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Abstract

We consider the ferromagnetic g-state Potts model on a finite grid with non-zero exter-
nal field and periodic boundary conditions. The system evolves according to Glauber-type
dynamics described by the Metropolis algorithm, and we focus on the low temperature
asymptotic regime. We analyze the case of negative external magnetic field. In this sce-
nario there are ¢ — 1 stable configurations and a unique metastable state. We describe the
asymptotic behavior of the first hitting time from the metastable state to the set of the
stable states as f — oo in probability, in expectation, and in distribution. We also identify
the exponent of the mixing time and find an upper and a lower bound for the spectral
gap. We identify the minimal gates for the transition from the metastable state to the
set of the stable states and for the transition from the metastable state to a fixed stable
state. Furthermore, we identify the tube of typical trajectories for these two transitions.
The detailed description of the energy landscape that we develop allows us to give precise
asymptotics for the expected transition time from the unique metastable state to the set
of the stable configurations.
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1 Introduction

Metastability is a phenomenon that is observed when a physical system is close to a first—order
phase transition. When a physical system lies close to its phase coexistence line, it may remain
stuck for a long time in a state which is different from the equilibrium state. The former is
known as the metastable state. After a long (random) time, the system may perform a sudden
transition from the metastable state to the stable state. When the system lies exactly on
the phase coexistence line, it is of interest to understand precisely the tunneling transition
between two or more stable states. Many models for metastable behavior have been developed
throughout the years. In these models a suitable stochastic dynamics is chosen and typically
three main issues are investigated. The first is the study of the first hitting time of the stable
state(s) for the process started in the metastable state. The second issue is the study of the
critical configurations visited by the process with probability close to one during the transition
from the metastable state to the stable state(s). The final issue is the study of the tube of
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typical paths of the process during the transition from the metastable state to the stable state(s).
When a system lies on the phase coexistence line the same three issues above are investigated
for the transition between any two stable states.

In this paper we study the metastable behavior of the g-state Potts model with non-zero
external magnetic field on a finite two-dimensional discrete torus A. Each site ¢ of A lies a
spin with value (i) € {1,...,q}, hence the g-state Potts model is an extension of the classical
Ising model from ¢ = 2 to an arbitrary number ¢ of spins with ¢ > 2. To each configuration o
is associated an energy H (o) that depends on the ferromagnetic interaction between nearest-
neighbor spins, and on an external magnetic field A which favors to a specific spin value. We
focus on the regime of large inverse temperature 5 — oo. The stochastic evolution is described
by a Glauber-type dynamics, which is a Markov chain, given by the Metropolis algorithm, that
only allows single spin flip updates. This dynamics is reversible with respect to the Gibbs
measure pg, see (2.2).

Our analysis focuses on the case of negative external magnetic field. In this scenario there
are one metastable state and g — 1 stable states. Without loss of generality, in the metastable
configuration all spins are equal to 1. The remaining constant configurations are stable states.
We focus our attention on the transition from the metastable state to the set of stable configu-
rations and from the metastable state to some fixed stable state. When there is more than one
stable state, these transitions are quite different because there may be intermediate transitions
between different stable states.

The goal of this paper is to investigate all the three issues of metastability introduced
above for the g-state Potts model with negative external magnetic field. We focus on two
classes of transitions: from the metastable state to the set of stable states (briefly denoted
1 — X,) and from the metastable state to any fired stable state (briefly denoted 1 — s).
For both transitions, we investigate transition time, the minimal gates and the tube of typical
trajectories. Finally, we identify the prefactor of the expected transition time.

Let us now briefly describe our approach. First we prove that the only metastable configu-
ration is the configuration with all spins equal to 1. For the transition 1 — X7, we are able
to obtain the expected value and distribution of the transition time. This is more complicated
for the transition 1 — s. Indeed, in this case with probability strictly positive the optimal path
visits a stable state different from s before hitting s. We prove that the energy barrier between
two stable states is strictly larger than the energy barrier between a stable state and any other
(non—stable) state. In view of this, we prove that the lower and the upper asymptotic bounds
for the transition time have different exponents, see Remark B.Il Moreover, we characterize
the behavior of the miring time in the low-temperature regime and give an estimate of the
spectral gap, see B.I6) and (BIT) for the formal definitions. Next, we identify the set of all
minimal gates. In particular, we prove that this set is given by those configurations in which all
spins are 1 except those, which are s € {2,...,¢}, in a quasi-square with a unit protuberance
on one of the longest sides. The process hits the set of the stable configurations in any stable
state with the same probability, thus it follows a uniform distribution over {2,...,q}. Using
the so-called potential theoretic approach, we give sharp estimates on the expected transition
time by computing the so-called prefactor explicitly. This requires a detailed knowledge of
the critical configurations and the configurations connected to them. Finally, we give a geo-
metric characterizationof the configurations that belong to the tube of typical paths for both
transitions.

Literature on the Potts model All grouped citations here and henceforth are in chrono-
logical order of publication. The Potts model is one of the most studied statistical physics
models, as the vast literature on the subject, both on the mathematics side and the physics
side, attests. The study of the equilibrium properties of the Potts model and their dependence
on ¢, have been investigated on the square lattice Z% in [8,[7], on the triangular lattice in [J, 4T]
and on the Bethe lattice in [2, [34] [38]. The mean-field version of the Potts model has been
studied in [32] [39, 40, [44, [62]. Furthermore, the tunneling behaviour for the Potts model with
zero external magnetic field has been studied in [64} 12} [49]. In this energy landscape there are
g stable states and there is not any relevant metastable state. In [54], the authors derive the



asymptotic behavior of the first hitting time for the transition between stable configurations,
and give results in probability, in expectation and in distribution. They also characterize the
behavior of the mixing time and give a lower and an upper bound for the spectral gap. In
[12], the authors study the tunneling from a stable state to the other stable configurations and
between two stable states. In both cases, they geometrically identify the union of all minimal
gates and the tube of typical trajectories. Finally, in [49], the authors study the model in
dimensions two and three. They give a description of the so-called gateway configurations in
order to compute the prefactor. These gateway configurations are quite different from the min-
imal gates in [12]. The g-Potts model with positive external magnetic field has been studied in
[14]. In this scenario there are ¢ — 1 multiple degenerate metastable states and a unique stable
configuration. The authors answer all the three issues of the metastability introduced above
for the transition from any metastable to the stable state.

Literature on metastability In this paper we adopt the framework known as pathwise
approach, which was initiated in 1984 by Cassandro, Galves, Olivieri, Vares in [22] and it was
further developed in [58, 59, [60] and independently in [23]. The pathwise approach requires
a detailed knowledge of the energy landscape to give quantitative answers to the three issues
of metastability in the form of ad hoc large deviations estimates. This approach was further
developed in [51] 26, 27, 65, 42, [43] by separating the study of the transition time and of
critical configurations from that of the tube of typical trajectories. Indeed, it was recognized
that the latter requires more detailed model-dependant inputs. The pathwise approach has
been used in [4, 24} 3] 50l (53}, 56, 57, [60] to tackle the three issues for Ising-like models with
Glauber dynamics. Moreover, it was also used in [47, [35] [46] [3 55| [63] to study the transition
time and the gates for Ising-like and hard-core models with Kawasaki and Glauber dynamics.
Finally, this method was applied to probabilistic cellular automata (parallel dynamics) in [25]
28, 29, 61}, [33]. The so-called potential-theoretical approach exploits a suitable Dirichlet form
and spectral properties of the transition matrix to give sharp asymptotics for the hitting time.
More precisely, this method estimates the leading order of the expected value of the transition
time including its prefactor, see [19, 20, 17, [30]. The potential theoretical approach was applied
to find the prefactor for Ising-like models and the hard-core model in [6] 211, 30, [18] [36], 48, [37]
for Glauber and Kawasaki dynamics and in [52], [I5] for parallel dynamics. Recently, other
approaches have been formulated in [I0] 1T, 45] and in [I6] and they are particularly adapted
to estimate the pre-factor when dealing with the tunnelling between two or more stable states.

Outline In Section [2] we define the ferromagnetic g-state Potts model and the associated
Hamiltonian. We state our main results in Section Bl In Section H] we analyse the energy
landscape and give the proofs of some useful model-dependent results that are used throughout
all the next sections. In Subsections and [0.3] we give the explicit proofs of the main results
on the critical configurations and on the tube of typical paths, respectively. Finally, in Section
we compute the prefactor and refine the estimate on the expected transition time. We omit
thoose proofs which are technically straightforward, but nevertheless lengthy. We refer the
interested reader to [13].

2 Model description

In the g-state Potts model each spin lies on a vertex of a finite two-dimensional rectangular
lattice A = (V, E), where V. ={0,..., K —1} x{0,..., L—1} is the vertex set and F is the edge
set, namely the set of the pairs of vertices whose spins interact with each other. We identify
each pair of vertices lying on opposite sides of the rectangular lattice, so that we obtain a
two-dimensional torus. We denote by S the set of spin values, i.e., S :={1,...,¢} and assume
q > 2. To each vertex v € V is associated a spin value o(v) € S, and X := SV denotes the set
of spin configurations.

We denote by 1,...,q € X those configurations in which all the vertices have spin value
1,...,q, respectively.



To each configuration o € X we associate the energy H (o) given by

H(o)=—J Z Liow)=o(w)} + R Z Lio(u)=1}> (2.1)
(v,w)eEE ueV

where J is the coupling or interation constant and h is the negative external magnetic field. We
call h negative since there is a minus in front of H. In this paper we consider the ferromagnetic
Potts model and set J = 1.

The Gibbs measure for the g-state Potts model on A is a probability distribution on the
state space X given by

¢~ BHnes(0)

Z , (2.2)

pp(0) =
where 3 > 0 is the inverse temperature and where Z := Zo'ex e=BH("),
The spin system evolves according to a Glauber-type dynamics. This dynamics is described
by a single-spin update Markov chain {Xtﬁ }ten on the state space X with the following transi-
tion probabilities: for o,0’ € X,

N o—B[Hneg (') = Hnog (o) i ’
Py, o) = ?(O’,O’)e . & & , 1 Jiéol, (2.3)
_ZW&G 3(0,m), ifo =0,
where [n|T := max{0,n} is the positive part of n and
oo’ o= {7 HEHVEV 0@ # 0 W) = 1, (2.4)
’ 0, if {ve Vo) #d' ()} >1,

for any 0,0’ € X. Q is the so-called connectivity matriz and it is symmetric and irreducible,
i.e., for all 0,0’ € X, there exists a finite sequence of configurations wy,...,w, € X such that
w1 = 0, w, = o and Q(w;,w;+1) > 0 for i = 1,...,n — 1. Hence, the resulting stochastic
dynamics defined by (Z3)) is reversible with respect to the Gibbs measure (Z2]). The triplet
(X, H,Q) is called the energy landscape. The dynamics defined above belongs to the class
of Metropolis dynamics. In particular, at each step the update of vertex v depends on the
neighboring spins of v and on the following energy difference

Yo Lo =o(w)} = Yo@)=s}) —h, ifo(v) =1, s #1,
Hneg(O'v’S) — Hneg(U) = ZwNU(l{U(v):U(w)} — ]l{a(w):s})a if 0‘(’1}) 75 1, S 75 1, (25)
2w (Mow=o(w)} = Lo(w)=s}) +h, ifo(v) #1, s =1,

where ¢® is the configuration obtained from ¢ by updating the spin in the vertex v to s, i.e.,
0" (w) = o(w) if w # v, 0¥ (w) = s if w=.

3 Main results on the g-state Potts model with negative
external magnetic field

In this section we state our main results. Note that we give the proof of the main results by
considering the condition L > K > 3/*, where ¢* := {%w is the critical length. It is possible
to extend the results to the case K > L by interchanging the role of rows and columns in the
proof.

In order to state our main results on the Potts model with Hamiltonian as in (2.1]), we have

the following assumption.

Assumption 3.1. We assume that the following conditions are verified:
(i) the magnetic field h is such that 0 < h < 1;
(ii) 2/h is not integer.



3.1 Energy landscape

The first result that we give is the identification of the set of the global minima of the Hamil-
tonian 211 This follows by simple algebraic calculations.

Proposition 3.1 (Identification of X,,). If the external magnetic field is negative, then the
set of the global minima Xy, of the Hamiltonian [2.1) is given by X5, = {2,...,q}.

Next, we prove that the g-state Potts model with Hamiltonian Hyeg defined in (ZI)) has
only one metastable state and we give an estimate of the stability level of this configuration.

Formally, we call path a finite sequence w of configurations wy,...,w, € X, n € N, such that
Q(wi,wit1) > 0fori=0,...,n—1. Let Q, , be the set of all paths between o and ¢’. Given
a path w = (wo,...,wy), we define the height of w as
®, := max H(w;). (3.1)
1=0,..., n

For any pair 0,0’ € X, the communication height ®(c,0’) between o and ¢’ is the minimal
energy across all paths w: 0 — o/, i.e.,

®(0,0') ;= min P, = min max H(n). (3.2)

wioc—a’ w:oc—o! NEw
We define the set of optimal paths between o,0’ € X as

Q% = {w € Qypr - max H(n) = (o,0')}. (3.3)

, =
0,0 new

For any o € X, let Z, :== {n € X : H(n) < H(o)} be the set of states with energy strictly
smaller than H (o). We define stability level of o the energy barrier

Vo :=®(0,Z,) — H(o). (3.4)
If 7, = @, we set V,, := oo. Finally, we define the set of metastable states as

X" i={neX :V,= ,Jax Vy}. (3.5)

Furthermore, for any o € X and any @ # A C X, we set I'(0, A) := ®(0, A) — H(0).
We refer to Figure[I] for an illustration of the 4-Potts model.

Bl (1L3)

Bty 4. (1,4)

Figure 1: Schematic picture of the energy landscape below ®yq(1, aneg) of the 4-state Potts
model with negative external magnetic field with S = {1,2,3,4}, A5, = {2,3,4}. We have
not represented the cycles (valleys) that contain configurations with stability level smaller than

or equal to 2 (see Proposition B.2]).

Theorem 3.1 (Identification of A}%,). If the external magnetic field is negative, then Xyg, =
{1} and

M Toeg(1,X5,) = 40 — R(C (0" — 1) + 1). (3.6)

neg — neg



Proof. To prove this, we apply [26] Theorem 2.4]. The first assumption on the identification
of the communication height follows by Proposition 1] and Proposition The second
assumption, the estimate of the stability level of any o € X\{1,...,q}, is proved in Proposition
O

In the following proposition, which we prove in Subsection [£2] we give a uniform estimate
of the stability level for any configuration n € X\{1,...,q}.

Proposition 3.2 (Estimate on the stability level). If the external magnetic field is negative,
then for any n € X\{1,...,q}, V' <2 < Theg(1, Aeg)-

We define metastable set at level V' the set of all the configurations with stability level larger
than V| i.e.,

Xy ={oceX:V, >V} (3.7)
Moreover, given a non-empty subset A C X and a configuration o € X', we define
9 =inf{t >0: X/ e A} (3.8)

as the first hitting time of the subset A for the Markov chain {Xtﬁ}teN starting from o at time
t = 0. Exploiting the estimate of the stability level in Proposition B.2] we obtain the following
result on a recurrence property to metastable and stable states, i.e., {1,...,q}.

Theorem 3.2 (Recurrence property). If the external magnetic field is negative, then for any
o € X and for any € > 0 there exists k > 0 such that for [ sufficiently large

kB

P(rfy q >ty <e”. (3.9)

Proof. Apply |51, Theorem 3.1] with V' = 2 and use (B7) and Proposition to get
Xo={1,...,q} = X5 UX™  where the last equality follows by Proposition B.Iland Theorem

neg neg’
Bl O
From Theorem follows that the function 8 — f(B8) = P(r7; 4 > e#(2+9)) satisfies
limg_, o0 % = —oo and such a function is known as super-exponentially small.

From Proposition Bl we have that when ¢ > 2 the energy landscape (X, Hyeq, @) has
multiple stable states. We are interested in studying the transition from the metastable state
1 to X, and also the transition from 1 to a fixed stable configuration s € Aj,,. To this end,
it is useful to compare the communication energy between two different stable states and the
communication energy between the metastable state and a stable configuration. Furthermore,
for any s € A, in order to find the asymptotic upper bound in probability for 7, we estimate
the maximum energy barrier that the process started from r € A, \{s} has to overcome so
as to reach s (in Theorem B4). These are the goals of the following theorem, for whose proof
we refer to 13} Theorem 4.3].

In order to state the next result, we need some further definitions. A non-empty subset

C C X is called cycle if it is either a singleton or a connected set such that

r;lgé(H(o) < H(F(0C)). (3.10)

When C is a singleton, it is said to be a trivial cycle. Let €(X) be the set of cycles of X.
The depth of a cycle C is given by

T(C) == H(F(3C)) — H(F(C)). (3.11)

If C is a trivial cycle we set I'(C) = 0.

Given a non-empty set A C X, we denote by M(A) the collection of maximal cycles A, i.e.,
M(A) ;= {C € €(X)| C maximal by inclusion under constraint C C A}. For any A C X, we
define the maxzimum depth of A as the maximum depth of a cycle contained in A, i.e.,

I'(A):= Cen/l\flma) IN(G) (3.12)
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Figure 2: On the left, we give a side view (vertical section) of the energy landscape depicted
in Figure [l We colour light gray the initial cycle Cél\f:cg (Meg)- On the right, viewpoint from
above of the energy landscape depicted in Figure[l cut to the energy level ®,4(1,s), for some
s € X, The dashed part denotes the energy landscape whose energy value is smaller than
®,.(1,s8). The cycles whose bottom is a stable state are deeper than the cycle C}(:eg (Iheg) of
the metastable state, hence we depict them with circles whose diameter is larger than the one

related to the metastable state 1.

