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5.7 Navier–Stokes Flow and the Coandă Effect . . . . . . . . . . . . . . . . . . 119
5.7.1 NS Model in a Channel . . . . . . . . . . . . . . . . . . . . . 120
5.7.2 Weak Formulation and Its Approximation . . . . . . . . . . . . 120
5.7.3 Numerical Investigation of Wall-Hugging Behavior . . . . . . 121

6 Reduced Basis Stabilization for Convection-Dominated Problems 125
Enrique Delgado Ávila, Francesco Ballarin, Gianluigi Rozza

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
6.2 Advection-Diffusion Problem . . . . . . . . . . . . . . . . . . . . . . . . . 126
6.3 Steady Stokes Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.3.1 Stabilized FE Problem . . . . . . . . . . . . . . . . . . . . . . 128
6.3.2 Stabilized RB Problem . . . . . . . . . . . . . . . . . . . . . . 129

6.4 Steady Navier–Stokes Equations . . . . . . . . . . . . . . . . . . . . . . . 129
6.4.1 Stabilized FE Problem . . . . . . . . . . . . . . . . . . . . . . 130
6.4.2 Stabilized RB Problem . . . . . . . . . . . . . . . . . . . . . . 130

6.5 Stabilized VMS-Smagorinsky Turbulence Model . . . . . . . . . . . . . . . 131
6.5.1 FE Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
6.5.2 RB Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
6.5.3 Well-Posedness Analysis . . . . . . . . . . . . . . . . . . . . 135
6.5.4 A Posteriori Error Bound Estimator . . . . . . . . . . . . . . . 137
6.5.5 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . 138

6.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

D
ow

nl
oa

de
d 

05
/2

9/
23

 to
 9

0.
14

7.
23

.9
4 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



x Contents

II Finite Volume, Spectral Element, and Discontinuous Galerkin-Based Reduced
Order Models 141

7 Finite Volume–Based Reduced Order Models for Laminar Flows 143
Matteo Zancanaro, Saddam Hijazi, Umberto Morelli, Giovanni Stabile, Gianluigi Rozza

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
7.1.1 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . 143

7.2 Computational Fluid Dynamics—Laminar NSEs . . . . . . . . . . . . . . . 144
7.2.1 Full-Order Model . . . . . . . . . . . . . . . . . . . . . . . . 144
7.2.2 Segregated Pressure-Based Solvers for the Incompressible NSEs146
7.2.3 Nonsegregated Finite Volume–Based ROMs . . . . . . . . . . 150
7.2.4 Segregated Finite Volume–Based ROMs (SIMPLE-ROM) . . . 153
7.2.5 Treatment of Nonhomogeneous Dirichlet Boundary Conditions 154
7.2.6 Offline-Online Computation of Lift and Drag Forces . . . . . . 156

7.3 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
7.3.1 Lid-Driven Cavity Problem . . . . . . . . . . . . . . . . . . . 157
7.3.2 Flow around a Circular Cylinder . . . . . . . . . . . . . . . . 160
7.3.3 Comments on the Results . . . . . . . . . . . . . . . . . . . . 164

8 Finite Volume–Based Reduced Order Models for Turbulent Flows 165
Matteo Zancanaro, Saddam Hijazi, Michele Girfoglio, Andrea Mola, Giovanni Stabile,

Gianluigi Rozza
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
8.2 RANS Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

8.2.1 Closure Problem and Reynolds Averaging . . . . . . . . . . . 165
8.2.2 EVMs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

8.3 LES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
8.4 Hybrid Projection-Based/Data-Driven ROM for Turbulent Flows . . . . . . 171

8.4.1 Hybrid ROM with RBF Interpolation on the Time-Parameter
Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

8.4.2 Hybrid ROM with RBF Interpolation on the Velocity Projec-
tion Coefficient Values . . . . . . . . . . . . . . . . . . . . . . 175

8.5 Turbulent ROMs Based on the Uniform-ROM and the PPE-ROM . . . . . . 178
8.5.1 Hybrid ROM Based on the PPE-ROM . . . . . . . . . . . . . 180

8.6 Application of the H-SUP-ROM to Turbulent Problems . . . . . . . . . . . 181
8.6.1 Steady Case . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
8.6.2 Unsteady Case . . . . . . . . . . . . . . . . . . . . . . . . . . 187

