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Computability Logic (CoL) is a constructive and resource-conscious game semantical approach
to interactive computability which captures dynamic and uncertain multi-agent interactions
[5, 6]. By replacing the classical notion of truth with that of computability, CoL transitions
from a classical logic of states to one of strategies, thus entailing a shift in the understanding of
logical validity [9].

In this framework, formulas are interpreted as interactive computational problems, i.e. games
played between two pre-defined agents: Machine M, the honest player, and Environment E ,
the deceitful adversary. A formula is considered valid if there exists an effective strategy (an
algorithm) for M to win the game against any possible behaviour of E .

The question of decidability for several of expressive fragments of CoL has remained an open
challenge in the last few years. This work focusses on the propositional fragment CL15, a system
whose signature includes negation (¬), parallel disjunction (∨), parallel conjunction (∧) and
branching recurrence operators (◦| , ◦| ).

The core of the present contribution is the formulation of a decision algorithm for CL15.

Theorem 1 (Decidability of CL15 [14]). The propositional fragment CL15 is decidable. Given a
formula F , there exists an effective procedure that determines in a finite number of steps whether
F is provable in CL15, i.e.

CL15 ⊢ F ⇐⇒ F ∈ CL15.

CL15 is a provably sound and complete system within the cirquent calculus (CC) framework
[7, 8]. Unlike traditional sequent calculus, CC is a deep-inference deductive system based on
graph-like structures that allow for the explicit sharing of resources. A CL15-cirquent is defined
as a triple C = (F⃗ , U⃗ , O⃗), consisting of a sequence of formulas, undergroups, and overgroups
all connected by arcs, which enable the system to account for internal and external resource
dependencies of interactive games.

The inference rules of CL15 include standard structural rules alongside specific operational
ones for disjunction, conjunction and recurrence introduction. The unrestricted application of
the contraction rule affects decidability proofs, as it potentially leads to infinite proof-search
branches.

Definition 1 (CL15 rules of inference).

• Axiom (A) : The conclusion of this premiseless rule looks like an array of n diamonds
(with n ≥ 1) where the formulas are ¬F and F , for some formula F ;

• Exchange (E) : Allows for the bottom-up swap of any two adjacent objects in a cirquent,
while preserving all formulas, groups and arcs;

• Weakening (W ) : The premise is obtained by deleting an arc between some undergroup
and a formula;
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• Contraction (C) : The premise is obtained by replacing a recurrence formula of the form
◦| F with two adjacent identical ones ◦| F, ◦| F (with the condition of including them in the
exact same groups the original formula was in);

• Duplication (D) : The premise is obtained by merging any two undergroups or overgroups
from the conclusion and by keeping the same contents;

• Merging (M) : The premise is obtained by duplicating any overgroup from the conclusion
and by keeping the same contents.

• Disjunction introduction (∨) : The premise is obtained by replacing a disjunctive
formula of the form F ∨G with the two adjacent disjuncts F,G and by including them in
the same groups of the original formula;

• Conjunction introduction (∧) : The premise is obtained by replacing a conjunctive
formula of the form F ∧ G with the two adjacent conjuncts F,G and by replacing the
original undergroup with two adjacent undergroups singularly containing the two separate
conjuncts;

• Recurrence introduction (◦| ) : The premise is obtained by replacing a recurrence formula
of the form ◦| F with the formula F and then by inserting anywhere a new overgroup that
contains only F ;

• Corecurrence introduction (◦| ) : The premise is obtained by replacing a recurrence
formula of the form ◦| F with the formula F and by including it in any number of existing
overgroups.

Our algorithm operates by conducting a proof search in a modified version of the system,

designated as CL15C , where the rule of contraction is bounded to one use per branch in the
proof tree. The convergence of this search is established in three steps, i.e. by:

1. Considering CL15 without the contraction rule and showing that it is decidable;

2. Proving that CL15C is equivalent to CL15;

3. Showing that CL15C is, indeed, decidable.

Crucially, we ultimately assess the decidability of the fragment by virtue of three elements
[14]: the finiteness of inference rules; the strictly decreasing size of a novel complexity measure
counting recurrence occurrences in each cirquent; and a bound on contraction application (which
provably ensures the same deductive power by avoiding potential infinite loops).

Our proofs are constructive and syntactic in nature, thus providing a concrete effective
procedure for determining CL15-provability, so that we obtain an algorithm that is inherently
implementable. As CoL is designed to serve as a tool for managing interactive computational
tasks, a decision algorithm provides a reliable engine for automated planning, strategy synthesis
and formal verification where guaranteed algorithmic termination is required. The methodology
developed here for CL15 may also provide a blueprint for tackling the decidability of further
fragments of CoL and their applications in different domains [3, 10, 11, 12, 13].
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