SCUOLA

IMT ALTI STUDI

LUCCA

Scuola IMT Alti Studi Lucca

Testing maximum entropy models with e -values

Questa ¢ la versione preprint della seguente opera:

Original
Testing maximum entropy models with e -values / Giuffrida, Francesca; Garlaschelli, Diego; Grinwald,
Peter. - In: PHYSICAL REVIEW. E. - ISSN 2470-0045. - 113:5(2026). [10.1103/xhf5-117p]

Availability:
This version is available at: 20.500.11771/41379.7

Publisher:
American Physical Society

Published
DOI:10.1103/xhf5-117p

Terms of use:

This publication is made accessible in accordance with the terms for deposit in the institutional repository,
as defined by the IMT School for Advanced Studies Lucca’s Open Access Policy.
(https://library.imtlucca.it/sites/default/files/regolamento-policy-open-access-imtlib_0.pdf).

Si prega di consultare le pagine informative dell'editore relative alle politiche di autoarchiviazione.

(Article begins on next page)

22 June 2026



arXiv:2509.01064v1 [stat.ME] 1 Sep 2025

Testing maximum entropy models with e-values

Francesca Giuffrida,"? %] Diego Garlaschelli,"”? and Peter Griinwald®?

YIMT School for Advanced Studies, Lucca (Italy)
2Lorentz Institute for Theoretical Physics (LION), Leiden University, Leiden (The Netherlands)
3 Dipartimento di Fisica e Chimica, University of Palermo, Palermo (Ttaly)
* Centrum Wiskunde & Informatica, Amsterdam (The Netherlands)
5 Mathematical Institute, Leiden University, Leiden (The Netherlands)

E-values have recently emerged as a robust and flexible alternative to p-values for hypothesis
testing, especially under optional continuation, i.e., when additional data from further experiments
are collected. In this work, we define optimal e-values for testing between maximum entropy models,
both in the microcanonical (hard constraints) and canonical (soft constraints) settings. We show
that, when testing between two hypotheses that are both microcanonical, the so-called growth-rate
optimal e-variable admits an exact analytical expression, which also serves as a valid e-variable
in the canonical case. For canonical tests, where exact solutions are typically unavailable, we
introduce a microcanonical approximation and verify its excellent performance via both theoretical
arguments and numerical simulations. We then consider constrained binary models, focusing on
2 X k contingency tables — an essential framework in statistics and a natural representation for
various models of complex systems. Our microcanonical optimal e-variable performs well in both
settings, constituting a new tool that remains effective even in the challenging case when the number
k of groups grows with the sample size, as in models with growing features used for the analysis of
real-world heterogeneous networks and time-series.

I. INTRODUCTION

In recent years, scientific interest in complex data
modeling has surged, due to the increasing availability
of both global-scale structured data and computational
power. At the same time, rising concerns about the mis-
use of p-values and significance testing [IH3] underscore
the need for reliable statistical methods to extract knowl-
edge from data. As a robust and flexible alternative to
p-values for hypothesis testing, e-values [4, [5] have re-
cently gained considerable attention. Having been inde-
pendently (re)discovered several times in different con-
texts (including by physicists [6] — see [4] for early his-
tory) over the past decades, interest suddenly exploded
in 2019 when the first versions of several breakthrough
papers [(HI0] appeared on arXiv.

An e-variable is simply a nonnegative random variable
whose expected value under the null hypothesis is at most
one. The value it takes on the given sample is called the
e-value. This simple definition yields several desirable
properties: e-values provide rigorous control of the Type
I error, retain it under optional continuation (i.e., when
data from additional experiments become available), and
can be interpreted as a measure of evidence against the
null hypothesis. However, not all e-variables are equally
useful as test statistics. To address this, a notion of op-
timality is introduced. An optimal e-variable is one that
grows quickly under the alternative hypothesis, accumu-
lating strong evidence against the null when the latter is
false. In this paper, we focus specifically on growth-rate
optimal (GRO) e-variables [7]. The results in [7], later
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extended in [T} [12], provide a general theoretical frame-
work for constructing GRO e-variables in broad testing
scenarios.

The aim of this work is to develop optimal e-variables
for hypothesis testing between maximum entropy models
(MEMs). These models are derived by considering each
possible realization x € X of the data (where X is the
set of allowed realizations) and looking for the probability
distribution P(x) that maximizes Shannon entropy

S[P] = - 3" P(x)log P(x) (1)

xeX

under a set of constraints, typically defined through a
vector of observables c¢(x) over the data. This approach,
due to Gibbs [I3] and Jaynes [14], outputs ensembles of
data reproducing the constrained quantities and random-
izing everything else maximally.

Two main formulations of MEMs exist, depending on
how the constraints are enforced. If the constraints are
imposed as exact values, i.e., ¢(x) = c* on each realizable
X, one obtains a microcanonical model, where only config-
urations satisfying the constraints are assigned nonzero
probability. If, instead, the constraints are satisfied only
on average, i.e., Ep[c(x)] = c*, one obtains a canonical
model, where fluctuations are allowed and the probability
distribution has exponential form. In statistical terminol-
ogy, by varying c* one obtains an exponential family with
discrete outcome space and uniform carrier [I5]. In both
cases, the probability of x is entirely determined by the
value of ¢(x), which plays the role of sufficient statistic.

MEMs are commonly used to model complex systems
that give rise to structured data, e.g., in network sci-
ence [I6HI8] and time-series analysis [19, 20], where they
capture structural properties such as (heterogeneous)
node degrees in networks or empirical trends in (non-
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stationary) temporal data, respectively. However, while
statistical tests for exponential family models are well es-
tablished, testing procedures specifically tailored to max-
imum entropy models remain far less developed, espe-
cially when applied in the microcanonical setting. In
fact, e-variables for testing between general MEMs have
so far not been developed at all: the only related works
we are aware of are [2I) 22] and [23, 24]. The former
concentrates on the very specific sub-case of 2 x 2 ta-
bles (to re-appear as Example A-C in our paper later
on), but uses e-variables which are designed for purely
sequential purposes, and are therefore not optimal in the
sense we define below, neither in the canonical nor in
the microcanonical setting. The latter works, [23], 24],
studied e-variables for testing between two exponential
families with the same sufficient statistic but different
carriers. By contrast, testing between MEMs amounts
to testing exponential families with different sufficient
statistics but the same (uniform) carrier. This is exactly
the aim of this work.

This paper is organized as follows. In section [[I} we
introduce e-variables and growth-rate optimality. In sec-
tion [[TI, we address the problem of finding optimal e-
variables for testing between two maximum entropy mod-
els, either microcanonical or canonical ,
that differ in their sufficient statistics. = We intro-
duce a method to construct optimal e-variables in both
Bayesian and non-Bayesian settings. We show that the
microcanonical GRO e-variable is also a valid canonical
e-variable, and that in some cases, it asymptotically co-
incides with the optimal one. This is particularly rel-
evant: while canonical models are way more commonly
used in the literature, calculating the optimal canonical e-
variable is usually analytically impossible and computa-
tionally infeasible. Here, we provide a method to explic-
itly compute the optimal microcanonical e-variable and
to further verify how well it approximates the optimal
canonical e-variable. In section [[V] we explicitly apply
these results to contingency tables, underlying connec-
tions with important problems in network science. We
first analyze the case of 2 x 2 contingency tables
and then generalize to 2xk . We show that, in these
cases and for both Bayesian and non-Bayesian examples,
the GRO microcanonical e-variable is not only a valid
canonical e-variable but also an excellent approximation
of the optimal canonical one.

II. INTRODUCTION TO E-VARIABLES

Consider the typical hypothesis testing scenario, where
the goal is to test a null hypothesis M, against an
alternative hypothesis My. Both My and M; are as-
sumed to be parametric statistical models, i.e., families
of distributions sharing the same functional form:

Mj = {Pj(x§ 0)}9€®j7 JE€ {07 1}7 (2)

where 0 represents the vector of model parameters and
©®; the corresponding parameter space for model M.

An e-variable E is a non-negative random variable that
satisfies the following condition under all distributions in
the null hypothesis:

Eo[EF] <1 VP e Mo. (3)

The realized value of E evaluated on data x is called an
e-value. Unlike p-values, larger e-values indicate stronger
evidence against the null. This follows directly from their
defining property that, under the null, their expectation
is bounded by one. This simple yet powerful definition
has several important implications [4], [5]:

e Type I error control: The condition Eq[E] < 1
ensures that a test based on e-values controls the
Type I error, that is, the probability of rejecting
the null hypothesis when it is actually true. Given
a significance level 0 < o < 1, by Markov’s inequal-
ity, we have

Py(E>1/a) <o, (4)

for all Py € Mygy. This guarantees that the
probability of wrongly rejecting the null hypothesis
does not exceed the significance level «, regardless
of the true parameter value within the null model.

e Post-hoc error control: E-values allow a varia-
tion of valid Type-I error control even when the
significance level is chosen after observing the
data [25]. Specifically, if e is the observed e-value,
then rejecting the null hypothesis at level 1/e pre-
serves a Type I risk bound despite this level being
data-dependent. This contrasts with traditional p-
values, which only guarantee valid inference when
the significance level is fixed in advance.

e Optional continuation: E-values support valid
testing under optional continuation, making them
well-suited for sequential analyses and meta-
analyses across independent studies. If e(1), e(2), . . .
are e-values computed on independent data batches
(e.g., studies), their product remains a valid e-value
— even if the decision to analyze further batches,
to perform tests on them, or to incorporate spe-
cific prior knowledge into the e-values is guided by
the outcomes of earlier batches. In this way, Type
I error control is preserved, enabling flexible and
robust hypothesis testing across repeated or cumu-
lative experimental settings.

While all random variables satisfying condition
qualify as e-variables, not all of them are informative. For
instance, the constant random variable E(x) = 1 satisfies
the definition but provides no information. To address
this, a notion of optimal e-variables was introduced in [7].
In particular, the authors define the Growth Rate Opti-
mal (GRO) e-variable as the unique solution to a specific



optimization problem based on a growth criterion, which
we present below.

As a first step toward understanding GRO e-variables,
we introduce the concept of Bayesian evidence (also
known as the Bayesian marginal likelihood) of model j
with prior density w;, defined as:

P;U’ (x) = / Pj(x;0)w;(0)d6. (5)
9;
This quantity reflects the overall support the data pro-
vide for model j, by averaging the likelihood over the
prior; it is widely used in Bayesian model selection, where
models with higher evidence are preferred. We shall
mostly work with prior densities w; defined on convex
parameter spaces @; C R? (d > 0), assuming they are
continuous and strictly positive for all @ € ®;. We refer
to such priors as regular priors.

Given a fixed prior w; (regular or not) on the
alternative hypothesis, the GRO e-variable SGRO is the
unique solution to the following optimization problem:

SCERO — arg max Epui[log B, (6)
where & denotes the set of all e-variables relative to the
null model My, i.e., the set of all random variables sat-
isfying .

This optimization can be interpreted as a growth cri-
terion: while the expected value of any e-variable is
bounded under the null, a well-designed e-variable should
grow rapidly assuming the alternative is true, when the
prior wy is correctly specified. The use of the logarith-
mic growth in this criterion is motivated and discussed in
more detail in [7]. The quantity Epw: [log E], known as
the e-power [26H28] of F, has become a standard measure
for evaluating the performance of an e-variable.

In the most common case, a GRO e-variable solving the
aforementioned optimization problem takes the form of
a Bayes factor [29], i.e., the ratio between two Bayesian
evidences:

_ P
TR "

Equation represents the Bayes factor comparing mod-
els M; and M. It measures the relative support that
the data provide for one model over the other. However,
not all Bayes factors qualify as e-variables; to ensure the
e-variable property , while w; may be chosen freely, a
specific prior w§, depending on w;, must then be chosen
for the null hypothesis. Specifically, w§ is the solution to
the following optimization problem:

5= in Dy (P || Py
wy = arg min Dt (Pr7I1F™) (8)

5(x)

where Wy, is the space of all priors on 6y, and
D, (P || Py"°) denotes the Kullback-Leibler divergence:
P (x)
w1 wo\ __ w1 1
DKL(Pl HPO °) = ,;Pl (x) log PSUO(X)

=Epm [log S(x)]. 9)

Theorem 1 in [7] proves that given wq, among all Bayes
factors of the form , the random variable

_PM(x)

SGRO < _
%= B

; (10)

is the only e-variable, assuming that a w{ achieving the
minimum in exists El

To sum up, the GRO e-variable is the unique solution
of two different optimization problems, defined on two
different sets: for a given P}"* and null model M, SGRO
is the only e-variable among Bayes factors of the form
at the same time it is the only e-variable maximizing the
e-power (see Figure [1).

o
P

o
&o By, P

SGRO _ PJHI
wy -

Bw0|w1

P
=
Po ’ Bwohf,l

FIG. 1. The GRO e-variable SE8° is the unique intersection
between the set By, |, of all Bayes factors for a given P{”* and
varying P,"°, and the set & of all e-variables relative to model
M. At the same time, it is the unique e-variable maximizing
the e-power relative to P*'. This schematic representation
considers two possible alternative priors, wi and ;.

