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Abstract. We introduce an Indian-buffet-type model for multi-factorial innovation in which each arriving agent
may exhibit both previously observed and new features. The number of new features follows a power-law behav-
ior, while the probability of selecting an old feature combines self-reinforcement, depending on the feature-specific
popularity, with a mean-field interaction term depending on the average popularity of all observed features. The
model is governed by the usual innovation parameters (mass, discount and concentration), together with two
additional parameters: one controlling the strength of reinforcement against a forcing input toward zero, and one
regulating the intensity of feature interaction.

Although the growth of the total number of distinct observed features has the same behavior as in the three-
parameter Indian buffet process, the interaction mechanism produces new asymptotic regimes. For aggregate
quantities, including the predictive mean, the averaged number of features per agent, the mean inclusion probabil-
ity, and the mean feature popularity, the phase transition is determined by the comparison between the discount
parameter and the weight of the forcing input. For feature-specific quantities, a further transition appears accord-
ing to the comparison between the interaction level and a critical threshold. In particular, high interaction leads
to an asymptotic synchronization of feature-specific inclusion probabilities.

We establish strong laws and second-order asymptotic results, including central limit theorems in regimes
where martingale fluctuations compete with deterministic or random terms. The analysis relies on novel general
results for recursive stochastic dynamics, which may be useful beyond the present framework.

1. Introduction

Understanding the mechanisms by which novelties emerge and propagate is of crucial interest across various
disciplines, including biology, linguistics, and social sciences. In probabilistic terms, a novelty or innovation is
defined as the first occurrence of an event of interest. Widely employed mathematical models for innovation
processes are urn models with infinitely many colors and species sampling sequences [5, 30, 31, 38, 42]. However,
in these models, at each timestep, each observed agent/item shows only one feature, that may be an old one (that
is, already observed in the past) or a new one (that is, appeared for the first time). Instead in the present work,
we deal with multi-factorial innovation processes, where at each timestep an agent/item is observed and it can
exhibit a certain (random) number of features (factors), some old and some new. The total number of features is
not specified in advance but is allowed to grow as new data points (agents/items) are observed and it is inferred
from the data.

The Indian Buffet Process (IBP) is a foundational model in Bayesian nonparametric statistics, designed to
describe data through an unbounded number of features. Introduced by Griffiths and Ghahramani [24] and de-
veloped in [25, 46], it defines a probability distribution over infinite binary matrices, where each row corresponds
to an agent/item and each column to a feature. This allows each agent/item to simultaneously possess multiple
characteristics, distinguishing the IBP from species sampling sequences and clustering models, which typically
assign each data point to a single class. As a consequence, the IBP has become a cornerstone for feature modeling,
offering a flexible and interpretable framework for discovering structures in data of arbitrary complexity.

The generative metaphor of the Indian buffet provides an intuitive interpretation of the process: a sequence of
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customers (representing agents/items) enters an Indian restaurant with an infinite buffet of dishes (representing
features). The first customer samples a Poisson(α) number of dishes, while each subsequent customer chooses
previously sampled dishes with probability proportional to their popularity, and also tries new dishes according
to a Poisson(α/t) distribution. The resulting binary feature-allocation matrix is exchangeable, meaning that the
order of the observations does not affect their joint distribution. This property ensures analytical tractability and
enables efficient posterior inference, making the IBP a natural prior for Bayesian nonparametric models involving
latent factors or features.

