second example involves finding the local minimum
of an (inverted) double-well potential, which is shown to be only locally semimonotone around this local min-
imum. The third example considers a matrix splitting problem, which is shown to be semimonotone due to its
linearity. The proofs are deferred to Appendix B.

Example 4.3 (Rosenbrock function). Let » > 0 and consider the minimization problem

minirgize f(x) = x1x2 + b(x3 — xf)2 subjectto x € X = {x eR3|x = xz}. 4.3)
xeR:

Then, Vf is (—9/4 Txe, —1/4 HX)—semimonotone at (x*,0), where x* = (0,0, 0) is the global minimum of (3.2).
O
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Example 4.4 (local minimum). Consider the minimization problem

xx;  subjectto x€X:={reR?|x =x]. (4.4)

minimize  f(x) = 3x7 + 15 - 1
xeR?

This optimization problem is unbounded, but has a local minimum at x* = (0,0), and the operator Vf is
(0, TTx)-semimonotone at (x*,0) on I/ = {x eR?||lx — x*|| < 2} x R2. O

Example 4.5 (matrix splitting). Consider finding an x € R” such that Zf\i | Aix = b, where A; € R™" for
i=1,...,Nandb € R". Defining the matrix A := blkdiag(A;,...,Ay), the operator § (x) := A(x) — (%)

and the consensus set X := {x eRM |x;=...= xN}, this is equivalent to solving linkage problem (P). Let
u > 0and p < 0. If the matrices A; are (u, p)-semimonotone for all i = 1,..., N, and if

AT11ITA > vATA 4.5)
for some v > 0, then operator S is (u Ty, ¥ I1y)-semimonotone. O]

As a particular instance, note that if ATA; = 0 for all i # j, then (4.5) holds with equality and v = 1.

Some additional examples of (uIlx:, p I1x)-semimonotone mappings to which our upcoming theory ap-
plies will be presented in Section 4.1, including a numerical matrix splitting problem.

Our primary interest in this class of operators stems from Corollary 4.6, which establishes an equivalence
between the (u Ilx:, p I1x)-semimonotonicity of S and the existence of oblique weak Minty solutions for its
partial inverse S*. In that sense, this particular operator class naturally extends the weak MVI condition con-
sidered previously for PPPA. This corollary is a direct consequence of Proposition A.1, which is deferred to
the appendix.

Corollary 4.6 (partial inverse). Let u,p € R and consider an operator S : R" =3 R" and a closed linear
subspace X C R". Suppose that linky S is nonempty. Then, the following are equivalent.

(i) Operator S is (ully., p llx)-semimonotone at (x*,y*) € linky S on U.
(ii) Operator SX has a (uTlx: +p Ix)-oblique weak Minty solution at S* = {x* + y*} C zer §¥ on Lx(U).

Leveraging this equivalence result, we can directly translate the conditions on the partial inverse S* for
PPPA to equivalent conditions on the operator S for ProgDec+, leading to the following set of assumptions.

Assumption III (local assumptions for ProgDec+). The operator S : R" = R" and the stepsizes y, Ay, A, € R
satisfy the following properties.

A1 There exist parameters u,p € R satisfying [ul-[pl- < 1 such that S is (uIlx., p Illx)-semimonotone at a
solution (x*,y*) € linky S on a set U™ C R" x R".

A2 Operator S is outer semicontinuous on U™,
A3 The stepsizes vy, A, and Ay satisfy'
y € (ul-, Vier), A €(0,2(1 +yp)) and Ay € (0,2(1 +#/y)). (4.6)
A4 For the selected stepsizes, there exists an € > 0 such that for every
(x,y) € Wink .= {(x,y) e X X X' |y lx = x*IP + v A4S My - y*IP < 32},
there exists a pair (X,¥) such that
(F+y 'y = 9.5 +y(x— ) € gphS NYU"™ . 4.7)
We drop the subscript and write VW% whenever no ambiguity occurs.

The equivalence of our assumptions is formally shown in Lemma 4.7, whose proof involves showing that
each individual item of Assumption III for ProgDec+ is indeed a direct translation of those from Assump-
tion I for PPPA when 7 := S¥, P := yIlx +y ' Tlys, A = A,y 44, [Ix: and V = pllx. +p Iy (recall the
equivalence of ProgDec+ and PPPA from Lemma 2.4).

INote that the stepsize ranges provided in (4.6) are nonempty since [u]_[p]- < 1.
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Lemma 4.7. Consider an operator S : R" =3 R" and a closed linear subspace X C R". Let 1, p,v, Ay, Ay, & €
R and define T := SX, P := yIx+y ' Tx:, A := A, Iy +A,x: and V = ullx. +plly. Then, the following
are equivalent.

(i) Assumption I1I holds for S, u, p,y, A; and A, with (x*,y*) € linkx S and U™ € R" x R".
(ii) Assumption I holds for T, P, A and V with S* = {x* + y*} C zer T and U = Lx(U"™ ) C R" x R".

Proof. Owing to Corollary 4.6, it follows that Assumption II1l.a1 holds if and only if 7 = SX has V =
(uTIy: +p Ix)-oblique weak Minty solutions at S* = {x* +y*} C zer SX on U = Lx(U"™), i.e., if and only if
Assumption [.a1 holds. By definition of outer semicontinuity and the partial inverse, S is outer semicontinuous
on U"" if and only if S¥ is outer semicontinuous on U = Ly (L"), establishing the equivalence between As-
sumption I.a2 and Assumption I11.a2. Applying the partial inverse to (4.7) and using that Ly(gph ) = gph S ¥,
it follows that Assumption III.a4 holds if and only if there exists an £ > 0 such that for every

(6y) € {(y) € Xx X* [y e = x*IP + 7 47 Iy = y*IP < &)
= {(x,y) €EXXX"| dist(y 1y 4140 11y ) (x+y, S*) < s},

there exists a pair (, y) such that (% + ¥, y(x — %) + y " '(y — ) € gph S* N Ly(U/"™¥). Defining z := x + y and
7 := X+ y and noting that x € X, x € X,y € X* and y € X*, this is equivalent to stating that for every

ze {zeR"| distpp1(z, S*) < &,

there exists a z such that (Z, P(z — 7)) € gph S* N Ly(U"™), matching Assumption I.a4.

