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Abstract. Estimating the importance of arcs and nodes in a network is a

major issue in a variety of applications, from movement analysis to traffic

management and wildfire fighting. This can be done by exploiting the Shapley
value, a concept from cooperative games with transferable utility, as a mea-

sure of the significance of each player in such games. To this end, one can

define games in which the players are network elements (e.g., arcs or nodes).
However, for large networks, the exact evaluation of the Shapley value is com-

putationally demanding. Here, an approach for its approximate computation
is investigated. The network is parameterized by one or more quantities of

interest (e.g., the traffic demand). Smoothness properties of the Shapley value

as a function of such parameters are investigated and exploited to apply ma-
chine learning techniques for its approximate computation. The methodology

is tested on two networks: the one on which the so-called Braess’ paradox (i.e.,

adding a resource may in some cases deteriorate, instead of improving, the
overall network performance) was first observed and the Sioux-Falls network,

a benchmark for network analysis and design, having realistic topology and

demands. Numerical results show the effectiveness of the proposed machine
learning approximations of the Shapley value.

1. Introduction. A major issue in network analysis consists of defining and mea-
suring the “importance” of its nodes/arcs. This can help decision-makers, e.g., in
detecting weak network components, identifying and preventing failures, control-
ling fire outbreaks in extensive wilderness areas, and, in general, improving network
connectivity (for instance, in terms of access, costs, flow, reliability, and travel time).

To quantify the relative importance of nodes, a possible approach is based on
the concept of centrality [29]. Among classical measures of node centrality, degree
centrality is based on the concept of node degree, computed starting from the in-
formation on the network encoded by its adjacency matrix. Closeness centrality of
a node i corresponds to the inverse of the sum of the lengths of the shortest paths
between i and all the other nodes. Betweenness centrality is defined in terms of the
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comparison of the number of all the shortest paths between any pair of other nodes
that include (do not include, resp.) the node i. Eigenvalue centrality relies on the
idea that the importance of i is related to its connection to nodes with a high score.

However, classical measures of node centrality present several drawbacks. For
instance, they do not consider how a network behaves if any subset of nodes is
removed. Moreover, typically they do not consider the Origin-Destination (OD)
demand. Finally, some relevant transportation-related network properties (e.g., arc
capacity, route choice, and traffic congestion) are not easily captured (especially
jointly) by such classical measures.

Alternative measures of node centrality are based on solution concepts coming
from cooperative game theory [31] and can deal with such drawbacks. Another
advantage is that, differently from most classical measures of node centrality, game-
theoretical measures of node centrality can be extended in a straightforward way to
evaluate the centrality of the network arcs1. Moreover, game-theoretical measures
of arc centrality may take negative values for some arcs, even when all the arc costs
are non-negative [34]. This is relevant from a network design perspective since it
may be convenient to remove such arcs from the network. Applications of game-
theoretical measures of centrality range, e.g., from movement analysis [19] to traffic
networks [34] and wildfire fighting [1, 39].

In this work, we introduce one among such game-theoretical measures of arc
centrality, which is based on a solution concept from cooperative game theory, the
Shapley value [42], and we investigate its advantages and limitations. The proposed
model is a cooperative game with transferable utility, where the players are a subset
of arcs in the network and the utility is defined in terms of user equilibrium.

We discuss computational issues related to the evaluation of the Shapley value
in the game and investigate its smoothness properties with respect to parameters
of interest (i.e., the traffic demand). Such properties are exploited to estimate the
accuracy of its computation via Machine Learning (ML) techniques. This motivates
the application of ML methods for its approximation.

Two case studies are considered to illustrate the proposed approach via extensive
numerical results. The first refers to the Braess’ network, in which the so-called
Braess’ paradox (according to which including one additional resource in a network
may, in some cases deteriorate, instead of improving, its overall performance) was
first discovered. The second case study is related to the Sioux-Falls network. This
is a medium-sized network having realistic topology (with 24 nodes and 76 arcs)
and realistic demands, which is often used as a benchmark for network analysis and
design.

Preliminary results were presented at a conference [13]. In particular, Sections 2,
3, 4, 5.1, and 7 are improved and expanded versions of the corresponding sections
in [13], whereas Sections 5.2 and 6 are completely novel2.

1However, a variation of betweenness centrality (called edge betweenness centrality [12]) holds
for edges.

2From the numerical point of view, the conference paper [13]: does not present any result for

the two-dimensional version of Case Study 1 (see Section 5.2 of the present manuscript); does not
consider training with a noisy training set (generated either by the Monte Carlo or the Kernel
Shap method) in the case of the real-world network investigated here in the Case Study 2 (see
Section 6); considers only the application of one ML model (the Artificial Neural Network model,
ANN), not the ε-Support Vector Regression model (ε-SVR; Section 5.1); does not compare the

results in terms of the normalized Kendall τ ranking distance (see again Section 5.1 of the present
manuscript).
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The paper is organized as follows. Section 2 contains some basic definitions and
concepts related to cooperative games with Transferable Utility (TU games) and
introduces the family of Transportation Network cooperative games (TNc games),
which provide the theoretical framework of the analysis. In Section 3, the TNc
game based on the user equilibrium is introduced. Section 4 is devoted to the use of
ML for Shapley value approximation. In Sections 5 and 6, numerical results on the
Braess’ network and the Sioux-Falls network are presented, respectively. Finally,
Section 7 is a discussion.

2. Preliminaries: cooperative games on networks.

2.1. Cooperative games with transferable utility. A cooperative game with
Transferable Utility, or TU game, is a pair (N, v) defined in the following way: N
represents a set of players (this set is also called grand coalition); each subset S ⊆ N
is called a (sub)coalition. The real-valued mapping v : 2N → R (in which 2N is the
power set of N , i.e., the set of all its possible subsets), is named characteristic
function (or utility function). It assigns to each coalition S the value v(S). This
represents the utility that can be obtained jointly by all the players belonging to
S when they do not receive any contribution from the other players (i.e., those
belonging to N \ S). By definition, for the empty coalition (i.e., the one containing
no players), one has v(∅) = 0. The quantity v(N) represents the total utility of
the grand coalition N , whereas, for every player i, v({i}) is the utility achieved by
player i alone.