Over the years, several generalizations of the IBP have been proposed to extend its applicability, but pre-
serving the exchangeability, or to address the limitations of exchangeability and independence. A fundamental
theoretical reformulation of the IBP was introduced by Thibaux and Jordan [46], who demonstrated that the
IBP can be viewed as the marginal distribution of a Beta–Bernoulli process. In this framework, a Beta process
defines a random measure generating feature probabilities, while a Bernoulli process specifies feature allocation
for each observation. This connection provides a rigorous measure-theoretic foundation, linking the IBP to other
Bayesian nonparametric priors such as the Dirichlet Process and enabling efficient inference through conjugacy
properties. To capture the heavy-tailed distributions often observed in empirical data, power-law variants of the
IBP have been developed. Precisely, the IBP can be extended to capture power-law behavior in the total number
of observed features through the three-parameter IBP [9, 45], which introduces a discount parameter (also known
as stability exponent), that regulates the asymptotic behavior of the overall number of different observed features,
a mass parameter, that controls the total number of new features exhibited by an agent/item and a concentration
parameter, that tunes the number of agents/items per feature. Such a model better fits real-world data, but
one fundamental assumption persists: the inclusion probabilities of features are independent across features and
determined solely by past feature-specific counts. Since the assumption of independence among features limits its
expressiveness in settings where correlations or dependencies among features are crucial, some (non-exchangeable)
variants of the IBP have been proposed. Among the most influential ones is the dependent Indian buffet process
[49], which introduces correlations among feature allocations by making the inclusion probability of each feature a
function of covariates or of latent variables modeled through Gaussian processes. This allows the IBP to represent
smooth temporal or spatial dependencies, although it increases the computational burden of inference. Another
notable development is the hierarchical Indian buffet process and related [39, 17], which introduces a hierarchical
structure where groups of observations share a common global pool of features while maintaining group-specific
feature usage. This model has proven particularly effective in multi-task and transfer learning contexts, enabling
information sharing across related datasets but at the cost of higher model complexity and more demanding in-
ference procedures. Doshi-Velez and Williamson [18] developed the restricted Indian buffet process, which allows
control over the distribution of the number of features per observation. This generalization enables more flex-
ible modeling of feature sparsity patterns and partially introduces interactions through restriction mechanisms.
However, these restrictions are imposed at the level of the number of active features rather than their pairwise
relationships. The Indian buffet Hawkes process proposed by Tan et al. [44] models evolving features over time by
combining the IBP with Hawkes processes. The interactions in their model occur in the temporal domain, where
previous feature activations influence future events via self-exciting processes. While this captures a dynamic
form of interaction, the focus is on temporal excitation rather than structural co-dependency among features.
Heaukulani and Roy [28] introduced a class of Gibbs-type Indian buffet processes, where the underlying random
measure is generalized to a Gibbs-type measure. This allows for more flexible prior specifications and includes
models that exhibit power-law behavior. Although their framework can model complex feature allocation struc-
tures, the interactions among features are implicitly encoded through the prior, rather than through an explicit
interaction matrix. Another direction of advancement has been to incorporate structural or spatial dependencies
among agents/items. For example, the distance-dependent Indian buffet process [22] modifies the IBP by making
the probability of feature sharing a function of the distance between data points (agents/items), allowing it to
model local correlations. Similarly, the phylogenetic Indian buffet process [32] introduces a tree-structured depen-
dency among agents/items, capturing shared evolutionary histories in a Bayesian framework. More recently, the
attraction Indian buffet distribution [47] has been developed to allow pairwise attraction between agents, which
increases the likelihood of feature sharing. Finally, another extension of the IBP is the Indian buffet process
with random weights, introduced by Berti et al. [6]. In this formulation, each agent is associated with a random
weight, that represents the relevance of the agent and enters the feature probabilities. This additional stochastic
layer generalizes the Beta–Bernoulli construction and connects the IBP with the theory of randomly reinforced
stochastic processes. The random-weight IBP maintains some of the analytical properties of the classical model
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while offering greater flexibility in capturing heterogeneity among the agents.
The versatility of the IBP and its extensions has led to applications across a wide range of domains, confirming

its central role in modern probabilistic modeling and statistical learning. As examples, we mention bioinformat-
ics [29], network theory [8, 33, 43], causal inference [50], modeling of choices [26] and similarity judgements [36].