It only remains to show that Assumption 1.3 holds if and only if (4.6) holds. First, observe that the
preconditioner P and relaxation matrix A are positive definite if and only if ¥ > 0, 4, > 0 and 4, > 0.
Moreover, using that I = IIy +IIx. and plugging in P, A and V, condition (3.18) from Assumption 1.3 is
equivalent to having

Ay +4, Hxr < 2(1 + yp) Iy +2(1 + #/y) Hxe .

Therefore, indeed Assumption .3 holds if and only if (4.6) is satisfied for y, A, and A,. O

Due to its equivalence with Assumption I for PPPA, Assumption III provides a set of mild conditions under
which ProgDec+ converges locally. For instance, the solution set linky S of linkage problem (P) need not be
convex or even connected, as visualized previously for PPPA in Figure 1.

A notable special case of Assumption III arises when S is maximally (u ITx., p [Ty )-semimonotone on I/,
or equivalently, when the partial inverse of S is maximally (u ITx: +p ITx)-comonotone on Ly (/) (see Propo-
sition A.1). The following proposition provides sufficient conditions for a maximally semimonotone operator
S on UMM x Uik 1o satisfy Assumption III, where U[™ and U3™ are balls as defined in (4.8). To avoid
explicitly computing Ly (U™ x U} ) in the proof, the key idea is to first construct subsets of X and X* whose
Minkowski sum fits within L{iink and Z/{;“k, and then apply the partial inverse Ly to these structured Minkowski
sums instead. The proof is deferred to Appendix B.

Proposition 4.8. Consider an operator S : R" =3 R" and a closed linear subspace X C R". Let u,p € R
satisfy [ul-[pl- < 1 lety, A, and A, satisfy (4.6) and suppose that linky S is nonempty. Suppose that there
exists a point (x*,y*) € linky S and a scalar § > 0 such that S is maximally (uTlx., p I1x)-semimonotone on
U UK, where

U™ =z eR" e - x*1 <6} and U™ :={zeR"|llz—y*Il < o). (4.8)

. » » < 5 ymin{ya5"(ya,)~ } minGy.y ™) o
: link _ 7 slink link — -‘ 4 link
Then, Assumption III holds with U™ = U™ x U™ and & = R R —rE e Moreover, if U™ x

L{%ink = R" x R", then this assumption holds globally.

Having established that ProgDec+ can be cast as an instance of PPPA (see Lemma 2.4), and that our local
assumptions for ProgDec+ directly translate from those in Assumption I for PPPA (see Lemma 4.7), we obtain
the following local convergence result for ProgDec+ as an immediate consequence of Theorem 3.8 for PPPA,
where we restrict the resolvent evaluations of the operator S to the localization /'™,
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Theorem 4.9 (local convergence of ProgDec+). Suppose that Assumption Il holds with U™ and W'
denoting the sets therein. If (x°,y") € WK then for any sequence (3,5, x*, Y )ren generated by the update
rule

find X* and ¥* such that (x* + y~'(* — %), 5 + y(x* — #)) € gph § N Yk

X = 3+ A (7 - X

yk+1 — yk + /ly(_)_)k _yk)
it holds that either a point (¥*,5) € W™ N linky S is reached in a finite number of iterations or the following
hold.

. ok Lk link . -1 2, -1 -1 2 . . .
(i) The pair (x*, y*) belongs to W™ for all k € N since (yA;" ||lx—x*|[*+y /l), [ly=y*| )ien IS nonincreasing.

(ii) Let & = min(];ﬂ, %) > 1/2. The sequence (yA||¥* — xX*|* + y~ 14, |F* - yk||2)k€]N satisfies
LA

YA = 2P+ A - I
Ol (N+DQRa-1)

(4.9)

Additionally, if S is (uTx, p Ilx)-semimonotone on U™, then this sequence is nonincreasing and the
minimum in (4.9) is therefore attained for k = N.

(iii) The sequences (xk,yk)ke]N and (7, )')k)kE]N are bounded and their limit points belong to W N linky S.

(iv) If in Assumption III.A1 the set SA* is equal to W' N linky S, then the sequences (x",yk)keN, ()'ck,)’ik)kelN
converge to some element of W™ N linky S.

Proof. Owing to Lemma 2.4, update rule ProgDec+ can be cast as an instance of PPPA. Moreover, Lem-
ma 4.7 ensures that the operator T = S*, preconditioner P = yIly +y ! IIx: and relaxation matrix A =
A, I +4, Iy satisfy Assumption I. Consequently, all the assertions follow from those of Theorem 3.8 applied
0 € S¥(z). In particular, the claims holds using the relations Lx(z¥, 0) = (ITx(zX), Iy (%)) = (X%, %), Lx(Z,0) =
(Mx (2, Ty (29) = (¥, 5*) and that

Pl = {z € R" | distpp-1(z, S*) < s} NzerS¥ = ([x(z*), Oy (z%)) € W™ N linky S. O

When Assumption I1T holds globally, i.e., for U/ = R" x R" and W'k = X x X*, our assumptions can be
stated as follows.

Assumption IV (global assumptions for ProgDec+). The operator S : R" =3 R" and the stepsize y € R in
(ProgDec+) satisfy the following properties.

A1 There exist parameters u,p € R satisfying [u]-[pl- < 1 such that S is (ullx., p Ilx)-semimonotone at a
solution (x*,y*) € linky S.

A2 Operator S is outer semicontinuous.

A3 The resolvent J,-s has full domain.

For instance, Assumption I'V holds for any maximally (u I1x:, p ITx)-semimonotone operator S with nonempty
solution set linky S'. Under this set of global conditions, ProgDec+ converges to a solution of linkage problem
(P) from any initial point (x°,y%) € X x X*, as stated below.

