l‘)

Check for
updates

Growing HOLMS: A Verified Automated
Prover for Grzegorczyk Logic in HOL
Light

Antonella Bilotta! ®) @, Marco Maggesi®®, and Cosimo Perini Brogi®

1 Scuola Normale Superiore di Pisa, Pisa, Italy
antonella.bilotta@sns.it
2 University of Florence, Florence, Italy
marco.maggesiQunifi.it
3 IMT School for Advanced Studies Lucca, Lucca, Italy

cosimo.perinibrogi@imtlucca.it

Abstract. This paper presents a certified theorem prover for Grzegor-
czyk logic (Grz) implemented in the general-purpose proof assistant HOL
Light. Our prover builds on original HOL Light formalisations of modal
adequacy for Grz with respect to finite partially ordered frames, and on
the standard full and faithful translation of Grz into Gédel-Lo6b logic
(GL). This formalised embedding allows us to extend the range of modal
systems supported by the HOLMS library for automated modal reason-
ing, and constitutes a new methodology experimented in our framework,
being the first logic added to the library through a modal translation.

The deductive engine performs an automated proof search in the
labelled sequent calculus for GL. When the proof search on the translated
formula succeeds, the system returns a HOL Light theorem certifying
provability of the original Grz formula. When proof search terminates
negatively, the system constructs a verified GL countermodel and thus
certifies that the original formula is not provable in Grz.

Keywords: Automated Theorem Proving -+ Modal Reasoning - HOL
Light - Grzegorczyk Logic - Gédel-Lob Logic - Modal Embedding -
Logical Verification

1 Introduction

Recent formalisations of modal logic have progressed from verifying isolated
systems to building comprehensive, modular tools.! The HOL Light Library for
Modal Systems (HOLMS) [13,14,17] exemplifies this trend, providing a unified
framework for reasoning about and within seven normal modal logics (K, T, B,
K4, S4, S5, and GL) using the HOL Light proof assistant [54,55].

HOLMS employs a dual methodology: a deep embedding of axiomatic calculi
and relational semantics to prove modal adequacy theorems, alongside a shallow

! See, e.g., [38-40,43,61].
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embedding of labelled sequent calculi to facilitate automated reasoning. Conse-
quently, the framework yields both verified theorems within the modal systems
and certified countermodels upon proof search failure.

Our Contribution. We integrate HOLMS with a first significant example of cer-
tified modal translations. The intent is to extend the range of modal logic imple-
mented in the library and experiment with applications of modal embeddings to
modular automated reasoning in HOL Light. Here, we instantiate the method-
ology on Grzegorczyk logic (Grz) [46], a system bridging classical modal logic,
intuitionistic mathematics, and topology [26].

Automated reasoning for Grz is traditionally hindered by its characteristic
frame condition — specifically, the weakly Noetherian property (converse weak
well-foundedness). Consequently, to implement a sequent calculus for Grz con-
structively typically demands non-trivial, ad hoc design choices to handle this
condition, such as in [31] or in [73].

Rather than complicating the uniform architecture of HOLMS with such
mechanisms, we circumvent the weak Noetherian condition entirely by formalis-
ing the Kuznetsov-Goldblatt-Boolos theorem [20,21]. In particular, we mechanise
a full and faithful embedding of Grz into Godel-Lob provability logic (GL) in
two steps:

— implementing the standard splitting translation within HOL Light;
— reducing validity problems in Grz to corresponding validity problems in GL.

By doing so, we directly reuse HOLMS’s existing verified decision procedure for
GL [59] to decide Grz-theoremhood automatically.

More Technically. Consistent with HOLMS’s architectural principles, we first
provide a deep embedding of Grzegorczyk axiomatisation (GRZ) as the extension
of the minimal normal system K by the Grzegorczyk schema:

OOA —-0OA) - A) — A.

We then prove that this axiomatisation is equivalent to S4AGRZ obtained by
adding the same schema to the system S4.

On the semantic side, we formalise the classes of RTWN (Reflexive, Transi-
tive, Weakly Noetherian) frames and RATF (Reflexive, Antisymmetric, Transi-
tive, Finite) frames. By proving the soundness and completeness of the axiomatic
systems with respect to these classes, we integrate Grz into the library’s existing
semantic hierarchy alongside S4 and GL.

Whereas HOLMS typically relies on a shallow embedding of labelled sequents
to drive automation, we adopt a translational approach for Grz to bypass the
proof-theoretic complexities of its calculi. We implement the standard splitting
translation, denoted TRANSL 7 or (-)*, as a recursive function mapping modal
formulas to modal formulas:

(DA)* = A+ AD(AY)


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/translations.ml#L12-L21
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This translation “internalises” reflexivity into the irreflexive framework of GL.
We formally prove fullness and faithfulness of the embedding (GRZ_TRANSL ),
establishing that GRZ + A if and only if GL + A™. This result allows us to
repurpose the original, certified decision procedure for GL (HOLMS_RULE z), to
decide validity in Grz.