The reader may have noticed a seeming asymmetry:
while e-values are defined in a frequentist sense — re-
quiring Type I error control for all Py € My — our
optimality criterion for GRO relies on a prior w; over
the alternative model My, and thus relies on a Bayesian
formulation.

It would be conceptually appealing to define an opti-
mality criterion that, like the e-variable condition, pro-
vides performance guarantees over all P, € M rather
than on average according to a prior wy. As it turns
out, this is indeed possible by drawing on ideas from
information theory.

To move in that direction, we first note that the result
of [7] is not limited to Bayes factors. It applies to more

1 As shown in [7], multiple distinct minimizers w} may exist, but
they yield the same P(;JJO . Even when a minimizer does not exist,

we .. e .
Py ° can be defined as a limit along a minimizing sequence wj,
ensuring that (10) remains a valid e-variable.



general e-variables of the form
Py(x)
Pyo(x)’

S(x) = (11)

where P, is any probability distribution over the data
space. For such constructions to be useful, however, the
choice of P, must be guided by an appropriate extension
of the GRO criterion.

This leads us to the concept of regret, also referred to
as relative growth (regrow) in [7], which we adopt here
using more common terminology. Regret quantifies the
power loss incurred when using a candidate e-variable
instead of the ideal one, which is designed for the true
data-generating distribution.

To define it precisely, suppose that the data are gen-
erated according to a fixed but unknown distribution
Pi(x;01) € My. If we knew 61, we could construct
the GRO e-variable SERO01) optimal for that specific
alternative:

GGRO(61) _ Pl(ff 01) (12)
Py (x)
where
~ . Py (X; 01)
Wy =arg min Eo, [Og P (13)

and Eg, denotes the expected value under P;(-,8;).
Here, the alternative hypothesis reduces to a singleton
— a statistical model containing only one distribution —
and in some cases, such as the 2 x k contingency tables
considered later in this paper, SERO(@1) can be computed
exactly. The regret of a candidate e-variable Scanq is then
given by:

REGH (81: Scana) 1= Eo, [log S0 — log Sena |
(14)
which quantifies the expected loss in log-growth due to
not knowing the true parameter.
Since 6, is unknown, a natural robustness criterion
is to consider the worst-case regret across the entire
alternative:

REG1(©1; Scand) := max REG1(01; Scand)- (15)
6,€0;

This leads to a new optimality principle: among all e-
variables, one would seek the minimax optimal e-variable
— i.e., the e-variable that minimizes REG1(®1; Scand)
over all valid choices of Scanq.  However, comput-
ing this minimax-optimal e-variable is generally infea-
sible in practice, as we currently lack efficient algo-
rithms for solving the corresponding optimization prob-
lem. Nevertheless, when the models My and M; ex-
hibit sufficient regularity — as is the case for Maximum
Entropy models, discussed in the next section — GRO
e-variables constructed from with appropriately cho-
sen P; can closely approximate the minimax optimal so-
lution. In particular, one can consider e-variables of the

4

form , where the numerator P; is set to a univer-
sal distribution relative to the alternative model Mj.
Universal distributions, which include Bayesian mixtures
P[”* as special cases, arise naturally in the theory of the
Minimum Description Length (MDL) Principle [30H32].
Such choices of P; lead to e-variables that, while not
exactly minimax-optimal, are typically close to optimal
in terms of regret minimization, and therefore provide
a practical and principled strategy for robust hypothesis
testing. To clarify this connection, we take a brief de-
tour to explain how e-value-based methods relate to the
MDL Principle and its central concept, the universal
distribution.

A. GRO e-values and description lengths

The Minimum Description Length Principle provides a
general framework for model selection: from a set of can-
didate models, it chooses the one that yields the shortest
encoding of the observed data. In this approach, each
model is represented by a single probability distribution,
and models are compared via their description length.
The preferred model is the one with the smallest descrip-
tion length.

When comparing two models My and My, the differ-
ence in description lengths is

ADL(x) = DLy (x) — DLy (x)
= —log P (x) + log Py(x), (16)

where P; and P, are the representative distributions
for My and My. By Kraft’s inequality [30, [33], the
code length to describe x, using a code that compresses
optimally in expectation under @, is (up to rounding)
—log Q(x) bits; thus, —log P;(x) is the code length im-
plied by Pj.

Universal distributions and worst-case redundancy

The key point is how to determine a single probability
distribution Pj representing M;: it should perform well
regardless of which specific distribution within M gen-
erated the data. In other words, if a distribution P € M,
achieves a short expected code length Ep[—log P(x)],
then Pj should yield a similarly short one. Such Pj are
called universal distributions for the model M, [30].

To be more precise, we can define the redundancy of
Pj relative to a parameter 6; as

REDJ(0J7 p]) = Eg]. [ — IOg Pj(X) + IOg Pj(X; Hj)] (17)

This quantity measures the expected extra bits needed
when using Pj instead of the expected optimal code for
P;(-;0;). The latter is not available in practice, since the
true @; is typically unknown. Thus, it is useful defining
the worst-case redundancy:



A distribution is universal if this quantity is small.

Ideally, one would like to find a Pj that minimizes
the worst-case redundancy, but this is generally infeasi-
ble. However, for a d;-dimensional parametric model un-
der standard regularity conditions (satisfied by the Max-
imum Entropy models considered later), the Bayesian
choice P; = P;" with a regular prior w; attains near-
optimal performance: its redundancy is within a con-
stant of the optimal value as the sample size grows. This
is formalized in the following result.

Definition 1 (INECCSI sets [30]) Let
M; ={Pj(x;0)}oco,, j€{0,1}.

A subset @;- C ©; is an INECCSI subset if its interior
is a non-empty, convex, compact subset of the interior of
Q.

INECCSI subsets exclude boundary effects and ensure
regular asymptotics. For instance, in the Bernoulli model
with © = [0,1], any [e,1 — €] with 0 < ¢ < 1/2 is IN-
ECCSI.

Let ./\/lgm) be the i.i.d. extension of M; to m observa-
tions, i.e., a model over y"™ = (x1,...,X;,) where each
x; € X is independently sampled from P;(-;0). Let Pj(m)
be the i.i.d. extension of P; and Pj(m) be a distribution
on y™. Let RED™(O;; ]5]»(1”)) be the worst-case redun-
dancy attained by pj(m). Since Eg, [~ log Pj(m) (y™; 6;)]

grows linearly in m, universality of Pj(m) requires RED™
to grow sub-linearly in m.

A standard result [30] states that for every INECCSI
subset ©’; and regular prior wj, there exists C' > 0 such
that for all m:

d; _
S logm —C < inf RED™(©); P\"™)
ij

w;(m d;
< RED™(®/; P} < Flogm +C, (19)

where the infimum is over all distributions on X(™). The
key implications of these results are:

e the minimum achievable worst-case redundancy
grows as (d;/2)logm;

e Bayesian marginal likelihoods are universal
distributions, and their redundancy exceeds the
minimum attainable by at most a constant — in
this sense, they are asymptotically almost optimal.

In a variation of the definition of universality, we may
search for P; such that —log P;(x) — log Py, (x) is small,
in the worst-case over all possible data realizations x;
here éj (x) is the maximum likelihood estimator of 6,
relative to x. This leads to comparing P;(x) to the best-
fitting model a posteriori, that is, the model that, with

hindsight, would give the shortest code for the observed
data.

Within the MDL literature, this more stringent crite-
rion is often viewed as the ideal one. The distribution
that achieves this is called the Normalized Maximum
Likelihood (NML) distribution [30H32]. It assigns proba-
bilities by maximizing the likelihood of the observed data
while normalizing over all possible datasets of the same
size:

pJNML(X) _ P (x;6; (XA)) . (20)
Y yex Pi(yi05(y))

Importantly, the NML distribution does not require any
prior, and achieves universality both in worst-case data
and in worst-case expected regret. In fact, for the MEM

models we introduce below, inequality also holds
PNML(m)
¢ .

when P;’j m) 4 replaced by

Universal distributions guarantee low-regret
e-variables

We can now formalize the connection between e-values
and MDL: we show that using a universal distribution P;
as the numerator in the e-variable construction leads
to small regret. This provides a principled justification
for the use of Bayesian mixtures and NML in e-value
methods.

To see this, notice that (minus) the log-ratio of any
variable of the form

_ p1<x)
Py (%)

S(x)

induces a difference in description lengths between mod-

els My and Mg:
—log S(x) = —log P (x) — [log P (x)]. (21)

This mirrors expression , but with one crucial dif-
ference: in order for S to be an e-variable, the denomina-
tor Py cannot be chosen freely, as it must be the prior
wg that ensures that S qualifies as a GRO e-variable (i.e.,
satisfies the e-variable condition).

This formulation, however, brings a clear inter-
pretative advantage: the description length differ-
ence expressed in now has a direct statistical
interpretation. Indeed, if S is an e-variable, the cor-
responding code-length difference can be mapped to a
statistical significance measure, since Type I error con-
trol is guaranteed. This grounds the MDL code-length
difference in a frequentist hypothesis testing framework.
In particular, smaller values of —log S(x) correspond to
larger e-values and hence stronger evidence against the
null model M. This observation addresses a longstand-
ing issue in MDL: although it provides a principled model
comparison method, it lacks explicit statistical guaran-
tees such as Type I error control [30, Open Problem No.



9, page 413]. Restricting attention to code-length differ-
ences that admit an e-value interpretation not only pro-
vides such guarantees but also makes it possible to assign
a well-defined evidential value to differences in descrip-
tion lengths. This can be seen as the natural solution
to the problem — at least for the two-model compari-
son case [31]. Extending this insight to multiple models
remains an important open challenge.

The connection between e-values and MDL becomes
even more compelling when considering the regret of e-
variables. Indeed, we now show that the worst-case re-
gret of an e-variable using numerator P is never larger
than the worst-case redundancy of P;. Let us restrict
attention to an INECCSI subset ®] C ©;. Moreover,
for clarity, let’s denote the regret relative to the GRO
e-variable associated to P, i.*e. the regret obtained
by putting Scana = Pi(x)/Py°(x) in definition as
REG:(©]; P1). Then, for any distribution P;, according
to definitions and (see section it holds:

This shows that, in the worst-case over 61, the regret of
an e-variable built with numerator P; is upper bounded
by the redundancy of P;. Consequently, choosing a uni-
versal distribution P;, which by definition provides small
redundancy, guarantees small regret.

This motivates our choices in the next sections: we will
construct e-variables by setting P, either to the Bayesian
mixture Pj"* (with a regular prior), or to the Normalized
Maximum Likelihood PNME. Both yield small regret of
order (dy /2)logm+O(1). These choices are also common
in the literature. The NML distribution was used (im-
plicitly) in [34] as an e-variable numerator, and Bayesian
mixtures are widely adopted in the construction of e-
variables [4].

III. APPLICATION TO MAXIMUM ENTROPY
MODELS

Here, we provide explicit formulas for hypothesis tests
that involve either microcanonical or canonical maximum
entropy models. We focus on the case of discrete data.
For a given choice of sufficient statistics c(x), we denote
by C the discrete set of values of c¢(x) that are realizable
by at least one x € X’; for mathematical convenience, we
assume that C is a (finite or countable) subset of R for
some d € N. Moreover, for any given value ¢ € C, let
Q(c) represent the number of configurations satisfying
the constraint c(x) = c, formally defined as:

>ooL (23)
x:c(x)=c

Entropy maximization, when the hard constraints
c(x) = c are enforced on each realizable configuration x,

yields a microcanonical model whose functional form is a
uniform distribution over data satisfying the constraints:

if e(x) = c;

_1
Pric(x;¢) = {Q(c)’ (24)

0, else.