In [55, Lemma 3.6] the authors give an alternative characterization of (812 as the maximum
initial energy barrier that the process started from a configuration n € A possibly has to
overcome to exit from A, i.e., I'(A) = max,c 4 I'(n, X\ A).

Finally, for any o € X, if A is a non-empty target set, we define the initial cycle for the
transition from o to A as C4(I") == {c}U{ne X : ®(o,n) — H(o) <T = ®(0, A) — H(0)}.
Note that if o ¢ A, then C4(I')N A = .

Theorem 3.3. Consider the q-state Potts model on a K x L grid A, with periodic boundary
conditions and with negative external magnetic field. For any s € X2, we have

neg’
q)ne%(]-a Xieg) > q)neg(sa aneg\{s}>a (313)
Fﬂeg(l’ Xxfeg) < Fneg(s’ leeg\{s})’ (314)
fneg(X\{S}) = Fneg(r’ leeg\{r})’ with r € leeg' (315)

We refer to Figure [l and Figure Bl for a schematic representation of the energy landscape
and of the quantities of Theorem for the 4-state Potts model with negative magnetic field.

3.2 Asymptotic behavior of T}(geg and 7} and mixing time

In the following theorem we give asymptotic bounds in probability for both T;{/scg and 72,
identify the order of magnitude of the expected value of T;{/‘;g and prove that the asymptotic
rescaled distibution of T}(:eg is exponential. Furthermore, we also identify the mixing time and
give an upper and a lower bound for the spectral gap. Formally, let {Xtﬂ }ten be the Markov
chain with transition probabﬂities 23) and stationary distribution ([Z2]). For every € € (0, 1),
we define the mizing time t3"(e) by

t5"(e) := min{n > 0] max[|Pg(o,") = ps()llrv < e}, (3.16)

where the total variance distance is defined by |[v — /||rv := £ > .y [v(0) — V/(0)| for every
two probability distribution v, 7’ on X. Furthermore, we define spectral gap as

ps=1-2Y, (3.17)

)

where 1 = )\(Bl > )\(52) > > )\gxn > —1 are the eigenvalues of the matrix Pg(o, N))onex-

Theorem 3.4 (Asymptotic behavior of 73. and 72 and mixing time). If the external magnetic
neg
field is negative, then for any s € X3, the following statements hold:



(a) for any e >0, limg_oo Pg(ePTnee=9) < 71 < Alnesto)) = 1;
(b) for any e > 0, limg_, oo Pg(efTnes=9) < 71 < ATnes(s: X \Msh+e)) — 1

(¢) limg_oo %10g1[£[7'}(‘fe ] = Thegs

] 4, Exp(1);
:
(e) for every e € (0,1) and s € X}, limgﬂoo log t"(€) = Tneg(s, Xiog\{s}) and there

ezxist two constants 0 < ¢; < ¢ < independent of B such that, for any B > 0,
cpe Plnes(s: X\ {s}) < ps < coe Blmes(s: X \{s})

Proof. Ttem (a) holds in view of Theorem Bl and [5I, Theorem 4.1]. The lower bound of
item (b) follows by Theorem[Bland [55], Propositions 3.4], while the upper bound by 3.I3]) and
[55, Propositions 3.7]. Ttem (c) follows from Theorem Bl and [51, Theorem 4.9]. Lastly, item
(d), i.e., the asymptotic exponentiality of T}(ch, follows from Theorem and [51, Theorem

4.15]. For this last item, we refer also to [55, Theorem 3.19, Example 3]. Item (e) follows by
BI5) and by [55, Proposition 3.24]. O

Remark 3.1. Note that the lower and upper bounds for 721 in item (b) have different exponents.
Indeed, the presence of a subset of the optimal paths, that the process follows with probability
strictly positive, going from 1 to s without crossing A}, \{s}, implies that the lower bound
is sharp. Moreover, the presence of a subset of the optimal paths going from 1 to s crossing
Xeg\ {8}, ensures that the process, with probability strictly positive, enters at least a cycle
CE(Pueg(r,s)) for any given r € A5, \{s} which is deeper than the initial cycle C(I'j,). This
implies that the maximum depth of the cycles crossed by these paths is T'neg(r,s), thus the
upper is sharp. Finally, we remark that in [I4) Theorem 4.3] items (a) and (b) coincide since
in that scenario there is a unique stable state.

3.3 Minimal gates for the metastable transitions

We also identify the set of minimal gates for the transition 1 — X, and also for the transition
1 — s for some fixed s € aneg To this end, we need some further definitions. The set of

mianimal saddles between o, 0’ € X is defined as

S(o,0)={(€X:TweQF, {cw: maxH(n) =H()} (3.18)

new

We say that n € S(o,0”) is an essential saddle if there exists w € Qgpt, such that either

o {arg max H} = {n} or
e {arg max_ H} D {n} and {arg max_, H} Z {arg max H}\{n} for all ' € Q%"

o,0’"

A saddle n € §(0,0’) that is not essential is said to be unessential.

Given 0,0’ € X, we say that W(o,0') is a gate for the transition from o to o’ if W(o,0’) C
S(o,0") and wnNW(o,0') # @ for allw € QZ’,’;,. We say that W(o,¢') is a minimal gate for the
transition from o to ¢’ if it is a minimal (by inclusion) subset of S(o,¢’) that is visited by all
optimal paths. More in detail, it is a gate and for any W' C W(o, ¢’) there exists w’ € Qgp ‘
such that w' N W' = @&. We denote by G = G(o,0’) the union of all minimal gates for the
transition o — o’.

In our scenario, we define

Waeg(1, X2 UBZ* Le-(1,t) and W, (1, X UBZ* p_1(1,1), (3.19)

neg neg neg

where Bi,b(r, s) denotes the set of those configurations in which all the vertices have spins r,
except those, which have spins s, in a rectangle a x b with a bar 1 x [ adjacent to one of the
sides of length b, with 1 <[ <b—1.



(1, Aeg)

neg

We refer to Figure[I6(b)—(c) for an example of configurations belonging respectively to W,
and t0 Wheg(1, Ajneg). These sets are investigated in Subsection [.1] where we study the gate
for the transition from the metastable state 1 to Xj.,. Similarly to the Ising Model, see for
instance [51l Section 5.4, [60, Section 7.4], if the Assumption B.Iii) holds, then there exists
only one minimal gate.

Theorem 3.5 (Minimal gates for the transition 1 — Aj5.,). If the external magnetic field is
negative, then Wyeg(1, XS.,) is a minimal gate for the transition from the metastable state 1

neg
to Xjeg. Moreover,
gneg(lv ereg) = Wneg(]-7 ereg)' (320)

The proof of the theorem above is given in Subsection We refer to Figures [l and 2l for
illustrations of the set Wheg(1, Aj,) When ¢ = 4.

Finally, in Theorem we establish the set of all minimal gates for the transition from
the metastable state 1 to a fixed stable configuration s € X7,,. In particular, starting from 1
the process may visit some stable states in A}, \{s} before hitting s. Thanks to Theorem [3.3]
we get that along any optimal path between two different stable states the process only visits
states with energy value lower than ®,e¢(1, X;5.,) and so it does not visit any other gate. See for
instance Figure [Tl and Figure [2 where we indicate with a dashed gray line the communication

energy among the stable states.

Theorem 3.6 (Minimal gates for the transition 1 — s € Aj5..). If the external magnetic

field is negative, then for any s € X3.., Wheg(1,8) = Wheg(1, X)) is a minimal gate for the
transition from the metastable state 1 to s and

GOneg(1,8) = Gneg(1, leeg)- (3.21)

We defer to Subsection .2 for the proof of the theorem above. Finally, in the next corollary
we prove that in both the transitions, i.e., 1 — A, and 1 — s € A, the process typically
intersects the gates.

Corollary 3.1. If the external magnetic field is negative, then for any s € Xyes,
: 1 1 1.
(a) limg_ oo Pﬁ(TWneg(l,X,fcg) < TXr‘fcg) =1;
(b) limg_ 00 Pﬂ(q}vmg(lys) <t =1.

Proof. The corollary follows from Theorems and and from [51, Theorem 5.4]. O

Finally, we remark that in [14, Theorem 4.5] the authors identify the union of all minimal
gates for the metastable transition for the g-Potts model with positive external magnetic field.
These minimal gates have the same geometric definition of those of our scenario, the main
difference is that in the positive scenario the spins inside the quasi-square union a unit protu-
berance and in the sea are fixed, while in the negative case we have to take the union on all

t € S\{1}, see (319).

3.4 Sharp estimate on the mean transition time

Exploiting the model-dependent results given in Subsections Bl and B3] and some model-
independent results by [I9] [I7] and from [5], in Subsection [6.1] we prove the following theorem
in which we refine the result of Theorem [B.4{c) by identifying the precise scaling of the prefactor
multipling the exponential.

Theorem 3.7 (Mean crossover time). If the external magnetic field is negative, then there
exists a constant Kneg € (0,00) such that

lim eiﬁF;négEl(TXxfcg) = Kyeg- (3.22)
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In particular, the constant Kyeg 15 the so-called prefactor and it is given by

3 1 1 1

Kpog = - ————. 3.23
B 420 —1qg—1]A] (3:23)

Remark 3.2. In order to prove Theorem [B4(c) the only model-independent inputs are the
identification of Aj¢,, the recurrence property given in Theorem [3.2] and the computation

of the energy barrier I'yeg(1, Xjy,) for the transition from the metastable state to the stable
configurations, see (3.6). On the other hand, in order to prove Theorem [3.7] we need of a more
accurate knowledge of the energy landscape. Indeed, it is necessary to know the geometrical
identification of the critical configurations and of the configurations connected to them by a

single step of the dynamics for the transition 1 — X3, that we give in Theorem

neg?

3.5 Tube of typical trajectories of the metastable transitions

In this subsection we give the results on the tube of typical trajectories Ta: (1) and T4(1)
for both the transitions 1 — X3, and 1 — s for any fixed s € A5,,. The tube Tx; (1) (resp.
%s(1)) can be characterized, and indeed identified, by only relying on the geometrical structure
of the energy landscape. Once this is done it follows from standard model-independent consid-
erations [60} b65] that the dynamics leaves Txs (1) (resp. Ts(1)) through its non-principal
boundary before reaching 1 with exponentially small probability. In particular, the non-
principal boundary are all those configurations on the boundary that do not minimize the
energy. From this follows that Txs (1) (resp. Ts(1)) contains those configurations which are
visited with positive probability before hitting A5, (resp. s) as 3 — oco. Formally, for any
C € €(X), we define as

B(C) = {ﬁ(@C) if C is a non-trivial cycle, (3.24)

{nedC:H(n) <H(c)} ifC={o}is a trivial cycle,

the principal boundary of C. Furthermore, let 0"PC be the non-principal boundary of C, i.e.,
9"PC := 9C\B(C).

The tube is defined in terms of unions of Bfl’b(r, s), defined below Theorem .19 and of the
following sets.
- Ra,b(r, s) denotes the set of those configurations in which all the vertices have spins equal to
r, except those, which have spins s, in a rectangle a x b. Note that when either a = L or b = K,
Ra (7, s) contains those configurations which have an r-strip and an s-strip. In particular, a
configuration ¢ has an s-strip if it has a cluster of spins s which is a rectangle that wraps
around A. For any r, s € S, we say that an s-strip is adjacent to an r-strip if they are at lattice
distance one from each other. For instance, in Figure[[Tl(a) there are depicted vertical adjacent
strips.
- For any s # 1, we define

I (1,8):={ce€X(1,s):0 has a vertical s-strip of thickness at least £* with

neg
possibly a bar of length {=1,...,K on one of the two vertical edges}, (3.25)
S (1,5):={c€X(1,s):0 has a horizontal s-strip of thickness at least £*

neg

with possibly a bar of length /=1,...,L on one of the two horizontal edges}, (3.26)
where X(r,s) = {0 € X : o(v) € {r,s} for any v € V'}.

Theorem 3.8 (Tube of typical paths for the transition 1 — X2.,). If the external magnetic

neg
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eld is negative, then the tube of typical trajectories for the transition 1 — X5 is
g s yp ]

neg
q 0 -1 o £*—=14-1 =2
Ty, (1) U[ U fe-sett: 0 URec st UBtat U U
s=2L ¢=1 =1 1=1 =11=1
K-1K—1 K—1 K—1£:—1
By_y,0-1(1,8)UBE_y 4 (1,5) U U Ry, 0,(1,5) U U UBél,ez(le)
Cy=0*lo=L* by=0*ho=L* |=1
L-1 L-1 L—1 L—1 £5—1
Ul UBRue@soull U UBlLels)usy,0,s)usl,1,s )}. (3.27)
Ly =0* La=L* O =0* La=0* =1
Furthermore, there exists k > 0 such that for B sufficiently large
IPﬁ(T;np‘IXge ( ) < TXl‘lgeg) S eikﬁ. (3'28)

Note that in [I4, Theorem 4.7] the authors identify the tube of typical trajectories for the
metastable transition for the ¢-Potts model with positive external magnetic field. This tube
has the a similar geometric definition of the tube [B21) of our scenario, the main difference is
that in this negative scenario we have to take the union on all ¢ € S\{1}.

Remark 3.3. In [12] the authors study the g-state Potts model with zero external magnetic
field. Since in this energy landscape there are ¢ stable configurations and no relevant metastable
states, the authors study the transitions between stable states. More precisely, they identify
the union of all minimal gates and the tube of typical paths for the transition between two
fixed stable states and these results hold also in the current scenario for the transition r — s
for any r,s € Xr‘feg, r # s. Indeed, the communication height computed in Subsection is
equal to the one given in [54] and its value is strictly lower than ®peq(1, X2,,) as we prove in

neg

Theorem B3l It follows that for any r,s € X, r # s, any optimal path for the transition

neg
r — s does not visit the metastable state 1 and for this type of transition the identification of

the union of all minimal gates and of the tube of typical trajectories is given by [I2, Theorem
3.6] and [12, Theorem 4.3|, respectively.

Using Remark B3] the tube of typical paths for the transition from the metastable to any
fixed stable state is

T(1) =Ty, (WU ] ™), (3.29)

rEX i\ {s}
where 2°°(r) is given by [12, Equation 4.23].

Theorem 3.9 (Tube of typical paths for the transition 1 — s). If the external magnetic field

is negative, then for any s € Xj., the tube of typical trajectories for the transition 1 — s is by

B29). Furthermore, there exists k > 0 such that for 8 sufficiently large
Pﬁ(TB"P‘I 1) S Ts N <e M (3.30)

We defer the explicit proof of Theorem [330]in Subsection

4 Energy landscape analysis

We devote this section to analyse the energy landscape of the g-state Potts model with negative
external magnetic field.

4.1 Disagreeing edges, bridges and crosses

In the following list we introduce the notions of disagreeing edges, bridges and crosses of a
Potts configuration on a grid-graph A. These definitions are taken from [54].

11



C2 €10

- T2

(a) Two vertical bridges

(c) A cross on column ¢,
on columns ¢z and cio. on row 3. and on row 7.

(b) An horizontal bridge

Figure 3: Example of configurations on a 8 x 11 grid graph displaying a vertical s-bridge (a),
a horizontal s-bridge (b) and a s-cross (c). We color black the spins s.

- We call e = (v,w) € E a disagreeing edge if it connects two vertices with different spin values,
ie., o(v) # o(w).
-Foranyi=0,..., K —1, let

A (0) = D Lo(w)tow) (4.1)

(v,w)er;

be the total number of disagreeing horizontal edges on row r;. Furthermore, for any j =
0,....,L—11let

dey(@) = D Votwyta)} (4.2)

(v,w)€Ecy

be the total number of disagreeing vertical edges on column c;.

- We define dp, (o) as the total number of disagreeing horizontal edges and d, (o) as the total
number of disagreeing vertical edges.

Since we may partition the edge set E in the two subsets of horizontal edges E;, and of vertical
edges E,, such that E; N E, = &, the total number of disagreeing edges is given by

Y lowrewi+ Y, oo = duo(0) +dn(0). (4.3)
(v,w)EE, (v,w)EE)

- We say that o has a horizontal bridge on row r if d.(o) = 0.

- We say that ¢ has a vertical bridge on column c if d.(c) = 0.

- We say that ¢ € X’ has a cross if it has at least one vertical and one horizontal bridge. If o
has a bridge of spins s € S, then we say that ¢ has an s-bridge. Similarly, if ¢ has a cross of
spins s, we say that ¢ has an s-cross.

- For any s € S, the total number of s-bridges of the configuration o is denoted by Bs(c). Note
that if a configuration o € X has an s-cross, then B;s(o) is at least 2.

4.2 Metastable state and stability level of the metastable state

In this subsection we find the unique metastable state and we compute its stability level.
Furthermore, we find the set of the local minima and the set of the stable plateaux of the

Hamiltonian (2])). First we define a reference path from 1 to s, for any s € A7.,. The energy
value of any configuration o in this path, using (£3) can be computed as
Hyeg(0) — Hueg(1) = do(0) + dn(@) =1 D Lot 21, (4.4)

ueV

We say that a path w € Q,, is the concatenation of the L paths w® = (w(()i), - ,w,(fi)), for

somen; €N, i=1,..., Lifw= (wél) :J,...,wr(lll),w((f), ...,w%),...,wéL),...,wr(lLL) =o').