A distinct advantage of the HOLMS automated reasoning is its capacity
to produce certified countermodels for unprovable formulas in normal systems
present in the codebase, including GL. Our approach preserves this constructive
feature via a certified model transformation, executed in three steps:

1. When GL decision procedure refutes a translated formula A+, the original
tactic HOLMS_BUILD_COUNTERMODEL ¢f returns a finite, irreflexive, transitive
countermodel for A*;

2. We formally define a transformation, R_PLUS 7, which computes the reflexive
closure of such models.

3. We prove that this transformation maps finite GL-models for AT to finite
Grz-models for A within the class RATF.

Thus, a failed proof search yields a concrete, verified Grz-countermodel for the
original formula.

This automation of Grz-reasoning paves the way for extending the library’s
certification guarantees to intuitionistic validity via the Gédel-McKinsey-Tarski
translation [41,60], which is an additional instance of the method of verified
modal embeddings we advocate for.

Structure of the Paper. The remainder of this paper is organised as follows.
Section 2 provides background on the HOLMS library, detailing its existing deep
and shallow embeddings. Section3 presents our formalisation of Grzegorczyk
logic, including the axiomatic definitions and the proof of modal adequacy with
respect to the standard frame classes. Section4 details the formal verification
of the Kuznetsov-Goldblatt-Boolos theorem, establishing the faithfulness of the
splitting translation. In Sect. 5, we describe the decision procedure and the coun-
termodel transformation R™, by also presenting concrete examples of applica-
tion; furthermore, we discuss aspects of the computational costs involved in the
implementation of Grz-reasoning via modal embedding in GL. Section6 con-
cludes the main body of the paper with a summary and directions for future
work, particularly regarding other modal companions.

A preprinted version of this work [15] includes two supplementary appendices
to which we refer in the following. These detail the decision algorithm used in
HOLMS, and the labelled sequent calculi underlying the procedure, respectively.

Source Code. The HOLMS codebase is freely available on GitHub 7, with the
version presented here permanently archived as release v2026-05-24 7. Addition-
ally, the HOLMS project webpage [16] offers links to practical and theoretical
documentation, concerning HOL Light and the framework.

The existing core library was extensively detailed in Appendix A of our pre-
vious work [14], while the updated code extends this repository with three addi-
tional Ocaml files:


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1321-L1323
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_decid.ml#L339-L340
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_decid.ml#L344-L349
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1207-L1209
https://github.com/HOLMS-lib/
https://github.com/HOLMS-lib/HOLMS/releases/tag/v2026-05-24
https://holms-lib.github.io/
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— grz.ml & contains the formalisation of Grz and the implementation of its
decision procedure via modal translation described in Sects. 3-5;

— translations.ml @ defines and exemplifies the splitting translation, as
described in Sect. 4;

— grz_tests.ml 7 provides some tests of the decision procedure for Grz, along-
side those discussed in Sect. 5.

In the following pages, hyperlinks — denoted by the symbol 7 — point to code
snippets relevant for the presentation.

2 Background on the Core Library

The HOLMS library provides a modular environment for formal reasoning about
seven modal logics (K, T, K4, S4, B, S5, GL) within the HOL Light proof
assistant. Its architecture is characterised by three interconnected presentations
of modal logics: axiomatic calculi, relational semantics, and labelled sequents.

The library’s principal innovation lies in its modularity, structured around
Strachey’s distinction between parametric polymorphism and ad hoc polymor-
phism [81]. This methodological choice clearly separates the verified infrastruc-
ture common to all systems from the bespoke components required for individual
logics during proof development.

Parametric polymorphism denotes constructions where a single, uniform
implementation serves all logic instances. In HOLMS, this encompasses the
modal syntax, the deducibility relation, and the foundational lemmas underly-
ing completeness proofs, such as the standard model construction and the truth
lemma.

Conversely, ad hoc polymorphism describes bespoke implementations tailored
to specific logics, with the appropriate variant selected at the meta-theoretical
level. This category includes logic-specific accessibility relations (e.g., the irreflex-
ive and transitive relation for GL), individual decision procedures, and the cor-
respondence lemmas for distinct frame properties.

This section discusses the key aspects of the library; for a more detailed
account, we refer the reader to [14].

2.1 Deep Embedding: Axiomatic and Semantic Presentations

The library employs a deep embedding for both the syntax and relational seman-
tics of normal modal logics.