Summing up, while the IBP assumes exchangeability and inclusion probabilities independent across features,
several recent models have sought to extend the framework by incorporating dependencies. Indeed, ignoring such
interactions can lead to oversimplified models that fail to capture the observed structure in real data. Most of
these models focus on dependencies among the rows of the binary matrix - i.e., the data points (the agents/items)
themselves - rather than among the columns - i.e., the features. The few models, mentioned above, that deal
with feature interaction, offer a more realistic representation of evolving phenomena, but they lose the elegant
mathematical formulation of the original IBP and to prove theoretical results becomes hard. Moreover they
require more complex inference techniques, such as sequential Monte Carlo or dynamic variational methods, and
often come at the cost of increased computational complexity. Our proposed model directly introduces feature
interactions in the inclusion probabilities, which permits clearer interpretability and a more faithful representa-
tion of domains where features mutually reinforce each other, such as in biological networks, cultural evolution,
or recommendation systems. Additionally, our model, characterized by an explicit statistical dependence among
features allows us to conduct a detailed theoretical study, proving various asymptotic results, such as strong
laws and central limit theorems for several key quantities, such as the total number of observed features (Dt),
the averaged number of features exhibited by the agents/items (T t), the averaged feature inclusion probability
(P t), the averaged number of agents/items per feature (Kt) and also, for feature-specific quantities, such as the
inclusion probability (Pt,j) and the popularity (Kt,j) for an observed feature j. While the asymptotic behavior of
Dt is the same as in the classical IBP with three parameters [45], we obtain new phenomena such as the power-law
behavior of the averaged quantities and of the dish-specific quantities, not seen in the classical IBP, where, except
in the extreme cases β = 1, the empirical mean T t converges almost surely to a strictly positive real random
variable and the feature-popularity grows linearly. We also highlight the novel Theorem B.3 and Theorem B.4 in
appendix, which are stated and proven in a general setting and so they could be also applied in other contexts.
In a framework of a recursive dynamics, the first one provides conditions to guarantee that the limit random
variable of the suitable rescaled process is non-zero with probability one, while, the second one deals with the
related second-order asymptotic.

To the best of our knowledge, the level of theoretical depth of the present work distinguishes it in the landscape
of multi-factorial innovation models with interaction.

The rest of the paper is organized as follows. In Section 2, we illustrate some adopted notation, present the new
model, which is the object of this work, and provide an overview of the main results of our study. In Section 3,
we collect several preliminary properties of the model, that will be repeatedly used throughout the paper, and
we describe the asymptotic behavior of the total number Dt of the observed features. Section 4 is devoted to the
asymptotic behavior of the average quantities Zt, T t, Kt and P t. In Section 5, we derive the asymptotic behavior
of the quantities Kt,j and Pt,j associated with each individual feature j. Section 6 concludes the paper with some
final remarks and a discussion of possible directions for future research. Finally, the paper is enriched by a wide
appendix, collecting, among other things, novel general results for recursive dynamics (we refer to Section B),
and non-trivial technical results for the considered model (we refer to Section D).

2. Notation, Model, and Overview of the Results

In this section, we introduce the basic notation used throughout the paper, present the interacting multi-
factorial innovation model, and conclude with an overview of the main results established in this work.

2.1. Notation. In the sequel, given two possibly random sequences (ρt) and (Vt), we use:
• the expression ρt = O(Vt) with Vt > 0 in order to indicate that lim supt |ρt|/Vt < +∞ with probability

one;
• the expression ρt = o(Vt) in order to indicate that we have ρt/Vt

a.s.−→ 0;
• the symbols O(Vt) and o(Vt) to denote generic, possibly random, sequences with the above properties.

Note that, if Vt = vt is deterministic, the symbols O(vt) and o(vt) can indicate both random or deterministic
sequences. This will usually be clear from the context, but where it is not and it is important to highlight it,
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we’ll write it explicitly. We adopt the notation oP (·) when the above limit is in the sense of the convergence in
probability, instead of a.s. convergence.

2.2. The model. Fix α > 0, 0 ≤ β ≤ 1, θ > 0, 0 < w ≤ 1 and 0 ≤ ι ≤ 1. The first three parameters (i.e. α, β
and θ) correspond to the three parameters (mass, discount and concentration) that characterize the Indian buffet
process introduced in [45]; while the two last parameters (i.e. w and ι) are the new ones, introduced in order to
tune the forcing input toward zero in the inclusion probabilities and the interaction among the dishes, respectively.

The dynamics is as follows. Time is discrete and indexed by customer arrivals. Customer 1 tries N1
d
=Poi(λ0)

dishes with λ0 = α. For each time-step t ≥ 1, let Ot be the collection of dishes experimented by the first t
customers, that we call the “old” dishes at time-step t. Denoting by F = (Ft)t the (complete) natural filtration
associated to the model, then:

• Customer t + 1 selects a subset O∗
t+1 ⊆ Ot. Each j ∈ Ot is included or not into O∗

t+1 independently of
the other members of Ot with Ft-conditional probability (called inclusion probability)

Pt,j = P (Xt+1,j = 1|Ft) = w

[
(1− ι)

Kt,j

θ + t
+ ι

1

Dt

∑
i∈Ot

(
Kt,i

θ + t

)]
.(1)

where Xn,i is the indicator of the event {customer n selects dish i}, Kt,i =
∑t

n=1 Xn,i is the number of
customers who tried dish i until time-step t and Dt = card(Ot).