Definition 4.1 (Reference path). For any s € Xpegs We define a reference path w : 1 — s,

& = (o, ...,WKr) as the concatenation of the two paths &) := (1 = &y, ... ,W(K—1)2) and
O® = (&(x—1)241,---,8 = @kr). The path &) is defined as follows. We set @ := 1. Then,
_ ~(67),s

we set Wy : where (4,7) is any vertex in A. Sequentially, we flip clockwise from 1 to

12



s all the vertices that sourround (4,5) in order to construct a 3 x 3 square. We iterate this
construction until we get &(x_1y2 € Rk—1,k-1(1, ). See FigureE(a). The path &® is defined
as follows. Without loss of generality, assume that &g _1)2 € Rx—1,x-1(1, s) has the cluster of
spin s in the first co, ..., cx—2 columns, see Figure(b). We define &(x_1)241, ..., O(k—1)24 K1
as a sequence of configurations in which the cluster of spins s grows gradually by flipping the
spins 1 on the vertices (K —1,5), for j = 0,..., K —2. Thus, &(x_124x-1 € Rx_1,x(1,5)
as depicted in Figure Bi(c). Finally, we define the configurations & x_1)21x,...,W0KL as a
sequence of states in which the cluster of spin s grows gradually column by column. More
precisely, starting from &g _1y24x-1 € Ri—1x(1,5), ©? passes through configurations in
which the spins 1 on columns cg, ..., cr,_1 become s. The procedure ends with Wi =s. Note
that the energy value of the configurations in the reference path is independent of the first

flipped spin (1, j).

TTTTTT

(a) (b) (©)

Figure 4: (a) First steps of path @) on a 10 x 12 grid A starting from the vertex v = (3, 3).
We color white the vertices with spin 1, black those with spin s. The arrow indicates the
order in which the spins are flipped from 1 to s. (b) Illustration of G(x_1)2. (c) Illustration of

W(K-1)24+K—1-

Next we show that any configuration belonging to (Ji_, Ry« —14+(1,t) is connected to the
metastable configuration 1 by a path that does not overcome the energy value 4¢* — h(£*(¢* —
1) + 1) + Hneg(1). For any s € S, we define as

Ny(o)={veV: o) = s} (4.5)
the number of vertices with spin s in o € X.

Lemma 4.1. If the external magnetic field is negative, then for any o € |Jl_, Ree—10+(1,1)
there exists a path v : o — 1 such that the maximum energy along ~v is bounded as

max Hyeg(§) < 40" — R(£*(£* — 1) + 1) + Hpeg(1). (4.6)
Proof. Let o € \J{_y Rp—1,+(1,t). Hence, there exists s € {2,...,q} such that o €
Re«—1.4+(1, s). Consider the reference path of Definition EJland note that for any i = 0,..., KL,
Ny(&;) = i. The reference path may be constructed in such a way that Wpe (pr—1) = O
Let v 1= (Wp+(+—1) = 0,@p=(p=—1)—1,---,W1,Wo = 1) be the time reversal of the subpath
(@0, - -+, Wee(g+—1y) of @. We claim that maxee, Hyeg(§) < 40° — h(€*(0* — 1) + 1) + Hpeg(1).
Indeed, note that we-(p-_1) = 0,...,w1 is a sequence of configurations in which all the spins are
equal to 1 except those, which are s, in either a quasi-square £ x (£—1) or a square ({—1) x ({—1)
possibly with one of the longest sides not completely filled. For any ¢ = £*,...,2, the path v
moves from Ry ¢—1(1,5) to Re—10-1(1, s) by flipping the /—1 spins s on one of the shortest sides
of the s-cluster. In particular, &yy_1y—1 is obtained by wy_1) € Rey—1(1, s) by flipping the
spin on a corner of the quasi-square from s to 1 and this increases the energy by h. The next
¢ — 3 steps are defined by flipping the spins on the incomplete shortest side from s to 1 where
each step increases the energy by h. Finally, ©_1)2 € Rg_l,g_l(l, s) is defined by flipping the
last spin s to 1 and this decreases the energy by 2 — h. For any £ = ¢*,...,2, h({ —2) <2 —h.
Indeed, ¢* = [£] and from Assumption Bl we have 2 — h > h(€* —2) > h({ — 2). Hence,
maxeey Hneg(€§) = Hneg(0) = 40* —h(€*(¢* —1)+1) — (2—h) 4+ Hneg(1) and the claim is verified.
O
In the next lemma we prove that any configuration in (J{_, Bf*_l, s« (1,t) is connected to
the stable set A5, by a path that does not overcome the energy value 4¢* — h(£*(£* —1)+1) +
Hyee(1).

13



Lemma 4.2. If the external magnetic field is negative, then for any o € B2. | ,.(1,s), then
there exists a path vy : 0 — s such that the maximum energy along v is bounded as
max Hyeg(§) < 40" — R(£*(£* — 1) + 1) + Hpeg(1). (4.7)

Proof. Consider the reference path of Definitiond.Iland assume that this path is constructed
in such a way that Q- (g=_1)42 1= 0. Let v 1= (Qpr(pr—1)42 = 0, Qpr 0+ —1)43, - - - » WK L—1, 8). We
claim that maxeey Hyeg(§) < 40*—h(€*(£*—1)41)+ Hpeg(1). Since - is defined as a subpath of
@, we prove this claim by showing that maxeecg Hpeg(§) = 40* — h(£*(£* —1) +1) + Hyeg(1) and
that v does not intersect the unique configuration in which this maximum is reached. Indeed,
for £ < K — 2, note that the path @) is defined by a sequence of configurations in which all
the spins are equal to 1 except those, which are s, in either a square ¢ x £ or a quasi-square
x (L-1) possibly with one of the longest sides not completely filled. For some { < K — 2,
if @pe—1) € Re—14(1,5) and &p € Ryy(1,s), then MAX o€ (G (g 1) Gogem1ysrrnips} Hyeg(o) =
I_{neg(Wg(g_l)+1) =40—hl?P+hli— h+ Hyeg(1). Otherwise, if @; := &2 € Ryy(1,s) and & We(e41) €
Ry 41(1, 8), then maxge s, Dy2 410 Do } Hyeg(o ) = Hyeg(@Wp2y1) = 40—h0?+2—h+ Hyeg(1).
Let k* := £*(¢*—1)+1. By recalling the condition % ¢ N of Assumption3IJii) and by studying
the maxima of Hyeg as a function of ¢, we have arg maxg ) Hneg = {Wr+ }.
Let us now study the maximum energy value reached along (). This path is constructed by
a sequence of configurations whose clusters of spins s wrap around A. Moreover the maximum
of the energy is reached by the first configuration, see Figure [l for a qualitative representation
of the energy of the configurations in &(?). Indeed, using (), we have

Hreg(@(k—1y7+5) — Heg(@(—1y0j-1) = —2—h, j=2,..., K — 1,
neg(w(K 1)2+K) Hneg(@(K—1)2+K—1) =2- h,
(K-1)24j) = Hueg(O(x—1)245-1) = —h, j= K +1,...,2K — 1,
Ok -1)242K) — Hneg(@(k—1)242K-1) =2 — h.
Using K > 30* > 3, note that Hpeg(W(x—1)241) — Hneg(@(x—1)24x) = 2K =6+ h(K —1) > 0.
Moreover, Hyeg(W(x—1)2+ k) = Hueg(O(k—1)242K ) = 2K +2—h((K—1)*+K)— (2K +2—h((K—

1)2 + 2K)) = hK > 0. By iterating the analysis of the energy gap between two consecutive
configurations along @), we conclude that arg maxg2) Hyeg = {Q(K,l)QH}. In particular,

Hieg(W(k—1)241) < Hueg(Wr~) = 40" — h(£*(€* — 1) 4+ 1) + Hyeg(1) (4.8)

Hyeg(@
Hyeg(c

and, we refer to to Appendix [A] for the explicit calculation. Hence, arg max, Hyeg = {Wk+ }-
Since v is defined as the subpath of @ which goes from Wy« (g« _1)12 = o to s, v does not visit
the configuration wy~. Hence, maxecy Hpeg(§) < 4€* — h(£*(€* — 1) + 1) + Hpeg(1) and the
claim is proved. [

Hyeg(@(r-1)241)

“ H, D(K—1)2 K)
Hl\eg(W(K71)2+R,7l) ncg( (K—1)2+

Hyeg(O(k-1)242K)

Nt

Figure 5: Qualitative illustration of the energy of the configurations belonging to &,

Hyeg (O(k—1y242-1)

Next, we give an upper and a lower bound for ®yeg(1, Xy5e,) — Hueg(1).

Proposition 4.1 (Upper bound for the communication height). If the external magnetic field
s megative, then

Brog(1, X2.,) — Heg(1) < 46° — h(*(£* — 1) +1). (4.9)

neg
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Proof. The upper bound ([@3) follows by the proof of Lemma [£2] where we proved that
maxeeo Hneg(§) = Hneg(Wr+) = 40 — h(£*(¢* — 1)+ 1) + Hpeg(1) where w is the reference path
of Definition &1 [

Proposition 4.2 (Lower bound for the communication height). If the external magnetic field
s megative, then
Preg(1, Xpog) — Hueg(1) > 407 — h(£*(£* — 1) +1). (4.10)
Proof. For any o € X, we set N(o) := Y./, Ni(0), where N;(o) is defined in (5).
Moreover, for all k = 1,...,|V], we define Vi, := {0 € X : N(0) = k}. Note that every path
w € g x;  has to cross V for every k =0,..., |[V|. In particular it has to intersect the set
V= with k% := £*(¢* — 1) + 1. We prove the lower bound given in (£I0) by computing that
Hyeg(F (V=) = 40* — h(*(£* —1) 4+ 1) + Hypeg(1). Note that beacuse of the definition of Hyeq
and of (@A), the presence of disagreeing edges increases the energy. Thus, in order to describe
the bottom .#(Vj«) we have to consider those configurations in which the k* spins different
from 1 belong to a unique s-cluster for some s # 1 inside a sea of spins 1. Hence, consider the
reference path & of Definition ] whose configurations satisfy this characterization. Note that
WNVpr = {@p+} with & € Bl}*_u*(l, s). In particular,

Hyeg(@e) — Hyeg(1) = 405 — R(0*(€* — 1) + 1), (4.11)

where 4¢* represents the perimeter of the cluster of spins different from 1. Our goal is to
prove that it is not possible to find a configuration with k* spins different from 1 in a cluster
of perimeter smaller than 4¢*. Since the perimeter is an even integer, we assume that there
exists a configuration belonging in Vi« such that for some s € S\{1} the s-cluster has perimeter
40* —2. Since 40* —2 < 4v/k*, where V/k* is the side-length of the square vk* x vk* of minimal
perimeter among those of area k* in R?, and since the square is the figure that minimizes the
perimeter for a given area, we conclude that there does not exist a configuration with k* spins
different from 1 in a cluster with perimeter strictly smaller than 4¢*. Hence, Wi« € F(Vi-)
and ([@I0) is satisfied thanks to @II). O

Lemma 4.3. If the external magnetic field is negative, then any w € Qipﬁfs is such that
_ »““neg
w N U;]:Q Re*,lﬁg*(l, t) #+ .

Proof. At the beginning of the proof of Proposition .2l we note that any path w : 1 — X8

ne,
has to visit Vj at least once for every k = 0,...,|V|. Consider Vy-(¢«_1). From [I, Theorem 2.6g]
we get the unique configuration of minimal energy in Vp«(¢g-_1) is the one in which all spins are
1 except those that are s, for some s € {2,..., ¢}, in a quasi-square £* x (¢* —1). In particular,
this configuration has energy ®yeq(1, Xeg) — (2 —h) = 40* — 2 — he*(£* — 1) + Hyeg(1). Note

that 4¢* — 2 is the perimeter of its s-cluster, s # 1. Since the perimeter is an even integer,
we have that the other configurations belonging to V- (~_1) have energy that is larger than
or equal to 4¢* — h{*(¢* — 1) + Hyueg(1). Thus, they are not visited by any optimal path.
Indeed, 40 — he*(£* — 1) + Hpeg(1) > Ppeg(1, Ay, )- Hence, we conclude that every optimal
path intersects Vp- (¢ _1y in a configuration belonging to U, Re—1,-(1,8). O

Let 0 € X and let v € V. We define the tile centered in v, denoted by v-tile, as the set of
five sites consisting of v and its four nearest neighbors. See for instance Figure[6l A v-tile is
said to be stable for o if by flipping the spin on vertex v from o(v) to any s € S the energy
difference Hyeg(0"®) — Hpeg(0) is greater than or equal to zero.
Our next aim is to prove a recurrence property in Proposition B.2] which will be useful to
prove that 1 € AJ%, as stated in Theorem B.Il In order to do this, in Lemma .4 for any
configuration o € X we describe all the possible stable v-tiles induced by the Hamiltonian (2.1])
and we exploit this result to prove Proposition[£3l For any 0 € X, v € V and s € S, we define
ns(v) as the number of nearest neighbors to v with spin s in o, i.e.,

ns(v) = {weV: w~uv, olw)=s}. (4.12)
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Lemma 4.4 (Characterization of stable v-tiles for a configuration o). Let o € X and letv € V.
If the external magnetic field is negative, then the tile centered in v is stable for o if and only
if it satisfies one of the following conditions.

(1) Ifo(v) = s # 1, v has at least two nearest neighbors with spin s, see Figurelf(a),(c),(d),(f)—
(i),(m)—(0), (q), or one nearest neighbor s and three nearest neighbors with spin r,t,z €
S\{s}, different from each other, see Figure[B(r)—(s).

(2) If o(v) = 1, v has either at least three nearest neighbors with spin 1 or two nearest
neighbors with spin 1 and two nearest neighbors with spin r,s # 1, r # s, see Figure

[G(b),(e),(), (p)-

[s]sls] [a]a]a] [s[s[s] [slsls] [a]af1] [s]s[s] [slsls] [sls[s] [s]s]s]
L5 ] L1] "] L1] L"] L"] 1] L"] L"]
(a) (b) (c) (d) (e) (®) () (h) @)

(Lfafa] [s]s[a] [s[s1] [s[s[e] [afnfs] [s[s]r] [t]s]z] [¢]s]1]
L"] L] "] "] L"] L] "] L"]
) (m) (n) (0) (p) (a) (r) (s)

Figure 6: Stable tiles centered in any v € V for a ¢-Potts configuration o on A for any
r,s,t,z € S\{1} different from each other. The tiles are depicted up to a rotation of a7,
a € Z.

In particular, if o(v) = s, then
Hneg(gv’T) - Hneg(a) = ns(v) - nT(U) - h]l{szl} + h]l{rzl}- (413)

Proof. Let 0 € X and let v € V. Assume that o(v) = s, for some s € S. To find if a v-tile
is stable for ¢ we reduce ourselves to flip the spin on vertex v from s to a spin r such that v
has at least one nearest neighbor r, i.e., n,.(v) > 1. Indeed, otherwise the energy difference
(23) is for sure strictly positive. Let us divide the proof in several cases.
Case 1. Assume that ns(v) = 01in 0. Then the corresponding v-tile is not stable for o. Indeed,
in view of the energy difference (2.H]), if r # 1, by flipping the spin on vertex v from s to r we
have

Heg(0"") = Hyeg(0) = —np(v) — hll(5—1;. (4.14)
Furthermore, for any s # 1, by flipping the spin on vertex v from s to 1 we have
Hyeg(0"!) — Hpeg(0) = —nq(v) + h. (4.15)

Hence, for any s € .9, if v has spin s and it has four nearest neighbors with spins different from
s, i.e., ng(v) = 0, then the tile centered in v is not stable for o.

Case 2. Assume that v € V' has three nearest neighbors with spin value different from s in o,
i.e., ns(v) = 1. Then, in view of the energy difference (2.3]), for any s € S and r ¢ {1, s}, by
flipping the spin on vertex v from s to r we have

Hpeg(0”") — Hyeg(0) = 1 —n,(v) — hlg—1;. (4.16)
Moreover, by flipping the spin on vertex v from s # 1 to 1 we have
Hyeg(0Vh) — Hpeg(0) =1 —nq(v) + h. (4.17)

Hence, for any s € S, if v has only one nearest neighbor with spin s, a tile centered in v is
stable for ¢ only if s # 1 and v has nearest neighbors with spins different from each other, see
Figure[Blr) and (s).

Case 3. Assume that v € V has two nearest neighbors with spin s, i.e., ns(v) = 2. Then, in
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view of the energy difference (Z1)), for any s € S and r ¢ {1, s}, by flipping the spin on vertex
v from s to r we have

Hyog(0%") — Hpeg(0) =2 — nyp(v) — hlgs—1y. (4.18)
Moreover, by flipping the spin on vertex v from s # 1 to 1 we get
Hyeg(0"h) — Hpeg(0) =2 —nq(v) + h. (4.19)

Hence, for any s € .5, if v has two nearest neighbors with spin s in o, a v-tile is stable for ¢ if
v has the other two nearest neighbors with different spin, see Figure [6(m)—(q). Furthermore,
if s # 1, a v-tile is stable for o even if v has two nearest neighbors with spin s and the other
two nearest neighbors with the same spin, see Figure Bl(f)—(i).