In TU games, each player can transfer part of its utility to any other player
without incurring any loss (e.g., through a common “currency”, valued in the same
way by each player). TU games can be investigated and solved by relying on suitable
solution concepts of cooperative game theory. Each of them represents a criterion for
dividing the total utility v(N) of the grand coalition among the individual players.
The higher the amount of the total utility assigned to one player by a solution
concept, the higher the importance of that player in the grand coalition. In this
work, we adopt as a solution concept the Shapley value, which is defined as follows:

Sh(i) =
∑
S⊆N

(|S| − 1)!(|N | − |S|)!
|N |!

[v(S)− v(S \ {i})], ∀ i ∈ N. (1)

In the above, v(S)− v(S \ {i}) represents the marginal utility3 of player i when one
moves from the coalition S \ {i} to the coalition S. Hence, according to Equation
(1), the Shapley value Sh(i) of player i represents the expected marginal utility
of that player, when the expectation is computed across all the possible coalitions,
and the players, starting from the empty coalition, enter sequentially the grand
coalition in a random order of appearance (in such a way that all the |N |! orders of
appearance have the same probability 1/|N |!). This interpretation of the Shapley
value allows one to adopt this solution concept as a measure of the importance
of the players even in frameworks in which such players cannot be assumed to be
rational decision-makers. This occurs, for instance, in the case of features in games

3In this article, one defines the marginal utility of each player i as v(S)− v(S \ {i}), i.e., with
respect to a coalition S from which that player is removed (if initially present, otherwise the two
coalitions S and S \ {i} are identical); equivalently, this marginal utility could have been defined

as v(S∪{i})−v(S), i.e., with respect to a coalition S to which player i is added (if initially absent,
otherwise the two coalitions S ∪ {i} and S are identical).
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associated with supervised ML problems [8], and in the case of genes in the so-called
microarray games [26].

Finally, we recall here several properties of TU games that will be considered in
some parts of the work (see, e.g., [7,38] for further discussions on such properties).
A TU game (N, v) is called

• subadditive when v(S ∪ T ) ≤ v(S) + v(T ) is valid for any pair of disjoint
coalitions S, T ⊆ N ;

• superadditive when v(S ∪ T ) ≥ v(S) + v(T ) is valid for any pair of disjoint
coalitions S, T ⊆ N ;

• monotonic when v(S) ≤ v(T ) is valid for any S, T ⊆ N for which S ⊂ T ;
• convex when v(S ∪ T ) + v(S ∩ T ) ≥ v(S) + v(T ) is valid for any S, T ⊆ N ;

• cohesive when v(N) ≥
k∑

i=1

v(Si) is valid for any partition {S1, . . . , Sk} of N .

It follows from the definitions above that any convex game is also superadditive,
whereas any superadditive game is also cohesive.

2.2. Transportation network cooperative games (TNc games). Let a di-
rected graph G = (V,A) be given, where V is a set of nodes, and A ⊆ V × V is
a set of arcs. In the game-theoretical approach adopted in this work, the set N of
players is modeled as a subset of (critical) arcs (i.e., arcs on which the analysis is
focused). The directed graph associated with a generic coalition S ⊆ N is denoted
by

G(S) := (V, S ∪ (A \N)). (2)

In other words, the directed graph G(S) has the same set of nodes as the original
directed graph G, it contains the arcs of the coalition S, and all the arcs that do
not belong to the player set N of the game (N, v). In this framework, nodes can
represent, e.g., critical transportation components, intersections, points of interest,
stations, stops, and transportation centroids. Similarly, arcs can represent, e.g.,
physical connections between pairs of nodes, such as entire routes, parts of routes,
rails, and roads.

The characteristic function can be defined in such a way as to model a broad
range of transportation features, e.g., assigned demand, connectivity, distance, and
travel time-saving. For instance, in [17], various Transportation Network coopera-
tive games (or TNc games) were defined, by modeling the characteristic function of
each TU game taking into account the TN topology and some network attributes4.
Then, each TU game was solved in terms of the Shapley values of all the players,
represented therein by the nodes of the network. The resulting Shapley values were
exploited to evaluate the centrality of each node in the network. Theoretical prop-
erties of this measure of centrality were analyzed in [14, 17]. However, a drawback
of the characteristic functions considered in [17] is that they are not able to model
traffic congestion. Indeed, they refer to cases in which the cost of every arc is given
in an exogenous way. In this article, instead, we are interested in taking into account
traffic congestion to model such costs. Moreover, we consider the arcs as players
(instead of the nodes). As detailed in the next section, the utility of each coalition
can be defined based on the equilibrium flows arising in a related traffic assignment
problem [37].

4In [17], undirected graphs were considered, with no substantial change in the definition of a
TNc game.
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3. The TNc game based on the user equilibrium. In the article, we adopt
the following notations and definitions related to equilibrium flows. First, let W
denote a set of Origin-Destination (OD) pairs, i.e., a subset of ordered pairs of
nodes of G. The demand associated with an OD pair w ∈ W is denoted by dw,
whereas the vector of demands is represented by d. A path (i.e., a sequence of
nodes v1, . . . , vk ∈ V such that for each i from 1 to k − 1, one has (vi, vi+1) ∈ A)
is denoted by p, whereas the non-negative flow on the path p in G (which can be
thought as a uniform non-negative quantity traversing the sequence of all the arcs
of p) is represented by xp, and the vector of path flows by x. Analogously, the flow
on the path p in G(S) is denoted by xp(S), and the vector of all the path flows in
G(S) by x(S).

The non-negative flow on the arc i is represented by fi, and the vector of all the
arc flows by f . The set of acyclic paths (i.e., paths in which no vertex is repeated)
joining the OD pair w is denoted by Pw, whereas the set of all the paths that join
the OD pair w in G(S) is represented by Pw(S), and the set of all the paths that join
the OD pairs in G (resp., G(S)) is denoted by P (resp., P (S)). The (non-negative)
cost on the arc i related to the flow vector f (i.e., the time needed to traverse that
arc) is represented by ci(f). The incidence arc-path matrix is denoted by ∆. Its
elements are defined as follows: ∆i,p := 1 when arc i belongs to path p, 0 otherwise.
To conclude, the user cost on the path p in G (resp., G(S)), which is the sum of
the costs on all the arcs of such path, is represented by Cp(x) (resp. Cp(x(S))),
whereas the vector of the costs on all the paths in G (resp., G(S)) is denoted by
C(x) (resp., C(x(S)).