• In addition to O∗
t+1, customer t+ 1 also tries (independently of the past Ft and of the choice of O∗

t+1) a

random number Nt+1
d
=Poi(λt) of new dishes, where Poi(λt) denotes the Poisson distribution with mean

λt = α/(t+ 1)1−β .
We can say that the case when w = 1 and ι = 0 is related to the standard IBP of [45], although in the standard
model we have Pt,j = (Kt,j − β)/(θ+ t) and λt = αΓ(θ+ 1)Γ(θ+ β + t)/[Γ(θ+ β)Γ(θ+ 1+ t)]. These definitions
for Pt,j and λt make the standard IBP to be exchangeable. However, despite these differences, it holds true (as
in our model with w = 1 and ι = 0) that Pt,j ∼ Kt,j/(θ + t) and λt ∼ C/(t + 1)1−β , for some constant C > 0,
as t → +∞, and so the asymptotic properties of our model with w = 1 and ι = 0 are similar to the ones of
the standard IBP. Instead, as we will see, the second-order asymptotic behavior presents significant differences.
Note that, from an applicative point of view, our simplified way to define the inclusion probabilities Pt,j and
the parameter λt allows for a better interpretation and a clearer identification of the role played by each single
parameter. This is the reason behind our choice to define them as above. Hence, the introduced model should be
viewed not as an exchangeable IBP variant intended for Bayesian nonparametric inference, but as an IBP-inspired
stochastic model suitable for innovation processes with more than one features (factors) per agent.

Moreover, in the above introduced model, as in standard IBP, for each fixed time-step t + 1, the random
variables {Xt+1,j : j ∈ Ot} are conditionally independent given the past; while, differently with respect to the
standard model, for each fixed j ∈ Ot, the random variable Xt+1,j is not independent of the random variables
{Xn,i : i ̸= j, n ≤ t}. Finally, as in the standard model, the random variable Nt+1 is independent of N1, . . . , Nt

and of all the choices done for the old dishes, i.e. of {Xn,j : j ∈ On, n ≤ t+ 1}.
The parameters α (known as the mass parameter) and β (known as the discount parameter or the stability

exponent) drive the growth of the number of tested dishes (see Subsection 3.1), while the parameter θ (known
as the concentration parameter) regulate the initial condition and the behavior of the model in the initial phase
(i.e. for a finite number of time-steps). Regarding the parameter w, we observe that the inclusion probability can
be seen as a convex combination of the reinforcement probability with weight w ∈ (0, 1] and the null probability
with weight (1−w) ∈ [0, 1). Hence, the parameter w tunes the weight of the two mechanisms: the reinforcement
and the forcing input toward zero. The first one can be explained by the popularity principle: the more popular
is a feature (dish), the higher is the probability that a future agent (customer) selects it. The last mechanism can
be explained thinking about the fact that the features (dishes) could be subject to a fad and so their probability
to be selected is "forced" to vanish. Finally, the reinforcement term is itself a convex combination of a term that
depends on the averaged popularity of the appeared features (tested dishes) with weight ι ∈ [0, 1] and a term that
depends only on the specific popularity of the feature (dish) j with weight (1− ι) ∈ [0, 1]. Hence, the interaction
present in the model dynamics is of the mean-field type, whose intensity is ruled by the parameter ι and in the
inclusion probability Pt,j the total weight of the self-reinforcement is w[(1− ι) + ι/Dt], while the weight of each
cross-reinforcement (that is the reinforcement coming from a feature i ∈ Ot \ {j}) is wι/Dt.
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Generally speaking, a mean-field interaction is used when each agent perceives the overall average context,
not just the number of similar agents, so that the agent’s behavior is influenced by an aggregate perception of
the system, rather than by direct contacts. In other words, the system of interest is simplified by replacing the
complex pairwise interactions with an effective average field that represents the collective effect of all the others.
Hence, in the IBP framework, instead of calculating how every feature (dish) affects every other one (which is
extremely difficult when the features are in a large number), we assume that each feature is affected by only an
average field generated by all the others appeared in the system. Just to give an example in order to facilitate
the interpretation and visualize the framework, consider the following setting. An agent (customer) enters a
community and adheres to some existing proposals (old dishes), while also introducing new ones (new dishes).
Each agent decides to join an existing proposal not only based on how many agents have already joined that
proposal, but also on the overall average adoption across all proposals - in other words, on a global perception of
participation across all the existing proposals. This can be seen as a mean-field interaction process in an “idea
space”. Each agent supports existing ideas not only based on how many others support them, but also based on
the overall average level of support across all ideas.