Corollary 4.10 (global convergence of ProgDec+). Suppose that Assumption IV holds. Consider a sequence
(4%, x*, Y )vew generated by ProgDec+ starting from any (x°,y°) € X x X* with stepsize vy and relaxation
parameters A, and A, satisfying (4.6), and define with i = Tx(¢") and 7 = y* — y . (¢") as in (2.3). Then,
either a point (¥*,7") € linky S is reached in a finite number of iterations or all the claims from Theorem 4.9
hold.

Recall that, by design, our algorithm ProgDec+ provides a unified framework that strictly generalizes
Spingarn’s method of partial inverses, progressive decoupling, and relaxed Douglas—Rachford splitting. Im-
portantly, when we specialize our results to each of these methods, we not only recover but also strictly ex-
tend their known convergence guarantees. This is illustrated in Table 1, which focuses on the maximally
(uIIx:, p Ilx)-semimonotone case. From this table, one can see that our new conditions on the moduli ¢ and p,
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Table 1: Existing and new convergence conditions for Spingarn’s method of partial inverses (where y = A, = A, =
1), relaxed Douglas—Rachford splitting (where A = A, = A,), standard progressive decoupling (where A, = 1,
Ay = 1 —1-/y) and progressive decoupling+ (see ProgDec+) applied to structured inclusion problem (1.1) for the
class of maximally (uTlx., p Ilx)-semimonotone operators.

Method Existing conditions New conditions
Spingarn’s method u=0,p>0[35 Thm. 4.1] u> =12, p0>-1/2
1
Relaxed DRS £20,p>0>0,1€(0,2)[8, Thm. 7] lul-lpl- < Ly € (ul-, Viel-),

A€ (0,2(1 + min{yp, #/y}))

Progressive decoupling neR,p>0,y>[ul-[27, Thm. 1] [ul-[p]- < 12,y € ([ul-, /21p1-)

[ul-lpl- < 1,y € (lul-, Yio1-),
Ay € (0,21 +vp)), Ay € (0,2(1 + #/y))

Progressive decoupling+ -

as well as on the algorithmic parameters, are significantly weaker than those required in prior work. In partic-
ular, we relax the standard monotonicity assumption in Spingarn’s method and relaxed DRS, and the elicitable
monotonicity assumption in progressive decoupling. Our results demonstrate that each of these methods re-
mains applicable in the maximally (uIIx:, p IIx)-semimonotone setting, albeit with potentially more limited
nonmonotonicity—explicitly quantified by the moduli 4 and p. As our analysis also covers the more general
setting where semimonotonicity is neither maximal nor global, we have thus developed a broad algorithmic
framework for solving linkage problems of the form (P) under weak assumptions on the operator S .

Finally, note that while much of the discussion in this work has centered on the nonmonotone regime—
as it most clearly highlights the strength of our contributions—our framework also yields new ranges for the
relaxation parameters A, and A, in the setting where u and p are strictly positive, extending beyond the standard
bound of two.

4.1 Examples and sufficient conditions for continuously differentiable mappings

We begin this subsection by presenting two specific applications of our convergence theory. As demonstrated
in [11, Ex. 2.6] through a simple linear example, the range of stepsize and relaxation parameters provided by
Corollary 3.9 for PPPA is tight. Given the established equivalence between ProgDec+ and PPPA, we expect
the same tightness result to hold for the stepsize parameters of ProgDec+. This is illustrated in the following
linear linkage problem, which can be interpreted as a worst-case example for the case where A, = 4,, i.e., the
setting of relaxed DRS (recall Remark 2.5).

Example 4.11 (tightness of relaxation parameters). Consider linkage problem (P), where X = {(x,0) | x € R}
and

S(x) =

1+a211
1 1] g"

for some a € R\{0}. Consider a sequence (x*, %), . generated by ProgDec+ (starting from x” € R%, )° € R?)
with stepsize y = 1 and relaxation parameter A = A, = 4, > 0. Then, the following hold.

(i) The sequence (x*, y")ke]N converges to linky § = (0, 0) if and only if 4 lies in the interval (0, 2(1 + ; faz ).

(ii) Operator S is (p Ilx:, p [x)-semimonotone where p = 5.

(iii) Assumption IV holds and in Assumption IV.a1 the set S* is equal to linky S, and hence Corollary 4.10
applies. Moreover, this result is tight in the sense that the bounds on A from condition (4.6) for y = 1
match the tight bounds from Example 4.11(i). O

Our second example highlights the limitations of existing convergence theory. Specifically, we consider
solving a simple linear system of equations, formulated as a linkage problem over the consensus subspace. As
shown in Example 4.12(ii), the operator in this setup lacks elicitable monotonicity at any level, meaning it is
not (ully., 0)-semimonotone for any u € R. Consequently, the convergence results for standard progressive
decoupling, as discussed in [27], do not apply. However, we demonstrate that the operator is semimonotone
and that our results ensure convergence of ProgDec+ under suitable stepsize conditions (see also Figure 2).
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Figure 2: Different methods applied to Example 4.12, starting from the pair xy = (-2,-2,-2,-2) € X and yo =
(1,1,-1,-1) € X*. (left) ProgDec+ withy = A, = A, = 1, i.e, Spingarn’s method of partial inverses. In this
setting, both the sequence (||x* — x*||*> + |y* - y*IIz)kelN, representing the distance to the solution, and the sequence
(1% = XF)1? + |)5* —y"llz)kelN do not converge to zero. (middle and right) ProgDec+ with y = 10/, A, = 9/5(1 —7/2) = 4/5
and A, = 9/5(1 = 1fy) = 9/s0, which complies with the stepsize conditions from Example 4.12(iii). As indicated by
the convergence results from Theorems 4.9(i) and 4.9(ii), the sequences yA;'||lx* — x*|* + y"/lv’ "Iyk = y*I? and
YA = XK + y‘lﬂyll)_)k — Y¥|? are indeed nonincreasing and converge to zero. Note that althou’gh the sequences
(I = x*|? + |y = y*llz)ke]N and (|7 — x*|> + |5 - y"llz)kE]N also converge to zero, they are not nonincreasing.