The vector of arc flows f and the vector of path flows x are related as follows:
fi =

∑
p∈P ∆i,pxp. A path flow x is defined as feasible if it satisfies all the demands,

i.e., if
∑

p∈Pw
xp = dw for any OD pair w ∈ W .

In the article, a characteristic function based on the user equilibrium is consid-
ered, based on the following work hypothesis: all the drivers have perfect knowledge
of the travel costs associated with all the arcs of the network, and select the best
route based on the so-called Wardrop’s first principle [45], according to which “no
driver can unilaterally reduce his/her travel cost by shifting to another route” (see
also the concept of Nash equilibrium [28]). In this way, a deterministic user equilib-
rium is achieved.

In the following, we define F as the set of coalitions S ⊆ N for which, given any
OD pair w ∈ W , there exists at least one path in G(S) that connects w. For any
coalition S ∈ F , a Wardrop equilibrium, or User Equilibrium (UE), in the network
G(S) is defined as any feasible path flow vector x̄(S) for which, given any OD pair
w ∈ W and any p ∈ Pw(S), one has

Cp(x̄(S))

{
= λw(S) if x̄p(S) > 0,

≥ λw(S) if x̄p(S) = 0,
(3)

where λw(S) can be interpreted as the “equilibrium disutility” for the OD pair w.
In other words, both x̄(S) and the vector λ(S) are implicitly defined as solutions to
the set of all the equilibrium conditions of the form (3) obtained by varying w ∈ W
and p ∈ Pw(S). Morover, it can be proven that looking for a Wardrop equilibrium
x̄(S) reduces to solving the following variational inequality [10, 43]: find x̄(S) such
that

⟨C(x̄(S)), x(S)− x̄(S)⟩ ≥ 0, for any feasible path flow x(S). (4)
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Once x̄(S) is found5 by solving problem (4), its corresponding disutility vector λ(S)
is obtained directly from conditions (3), by looking at the paths p ∈ Pw(S) for
which x̄p(S) > 0 (there is always at least one such path, due to the feasibility of
x̄(S)). Finally, the Total Cost (or total travel time) associated with the Wardrop
equilibrium x̄(S) is defined as

TCue(x̄(S)) =
∑
w∈W

∑
p∈Pw(S)

x̄p(S)Cp(x̄(S)). (5)

It is worth noting that, when multiple Wardrop equilibria x̄(S) exist, this total
travel time does not depend on the specific choice of one among these Wardrop
equilibria if, for each coalition S ∈ F , the arc equilibrium flow is unique. This
occurs, e.g., when the costs of the arcs are continuous, separable, and increasing
functions of the respective flows6 [9, 37]. Under this assumption on the costs of
the arcs (which is made in the rest of the work)7, TCue(x̄(S)) depends only on
S – hence, with a slight abuse of notation, it can be denoted as TCue(S) – and
its values obtained by varying the coalition S ∈ F define the total cost function
TCue : F → R.
Definition 3.1. Based on the total cost function TCue : F → R, we define the
characteristic function vue : 2N → R by considering the following two cases:

(a) When the empty coalition ∅ ∈ F (i.e., all the coalitions are in F), one sets

vue(S) := TCue(∅)− TCue(S), ∀ S ⊆ N. (6)

(b) When the empty coalition ∅ /∈ F (i.e., some coalitions are in F and others do
not), one sets

vue(S) :=


[
max

S′∈Fm

TCue(S′)

]
− TCue(S) if S ∈ F ,

0 if S /∈ F ,
∀ S ⊆ N, (7)

where Fm ⊆ F is the subset ofminimally connected coalitions, i.e., the coalitions
for which removing any player makes the resulting coalition not an element of
F .

An example of computation of the characteristic function vue is reported in Tables
1–4 of [34, Appendix]; it refers to the same case study considered in Section 5.1. The
Wardrop equilibria are computed therein in closed form for each coalition and each
value of a scalar traffic demand d, then their associated total costs are evaluated,
and finally the characteristic function is computed, based on Definition 3.1.

The following is an interpretation of the characteristic function vue. In case (a),
the utility of the coalition S can be interpreted as its cost-saving with respect to
the empty coalition. In case (b), when it is possible to serve the whole demand, the
utility of the coalition S can be interpreted as its cost-saving with respect to the
maximum cost of a minimally connected coalition; otherwise (i.e., when it is not

5Its existence is guaranteed, e.g., if the costs of the arcs are continuous functions [9, 37]; in

addition, if they are separable and increasing functions of the respective flows, then the uniqueness

of the arc equilibrium flow is guaranteed, as discussed below.
6This assumption is satisfied for all the case studies reported in this work.
7If multiple Wardrop equilibria exist but the arc equilibrium flow is not unique for a given

coalition S ∈ F , different such Wardrop equilibria x̄(S) would be expected to be associated, in
general, with distinct total travel times TCue(x̄(S)). In this case, one could redefine TCue(S) as

either the supremum or the infimum of such total travel times (depending on the desired degree

of conservativeness in its definition).
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possible to serve the whole demand), it equals 0. In the first case, subtracting the
costs associated with the various coalitions from the maximum cost is made with
the aim of mapping disutilities (costs) to utilities (savings).

It was proven in [34] that, in general, the game having the characteristic function
vue reported in one of the two parts of Definition 3.1 is not monotonic, not cohesive,
not subadditive, and not convex.

4. Machine learning for Shapley value approximation.

4.1. Computational issues in TNc games. Evaluating the Shapley values in
TNc games defined on extensive networks presents several computational issues.

The main problem has to do with the required computational effort, which typi-
cally increases exponentially with the number of players [24] (for some special cases
in which this does not happen, see, e.g., [19, 24]). Only in some contexts, such a
computational effort can be reduced by restricting suitably the set of players to
some nodes or arcs of interest (see [15,16]). The computational requirement is even
larger for a game whose characteristic function measures traffic congestion [34,35].
Indeed, as shown in Section 3, in this case, the characteristic function has to be
computed by solving a variational inequality for every coalition (see Section 3). A
further increase of the computational effort occurs in the presence of parameters
(e.g., the traffic demand), since the Shapley values have to be computed for several
choices of each parameter.