Case 4. Assume that v € V has three nearest neighbors with spin s in o, i.e., ns(v) = 3, and
that the fourth nearest neighbor has spin r # s. Then, for any s € S and r ¢ {1, s}, we have

Hneg(dv’r) — Hneg(a) =2 h]l{szl}' (420)
Furthermore, by flipping the spin on vertex v from s # 1 to 1 we get
Hyeg(09h) — Hpeg(0) = 2+ h. (4.21)

Case 5. Assume that v € V has four nearest neighbors with spin s in o, i.e., ns(v) = 4. Then,
for any s € S and r ¢ {1, s}, we have

Hneg(O’U’T) — Hneg(a) =4 — h]l{szl}' (4.22)
Furthermore, by flipping the spin on vertex v from s # 1 to 1 we get
Hyeg(09h) — Hpeg(0) = 4+ h. (4.23)

From Case 4 and Case 5, for any s € S, we get that a v-tile is stable for ¢ if v has at least
three nearest neighbors with spin s, see Figure [fa)—(e). Finally, note that (@3] is satisfied
in all the cases 1-5 above thanks to (@I4)-(@23). O

We define the set C*(o) C R? as the union of unit closed squares centered at the vertices v €
V such that o(v) = s. We define s-clusters the maximal connected components C5,...,C5, n €
N, of C*(0o).
For any s € S, we say that a configuration ¢ € X has an s-rectangle if it has a rectangular
cluster in which all the vertices have spin s.
Let R; an r-rectangle and Ro an s-rectangle. They are said to be interacting if either they
intersect (when r = s) or are disjoint but there exists a site v ¢ Ry U Rz such that o(v) # r,s
and v has two nearest-neighbor w, v lying inside Ri, Rs respectively. For instance, in Figure
[[I(b) the gray rectangles are not interacting. Furthermore, we say that Ry and Rs are adjacent
when they are at lattice distance one from each other, see for instance Figure [Ilc) and (e).
We are now able to describe precisely the set of the local minima .#;, and the set of the
stable plateaux //Zneg of the energy function (Z1]). More precisely, the set of local minima
Mreg 18 the set of stable points, i.e., Myeg := {0 € X' 1 Hpeo(F(0{0})) > Hpeg(o)}. While, a
plateau D C X, namely a maximal connected set of equal energy states, is said to be stable if
Heg(:Z(3D)) > Hpeg(D). Note that Mueg U Mneg C Xneg := {0 € X : for any v € V the tile
centered in v is stable} C X. In Proposition B3], we prove that #peg U #peg is given by the
union of the following sets. See also Figure [[11
’%nleg = {1’ 27 ctty q}?

///feg ={o € Xneg : o has strips of any spin s € S of thickness larger than or equal to one
such that for any s an s-strip of thickness one is in between strips of spins different from each
other}; X

///Eeg := {0 € Xyeg : 0 has one or more s-rectangles for some s # 1, with minimum side-length

larger than or equal to two, either in a sea of spins 1 or inside a 1-strip such that rectangles
with the same spins are not interacting};
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///feg = {0 € Xyeg : o0 has one or more s-rectangles for some r,s # 1, with minimum

side-length larger than or equal to two, inside a 1-strip adjacent to an r-strip} U {o € Xneg :
o is covered by interacting s-rectangles such that each spin on the corners has outside the
rectangle two nearest neighbors with different spins from each other and from the one inside
the rectangle}

//aneg ={o € )Eneg: for any r, s # 1, o has an s-cluster with two consecutive sides next either
to a connected r-cluster or to two r-cluster and the sides on the interfaces are of different
length}.

Remark 4.1. The set ‘//aneg is defined by fixing a representative configuration o and implicitly
it includes also all the configurations connected to o via a path along which the energy is

constant, see Figure 8l

A path w = (wo,...,wy,) is said to be downhill (strictly downhill) if H(w;i+1) < H(w;)
(H(wit1) < H(w;)) fori=0,...,n— 1.

Proposition 4.3 (Sets of local minima and of stable plateaux). If the external magnetic field
s megative, then

Mg J Myeg = My U M2, UM, U M, U M,y

neg neg neg neg neg*

(4.24)

Proof. A configuration 0 € X is a local minimum when, for any v € V and s € 5, the
energy difference (ZI) is strictly positive. On the other hand, o belongs to a stable plateau
when, for any v € V and s € S, the energy difference (21 is larger than or equal to zero.
Since a local minimum and a stable plateau are the union of stable tiles, we obtain all the local
minima and all the stable plateaux by considering all the possible ways in which the stable
tiles may be combined. We do this in various steps. First we consider all configurations which
can be obtained from combining tiles (a)—(b). Then, we progressively add more tile types
and construct all the possible resulting configurations. To refer to a tile type, we will use its
corresponding lett in Figure

Step 1. If o has only stable tiles as in Figure Bla) and (b), then there are no interfaces
and 0 € M .

Step 2. Let us assume now that the only stable tiles in o are (a)—(1). Note that if o
contains a tile of type (f), then o does not belong to .#yey U M ey Indeed, if o contains at
least an (f) tile, then it also contains an s-strip of thickness one in between two r-strips and
there exists a downhill path of two steps. First, flip from s to r the central spin s and this
does not change the energy, then flip from s to r a spin, which, has now three spin r neighbor.
This flip reduces the energy by 2. On the other hand, any spin update on the central vertex of
the tiles (a)—(e) and (g)—(1) strictly increases the energy of o. By considering these, we obtain
that o may contain horizontal (resp. vertical) interfaces of length L (resp. K). In particular,
for any s € S, an s-strip of thickness one must be either in between strips with different spins,
using (h)—(1) tiles, or in between two 1-strips if s # 1, using (g) tiles. We conclude that if o is
obtained by a combination of the stable tiles (a)-(1), then o € .#,,, U .4, see Figure [I(a).

Step 3. Next we consider those o that are defined as the combination of the stable tiles
(a)—(e), (g)—(p). Any spin update on the central vertex of the tiles (m)—(p). Since the central
spin s # 1 of these tiles has at least two nearest neighbors with the same spin, the admissible
shapes of an s-cluster are either strips or rectangles. It follows that the local minima containing
only tiles (a)—(p) may additionally contain the following shapes.

(i) One or more s-rectangles (s # 1) with minimum side length two either in a sea of spins 1
or inside a 1-strip under the condition that rectangles with the same spins are not interacting,
see Figure [[I(b).

(ii) One or more s-rectangles (s # 1) with minimum side length two, inside a 1-strip, with a
side adjacent to an r-strip (r # 1), see Figure [IT[d).

(iii) Alternatively, o is covered by interacting rectangles under the condition that each spin on
the corners is the centre of a tile of type (n)—(0), see Figure [[Tl(e).

We conclude that if ¢ is defined by the combination of the stable tiles as in Figure [6(a)—(p),
then o € MLy U M2, U M3, O M

neg neg*
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Figure 7: Illustration of an s-rectangle, that we color black, adjacent to two r-rectangles, that
we color light gray. Furthermore, we color gray those t-rectangles with t € S\{r, s}.

Step 4. Next we consider those o that are obtained as the combination of the stable tiles
(a)—(e), (g)—(q). Combining the tiles of type (q) with all the previous ones, we obtain that for
any r,s # 1,r # s, an s-cluster may have two consecutive sides adjacent either to a connected
cluster or to two clusters with spins r and the sides on the interface may have either the same
or different length, see Figure[[l We claim that in a stable configuration o these are no clusters
as in Figure [f{a)—(b), in which an r-cluster has a side longer than or equal to the side of the
the s-cluster on the interface. Indeed, the path (w1 = o,...,w,) that flips from s to r all
the spins s on the interface of length ¢ visits states wi,...,wy_1 with constant energy and
Hneg(wé) < Hneg(wé—l)-

Let us now focus on the case in Figure[f|(c), and let o be a configuration with such clusters.
We prove that o € //Zneg. In particular, all configurations connected to ¢ via a path along
which the energy does not change also belong to //Zneg. In order to see this, consider the path
which flips from s to r the spins s adjacent to an r-rectangle (see for instance the path depicted
in Figure[8). Note that at any step the energy does not change. Hence, combining all the stable
tiles (a)—(q), we conclude that 0 € AL, U M2, U M3, U Moy O M.

Step 5. Finally, assume that ¢ may be obtained by a combination of tiles (a)—(s).

For this step, we refer to Figure [0, where we represent r, s, t, z respectively by O,®,®, O
and where we take r,t ¢ {s,1} and z # s. Let us assume that this type of tile belongs to a
configuration o and consider the following cases.

Step 5.1. If ny(vy) = 4, then o(w;) = o(w2) = s. If both the vo-tile and wvy-tile are of
type (m), then vs would be the central vertex of a unstable tile. Thus, at least one of them is
of type (q). Proceeding as in Step 4 we show that o is either unstable or it belongs to a stable
plateau.

Step 5.2. Assume ng(v1) = 3. If o(wy) = o(wz) = s, then again o is either unstable or
belongs to a stable plateau. If o(wy) = s and o(w2) # s, then v1 must be the central vertex of
a tile of type (q) and again o is either unstable or belongs to a stable plateau. Otherwise, v
would be the central vertex of a unstable tile.

Step 5.3. We now consider the case ns(v1) = 1. This will be useful to study the case

ns(v1) = 2 in the next step. Along the path w := (g,0"", (¢¥")""") the energy decreases.
Indeed,
Hneg(UU7T) - Hneg(a) = Oa (425)
=2, if n,.(v1) =1;
Hueg((0V7) ") =Hpeg (0" )=¢ =3, if n,(v1) = 2; (4.26)
—4, if n.(v1) = 3.

It follows that the tiles as (r)—(s) with ns(v1) = 1 do not belong to any configuration in

= ] = ] ééé»é mm
— 5 < m <2 < O

FMSTHTH BT B CESSECH S

woi=0 wi w2 wj Wa

Figure 8: Example of a path w := (wy, . ..,wy) started in a configuration wy := o with a cluster
as the one depicted in Figure [fc) and such that Hyeg(wi) = Hypeg(w;), for any 4,5 =0,...,n.
Since all the configurations depicted have the same energy value and they are connected by
means a path, they belong to a stable plateau.
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w1
v1 U

w2

Figure 9: Example of a v-tile equal to the one depicted in Figure[B(r)—(s). We do not color the
vertices w; and ws since in the proof they assume different value in different steps.

'%neg U j/neg
Step 5.4. Lastly, let us consider the case ns(vi) = 2. Without loss of generality, assume
that the spin s nearest neighbors of v; lie on the same row. Consider the following two cases:
- v1 has at least one nearest neighbor with a spin among r,t,z ¢ {1, s}, say r, then along
the path (o,0%", (c%")">") the energy decreases. Indeed, we have

Hyeg(0"") — Hpeg(0) =0 and Hyeg((0”7)"") — Hyeg(o¥") < —1. (4.27)

Thus, there are no such tiles in configurations in .#es U //Zneg.

- v1 has two nearest neighbors with spin s on vertices v and vs and two nearest neighbors
with spins ;7% ¢ {r.t,z}. If ¥/ = r) = 7, then the path (o,0%", (c*")"*"") is downhill.
Indeed, Hpeg(0"") — Hyeg(0) = 0 and Hyeg((677)"") = Hpeg(0?7) = —1 + Ry

o ol
()

Figure 10: Illustration of the Step 5.4.

V5U1 VU

ve vs v1 [HIEE]
L]

(a) (b)

Assume now that v} # r4, as in Figure [[0[a) where we represent 7} by ® and r} by O.
We may repeat the discussion above by considering the tile centered in vy, and performing, if
possible, another zero-cost flip, and so on. This procedure necessarily ends, see, e.g., Figure
[[0(c). Note that the vertex u may coincide with v3. This concludes the proof of Step 5.4.
Finally, in view of the discussion above, the stable tiles (h) and (i) belong to a stable configu-
ration only when they belong to a strip of thickness one and the stable tiles of type (f) does
not belong to any stable configuration. [

We are now ready to prove Proposition

Proof of Proposition [ZQ(Estimate on the stability level). In order to prove the recurrence
property it is enough to focus on the configurations belonging to /Z/;eg = (Mneg\{1,...,4}) U

M. For any n € Mg we prove that V'8 is smaller than or equal to V* 1= 2 < Theg(1, X2,,).

neg

TTTTT 11

]
1 FH |
T :::# [ !
T 171

(b) (c) (d) (e)

Figure 11: Examples of local minima of the Hamiltonian (2. We color white the vertices
with spin 1 and we use the other colors to denote the other spins 2,...,q.

Let us first give an outline of the proof. First, we estimate of the stability level of those
configurations in .#,e, that have at least two adjacent strips of different spins, see Figure[IT)a)
and (d). Second, we estimate the stability level of those configurations in /Z/;eg that have at
least an s-rectangle (s # 1) either in a sea of spins 1 or inside a cluster of spins 1, as well as
those configurations in which there is at least an s-rectangle (s # 1) having a side such that
on the corners there are stable tiles of type (m) and elsewhere there are stable tiles of type
(d). See Figure [[I(b),(c) and (d). Third, we consider those local minima in which at least
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an r-cluster has a side completely adjacent to a side of an s-cluster, see for instance Figure
[M(c)—(e) and Figure Finally, we focus on those local minima that do not belong to any of
the cases above, that is, those local minima with at least an s-rectangle with each side adjacent
both to an r-cluster (r # s) and to a 1-rectangle, see for instance [[If(e).

Case 1. Let us begin by assuming that 7 has either at least two horizontal or vertical strips.
Consider the case depicted in Figure[IT{a). Assume that 7 has an r-strip a x K adjacent to an s-
stripbx K, a,b € Z, a,b > 1. Assume that r,s € S, s # 1. Let 77 be the configuration obtained
from 7 by flipping from 7 to s all the spins r belonging to the r-strip. We define a pathw : n — 7
as the concatenation of a paths w™ ..., w(®. Let w : n — 7 be the path that flips the spins in
the r-strip to s, column by column, starting from the column adjacent to the s-strip. Number
the columns of the r-strip in order of flipping, and let w(® := (w(()i) = Ni_1, wgi), . ,w%) =)
be the path that flips the r spins in the i-th column. Then, for i =1,...,a — 1,

2 — h]].{,_:l}, lfj = 1;

Hieg (0) = Hueg(@'?1) = { —hl{,yy, ifj=2... K—1; (4.28)
—2—hlg_y, ifj=K.

For any ¢ = 1,...,a — 1, the maximum energy value along w® is reached at the first step.

Computing the energy values along the sub-path w(®, that flips the last r-column, requires
more care. Denoting by v; the vertex whose spin is flipping at the step i,

_ 1—hly,_ if ng(vy) =1
H, (a)y H, (a—1) _ {r=1}> s ) 4.99
eg(w1 ) eg(UJKfl ) 7h]l{T:1} if ng(vy) = 2, ( )
and, ifi =2,.... K,
=Rl if ne(v;) = 2,
Hoog ) = Hoey %)) = =y i) (4.30
—2—hloyy, ifng(v) =3.

In view of the above construction, Hyeg(1) > Hneg(7) and, by comparing (£28)-E30), V,'°* <
2=V

Case 2. Let us now consider 7 characterized by a sea of spins 1 with some no-nteracting
s-rectangles (s # 1). We distinguish the following cases:

(i)  has at least a rectangle Ry, x¢, of spins s, for some s € {2,..., ¢}, with its minimum
side of length ¢ := min{¢;, {2} larger than or equal to £*;

(ii) n has only rectangles Ry, x¢, of spins s, for some s € {2,..., ¢}, with a side of length ¢
smaller than £*.
In case (i), we construct a path w = (wp,...,we—1), where wy = n and wy—; =: 7, that flips
consecutively from 1 to s those spins adjacent to a side of length ¢ > ¢*. We have

Hiyeg(w1) — Hueg(n) =2 — h, (4.31)
Hyeg(wi) — Hyeg(wi—1) = —h, fori=2,...,0—2. (4.32)
It follows that Hyeg(7) — Hneg(n) = 2 —he. If £ > 0* = {%1, then 2 — hf¢ < 0. Therefore
the maximum energy is reached at the first step and by (@3I) we get Ve =2-h<V"
Otherwise, if 7 has only rectangles Ry« x,- of spins s, then 7 has a rectangle Ry« (¢«11) of
spins s. Now, either this s-rectangle does not interact with the other rectangles of 7 or it

interacts with another rectangle R. In the former case we conclude by arguing as previously
since £* + 1 > £*. In the latter case, we have the following two possibilities

(1) R is an s-rectangle,
(2) R is an r-rectangle with r ¢ {1,s}.

In case (1), we define a configuration 7 from 7 by flipping a spin 1 to s in the interaction
interface. In particular,

Hoeg(i) — Hreg (i) = h. (4.33)
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Hence, the maximum energy along (n,w1,...,wr—2,7,7) is reached at the first step and we
conclude that V¢ =2 —h < V™.

Let us now focus on case (2). We have to consider the two cases depicted in Figure Let
v1,...,Vp«41 be the vertices next to the side of length £* 4+ 1 of the s-rectangle such that vy
has two nearest neighbors with spin 1, one nearest neighbor s and one nearest neighbor inside
the r-rectangle R.

(a) (b)

Figure 12: Examples of interacting rectangles in 77 when £* = 5. We color gray the r-rectangle
R and black the s-rectangle.

In the case depicted in Figure [2(a), we define 7; := 7(*1*) and 7, : (UZ’ ). In particular,

Hneg(ﬁl) - Hneg(ﬁ) =1- h, (4'34)
Hneg(%) - Hneg(ﬁl) =-1-h (4-35)

Hence, from (@31)-#32) and [@34)-(Z35), we have that Hpeg(72) — Hneg(n) = 2— h(ﬁ* +2) <
2 — ht* < 0. Moreover, in view of ([@31) and ([{.34), along the path (n,w1,...,we—2,7, 71, 72),
we get that the maximum energy is reached at the first step. Hence, V¢ =2 —h < V™.

~(vi,8)

On the other hand, in the case depicted in Figure I2(b) we define 7}; := 77(”1 ) and #); = 0"
for any ¢ = 2,...,¢* + 1. Note that

Hyeg(i) — Hueg(7]) = 1 — h, (4.36)
Hneg(ﬁi-i—l) - Hneg(ﬁi) = _h, 1= 1, . ,E*. (437)

Hence, from (m)a (m)7 (m) and (m)7 we have Hneg(ﬁl*qu)aneg(n) = 3*h(2€*+1) < 0.
Moreover, by comparing [@31]) and [@36) along the path (n, w1, ...,we—2,7,71,...,0e+1) the
maximum energy is reached at the first step. Hence, V¢ =2 —h < V™.