Example 4.12 (linear system). Consider solving the linear system b = M;(x) + M,(x), where

3} wef 3] el

-3 2 -1 00

This is equivalent to finding an x € X = {(xl, ) eR?xR? | x; = xz}, such that b = M (x;) + M»(x,). Using
an auxiliary variable y this can be cast as the linkage problem

find (x,y) e R*xR* suchthat xeX, ye X', y=S(x) = My Oxal oy |02 (4.10)
020 M> b

The following hold.
(i) Operator S is (uIlx:, p ITx)-semimonotone, where ¢ = —1 and p = ~1/2.
(ii) Operator S is not elicitable monotone, i.e., S is not (u ITx., 0)-semimonotone for any u € R.

(iii) Assumption IV holds and in Assumption IV.a1 the set S* is equal to linky S, and hence Corollary 4.10
applies. In particular, any sequence (x, y")ke]N generated by ProgDec+ converges to linky S provided that
v€(1,2), 4, € (0,2(1 —7/2)) and 4, € (0,2(1 - 1/y)). O

In the remainder of this subsection, our goal is to gain more insights into the class of (u Iy, p [1x)-semi-
monotone operators by providing sufficient conditions when dealing with linear operators, and more generally
continuously differentiable operators. We begin by stating an elementary fact about the semimonotonicity of
linear mappings, which follows directly from the definition.

Fact 4.13 (linear mappings). A linear mapping A € R™" is (uIlx., p l1x)-semimonotone, if and only if
JA+AT)—puly. —pAT Iy A > 0,

Remark that in the special case where p = 0, i.e., the elicitable monotone case studied in [27], this condition
reduces to %(A + AT) > uTly., which may only hold when A is positive semidefinite on the linkage subspace
X, in the sense that ITx(A + AT)IIy > 0. In the setting considered in our work, where p € R, A may be
nonmonotone even on X.

Next lemma establishes global semimonotonicity of a linear mapping A, provided that condition (4.11)
holds. Notably, the condition is required to hold only on the linkage subspace X. The proof relies primarily
on Fact 4.13 and the Schur complement lemma. In the framework of the linkage problem (P) with operator
S = A, this result indicates that we only need to check condition (4.11) on the feasible subspace to establish
global semimonotonicity.
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Lemma 4.14 (global semimonotonicity from linearity). Let X € R” be a closed linear subspace. Suppose that
A € R™" is a linear mapping for which there exist parameters u > 0 and p € R such that

(x,Ax) > pllx|* + pll TIx Ax|]?, Vx € X. 4.11)
Let

- - . Ay
A=LA+AT) -pATIIxA, B:=|MyAlyll, o= min 2 (4.12)
yexty20 ||yl

Then, A is ((0’ - Bl e, p HX)-semimonotOne, and maximally so if p > 0.

Proof. By Fact 4.13, A is ((0' — Blu) HXL,pHX)-semimonotone if and only if A > (o — £*/u) Ix= . Using the
trivial identity v = IIx(v) + [1x+(v) for any v € R”, it can be equivalently expressed as

>0 (4.13)

Ty |'[ My A Tix Ty ATy Iy
HXi HXi A HX HXL A HXL - (O’ - 152//1) HXL HXL

Since IIx ATy > uIly > 0 owing to (4.11), a sufficient condition for (4.13) is given by

[ Ty Mx ATy ] > 0. (4.14)

= - >
HX'LAHX HXLAHXL _(O—_ﬁz/ﬂ)HXL

Note that (uTTy)" = 1/uTlx and that (I — (uTI)(u )" ) Ty ATly: = (I - Ty) Ty ATly. = 0. Therefore, it
follows from the Schur complement lemma [13, Thm. 16.1] that (4.14) holds if and only if

My Ally. — (o - ﬁz/y) My. — YTy ATy Allx: > 0.

Consequently, the claimed ((o- — #°/u) Ilx+, p I1x)-semimonotonicity of A follows by definition of o and S,
since Ix: ATlx: > o Ilx: and Iy ATIxy ATlx. < p?Ily.. Finally, the maximality claim for p > 0 follows
from Corollary A.2. O

In the special case where p = 0, we return to the elicitable monotone setting from [27], and obtain the
following corollary for the semimonotonicity of the sum of a linear mapping A and normal cone of a closed
convex set C. This corollary relates to the setting where T = F + N¢ in (P), which emerges for instance
in the optimization setting when minimizing a function of the form f + ¢ over the subspace X. Note that
Corollary 4.15 provides a tighter elicitation level o — £*/u compared to [27, Thm. 5], where the parameter o is
given by o = —||IIx: AIlx.||. In contrast, the parameter o in (4.15) is potentially larger, since

o 2 5 Amin(Tx: (A + AT Ty ) 2 =3[ (A + A7) T || =~ A Ty .

Corollary 4.15. Let X C R” be a closed linear subspace and let C C R" be a nonempty closed convex set.
Suppose that A € R™" is a linear mapping for which there exists a u > 0 such that

(x, Axy > pllx|l%, Vx e X.
Define

<y, HXL (A + AT) HXL y>

. 1 T =
= ||IIx(A + A" ) Iy d o:
B = 3|ITx( Y x|l an yeXL,y#0 2|yl

(4.15)

Then, T = A + N¢ is maximally ((o- —Bu) M., O)-semimonotone.

Proof. The normal cone of a closed convex set is maximally monotone [1, Ex. 20.26], and owing to Lem-
ma 4.14 it holds that A — (o~ — #*/u) [y is maximally monotone. Consequently, it follows from [1, Cor. 25.5(i)]
that T — (o0 — #*/u) [1x: is maximally monotone, establishing the claim. O
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Building on Lemma 4.14 for linear mappings, we now extend this result to general continuously differen-
tiable mappings F' : R" — R". The key idea is to express differences between evaluations of F as a weighted
sum of Jacobian-vector products using the mean-value theorem [12, Prop. 7.1.16] (see (B.7)) and then apply
Lemma 4.14 to the Jacobian matrices. This leads to the following proposition, which provides sufficient condi-
tions for a continuously differentiable mapping to be (u I, p ITx)-semimonotone. The full proof is deferred
to Appendix B.

Proposition 4.16. Let X C R" be a closed linear subspace and let F : R" — R" be a continuously differen-
tiable mapping with Jacobians J F(x). Then, the following hold.