9 Nonintrusive Data-Driven Reduced Order Models in Computational Fluid
Dynamics 203

Marco Tezzele, Nicola Demo, Giovanni Stabile, Gianluigi Rozza
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
9.2 A General Framework for Nonintrusive Parametric ROMs . . . . . . . . . . 204

9.2.1 Database Creation . . . . . . . . . . . . . . . . . . . . . . . . 204
9.2.2 Linear Dimensionality Reduction . . . . . . . . . . . . . . . . 204
9.2.3 Solution Manifold Approximation . . . . . . . . . . . . . . . . 206
9.2.4 Computational Considerations . . . . . . . . . . . . . . . . . . 207

9.3 DMD for Time-Dependent Problems . . . . . . . . . . . . . . . . . . . . . 207
9.3.1 Classical DMD Algorithm . . . . . . . . . . . . . . . . . . . . 207
9.3.2 DMD Extensions . . . . . . . . . . . . . . . . . . . . . . . . . 209

D
ow

nl
oa

de
d 

05
/2

9/
23

 to
 9

0.
14

7.
23

.9
4 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



Contents xi

9.4 Applications in CFD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
9.4.1 A ROM Pipeline for Shape Optimization Problems . . . . . . . 212
9.4.2 Comparison between DMD and PODI for Hydroacoustics Prob-

lems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
9.4.3 A Parametric View of DMD . . . . . . . . . . . . . . . . . . . 217

9.5 Conclusions and Future Perspectives . . . . . . . . . . . . . . . . . . . . . 222

10 Spectral Element Method–Based Model Order Reduction 223
Martin W. Hess, Gianluigi Rozza

10.1 Basic Notions and Functions of the SEM . . . . . . . . . . . . . . . . . . . 223
10.1.1 Polynomials and Quadrature Rules . . . . . . . . . . . . . . . 223
10.1.2 Expansion Functions . . . . . . . . . . . . . . . . . . . . . . . 225

10.2 Assembly of System Matrices . . . . . . . . . . . . . . . . . . . . . . . . . 227
10.2.1 Method of Weighted Residuals . . . . . . . . . . . . . . . . . 227
10.2.2 Elemental Properties . . . . . . . . . . . . . . . . . . . . . . . 227

10.3 Reduced Order Modeling with the SEM . . . . . . . . . . . . . . . . . . . 228
10.3.1 Examples in Computational Fluid Dynamics . . . . . . . . . . 229
10.3.2 Reduced Order Model . . . . . . . . . . . . . . . . . . . . . . 230

11 Discontinuous Galerkin-Based Reduced Order Models 233
Andrea Lario, Francesco Romor, Gianluigi Rozza

11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233
11.2 Nodal DGM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

11.2.1 Mapping from Physical to Master Elements . . . . . . . . . . . 236
11.2.2 Interface Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . 238

11.3 Reduced Order Methods for DGM . . . . . . . . . . . . . . . . . . . . . . 239
11.3.1 Offline Phase . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
11.3.2 Online Phase . . . . . . . . . . . . . . . . . . . . . . . . . . . 241

11.4 Projection of the Governing Equations . . . . . . . . . . . . . . . . . . . . 241
11.4.1 Incompressible Navier–Stokes . . . . . . . . . . . . . . . . . . 241
11.4.2 Compressible Navier–Stokes . . . . . . . . . . . . . . . . . . 242

11.5 Test Case and Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244
11.5.1 Incompressible Flow around a Square-Based Cylinder . . . . . 244
11.5.2 Parametric Simulation of a Compressible Cavity Flow in a Duct 244

III Advances in Reduced Order Models for Computational Fluid Dynamics 249

12 Weighted Reduced Order Methods for Uncertainty Quantification 251
Davide Torlo, Maria Strazzullo, Francesco Ballarin, Gianluigi Rozza

12.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251
12.2 Stochastic PDEs and Discretized Approximations . . . . . . . . . . . . . . 252
12.3 Weighted ROMs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253

12.3.1 WRB Method . . . . . . . . . . . . . . . . . . . . . . . . . . 253
12.3.2 wPOD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254

12.4 Sampling Strategies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
12.5 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256