2.3. Overview of the Results. Regarding the results we are going to prove, we observe that the behavior of the
number Dt of the tested dishes along the time-steps is not affected by the interaction among the dishes and hence
the related results are standard. We collect them in the following Section 3 for the reader’s convenience; while
the main results of this work concern the asymptotic behaviors of the dish(feature)-specific inclusion probability
Pt,j , the dish(feature)-specific popularity Kt,j , the number Tt of dishes tested by customer t, that is Tt =∑

j∈Ot
Xt,j +Nt and the corresponding averaged quantities

(2) P t =
1

Dt

∑
j∈Ot

Pt,j , Kt =
1

Dt

∑
j∈Ot

Kt,j and T t =
1

t

t∑
n=1

Tn ,

that corresponds to the mean dish(feature)-inclusion probability, the mean dish(feature)-popularity and the mean
number of dishes (features) per customer (agent/item), respectively, until time-step t. We also analyze the predic-
tive mean Zt = E[Tt+1|Ft] of the number of dishes tested (features exhibited) by the future customer (agent/item)
t+1 given the past Ft. These results are presented in Section 4 (for the averaged quantities) and in Section 5 (for
the specific-dish quantities). In particular, we highlight that the asymptotic behaviors of the averaged quantities
only depend on the relationship between the parameters β and w (see Table 1), while the interaction intensity ι
plays a role in the results describing the asymptotics for the specific-dish quantities (see Table 2 and Table 3).
This is a consequence of the specific form of the interaction considered in this work: the mean-field interaction
influences the processes at the level of individual dishes but vanishes when considering the averaged quantities.
This represents an advantage from the applicative point of view because this means that we can use the parame-
ters α and β to fit the growth of the observable number Dt of distinct dishes (features), we can fit the behavior of
the observable averaged quantities T t by the parameter w, while we can use the parameter ι to fit the observable
j-specific quantities Kt,j .

For the first-order results in Table 1, the main considerations are the following. The predictive mean Zt of the
number of dishes chosen at the future time t+1 converges to zero when both β and w are less than 1. The decay
is sub-linear (specifically, a power-law or a power-law with a logarithmic correction), with a power-law exponent
depending on the weight (1−w) of the forcing input toward zero or on the power-law exponent (1−β) governing
the decrease of the expected number λt of new features. When max{β,w} = 1, it converges to a finite strictly
positive quantity if β ̸= w, whereas it diverges to infinity if β = w. The averaged quantity T t exhibits exactly
the same asymptotic behaviors, but the limit random variables coincide only when w = 1 and so, in that case,
we can affirm that the empirical mean T t can be used as a strongly consistent estimator of the predictive mean
Zt. These results for w = 1 are consistent with the ones known for the standard IBP of [45] (see [6]), while the
others are a consequence of the introduction in the model of the forcing input toward zero. The mean inclusion
probability P t always converges to zero. This result is of particular interest, as it explains the sparsity of the
observed feature–matrix. Although P t always converges to zero, the mean dish-popularity Kt always diverges to
+∞, except when the w < β, i.e. when the weight (1 − w) of the forcing input toward zero is higher than the
power-law exponent (1−β) of the expected number of new dishes. Specifically, when w > β, we have a power-law
growth (with or without a logarithmic correction) with an exponent related to the difference between w and β, a
logarithmic growth when w = β and a convergence to a suitable constant when w < β.
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Regarding the first-order results in Table 2 and Table 3, we can make the following remarks. After its ap-
pearance, the inclusion probability Pt,j of dish j tends to zero in all cases except when ι = 0 and w = 1 (that,
as already observed, essentially corresponds to the standard IBP of [45]). All the dish-specific inclusion proba-
bilities Pt,j converge at the same rate, meaning that the rate does not depend on j. The level ι of interaction
influences the convergence rate at which each process (Pt,j)t converges towards zero. Specifically, the higher the
interaction parameter ι, the faster the convergence to zero (recall that when ι = 0 and w = 1, Pt,j does not even
tend to zero). Additionally, the level of interaction determines how closely the processes Pt,j are asymptotically
related to each other. Moreover, comparing Table 1 and Table 3, we can see that, in the most of cases, the
averaged inclusion probability P t is asymptotically lower than the specific inclusion probability Pt,j of any dish
j. The level ι of interaction quantifies the difference between P t and the single Pt,j . Specifically:

• High interaction (ι = 1 or β/w < ι < 1): The processes Pt,j , once rescaled, converge towards the same
random variable, with the limit not depending on j. In other words, the processes (Pt,j)t synchronize.
The process P t and the processes Pt,j converge at the same rate, but when 0 < β/w < ι < 1 their limits
differ.

• Critical case (0 < ι = β/w < 1): As above, the processes (Pt,j)t synchronize. The process P t and the
processes Pt,j converge at different rates.

• Low interaction (ι = 0 or 0 < ι < min{β/w, 1}): The processes Pt,j , once rescaled, converge towards
possibly different random variables depending on j. Moreover, the averaged quantity P t and the processes
Pt,j converge at different rates.

It may seem surprising that, when all the processes Pt,j synchronize, their common behavior still differs from
the one of P t, which is their average. Specifically: in the case of high interaction, P t converges at the same rate
as each Pt,j does, but, when rescaled, its limit is strictly smaller than the common limit toward which all the
rescaled Pt,j converge, and, in the critical case, they have even different rates. The reason for this apparent para-
dox lies in the fact that the total number of dishes involved in the average diverges to infinity, while the rescaled
processes (Pt,j)t do not converge uniformly to their common limit. Consequently, although older dishes approach
the common limit, there will always be a large number of more recent dishes whose values remain significantly
below it.

The j-specific popularity Kt,j always increases to +∞. The growth is logarithmic or according to a power-law
and, always sub-linear, except when w = 1 and ι = 0 (consistently with the behavior in the standard IBP of [45]).
We can observe that the smaller the interaction intensity ι is, the faster is the growth to +∞. This is coherent
with the previous observation on Pt,j .

We complete the analysis of the model with some asymptotic results of the second-order. Specifically, for the
case w > β, we establish some central limit theorems (see Theorem 4.3 and Corollary 4.4), that could be useful for
the estimation of the random variable Z∗

∞, present in Tables 1-3, via confidence intervals based on the observable
quantity T t. Similarly, in the case of low-interaction, we establish a central limit theorem (see Theorem 5.4), that
could be useful for the estimation of the random variable K∗

∞,j , present in Table 2 and Table 3, via confidence
intervals. In particular, in this result, we identify three regimes according to the relationships between the inter-
action intensity ι and the ratio β/w: the larger ι is, the slower the convergence to zero of the difference between
the rescaled process Kt,j and its limit K∗

∞,j is.

We conclude this overview by highlighting the two novel general results, Theorem B.3 and Theorem B.4 in
appendix, that could also be applied in other frameworks. In a context of a recursive dynamics, Theorem B.3
provides conditions to guarantee that the limit random variable of a suitable rescaled process is almost surely
non-zero. This fact is important since it allows to conclude that the scaling factor provides the exact rate
of convergence. Note that the standard arguments in literature serve to prove only the convergence of the
rescaled process to a real random variable, while we succeed to prove that the limit random variable is non-zero
with probability one by means of a non-standard technique. Theorem B.4 deals with the related second-order
asymptotic and it faces within a framework excluded from the usual central limit theorems applied in the literature
when dealing with recursive dynamics, such as the ones in [52].
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Table 1. Almost sure asymptotic behavior of:
(i) the predictive mean Zt,
(ii) the empirical mean T t,
(iii) the averaged inclusion probability P t,
(iv) the averaged number of customers per dish Kt.
The real random variable Z∗

∞ is a.s. strictly positive

.