A Monte Carlo approach can be exploited for the approximate evaluation of the
Shapley value in TNc games. Loosely speaking, in such an approach, the expectation
in the definition of the Shapley value is replaced by an empirical average. This
approach is followed, e.g., in [6], where the ApproShapley algorithm was proposed
for generic TU games. The algorithm was then specialized to TNc games in [15].
In this context, theoretical guarantees such as unbiasedness and bounds on the
variance of the Monte Carlo estimate of each Shapley value were obtained in [15].
Recently, a method based on weighted least-squares regression (the Kernel Shap [22])
was proposed for the approximate evaluation of Shapley values in TU games. It
is worth remarking that, although both the Monte Carlo approach and the Kernel
Shap method can be exploited to approximate the Shapley values in TNc games
whose characteristic functions depend on some parameters, their direct application
is limited to fixed choices of such parameters (i.e., they cannot be used directly
to generalize their estimates to other values of the parameters, unless they are
combined with ML techniques).

4.2. Smooth Shapley values. For certain TNc games, smoothness properties of
the Shapley value can be proved. We are interested, in particular, in cases where
the Shapley value is a Lipschitz continuous function, with Lipschitz constant L, of
a parameter.

We shall exploit the following result from [21], which implies Lipschitz continuity
of the Shapley value with respect to the traffic demand in the TNc games modeling
traffic congestion based on the user equilibrium, defined in Section 3.

Theorem 4.1. [21] If the arc cost function fi of every arc i is increasing and
continuously differentiable, then the arc equilibrium flow is a Lipschitz continuous
function of the traffic demand.
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Corollary 4.2. Under the assumptions of Theorem 4.1, the Shapley value of each
player in a TNc game with the characteristic function vue is a Lipschitz continuous
function of the traffic demand.

Proof. The statement follows by combining the definition of the Shapley value pro-
vided in Equation (1) with one of the two expressions (6) and (7) of the characteristic
function vue provided in Definition 3.1, the expression of the total cost provided in
Equation (5), and the statement of Theorem 4.1.

4.3. Accuracy of Shapley value computation via machine learning. In the
following, we discuss an alternative approximate evaluation of the Shapley value,
which is based on ML. It can be motivated theoretically, e.g., when the Shapley value
is a smooth function of a parameter. This approximation can also be combined with
the Monte Carlo approach or the Kernel Shap method, when the training set used
to train the learning machine (i.e., to find the optimal values of its parameters)
is noisy. In the univariate case, such an approximation is based on the following
theoretical result.

Proposition 4.3. Let I be a bounded and closed interval with length µ(I),
f : I → R be Lipschitz continuous with Lipschitz constant L, σ : R → R be a
sigmoidal activation function8, and M ∈ N \ {0}. Then,

inf
am,bm,cm∈R,
with m=1,...,M

sup
z∈I

∣∣∣∣∣f(z)−
M∑

m=1

cmσ(am z + bm)

∣∣∣∣∣ ≤ cσµ(I)L

M + 1
, (8)

where cσ > 0 depends only on the choice of σ9.

Proof. The result follows by an application of [11, Theorem 1] on the nonlinear
approximation of univariate functions of bounded variation by one-hidden-layer
feedforward artificial neural networks, as a Lipschitz continuous function f with
Lipschitz constant L is also of bounded variation on a bounded and closed interval
I, with its variation V (f) bounded from above by µ(I)L.

According to Proposition 4.3, under the Lipschitz continuity property (with con-
stant L), in the univariate case (i.e., when |W | = 1 and dw = d), one can approxi-
mate the Shapley value of every arc on any bounded and closed interval I by using
a one-hidden-layer feedforward artificial neural network with a sigmoidal activation
function σ and M computational units, i.e., one having the form

fM (d) =

M∑
m=1

cmσ(am d+ bm), (9)

obtaining a sup-norm approximation error on I smaller than or equal to cσµ(I)L
M+1 +ε

(with ε > 0 arbitrarily small), where am, bm, cm ∈ R, with m = 1, . . . ,M , are
parameters to be optimized during the training of the network.

Moreover, Proposition 4.3 suggests the application of supervised ML methods to
approximate each Shapley value function10 (say, f(d)) by using a neural network

8I.e., a bounded, differentiable, and real-valued function defined for all real input values, having

non-negative derivative at each point, and exactly one inflection point.
9To get a simpler expression, the right-hand side of (8) can also be bounded from above by

(cσµ(I)L)/M .
10This remark extends to the case of the approximation of the percentage Shapley value func-

tions considered later in Equation (11). In fact, when the Shapley value functions are Lipschitz
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of the form (9) and a training set made of a finite number of pairs of the form
(dh, f(dh)), for h = 1, . . . ,H ∈ N \ {0}.

It is worth observing that higher-order smoothness of the Shapley value with
respect to the vector of demands could be needed to extend the upper bound on the
sup-norm approximation error of Proposition 4.3 to the case in which the Shapley
value is a function of two or more parameters (although Proposition 4.3 could be
still applied directly if its domain were restricted to a segment, because a univariate
function would be obtained in this way). However, smoothness higher than Lips-
chitz continuity is not expected to hold in general, because a change in the vector of
demands could also change the set of positive path flows x̄p(S) at the Wardrop equi-
librium, possibly resulting in loss of differentiability of the Shapley value11. Such
a loss of differentiability could be also motivated by the fact that, in several cases,
solving the variational inequality (4) is equivalent to solving a suitable constrained
optimization problem12 [25], for which a change in the vector of demands could also
change the set of active constraints at optimality.