12.5.1 Averaging Uncertain Parameter Simulations for Heat Equation
and Stokes Problems . . . . . . . . . . . . . . . . . . . . . . . 256

D
ow

nl
oa

de
d 

05
/2

9/
23

 to
 9

0.
14

7.
23

.9
4 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



xii Contents

12.5.2 Stabilization of Advection-Dominated Problems Conditioned
to Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

12.5.3 wPOD for Optimal Control for Environmental Sciences . . . . 261
12.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

13 Reduced Basis, Embedded Methods, and Parametrized Level-Set Geometry 265
Efthymios N. Karatzas, Giovanni Stabile, Francesco Ballarin, Gianluigi Rozza

13.1 Introduction and Overview . . . . . . . . . . . . . . . . . . . . . . . . . . 265
13.1.1 Heat Exchange Model Problem . . . . . . . . . . . . . . . . . 265
13.1.2 Shifted Nitsche Boundary Weak Formulation . . . . . . . . . . 266
13.1.3 The Parametrized Thermal-Heat Exchange Model . . . . . . . 267
13.1.4 Model Reduction Methodology . . . . . . . . . . . . . . . . . 267
13.1.5 POD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268
13.1.6 The Projection Stage and ROM Generation . . . . . . . . . . . 268
13.1.7 Numerical Experiments (Heat Exchange/SBM) . . . . . . . . . 269

13.2 Parametrized Steady Stokes Equations . . . . . . . . . . . . . . . . . . . . 271
13.2.1 POD Adapted to Flows . . . . . . . . . . . . . . . . . . . . . 272
13.2.2 Steady Stokes Numerical Experiments (SBM) . . . . . . . . . 272

13.3 Looking for a Better ROM with CutFEM . . . . . . . . . . . . . . . . . . . 276
13.4 ROM and a Fourth-Order Evolutionary Nonlinear System . . . . . . . . . . 280
13.5 Conclusions and Future Developments . . . . . . . . . . . . . . . . . . . . 282

14 Reduced Order Methods for Fluid-Structure Interaction Problems 283
Monica Nonino, Francesco Ballarin, Gianluigi Rozza

14.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
14.2 Dynamics of FSI Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 284

14.2.1 The ALE Formulation . . . . . . . . . . . . . . . . . . . . . . 284
14.3 Approaches to FSI Problems . . . . . . . . . . . . . . . . . . . . . . . . . 286

14.3.1 Partitioned Algorithms . . . . . . . . . . . . . . . . . . . . . . 286
14.3.2 Monolithic Algorithms . . . . . . . . . . . . . . . . . . . . . 287

14.4 Partitioned RBM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287
14.4.1 Test Case: Leaflets Bending under the Influence of a Fluid . . . 287
14.4.2 Offline Computational Phase . . . . . . . . . . . . . . . . . . 290
14.4.3 Online Phase . . . . . . . . . . . . . . . . . . . . . . . . . . . 293
14.4.4 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . 295

14.5 A Monolithic RBM for a Transport-Dominated FSI Problem . . . . . . . . 296
14.5.1 The Kolmogorov n-Width . . . . . . . . . . . . . . . . . . . . 297
14.5.2 Nonlinear Model Reduction by Transport Maps . . . . . . . . 298
14.5.3 A Multiphysics Problem . . . . . . . . . . . . . . . . . . . . . 299
14.5.4 Offline Phase . . . . . . . . . . . . . . . . . . . . . . . . . . . 303
14.5.5 Online Phase . . . . . . . . . . . . . . . . . . . . . . . . . . . 305
14.5.6 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . 308
14.5.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 310

15 Reduced Order Models for Bifurcating Phenomena in Fluid-Structure
Interaction Problems 311

Moaad Khamlich, Federico Pichi, Gianluigi Rozza
15.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311
15.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 312

15.2.1 Variational Formulation . . . . . . . . . . . . . . . . . . . . . 313

D
ow

nl
oa

de
d 

05
/2

9/
23

 to
 9

0.
14

7.
23

.9
4 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



Contents xiii

15.2.2 Lagrange Multipliers Method . . . . . . . . . . . . . . . . . . 315
15.2.3 Branchwise Reduced Basis Approximation . . . . . . . . . . . 315
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Preface

Reduced order modeling is an important and fast-growing research field in computational sci-
ence and engineering, motivated by several reasons, of which we mention just a few: parametric
computing, repetitive computational environments, real-time computing, increasing complexity
of scenarios with uncertainties, and better computational performance in optimization, control,
and inverse problems. This book deals with recent developments in model order reduction in
fluid dynamics, including challenging topics such as turbulence, optimal control, flow stability,
aerodynamics, shape optimization, inverse problems, multiphysics, and uncertainty quantifica-
tion. We present here an integrated, reduced, parametric computational framework characterized
by a wide portability to be embedded in the most modern computational pipelines, including
automatic learning and digital twin developments.