The parameters of a microcanonical model correspond
to the sufficient statistics themselves, with values in the
discrete parameter space @i = C.

When soft constraints E[c(x)] = ¢ are enforced (that
is, the value c of the sufficient statistic is to be met only
as an ensemble average), the maximization of the entropy
returns a canonical model where the resulting functional
form of the probability distribution is, instead, exponen-
tial, with positive probability for all possible data:

Pran(x:0) = o 25
can(X; 0) = TG) (25)
where Z(0) = 3, e %™ is a normalization term

known as partition function. Canonical models coin-
cide with what is called exponential families with uni-
form carrier function in the statistics literature [I5], and
the formula above is generally referred to as canonical
parametrization, where the parameters 8 € O.,, may
be viewed as the Lagrange multipliers resulting from the
entropy maximization. For each value c defining the
microcanonical model in Eq. , there is a correspond-
ing value 0 such that Eg[c(x)] = ¢ under the canonical
distribution in Eq. .

The above ‘duality’ between canonical and
microcanonical models implies that, alternatively,
canonical models can also be parameterized using

the expected value of the sufficient statistics. Given
parameters 6, define the mean value vector:
1(6) = Eqle(x)]. (26)

This defines a smooth, one-to-one mapping between the
canonical parameter space O.,, and the set of realiz-
able mean values, which we denote by M. In exponential
family theory, p is known as the mean value parameter.
For future reference, we refer to P, = Pean(-;0(n))
as the canonical distribution defined in its mean value
parametrization, where @(u) is the mapping from mean-
value parameters to corresponding canonical parameters,
i.e. the inverse of u(0).

A well-known result in this setting is that, if the set of
possible constraint values C is finite, then:

e the canonical parameter space is the full space
G')can = Rd;

e the corresponding space of mean values M coincides
with the interior of the convex hull of C.

This result ensures that the mapping 6 — p is not only
bijective but also covers all “physically meaningful” ex-



pected constraint Valuesﬂ In the rest of the paper, we will
make use of this bijection and employ whichever parame-
terization is most convenient. In particular, when dealing
with Bayesian marginal likelihoods and their priors, we
will typically work in the mean-value space, bearing in
mind that all results can be equivalently expressed in the
canonical parameter space via the mapping 0 — u(0).
In what follows, we define GRO e-variables for tests
where both the null and the alternative hypotheses are
two microcanonical or two canonical MEMs that differ
in the choice of constraints. Our main theoretical results
are presented in a general form, but to guide the reader
through the derivations, we will use a running example
throughout (Examples A, B, and C): a simple 2 x 2 con-
tingency table, representing two groups of binary data.

A. Microcanonical test

Consider a test where the null Mpo is a
microcanonical model with sufficient statistics cg tak-
ing values in set Cy and the alternative Mpic1 is a
microcanonical model with sufficient statistics ¢; taking
values in set C; # Cy. The parameters of microcanonical
models are discrete and correspond to their sufficient
statistics. As shown in [36], the NML microcanonical
distribution is equivalent to a Bayesian distribution with
a uniform prior over the sufficient statistics. Therefore,
in this section, we restrict our analysis to the case of
microcanonical Bayesian universal distributions for the
alternative hypothesis, denoted by P"1  where W, is

mic,1?

a probability mass function defined on C;. Thus, the
microcanonical GRO e-variable reads
P (x

SERO _ 7?;1( ) (27)
Prico(x)

and it solves the discrete version of the GRO optimization
problem:

Wg = arg min Dxr(Pyit 1 1P o) (28)

m mic,0
0

where instead of prior densities wg, we need to consider
prior probability mass functions Wy, and We, is the set
of all such distributions on the parameter space Cy. We
solve the microcanonical GRO optimization problem ex-
plicitly and exactly (full derivation in SM; here we re-
port only the main results) and find the optimal prior
distribution on the null:

Wilco)= > Puii(x), (29)

X :co(x)=cq

2 It follows from the general theory of exponential families with
finite support [35, Theorem 9.2], under a technical condition
known as steepness, which holds when C is finite.

i.e.,, Wi(co) is the marginal distribution of the null suf-
ficient statistic co(x) induced by Pn‘ffé 1- In the special
case where the alternative sufficient statistics completely
determine the value of the null, we say that Condition A

holds:

Condition A: (30)
there exists a function f: C; — Cp s.t. co(x) = f(c1(x)).

Under Condition A, one can write:

Z W1 (Cl), (31)

c1: f(e1)=co

Wi (co) =

i.e., the GRO-optimal prior on the null is the distribution
induced on the null sufficient statistics by the alternative
prior, or equivalently, the marginal distribution of ¢g in-
duced by Wj.

Once that Wy is computed, the microcanonical GRO-
optimal e-variable can always be expressed as

GRO 5y — o(Co(x)) Wi(c(x))
Smic ( ) - 91(01(X)) W(Sk(CO(X)) (32)

Finally, although the fact that SEEO is an e-variable fol-
lows from a general theorem (Theorem 1 in [7], as men-
tioned above Equation ), we additionally provide a
further, direct proof showing that its expected value un-

der the null is exactly one:

Eo[SSEO] =1 vpmic,() S Mmic,O- (33)

This direct proof, as well as the section’s other detailed
calculations and proofs, can be found in section For
clarity, we now provide a first example application.

Example A

Let us consider the dataset x = (x% x%) consist-
ing of two groups of binary data, represented as x* =
(z¢,...,2%) and x" = (28, ...,2%,), with n® and n” the re-
spective group sizes. The total sample size is n = n, +ny.
We denote by n§ = 31" 2% and n? = Y, 2? the total
number of 1s in x® and x°, and by n; = n¢ +n! the total
number of 1s in x. The aim is to build a microcanonical
test to check whether the probability of observing z = 1
changes according to the different groups. To do so, we
set the alternative sufficient statistics equal to the num-
ber of 1s in each group, c¢; = (n¢,n%), and the null suf-
ficient statistic equal to the total number of 1s, cg = n;.
In the microcanonical formulation, these quantities are
treated as fixed in the respective models. To find the
microcanonical GRO e-variable, we apply formula ,
where:

e OQp(ny) = (:1) is the number of permutations of x
preserving the total number of 1s;



a b

o Qy(nf,n}) = (%) (l) is the number of permuta-
1 1

tions of x preserving the total number of 1s in each

group.

For the sake of this example, we put independent, dis-
crete uniform priors on the alternative parameters n§ and

nl:

1 1
nt+1 nb4+1°
In this case, Condition A holds, as the null sufficient
statistics can be written as a function of the alternative
one: n; = n¢ +n}. Thus, the optimal prior on the null
Wy is the distribution of n; induced by W;. In this case,

that is simply the convolution of U, and U, which is a
triangular discrete function:

Wi(ng,n7) = Ua(n$) Up(n3) = (34)

ni+1 . .

7(na+11)(nb+1) s if 0<ni<min(n®,n?),

: a b
min(n®,n”)+1 . . a a
. 7(na—(&-1)(nb)+1)7 if min(n® n®)<ni <max(n®n’),
We(n) = "o Amb41—n .
7(n“+1)(nb+11)7 if max(n®n®)<ni;<n*+n’,
0, if otherwise.

(35)
as shown in Figure

Discrete Uniform prior W{ GRO-optimal prior W, : Convolution of W$ and W%
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FIG. 2. In the microcanonical Example A, when the prior
on the alternative sufficient statistics n¢ and n} are uniform
distributions (on the left), the resulting GRO-optimal prior on
the null sufficient statistic 1 is the convolution of the two uni-
form distributions, which results in a triangular distribution
(on the right). In this example, n® = 8 and n® = 10.

B. Canonical test

Consider a test where the null Mcan 0 is a canonical
model with sufficient statistics cg taking values in set
Co, and the alternative Mc,n 1 is a canonical model with
sufficient statistics ¢; taking values in set C; # Cy. The
goal is to find the canonical GRO e-variable:

GGRO _ Pean,1 (%)

= 36
can PCU;%,O(X) ( )

where wyg is a prior density on the mean-value parameter
space My and solves the optimization problem

b= in Dgr(Py||P¥°).
Wo argwlenl/lvr‘l,o KL( 1“ 0 ) (37)

No exact general solution is currently available for this
problem. While in some cases it can be solved ana-
lytically or numerically, in the majority of cases, there
is neither a known analytic solution nor a feasible nu-
merical approach. Here, we propose two candidate
approximations, the microcanonical approximation and
the pseudo approxrimation. The first will serve as an ac-
tual approximation, and the second as a tool to assess
whether the former approximation is good.

The definition of the microcanonical approximation is
based on two facts, proven in section

e A canonical universal distribution Pcan,l with suf-
ficient statistics ¢; can always be expressed as a
microcanonical Bayesian marginal likelihood, i.e.,
there always exists a prior probability mass func-
tion Wean,1(c) such that

Peant = P! (38)
with Wean,1 obtained by setting (for j = 1):
Wean,j (Cj) = Z pcan,j (X)a (39)

x:cj(x)=c;

i.e., Wean,j(c; ) is equal to the distribution of c¢;(x)
induced by Pean,;(x).

e Given the canonical and microcanonical models
Mean and My built upon the same sufficient
statistic ¢(x), a microcanonical e-variable E is al-
ways a canonical e-variable:

Ep[E] <1 YP € M

= Ep[E]<1 VP € Meun. (40)

Following the first fact, given Pcan,l and using the re-
sults of the previous section, we can build the ap-
proximating microcanonical GRO e-variable SSE© for
the microcanonical test based on the corresponding
pWeent _ Pcan,l. Thus becomes

mic,1
Pean
oo = Tt ()
Prieo(%)

where, readapting

Wg (o) = (42)

Z Pcan,l(x)~

x:co(x)=co

Given the second fact , the resulting microcanonical
GRO e-variable is a valid canonical e-variable, i.e., it is
an e-variable for the test between two canonical models,
even if, for this test, it is not the GRO-optimal one. As
such, from @, it will have a smaller e-power than the
canonical GRO one unless the two coincide:

Ep (43)

can, 1

[log SGRC] < Ep,,., [log SGn°]

mic can



The pseudo approximation is further built over the
microcanonical one. The prior W (used to build SGRO),
defined on Cy, is transformed into a smooth density
Wpseudo,o OVer the corresponding (continuous) mean-value
parameter space My. This is obtained through a high res-
olution limit, by computing W (co) for a much higher
dimension and by properly rescaling and normalizing it
such that it is interpreted as a Riemann approximation of
a continuous density on pg. A practical example of this
procedure, which might seem abstract at this stage, is
given in Examples B and C. Moreover, a pseudo-code is
provided in section Given that, in general, Wpseudo,o 18
different from the GRO-optimal prior wg, which in most
cases remains unknown, the resulting variable

Pcan,l (X)
Pwpseudo,o (X)

can,0

Spseudo = (44)

is not an e-variable, unless Wpscudo,0 = wg. Indeed, from
Theorem 1 of [7], SSR© is the only e-variable of that

can

form. Moreover, from 7 it holds:

*

DKL(Pcan,l ‘Pcwo ) S DKL(PcanJ”Pwpscudo’O) (45)

an,0 can,0
or, equivalently:

Ep.,,. (log SGi°] <Ep,, , 108 Spseuto]  (46)
Consequently, one has
Ep,,,. [logSmic”] < Ep,,, [log SGi°]
< Ep,,, [0g Spseudo,  (47)

i.e., the two approximations provide an upper and a lower
bound for the e-power of the canonical GRO e-variable.
In summary, when the canonical GRO e-variable is not
available, we can follow a two-step procedure:

1. We build the corresponding microcanonical
approximation, knowing that it is a valid candi-
date e-variable. To build it, we first transform
the canonical universal distribution into a
microcanonical one, by finding Wean1 as in .
Then, we compute SSRO according to the formulas
expressed in the previous section (Equations

and (32)).