5. Case study 1: the Braess’ network. Braess’ paradox [3, 4] highlights the
reason why adding one resource to a network may, in some cases, deteriorate, instead
of improving, the overall network performance. Indeed, the Wardrop equilibrium
can be interpreted as a Nash equilibrium with an infinite number of non-atomic
players (i.e., having a negligible individual impact on the outcome of the game), and
Nash equilibria are typically not efficient from a social planner perspective (see also
the concepts of price of anarchy and price of stability [41]). For any positive integer
n, a special graph with n vertices (which is known in the literature as n-th Braess’
graph [40]) exists, for which it is possible to prove that such a phenomenon occurs.
Although originally (and still typically) studied in the framework of transportation
networks, Braess’ paradox is also relevant in several other contexts of application,
such as in the cases of telecommunications networks and the Internet, mechanical
and electrical networks, metabolic networks, and even sports analytics (see [27] for
a recent review article on the Braess’ paradox).

In this section, we consider the TNc game (N, vue) defined on the network repre-
sented in Figure 1 and introduced by Dietrich Braess in [3], in which the paradox was
first discovered. The unique Origin-Destination pair is (1, 4) and we assume that
the set of all the players coincides with the set of all the arcs, i.e., N = {q, r, s, t, u}.
Accordingly, the characteristic function vue is expressed by part (b) of Definition
3.1. In Section 5.1 we will analyze the approximation of the Shapley value of every
arc as a function of the traffic demand, while in Section 5.2 the approximation of the
Shapley values as functions of both the traffic demand and an arc cost parameter
will be investigated.

continuous, also the percentage Shapley value functions are Lipschitz continuous, provided that
their denominators are bounded away from 0. In this case, indeed, they are compositions of
Lipschitz continuous functions, hence they are Lipschitz continuous, too.

11This loss of differentiability is observed, e.g., in the case study related to the Braess’ network,

which is reported in Section 5.
12Hence, in these cases, an alternative way to find x̄(S) and the corresponding λ(S) consists

first in solving that optimization problem (finding x̄(S)), then determining λ(S) directly from the
equilibrium conditions (3).
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Figure 1. Braess’ network.

5.1. Shapley values as functions of the traffic demand. The arc cost func-
tions are defined as follows (see [3]):

cq(f) = 10fq,
cr(f) = fr + 50,
cs(f) = fs + 10,
ct(f) = ft + 50,
cu(f) = 10fu,

(10)

where fq, . . . , fu denote the arc flows, and we assume the traffic demand d from node
1 to node 4 varies in the interval [1, 10]. To better compare the arcs in terms of
the Shapley value, we computed the percentage Shapley value of every arc i, defined
as13

PercSh(i) =
Sh(i)∑

j∈N

Sh(j)
· 100%. (11)

We tested two ML models to approximate the percentage Shapley value of every
arc: a one-hidden-layer feedforward artificial neural network of the form (9) and an
ε-support vector regression [44].

The neural network had M = 20 computational units, the training was based on
the minimization of the square loss function, while the training inputs were dh =
1+0.3(h−1) with h = 1, . . . ,H = 31. The neural network training was performed by
batch gradient descent implemented by backpropagation, with a learning rate equal
to 0.01 and 10, 000 training epochs. For scaling reasons, the input d was mapped
linearly onto the interval [0, 1] and the weights am, bm, cm of all the computational
units in (9) were initialized by realizations of random variables, uniformly and
independently distributed on the interval [−1, 1].

In the ε-support vector regression model we used the same training set as in the
neural network model, we set the width of the ε-tube to ε = 0.5, the soft margin
parameter to C = 100 and a Gaussian kernel with parameter γ = 10 was chosen.

The values predicted by both models were then plotted on the interval [1, 10]
using a finer discretization with a step size of 0.01. Figure 2 shows, for each arc of
the network, the exact percentage Shapley value (blue line), which can be computed
in closed form14 for this case study [34], the training points (blue circles) and the
percentage Shapley value predicted by the Artificial Neural Network model (ANN,
red dashed line) and the ε-Support Vector Regression model (ε-SVR, green dashed

13It is worth observing that, due to the efficiency property of the Shapley value, the denominator∑
j∈N

Sh(j) of each percentage Shapley value is the total utility of the grand coalition N . This is

bounded away from 0 for all the case studies considered in the work.
14Its closed-form expression can also be obtained from the next Equations (13)–(15), specialized

to the case a = 10.
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(a) Arcs q and u.
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(c) Arc s.

Figure 2. Braess’ network: percentage Shapley value of every arc
as a function of the traffic demand: exact values and predicted
values by the ANN and ε-SVR models.

line). In both cases, the resulting approximations look quite good, apart from the
region around the spikes in parts (A) and (C) of Figure 2, which are likely due to
the small density of training points in that region15.

Table 1 shows the average absolute error, computed on the finer discretization,
between the exact percentage Shapley value of every arc and the percentage Shapley
value predicted by the ANN and ε-SVR models. We note that almost all values are

15It is worth remarking that some players have the same Shapley value for all values of d (see the

next footnote 16 for a justification of this behavior). By exploiting this a priori knowledge, a single
ML model is trained for each of such players. Indeed, no changes would be obtained by training

a separate ML model for each such player (all other things being equal, e.g., the initialization of
the weights in the case of the ANN model), since the two respective training sets are essentially
the same. In the case of noisy labels, however, training a single ML model for two players with
the same Shapley value (e.g., by joining the two training sets associated with each such player) is
expected to be preferable to training a separate ML model for each of them. Indeed, in that case,

one would get two different noisy estimates of the same label (i.e., the common Shapley value) for
each value of the demand d in the training set, instead of one.
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Table 1. Braess’ network with varying traffic demand: average
absolute error between the exact percentage Shapley value of every
arc and the percentage Shapley value predicted by the ANN and
ε-SVR models; average normalized Kendall distance between the
ranking of players based on the exact Shapley values and their
ranking based on the Shapley values predicted by either the ANN
or ε-SVR model.

Arc ANN ε-SVR

Avg. absolute error q 0.2462 0.5800
r 0.2064 0.4997
s 1.0795 0.8040
t 0.2064 0.4997
u 0.2462 0.5800

Avg. norm. Kendall distance 0.0866 0.0007

less than 1 and that the ANN model provided better predictions than ε-SVR for
all the arcs except for the arc s. Moreover, in the last row of Table 1 we show the
average normalized Kendall τ distance between the ranking of players based on the
exact percentage Shapley values and their ranking based on the percentage Shapley
values predicted by either the ANN or ε-SVR model. We recall that, given two
permutations π = (π1, . . . , πn) and φ = (φ1, . . . , φn) of the numbers 1, . . . , n, the
normalized Kendall τ ranking distance [18] between π and φ is defined as

K(π, φ) =
|{(i, j) : i < j, (πj − πi)(φj − φi) < 0}|

n(n− 1)/2
.