(i) Let U}i“k C R” be a convex set and suppose that there exist scalars u € R and p € R such that V1 € (0, 1)
(x =2 JF((1 = )x + 7 )(x = X)) 2 pll T (x = X + plI Ty (F(x) = FOO)IP, Vi, 2 e Uy,

Then, F is (ully., p llx)-semimonotone on Z/Illi“k x R", and maximally so if Zx[}ink =R"andp > 0.

(ii) Let Z/I}i“k C R” be a convex set and suppose that there exists a function u : U}i"k — Ry, satisfying
inf ;i (X) > 0 and a scalar p 2 0 such that

(x, JF(X)x)y > u(®)||xI* + pl| x I F(®)x]%, Vx € X, VX e U™, (4.16)
Then, defining the modulus

= inf {o(%) —F®/uwm} where B(X) and o(X) be defined as in (4.12) with ] F(X) as matrix A,

FeUdink

it holds that F is (i x+, p Iy)-semimonotone on U}i"k X R", and maximally so ifU{ink =R"

(iii) Consider a point ¥ € X and suppose that there exist scalars y > 0 and p > 0 such that
(x, TF(X)x) > pllxl? + pl| TIx I F(®)x]1%, Vx € X. 4.17)

Then, there exists a neighborhood Z/{%i“k of % and scalars i € R,p > 0 such that F is (i Tlx:,ply)-
semimonotone on Z/{%i“k x R™

Observe that Proposition 4.16(i) allows p to be negative because the difference F(x) — F(x’) remains in-
side the norm, avoiding the need to apply the mean-value theorem to this specific term. Propositions 4.16(ii)
and 4.16(iii) generalize [27, Thm. 6] to our more general setting with p > 0. Note that in the special case where
F is linear, the first item of Proposition 4.16 reduces to Fact 4.13, while the second item then corresponds to
Lemma 4.14 with p > 0.

An important special case of Proposition 4.16 arises in the optimization setting (see (1.2)), when F is the
gradient of a twice continuously differentiable function f : R” — R, meaning F = Vf with Hessian ] F = V*f.
For instance, for any strict local minimum of the optimization problem (1.2), there exists a neighborhood U lli“k
around this minimum such that Vf is semimonotone on U} x R", as summarized below.

Example 4.17 (strict local minima). Let X C R” be a closed linear subspace and let U be an orthonormal
basis for the range of X. Let i : R” — R be a twice continuously differentiable function with gradients Vi(x)
and Hessians V2y(x). Let x* € X be a strict local minimum over the subspace X, i.e., satisfying Vi (x*) € X+
and UTV2y(x*)U > 0. Then, condition (4.17) holds for some u > 0 and p > 0, and by Proposition 4.16(iii)
there exists a neighborhood L{lhnk of x* and a scalar 1 € R such that Vi is (@ ITy-, p I[1x)-semimonotone on
U™ x R". For example, one can take p = Amin(U” V2¢(x*)U) and p = 0. O

We would like to highlight that similar results exist for nonsmooth functions, provided that they satisfy a
variational convexity [28] condition, which serves as a second-order sufficient condition for local optimality.
Specifically, if there exists a solution pair (%,7) € linky df such that f — %disti is variationally convex at
X for y, then [27, Thm. 9] guarantees that X is a local minimum over X and that a restriction of gphdf is
locally maximally (u ITx:, 0)-semimonotone. Extending this result to the case with nonzero p remains an open
question, which we leave for future work.
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5 Conclusion

In this work, we introduced a novel three-parameter algorithm tailored for solving nonmonotone linkage prob-
lems, which, for specific parameter choices, recovers Spingarn’s method of partial inverses, progressive de-
coupling, and relaxed Douglas—Rachford splitting. By interpreting our proximal algorithm as a halfspace pro-
jection, we established the local convergence of our algorithm and its specific instances, provided the involved
operator belongs to a particular class of semimonotone operators. Notably, the added parameter flexibility of
our algorithm allows it to handle a higher degree of nonmonotonicity. To illustrate the tightness and practical
significance of our results, we presented various exemplary problems throughout the paper.

Future research directions include exploring the degree of nonconvexity that our results allow within the
framework of multistage stochastic programs compared to the standard progressive hedging algorithm, viewed
through the lens of variational convexity. Another main direction is to investigate the local convergence behav-
ior of other splitting methods in the nonmonotone setting.

A Auxiliary lemmas

Proposition A.1 (partial inverse). Let u,p € R and consider an operator S : R* =3 R" and a closed linear
subspace X C R". Then, the following are equivalent.

(i) Operator S is (maximally) (u Iy, p Ix)-semimonotone [at (x',y’) € gph S ] on U.
(ii) Operator SX is (maximally) (uIlx. +p Ix)-comonotone [at Lx(x',y’) € gph S*] on Lx(U).

Proof. Let (x,y),(x’,y") € gphS and define (z,v) := Lx(x,y) € gphS¥ and (z/,v') = Lx(x',y’) € gphS¥X.
Then, it holds by definition of the partial inverse that

@=Zv=v)=(x-x,y=)y) and g, 4pm, (") = pll T (x = X)IP + pll Tx(y = I,
establishing the claimed equivalence by definition of semimonotonicity. O

Corollary A.2. Let u € R, p > 0 and consider a closed linear subspace X C R". If an operator S : R" =3 R”
is (uIlx., p Ilx)-semimonotone and continuous, then it is also maximally (ulx., p lly)-semimonotone.

Proof. If S is (uIlx., p ITx)-semimonotone then it is also (u ITx:, 0)-semimonotone, as p > 0. By the continuity
of § — uIly-, it then follows from [1, Cor. 20.28] that S is maximally ((u — #*/x) IIx., 0)-semimonotone. The
claim then follows from [10, Prop. 4.2]. For completeness, we repeat the argument here. By maximality,
there exists no ((u — »*/u) Ix, 0)-semimonotone operator S such that gph S < gphS. Since the class of ((u —
P*/u) Iy, 0)-semimonotone operators contains the class of ((u — #*/u) Iy, p Ilx)-semimonotone operators for
p = 0, the same conclusion holds for the latter class, completing the proof. O

B Omitted proofs

Proof of Example 3.2 (Rosenbrock function). The gradient Vf(x,y) = (2x — 4bx(y — x%),2b(y — x?)) has a
(—=1/16)-weak Minty solution at (0, 0) if and only if {(x,y), Vf(x,y)) > — %II Vf(x, y)||2 for all x,y € R, which
is a quadratic inequality in y, equivalently given by

(6227 + 367 + 2b)y% — (267x* + 107207 + Tba? )y + 75 + 122" + 5bx* + §x7 2 0.