After this preface and an overview and motivation in Chapter 1, the first part is concerned
with finite element–based reduced order modeling with a focus on laminar computational fluid
dynamics (Chapter 2), then with the introduction of a simple turbulent pattern (Chapter 3), and
then with the optimal flow control framework (Chapter 4). In Chapter 5, bifurcation problems
are studied, while in Chapter 6 the focus is on transport-dominated problems.

The second part of the book deals with finite volume and spectral element methods and
discontinuous Galerkin-based reduced order modeling. Chapters 7 and 8 deal with finite volume–
based reduced order modeling in computational fluid dynamics (CFD) from laminar to turbulent
flows. In Chapter 9 we deal with nonintrusive data-driven reduced order models. Chapter 10
introduces spectral element method–based reduced order modeling, while Chapter 11 deals with
discontinuous Galerkin–based reduced order modeling.

The third part deals with advanced reduced order modeling in CFD. Chapter 12 deals with
weighted reduced order modeling for uncertainty quantification, Chapter 13 with model order
reduction for embedded methods and level-set geometries, Chapter 14 with multiphysics prob-
lems (fluid-structure interaction), and Chapter 15 with bifurcations in parametric multiphysics
settings.

The fourth part is concerned with perspectives and applications. In Chapter 16 we deal with
reduction in parameter space, and Chapter 17 deals with geometrical parametrization and appli-
cations. Hemodynamics applications are introduced as examples in Chapter 18. In Chapter 19
we introduce our scientific computing open-source libraries and Python tools. Last, but not least,
Chapter 20 provides perspectives and current preliminary development to improve model reduc-
tion by automatic learning, concluding with the digital twin concept.

We accompany this book with our open-source software collection and worked problems,
available at mathlab.sissa.it/cse-software.

We acknowledge all the chapter contributors (SISSA mathLab current members and past
members) as listed in the frontmatter and at the beginning of each chapter. We acknowledge our
long-lasting national and international research collaborations, without which this work would
not exist.
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xxxviii Preface

We would like to acknowledge the support provided by SIAM, in particular by Elizabeth
Greenspan, as well as by the book reviewers.

We also acknowledge our several industrial partners for inspiration, trust, and challenging
ideas, since they motivated these research developments. We acknowledge Fincantieri, Danieli,
Electrolux Professional, MICAD, Monte Carlo Yachts, CETENA, ie-fluids, Engys, Optimad, and
Bormioli.

The book is based on preliminary lecture notes and slides used at the first Summer School on
Advanced Reduced Order Methods and Applications in CFD (AROMA-CFD), held in Trieste at
SISSA in July 2019; see https://indico.sissa.it/event/34/.

This project has been carried out during lockdowns and the pandemic spread of COVID-19,
and it has represented for all of us a good way to remain optimistic about the future. This is the
reason the project’s “secret” name was “Decameron,” based on Boccaccio’s manuscript.

We acknowledge the strong support provided by the European Research Council Executive
Agency through the Consolidator Grant AROMA-CFD (grant 681447), as well as FARE-X-
AROMA-CFD project and PRIN project NA-FROM-PDEs by the Italian Ministry for Univer-
sities, INdAM GNCS national group, H2020 MSCA EID ROMSOC (grant 765374), H2020
MSCA RISE ARIA (grant 872442), and regional research programs supported by the European
Social Fund (FSE FVG) and POR-FESR Friuli Venezia-Giulia (Regional Development European
Funds).

We hope that you take some inspiration from this book and that this work will be known as
the AROMA book.

Trieste, Italy, 20 April 2022 Gianluigi Rozza, Giovanni Stabile, Francesco Ballarin
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