2. The goodness of the microcanonical approximation
can be evaluated by looking at the width of the
interval

[log SGRC] >0 (48)

mic

TZEp

can,1

[IOg Spseudo] - EP

can,1

where, for future reference, it is useful to note that,
using definitions and and sufficiency, we

can rewrite

r=Ep.,., [log Palio(x) — log Py (x)]

mic,0 can,0

= Ep, 1 log Wy (co(2)) —log Whseudo,0(Co(%))] -
(49)

where Wiseudo,0(Co(x)) is defined as in .

The evaluation above is under Pcan}l-expectation; this
makes sense if we use a Bayesian universal distribution
Peany = P.1 and the prior w; is a reasonable expres-
sion of our uncertainty. If we are not so sure about our
priors, or if pcan’l is non-Bayesian, we may be interested
in a more stringent, worst-case measure for evaluating
the performance of the microcanonical approximation. In
analogy with the worst-case REG defined in[T5] we define
an alternative version of r, denoted by 7/, which can be
defined both relatively to a single parameter 8; (equiva-
lently and more conveniently relative to g1 = p(61):
T/(Hl) = E#l [lOg Spseudo — log SSEO} (50)

= Ep, [log Wg (co(x)) — log Wpseudo,0(co(x))] ,

where E,, denotes the expected value under P,, and in
its worst-case version, which for clarity will be simply
denoted by 7'

= ! . 51
r = max 7 (p) (51)

It can be easily argued that
r>0=r">0. (52)

In case r (or ') is small, we know that our easily com-
putable microcanonical e-variable SGRO is close to op-
timal according to the GRO criterion for the canonical
problem, and hence can be used instead of the canonical
SGRO 1n the following example, which is a continuation

of Example A, we show a practical case where this turns
out to be true.

Example B (continued from Example A)

We consider the same setting as in Example A, but in
this case, we are interested in constructing a canonical
test. In a canonical formulation, the observed number
of 1s is fixed only in expectation. As a result, the null
model is a collection of n i.i.d. Bernoulli variables, where
the parameter is the probability py € [0,1] of observ-
ing * = 1, which is the same regardless of the group.
The alternative model, instead, assumes that data in the
two groups are independent Bernoulli variables, where
the parameters are the probabilities (pa,ps) € [0,1]?
of observing x = 1, which depend on the group. The
aim of the tests is to assess whether p, and p, are the
same or whether they are different. Again, for the sake
of this example, we put independent, continuous uni-
form priors on the alternative parameters p, and py,
w1(Pa, pb) = u(pa)u(ps) where u(p) = 1if p € [0,1] and
u(p) = 0 else. In this simple case, the Bayesian marginal
likelihood can be computed analytically, and it reads:

1 a a a 1 b b b
Pena = /0 pa' (1= pa)" _Tlepa/O Py (1= po)" " dpy

a\ —1 b\ 1
1 1
_ na nb : (53)
ng n®+1 \nj n’ +1



Following the procedure described in this section, we
first build the microcanonical approximation. To do so,
we need to compute the probability Weapn 1 induced by
Pt on the alternative sufficient statistics, such that
pur = pWeens . By inspecting Eq. (53)), it is easy to ob-

can,1 = ~ mic,1 ; . . s .
serve that I/VCaLn 1 1s the uniform distribution: Wean1 =
Thus, we can

(o + 1)~ my + 1)1 = Uy(n) Uy(nd).

compute the microcanonical approximation SSEO by us-
ing the results of Example A. As a second step, we
check whether this microcanonical e-variable is a good
approximation by studying the behavior of the inter-
val width r as the total size n increases. To evalu-
ate Spscudo, We compute the prior wpseudo,0 as described
above (denoted by wpseudoo in Figure [4] to be distinct
from w2 400 Of the following Example C). A schematic

representation of how SGEO and SPseude are built is
shown in Figure [4]

Once SGRO and Spseude are computed, we can compute
r and show that the microcanonical approximation works

very well in our simple example (see Figure [3)).

Example B: Two Bernoulli streams with uniform prior
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FIG. 3. Convergence of the interval width r for a canonical
test between two streams of binary data (as in Example B),
for n® = n® = m, as the sample size n = 2m grows.

C. Asymptotic justification for the microcanonical
approximation

We now provide a theoretical result that explains why
the microcanonical approximation tends to perform very
well in practice, even when the canonical GRO e-variable
is not available. Specifically, it suggests that in many
cases the gap r defined in Equation converges very
fast to 0 as the sample size increases.

First, let M be a canonical maximum entropy model
with sufficient statistic c(x) taking values in a finite set
C C R%. The canonical distribution has an exponential
form

e—@-c(x)

Pcan(X§ 9) = W7

(54)
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FIG. 4. Procedures to compute the microcanonical
approximation SSE© and the pseudo approximation Spseudo
for testing between two binary data streams, under uniform
priors (as in Examples A, B, and C). Starting from two in-
dependent continuous uniform priors on the alternative (top
left), we construct discrete microcanonical priors (top right)

satisfying Pl . = — pWeana

can,1 mic,1

. The optimal discrete prior W,

used in SSRO | is obtained by convolving the alternative priors.
The continuous prior Wpseudo,0 for Spseudo is derived either
from Wg through a high resolution limit (wpeudo,0), Or by
directly convolving the original continuous priors (wpseudo’o).

and induces the mean-value mapping

1(0) = Eg[c(x)], (55)

with p taking values in the mean-value parameter space
M.

Next, consider the ii.d. extension M in which
y™ = (x1,...,%,,) are m i.i.d. samples from P, (-; ).
The sufficient statistic of y("™) is the sum

S(m) (m) Z clx (56)
=1

Let w be a prior density over M, and let Q" be the
induced probability for any measurable M’ C M:

Q(ne¥) = [ wiwdp. (57)



The following theorem shows that the normalized
sufficient statistic converges in distribution to Q™.
Convergence is quantified in terms of probabilities of sub-
sets, with error decaying at rate O(logm/m).

Theorem 1 Let w be any reqular prior density on the
mean value parameter space M C RE. Then, for any IN-
ECCSI (Deﬁm’tion subset M' of M, we have

m (m) (v (m)
P {) el - Qv e

:o(lofnm) (58)

under the Bayesian marginal likelihood

In words:
Pc“,jli:n), the normalized sufficient statistic s(™ /m be-
comes increasingly close to being distributed according

to the prior over mean-value parameters.

Assume we can extend both canonical models M, and
Mj to ii.d. models Mém) and MY”) as above, where
holds for both ¢ = ¢¢ (sum denoted by sp) and
¢ = c; (sum denoted by s;). In such settings, Theo-
rem [l| supports the claim that the gap r between the
microcanonical and pseudo approximations vanishes for
large m. This is best explained in terms of our running
example.

Example C (continued from Examples A and B)

Suppose n* = n® = m, so that data can be grouped

into m i.i.d. blocks, each consisting of one binary outcome

from group a and one from b. For each m the sufficient

statistics are:

. ng) = (n (m),ng (m)): number of ones in each
group under the alternative,

° s(()m) = 1(n} m) 4 n? (m)): average number of ones
across both groups under the null. The division by
2 is required to ensure that, for a single outcome,
Mo = [0, 1], and can be interpreted, intuitively, as a
set of probabilities.

After normalization by m, sgm)/m € M = [0,1]? and
sém)/m € Mg = [0,1]. Notice that every discrete
distribution Wj(m) on the sufficient statistics of ./\/lgm)

(m)

induces a discrete distribution VJ on the normalized

sufficient statistics: P“2™ induces a probability W™

can,l can,l
on the alternative sufficient statistics s;, and a corre-
sponding one, denoted here by Vl(m), on the normal-

ized alternative sufficient statistics s;/m. Similarly, the

microcanonical optimal prior WJ (™) on the null sufficient
statistic s induces a distribution V{* on so/m.

In Example B, we used a prior w; under which p, and
pp were independently and uniformly distributed, i.e.,
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w1 (Pas py) = Wi (pa)-wh (py) with w¢ = wh = u. The inde-
pendent uniform prior has a remarkable property: Vl(m)
coincides ezactly with the product of two independent

discrete uniforms, each defined on {0,1/m,...,1}, cor-
responding to the components of ng) /m. Consequently,

the distribution Vo*(m) is ezactly equal to a triangular
discrete distribution, which is the convolution of these
two discrete uniforms (Figure [2)). Theorem [1| indicates
that something analogous, but now in an asymptotic
sense, will happen for every regular prior wy(pa,ps) =
w§(pa)wt (py), as long as p, and p, are still independent

under wy. More in detail, even if w§ and/or w} are not

uniform, Vl(m) will converge to a distribution on M; that
is a discretized version of wq, and VO*(m) will still be the

exact convolution of the two components of Vl(m), which
are the (approximate) discretized versions of the compo-
nents of w;. To illustrate, in Example 3 below, w{ and
w? will be taken to be of general beta form rather than
restricted to uniform, and then we will see Theorem [1|in
action, the correspondence becoming asymptotic rather
than precise at each m. Still, VO*(m) will converge, as m
grows, to a continuous, strictly positive density on Mg,
denoted by wéseudo’O. This distribution can be approxi-
mated by considering a very large m and ”smoothening”

the corresponding Vo*(m) to wéseudo}o. This limiting pro-

cedure is precisely what we referred to earlier as the high

1
. .o 1 . . Wrseudo,0 (177)
resolution limit. Once Wpseudo,0 1 obtained, Pecah

induces a probability distribution W;s(erzéo,o

sufficient statistics. As above, we can define

on the null

(m)
1(m) S — lm) (m)
Vpseudo,O( ’?)’l >_ Wpseudo,O(SO ) (59)

it indicates that
Thus, one may ex-

Now we invoke Theorem [I] again:

Vl(m)
pseudo,0

pect Vo*(m) and Vpls(erg()io,O’

1(m)

Wseudo,O’
(49). The microcanonical e-variable becomes thus an ex-

cellent approximation of the canonical one — which is

what we set out to argue.

1
converges t0 Wygeido,o-

and consequently W, (M) and

to be close and r to be small, according to Eq.

In the current example, we can go further: let wf)scudo,o

be the continuous convolution of the independent priors
w§ and wh. Applying Theoremto M with this density

shows that the induced distribution V;;:J}io& on sém) /m

converges to a discretized version of wgseudop' At the
same time, Vo*(m)7 being the convolution of a discretized
w1, converges to the discretized convolution of wy. Thus,
for large m, w} 40,0 a0d W2, 40,0 become indistinguish-
able. In practice, one can compute Speeudo €ither by di-
rectly convolving the continuous components of wy, or by
taking the discrete convolution W (™) and then its high-
resolution limit: both approaches yield the same result
(Figure [4)).



How precise and general is this? In the reason-
ing above, we invoked Theorem [I| several times to go
back and forth between prior distributions on mean-
value parameters and marginal distributions on sufficient
statistics. Specifically: (a) at the level of M; (blue and
yellow arrows in Figure ; and (b) at the level of My,

for relating Wg(m) to Pearee*@®° (b1, bottom right arrow
2

in Figure {4)) and Pppeeudo.0 (b2, bottom left arrow).

In step (a), the theorem is not really needed when w§
and w? are uniform (as in the figure). Nevertheless, as
long as the priors remain independent and regular, The-
orem || suggests that step (a) holds even if they are not
uniform. More generally, moving from the binary 2-group
case to a general MEM M, Theorem [I]still suggests that
step (a) is valid whenever w; factorizes into independent
regular priors, making the mean-value parameters inde-
pendent. We write “suggest” rather than “prove” be-
cause the convergence in is too weak to formally
imply » — 0 (it concerns probabilities of sets, whereas
involves expectations of log densities). Neverthe-
less, it provides strong heuristic evidence, and we do ob-
serve convergence numerically (see Figure . All rea-
soning based on Theorem [I| should thus be understood
as heuristic rather than fully formal.

Turning now to step (b) for general My and M;: as
long as sém) is a linear function of sgm), the use of The-
orem (1| in steps (bl) and (b2) remains heuristically jus-
tified, provided w; factorizes into regular independent

priors as above. This linearity condition holds in all our

)

examples (e.g. in Example C, sém is the average of the

components of sgm)). It guarantees that the limiting den-
sity w;seudO,O exists, and Theorem [1| then suggests that
it coincides with w2, 4 0-

(m)

In the more general case where sy ’ is a function (not

necessarily linear) of s{™ — i.e. Condition A holds —

then it may still be true that VO*(m) converges to a high-
resolution limiting density wfl)seudo,O' In that case, The-
orem |[1] still suggests that step (bl) remains valid, so
that r becomes small with growing sample size, making
the microcanonical approximation effective. However, in
such settings, it is less clear whether the approach based

2 1 I Q S
0N Wy cudo,0 still makes sense.