Now, we focus on the case (ii). We define a path w = (wp,...,we—1) that flips consecutively
from s to 1 those spins s next to a side of length ¢ < £*. We get:

Hyeg(wi) — Hpeg(wi—1) = h, fori=1,...,0—2; (4.38)
Hyog(we—1) — Hpeg(we—2) = —(2 — h). (4.39)

Hence the maximum energy is achieved after £—1 steps and Hpeg(wi—1) — Hneg(wo) = h({—1) <
2—-h< V"

Case 3. Let us now assume that n has an s-rectangle R := R, and an r-rectangle
R := R.yq such that R has a side of length a adjacent to a side of R of length ¢ > a, see
for instance Figure [[Tl(e). The case ¢ < a may be studied by interchanging the role of spins
s and r. Given 7 the configuration obtained from n by flipping to r all the spins s belonging
to R, we construct a path w : 7 — 7 as the concatenation of b paths w®, ..., w®. Let
w : n — 7 be the path that ﬂlpS the spins in the r-rectangle R to s, side by 51de starting
from the side adjacent to the s-rectangle R. Number the sides of R in order of ﬂlppmg7 and
let w® := (wo o — = Mi—1, w? ) Wi = = 7);) be the path that flips the r spins in the i-th side.
Then, fOI‘Z*l ,b—1,

1, ifj=1;
Hueg (@) = Hueg(@'? ) =40, ifj=2...a—1; (4.40)
~1, ifj=a.

22



AT
T

InE |
|||||||

T

Figure 13: Local minimum on a 30 x 20 grid graph in which there are not any s-rectangle with
at least a side neither completely adjacent to an r-cluster nor completely sourrounded by spins
1.

Forany i =1,...,0 — 1, Hyeg(n) = Hneg(n:) and the maximum energy value along w® is
reached at the first step. Computing the energy values along the sub-path w(®), that flips the
last r-side of the initial R, requires more care. Denoting by v; the vertex whose spin is flipping
at the step @

0, if n.(v1) =1,
Hyep(wy’) — Hy 1) = 4.41
eg(wi) eg(Mb—1) {17 if n (1) = 2, ( )
(b) b —1, lf nr(vi) = 2,
Hne ) Hne — - 4.42
g(wz ) g(wz 1) {_2, if nr(?}i) — 3, ( )
for all i = 2,...,a. In view of the above construction, ®¢8 = Hye.(n) + 1. Furthermore since

a > 2, Hueg(n) > Hueg(77) and, by comparing ([£40)-(.42) we have V2 =1 < V*.

Case 4 Finally, let us consider i with at least an s-rectangle, say R, with each side adjacent
both to an r-cluster, r # s, and to a 1-rectangle. Let ¢ be the length of the interface between
R and the 1-rectangle and let w = (wp =7, ...,wy) be the path that flips from 1 to s all the
spins 1 on the ¢ vertices that lie on the interaface between R and the 1-rectangle. We have
that

1—h, ifi=1;
Hieg(wi) — Hueg(wi-1) = ¢ —h, ifi=2,....0-1 (4.43)
“1—h, ifi=¢
Since Hpeg(we) — Hneg(n) = —h¢ < 0 and %% = Hpeg(n) +1 —h, we get VP& =1—-h < V™.
O

4.3 Communication height between stable configurations

In order to study the hitting time 72 of a stable configuration s € Xeg> We first estimate the
communication height ®,e¢(r,s) between two stable configurations r,s € Xpeg» T 7 s. Indeed,
during the transition 1 — s, the process may visit a stable state r # s before hitting s. Using
([#3), the energy difference between any o € X’ and any s € Xpeg TeAdS

Hyeg(0) = Hueg(s) = du(0) + dn(0) + b Y Lio(u)=1}- (4.44)
ueV

In [54, Proposition 2.4] the authors define the so-called expansion algorithm. We rewrite this
procedure in the proof of the next proposition by adapting it to our scenario. Indeed, it is
different from [54] since in our setting there is a non-zero external magnetic field.

Proposition 4.4 (Expansion algorithm). If the external magnetic field is negative and if
o € X has a t-bridge for some t € {2,...,q}, then there exists a path w : 0 — t such that
O — Hyop(0) < 2.

Proof. Without loss of generality we assume that the first column c¢g is the ¢-bridge. Fol-
lowing an iterative procedure, we define a path w : ¢ — t that flips all spins to ¢ column-by-
column starting with column co. Formally, w is the concatenation of L paths w® ... w®) with
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w® = (w ():UZ Tye-- wg() *J)andw’) = (w 521)(u1t),foru:: (t,j—1)and j=1,..., K.
In particular, o9 := o, o :=t and the conﬁgurations oi, 1 =0,...,L, are given by

_ t ifve U;‘:O Cjs (4.45)
if v e V\Uj_ -

See Figure [I4] for an illustration of the construction above.

W® _ ¢

e () _
Wy wy =07 wy) =

Figure 14: Illustration of some particular configurations belonging to the path w : ¢ — t of
Proposition [£:4l We color black those vertices whose spin is t.

Let us now study the energy difference Hyeg(w j(z)) Hyeg(w J() ) for j =1,...,K. Tt is

immediate to see that if o(u) = ¢, then Hyeg(w (Z)) Hneg(wj@l) = 0. Hence, assume that
o(u) # t. Using (Z3) and counting the number of spins s neighbors of u, we get

| | 270 @y TS
Hneg(wj(l)) - Hneg(wj(i)l) < 7h]l{w;i,)1(v):1}’ ifl1<j<Kj; (446)
—2—hl if j =K

{w (v)=1}’

For every i = 1,..., L —1, the inequalities (@46 imply that ®"% — Hyeg(0i—1) < 2. Hence,
the path w : ¢ — t is such that ®7°8 — Hy.(0) < 2. O

Thanks to Propositionlﬂwe are able to obtain an upper bound on Iyeg(r,s) := ®peg(r,s)—
Hyeg(r), for any r,s € X, r # s.

Proposition 4.5 (Upper bound for the stability level between two stable configurations). If

the external magnetic field is negative, then for any r,s € X5, T # s, we have

Do (r,8) — Hyey(r) < 2min{K, L} + 2. (4.47)

Proof. The proof is analogous to the one of [54, Proposition 2.5] by replacing the role of
[64, Proposition 2.4] with Proposition 4l For the details we refer to the Appendix[A2l O

Now let us estimate a lower bound for T'yeq(r,s), for any r,s € A, r #s. The following
proposition is an adaptation of [54, Proposition 2.7] to the case of Potts model with external
magnetic field. Recall that Bs(o) denotes the total number of vertical and horizontal s-bridges
in 0 € X, see Subsection [£.1]

Proposition 4.6 (Lower bound for the stability level between two stable configurations). If

the external magnetic field is negative, then for every r,s € X3, the following inequality holds

Qe (r,8) — Hueg(r) > 2min{K, L} + 2. (4.48)
Proof. We show that along every path w : r — s in X there exists a configuration n such

that Hpeg(n) — Hpeg(r) > 2K + 2. Consider a path w = (w1, ...,wy,) with w; = r and w,, = s.
Obviously, Bs(r) = 0 and Bs(s) = K + L. Let wy be the configuration along the path w that

is the first to have at least two s-bridges, i.e., k := min{k < n| Bs(wg) > 2}. We claim that
the configuration wy_; is such that

Hieg(Wi—1) — Hueg(r) > 2K +2. (4.49)

Let us prove this claim by studying separately the following three cases:
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(i) wg has only vertical s-bridges,
(ii) wy has only horizontal s-bridges,
(iii) wg has at least one s-cross.

We study scenarios (i) and (iii), since scenario (ii) may be studied similarly as (i). Let us
begin by assuming that (i) holds. From the definition of &, it follows that B,(w;_;) = 1 and
Bs(wy,) = 2. Otherwise wg would have an s-cross in view of [54] Lemma 2.6] and it would be
a contradiction with (i). Let us assume that w; has the two vertical s-bridges on columns ¢
and ¢ and, without loss of generality, wz_; has only one s-bridge on column c. In particular,
in wg_; all spins in ¢é are s, except one which is different from s. Thus, in view of [54] Lemma
2.3(d)] we have

de(wg_q1) = 2. (4.50)
Moreover, it is easy to see that there are no horizontal bridges. Thanks to this fact and to [54}
Lemma 2.3(c)|, we have d,,(wj_,) > 2 for every row r;, i =0,..., K — 1. Then,
K-1
dp(wimy) = Y dri(wioy) > 2K. (4.51)
i=0
From ([d44), (£350) and (£51) we get that
Hyeg(Wi—1) = Hneg(r) > 242K + 0 Y T =1y > 2+ 2K. (4.52)
ueV

Let us now focus on (iii). In this case w; has at least one s-cross and, by definition of k,
Bs(wj_q) is either 0 or 1 and we study these two cases separately.

Assume Bg(wr_;) = 0. w;_; has no s-bridges, then, by [64] Lemma 2.6], Bs(wz) = 2 and
wr has exactly one s-cross. Let us assume that this s-cross lies on row 7 and on column ¢.
The horizontal and vertical s-bridges of w; must have then been created simultaneously by
updating the spin on the vertex ¢ := 7 N ¢é. Hence, we have wi_(0) # s, wg_;(v) = s, for
all v € FU¢ v # 0, and wg(d) = s. Since there is a spin equal to s in every row and in
every column, wy_; has no t-bridges (¢ # s). Since by assumption Bs(wg_;) = 0, wj_; has no
bridges of any spin. Therefore, from [54], Lemma 2.3(c)—(d)] follows that

K—-1 L—-1
dp(wi_1) = Y dr,(wg_1) > 2K and dy(wp_y) = Y _ de,(wi_y) > 2L. (4.53)
i=0 =0
Plugging ([@53) in (@44), we conclude that
Hpeg(wi—1) — Hueg(r) > 2L + 2K > 2min{K, L} + 2 = 2K + 2. (4.54)

Assume now Bs(wg_;) = 1. In this case, w;_; has an unique s-bridge and we assume
that such a bridge is vertical and lies on column ¢é. In view of [54, Lemma 2.2]|, there are no
horizontal t-bridges in wj_; (t # s). Hence, wg_; has no horizontal bridges and by [54, Lemma
2.3(c)] we get

K—1
dp(wz_q) = Z dy,(wi_q) > 2K. (4.55)
i=
Moreover, wy has a unique horizontal s-bridge, say on row 7. Hence, if ¥ is the vertex where
wi_q and wy differ, ¥ must lie in 7 and wg_;(0) # s and wi_,(v) = s, Yo € #, v # ¥, and
wj(0) = s. Let é be the column where ¢ lies. [54] Lemma 2.3(d)] implies that d.(wj;_;) > 2 for
any column c¢ # ¢, ¢. Then,

dy(wioy) = Y dey(w_y) > 2L — 4. (4.56)
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In view of ([@44]), [@53) and ([E50) it follows that
Hyeg(wp_1) — Hueg(r) > 2L + 2K —4 > 2min{K, L} + 2 = 2K + 2, (4.57)

where the second inequality holds because L > K > 3/* > 3. O

4.4 Energy landscape: proof of the main results

We are now able to prove Theorem
Proof of Theorem Let us begin by recalling that for any r,s € X* _, r # s, from Theorem

B we have "
Tieg(1, Xeg) = Preg(L, Xieg) — Hueg(1) = 407" — h(¢*(¢* —1) + 1), (4.58)
and, from Proposition and Proposition 4.0,
Fheg(r,s) = Ppeg(r,s) — Hneg(r) = 2min{K, L} + 2. (4.59)

For any r,s € A5, T # s, first we show that I'neg(1, X5e) < I'neg(s, ). Indeed, given 0 < h < 1
and L > K > 30*, we have
Fneg(1, Xfeg) — Lneg(r,s) = 46° — h(€* (" = 1) + 1) — (2K + 2)
<A =R =1)+1) = 60" =2 < =20 —h(t*) + 0 —h-2<0 = BIF).

Furthermore, by Assumption Bl ®pes(r,s) is smaller than or equal to ®neqs(1,s), for any
r,s € X3 ., r #s. Indeed, since |V| = KL,

neg
Prreq(r,8) — Ppeg(1,8) = 2K + 2+ Hyeg(r) — 405 + h(£*)? — h€* + h — Hyeg(1)
=2K +2 — |E| — 40* + h(¢*)* — he* + h + |E| — h|V|
=2K +2— 40" + h(¢*)* — h* + h— hKL (4.60)
for any r,s € X, r #s. Since {* = [%], we can write £* = % +1—0 where 0 < § <1

denotes the fractional part of 2/h, that is not integer in view of Assumption BI(ii). Assume
by contradiction that (Z13) is false, i.e.,

Do (r,8) > Dpeg(l,s). (4.61)
Using (4.60), we have that (@61 is verified if and only if

2K +2 —40* + h(¢*)* — W* +h > hKL

2 2 2
<:>2K+2—4(E+1—6)+h(g+1—6)2—h(g+1—6)+h2hKL
2 2 4.2 2 2
K4+ ——(5 41 -0+ (- +1-6)* - Z-14+5+1>KL
= 5 . h(th )+(h+ ) N +o+12>
2 2 8 4 4 4 4 4 2
K4+ ——=—- S+ —+1+0°+—-—-6-20—>—-1+0+1>KL
<:>h +h 2 h+h+h2++ +h h h +o+12>
2 4
“K—-—=+1+6~-6>KL. 4.62
= 7 31 > (4.62)
Since L > K > 3¢* and since 0 < § < 1, we have that
. 2 6 6
KL > 3K/ :3K(E+1_6):EK+3K_3K6>EK' (4.63)
Moreover, since 0 < § < 1 implies that 62 — § < 0, we have that
2 4 5 2 4
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Combining (£62), @63) and [@64), since 0 < § < 1, approximately we get that (&I is
satisfied if and only if

2 4 6 4 4
‘K-~ 4+1>-K IRk -~ +1 4.
- R s 5 +1>0, (4.65)

that is a contradiction. Indeed, the Lh.s. of ([£G63) is strictly negative since Assumption B.I{i),
ie., 0 < h <1, implies that —7% + 1 < 0. Hence, we conclude that FI3) is satisfied.

Finally, we prove (3.15). By [55, Lemma 3.6] we get that Iy (X\{s}) is the maximum energy
that the process started in n € X\ {s} has to overcome in order to arrive in s, i.e.

Lhee(X\{s}) = max Thes(n,s). 4.66
g(AX\{s}) L ¢(1,8) (4.66)

For any n € X'\ (A, U {1}) we have that

Fneg(na S) = Fneg(m ereg) = ‘I)neg(ﬁ, ereg) - Hneg(m
< (I)neg(la . ) - Hneg(l) = Fneg(laXS )a

neg neg

where the inequality follows by the fact that 1 is the unique metastable configuration and

this means that starting from n € X\ A, there are not initial cycles C?S} (Theg(n,s)) deeper
than C{ls} (Meg)- Note that this fact holds since we are in the metastability scenario as in

the [55, Subsection 3.5, Example 1]. Thus, using (8.I4)), since for any r € X7, \{s} we have
Cheg(r,s) = Fneg(?(lfeg\{s}, s), we conclude that

max 'y ,S) =max max I'y ,8), max I, ,8)}=Thee(r, s).
nex\{s} cx(1.5) {WGX\(X,feg\{S}) el )nEX,feg\{s} e&(,8)} =L'neg(r; )

O

5 Minimal gates and tube of typical trajectories

In this section we give a geometrical characterization of the critical configurations and the tube

of typical paths for both metastable transitions 1 — X5, and 1 — s for any fixed s € A3,,.

5.1 Identification of critical configurations for the transition from the
metastable configuration to the set of stable states

This subsection is devoted to a more accurate study of the energy landscape (X, Hpeg, Q).

From a technical point of view, the proofs are a generalization of the corresponding results for
the Blume Capel model [26] Section 6].

(a) (b) ()

Figure 15: Illustration of three examples of 0 € Pyee when £* = 5. In (a) the £*(¢*—1)+1 =21
spins different from 1 have not all the same spin value and they belong to more clusters. In (b)
we consider the same number of spins with value s # 1 that belong to two different clusters.
In (c) we consider the same number of spins different from 1 that are different between each
other and that belong to two adjacent clusters.

Let Dneg C X be the set

Deg ={0 € X : Ni(0) = |A| = ["(¢* — 1)+ 1]}. (5.1)
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Furthermore, let 7, and 2, be the sets

Dt ={0 € X : Ni(o) > |A] = [€* (0" — 1) + 1]}, (5.2)
Deg =10 € X Ni(o) < [A[ = [€*(* = 1) + 1]} (5.3)

Note that 1 € Zf,. For any 0 € Zyeg, We remark that o has £*(¢* — 1) + 1 spins different
from 1 and they may have all the same spin value and may belong to one or more clusters, see
Figure

A two dimensional polyomino on Z? is a finite union of unit squares. The area of a polyomino
is the number of its unit squares, while its perimeter is the cardinality of its boundary, namely,
the number of interfaces on Z? between the sites inside the polyomino and those outside. The
polyominoes with minimal perimeter among those with the same area are said to be minimal

polyominoes.