The coefficient for y? is strictly positive since » > 0. Therefore, the inequality holds for all y € R since its
discriminant is given by —bxz(%b + 18), which is nonpositive for all x € R. O
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Proof of Proposition 3.5. Since the operator gph T’ N U is V-comonotone, Zorn’s lemma ensures that there
exists a maximally V-comonotone operator T : R" =3 R” satisfying gph T NI/ C gph 7. Moreover, since T
is maximally V-cohypomonotone on I/ and 7" is V-cohypomonotone, it follows that gph TNU=gphT nU,
which directly implies that zer T NI = zer T NU. Therefore, it suffices to proof that zer T is convex, since the
intersection of two convex sets is convex.

Observe that zer (T~ + V)™! = (T~! + V)(0) = zer T. Furthermore, 7~! + V is maximally monotone by
definition, and thus so is (T~' + V)~!. Since the set of zeros of a maximally monotone operator is convex [1,
Prop. 23.39], zer T is convex and the proof is completed. [

Proof of Proposition 3.6. Assumption I.a1 holds by maximal V-comonotonicity of T on U, xU,. Let (x*, y*) €
gph T N (U, x U,) where x¥ — % and yk — ¥, and note that ke - V)’l(yk — Vxb). Since T is maximally
V-comonotone on U; x Uy, (T~' = V)~! is maximally monotone on I/; x I/, and thus also outer semicontinuous
[31, Ex. 12.8]. Consequently, it follows that ¥ € (7~! — V)~!( — V). This implies that j € T(¥), showing outer
semicontinuity of 7, i.e., that Assumption [.a2 holds.

By construction, the operator gph T N (U XU,) is V-comonotone. Therefore, owing to Zorn’s lemma, there
exists a maximally V-comonotone operator 7' : R” =3 R” such that

gph T N (U, xU,) C gph T (B.1)

Then, owing to Assumption [.a3 the preconditioned resolvent (P + f‘)‘l o P has full domain [11, Prop. A.2].
Let z € U; and consider the points z € (P + T)"'P(z) and z* := z + A(Z — z). Since (Z, P(z — 2)) € gph T it holds
by V-comonotonicity of 7' for any z* € §* C zer 7 that

(PG-2z-2*y= - z-2dp —(Pc-2.2-2") < -z - allz — zllpas (B.2)

2
Z||P‘/2(I+P‘/2VP‘/2)P‘/2 <

where @ > 1/2 is defined as in (3.6). This implies that

2 - - 2
2" = ¥ l5pe = lle = 2 + AG = Dlppe = llz = 2¥lppe + 2@ — 22— 2)p + 12— 2lipy
~ = 2
®.2) < llz = 25,0 — Qa = DIz - zlips
< ”Z_Z ”PA’I' (B3)

Consequently, using 7 = z + A~!(z* — z) and the triangle inequality, we obtain that

distpa1(Z, S*) < IF = 2¥llpat = Iz = 2" + A7 @ = Dllpat = 1A = ANz~ 2) + A7 Z" = 2)llpa-
<= A7z = 2¥llpa-t + AT = 2*llpa-
®3) < (L= A7+ 1A D)llz = 2*llpas (B.4)
and

distpa-1 (P(z = 2),0) = IP(z = Dllpa-t < 1Pz = Zllpa-r < IPI(Iz = 2 llpa-t + 12 = 2*llpa-t)
@4 < IPI(1+IT= AT+ IAT NIz = 2*llpar. (B.S)

Let z* = ngé" (z) in (B.4) and (B.5), so that ||z — z*||pa-1 = distps-1(z, S*). Then, for any

_ R N . 01 62
e {Z EROT st 8 < mm(nl — AT+ AT TP+ = AT+ ||A-1||))}’

it holds by (B.4) that 7 € U, and by (B.5) that P(z — Z) € U,. Since T is maximally V-cohypomonotone on
U, x U, and since T is V-cohypomonotone, it follows from (B.1) that gph T N (U x Us) = gph T N (U, x Us).
Consequently, it holds that (zZ, P(z — 2)) € gph T N (U X U,), showing Assumption 1.a4.

Finally, when U; x U, = R" x R", the argument for Assumptions Il.a1 and II.a2 is analogous to the one
above for Assumptions I.a1 and I.a2. To establish that the preconditioned resolvent (P + T)~! o P has full
domain, i.e., Assumption II.a4, we can directly apply [11, Prop. A.2], completing the proof. O
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Proof of Example 4.3 (Rosenbrock function). Note that

xp — 4bxy(x3 — x3) 12 12 0 1o =1/ Q
Vix) = X1 , Iy =2 12 0| and IIyx. =|-12 12 O}
2b(x3 — x%) 0 0 1 0 0 0

Therefore, Vf is (—9/4 Iy, -1/ Hx)—semimonotone at (x*,0) if and only if
(6, V() 2 =94l T xI* = al| T VA QI

which is equivalent to a quadratic inequality in x,, given by

303 = b(xs = x)xixy + 267%5 + (—4bx; + b7 + 5b)xt + (26723 — 207x3 — Thxs + 3)x7 + (b* + 2b)x3 2 0.
This inequality holds for all x, € R if and only if its discriminant is nonpositive, i.e., if and only if

bP(x3 — x})7x; = 5(2b7x$ + (—4b%x3 + b? + 5b)x + (2223 = 2b%x3 — Thxs + 3)x + (b* + 2b)x3) < 0.
By reordering the terms, this discriminant condition reduces to another quadratic inequality in x3, given by
(-96%x7 — 567 = 106)x3 + (18b%x + 106727 + 35bx; )x3 — 9b%x§ — (5b” + 25b)x} — 2 < 0.