We stress that this asymptotic justification does not
rely on P; being a Bayesian mixture with prior w;.
The construction lea_ding to wéseudo’o applies to any uni-
versal distribution P, on the alternative (including the
NML), since P; always induces a discrete distribution

on the alternative sufficient statistic; from this, one can
derive Vo*(m) and then obtain wéseudo’o via the high-
resolution limit. By contrast, the alternative route based
on w2 . 40,0 xplicitly requires a factorized regular prior
on the alternative, and is therefore not directly available
in the non-Bayesian case.

12

IV. APPLICATION TO CONTINGENCY
TABLES AND RELATED MODELS

Contingency tables are a fundamental tool in
statistical analysis for examining the relationship be-
tween categorical variables. Given a dataset where ob-
servations are classified according to categorical factors,
a contingency table provides a structured way to summa-
rize the frequencies of different category combinations.

Formally, a contingency table is an [ X k matrix where
each entry represents the count of occurrences for a par-
ticular combination of row and column categories. Such
tables are widely used in fields where categorical data
naturally arise, such as biostatistics, social sciences, and
market analysis.

In network science, this approach plays a crucial role
in link analysis, where the presence or absence of an edge
(x =1 or z = 0) in a network is studied across different
subsets of nodes. For instance, in community detection,
one may ask whether the probability of forming a link
differs within and between predefined groups of nodes.
This idea is closely related to the Stochastic Block Model
(SBM), a generative model in which nodes are assigned
to latent groups, and connection probabilities are deter-
mined by group memberships. Contingency tables pro-
vide a natural way to summarize and test the differences
in connection probabilities across groups, helping to as-
sess whether observed patterns deviate from a null model
where edges are formed independently of group struc-
ture. See e.g., [37, [38] for connections between network
modeling, and contingency tables and the discussion in
[[VC| of this paper.

In this work, we focus on binary categorical data,
which corresponds to [ = 2 in the general | x k con-
tingency tables setting. We first apply our results to
the simple case of two groups, i.e., 2 X 2 contingency ta-
bles. We consider microcanonical and canonical tests.
For canonical tests, our main focus will be that of find-
ing the microcanonical approximation in practical cases;
this translates into finding the induced prior on the
alternative and then applying formula ([41)). We will
finally verify the approximation validity by evaluating the
interval width r, and show results on the regret. Later,
we extend these results to the more general case of 2 x k
contingency tables.

A. 2 x 2 contingency tables

A 2 x 2 contingency table is a fundamental tool to as-
sess whether the distribution of a binary outcome differs
between two groups. Given a dataset where each ob-
servation consists of a binary variable x € {0,1} and a
categorical label indicating group membership, the data
can be summarized in the following 2 x 2 table:



Group A Group B | Total

=1 n{ n} ny
=0 ng n} ng
Total | n® nb n

The dataset x consists of two groups, represented as
Xq = (2{,...,2%) and x;, = (29, ...,2%,), where n® and
n? are the respective group sizes. The table reports the
number of ones (n¢ and n%) and zeros (n¢ and n§) in
each group, along with their totals, n; and ng. The key
question is whether the probability of observing z = 1
differs between the two groups. This problem translates
into a hypothesis testing problem, where:

e In the alternative hypothesis, the two groups are
distinct, meaning the number of ones is constrained
separately in each group:

c1 = (nd,nb). (60)

e In the null hypothesis, the groups are indistin-
guishable, so only the total number of ones is con-
strained:

Co = nNnjq. (61)

These constraints define the sufficient statistics under
each hypothesis and form the basis for the microcanonical
and canonical tests discussed next. The reader may
have noticed that this is exactly the setting of Examples
A, B, and C in section [T} Nevertheless, for the sake of
clarity, in this section all quantities will be defined again
and in more detail, at the cost of repeating ourselves.

2 X 2 microcanonical test

In the microcanonical formulation, we enforce hard
constraints on the observed counts, treating them as fixed
quantities. The null model with sufficient statistics ny
reads

if ny(x) = ny;

1
]Dmic7 O(X; nl) == { Qo(n1)? (62)

0, else;

where

ni

(o) = (") (63)

is the number of permutations of x preserving the to-
tal number of 1s. The alternative model with sufficient
statistics (n{,n?) reads
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m7 if (n{(x),nf(x))
Pmic, I(X; ntlla nl{) =

0, else,

o= w

is the number of permutations of x preserving the total
number of 1s in each group.

For any given prior Wi on the alternative sufficient
statistics, SSRO is found exactly by computing Wg and
applying . In this case, Condition A is satisfied,
as the null sufficient statistics can be written as a function
of the alternative one:

where

ny =nd +nl. (66)

Thus, following , the optimal prior on the null is the
distribution of ng induced by Wi(n¢,n%). If n¢ and n}
are independently distributed:

Wi(nf,n}) = Wi(nf) - WY(n}), (67)
then W is simply the convolution of W and W?:
Wi = Wit Wy, (68)

where f * g represents the convolution between functions
fand g.

Example 1: Microcanonical test with NML In
the microcanonical case, resorting to the Normalized
Maximum Likelihood approach is completely equivalent
to putting a uniform prior on both parameters of the
alternative model, as shown in [36]. Consequently, this
case is reduced to Example A in[[ITA] and is not consid-
ered further.

2 X 2 canonical test

The null canonical model obtained by constraining the
average number of 1s, i.e., the expected value of ny, is
represented by the exponential distribution

e—@g-nl(x)

Pean(x;60) = m7

(69)
which can be rewritten in the mean-value parametriza-
tion:

Pean(x;p0) = ™ (1= po)" ™ (70)
upon defining
e~%

" Ty )

Po



The null model is the distribution of a collection of n
i.i.d. Bernoulli variables, where the occurrence of x = 1
has the same probability py regardless of the group.

The alternative model, obtained by constraining the
expected values of n{ and n?, reads:

b ()0, nt (x)

(14 e=0a)n® (1  e=0)n"’

Pcan (X§ 9@; 91)) = (72)

or, equivalently,

Pcan(x;paapb) = pgl(x)(l — pa)"a_”?(x)

n (x n’—nj(x
Xpbl( (1= pp)™ ™) (73)

upon defining the mean-value parameters:

0 —0,

e
1+ ebe

e

Tren (™

Pa and p, =

The alternative model assumes that data in group A and
group B are independent Bernoulli variables, where the
probability of x = 1 is different according to the group.
In this scenario, the aim of the test is to assess whether
po and p, are the same or whether they are different. In
what follows, we explicitly apply the procedure described
in section to different choices of pcan,1-

Example 2: Canonical test with NML. First, we
focus on the test between two canonical models with an
NML approach, i.e., Pcaml = Pgﬁ/l% For a model with
two independent Bernoulli distributions, the exact ex-

pression of the NML distributions reads [36] [39]:

PNML(X) _ Pa, NML(X) . Pb, NML(X) (75)

can,l can,l can,1

with

(ni(,x))”“") (1- n§<x>)”””?<x>
ph NML(X) _ n

can,l

for i € {a,b}. In the formula above, I'(s,t) is the upper
incomplete gamma function. According to the procedure
described in [[ITB] a good candidate e-variable in this
case is the microcanonical approximation, i.e., the GRO
e-variable of the corresponding microcanonical test. To
build it, we need the distribution of the alternative suffi-

cient statistics (n¢,n?) induced by Pci;}j ME. which is
Wean1(nf,17) = Wi 1 (n§) - Wean 1 (1) (77)
with
(n;%x))"'f(") (1 _ n?(x))"“”‘f(")
W:an,l(nlll) = Qtll(n(lz) :

en’I'(n*,n%)

(na)nafl + 1
(78)
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and

b b b
n}f(x) ny(x) 1- n;’(x) n’—ny(x)
Wy (n}) = Q4 (nl) - A i .

can,1 e"bl"(nb,nb) 1
(nb)nbfl

(79)
Given that n¢ and n} are independently distributed,
W (n1) is the convolution of W&, | (n{) and W, | (n}),
which can be computed numerically.

Example 3: Independent beta priors. The beta

probability distribution reads:

T ) e
Bla,8)

where B(a, ) is the beta function, defined as

Beta(y; a, B) = for y € (0,1), (80)

B(a, 8) = /01 t (1 — )Pt (81)

The beta prior represents a popular choice because it
is flexible enough to encompass several cases of interest
(Table [S1] of the Supplementary Material). Here, we put
two independent beta priors w§ and w? with parameters,
respectively, (aq,B.) and (ap, Bp), on p, and p,. The
Bayesian marginal likelihood resulting from this choice
can be written explicitly as

_ B(a® Ra B ~b Qb
Pran1(x) = Bgzavga; B(a", ")

where

Ba:na_n(f+6a7
Bb:nb_n?_’_ﬁb.

a® =n{ + a®,
al = nll’ + ab,
As in the previous example, to obtain the microcanonical
approximation for this problem, we look for the
probability mass function induced by Fean on the
alternative sufficient statistics, which reads:

Wcan,l(n(f,nl{) = caan.,l(ntll) : W(?an,l(nl{) (83)
with
a a a a B O_éa’Ba
Wena(nd) = 0401)- ZEE (54
and
B(a*, p")
b by — b (n?) . ) '
Wcan,l(”l) 1(n7) B(ab, BY) (85)

With this choice, W{ and W? are beta-binomial
distributions. Given that n¢ and n% are independently
distributed, as we expected because we put indepen-
dent priors on p, and py, W{(n1) is the convolution of
We 1 (n$) and W8 | (n}). Whether this expression can

can,1 an,1



be written in closed form depends on the specific values
of the beta parameters chosen. For example, if all beta
parameters are equal to 1, W reduces to the convolution
between two discrete uniform distributions . When
no closed form is available, the convolution can be com-
puted numerically.

: a b * 1
In Figure E we show Wi, Wy, Wi, wicuaoo and

wiseudo’o for different choices of the beta parameters. As
expected, in all cases where w¢ and w? are well defined
in the whole parameter space, wéseudmo and wgseudo,o
are almost indistinguishable. This is a consequence of
Theorem 1: the distribution of the mean value parameter
(wf)seudo’o) and that of the sufficient statistic (wéseudo}o)
resemble each other when the sample size is big (high

resolution limit).

In the next section, we show results obtained by numer-
ical simulations for what concerns the optimality of the
microcanonical approximation and the regret, measured
in the examples reported in this section. For simplicity,
when necessary, we will assume that the two groups have
the same sample size, i.e., n® = n® = m, and that the
independent beta priors on the alternative, denoted by
w§ and w?, have all parameters equal to a certain value
v > 0.

Evaluating the microcanonical approximation

In order to evaluate the goodness of the microcanonical
approximation, we employ two approaches: a direct com-
parison and a comparison through r.

In the first case, we directly compare the e-power of
the microcanonical approximation to the GRO-optimal
canonical one, where the latter is computed by numer-
ically solving the optimization problem . We find
that the e-power of the microcanonical approximation
converges to that of the canonical GRO e-variable as
the total size grows (Figure [S2). The e-power of the
pseudo approximation converges as well, even though
the convergence is slower compared to that of the
microcanonical one. From these plots, we can already
conclude that the microcanonical one works as a good
approximation of SGRO

Notice that, if n¢ and n% are both big enough, using
Pclilr\l/[% is asymptotically equivalent to using a Bayesian
universal distribution with a Jeffreys prior [30] on the
alternative parameters, which in our case is equivalent to
a beta prior with parameters all equal to v = 0.5. More
precisely, let us, for simplicity, set n® = n® = m. Then,
for any INECCSI subset Mj C M, as m — oo, with w;
equal to the density of Jeffreys prior,

sup E,, [—log Pt (x™) +log Pan'y] = o(1), (86)

can,l
1 €My

where o(1) denotes a quantity that goes to 0 as m — +o0.
Nevertheless, a difference persists at the boundaries
(outside M) ), where Jeffreys prior diverges and the NML
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induced priors do not. This difference becomes even
more important when convoluting the independent
Jeffreys priors to compute W{i. This explains why the
first and third pictures in Figure are quite different.
For this reason, in all simulations, we implement the
exact NML formula instead of its Jeffreys approximation.