Lemma 5.1. If the external magnetic field is negative, then the minimum of the energy in
Dneg s achieved by those configurations in which all the spins are equal to 1 except those, which
have the same value t # 1, in a unique cluster of perimeter 4¢*. More precisely,

q
F (Dneg) = | P (5.4)
t=2
where
@ﬁeg :={0 € Dheg : 0 has all spins 1 except those in a unique cluster C* (o)
of spins t of perimeter 4¢*}. (5.5)
Moreover,
Hneg(fg(@neg)) = Hneg(l) + Fneg(la ereg) = (I)neg(la ereg)- (5-6)

Proof. Since the presence of disagreeing edges increases the energy, in the configurations in
F (Dneg), all £(£* — 1) + 1 spins different from 1 are equal to ¢ (say) and belong to a unique
cluster C*(o). As we have illustrated in the second part of the proof of Proposition F2] the
minimal perimeter of a polyomino of area £*(£* — 1) + 1 is 4¢*. Thus, (54) is verified and we
get that Wheg(1, Xeg) € F (Zneg). Hence, Hyeg(Wheg(1, X)) = Hueg(F (Zneg)) and, since

for any 17 € Wheg(1, Xieg)

Hneg(n) - Hneg(l) =407 — h(f*(f* - 1) + 1) = Fneg(]-’ X5 )’ (5'7)

neg

(B0 is satisfied. O
In the next corollary we prove that . (Zheg) is a gate for the transition 1 — X2

neg*

Corollary 5.1. If the external magnetic field is negative, then for any w € Qfl’pﬁcs , wn
»“‘neg
F(Dneg) # D. In other words, F(Dneg) is a gate for the transition from 1 to X2

neg*

Proof. For any path w € Q1 x; , w = (wo,...,wn), there exists i € {0,...,n} such
that w; € Zheg. Indeed, given N(o) := >_7_, Ny(0), any path has to pass through the set
Vii={oce€X: N(o) =k}, forany k =0,...,|V], at least once and Vi« (g« _1)41 = Zneg. Since
from (5.0 we get that the energy value of any configuration belonging to the bottom of Py is
equal to the min-max reached by any optimal path from 1 to A}, we get that w; € F(Zneg)-
O

In the next proposition, we show that Wheg(1, X2.,) is a gate for the transition from 1 to

neg

Ao We define Ry, xs, be the set of the rectangles in R? with sides of length ¢; and £5.

Proposition 5.1 (Gate for the transition from the metastable state to the stable set). If
the external magnetic field is negative, then any path w € Qipﬁfs visits Wheg(1, Xss,). Hence,
’»““neg

neg
Whee(1, XS.,) is a gate for the transition from 1 to X2

neg neg-*
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(a) (b) () (d)

Figure 16: Examples of o € 2!, in (a) and of o € 2!, in (b) and (c¢) when ¢ = 5. We

neg neg
associate the color gray to the spin ¢, the color white to the spin 1. The dashed rectangle rep-

resents the smallest surrounding rectangle of Ct(o). Figure (d) is an example of configuration
that does not belong to ¢

neg*

Proof. For any t # 1, let Zt__ be the set of configurations o € 2¢_, such that the boundary

neg neg
of C*(o) intersects each side of the boundary of its smallest surrounding rectangle R(C*(c))

on a set of the dual lattice Z2 + (1/2,1/2) made by at least two consecutive unit segments,
see Figure [[6(a). Furthermore, let 2, be the set of configurations o € 2], such that the

neg
boundary of the polyomino C*(o) intersects at least one side of the boundary of R(C*(c)) in
a single unit segment, see for instance Figure [[6(b) and (c). Hence, F(Zneg) = Zneg U Dhneg:
where Zneg := Uj_y Dheg a0d Dreg 1= Ui_y Dice-

Step 1. Our first aim is to prove that

The proof proceeds in five steps.

-@neg = Wneg(]-, Xxfeg) U Wllleg(la leeg)' (58)

From B.19), we have Wieg(1, Xjieg) U Wieo(1, Xiep) € Dneg. Thus, we are left to prove the

reverse inclusion o € @neg. The boundary of the cluster C?(o) could intersect the other three
sides of the boundary of R(C?(c)) in proper subsets of each side, see Figure [[6(d). Assume
R(C*(0)) € R« 1a)x (¢++b) for some a,b € Z. C*(0) is a minimal polyomino and so it is also
convex and monotone by [26, Lemma 6.16]. Hence, the perimeter of C*(c) is equal to the
perimeter of R(C*(c)), which implies 46* = 4¢* + 2(a + b), and so a = —b. Now, let C*(0)
be the polyomino obtained by removing the unit protuberance from C*(c) and let R be its
smallest surrounding rectangle. ,If C*(o) has the unit protuberance adjacent to a side of length
(* + a, then R is a rectangle (¢* + a) x (£* —a —1). Since the area of R must be larger than
or equal to the area of C*(0), we have

Area(R)=(*+a)({*—a—1)> Area(C*(0)) = £*(0* — 1) <= —a® —a > 0.

Since a € Z, —a® — a > 0 is satisfied only if either a = 0 or @ = —1. On the other hand, if the
unit protuberance of C*(c) is adjacent to a side of length £* — a, the same argument gives

Area(R)=({*+a—1)(t*—a)> Area(Ct(0)) = £*({*—1) <= —a*+a > 0.

Again this is satisfied only if either a = 0 or @ = 1. In both cases we get that R € Ry. X (05 —1)-

Thus, if the protuberance is attached to one of the longest sides of R, then o € Wheg(1, leeg),
otherwise 0 € W/, (1, X5,.). Then, (58) is verified.

neg neg

Step 2. For any w = (wp, . ..,wn) € Q%. and any t € {2,...,¢}, let
Ko
fi(w) :=={k € N:wy € F(Dneg), Ni(wi—1) =|A| = *(* = 1), Np(wg—1)=0"(*—1)}. (5.9)

We claim that the set f(w) := [Ji_, fi(w) is not empty. Let w = (wo,...,w,) € Qif’i&g and
let k¥ < n be the smallest integer such that (wy,...,wy) N @jeg = ©@. Since wj_, is the last
configuration in @jeg along w, it follows that wy € Zheg and, by the proof of Corollary [G.1]
we have that wg € F(Zneg). Thus, there exists ¢t # 1 such that wy € Z],. Furthermore,
Ni(wg_q1) = |A| — £*(¢* — 1) and wy, is obtained from wy_; by flipping a spin 1 to s # 1. Note
that Ny(wg_;) = |A| — *(¢* — 1) implies that N¢(wj_,) < £*(£* — 1). Since by Lemma 5.1 we
have that N;(wg) = €*(¢* — 1)+ 1, we conclude that Ny (wg_;) = £*(£* —1) since in a single spin
flip the number of spins ¢ changes by at most one. Thus, Ny(wg_;) = £*(¢* — 1) and k € f(w).
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Step 3. We claim that for any path w € Qif’fygeg one has w; € .@neg for all i € f(w). We

argue by contradiction. Assume that there exists i € f(w) such that w; ¢ @neg and w; € @Ileg.
Since ¢ € f(w), there exists ¢ # 1, such that i € f;(w). Furthermore, w;_1 is obtained from w;
by flipping a spin t from ¢ to 1. In view of the definition of @neg, every spin equal to ¢ # 1 has
at least two nearest neighbors with spin ¢. Hence,

Hneg(wi_l) — Hneg(wi) Z (2 — 2) + h=~h>0. (510)
From (BI0) we get a contradiction since

(I)geg > Hneg(wi—l) > Hneg(wi) = Hneg(l) + Fneg(]-a Y ) = (I)neg(]-a‘)(s )a

neg neg

where the first identity follows from Lemma 5.1l Then the claim is proved.

Step 4. Now we claim that for any path w € Qf;f,feg’ Wi € F(Dneg) implies w;_1,wit1 ¢

Dneg. Using Corollary 0] there exists a positive integer ¢ such that w; € % (Zheg). Thus,
there exists ¢t # 1 such that w; € .@ﬁeg. Assume by contradiction that w;41 € Zneg. Then
w;+1 must be obtained by w; by flipping a spin ¢ to s # ¢, since Ni(w;) = Ni(wit1). In
particular, this spin-update increases the energy and so, using Lemma [5.1] we obtain ®2°8 >
Hyeg(wit1) > Hueg(wi) = Hueg(1) + Tneg(1, Xfeg) = Preg(1, Ay ), which is a contradiction.
Hence wit1 ¢ Zneg and similarly we may also prove that w;—1 ¢ Zheg.

Step 5. Our final aim is to show that for any path w € Qfl’{”;‘feg, we have that w N

Waeg(1, X5,,) # @. Given a path w = (wo, . ..,w,) € Q% , assume by contradiction that
»Uneg

neg
W N Wheg(1, X5,) = 9. From step 4 we know that along w the configurations which belong
to F (PDneg) are not consecutive and they are separated by a subpath which belongs either
t0 Doy OF t0 Dyoy. Let j € {1,...,n} be the smallest integer such that w; € F(Zneg) and
such that (wj,...,wy) N @j;g = @. In particular, j € f(w) since j plays the same role of k
in Step 2. Note that using (5.8), Step 2 and the assumption w N Wheg(1, X,) = I, we have
Wj € Wie(1, X5, ). Furthermore, by (5.6) the energy along the path from w; € F(Zneg) to
wy, decreases. Let t # 1 be such that w; € .@ﬁeg. Then the only moves that decrease the energy
are

(i ) flipping the spin in the unit protuberance from ¢ to 1,

(ii) flipping a spin 1 with two nearest neighbors with spin ¢ from 1 to ¢.
Since wj1 ¢ Zifg, (1) is not feasible. Hence, necessarily Hneg(wj+1) = Hueg(1)+Tneg(1, Xjoe) —
h and starting from w;41 we consider a spin-update that either decreases the energy or increases
the energy of at most h. Hence the only feasible moves are

(iil) flipping a spin 1, with two nearest neighbors with spin ¢, from 1 to ¢,

(iv) flipping a spin ¢, with two nearest neighbors with spin 1, from ¢ to 1.
Note that by (iii) and (iv), the process reaches a configuration o with all spins equal to 1
except those, which are ¢, in a polyomino C*(¢) that is convex and such that R(C'(c)) =
Rg+41)x (¢-—1)- Note that we cannot iterate move (iv) since otherwise we would find a config-
uration that does not belong to Zyes. On the other hand, applying once (iv) and iteratively
(iii), until we fill the rectangle R(g«i1)x(¢+—1) with spins ¢, we find a set of configurations in
which the one with the smallest energy is o such that C*(c) = R(C*(0)). Starting from any
configuration of this set, the smallest energy increase is 2 — h and it is achieved by flipping
from 1 to t a spin 1 with three nearest neighbors with spin 1 and a neighbor of spin ¢ inside
C'(0). Tt follows that

D% — Hyeg(1l) > 40" —h(£* +1)({* — 1)+ 2 — h > Tyeq(1, leeg), (5.11)

where the last inequality holds because 2 > h(¢* — 1) since 0 < h < 1 and £* := {%w, see
Assumption Bl Since in (II) we obtained a contradiction, we conclude that any path
wE Q‘f’;(:eg must visit Wheg(1, XS.,). O

neg

5.2 Minimal gates: proof of the main results

We are now able to prove Theorems and
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Proof of Theorem By Proposition Bl we get that Wheg(1, X3,,) is a gate for the

neg

transition from the metastable state 1 to AJ,,. In order to show that Wiyeg(1, A,) is a

neg

minimal gate, we exploit [5I, Theorem 5.1] and we show that any 1 € Wheg(1, X3, ) is an

neg
essential saddle. In order to do this, in view of the definition of an essential saddle given in

Subsection B3] for any 7 € Wheg(1, Xeg) We construct an optimal path from 1 to &5, passing

through 7 and reaching its maximum energy only there. Since 77 € Wheg(1, Xneg) there exists

s # 1 such that n € By«_14+(s,1) and the optimal path above is defined by modifying the
reference path @ of Definition 1] in a such a way that ws-(_1)41 = 1 in which C*(n) is a
quasi-square £* x (£* —1) with a unit protuberance. It follows that @ N\ Whee(1, X3,) = {n} and

neg

arg max, Hneg = {1} by the proof of Lemma 2] To conclude, we prove that Wheg(1, XJ,.,) is

neg

the only minimal gate. Note that the above reference path @& reaches the energy @neg(l Xy)

neg

only in Wheg(1, Xje). It follows that, for any 11 € Wheg(1, Xe), the set Wheg(1, Xjee)\{m }

ne, ne,

is not a gate for thegtransition 1 — X, Indeed, from the abox;ée discussion we get that there
exists an optimal path @ such that @ N Wheg(1, Xe)\{m1} = &. Note that the uniqueness of
the minimal gate follows by the condition 2/h §Z N, see Assumption BIl [

Proof of Theorem For any s € A, the min-max energy value that is reached by any
path w: 1 — s is $yeg(1,8) = Ppeg(1, X5,). Furthermore, Theorem [3.3] implies that when a
path w : 1 — s visits some r € &5, \{s}, the min-max energy value that the path reaches is
still @peq(1, Aeg)- Indeed, for instance in the case in which the path w may be decomposed in
two paths w1 : 1 — r and wp : v — s, we have ®*® = max{®[8, @78} = Pyee(1, Xy,) Where
we used (BI3). Hence, the saddles visited by the process are only the ones crossed during the
transition between 1 and the first stable state. This fact, together with Theorem B.5 allows
us to state that the set Wheg(1, Aj5) is the unique minimal gate for the transition from 1 to

s, for any fixed s € A5, Thus, [B:2])) is satisfied. O

5.3 Tube of typical trajectories: proof of the main results
In order to give the proofs of Theorems and 3.9 first we prove the following lemmas.

Lemma 5.2. Let C(n) and C(C) be the non-trivial cycles whose bottom are 1 € Rgp—1(1,s)
and ¢ € Rpy(1,s) with £ < €* —1 and s # 1, respectively. Then,

B(C(U)) = 31}71,671(1“9); (5-12)
B(C(¢)) = Bi_1,4(1,5). (5.13)
Proof. For any s # 1, let 1 € Ry o—1(1, s) with ¢ < ¢*. By Proposition @3] 1, € ///neg

local minimum for the Hamiltonian Hye,. Using (8.24)), our aim is to prove the following
Bl}—l,é—l(las) = F(9C(m)). (5.14)

In 7, for any v € V the corresponding v-tile (see before Lemma 7] for the definition) is of
type (a), (b), (d), (e) and (h), see Figure [6l Starting from 7, by flipping to 1 (resp. s) the
spin s (resp. 1) on a vertex whose tile is of type (a), (d) (resp. (b), (e)), the process visits a
configuration oy such that

Hyog(01) — Hneg(n1) > 2 — h. (5.15)

Thus, the smallest energy increase is glven by h by flipping to 1 a spin s on a vertex v; centered
in a tile of type (h). Let 1y := 7711’1’ € Be e 1(1,8). In ny, for any v € V the corresponding
v-tile is one among those depicted in Figure B(a), (b), (d), (e), (b) and (p) with 7 = s. Since
Hyeg(n2) = Hpeg(m) + h, the spin flips on a vertex whose tile is of type (a), (b), (d) and (e)
lead to Hpeg(o2) — Hneg(m) > 2. Thus, as in the previous case, the smallest energy increase is
given by flipping to 1 a spin s on a vertex v; centered in a tile of type (h). Note that starting
from 7 the only spin flip which decreases the energy leads to the bottom of C(n;), namely in
-

Let us now note that

Hueg(r-1) — Hues(m1) = h(l — 2) (5.16)
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Since ¢ < ¢*, comparing (G.I5) with (G.I6), we get that n,—; € F(9C(m)), and (BIF) is
verified.

Let us now consider for any s # 1 the local minimum ¢; € Ry (1, s) C A3, with £ < £* — 1.
Arguing similarly to the previous case, (5.I3]) may be verified by proving that B}_M(l, s) =
F(0C(¢)). O

Lemma 5.3. Let C(n) be the non-trivial cycle whose bottom isn € Ry, 4, (1, ) with min{¢y, o} >
£* and s # 1. Then,

B(C(n) = By, 4,(1,5) U By, 4, (1, 5). (5.17)

Proof. For any s 21, let n; € Rgth(l, s) with £* < ¢, < 5. By Proposition &3] n, € .43

neg
is a local minimum for the Hamiltonian Hye,. Using (8.24)), our aim is to prove the following

Bi, 4,(1,5) U By, 4, (1,5) = F(9C(m)). (5.18)

In 7, for any v € V the corresponding v-tile is of type (a), (b), (d), (e) and (h). Let v; € V
such that the v;-tile is of type (e) with r = s, and let 72 := n>**. Note that if v; is adjacent to
a side of length ¢5, then 7o € Bt}l,eg (1, s), otherwise 12 € Be}g,el (1, s). Without loss of generality,
let us assume that 7y € Be}hez(l, s). By simple algebraic calculation we obtain that

Hneg(ﬂ?) - Hneg(ﬁl) =2—h. (5.19)

In 7, for any v € V the corresponding v-tile is of type (a), (b), (d), (e), (h) and (p) with
t =r = 1. By flipping to s a spin 1 on a vertex w whose tile is of type (p) with » = s the
energy decreases by h and the process enters a cycle different from the previous one that is
either the cycle C whose bottom is a local minimum belonging to Ry, 11.¢,(m, 1), or a trivial
cycle for which iterating this procedure the process enters C. Thus, Bl}l7£2(1’ s) C AC(m).
Similarly we prove that B}Ml(l, s) COC(m).

Let us now note that starting from 7; the smallest energy increase is h, and it is given by
flipping to 1 a spin s on a vertex whose tile is of type (h). Let us consider the uphill path w
started in 7; and constructed by flipping to 1 all the spins s along a side of the rectangular
{1 x £y s-cluster, say one of length ¢;. Using the discussion given in the proof of Lemma and
the construction of w, we get that the process intersects 9C(n) in a configuration o belonging
to Bt}rl, ¢, (1,5). By algebraic computations, we obtain the following

Hus(0) — Hueg(m) = h(tz — 1). (5.20)

Since ¢y > ¢*, it follows that Hpeg(0) > Hpeg(12)-
Since by flipping to 1 (resp. s) the vertex centered in a tile of type (a), (d) (resp. (e)), the
energy increase is largest than or equal to 2 + h, it follows that (BI8)) is satisfied. O

In order to prove Theorems and 3.9, we need some further definitions that are taken from
[65, 27, [60]. Our goal is to give an equivalent definition of the tube that only relies on the energy
landscape data. We call cycle-path a finite sequence (Cy, .. .,Cy,) of trivial or non-trivial cycles
Ciy...,Cm € €(X), such that C;NCiy1 =@ and IC;NCip1 # &, foreveryi=1,...,m — 1.
A cycle-path (Cy,...,Cy,) is said to be downhill (strictly downhill) if the cycles Cq,...,C,, are
pairwise connected with decreasing height, i.e., when H(.#(9C;)) > H(%(9Ci+1)) (H(F(9C;)) >
H(Z(0Ciy1))) for any i =0,...,m — 1.
We denote the set of cycle-paths that lead from o to A and consist of maximal cycles in X'\ A
as

Py, a:={cycle-path(Cy, ..., C)|C1, o, Ct EM(CH (0)\A), 7EC1, ICNA #D}.