This inequality holds for all x3 € R since its discriminant is given by —1 25bx%(2 + b), which is nonpositive for
all x; € R, completing the proof. O

Proof of Example 4.4 (local minimum). The claim is equivalent to showing for all x = (x;,x) € U that
(x, Vf(x)) > || Iy Vf(x)|[*>. Plugging in the definition of f and reordering, this is equivalent to x% + )c2 - x%x% >
%(xl + x2)%(2 — x1x2)%, which can be shown to hold for all (x, x;) € R? satisfying x% + x% < 4, completing the

proof. O

Proof of Example 4.5 (matrix splitting). By assumption, it holds that %(Ai +A]) = ul + pAlA;. Due to the
block diagonal structure of A and condition (4.5), this implies that

%(A +AT) =l + pATA(SLI + gAT 11T A. (B.6)
For the consensus constraint, it holds that [Ty = #1 17. Substituting this into (B.6) gives
JA+AT) = plye +ully +¥AT Iy A.
The claim then follows directly from Fact 4.13, using that u ITx > 0. O

Proof of Proposition 4.8. Assumption IT1.a1 holds since S is maximally (u ITx- , p ITx)-semimonotone on /'
and linkx S is assumed to be nonempty. Let (x*,y*) € gph S N (Z/{}i"k X Z/{%i“k) where x* — ¥ and y* — j. By
construction, this is equivalent to x* — p ITx y* € §(y* — uTIx. x*), where § := ((S —ully) ' =p Hx)_l. Since
S is maximally (uITx., p ITx)-semimonotone on /™%, § is maximally monotone on /"% and thus also outer
semicontinuous [31, Ex. 12.8]. Consequently, it follows that X — pIly y € §(y — uIlx. X). This implies that
¥ € S (%), showing outer semicontinuity of S, i.e., that Assumption III.a2 holds. Since it is assumed that y, A,
and A, satisfy (4.6), it only remains to show that there exists an & > 0 such that Assumption III.a4 holds. To
this end, define the sets

1 )
X = x€X|||x—x*||S—} and X :={ exH1 IIS—}.
1 { \/5 2 y y \/z
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Then, by construction X' = X + X, c U™k = {x +ylxeX,ye Xt |lx— x|+ l? < 62}, since x* € X.
Analogously, defining

P P
Y ::{xEXIIIxIIS—} and Y :={yeXL|||y—y*||s—},
: V2 ? bl

it follows that ) .= Y + W» C Z/{;i“k. Therefore, it follows that S is maximally (u ITx:, p [Ix)-semimonotone
on Xx)Y cC Ll}ink X L{;i“k. Applying Proposition A.1, this is equivalent to S X being maximally (u Ix: +p I1x)-
comonotone on Ly(X', ))). By definition of the partial inverse and the sets X and ) it holds that Lx(X,)) =
(X1 + D) X (X, + V). Define the point z* := x* + y* and the matrices P := yIly +y ' Ix. and A =
A, Hx +4, My, for which Apin(PA™') = min{yA;', (y4,)™'} > 0. Then, it holds that

o
Ul = {ZER"|||Z—Z*||PA1 S@ ﬂmin(PA_l)}
C{ZGJR"Illz—Z*II<—6 }={x+y|xeXyeXi =t + ly =yl < 2 }CXH'yz
- =V Y

and analogously

" 1)
Uy = {V € R" [ |Vllpa-r < % \/ﬂmin(PA_l)}
c{ eR" | ol < } { bylxeX,ye X I+ bl < 2 }cX +Y
Csv W< —p=<x+y|lxeX,y Llx || < — > 1.
V2 V2
Since we already established that X is maximally (uIIx: +p I1x)-comonotone on (X + J,) X (X, + ), it

follows that S is also maximally (u IIx. +p ITy)-comonotone on I{; X U, and we can invoke Proposition 3.6
with 6; = 6, = Wﬂmm(PA")/ V2 to show that Assumption I holds with & = U; x U, and

S\ Aun(PA D min (LIPITY) 8 yminfyd!, (yay)~! min(y, y ™)

V2(IIT = A1 + 1A V2(1 - min{a;!, 471} + max{a;!, ;1))

x 2y x 2y

Therefore, by Lemma 4.7, Assumption II1.4 holds with the same & and U"""% = Ly (U xU,). Since we already
established that Ly (U xUs) € U™ x Uik, Assumption I11.44 also holds for the larger set 24'i" = g4link x g link
which completes the first part of the proof.

When U}i“k X L{g"k = R" x R", then it follows from Proposition A.1 that SX is maximally (u ITy- +p I1y)-
comonotone on U; X U, = R" X R". Therefore, Assumption I holds globally owing to Proposition 3.6, and the
claim follows by taking /" = R” x R" in Lemma 4.7. O

Proof of Example 4.11 (tightness of relaxation parameters).

& 4.11(i): Note that [Ty = diag(1,0) and ITx. = diag(0, 1), so that by Fact 2.2(iv) the partial inverse of S with

respect to X is given by
1+a* 1] 1\([a 0] L B a1
0 al al\ll 1| a -1 al

Since zer S* = {0}, this implies by Fact 2.2(iii) that linky S = (0, 0). Define
l+a -1]_ I
1 l+a| 7?)
By Lemma 2.4 each iteration of ProgDec+ can be expressed as the linear dynamical system z5*! = HzK, where

x* = Mx(z") and y* = Tl (z"). This linear system is globally asymptotically stable if and only if the spectral

_ A +a+a®)-A(1+a%)
(1+a)?+1

SX = (Mxe + Iy )Ty + Iy S)71 =(

1

H=L+A(0U+SH'"-L) =L+l ———
2+ A(( ) 2)=Dh ((1+a)2+1

radius of H, given by \/ 1
interval (0,2(1 + +%5)).

1+a?