The numerical approach to directly compare the e-
power is feasible in a few simple cases and only for
relatively small sample sizes. Conversely, the value of
r can be easily evaluated, even for very large system
sizes. In Figure we show the plot of r as defined
earlier to evaluate the effectiveness of the microcanonical
approximation in different scenarios. The results confirm
those of Figure as in all cases considered, r converges
to 0. In conclusion, we argue that the microcanonical
approximation is a perfect candidate in this case.

Results on regret

Let’s again consider the m-dimensional i.i.d. exten-
sion of our models. In section [S6| of the Supplementary
Materials, we show that, if the error r'(p1) in van-
ishes as the sample size m increases, both the canonical

growth-optimal e-variable SGR© and its microcanonical

approximation Sgiféo satisfy:
di —do
REG:(p1,-) = 3 -logm + O(1). (87)

In the 2 x 2 case, where d; = 2 and dy = 1, this becomes:
1
REG:(p1;-) = 3 logm + O(1).

This result holds uniformly over all p; € M}, provided
that M} is an INECCSI set (i.e., excluding regions near the
boundary of the parameter space). However, it does not
extend to the full parameter space M, where the asymp-
totic form may fail to hold even in well-specified
cases.

Our experiments confirm these insights. We evaluated
worst-case regret in the 2 x 2 setting for different values
of the beta prior parameter . Notice that in what fol-
lows we apply our reasoning to the mean value parameter
spaces, (pa,py) € My = [0,1]2 and pg € My = [0,1], and
that we consider INECCSI sets with respect to M;. From
experimental results, collected in Figure [5, we observe a
clear dichotomy:

e For v < 1, the convolution of the beta priors w{
and w? is non-differentiable at py = 1/2, as shown
in Figure [S1| (e.g., for v = 0.5). Consequently, the
convergence of VO*(m) to a density over the mean-
value space My (as discussed under Theorem may
be very slow or fail altogether. In this case, SPseude
becomes incomparable to SGRO and SGRO| and
no longer holds (see Figure [S4). Indeed, in
Figure [5] we see that even on small INECCSI sets,
the regret grows like alogm + b for some a > 1/2.



e For v = 1, convergence is moderate. Although 7’
decays quickly (Figure, the experimental values
of Figure [5| shows areas (e.g., the yellow counter-
diagonal) where regret exceeds the expected rate.
These may still belong to an INECCSI set, but
convergence has not yet been reached at the sample
sizes considered (m < 1800).

e For v > 1, the convolution is differentiable, and
convergence of VO*(m) is fast. The asymptotic be-
havior (1/2)logm + O(1) is observed on INECCSI

sets (see again Figure

These findings imply that, from a minimax perspec-
tive, using priors with v < 1 is generally suboptimal.
Such priors fail to achieve the expected regret rate of
(1/2)logm—+0O(1) even when the true parameters lie well
inside the parameter space.

This has implications for default prior choices. In both
the Bayesian and MDL literatures, Jeffreys prior [30] is
often recommended as a default when no prior knowl-
edge is available, and is justified in the MDL framework
because it achieves asymptotically minimax optimal re-
dundancy (i.e., the middle inequality in becomes an
equality [40]). However, in our setting, Jeffreys prior cor-
responds to v = 1/2, which, despite its MDL-optimality,
is not optimal with respect to worst-case regret under
e-values.

B. 2 x k contingency tables

A 2 x k contingency table is a natural extension of the
2 X 2 case, allowing us to assess whether the distribution
of a binary outcome differs across multiple (k) groups.
Given a dataset where each observation consists of a bi-
nary variable x € {0,1} and a categorical label indicating
group membership (among k different groups), the data
can be summarized in the following 2 x k table:

Group 1 Group 2 --- Group k| Total

=1 ni n? n¥ ny
z=0 ng nZ ng no
Total nt n? e n¥ n

The dataset consists of k groups, represented as x; =
(2}, ...,a",) for i = 1,...,k, where n’ denotes the size
of group i. The table reports the number of ones (n})
and zeros (n}) in each group, along with their respective
totals, ny and ng.

The key question remains whether the probability of
observing x = 1 differs between groups. This problem
again translates into a hypothesis testing problem, where:
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FIG. 5. Fitted slope of the logarithmic growth alogm + b
of the microcanonical approximation regret in the 2 x 2
case (n® = n® = m), shown for different combinations of
the alternative parameters (pa,ps). The expected asymp-
totic slope is 0.5 (yellow). Three alternative beta priors
are considered: o = f = 0.5, «a = f = 1 and a =
B = 1.5 . The sample sizes used for fitting are m &€
{600, 800, 1000, 1200, 1400, 1600, 1800}. p, and p, vary in the
interval [0.02,0.98], with a grid step of 0.02. Values at the
boundaries are excluded to improve the readability of the
plots.

e Under the alternative hypothesis, the groups are
distinct, meaning the number of ones is constrained
separately in each group:

Clz(n%vn%w":nllc)' (88)

e Under the null hypothesis, the groups are indistin-
guishable, meaning only the total number of ones



is constrained:

Co="nNq. (89)

These constraints define the sufficient statistics under
each hypothesis of the microcanonical and canonical tests
discussed next. As the examples will illustrate, most of
the results in this section naturally extend from the 2 x 2
case. The key distinction is that, in the latter case, the
only relevant asymptotic behavior is as the total sample
size n grows large. In contrast, in the present setting,
both n and k can grow large, with different scenarios
arising depending on the application (see . In all
cases, the asymptotic behavior of e-variables plays a cru-
cial role, particularly in the canonical test, where only
asymptotic approximations are available, and we need to
assess whether the microcanonical approximation can be
used.

2 X k microcanonical test

alternative model is simply the extension of (64]) from 2
to k groups:

While the null model stays the same (Eq. (62)), the

. m if (nl(x)ﬂ - ,n’f(x))
Prie, 1(x;{n1}) = = (n},...,nk),
0, else,
(90)
where
L
ou(tnih =TT (% ) (o1)
i=1
As in the 2 x 2 case, Condition A is satisfied:
k
ny = Z n} (92)
i=1

and the optimal prior on the null is the marginal
distribution of ny induced by Wi({n%i}). If all n} are
independently distributed:

k

Wa{ni}) = [[witn)

i=1

(93)

then Wy is simply the convolution of the individual
alternative priors:

Wg =Wl ...« WF. (94)

Interestingly, when the number of groups k is large, and
the priors are regular enough, a Central Limit Theorem
holds; thus, W is well approximated by a discrete Gaus-
sian distribution, i.e., if k> 1:

1 (n1 — px)?
W* [ — N - TR
0 (nl) N(/%,Ok) exp ( 20}3

(95)
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where N is the normalization constant and

k
He = Z By [n1]
i=1

k
o} = Z Varyy: (nt).

i=1

This result is particularly convenient: when k is big
enough, the only effect of the choice of priors on the
alternative, as long as they are independent and regular
enough, is in determining the average and the variance
of the optimal (approximated) Gaussian prior on the null.

Example 4: Independent uniform priors. Here,
we extend Example 1, i.e., Example A, to the case of k
groups. When a uniform discrete prior U is put on each
parameter of the alternative:

k k

Wi({ni}) = [Jta(nd) =[]

i=1 i=1

1
nt+1’

(96)

the GRO null prior is again the convolution of all the in-
dividual priors, i.e., the convolution of k discrete uniform
distributions, which reads [41]:

W5 (n1) = |
- (=1)1s! itk —1-=3%c4(n' —n)
SC{;..J@} ( ni—1 >

-1

k
X [Hn +1| , (97)
i=1
where the sum runs over all possible subsets of {1, ... k}

and | S | is the number of elements of set S. In the
formula, the first factor stands for the number of ways
in which a set of & non-negative numbers ({nt}) can be
chosen uniformly such that their sum is equal to ni, with
the constraint that for each 4, n} must be smaller than or
equal to n’. The second factor represents a normalization
constant. If all n’ are equal to a certain value m, the
formula simplifies and reads:

[n1/(m+1)] .
N n\ (ng—jm+1)+k—-1
W (n1) = Z ( )( 1= )

(=1’ p b1

-1

Jj=1

(98)

k
X [H nt+1
i=1

where |z is the floor function of z. This is the formula
used to generate Figure@ where we show W, along with
its Gaussian approximation, for increasing values of k.

)



W, is the convolution of k uniform distributions
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FIG. 6. The microcanonical GRO-optimal prior on the null
Wg for testing 2 x k tables is obtained as the convolution of
the k independent priors on the alternative, which are dis-
crete uniform priors in the case shown in this picture. Each
convolution, for k > 2, is superposed to its discrete Gaussian
approximation.

2 X k canonical test

The null canonical model is the same as in the 2 x 2
case, Eq. , i.e., a collection of n i.i.d. Bernoulli trials,
where the probability of observing x = 1 is the same
across all groups. The alternative model extends Eq.
and ([73) to the case of k groups, by constraining
the expected values of n} separately for each group i,
leading to the expression:

o= h_, Oini(x)
[T, (1 +efo)nt’

or, equivalently, in the mean-value parametrization:

Pean(x;0) = (99)

— i )" _”1( )’

szu

where we define the group-specific probabilities as:

Pean(X;p) (100)

e 0
-, foreach i € {1,...,k}.

101
1+e 0 (101)

pi =

In this formulation, the alternative model assumes that
data in each group are independent Bernoulli variables,
where the probability of x = 1 depends on the group.
The goal of the hypothesis test is to determine whether
these probabilities are equal across all groups (p; = p2 =
-+« = pg) or whether they differ, indicating that the
probability of observing z = 1 is group-dependent.
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In the following sections, we apply the procedure
described in section |III Bf to different choices of Pean 1.

Example 5: Canonical test with NML. Extending
results from Example 2, for a model with k£ independent
Bernoulli distributions, the NML distribution reads [36]:

k

[1P:" =)

=1

PNML( )

can,l

(102)

where Pclarll\I 11\/[L is that of Eq. (76). The microcanonical

approximation is obtained by defining

H

Wean1({nt}) = (103)

can 1 nl

with

B L@)ni*ni(X)

nt

e I'(n',n
<nz>(nl g
(104)
Wg is then the convolution of all W, ;(n}), which
again can be computed numerically or by resorting to

the Gaussian approximation .

Example 6: Independent beta priors. Here, we ex-
tend Example 3 to the case of k£ groups. We assume that
each p; is independently distributed according to a beta
prior with parameters (a?, 3%). The Bayesian marginal
likelihood reads:

(105)

where
B'=n'—ni+p" foreachic{l,... k}.

To derive the microcanonical approximation, we compute
the probability mass function induced by Pan1(x) on
{n%}, which reads:

Wcan 1 {nl} H can, 1 (106)

with
gan =Qi(n])-=——% foreachie{l,...,k}.
((0}) = 04 ) D (L)
' ~ (107)
W (n1) is, then, the convolution of all W¢,,, ;(n}). If all

beta parameters are equal to 1, W reduces to the con-
volution between k discrete uniform distributions @
When the beta parameters are such that no closed form



is available, the convolution must be computed numeri-
cally. Alternatively, if k is big enough, one can resort to
the discrete Gaussian approximation . Analogously,
a continuous Gaussian approximation can be used to ap-
proximate Wpseudo- Figure 7 we show Wcian,u W,
and Wpseudo for k = 10.

Evaluating the microcanonical approximation

To assess the effectiveness of the microcanonical
approximation, we study the behavior of the interval
width 7 in different cases. To simplify the problem, all
beta priors considered in our results have parameters
equal to the same number, ~, and all groups share the
same size, i.e., n;, = m for all ¢ € {1,...,k}. In this sce-
nario, we have that n = m - k. We consider three cases:
m increases and k is fixed; n is fixed, and m and k change
accordingly; finally, m and k grow together according to
a certain law. We evaluate Spscudo, and consequently 7,
by using w40, o> according to the procedure described
in Example C, which is easily extended to the case of k
groups. Our experiments (Figure show that:

1. 7 converges quickly to 0 for fixed k as the m in-
creases (or, equivalently, the total sample size in-
creases);

2. r grows slowly for n fixed and k getting bigger;

3. r converges quickly to 0 whenever k and m grow
together according to different power laws.