The modal language L is defined via an inductive type :form . Deducibility
is captured by a ternary relation S.H F A @, parameterised by a set of axiom
schemas S, which modularly extends the standard calculus K [33] into logics
such as T, K4, S4, B, S5, and GL according to standard literature [18,19].2

2 The notation [S.{}|~ al denotes thus a term of HOL Light metalanguage repre-
senting a theorem of the object modal logic axiomatised by the schemas in S.


https://github.com/HOLMS-lib/HOLMS/blob/70c2d08c72baf0b1d612eb0c931b1a8f73b08cfb/grz.ml
https://github.com/HOLMS-lib/HOLMS/blob/70c2d08c72baf0b1d612eb0c931b1a8f73b08cfb/translations.ml
https://github.com/HOLMS-lib/HOLMS/blob/70c2d08c72baf0b1d612eb0c931b1a8f73b08cfb/grz_tests.ml
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/modal.ml#L27-L36
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/calculus.ml#L76-L82
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Semantic validity is defined over Kripke frames (W, R) via a standard forcing
relation IF (the formal predicate holds ) induced by an evaluation function
v : Atoms, X W — {0,1} [4]. Correspondence theory then maps these frames
to specific logics.

While the notions of frames and characteristic classes are parametric, spe-
cific correspondence lemmas — such as MODAL_TRANSNT ¢ for GL — are ad hoc
implementations tailored to the distinct relational properties of each system.

In the codebase, CHAR S @@ denotes the class of frames satisfying the char-
acteristic property of S, and APPR S 7 denotes the class of finite frames in
which any theorem of the axiomatic calculus defined by S is valid. The lemma
APPR_EQ_CHAR_FINITE 7 proves that the class of appropriate frames APPR S
coincides with the characteristic class CHAR S restricted to finite frames.

The modular formalisation of modal adequacy (soundness and complete-
ness) connects the seven axiomatic systems with their semantic presentations.
Completeness is established via a principled modularisation of Boolos’s strategy
from [21], first mechanised in [58], decomposing the proof into:

— Parametric components, providing a uniform implementation applicable to
all systems. These encompass construction of a GEN_STANDARD_MODEL 7 from
maximal consistent lists of formulas, proof of a GEN_TRUTH_LEMMA 7, and
identification of a generic counterworld via GEN_COUNTERMODEL_ALT 2.

— Ad hoc components, necessitating logic-specific customisation. These include
the definition of standard accessibility relations, as GL_STANDARD_REL 7,
the ACCESSIBILITY_LEMMA instances (e.g., GL_LACCESSIBILITY_LEMMA %), and
theorems that verify that the constructed countermodel inhabits the correct
characteristic frame class (e.g., ITF_MAXIMAL_CONSISTENT 7) .

This dual approach aims to guarantee the meta-theory remains scalable:
extending the library to a new logic primarily requires supplying the requisite
ad hoc relational definitions while reusing the existing parametric infrastructure.

2.2 Shallow Embedding: Labelled Sequents and Automation

For automated reasoning across its seven supported systems, HOLMS employs a
shallow embedding of G3-style labelled sequent calculi [77,85], optimised accord-
ing to the methodology of [66-68]. Definitions of these calculi are collected in
Appendix B of [15].

This embedding maps labelled sequents directly onto the HOL Light goal
stack: formulas on the left-hand side of a sequent manifest as native hypotheses,
while those on the right-hand side are encoded as subgoals in disjunctive form.
In this architecture, a generic labelled sequent R, I" = A is encoded such that:

— The relational atoms in R and the forcing atoms in I" serve as HOL Light
assumptions;

— The succedent A is encoded as the disjunction of its constituent forcing atoms
within the current HOL Light goal.


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/modal.ml#L190-L205
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/ad_hoc_correspondence.ml#L102-L118
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/parametric_correspondence.ml#L50-L53
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/parametric_correspondence.ml#L150-L153
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/parametric_correspondence.ml#L169-L174
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_completeness.ml#L41-L44
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_completeness.ml#L50-L210
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_completeness.ml#L556-L575
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gl_completeness.ml#L241-L245
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gl_completeness.ml#L288-L411
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gl_completeness.ml#L257-L286
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This shallow embedding strategy permits the direct reuse of the meta-logic’s
native deductive engine. Notably, classical propositional connectives require no
bespoke encoding: they are handled directly by standard HOL Light tactics such
as IMP_TAC, CONJ_TAC, and DISJ_TAC.

Modal rules, by contrast, are reconstructed at the meta-level by appealing
to the forcing relation on relational frames.® Within this framework, each modal
rule is implemented as a HOL Light tactic, even those capturing the seman-
tic properties summarised in Table 3 of Appendix B from [15]. For instance,
BOX_RIGHT_THEN 7 tactic realises the C-rule in the consequent.*

The labelled sequent calculus we employ for reasoning about Grzegorczyk
logic, via modal embedding to GL, is G3KGL. Its rules are summarised in
Table 4 of Appendix B from [15], and we shallowly embedded them in HOL
Light in previous work [59]. The automated decision procedure is then realised
by HOLMS_RULE ¢ and the associated tactic HOLMS_TAC . Such a realisation
implements the the goal transitions shown in Fig. 1 of Appendix A from [15],
which we rephrase as follows:

— Starting Goal: The user supplies a modal formula A, a set of hypotheses G,
and specifies one of seven modal logics * € {K, T, K4, S4, B, S5, GL}. Each
logic is characterised by a specific set S of axiom schemas.