, is strictly less than one, which holds if and only if A lies in the
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& 4.11(ii): Holds by definition of semimonotonicity, since 3(S +ST) = p(Ix: +S "Iy S) = [ 1+’ 1 ] 1

a

& 4.11(iii): Note that [p]_[p]- = p* = #22 < 1. Therefore, it follows directly from Example 4.11(ii) that As-
sumption IV.a1 holds. Moreover, operator S is continuous and thus outer semicontinuous, showing Assump-
tion IV.a2. Finally, note that J,-g = (I + §)? is invertible and hence the resolvent has full domain, showing

Assumption IV.A3, and is single-valued. O

Proof of Example 4.12 (linear system).

& 4.12(i): Let M = [(fi‘z 0;;22] and m := [% ], so that S (x) :== Mx — m. Then, by the definition of semimono-
tonicity, the claim for S holds if and only if

3.0 -2 -1
_ 1o 3 0 0
1 T _ L T I
M= 5(M + M) =Tl -pM Ty M = 2| 5 0 5 20,
-10 2 3

where we used that the projections onto X and X* are given by Iy = %[E E] and I[Iy. = %[ _Ii _112 ] Thus, the
claim is established by observing that (i) the upper-left 2 x 2 block of M is positive definite, and (ii) the Schur
complement of the bottom-right 2 x 2 block of M is given by %[% ﬁ], which has eigenvalues 0 and /6.

& 4.12(ii): By definition, S is (u I1x., 0)-semimonotone if and only if

—2-pu 0 u 0

_ 1] 0 -2-u 0 pu
'—l Ty _ 1 = =
§S=38+8)—ully 3| 0 B > 0.
0 u 1 —u

A necessary condition for § > 0 is that its upper-left 2 x 2 block is positive semidefinite. Therefore, S is not
(uITx:, 0)-semimonotone for any u > —2. Consider the case when u < 2.

¢y = —2: Then, Ayin(S) = }T(l - V17) <0, s0 S is not (=2 Iy, 0)-semimonotone either.

¢ 1 < —2: Then, the upper-left 2x2 block of § is positive definite, and the Schur complement of the bottom-
right 2x2 block of S is given by %[ e ’2/‘/124#4) ] Since the diagonal elements ~24/2+y) are strictly negative

for any u < -2, it follows that § is not (u I1x:, 0)-semimonotone for any u < —2, completing the proof.

& 4.12(iii): We begin by showing that Assumption I'V holds. Assumption IV.a1 is satisfied, as shown in Exam-
ple 4.12(i), since the set linky S = ((1, 1,1,1),(1,-3,-1, 3)) is nonempty and [u]_[p]- = 1/2 < 1. Assumption
IV.a2 also holds since S is continuous and thus outer semicontinuous. Finally, the resolvent J,-15 has full
domain if and only if the operator id +y~'S has full range. Given that S (x) = Mx — m, this holds if and only
if the matrix

1 _
Tty M= 0252 L+y M,

L+y'M, 02x2 ]

has full rank. Since the determinant of each diagonal block is strictly positive for all y € R, Assumption IV.A3
is established. Having shown that Assumption I'V holds, the claim follows directly from Corollary 4.10. [

Proof of Proposition 4.16.

& 4.16(i): Let x,x’ € U™ . Owing to the continuity of F, it follows from the mean-value theorem [12, Prop.
7.1.16] that there exist n points v; on the line connecting x and x’ and constants n = (11, ...,7,) € A, where
A, denotes the n-dimensional probability simplex, such that

F(x)- F(x') = Z ni JF(vi)(x = x). (B.7)
i=1
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Consequently,

B.7)

( ) n
(=X F) = )y = 3 it = TR0 = 0) 2 pill Tl (e = I + o[ Tx (F) = F)
i=1 i=1
|2
where the first inequality holds by assumption and the second one holds by Jensen’s inequality, showing

that F is (uIlx:,pIlx)-semimonotone on U;™* x R". Finally, the maximality claim for p > 0 follows from
Corollary A.2.

|2

=l Tl (= )P + || (F o) = F(x)

& 4.16(ii): By Lemma 4.14 the matrices J F(v;) are (@Ily.,pIlx)-semimonotone. Let x,x’ € R". Then, it
follows from the mean-value theorem that

(B.7) 1 n
(=, F() = FO) = 3 ik =, JFO)x = ) 2 fll s (x = x)IP + 3 mipll Tl ) FO)(x = )2

i=1 i=1

Iy (Z niJ Fr)(x = x')]

i=1
2
| 9

where the first inequality holds by (& Iy, p ITx)-semimonotonicity of the matrices J F(v;) and the second one
holds by Jensen’s inequality, showing that F is (@ Ty, p I1x)-semimonotone, and, since p > 0, maximally so
by Corollary A.2.

2
> fill Ty (x = X + p

(]3:)p|| My (x = X + pHHx(F(X) - F()

& 4.16(iii): By continuity of J F, there exists a convex neighborhood Z/{}ink of X and a function ¢ : Z/{Pnk — [0, 1)
satisfying &(%¥) = 0 and SUP, ey ik £(y) < pusuch that || TIx(J F(%)-J F(y)) IIx || < &(y) forall y € U}i“k. Letxe X
and y € U™ . Then, it holds that

(6, JFy)x) = (x, JF®)x + JF(y) = I F(X)x) > (x,] F(®)x) — e)llxl?
4.17)
> (u — eI + pll TIx I F(E)x]I. (B.8)

For any function v : L{P“k — (0, 1], Young’s inequality gives

1Ty J F@P = [T J F)al +2(Tx I FO)x, (I F(3) — T F())x) + “HX(J F(®) -1 F(y))x“2

2
> (1 = v I F)IP + (1 = )|V FG) - 3 Fo)|
> (1 = v I FO)AP + (1= 555)e0) I,

Combining this with (B.8) and using that p > 0, this implies that

CIF()x) > (u—e() + (1 - %@)8@)29) llxdl® + (1 = v()p ITx T F (). (B.9)
=p()
= p(y) =p

Note that by construction p := infyeu]]ink p(y) = 0. Now, without loss of generality, let the function v satisfy

2
inf v(y)> inf Lpz c(,1),
yeujk veurs p = &(y) + &(y)°p
ensuring that infyeu}ink ((y) > 0. Then, the claim follows from Proposition 4.16(ii). O
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