The only case where r does not converge to 0 corresponds
to a decreasing m as O(1/k). Our conclusion is that
our microcanonical approximation Sgi%o is an optimal
candidate as long as m, i.e., the data size of each group,
is big enough.

C. Connection to models of networks and time
series

maximum entropy models are widely used to construct
null models of complex systems that preserve specific
structural or temporal features, while remaining other-
wise random [14, T6HIS] [42].

For instance, when applied to networks, maximum
entropy models in their canonical formulations are known
as exponential random graph models [18], 43 [44]. Exam-
ples of commonly used maximum entropy network mod-
els are the Erd6és—Rényi model, Configuration Models,
and Stochastic Block Models [16, [18]. The framework
presented here is fully general and can be applied to build
and compute e-values when testing between general max-
imum entropy network models with different sufficient
statistics, in both their canonical and microcanonical
formulations. Moreover, section [[TA] establishes a link
between e-values and the Minimum Description Length
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principle — a framework increasingly used in recent years
for network inference and model selection [36], [A5HAT].

In particular, the hypothesis tests for contingency ta-
bles developed here have a direct correspondence with
hypothesis tests between common network models. This
mapping arises because the sufficient statistics in our con-
tingency tables capture the same structural constraints
as those imposed in standard network ensembles [16], [1§].
Indeed, a binary network is represented by a binary ad-
jacency matrix, which is a (structured) collection of 1s
and Os, corresponding to the presence or absence of a
link between two nodes.

The null model considered here, in both its canonical
and microcanonical formulation, corresponds to the well-
known FErdds-Rényi model (ER), where the sufficient
statistic is the total number of links, equal to (half, if the
network is undirected) the total number of 1s observed
in the adjacency matrix.

In the Stochastic Block Model (SBM), nodes are parti-
tioned into groups and the adjacency matrix of a net-
work is structured in k blocks, corresponding to the
presence of inter- and intra-group links. For instance,
in models of networks with community structure, intra-
group link probabilities are larger than inter-group ones.
The sufficient statistics are the number of links in each
block. Testing an SBM against an ER model corresponds
exactly to testing whether connection probabilities are
identical across all blocks (i.e., communities are absent),
and this SBM vs ER problem reduces to our canonical
or microcanonical contingency table 2 x k test.

In the Partial Configuration Model (PCM) for bipar-
tite networks [48], the degree of each node in one layer
is constrained, while connections to the other layer are
otherwise random. The (bi-)adjacency matrix is a k x m
rectangular binary matrix, and the sufficient statistics are
the number of links connected to each node in the con-
strained layer, i.e., the number of 1s in each row. Test-
ing a PCM against a bipartite ER model corresponds to
testing whether all nodes in the constrained layer have
the same connection probability (and therefore the same
expected degree), i.e., testing for homogeneity of node
properties in the graph. This again maps to a 2 X k con-
tingency table, where each constrained node represents
a “group” and each group size equals the number m of
nodes in the unconstrained layer.

Besides network models, a final connection worth men-
tioning is the one between binary contingency tables and
multivariate time series data describing, e.g., a system
of units being active (1) or inactive (0) at discrete time
steps (such as spiking neurons data). The PCM can, in
this case, represent a model enforcing, for each time step,
a different activation probability of the various units.
Therefore, testing the PCM against a bipartite ER model
corresponds in this case to testing non-stationarity vs sta-
tionarity of the observed process over time.

We therefore conclude that our microcanonical e-
variable for contingency tables can be directly applied
to a wide range of problems, both exactly in the



microcanonical case and as an approximation for the
canonical case. Moreover, our results on the behavior of r
show that the microcanonical approximation works very
well in both scenarios, as long as the size of each group
is large enough. This circumstance is particularly con-
venient when studying models of large complex systems
with a growing number of heterogeneous features, such
as PCMs where the number of nodes in both layers can
diverge in the “thermodynamic limit” of infinitely large
graphs, SBMs used to model networks with a growing
number of communities, and models of high-dimensional
multivariate (nonstationary) time series. As we men-
tioned, the growing number of features (and parameters)
in these models is generally needed to replicate the het-
erogeneous properties of real-world networks and time se-
ries more closely. At the same time, it makes the study of
these models more challenging because of the breakdown
of various useful approximations valid for a finite number
of parameters —and even of the asymptotic equivalence
between canonical and microcanonical versions of the re-
sulting ensembles [36] [49]. Despite these complications,
the results derived here nicely apply to those regimes.

V. CONCLUSION

In this work, we have developed a general framework
for constructing optimal e-values for hypothesis testing
between maximum entropy models with different con-
straints, in both microcanonical and canonical formu-
lations. Our main theoretical contribution is the exact
derivation of the microcanonical GRO e-variable and its
use as a valid approximation to the canonical GRO e-
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variable when the latter is intractable. We provided an-
alytical and numerical evidence that this approximation
becomes asymptotically exact in many relevant regimes.

We illustrated our results through applications to
2 x 2 contingency tables, in both Bayesian and non-
Bayesian (NML) settings, showing numerically that the
microcanonical approximation provides a good proxy for
the canonical solution, confirming our theoretical results.
We then extended the analysis to general 2 x k tables,
where numerical results suggest that the microcanonical
approximation works and remains asymptotically opti-
mal for different interplays between k and the group sizes,
as long as the latter are sufficiently large. Interestingly,
when k£ becomes large, the microcanonical e-variable is
itself well approximated by choosing a discrete Gaussian
prior on the null. We highlighted that this framework
can be naturally translated into network-science terms,
where many important models can be derived as maxi-
mum entropy models.

A central role in our construction is played by uni-
versal distributions. These are the same distributions
that underlie the Minimum Description Length (MDL)
principle, where they achieve minimax redundancy. Our
results show that such universal distributions (including
Bayesian and NML ones) can be conveniently used to
build GRO e-variables as well, thus providing a direct
and convenient connection between description lengths
and e-variables. A possible direction to explore in future
work is to extend this connection beyond pairwise model
comparisons and investigate how GRO e-variables and
MDL can be combined to design tests involving multiple
models at once.
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Supplementary Materials

S1. REDUNDANCY AND REGRET

Here we show that, given the null and alternative models My = {Py(x;0)}eco, and My = {P1(x;0)}eco,, the
regret of the GRO e-variable , ie.,
Pi(x)
By (x)

SO (x) = (S1)

for a given distribution P, is bounded by the redundancy of P;. Indeed, for any INECCSI (Def. subset ©’
of ®:

P,
REG(©}; P1) = max Eg, |log SERO@) — ;*(X)
6.€0] PO O(X)
;0
= max min Eg, [log——% Pxi6,) log w(x)
916@’ wUEWBO (;LU X) PO 0 (X)

Py () 5
= max min Eg, |log —— + RED;(604; Py)
6.0 \ wjeWp, pé”o (x)
< RED,(©}; P1). (52)

S2. MICROCANONICAL TEST

In this section, the subscript “mic” is omitted for the sake of clarity, as all the models considered are microcanonical
models.

A. Exact solution of the optimization problem

We consider a test between a microcanonical alternative M and a microcanonical null My. Given a universal
microcanonical distribution P; (either NML or Bayesian) on the alternative, the GRO-optimal microcanonical e-
variable

P,
SO0 = (83)
Py
is found by solving the optimization problem
* . D w

Wy = arg WL DxL(P1|[Fy") (54)

: 5 Py (x)

= arg Wrg%1co Z Py (x)log B ()

= arg max ZPl x) log PV (x).

For a microcanonical model with sufficient statistics c;, the Bayesian marginal likelihood reads [36]

PiWi (X) = Z Pi(X; Ci)Wi(Ci) = Pi<X; Ci(X))Wi(Ci(X)) = m (85)
c; €C; LA

where the latter equality is due to the definition of the microcanonical model, which assigns a positive probability
only if ¢;(x) = ¢;. By putting this result in (S4]), one gets



Wi =arg max 3" Py(oflog Wo(eo(x)) — log Qo(co(x))] (36)
0 xex

= o g 3 Pue) o W)

The latter expression can be written as a sum over the values of cq:

Wg:argwné%(co » ; Py (x) | log W (co)- (S7)
coElp | x:c(x)=co

According to Gibbs inequality, the distribution maximizing the quantity above is

Wileo)= . Pix) (38)

x:co(x)=co

i.e., the marginal distribution of the null sufficient statistic co(x) induced by P;, hereby denoted, for simplicity, by
peo.

In the special case where the alternative sufficient statistics completely determine the value of the null one, we can
write:

Condition A: (S9)
there exists a function f: C; — Cp s.t.co(x) = f(c1(x)),

and thus

Wilc)= >, P (S10)

x:co(x)=co

X :co(x)=co

= Z Ql(Cl)Wl(Cl)

c1: f(e1)=co

= Y Wie).

c1: f(e1)=co

In other words, the GRO-optimal prior on the null is the distribution induced on the null sufficient statistics by the
alternative prior, or, equivalently, the marginal distribution of ¢y induced by Wi, hereby denoted by Wi°.

Once that W{ is computed, given that all universal microcanonical distributions considered here are, in fact,
Bayesian marginal likelihoods, the microcanonical GRO-optimal e-variable can be expressed as

SO (x) = PWJ((X)) (S11)
0 X
_ Pxa(x) Wila(x)
Fo(x; €0(x)) Wy (co(x))
_ Qo(co(x)) Wiei(x))
O (e1(x)) W5 (co(x))

B. The average under the null of the GRO e-variable is always unitary

Here, we show that Eo[ SCRC] =1 VP, € M.



We start by picking a generic distribution inside the null model:

o el =
if cp(x) =¢
Py(x;¢0) = { Q(Co) ’ ’ (S12)
0 else.
Then, we compute the average under Py(x;¢p) of SERO:
Pl _ Pl (X)
Eo[SORO) = Eo | == | = D Po(x5€0)—= (S13)
B xex By " (%)
1 _1(X)
— 0 S14
Qo(Co) Z,, P (x) (5814
x:co(x)=co * 0

In what follows, we use the explicit expression of the Bayesian marginal likelihood , ie., ng o(x) = %3((:)))), and

that of the GRO optimal prior

Eo[ SORO] = 1 Z Qo (co(x)) 1 (x) (S15)

S3. MICROCANONICAL APPROXIMATION
A. Every microcanonical e-variable is a canonical e-variable

Given a sufficient statistics c(x), the microcanonical probability distribution can be expressed as a conditional
canonical one:

Pmic(x; C) = Pcan(x; 0 | C)- (816)

where the probability of x is conditioned on a certain value of ¢(x). According to the law of total expectation, for
every random variable S(x) defined on X

Ecan[S] = Ecan, [Ecan[ S | €]] = Ecan [Emic[ S]] (S17)
It follows that if E,,;. is a microcanonical e-variable, it is also a canonical one:
Emic[ Bmic] €1 VPuic € Mmic = Ecan[Emic] <1 VPean € Mean (S18)
Moreover, as proven in the last section, it holds:
Enic[ St ] = 1. (519)
Thus, from , it follows that
Ecan[ SSRC] = 1. (S20)

B. A canonical universal distribution can always be expressed as microcanonical Bayesian marginal
likelihood

In what follows, we show that:

1. Given a canonical universal distribution P.,, relative to a sufficient statistic ¢, we can always define a prior
distribution Wea.y(c) on the sufficient statistic such that

Pean = Pprc. (S21)

mic

2. The opposite is not true: for some PW | there is no choice of prior density w(8) such that P% = pP® .
pp mic can

mic?