Notice that the ε-SVR model provided better performance than the ANN model in
terms of the ranking of players. This is not in contrast with the results reported
above regarding the average absolute error, since this is a different metric.

5.2. Shapley values as functions of the traffic demand and arc cost. In
this section, we assume that the traffic demand d from node 1 to node 4 varies in
the interval [1, 10] and that the arc cost functions are defined as follows:

cq(f) = 10fq,
cr(f) = fr + 50,
cs(f) = fs + a,
ct(f) = ft + 50,
cu(f) = 10fu,

(12)

where the parameter a varies in the interval [0, 20]. Since the user equilibrium can
be computed in closed form for any value of the pair of parameters (d, a), after
some computations it is possible to get the following explicit formulas for the exact



SHAPLEY VALUE APPROXIMATION VIA MACHINE LEARNING 13

Shapley value of every arc16 as a function of the pair of parameters (d, a):

Sh(q) = Sh(u) =



d (2000− 367d− 40a)

120
if d ≤ 50− a

11
,

d (2610d+ 151a− 7550)

1560
if d ∈

[
50− a

11
,
50− a

10

]
,

d (7030d+ 593a− 29650)

1560
if d ∈

[
50− a

10
,
50− a

4.5

]
,

d (466d+ 29a− 1450)

120
if d ≥ 50− a

4.5
,

(13)

Sh(r) = Sh(t) =



11 d2

40
if d ≤ 50− a

11
,

11d (235d+ 19a− 950)

1040
if d ∈

[
50− a

11
,
50− a

10

]
,

3d (1555d+ 139a− 6950)

1040
if d ∈

[
50− a

10
,
50− a

4.5

]
,

3d (103d+ 7a− 350)

80
if d ≥ 50− a

4.5
,

(14)

Sh(s) =



d (500− 133d− 10a)

30
if d ≤ 50− a

11
,

d (465d+ 151a− 7550)

1560
if d ∈

[
50− a

11
,
50− a

10

]
,

d (985d+ 203a− 10150)

1560
if d ∈

[
50− a

10
,
50− a

4.5

]
,

d (d− a+ 50)

120
if d ≥ 50− a

4.5
.

(15)

Also in this case we tested the ANN and ε-SVR models to approximate the per-
centage Shapley value of every arc. Training inputs (dh, ah′) were chosen as dh =
1 + 0.2(h − 1), with h = 1, . . . , 46, and ah′ = 0.4(h′ − 1), with h′ = 1, . . . , 51.
The parameters of the ANN model were the same as in Section 5.1, while we set
parameters ε = 0.0001, C = 500 and γ = 500 for the ε-SVR model.

The predicted values by both models were then plotted on the box [1, 10]× [0, 20]
using a finer discretization with step sizes of 0.05 and 0.1, respectively. Figure 3
shows the level sets of the percentage Shapley value as a function of the pair of
parameters (d, a). The exact value for each arc is displayed in subfigures A, D, G,

16 Interestingly, some pairs of players (arcs q and u in one case, arcs r and t in another case)
turn out to have, in general (i.e., for all values of d), the same Shapley value. This occurs despite

the fact that, in general, they are not symmetric players in the sense of the theory of TU games.
For instance, it turns out from [34, Tables 1–4] that, in general, vue({q, t}) ̸= vue({t, u}) or
vue({q, r, s}) ̸= vue({r, s, u}), which proves that, in general, q and u are not symmetric players.
Nevertheless, since it still follows from [34, Tables 1–4], due to the identical functional form of some
arc cost functions in (12), that other coalitions have, in general, the same value of the characteristic

function (e.g., vue({q, t}) = vue({r, u}), and vue({r, s, u}) = vue({q, s, t})), it turns out that q and
u have, in general, the same Shapley value.
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Percentage Shapley value of arcs q and u: exact value
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(a) Exact values for the arcs
q and u.

Percentage Shapley value of arcs q and u: approximated value with ANN
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the arcs q and u with ANN.
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(c) Approximated values for
the arcs q and u with ε-SVR.

Percentage Shapley value of arcs r and t: exact value
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(d) Exact values for the arcs
r and t.

Percentage Shapley value of arcs r and t: approximated value with ANN
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(e) Approximated values for
the arcs r and t with ANN.
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(g) Exact value for the arc
s.

Percentage Shapley value of arc s: approximated value with ANN
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Figure 3. Braess’ network: percentage Shapley value of every arc
as a function of the traffic demand d and the parameter a: exact
values and predicted values by ANN and ε-SVR models.

while the predicted values by the ANN and ε-SVR models are in subfigures B, E,
H and C, F, I, respectively.

Table 2 shows the average absolute error between the exact percentage Shapley
value of every arc and the percentage Shapley value predicted by the ANN and ε-
SVR models. Moreover, the last row shows the average normalized Kendall distance
between the ranking of players based on the exact Shapley values and their ranking
based on the Shapley values predicted by either the ANN or ε-SVR model. Notice
that, also in this case, the ε-SVR model provided a very good approximation of the
exact ranking of players when averaging with respect to all the values considered
for the pair of parameters (d, a).
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Table 2. Braess’ network with two varying parameters: average
absolute error between the exact percentage Shapley value of every
arc and the percentage Shapley value predicted by the ANN and
ε-SVR models; average normalized Kendall distance between the
ranking of players based on the exact Shapley values and their
ranking based on the Shapley values predicted by either the ANN
or ε-SVR model.

arc ANN ε-SVR

Avg. absolute error q 0.1220 0.1327
r 0.0777 0.0656
s 0.8442 0.3821
t 0.0777 0.0656
u 0.1220 0.1327

Avg. norm. Kendall distance 0.0967 0.0003

6. Case study 2: the Sioux-Falls network. In order to investigate a medium-
sized network, having both a realistic topology and realistic demands, in this section
we consider the well-known Sioux-Falls network with 24 nodes and 76 arcs, which is
used quite often in the literature as a benchmark for network analysis and design.
Its topology is illustrated in Figure 4.
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Figure 4. Sioux-Falls network.
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The arc cost functions are of the Bureau of Public Roads (BPR) form [5]:

ci(fi) = t0i

[
1 + 0.15

(
fi
ui

)4
]
,

where fi denotes the flow on arc i, while t0i and ui represent the free flow travel
time and the capacity of arc i, respectively. The values of the parameters t0i , ui and
the traffic demands of the 528 origin-destination pairs are given in [33].