Given a non-empty set A C X and o € X, we constructively define a mapping G : Q4 —
Po.4 in the following way. Given w = (wi,...,wn) € Qs 4, we set mg = 1, C; = C4(0) and
define recursively m; := min{k > m;_1| wi ¢ C;} and C;j11 := C4(wm,). We note that w is a
finite sequence and w, € A, so there exists an index n(w) € N such that Wi,y () = Wn € A and
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there the procedure stops. By (C1,...,Cnm, ) is a cycle-path with Cq,...,Cpn, ., C M(X\A).
Moreover, the fact that w € Qs 4 implies that ¢ € C; and that 9C, ) NA # @, hence
G(w) € P, 4 and the mapping is well-defined.

We say that a cycle-path (Cy,...,Cp) is connected via typical jumps to A C X or simply

vtj—connected to A if
B(CJ NCiy1 #@, YVi=1,...,m—1, and B(Cm> NA#o. (521)

Let Je, 4 be the collection of all cycle-paths (Cy,...,Cy,) that are vtj-connected to A and such
that C; = C. Given a non-empty set A and o € X, we define w € Q, 4 as a typical path from
o to A if its corresponding cycle-path G(w) is vtj-connected to A and we denote by Q;’til the
collection of all typical paths from o to A, i.e.,

Q(V,ti\ = {w € Qo,u| G(w) € Je,(0),4} (5.22)

Finally, we define the tube of typical paths T (o) from o to A as the subset of states n € X
that can be reached from o by means of a typical path which does not enter A before visiting

n, i.e.,
Tu(o) :={neX| el : new} (5.23)

Finally, we define ¥ 4(0) as the set of all maximal cycles that belong to at least one vtj-
connected path from C4(T') to A, i.e.,

IA(U):z{CGM(Cj(U)\A)B(Cl, .. 7Cn)€JCj’4(F),.Aa 35 €{1,...,n}:C;=C}. (5.24)
Note that
Ta(o) = M(T4(0)\A) (5.25)

and that the boundary of T4(o) consists of states either in A or in the non-principal part of
the boundary of some C € Tu(0), i.e, 0T4(0)\A € Uces , (5 (OC\B(C)) =: 9"PT4(0).

Proof of Theorem [T8 Following the same approach as [60, Section 6.7], we characterize
the tube of typical trajectories using the so-called “standard cascades”. See [60], Figure 6.3] for
an example of a standard cascade. We describe these in terms of the paths that are started in
1 and are vtj-connected to A5,,. See (5.22) for the formal definition and see [55, Lemma 3.12]
for an equivalent characterization of these paths. We remark that any typical path from 1 to
Xpeg 18 also an optimal path for the same transition.

In order to give a geometrical description of these typical paths, we proceed similarly to
[60, Section 7.4], where the authors apply the model-independent results given in Section
6.7 to identify the tube of typical paths in the context of the Ising model. We define a vtj-
connected cycle-path that is the concatenation of both trivial and non-trivial cycles. Let n;
be a configuration belonging to one of the minimal gates for the transition 1 — X7, see
Theorem [B5]. We begin by studying the first descent from 7; both to 1 and to Xpeg- Then, we
complete the description of ‘Ixﬁeg(l) by joining the time reversal of the first descent from 7

to 1 with the first descent from 7; to &}5.,. In view of ([B.I9) we have that 1, € B}*_M*(l, s)
for some s # 1, and for the sake of semplicity we describe a vtj-connected path from 1 to A3,
conditioned to hit A7, for the first time in s.

Let us begin by studying the standard cascades from 7; to 1. Since a spin flip from s
to t ¢ {1,s} implies an increase of the energy value equal to the increase of the number of
the disagreeing edges, we consider only the splin-flips from s to 1 on those vertices belonging
to the s-cluster. Thus, starting from 7, and given vy a vertex such that 7;(v1) = s, since
Hneg(nl) = (I)neg(]-v Xy )7 we get

neg

Hueg("") = Preg(1, Xiey) + ns(v1) — 1 (v1) + he (5.26)

It follows that the only possibility for the path to be optimal is ngs(v;) = 1 and ny(vy) = 3.
Thus, along the first descent from 77 to 1 the process visits 7e in which all the vertices have
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spin 1 except those, which are s, in a rectangular cluster £* x (¢* — 1), i.e., 72 € Rp«_1.-(1, s).
By Proposition 37, € 43, is a local minimum, thus according to (5.2I)) we have to describe
its non-trivial cycle and its principal boundary. Starting from 7, the next configuration along
a typical path is defined by flipping to 1 a spin s on a vertex vy on one of the four corners of
the rectangular s-cluster. Indeed, since Hyeg(n2) = Pneg(1, Xfss) — 2 + h, we have

neg

Hueg(0577") = Preg(1, Xoop) — 2+ 2h + ng(v2) — na(va), (5.27)

and for the path to be optimal, we must have ng(ve) = 2 and nj(ve) = 2. By (@I9), the
smallest energy increase for any single step of the dynamics is equal to h. Thus, a typical path
towards 1 proceeds by eroding the £* — 2 unit squares with spin s belonging to a side of length
£* — 1 that are corners of the s-cluster and that belong to the same side of vo. Each of the first
£* — 3 spin flips increases the energy by h, and these uphill steps are necessary in order to exit
from the cycle whose bottom is the local minimum 7y. After these £* — 3 steps, the process hits
the bottom of the boundary of this cycle in a configuration 7+ € B}*_l,e*_l(l, s), see Lemma
The last spin-update, that flips from s to 1 the spin s on the unit protuberance of the
s-cluster, decreases the energy by 2 — h. Thus, the typical path arrives in a local minimum
Nex+1 € Re*_l,g*_l(l, s), i.e., it enters a new cycle whose bottom is a configuration in which
all the vertices have spin 1, except those, which are s, in a square (£* — 1) x (¢* — 1) s-cluster.
Summarizing the construction above, we have the following sequence of vtj-connected cycles

{m}, CL* (M€ = 2)), {ne}, € (h(€" — 2)). (5.28)

Iterating this argument, we obtain that the first descent from 71 € Wheg(1, A5,) to 1 is
characterized by the concatenation of those vtj-connected cycle-subpaths between the cycles
whose bottom is the local minima in which all the vertices have spin equal to 1, except those,
which are s, in either a quasi-square (¢ — 1) x £ or a square ({ —1) x (¢—1) for any £ = £* ..., 1,
and whose depth is given by h(¢—2). More precisely, from a quasi-square to a square, a typical
path proceeds by flipping to 1 those spins s on one of the shortest sides of the s-cluster. On the
other hand, from a square to a quasi-square, it proceeds by flipping to 1 those spins s belonging
to one of the four sides of the square. Thus, a standard cascade from 7; to 1 is characterized
by the sequence of those configurations that belong to

VAR E | L—2
U { UBl1 01, 9)UR10(1,8) U\ JB)_y o1 (1, 5)URe-1 01 (1, 5) . (5.29)
t=1"%1=1 =1

Let us now cousider the first descent from 7, € Bl}*_u*(l, s) to s € A5, Since the path is
optimal, we only consider flips from 1 to s. Thus, let w; be a vertex such that m(wy) = 1.

Flipping the spin 1 on the vertex wi, we get
Hyeg(1""") = Pueg(1, Xieg) + na(w1) — ng(wi) = h, (5.30)

and the only feasible choice is ni(w1) = 2 and ng(w;) = 2. Thus, n,’"° € B4 | ,.(1,s),
namely the bar is now of length two. Arguing similarly, we get that along the descent to s
a typical path proceeds by flipping from 1 to s the spins 1 with two nearest-neighbors with
spin s and two nearest-neighbors with spin 1 belonging to the incomplete side of the s-cluster.
More precisely, it proceeds downhill visiting 7; € B}ﬁ*_u*(l, s) for any ¢ = 2,...,0* — 1 and
Mg~ € R@*74*(1,S), which is a local minimum by Proposition 3l In order to exit from the
cycle whose bottom is 7y, the process crosses the bottom of its boundary by creating a unit
protuberance of spin s adjacent to one of the four edges of the s-square, i.e., visits {7j¢4+1} where
Tex11 € Be}*,e* (1,s), see Lemma[B3l Starting from {71}, a typical path towards s proceeds
by enlarging the protuberance to a bar of length two to £* — 1, thus it visits 7« € Bé*,e* (1,s)
for any ¢ = 2,...,0* — 1. FEach of these steps decreases the energy by h, and eventually
the bottom of the cycle is reached, i.e., in the local minimum 7o« € Rp g=11(1,5). Then, the
process exits from this cycle through the bottom of its boundary by adding a unit protuberance
of spin s on any one of the four edges of the rectangular £* x (¢* 4+ 1) s-cluster in 7jag«. Thus,
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it visits the trivial cycle {7jzp«41}, where fage11 € Bl 4o 1(1,5) U Bl ,.(1,5). Note that
the resulting standard cascade is different from the one towards 1. Thus, summarizing the
construction above, we have defined the following sequence of vtj-connected cycles

{m},Cd (h(€" = 1)), {Mes 11}, CP (h(€7 = 1)), {720 1} (5.31)
Note that if 720« € B}*l*_ﬂ(l, s), then the process enters the cycle whose bottom is a con-
figuration belonging to Rg«y1¢++1(1,5). On the other hand, if o € Bl}*Jrl,é*(la s), then the
standard cascade enters the cycle whose bottom is a configuration belonging to Ry« p«12(1, s).
In the first case the cycle has depth h¢*, in the second case the cycle has depth h(£* —1). Iter-
ating this argument, we get that the first descent from 7); to s is characterized by vtj-connected
cycle-subpaths from Ry, ¢,(1,8) to Ry, r,+1(1, ) defined as the sequence of those configurations
belonging to Bélb(l’ s) for any I = 1,...,¢5 — 1. Eventually, a configuration in which this
cluster is either a vertical or a horizontal strip is reached, i.e., it intersects one of the two sets
defined in (B25)-B.20). If the descent arrives in .7, (1, s), then it proceeds by enlarging the

neg
vertical strip column by column. Otherwise, if it arrives in Yn}gg(l, s), then it enlarges the
horizontal strip row by row. In both cases, starting from a configuration with an s-strip, i.e.,
a local minimum in ///feg by Proposition [4.3], the path exits from its cycle by adding a unit
protuberance with a spin s adjacent to one of the two vertical (resp. horizontal) edges and
increasing the energy by 2 — h. Starting from this trivial cycle, the standard cascade proceeds
downhill in a new cycle by filling the column (resp. row) with spins s. More precisely, the
standard cascade visits K — 1 (resp. L — 1) configurations such that each of them is defined
by the previous one flipping from 1 to s a spin 1 with two nearest-neighbors with spin 1 and
two nearest-neighbors with spin s. Each of these spin-updates decreases the energy by h. The
process arrives in this way to the bottom of the cycle, i.e., in a configuration in which the
thickness of the s-strip has been enlarged by a column (resp. row). Starting from this state
with the new s-strip, we repeat the same arguments above until the standard cascade arrives
in the trivial cycle of a configuration o with an s-strip of thickness L — 2 (resp. K — 2) and
with a unit protuberance. Starting from {o}, the process enters the cycle whose bottom is s
and it proceeds downhill either by flipping from 1 to s those spins 1 with two nearest-neighbors
with spin 1 and two nearest-neighbors with spin s, or by flipping to s all the spins 1 with three
nearest-neighbors with spin s and one nearest-neighbor with spin 1. The last step flips from 1
to s the last spin 1 with four nearest-neighbors with spin s. Thus, the first descent from n; to
XS, conditioning to hit this set in s is characterized by the sequence of those configurations

neg

that belong to
K—-1 K—1 K—1 K—1 fs—1 L-1 L—-1
U U R&,@z(las)u U U U Béh&(l,s)u U U R&,fz(las)
Oy =0 L= =0 Lo=0* =1 0= L=
L—1 L—1 £>—1

DU U U Bhns)us, (s ushs), (5.2
Ly=0* bo=0* |=1

To conclude we need to find the standard cascade from 1 to A7.,. Using Theorem and
the symmetry of the energy landscape with respect to the g — 1 stable states, we complete the
proof by taking the union of the standard cascades from 1 to all possible s € X7, given by
E29)-(E32). Finally, (3.28) follows by [55, Lemma 3.13]. O

Proof of Theorem [3.9 Let us assume ¢ > 2, otherwise the result is proven in [60, Section
7.4]. Starting from the metastable state 1, the process hits A}, in any stable state r with
the same probability qfll. The set of typical paths Q‘{”S may be partitioned in two subsets
Q;til ={we€ Q;Us P wN A \{s} =} and Q;tf ={we Q;Us D wN XS \{s} # T} Since
the process follows a path belonging to Q‘{”SQ with probability Z%f > 0, these trajectories also
belong to the tube of typical paths. Thus, the tube T(1) is comprised of those configurations
that belong to all the typical paths that go from 1 to X7, i.e., those states belonging to
Tx;,, (1), and of those configurations that belong to all typical paths from any r € A3, \{s}
to s. Using Remark B3] these last configurations belong to the tube T%°*°(r) given by [12]

Equation 4.25, Theorem 4.3|. Finally, we apply [55, Lemma 3.13] to prove (330). O

35



6 Sharp estimate on the mean transition time from the
metastable state to the set of the stable states

In order to prove our main results on the computation of the prefactor and on the estimate of
the expected value of the transition time from a metastable state to the stable set, we adopt the
potential theoretic approach. In order to apply this method, let us give some further definitions
and some known results taken from [19] [I7] and from [5].

We begin by introducing some further model-independent definitions and results. Consider
any energy landscape (X, H, @) and let h : X — R. We define Dirichlet form as

Es(h) =5 S nslo)Polorn)lh(o) — ()P
" o—BH(0) o—BIH(m—H()]+
=2 3 = (o) = ) (6.1)

o,neEX

Given two non-empty disjoint sets Ay, A2 C X, the capacity of the pair A;, As is defined by

CAP(.Al,.AQ) = h:AI}B}I[IOJ] @Ig(h) (62)

hi g, =Lh 4, =0

Note that from ([G.2]) it follows immediately that the capacity is symmetric in .4; and As. In
particular, the right hand side of (6.2) has a unique minimizer h% 4, known as equilibrium
potential of Ay, Az and given by h¥y, 4,(n) = P(T_Zl < 7';7‘2), for any n € X. Finally, using what
we have just defined, consider the following.

Definition 6.1. A set A C X is said to be p.t.a.-metastable if

i 8o 15 (0)[CAPs (0, AT
Bl_,oo minge 4 p15(0)[CAPg(o, A\{o})] ! 0. (6.3)

The prefix p.t.a. stands for potential theoretic approach and it is used for distinguishing the
Definition from that of the metastable set X™. We remark that the idea of defining a set
as in Definition was introduced in [19], where the authors refer to it as set of metastable
points. We refer to [19] and to [I7, Chapter 8] for the study of the main properties of this set.

Since the identification of a p.t.a.-metastable set is quite difficult if one starts from the
Definition [6.1] we recall [26] Theorem 3.6] where the authors give a constructive method for
defining any p.t.a.-metastable set. In particular, for any 0,7 € X', the authors introduced the
following equivalence relation

o ~ 1 if and ouly if ®(o,n) — H(o) <T™ and ®(n,0) — H(n) <T™. (6.4)

Assumed X\X?® # @, let X”f), ce X(’}Zm) and X(Sl), ce X(Sks) be the equivalence classes in which

X™ and X® are partitioned with respect to the relation ~, respectively.

Theorem 6.1. [206, Theorem 3.6] Assume that X\X* # & and X\(X* U X™) # &. Choose
arbitrarily o,; € X(Si) foranyi=1,...,ks and op ; € X(]m) forany j =1,....kmn. The set
{061y s0s.kas Tm,1s- s Omkn, } 1S @ p.t.a.-metastable.

Remark 6.1. In [I7, Chapters 8 and 16] the authors state the main metastability theorems for
those energy landscapes in which the stable set X* = {s} and the metastable set X™ = {m}
are singletons. In particular, in [I7, Lemma 16.13] the authors prove that the pair A = {m, s}
is a p.t.a.-metastable set.

6.1 Mean crossover time and computation of prefactor: proof of main
results

In this subsection we prove Theorem B.7] by using the model independent results given in [5]
and [I7, Chapter 16], by exploiting the discussion given in |26, Subsection 3.1] and also by
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using some results given in [19],[6]. Let us begin by giving the following list of definitions and
notations.

- With an abuse of notation we consider X as a graph whose vertices are the configurations.
Given two configurations o, € X there is an edge between the corresponding vertices if
it is possible to move from o to 1 (resp. ) to o) in one step of the dynamics.

- Let X, C X be the subgraph obtained by removing all the vertices corresponding to

neg
configurations o € X such that Hyeg(o) > I'it, + Hyeg(1) and also removing all edges

neg
incident to these configurations.