— Goal A: The provability question is first translated into a semantic one: is A
valid within the class of Kripke frames characteristic of S? Our mechanised
adequacy theorems justify this translation.

— Goal B: Using the shallow embedding and its internalisation of Kripke
semantics, the problem is then recast as checking whether A can be formally
derived in the labelled calculus associated with .

— Automated Proof Search: We implement a root-first proof search for each
calculus, which yields a decision procedure for * [67]. The outcome branches
as follows:

e Success branch: When the search reaches initial sequents, HOLMS_TAC
generates a shallowly embedded derivation of A which HOL Light certifies
as a fully trusted proof of validity.

e Failure branch: If the search fails, HOLMS_BUILD_COUNTERMODEL 7
extracts a candidate countermodel from the HOL Light goal-stack.’
Finally, CERTIFY_COUNTERMODEL_TAC 7 calls HOL Light to verify that
the candidate falsifies the input formula A at its root.

Currently, HOLMS provides decision procedures for four logics (K, T, B,
and GL) — each halts by either proving validity or producing a certified finite
countermodel — and semi-decision procedures for K4, S4, and S5.6 In Appendix

3 Refer to [68] for a detailed discussion of the method.

* Crucially, weakening, contraction, and cut rules are not introduced axiomatically
but emerge naturally from HOL Light’s underlying logical engine.

5 This extraction mirrors the countermodel construction from failed proof searches
well known in proof theory [67,72,82].

5 For K4 and its extensions, the algorithm may terminate owing to a bound on the
size of the generated countermodel, which prevents infinite loops caused by the


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_decid.ml#L224-L227
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_decid.ml#L339-L340
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_decid.ml#L335-L337
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_decid.ml#L344-L349
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_countermodel.ml#L607-L636
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A of [15] we give a more detailed account of the design and functioning of the
certified theorem-proving mechanism within HOLMS.

3 Grzegorczyk Logic, Formalised

We present the deep embedding of Grzegorczyk logic (Grz) in HOLMS, cover-
ing both its axiomatic derivability relation and its characteristic frame classes,
following the methods of Sect. 2.1. The syntactic and semantic presentations are
then bridged by formalising soundness and completeness for Grz, following the
strategy developed in [21, § 12]. Observe that this is a different strategy from
the modular one developed in [21, § 5] and implemented in the previous version
of the HOLMS core library.

3.1 Axiomatic Systems for Grz

We introduce two distinct axiomatisations of Grz and formally prove their deduc-
tive equivalence. The core Grzegorczyk axiom schema, standardly denoted Grz,
is

OOA —-0A) —» A) — A.

In our code this is captured by the definition GRZ_AX 7. The purely axiomatic
calculus GRZ is then obtained by instantiating the general derivability predicate
S'HtE A with § := {Grz}, side-stepping at once the debate about the failure
of necessitation [50].

Definition 1. The predicate GrzzH = A, denoting derivability of a formula A
from a set of hypotheses H in GRZ, is inductively defined as follows:

— for each instance A of a schema of classical propositional logic, GrzH = A;
— for each instance A of schema K :=0O(B — C) - OB — OC, GrzH + A;
— for each instance A of schema Grz, GrzZH F A;

— foreach A€ H, GrzHF A;

- if GrzH+F B — A and GrzZH & B, then GrzH + A;

— if Grz@ &+ A, then GrzH F OA for any set of formulas H.

Alternatively, Grz can be presented as an extension of the modal logic S4. We
define the calculus S4GRZ (S4GRZ_AX 2) analogously to Definition 1, but with
the axiom schemas supplemented by 4 := OA — OOA (FOUR_SCHEMA ) and
T:=0A — A (T_SCHEMA 7); thus the axiomatic base consists of classical logic,
K, T, 4, and Grz. Formalising the known equivalence between the two axioma-
tisations (GRZ_EQ_S4GRZ @) allows us to work interchangeably with whichever
presentation is most convenient. Accordingly, we prove the adequacy theorem
for SAGRZ.

interaction between transitive closure and logical rules. However, the present tactic
does not yet certify this bounded countermodel; established termination results [37]
are planned for integration into future versions of the library.