Zt = E[Tt+1 | Ft] T t =
∑t

n=1 Tn/t P t =
∑

j∈Ot
Pt/Dt Kt =

∑
j∈Ot

Kt,j/Dt

0 = β < w t−(1−w)Z∗
∞ t−(1−w) Z∗

∞
w

t−(1−w)

ln(t)

Z∗
∞
α

tw

ln(t)

Z∗
∞

αw

0 < β < w t−(1−w)Z∗
∞ t−(1−w) Z∗

∞
w

t−(1−w+β) Z∗
∞β

α
tw−β Z∗

∞β

αw

0 < β = w t−(1−w) ln(t)αw t−(1−w) ln(t)α t−1 ln(t)w2 ln(t)w

0 < w < β t−(1−β) αβ
β−w

t−(1−β) α
β−w

t−1 wβ
β−w

β
β−w

Table 2. Almost sure asymptotic behavior of the number of customers per dish. The real
random variables Z∗

∞ and K∗
∞,j are a.s. strictly positive.

Kt,j ι = 1 β
w

< ι < 1 0 < ι = β
w

< 1 ι = 0 or 0 < ι < min{ β
w
, 1}

0 = β < w tw

ln(t)

Z∗
∞

αw
tw

ln(t)
1

αw
Z∗

∞ not possible twK∗
∞,j

0 < β < w t(w−β) Z∗
∞β

α(w−β)
tw−β ι

(ιw−β)
β
α
Z∗

∞ tw−β ln(t)ι β
α
Z∗

∞ tw(1−ι)K∗
∞,j

0 < β = w ln2(t)w
2

2
not possible not possible tw(1−ι)K∗

∞,j

0 < w < β ln(t) wβ
β−w

not possible not possible tw(1−ι)K∗
∞,j

Table 3. Almost sure asymptotic behavior of the inclusion probability. The real random vari-
ables Z∗

∞ and K∗
∞,j are a.s. strictly positive.

Pt,j ι = 1 β
w

< ι < 1 0 < ι = β
w

< 1 ι = 0 or 0 < ι < min{ β
w
, 1}

0 = β < w t−(1−w)

ln(t)

Z∗
∞
α

t−(1−w)

ln(t)
1
α
Z∗

∞ not possible 1

t(1−w)wK∗
∞,j

0 < β < w 1

t(1−w+β)

Z∗
∞β

α
1

t(1−w+β)

ι(w−β)
(ιw−β)

β
α
Z∗

∞
ln(t)

t(1−w+β) (1− ι)wι β
α
Z∗

∞
1

t(1−w(1−ι)) (1− ι)wK∗
∞,j

0 < β = w ln(t)
t

w2 not possible not possible 1

t(1−w(1−ι)) (1− ι)wK∗
∞,j

0 < w < β 1
t

wβ
β−w

not possible not possible 1

t(1−w(1−ι)) (1− ι)wK∗
∞,j

3. Preliminaries

Recall that Kt,j =
∑t

n=1 Xn,j is the number of customers who test dish j until time-step t and let Tt be the
number of dishes tested by customer t. We have

t∑
n=1

Tn =

t∑
n=1

(
∑

j∈On−1

Xn,j +Nn) =
∑
j∈Ot

Kt,j .

Hence, setting T t =
∑t

n=1 Tn/t, we can write

(3) Kt =

∑
j∈Ot

Kt,j

Dt
=

t

Dt
T t

and, setting S0 = 0 and St =
∑

j∈Ot
Pt,j for t ≥ 1, we have

St =
∑
j∈Ot

Pt,j =
w(1− ι)

∑
j∈Ot

Kt,j + wι
∑

i∈Ot
Kt,i

θ + t

=
w
∑

j∈Ot
Kt,j

θ + t
=

w
∑t

n=1 Tn

θ + t
= w

t

θ + t
T t .

(4)
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From (4) we also obtain

(5) P t =

∑
j∈Ot

Pt,j

Dt
=

w
∑

j∈Ot
Kt,j

(θ + t)Dt
= w

Kt

θ + t

and so we can rewrite the inclusion probability Pt,j as

(6) Pt,j = (1− ι)w
Kt,j

θ + t
+ ιP t .

Moreover, the predictive mean Zt = E[Tt+1|Ft] is the sum of two terms, one related to the old dishes and the
other related to the rate at which new dishes appear. Precisely, since Tt+1 =

∑
j∈Ot

Xt+1,j +Nt+1, we have

(7) Zt = E[Tt+1|Ft] =
∑
j∈Ot

Pt,j + λt = St + λt ,

where λt = α/(t+ 1)1−β and St is defined in (4). A simple calculation yields

(8) Zt+1 − Zt = − (1− w)Zt

θ + t+ 1
+

w(Tt+1 − Zt)

θ + t+ 1
+ λt+1 − λt +

λt

θ + t+ 1

so that we obtain

E
[
Zt+1 | Ft

]
− Zt = − (1− w)Zt

θ + t+ 1
+ λt+1 − λt +

λt

θ + t+ 1
.