- Let X7, C X be the subgraph obtained by removing all the vertices corresponding to

configurations o such that Hyeg(0) = g+ Hie¢(1) and also removing all edges incident
to these configurations.

- Let P51, (1, AS.,) be the protocritical set and let 6Py, (1, Xyye,) be the critical set. More

neg

precisely, we exploit [I7, Definition 16.3] and define (Gppa(1, X)), Ppra (1, Xis)) a

neg neg
the maximal subset of X x & such that: (1) for any o € Py (1, Xy,,) there ex1sts
n € Cpra(l, X5,) such that o ~ n and for any n € Eppa(l, X3,) there exists o €

neg neg
Ppra(1, Xe,) such that n ~ o;

(2) for any o € '@E’TA(]‘ Xneg) (I)Heg(a’ 1) < (I)Heg(a Xneg)
(3) for any n € Gpra (1, Ao ) there exists a path w : n — A5, such that maxce,, Hneg(¢)—

neg

Hneg( ) < F;r(beg and w N {C eX: q)neg(<7 ) < q)neg(<7 neg)} =

Next, consider Waeg(1, Xeq) = Gaeg U Gneg Where G, and G2, are defined as follows.
- ggeg = {0 € Wheg(1, X,) : the cluster of spins different from 1 has the unit protuberance
on a corner of one of the longest sides of the quasi-square £* x (¢* —1)}.

gﬁeg i= {0 € Wheg(1, ASy): the cluster of spins different from 1 has the unit protuberance on
one of the £* —2 vertices different from the corners of one of the longest sides of the quasi-square

* x (£* — 1)}. Following the same strategy given in [5], let us consider the set

*k m lee S
Xneg (Célt'rfe (Fneg) UCl g(Fneg(Xnega 1))) (65)

[
C
=

where each X(7) is a set of communicating states with energy strictly lower than Dreg (1, X2ey)

neg
and with communication energy ®yeq(1, Xneg) with respect to both 1 and X, Among these

neg

sets we find also the wells Zjl (resp. z; Fnes ) that are connected by one step of the dynamics
with the unessential saddles that in [5, Definitions 3.2 and 3.4] are said to be “of the first
type” (resp. “of the second type”) and that are denoted by o, (resp. ¢;). In view of the above
discussion, let us define the following subsets of X7,

- Aneg = Cx (D) U2 ({0} U D).

Xl sta e
- Bueg = Cy "* (Tneg(Xgog: 1)) DU (G} U 2] s
Before of the proof of Theorem [B.7, it is useful to state the following results.

Lemma 6.1. The cardinality of GL
2)(q — 1), respectively.

and g are |gieg| = 8|A|(q - 1) and |g§eg| = 4|A|(€* -

neg neg

Proof. In G, the protuberance lies at one of the two extreme ends of one of the side of
length £*, hence there are four possible positions. On the other hand, in gneg there are 2(£* —2)
sites in Wthh can place the unit protuberance. In both cases, the quantity 2|A| counts the
number of locations and rotations of the cluster with spins different from 1. Indeed, the quasi-
square with the unit protuberance may be located anywhere in A in two possible orientations.
Furthermore, the factor (¢ — 1) counts the number of possible spins that may characterize this
homogenous cluster. [
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Lemma 6.2. If the external magnetic field is negative, then the set {1, X5, } is p.t.a-metastable.

Proof. Consider the equivalence relation ~ given in ([64). From TheoremB.I] we get that in
the energy landscape (X, Hpeg, Q) the metastable set is a singleton. Hence, there exists only one
equivalence class with respect to ~ given by 7%, itself. On the other hand, A}, ={2,...,q}
and from Equation [B.14) of Theorem B.3 we get that X = {2},..., X7 _,) = {q} are the
equivalence classes with respect to the relation ~ that partition X? .. Thus, by Theorem

neg*

we conclude that the set {1,2,...,q} = {1, A}, } is p.t.a-metastable. O

Proposition 6.1. If the external magnetic field is negative, then
Cg;TA(lﬂ Xxfeg) = Wne%(lﬂ Xxfeg)' (66)

Proof. Following the same strategy of the proof of [I'7, Theorem 17.3|, ([€.8) follows by the
definition of €3y, (1, A,), by Lemmas and by Proposition 51} O

Lemma 6.3. Let n € Wheg(1, A,) and let ) € X' such that 7 := ot for some v € V and

teS,t#n(v). If the external magnetic field is negative, then either Hpeg(n) < Hneg(7]) or
Hhueg(n) > Hieg (7).

Proof. Since 7 € Wheg(1, Xiog) = Ui—y Bi-_1 - (1,1), there exists s # 1 such that 7 €
Bl}*—ll* (1,s). This implies that 7 is characterized by all spins 1 except those, which are s, in
a quasi-square (£* —1) x £* with a unit protuberance on one of the longest sides. In particular,
for any u € V, either n(u) =1 or n(u) = s. If n(u) = 1, then for any t € S\{1}, depending on
the distance between the vertex u and the s-cluster, we have

4— h]l{t:s}a if nl(u) =4 3
Hneg(ﬁ) - Hneg(n) =493- l{t:s} - h]l{t:s}a if nq (U) =3, ns(u) =
2= 2Ly — hlg—gy, if ni(u) =2, ns(u)

Otherwise, if n(u) = 1, for any t € S\{1}, depending on the distance between the vertex u and
the boundary of the s-cluster, we get

(6.7)

1;
2.

4+ h, if ng(u) =
3—1g—1y +hy if nq
2 — 2]1{t:1} +h, ifng
1-—- 3]].{,5:1} +h, ifni(u)=

Hneg(ﬁ) - Htl@g(n) =

We conclude that Hpeg(n) # Hneg(77). O

In [B, Definitions 3.2 and 3.4] the authors define two subsets of unessential saddles for the
metastable transition and they call them respectively unessential saddles of the first type” and
of the second type and in [5, Equations (3.16)-(3.17)] they define the sets K and K. Using
these definitions and Lemma [6.3] we are now able to prove the following.

Lemma 6.4. If the external magnetic field is negative, then the following properties are veri-

fied.
() K=9,K=2.

(b) Anyo e W,

neg

(1, X3.,) is such that o € U'j]:ft” ({oj} U Z}), namely there exist at least a
unessential saddle o; “of the first type” and its well Z} is not empty.

(¢) The set Ujjfb({@} U Z;(“eg) is mot empty, namely there exists at least a unessential
saddle (; “of the second type”.
Proof. By Lemma [6.3] we have that any n € Wyes(1, X,,) that communicates with con-

neg

figurations in the cycles Ci, (I'™ ) U Cf“eg (Theg(Xeg> 1)), in X\, and it does not com-

g\ 1€E neg
municate by a single step of the dynamics with another saddle. This implies that for any
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Figure 17: Example of a unessential saddle ¢ “of the second type” defined in [5] when ¢* = 5.
We color white the vertices with spin 1 and gray the vertices with spin s # 1.

7 € Sneg(1, Xfog) \Wheg (1, X3eg), Visited by the process before visiting the gate Wieg(1, Xy5eq),

neg

it does not exist a path wy : 7 — 7 such that wy NCA o (FTeg) I, w1 N Wheg(1, Xiee) = {0},
and maxyew, Hneg(0) < Preg(1, Ay ). This concludes that K = . Furthermore, for any 7 €
Sneg(L; Xfeg) \Wheg(1, Xiyeg ), Visited by the process after visiting the gate Wheg(1, Xy5,,), there
does not exist wy : 7 — 7 such that w; N Cf“”g (FCneg(Xeg> 1)) = @, w1 N Wheg(1, X)) = {1},

and maX,cw, Hneg(0) < Pneg(1, Ajeg)- This concludes that K = @ and the proof of item (a).

Let us now prove item (b). Using Theorem B we get that any saddle in which the protu-

berance is on one of the shortest sides: o; € Wﬁleg(l Xjeg), is an unessential saddle. Thus, o;

satisfies [5, Definition 3.2] and it belongs to [J; met”({a]}uzl) Moreover, if 0; € Bj. 4. _4(1,5),
and without loss of generality the protuberance is on the shortest side that is north, then it
communicates by one step of the dynamics with a configuration in Bz%*, s«_1(1,s) with a bar of
length two on the north side. This belongs to Z} together with those configurations with a
bar of length [ on the north side belonging to Bé%*_l(l, s) for any [ = 3,...,¢* — 2 and its
bottom is a configuration belonging to R@*_17g*+1(1, s) with the shortest sides that are north
and south. The same arguments hold by replacing north with south, east, west.

Let us now prove item (c) by illustrating an example of unessential saddle “of the second

type”. We choose this unessential saddles as the configuration ¢ € 9C; “eg(l"neg(X 5er 1)) N

neg
(Sneg(1; Xieg) \Wheg (1, Xseg)) in which all the vertices have spin equal to 1 except those, which
are all equal to s for some s # 1, in a cluster that is a square (¢* — 1) x (£* — 1) with a bar of
length two on one of the four sides and a bar of length £* — 2 on one of the two consecutive
sides, see Figure [T
Note that ¢ € Sneg(1, Xjeg) \Wheg(1, Ay3,) since the perimeter of the s-cluster is 4¢* and

since its area is equal to £*(¢* — 1) + 1, and so by (£.4) we get that Hyeg(C) = Hyeg(1) +40* —
h(*(£* = 1) +1)) = Ppeg(1, X2.,). Furthermore, ¢ € 9C; “eg( neg(XSy, 1)). Indeed, by flipping

neg neg’
to s the spin 1 adjacent to the bar of length ¢* — 2, the process intersects a configuration

belonging to Bf. _; ,.(1,8) C C; "eg( neg(Xpegs 1)) O

Now we are able to give the proof of Theorem B7 Since our model is under Glauber
dynamics, we exploit the proof of [I7, Theorem 17.4].

Proof of Theorem [T7] Let us begin to compute the prefactor ([B23) by exploiting the
variational formula for ©peg = 1/Kpeg given in [5, Lemma 10.7]. This variational problem is
simplified because of our Glauber dynamics. Indeed, from the definition of A,es and Bpeg and
from Proposition 6.} we get that X, \(Aneg U Bueg) = €pra (1, Ajey). It follows that there
are no wells inside €ppy (1, XyS,) and any critical configuration may not transform into each
other via single spin-update. We proceed by computing a lower and un upper bound for ©;¢g
as follows.

Upper bound. In order to estimate un upper bound for the capacity we choose a test function
h: Xy, — R defined as
1, ifo € Aneg,
h(o) := 40, if 0 € Byeg, (6.9)

¢, ifoeG .,i=1,2

neg’ —
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where ¢1, co are two constants, see [0, Equation (10.17)]. Thus, we get

On 1 i o~ — h(n))?
ee < (1+0(1 ))Cl,gé?w hxgilg[o . Z Lignnylh(o) — h(n)]
h\Aneg h\Bneg:O MEXe
h‘gi =c;,t=1,2
heg
=(to) min [ > (A=hm)y+ > 5’
(/1,026[ ’ ] G'EAneg UeBneg
NEGE g ri=1,2 NEG) ogri=1,2
o~ o~
=(140(1)) min N=(n)(1 —¢)* + N7T(n)c? 6.10
(o) min [ 3 N m-e?+ Y N@E (610
N€G peg:1=1,2 NEG) egi=1,2
o~ o~

where N=(n) = [{€ € Ul_y Re-1- (1) €~} and N¥(0) 1= [{€ € UL, B2, (1.1) :
& ~n}|. Let us note that

1, ifnpegl
N-(p)=1,ifne , and NT =< nee’ 6.11

(1) = 1, 167 € Ghog U Gy, and N* () {2’ fneg (61

Thus, we have
Oneg < (1 +0(1)) qgg[lm][ Z 1-c)?+e+ Z (1—c2)® + 2¢3]
NEGL e USG9
= (1 + 0(1>> min [|gneg|(2cl —2a + 1) + |g eg|(3cg —2c0 + 1)]7
c1,c2€[0,1]

where the equality follows by the fact that the sums are independent from 7 € ggeg, 1=1,2.
Furthermore, since the minimum value of the function gi(c1) := 2¢f — 2¢; + 1 is 1 and the

minimum value of the function gs(cq) := 303 —2¢c9+11s %, we have

2 1 2 i 4 .
Oneg =10, eg|—+Ig esl3 =5 8IA(a=1)+34[A[(¢"~2)(¢—1) =S |A|(26~1) (¢ 1),

where the second equality follows by Lemma

Lower bound. Since the variational formula for ©,e; = 1/Kpeg given in [0, Lemma 10.7] is
defined by a sum with only non-negative summands, we obtain a lower bound for G,y as
follows

1
Oy > i i - Ligom[h(c) — h(n)]?
e = c1,glé?0,1} hx,g;l—ri[o,u 2 *Z towm [A(0) = h(n)]
h‘Ane h‘Bne =0 a"ne((gPTA(l Xneg))
‘glg :Ci,i:1g,2
where (%;TA(l Xneg)) ;TA(l Xxfeg) U a<gf’KTA(l Xxfeg) B
Note that 065 (1, Xgeg)ﬂereg 1o (Re=p—1(1, s)UBéw*_l(l, s)), with J?_, Re= ¢+—1(1,8) C
Cks (I‘Qég) and U?_, B 4 _1(1,5) C Cf“eg(I‘neg(ereg, 1)). Thus, we have
Ous > min Y ( > n-amEe X )
nee NECETA (1,X5eg) UGUZ:ZRZ*ﬁ*fl(LS)v GEUEZZBE*’E*,I(LS%
o~ o~

— Z min (N‘(n)[l —h]? + N+(n)h2). (6.12)

hel0,1]
o,NECHTA (L, Xneg)

Since the minimizer of the function f(h) := N~ (n)[1 — h]?> + N*(n)h? is humin = N*(Zv\zf)il-(17\7/)+(n_);
we obtain
N-(mN*(@m) _ 4
Opey > — ZIA|20F = 1) (g 1), 6.13
2 > R Ser-one-n. 6

o NECETA (1, )

neg
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where the first equality follows by (611). Finally, [3:22) is proven following the strategy given
in [I7, Subsection 16.3.2] by taking into account the metastable set {1, X;5..} by replacing the
role of Lemma 16.17 with [5, Lemma 10.7], see Remark [6.]]and Lemma 62l O

A Appendix

A.1 Additional material for Subsection
A.1.1 Explicit calculation of the inequality (£.)
We have
Hpeg(Wp+) — Hneg(1) = 40° — h(£*(¢* — 1) + 1),
Hieg(@(k—1)241) — Hneg(1) = 4K — 4 — h(K —1)* — h.
Note that
Hpeg (@) — Hueg (O(r—1)241) = 40* — h(€*)* + h* —AK + 4+ hK? —2hK + h. (A1)

Using the constraints of Assumption B.1]it follows that, we may write £* = % + 1 — 6 where
0 < § < 1 denotes the fractional part of 2/h. Hence, using (A]), we get

Hyeg(Wh+) < Hueg(@W(k—-1)2+1) (A.2)
= A —h({*)? + W — 4K +4+hK? - 2hK +h<0

4 2 2 2 4 4
= ——(Z+1- ZH1-60)— (41— -K———-K*4+2K—-1>

h(h+ 5)+(h+ ) (h+ 6)+h . + >0

8 4 4 4 4 4 2 4 4

- e+ S+ =14+ —-20— - 146+ -K———-1>K?-2K

R S I S o0ty ho =

fif§+éK+527571>K272K

h? h  h = '

Since K > 3(* = 3(# +1— §) and since 0 < § < 1, it follows that
2 * 2 6 6
K? = 2K > K(30') = 2K = 3K(; +1-06) —2K = J K + K 3K > 7 K — 2K.

Moreover, since 0 < § < 1 implies that 6> — § < 0, we have that

4 6 4 4 6 4
NI B "IV LI S I S A3
A TRt (4-3)
Hence, approximately we get that (A2 is verified if and only if
4 6 4 6 4 6 2
L 2 RS 2K oK e = 22 K +2K >0
2 ntRt T A = R

that is an absurd because of the L.h.s. is strictly negative. Indeed, Assumption BII(ii), i.e.,
0 < h <1, implies that —2K + 2K = 2K (1 — +) < 0. Thus, (A2) is not verified and

Hneg(djk*) > Hneg(w(K—l)Q-i-l)- (A4)
A.2 Additional material for Subsection 4.3

A.2.1 Proof of Proposition

Proof. Our aim is to prove ([@47) by constructing a path w : r — s such that

D% — Hyeo(r) = 2min{K,L} + 2 = 2K + 2, (A.5)
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where the last equality follows by our assumption L > K. Let ¢* € X be the configuration
defined as

() = s, ifwv e e, (A.6)
T r, otherwise. '

We define the path w as the concatenation of the two paths w™ : r — o* and w® : 6* — s such
that @™ = Hyee(r) + 2K and ®"% = Hyee(r) + 2K + 2. We define w® = (w”,...,wi)

w®
where wél) = r and where for any i = 1,..., K the state wfl) is obtained by flipping the spin
on the vertex (i — 1,0) from r to s. The energy difference at each step of the path is

4, ifi=1,
Hyeg(wV) = Hyeg(w)) =2, ifi=2,... K1, (A.7)
0, ifi=K.

Hence, arg max u) = {wg)_l,wg) = 0*}. Indeed, in view of the periodic boundary conditions

and of the (A7), we have
1 1
Hieg (Wi ) = Hueg(r) = 2K = Hueg(w)) — Hueg(r). (A.8)

Therefore, % = Hpeg(r) + 2K. Let us now define the path w® . We note that o* has an
s-bridge on column ¢y and so we apply to it the expansion algorithm introduced in Proposition
A4 The algorithm gives a path w® : o* — s such that P8 = Hueg(0*)+2 = Hyeg(r)+2K+2,
where the last equality follows by (Ag). O
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