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L28-L29
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/calculus.ml#L76-L82
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L43-L46
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/ad_hoc_correspondence.ml#L22-L23
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/ad_hoc_correspondence.ml#L19-L20
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L99-L115
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3.2 Relational Frames for Grz

We now turn to the semantic characterisation of Grzegorczyk logic. A Kripke
frame (W, R) validates Grz precisely when R is reflexive, transitive, and weakly
Noetherian: the converse R~! is well-founded in the sense that every non-empty
subset of W contains an R-maximal element. To formalise this we introduce the
definition of weakly well-founded relations WWF ¢7. For a relation <,

WWF(<) = VP CHld(<). P#0 = Jz e P.VYye P.~(y <z Ay +#x).

states that every non-empty subset of the field of < contains a minimal element
w.r.t. the strict version of <.” Equivalent formulations that facilitate different
styles of reasoning are provided by WWF_EQ 7, WWF_IND ¢4, and WWF_ALT 7.

A relation that is reflexive, transitive, and antisymmetric is a partial order; we
capture this with POSET_EQ &@. The key fact that any finite, non-empty partial
order is weakly well-founded is established in POSET_WWF 7, together with its
set-theoretic counterpart POSET_WWF_ALT 7.

With these foundations we define the specific frame classes relevant to Grz.

Definition 2 (RTWN_DEF @2). A frame (W, R) belongs to the class RTWN if R
is reflexive, transitive, and the converse R™' is weakly well-founded (WWF(R™1)).

Definition 3 (RATF_DEF @). A frame (W, R) belongs to the class RATF if R is
reflexive, antisymmetric, transitive, and W is finite.

By POSET_WWF_ALT 7, each finite partial order satisfies the weakly Noetherian
condition, so we can prove RATF C RTWN (RATF_SUBSET_RTWN 7).

3.3 Formal Proof of Adequacy

Following Boolos [21, § 12], we do not apply the general frame strategy of Sect. 2.1
to obtain adequacy for GRZ. Instead, using the logical equivalence of GRZ and
S4GRZ, we proceed in three steps:

1. RATF C RTWN (RATF_SUBSET_RTWN c2)
2. RTWN is sound for S4GRZ (Lemma 1);
3. RATF is complete for SAGRZ (Theorem 1).

Soundness. The core of the soundness argument is MODAL_RTWN 7, which proves
that the schema Grz is valid in every frame whose accessibility relation is reflex-
ive, transitive, and weakly Noetherian.® Combined with the correspondence lem-
mas of T (reflexivity, MODAL_REFL ¢7) and 4 (transitivity, MODAL_TRANS %), we
obtain that the class RT'WN validates all axioms of S4GRZ (RTWN_SUBSET_CHAR_
S4GRZ 7). Instantiating the generic soundness theorem of the library then yields:

" Notice that fld(<) = W whenever the relation < is reflexive; thus we can define
WWF(=<) on subsets of W.

8 The proof relies on the induction principle WWF_IND to exclude infinite, strictly
ascending R-chains.


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L143-L145
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L148-L157
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L159-L165
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L171-L176
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L125-L134
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L182-L190
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L192-L200
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L206-L212
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L226-L232
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L192-L200
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L246-L256
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L246-L256
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L266-L432
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/ad_hoc_correspondence.ml#L77-L80
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/ad_hoc_correspondence.ml#L82-L85
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L434-L442
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Lemma 1 (S4GRZ_RTWN_VALID 7). If S4GRZH + A and every formula in H is
valid on RTWN, then RTWNE A.

From this, soundness for RATF follows immediately (S4GRZ_RATF_VALID 7). As
a consistency check, S4GRZ_CONSISTENT 7 is derived trivially.

Completeness. We prove completeness w.r.t. the finite frames in RATF.

Theorem 1 (S4GRZ_COMPLETENESS_THM 7). If RATF E A, then S4GRZ. @ - A.

Proof (Sketch). By contraposition, suppose A is not provable in S4GRZ. The
worlds of the countermodel we are aiming for are maximal consistent lists of
formulas built from the subformulas of A together with their O-subformulas
(S4GRZ_STANDARD_WORLDS_DEF Z).

A Lindenbaum construction (GRZ_NONEMPTY_MAXIMAL_CONSISTENT %) pro-
duces such a list [ containing —A. The accessibility relation S4GRZ_STANDARD_
REL_DEF 7 is obtained from a base relation Q_REL ¢ by enforcing antisymmetry
(IQUANI Ql = 1| =1); SAGRZ_STANDARD_REL_PROP 7 proves it reflexive,
antisymmetric, and transitive. Since the list of subformulas is finite, the frame is
finite, hence belongs to RATF. The truth lemma (S4GRZ_TRUTH_LEMMA 3) then
yields [ I/ A as required.’

4 Certified Splitting Translation

The core formalised result in this section is that every theorem of GRZ can be
fully and faithfully translated into a theorem of GL. Since Grzegorczyk logic is
complete for finite posets (RATF) and Godel-Lob logic is complete for irreflexive,
transitive and finite frames (ITF), the proof proceeds by formally converting the
accessibility relations back and forth and implementing the standard splitting
translation (-)* of GRZ-theorems into GIL-theorems.