We consider the TNc game (N, vue) where the set N of critical arcs consists of
10 arcs with the highest capacity values, i.e., N = {1, 3, 7, 18, 35, 37, 38, 54, 56, 60}.
Accordingly, the characteristic function vue is expressed by part (a) of Definition 3.1.
To analyze the percentage Shapley values of these arcs as functions of the traffic
demand, the original traffic demands were multiplied by a factor δ ∈ (0, 1]. The
user equilibrium for each value of δ was calculated using the path-based algorithm
proposed in [32].

We tested the ANN and ε-SVR models to estimate the percentage Shapley value
of every arc by using three different training sets: a training set with exact values,
a training set with approximated values obtained by exploiting the Monte Carlo
method [6] and a training set with approximated values obtained by exploiting
the Kernel Shap method [22]. All the training sets were generated with inputs
δh = 0.1 + 0.05(h− 1), with h = 1, . . . , 19. In the case of the Monte Carlo method,
the approximated percentage Shapley values were computed, for each value of δh,
by using one sample with 30 random permutations of the set of players. In the
case of the Kernel Shap method, the approximated percentage Shapley values were
computed by exploiting the coalitions generated in the application of the Monte
Carlo method.

The values predicted by both models were then plotted on the interval [0.1, 1]
using a finer discretization with a step size of 0.01. Figures 5-7 show the percentage
Shapley value of each player predicted by the ANN and ε-SVR models for each of
the three considered training sets. In this case, the performance obtained by the
ε-SVR model was generally better than the one of the ANN model for the training
set with exact values, whereas the ANN model outperformed the ε-SVR model for
the other two training sets containing approximated values.

Table 3 shows: (i) the average absolute error between the exact percentage Shap-
ley value of every arc and the percentage Shapley value predicted by the ANN and
ε-SVR models, (ii) the average normalized Kendall distance between the ranking
of players based on the exact Shapley values and their ranking based on the Shap-
ley values predicted by either the ANN or ε-SVR model for each of the considered
training sets, (iii) the computational time of each solution approach. Notice that, in
the case of the training set with the exact values, the ε-SVR model provided a very
good approximation of the exact ranking of players when averaging with respect to
all the values considered for the parameter δh. For the other two training sets, the
ANN and ε-SVR models achieved a similar performance (although, as expected,
a bit worse with respect to the case of the training set with exact values). We
note that the approaches based on the approximated training sets provided on the
one hand good results both in terms of the average absolute error and in terms
of the average normalized Kendall distance, and on the other hand they allowed a
drastic reduction in the computational time. In fact, computing the exact percent-
age Shapley values in the range [0.1, 1] with a discretization step of 0.01 took about
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(a) Arc 1 - exact TS.
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(b) Arc 1 - Monte Carlo TS.
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(c) Arc 1 - Kernel Shap TS.
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(d) Arc 3 - exact TS.
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(e) Arc 3 - Monte Carlo TS.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Traffic demand factor

0

5

10

15

20

25

30

P
e
rc

e
n

ta
g

e
 S

h
a
p

le
y
 v

a
lu

e

Percentage Shapley value of arc 3 with Kernel Shap training set

(f) Arc 3 - Kernel Shap TS.
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(g) Arc 7 - exact TS.
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(h) Arc 7 - Monte Carlo TS.
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(i) Arc 7 - Kernel Shap TS.
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(j) Arc 18 - exact TS.
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(k) Arc 18 - Monte Carlo TS.
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(l) Arc 18 - Kernel Shap TS.

Figure 5. Sioux-Falls network: percentage Shapley values of arcs
1, 3, 7, 18 as functions of the traffic demand: exact values and
predicted values by the ANN and ε-SVR models with an exact,
Monte Carlo, and Kernel Shap Training Set (TS).

12.68 hours while calculating the values predicted by the models with approximated
training sets took only 0.65 hours, approximately 20 times less.
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(a) Arc 35 - exact TS.
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(b) Arc 35 - Monte Carlo TS.
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(c) Arc 35 - Kernel Shap TS.
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(d) Arc 37 - exact TS.
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(e) Arc 37 - Monte Carlo TS.
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(f) Arc 37 - Kernel Shap TS.
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(g) Arc 38 - exact TS.
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(h) Arc 38 - Monte Carlo TS.
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(i) Arc 38 - Kernel Shap TS.

Figure 6. Sioux-Falls network: percentage Shapley values of arcs
35, 37, 38 as functions of the traffic demand: exact values and
predicted values by the ANN and ε-SVR models with an exact,
Monte Carlo, and Kernel Shap Training Set (TS).

Finally, we show a performance comparison between the ANN and ε-SVR mod-
els and the Monte Carlo and Kernel Shap approximation methods. Specifically, we
trained the ANN and ε-SVR models on the Monte Carlo (resp., Kernel Shap) train-
ing set generated as in the previous analysis. Then, we compared the percentage
Shapley values predicted by the ANN and ε-SVR models on the test set, i.e., the
set of points of the interval [0.1, 1] with a step size of 0.01, excluding the points
of the training set, with the corresponding Shapley values predicted by the Monte
Carlo (resp., Kernel Shap) method applied to the whole test set. Table 4 shows: (i)
the average absolute error between the exact percentage Shapley value of every arc
and the percentage Shapley value predicted by the ANN and ε-SVR models trained
on a Monte Carlo (resp., Kernel Shap) training set and the Monte Carlo (resp.,
Kernel Shap) method applied to the whole test set; (ii) the average normalized
Kendall distance between the ranking of players based on the exact Shapley values
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(a) Arc 54 - exact TS.
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(b) Arc 54 - Monte Carlo TS.
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(c) Arc 54 - Kernel Shap TS.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Traffic demand factor

0

5

10

15

20

25

30

P
e
rc

e
n

ta
g

e
 S

h
a
p

le
y
 v

a
lu

e

Percentage Shapley value of arc 56 with exact training set

(d) Arc 56 - exact TS.
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(e) Arc 56 - Monte Carlo TS.
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(f) Arc 56 - Kernel Shap TS.
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(g) Arc 60 - exact TS.
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(h) Arc 60 - Monte Carlo TS.
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(i) Arc 60 - Kernel Shap TS.