Proof 1

By construction, a canonical universal distribution P.,,(x) relative to the sufficient statistics ¢ always assigns the
same probability mass to configurations sharing the same value of the sufficient statistic, just as the corresponding
Pean(x;0) does. Consequently, the following holds:

Pean(x| €) = Puic(x; ), (522)

i.e., when conditioned on the sufficient statistic, the universal canonical distribution reduces to a uniform distribution
over the number of configurations corresponding to the observed value, which is the microcanonical distribution.
Moreover, we can always write

Pean (%) = Pean(x | €(x)) Pen (€(x)) = Pic (3 €(x)) Péy (e(x)) (523)

where PS_(c) is the distribution of ¢ induced by P..,. The proof follows by comparing the expression above with the

can >

general expression of the microcanonical Bayesian marginal likelihood and by setting Wean(c) = PS,, (c).

can

Proof 2

The canonical Bayesian marginal likelihood PY,

PY (x) = /@ Pran(x; 0)w(0)d0 (S24)

is the weighted sum of positive functions; indeed, Peay,(x;0) is an exponential function that assigns positive probability

to all x € X. As such, for all proper choices of the prior density w(@), PY,, is strictly positive everywhere:

pDWw
Pcan

() >0 VzeX. (S25)

Consider a microcanonical prior W (c) such that W(c*) = 0 for a certain value c* of the sufficient statistics. Conse-
quently,
PP (z*) =0 Vuz:c(x)=c" (S26)

mic

Thus, there is no choice of canonical prior w(8) s.t. PY = PY

mic can*

S4. PROOF OF THEOREM [1

In the proof, we freely use well-known properties of exponential families as described by, e.g., [35]. Set B := M. Fix
a constant a and consider the sets, for m =1,2,...:

alogm

1
}7Bm= {ueB: inf p—p 3> Ogm}-
n'¢B

B = : inf —u |2 <
" {u Jnf, lp—p" 2 <
B} is a superset of B, including a small region (whose volume tends to 0 with sample size) just outside B’s boundary;
similarly B, excludes a small region just inside B’s boundary. To shorten notation we write fi := s(y(m)) /m and
Pv = P2{™ and, for any measurable subset B’ C M, QY (B') == Q"(pn € B'), and Py, := Pean(-;6(p)) where 6(p)
is the mapping from mean-value parameters to corresponding canonical parameters, i.e. the inverse of the (1-to-1)
mapping () defined in the main text. We have:

PraeB) = [ PulacBu@de= [ Pupe B

HEM nEB,
> QU(B) inf Pu(feB)>Q"(By) inf (1-Pu(d B))
rEB,, HrEB,,
> Q" (B~ sw P BIQ(B) +0 (M2 ) - swp P B). (s27)
nEBm, KEB,,



and also
Phpe ) - |
HEB,

1
<QUBH)+ sup Pu(peB)=Q"(B)+0 < Ogm> + sup Pu(i€ B). (S28)
peM,ugBh m peEM\ B,

Pl € By + [ . Pl By
ueB,

We will now further bound the supremum terms in the above two formulas, showing that they are both of order
O(m~%). The result then follows by plugging in a = 1.

a. Supremum in @ To bound the supremum in 7 note first that B is a convex set. We can therefore use
Csiszér’s [50] multivariate generalization of Chernoff’s concentration inequality (see [51] for general discussion) to get
that

sup Pu(/:‘ S B) < sup e_mDKL(Pu’”PM) = eiminfnemB,t,u’EB Drer(Purl[Pu) < eiminfMEBB:rmu/EB DKL(P’L'HP”)7

peM\ B, peEM\ B, u'eB

(S29)

where Dxr,(Py/||Py) is the Kullback-Leibler divergence between P, and P,, defined at a single outcome, and in the
final inequality we used the standard fact that the KL divergence between members of an exponential family is strictly
convex in its first argument.

Now since B is an INECCSI subset of M, clearly there exists another INECCSI subset of M, say B, and a finite
mg such that B}t C B for all m > mg. Since B is INECCSI, there exist ¢,C' with 0 < ¢ < C' < oo such that all
eigenvalues of the Fisher information matrix I(u) in the mean-value parameterization are in between ¢ and C for all
p € B. This means that the KL divergence between any p, ' € B satisfies

. ologm L alogm

1 1
(1/2)c < 5M i w1 < Diw(PullP) < 58— w13 < (1/2)C (530)
The result now follows by plugging in the lower bound on the KL divergence implied by the above into (S29|) and
then setting @ = 1 and plugging further into (S28)).

b.  Supremum in To bound the supremum in (S27)), fix any p € B, and let R,,, be a hyper-rectangle
centered at p that is a subset of B and that has side-length 2¢,,. By construction there is ¢ > 0 such that, for all m,
we can take €, = ¢ - /(alogm/m). Noting that we can write pu = (p1, ..., pq), with d the dimensionality of both
the canonical space ® and the mean-value space M, we set Hij,e = {p €eM: i > pj+ e} and Hij-,e ={p eM:
p; < pj —e}. We have:

d
sup Pu(ft @ B) < swp Pul( & Ru) <3 (Pl € Hy o )+ Pal € Hy )
nEBm HEB, j=1
d . .
—m inf DxL(P,/|| P, —m inf DxL(P,/ || P,
<> <e et s D T ez P ] Ml)) —0(m). (S31)
j=1

Here the second inequality is the union bound and the third is once again Csiszar’s [50] multivariate generalization of
Chernoff’s concentration inequality (in , we bounded P, (ft € B) where B was a convex set, allowing us to use
Csiszar’s result directly; but in (S31)), we need to bound Py (ft & B) = P, (ji € M\ B); since M\ B is not a convex set,
yet convexity is required by Csiszi’s result, we now first need to cover it by 2d convex sets H,, . _ , for each of which
we then use Csiszar’s result). The final inequality follows by using again.



S5. PSEUDO APPROXIMATION THROUGH THE HIGH RESOLUTION LIMIT

Below, we provide pseudocode to compute the density wll)scudo,o for a canonical test on 2 x 2 contingency tables,

under the alternative hypothesis with independent beta priors on the mean-value parameters. Notice that for a, =
Ba = ap = Bp = 1, we retrieve the uniform prior of Example B.
The procedure starts from the induced distribution on the sufficient statistics under the alternative, denoted W¢,,,

and Wfan,1 in the main text, which follow a beta-binomial form. To approximate the continuous limit, we increase
the resolution by multiplying the original group sizes by a scaling factor (Steps 1-2). The higher the scaling factor,
the better the approximation — at the cost of greater computational effort.

The two high-resolution distributions are then convolved to obtain an approximation of the GRO-optimal prior
on the null, W (Step 3). Since we want a density over py € [0,1], we define a pseudo-continuous support for pg
accordingly (Step 4). Finally, the convolved distribution is normalized to form a proper density over this support

(Step 5).

Input:
n_a, n_b // group sizes
scaling_factor // resolution multiplier
alpha_a, beta_a // beta-binomial parameters for group a
alpha_b, beta_b // beta-binomial parameters for group b

Step 1: Define high-resolution support
x_high_a = 0 to scaling_factor * n_a
x_high b = 0 to scaling_factor * n_b

Step 2: Compute high-resolution beta-binomial PMFs
For each i in x_high_a:
p_high_a[i] = BetaBinomialPMF(i, scaling_factor * n_a, alpha_a, beta_a)
For each i in x_high_b:
p_high b[i] = BetaBinomialPMF(i, scaling_factor * n_b, alpha_b, beta_b)

Step 3: Convolve the two distributions
conv_high = Convolve(p_high_a, p_high_b)

Step 4: Define pseudo-continuous support over [0, 1]
p_O_fine = [0, 1, ..., len(conv_high)-1] / (scaling_factor * (n_a + n_b))

Step 5: Normalize the convolved distribution
step = p_0O_fine[1] - p_O_fine[0]
conv_high = conv_high / (sum(conv_high) * step)

Output:
conv_high // approximate density over [0, 1]
p_fine // corresponding support



S6. BOUND ON REGRET

Here we provide a bound for the regret of a maximum entropy model .

Let My be a maximum entropy model. We begin by recalling an extension of the classical (d/2)logm asymptotic
redundancy result (see Equation (19)) that remains valid even when the model M is misspecified — i.e., it does not
contain the true distribution P*. This generalization appears in [30], and is formalized in [23], Proposition 3].

Let x™ be an i.i.d. sample from a distribution P* that may lie outside M. Suppose that there exists a distribution
P, € M minimizing the Kullback-Leibler divergence to P*:

Péo = arg@gnei({)lg DKL(P*HPG())
Then, for any regular prior density wg, we have:

RED(P*; Py) := Ep+ [—log Py (x™) + log Péo(xm)]

- % logm + O(1). (S32)

In the well-specified case where P* € My, it holds that P* = Péo’ and RED(P*; P;”°) coincides with our earlier

definition REDg(6, Pi°) (up to notation), thus recovering the classical result (I9).

We now apply this general result in the setting where P* = Py, € M, in order to bound the regret REG(6;; P{"*)
of the Bayesian marginal P;"* for a regular prior w;. Consider the pseudo-e-variable Spseudo, used as a proxy for
either SGRO or SGRO. Using the previous result to refine equation , we obtain:

P’ (x)
REG(6:; Spseudo) = Eo, [10g SERO®) _og m
wpseudo,O( )
= Eg, |log —*————| + REDy(6; P}"")
Py (x)
Pwpseudo,O (X)
=Eg |log=2— | 4+ RED;(6;; P**
01 Og Péo (X) + 1( 15 1 )
= RED;(6;; P"*) — REDg(Pg,; Py****** °) + O(1)
a) di —d,
@ L2 ogm + 0(1). (S33)

The first two equalities are direct, and the third follows from [23] Theorem 3 (Parts 3,4)]. Equality (a) holds provided
that wWpseudo,0 is regular, in particular, that it has a continuous density.

S7. SUPPLEMENTARY TABLES AND FIGURES

Case Parameter Condition Behavior
Uniform a=p8=1 Flat distribution
Jeffreys Prior a=p8=0.>5 U-shaped
Bimodal (U-shaped) a,f <1 Peaks at 0 and 1
Left-skewed a>1,<1 Peak near 1
Right-skewed a<l,f>1 Peak near 0
Bell-shaped a,f>1 Normal-like
Highly concentrated a=p>1 Sharp peak
Degenerate (Dirac Delta) o, — o0 Point mass at %5

TABLE S1. Behaviors of the beta distribution for different parameter values.
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FIG. S1. Construction of the microcanonical optimal prior W§ (third column) and the pseudo-prior approximations wpseudo,o
(fourth column) and w?)seudo,o (fifth column), for 2 x 2 contingency tables with independent beta priors on the alternative.
Starting from the induced independent beta-binomial distribution on the alternative sufficient statistics (first and second

columns), the microcanonical GRO-optimal prior W{ is obtained as their convolution. The pseudo prior approximation wéseudo’o

is obtained starting from Wg through a high-resolution limit. The pseudo prior approximation w?)seudo,o is obtained by directly
convoluting the original continuous beta priors, when well defined on the whole parameter space (i.e., for v > 1).
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FIG. S2. E-power difference between the canonical GRO e-variable (computed numerically), its microcanonical approximation
(orange curve), and the pseudo approximation (green curve), across sample sizes and different choices on the alternative (NML
and beta with all parameters equal to ). The microcanonical and pseudo approximations provide a lower and upper bound
for the canonical GRO e-power, converging to it as the sample size grows. Results are shown for the 2 x 2 contingency tables
canonical test with n® = n® = m and sample size equal to 2m.
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FIG. S3. Convergence of r in 2 X 2 contingency tables, for n* = nf (left column) and n® = 2nb (right column), as the sample
size n = n® 4+ n® grows. Results are shown for different choices of Pean,1: beta independent priors with all parameters equal to
~v = 0.5 (first row), 1 (second row), 3 (third row), and NML (fourth row).
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v = 0.5, 1, 1.5, and NML. r’ is computed by considering wrl,seudoyo, obtained through a high resolution limit with resolution
scale equal to 100000.
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FIG. S5. The first column shows the discrete distribution of each component of the alternative sufficient statistics, here denoted
simply by W7, induced by independent identical beta priors on the alternative, for different prior parameters. The GRO-optimal
microcanonical prior on the null W§ (second column) for the 2 X k test is obtained by convolving these discrete distributions k
times. The pseudo prior density wzl,swdo (third column) is instead obtained by directly convolving k times the corresponding

1

beta priors. Both W§ and wye,q, are shown together with their Gaussian approximations (discrete for W and continuous for

W) seudo)- In this example, k = 10.
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FIG. S6. Convergence to 0 of the interval width r in the case of 2 X k contingency tables, where all groups have same size m, for
different interplays between the number of groups k& and the size of each group m. Results are shown for identical independent
beta priors on the alternative, with all parameters equal to v = 1.
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