4.1 Translation Function
Let us recall first the translation between formulas.

Definition 4 (Splitting translation, TRANSL &). The function (-)"
Formy — Form, is defined by induction on the size of a formula:
(L) =1,
(p)* =p for any atom p,
(AT =-(47),
(Ao B)Y = A" o BT for any binary operator o,
(OA)T =0(AT) A AT,
9 By POSET_WWF_ALT, the countermodel we get from the Lindenbaum construction is

indeed in RTWN, so that Boolos’ proof could be even simplified, as noticed by a
reviewer.


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L448-L452
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L463-L467
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L473-L479
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1000-L1113
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L489-L495
https://github.com/HOLMS-lib/HOLMS/blob/f82c0c3fa74258970f5035e32888d5940185b116/grz.ml#L636-L656
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L518-L522
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L505-L512
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L529-L545
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L662-L994
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/translations.ml#L12-L21
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Notice that the effective, non-trivial translation happens for the modal clause:
(OA)* coincides with E(A™), where @B := OB A B is the usual “box-and”
modality.

This translation precisely bridges the semantic gap between the two logics.
In GRZ (and S4GRZ), the O is reflexive: what is necessary is also actually true.
In GL, by contrast, [J represents formal provability and is strictly irreflexive
— because of Gddel’s incompleteness theorems [78,79]. Simulating a GRZ box-
modality inside GLL therefore requires explicitly asserting the actual truth of the
formula together with its modal truth. The wider significance of this translation
for the study of formal provability via Grz is discussed in [20,21].

4.2 Relational Transformers

To mediate between the frame classes ITF and RATF we define two operators
that geometrically manipulate the accessibility relation R of a frame.

— RT is the reflexive closure operator (R_PLUS_DEF ):
Rt :=RU{(z,x) : 2z € W}.

— R~ is the irreflexive core operator (R_MIN_DEF 7):
R~ =R~ {{z,x):x € W}.

Basic sanity checks are immediate: if R is already irreflexive, R~ leaves it
unchanged (IRREFL_THEN_EQ 7); conversely, a reflexive relation can be exactly
recovered by taking its irreflexive core and then adding back all reflexive arrows
(REFL_THEN_EQ 7).

4.3 Kuznetsov-Goldblatt-Boolos Theorem

We now establish the mathematical heart of the translation: the syntactic map-
ping () mirrors the geometric lifting R — R in the sense that evaluating a
translated formula A" on an ITF frame yields the same truth value as evaluating
the original formula A on the reflexively closed version of that very frame.

Lemma 2 (GRZ_TRANSL_LEMMA ¢z, ITF_IMP_R_PLUS_RATF ). Let (W, R,v) be
a model with (W, R) € ITF. For any world w € W and formula A € Formg:

Z) w ‘F<W,R,'U) At —= w |F<W,R+,v) A;'
ii) (W, R¥,v) € RATF.

The next step links validity on RATF frames to provability in GLL: we prove
that a formula A is valid on all finite reflexive posets if and only if A™ is a theorem
of GL (RATF_TRANSL 7).!% With this, we obtain the complete formalisation of
the theorem by Kuznetsov, Goldblatt, and Boolos.

10 The proof uses a two-way contrapositive argument, combining Lemma 2 with
the existing soundness and completeness theorems for GL (GL_ITF_VALID ¢ and
GL_COMPLETENESS_THM 7).


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1207-L1209
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1211-L1213
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1215-L1219
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1221-L1225
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1244-L1262
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1227-L1242
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1264-L1319
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gl_completeness.ml#L159-L161
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gl_completeness.ml#L454-L472
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Theorem 2 (Kuznetsov-Goldblatt-Boolos, GRZ_TRANSL 7). For every for-
mula A € Formg,
GrzoF A < GL@oF A*.

Proof (Sketch). Combine RATF_TRANSL with the adequacy theorem for GRZ
(GRZ_ADEQ_THM @) to eliminate the semantic middleman from Lemma 2.

5 Grzegorczyk Logic, Automated

The theoretical results established in the preceding sections directly yield an
automated decision procedure for Grzegorczyk logic. By leveraging the full and
faithful embedding of Theorem 2, we reuse the existing verified solver for Godel-
Lé&b logic within HOLMS.

The pipeline underlying our novel HOL Light tactic, GZR_TAC 7, integrates
into the general HOLMS_TAC 7 as follows, with each stage illustrated by examples:

1. We intercept a goal of the form Grz.@ F A and rewrite it into GL.@ - AT, in
virtue of the formal proof of the core embedding theorem GRZ_TRANSL c7;

Example 1:

Suppose that we wish to check whether Grz proves:
(%) contingent(a) — O(penultimate(a) V penultimate(—a))®

where contingent(a) := ¢a A O(—a) and
penultimate(a) := a A Q(—a) AO(—a — O-a), so the formula is:
(%) OaAO—a — O(aAO—aAT(—a — O=a)V—aAO-—aAD(=—a — O-—a))

@ This corresponds to the axiom Grz* from [1].