Figure 7. Sioux-Falls network: percentage Shapley values of arcs
54, 56, 60 as functions of the traffic demand: exact values and
predicted values by the ANN and ε-SVR models with an exact,
Monte Carlo, and Kernel Shap Training Set (TS).

and their ranking based on the Shapley values predicted by the two ML models and
the Monte Carlo and Kernel Shap methods; (iii) the computational time of each
solution approach. The numerical results show that the two ML models outper-
form the Monte Carlo and the Kernel Shap methods in terms of both accuracy and
computational time. Indeed, the Shapley values predicted by the Monte Carlo and
Kernel Shap methods applied to the whole test set are almost always worse than
those predicted by the ML models, and their computational time is more than 3
times longer than that of the ML models (2.28 versus 0.65 hours). Figure 8 shows
the Shapley values predicted by the two ML models and by the Monte Carlo and
Kernel Shap methods for the arc 37.
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Table 3. Sioux-Falls network: average absolute error between the
exact percentage Shapley value of every arc and the percentage
Shapley value predicted by the ANN and ε-SVR models with exact
or approximated training sets; average normalized Kendall distance
between the ranking of players based on the exact Shapley values
and their ranking based on the Shapley values predicted by either
the ANN or ε-SVR model.

Exact TS Monte Carlo TS Kernel Shap TS

arc ANN ε-SVR ANN ε-SVR ANN ε-SVR

Avg.
absolute
error

1 0.0817 0.0817 0.0908 0.0911 0.4513 0.4487
3 0.0792 0.0818 0.1098 0.1134 0.5454 0.5188
7 0.1423 0.0701 0.3082 0.3089 0.2207 0.3738
18 0.1862 0.1567 0.2759 0.3380 0.6204 0.7513
35 0.1426 0.0694 0.2321 0.4396 0.2391 0.2650
37 0.3389 0.1936 0.5446 0.3740 0.9496 0.9675
38 0.3427 0.1980 0.8164 0.8922 0.9460 0.9852
54 0.1846 0.1548 0.2658 0.4499 0.7408 0.8992
56 0.3179 0.2247 0.4020 0.4727 0.5337 0.6358
60 0.3249 0.2219 0.4903 0.7037 0.5631 0.7538

Avg.
norm.
Kendall
distance

0.0208 0.0129 0.0796 0.0752 0.0440 0.0559

Time (h) 2.76 2.76 0.65 0.65 0.65 0.65
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Figure 8. Sioux-Falls network: the percentage Shapley value of
arc 37 as a function of the traffic demand. (Left) Comparison be-
tween predicted values by the two ML models trained on a Monte
Carlo training set, and the predictions achieved by the Monte Carlo
method applied to the whole test set. (Right) Comparison be-
tween predicted values by the two ML models trained on a Kernel
Shap training set, and the predictions achieved by the Kernel Shap
method applied to the whole test set.
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Table 4. Sioux-Falls network: the average absolute error between
the exact percentage Shapley value of every arc and the percent-
age Shapley value predicted by the two ML models (ANN and
ε-SVR) and the two approximation methods (Monte Carlo and
Kernel Shap); the average normalized Kendall distance between
the ranking of players based on the exact Shapley values and the
ranking based on the Shapley values predicted by the two ML mod-
els and the two approximation methods.

ANN ε-SVR MC on ANN ε-SVR KS on
arc with MC with MC test set with KS with KS test set

Avg.
absolute
error

1 0.0906 0.0911 0.0926 0.4520 0.4487 0.6607
3 0.1110 0.1134 0.0853 0.5394 0.5188 0.6416
7 0.3080 0.3089 0.4628 0.1791 0.3738 0.4955
18 0.2827 0.3380 0.4661 0.6181 0.7513 0.6492
35 0.2433 0.4396 0.5158 0.2485 0.2650 0.4768
37 0.5593 0.3740 1.0123 0.9463 0.9675 1.1063
38 0.8307 0.8922 1.0350 0.9466 0.9852 1.0932
54 0.2352 0.4499 0.4906 0.7467 0.8992 0.6854
56 0.4021 0.4727 0.7409 0.5392 0.6358 0.5301
60 0.4960 0.7037 0.7924 0.5637 0.7538 0.5851

avg 0.3559 0.4184 0.5694 0.5780 0.6599 0.6924

Avg.
norm.
Kendall
distance

0.0796 0.0752 0.0632 0.0440 0.0559 0.0689

Time (h) 0.65 0.65 2.28 0.65 0.65 2.28

7. Discussion. In this article, we have examined the Lipschitz continuity of the
Shapley value for a class of parameter-dependent transportation network coopera-
tive games. Then, we have exploited such a property to motivate the use of machine
learning techniques for the approximate computation of the Shapley value in such
games.

Variations of the results (e.g., other conditions under which the Shapley value
is a smooth function of some parameters) are expected to hold for other fami-
lies of transferable-utility cooperative games on graphs: for instance, the cases in
which the Wardrop equilibrium considered in Section 3 is replaced either by the
Nash equilibrium of a noncooperative game model with a finite number of players,
in which each player represents a group of users [20], or by the system optimum
(see, e.g., [9]), which involves the optimal behavior of a social planner. Such cases
could be analyzed, e.g., using the parametric variational inequality approach stud-
ied in [36]. Another possible extension refers to the case in which players represent,
e.g., joints of the human body or individuals in a group of people, and the Shapley
value is used as a measure of the importance of such players for transferable-utility
cooperative game models (parametrized, for instance, by time) that capture the
overall motion behavior via suitable movement features [19]. Finally, the results
obtained in the work could be extended to the generalized Shapley value arising in
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a generalized coalitional game model [30], since it has a similar expression as the
Shapley value, and it has also relevant economic applications (e.g., in the case of
sports analytics [2, 23]).
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