Example 2:

Suppose that we wish to check if Grz proves the convergence axiom:
(:2) Oa — O0a

2. We traverse the abstract syntax tree of the formula, replacing every B with
BB, mathematically computing the shape of the splitting translation of A;

Example 1 (Continued):

We convert (x) into its GL-equivalent, which we denote by (x)*:

SDoaANTEHa
— —\|2|—|<a/\—\|2|—|—\a/\(|2|(—\a—>|3\—|a)

V (ma A =B —=—a A B(-a — E—|—|a))>)


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1321-L1323
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1182-L1189
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1330-L1341
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1343
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1321-L1323
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Example 2 (Continued):
We convert (.2) into its GL-equivalent, which we denote by (.2):

-8 (-8 (e) - B(-a (-a)).
3. We invoke GL_TAC ¢, delegating proof search to the existing decision proce-

dure for the shallow embedding of G3KGL;

Example 1 (Continued)

The proof search operates on the computed conjunctive normal form of
(%)™ For brevity, we provide the following statistics about the resulting

formula:
. Formula Number of Clause Size Clause Size
Metric . 3
Size Clauses (Max) (Min)
Value | 4359 44 7 3

Example 2 (Continued)

The proof search operates on the computed conjunctive normal form of
(.2)*. For brevity, we provide the following statistics about the result-
ing formula:

Metric Formula Number of Clause Size Clause Size
Size Clauses (Max) (Min)
Value | 59 4 2 2

4. If proof search succeeds, the system returns a HOL Light theorem certifying
the validity of A*. Upon failure, HOLMS_BUILD_COUNTERMODEL 7 generates a
certified countermodel (W, R, v) for AT in GL.

Example 1 (Continued)

The tactic succeeds for ()T, completing the proof-search in 1.58 sec-
onds, on mid-level personal computer.

Example 2 (Continued)

The tactic fails for (.2)*, and the system returns the countermodel
built at the end of the proof search, graphically rendered here as:

-a a

)


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gl_decid.ml#L97-L98
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/gen_decid.ml#L344-L349
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5. GRZ_CONV 7 certifies the validity of the whole decision procedure by exploiting
Kuznetsov-Goldblatt-Boolos Theorem (GRZ_TRANSL ©2).
Example 1 (Completed)

The system returns a new HOL Light theorem stating that the original
formula (1) is provable in Grz, that is:

|- [GRZ_AX . {}
|~ Contingent(Atom "a") -->
Diamond (Penultimate(Atom "a") \/
Penultimate(Not Atom "a"))]

Example 2 (Completed)

The GL-countermodel is transformed into a Grz-countermodel via the
transformer (-)~, and the schema (.2) is automatically model-checked
against the resulting structure:

-a

0.

which is formally proven to be a countermodel by GRZ_CONV 7 to
O0a — O0a.

5.1 Scalability, Complexity, and Practical Boundaries

The viability of leveraging translation-based frameworks in modal proof theory
depends heavily on the trade-offs between conceptual modularity and computa-
tional efficiency.

The primary merit of our approach lies in its architectural extensibility:
the splitting translation enables the re-use of the existing automated solver in
HOLMS. This modularity yields a significant proof-theoretic dividend: it pro-
vides a uniform pipeline to reason about any intermediate logic or translation
that embeds into Grz.

A prime exemplar of this broader applicability is the Gédel-McKinsey-Tarski
translation, which embeds intuitionistic propositional logic (IPC) into Grz.!!

1 We implemented the translation in the file god_transl.ml of our library, without
discussing its computational ramifications here.


https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1369-L1374
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1321-L1323
https://github.com/HOLMS-lib/HOLMS/blob/5db2d900a3b0732086c1650911658b9069a3d34a/grz.ml#L1369-L1374
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Thus HOLMS inherits a native and verified pipeline from IPC to GL, suggesting
that our method is not an isolated curiosity, but a theoretically scalable paradigm
for executing cross-logic proof searches within a singular target back-end.

Despite these structural advantages, the naive application of the splitting
translation introduces a severe structural bottleneck regarding formula size.
Because the translation duplicates subformulas, it suffers from severe spatial
inefficiency. This subformula duplication induces exponential growth in the total
size of the formula relative to its modal depth. Consider a worst-case syntactic
benchmark consisting of n nested modalities, B = (0" A. Under the splitting map,
the size of the translated formula behaves according to the recurrence relation
size((OFA)F) = size((OFLA) 1) + size(O(OF 1 A)*) + 1 yielding an asymptotic
complexity strictly bounded by O(2"™). For deeply nested formulas, this exponen-
tial blow-up rapidly exhausts memory bandwidth and generates massive inputs
for the underlying back-end.

The validity problem for Grz is well-established in the literature as PSPACE-
complete; because GL shares this identical complexity class [84], the exponential
blow-up induced by the translation artificially exacerbates the computational
cost for the target GL prover.!? This significantly impacts the scalability of the
method during intense proof searches, such as those arising from the modal anal-
ysis of intuitionistic statements. Following the insightful remarks of a reviewer,
in future work, we intend to explore the possibility of restoring the practical
advantages of the shared PSPACE complexity class.

6 Conclusions

We have presented a methodology for exploring modal translations within the
HOL Light Library for Modal Systems (HOLMS). We illustrated this approach
through the splitting translation of Grzegorczyk logic (Grz), a central system in
mathematical modal logic [26]. This demonstrates that a modular formalisation
strategy effectively circumvents the proof-theoretic intricacies arising from non-
trivial frame conditions, notably weak Noetherianity.

Our development comprises three components. First, we provided a deep
embedding of the axiomatic systems for Grz, establishing soundness and com-
pleteness w.r.t. RTWN (reflexive, transitive, weakly Noetherian) and RATF
(reflexive, antisymmetric, transitive, finite) frames. Second, we formalised the
Kuznetsov—Goldblatt—Boolos theorem, reducing GRZ-theoremhood checking to
the existing, verified decision procedure for GL. Finally, we mechanised the
model transformation underlying the semantic proof of faithfulness, so that failed
proof attempts yield certified RATF countermodels derived via the reflexive clo-
sure of the GL-countermodel generated by HOLMS tactic for Gédel-Lob logic.

12'GL proof search can theoretically be executed using polynomial space relative to its
input; solving a translated formula B should thus remain tractable, but the transla-
tion itself shifts the problem from poly(|B|) to poly(2‘B|), effectively degrading the
practical performance to EXPSPACE boundaries.
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This extension consolidates HOLMS as a unified platform for modal meta-
theory and automated reasoning, establishing a foundation for further develop-
ments along different directions.

Future Work. The success of this first experiment with orthogonal extensions
of HOLMS via modal embeddings invites us to plan optimisations (inspired
by Tseitin transformations [83]) of the decision procedures in terms of perfor-
mance and usability of the framework as the library grows. A promising com-
plementary direction is the formalisation of a shallow embedding of Dyckhoff
and Negri’s non-harmonic labelled calculus G3Grz [31], which would provide a
jump from exponential complexity to polynomial constraint on the proof search,
and would also demonstrate HOLMS’s capabilities in unifying disparate reason-
ing paradigms. We also aim to certify the Godel-McKinsey—Tarski translation,
reflecting the established connections between Grz and intuitionistic logic [26].
Further extensions include formalising Solovay’s system GLS and interpretabil-
ity logics from both semantic [61,79] and proof-theoretic perspectives [51,71].
Finally, building on recent work integrating modal reasoning into higher-order
logic [6], we plan to investigate monadic Grz within our framework.

Related Work. Automated theorem proving for modal logics spans specialised
Grz-specific systems and general modular frameworks. Dedicated tableau-based
provers for Grz are presented in [74] and via the lean tableaux methodology [2, 3].
Translational approaches into decidable first-order fragments [27] further enable
the use of established FOL provers for Grz. A broader strategy embeds modal
systems, including GL and Grz, into higher-order logic to exploit automation fea-
tures of Isabelle and similar assistants [5,7-10,52,80]; related ideas for handling
non-classical reasoning appear in the HOL Light tutorial [53, §20.4].

Within the Prolog ecosystem, decision procedures have been developed for
classical and intuitionistic modal logics [38-40,69]. In proof assistants, substan-
tial efforts include the NAMOR library in Agda [22,23], tableau-based automa-
tion in Lean [86], and extensive meta-theoretical developments in Isabelle [34-36]
and Rocq [28-30,32,44,45,47-49,57,75,76].

Hybrid techniques such as CEGAR-Tableaux enhance satisfiability check-
ing for normal modal logics [42,43], while systems like Goéland [24,25] provide
concurrent tableau-based reasoning adaptable to modal settings.

Complementary foundational work clarifies the structural properties under-
pinning extensible modal decision procedures [56,62-65,70] and explores auto-
mated proofs of non-trivial proof-theoretic results [11,12].

We propose our work as a novel and coherent synthesis, in a fully com-
puterised environment, of the mentioned work in: the intrinsic extensibility of
decision procedures for modal systems; the mathematical generality provided by
rigorous completeness proofs constructed through modular proof strategies; and
the potential for further extensions of automated modal reasoning via transla-
tions and embeddings, fully formalised.
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