Note also that we have

(9) E
[
T 2
t+1 | Ft

]
= Zt + Z2

t −Rt , where Rt =
∑
j∈Ot

P 2
t,j ,

(and so 0 ≤ Rt ≤ St ≤ Zt), because

E
[
T 2
t+1 | Ft

]
= E

[
(
∑
j∈Ot

Xt+1,j +Nt+1)
2 | Ft

]
=

∑
j∈Ot

Pt,j + 2
∑
j<j′

Pt,jPt(j
′) + λt + λ2

t + 2λt

∑
j∈Ot

Pt,j

=
∑
j∈Ot

Pt,j + λt + (
∑
j∈Ot

Pt,j + λt)
2 −

∑
j∈Ot

P 2
t,j

= Zt + Z2
t −Rt .

Finally, we recall that Dt denotes the number of dishes tested until time-step t and its asymptotic behavior is
described in the following subsection.

3.1. Asymptotic behavior of Dt. We recall that Dt = card(Ot) =
∑t

n=1 Nn, where the random variables Nn

are independent and Poisson-distributed with parameter λn−1 so that Dt has Poisson distribution with parameter
Λt =

∑t
n=1 λn−1 =

∑t
n=1 α/n

1−β ∼ α ln(t) when β = 0 and ∼ (α/β)tβ when β ∈ (0, 1]. (Remember that these
are also the asymptotic behaviors of the mean and the variance of Dt, since they coincide with the parameter
Λt.)

By standard martingale arguments and Kronecker’s lemma, we have the following result regarding the first-
order asymptotic behavior of Dt:

(10)

{
Dt

tβ
a.s.−→ α

β when 0 < β ≤ 1 ;
Dt

ln(t)

a.s.−→ α when β = 0 .

Remark 3.1 (Central limit theorem). Setting

λ(β) = α if β = 0 and λ(β) =
α

β
if β ∈ (0, 1],

at(β) = ln(t) if β = 0 and at(β) = tβ if β ∈ (0, 1] ,

and recalling that √
at(β)

{
Λt

at(β)
− λ(β)

}
=

α
∑t

n=1 nβ−1−λ(β)at(β)√
at(β)

= O(1)√
at(β)

−→ 0 ,
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by a martingale central limit theorem (see Th 3.2, page 58, [27]) applied to the martingale difference array
Yt,n = (Nn − λn−1)/

√
at(β), with t ≥ 1 and 1 ≤ n ≤ t, we can easily obtain that√

at(β)
( Dt

at(β)
− λ(β)

)
stably−→ N

(
0, λ(β)

)
.

Moreover, by a functional central limit theorem for martingales (see [19, Theorem 2.5]) applied to the same
martingale difference array (Yt,n), we can get the functional version of the above limit result.

Finally, the following remark provides an asymptotic bound for the difference |Dt − Λt|.

Remark 3.2 (Law of the iterated logarithm). For each β ∈ [0, 1], we have with probability one that

lim sup
t→+∞

|Dt − Λt|√
2Λt ln(ln(Λt))

= 1 .

Its proof is based on the classical Kolmogorov’s law of the iterated logarithm and standard arguments and it is
collected in Appendix D.1.

4. Asymptotic behavior of T t, P t and Kt

This section is devoted to deriving the asymptotic properties of the average quantities defined in (2), namely

P t =
1

Dt

∑
j∈Ot

Pt,j , Kt =
1

Dt

∑
j∈Ot

Kt,j , and T t =
1

t

t∑
n=1

Tn .

These processes are closely related to the process of predictive means

Zt = E[Tt+1 | Ft] = St + λt ,

as shown by the preliminary relations (3), (4) and (5) in Section 3. Therefore, the theorems in this section focus
on the asymptotic behavior of the process (Zt)t, from which the corresponding results for the averaged quantities
can be directly derived (see Table 1 and Corollary 4.4). Firstly, we provide the first-order asymptotic properties
in Subsection 4.1, and then we turn to the second-order asymptotics in Subsection 4.2.

4.1. First-order asymptotic results. From the recursive dynamics of (Zt)t in (8), one might expect that its
first-order asymptotic behavior can always be derived via standard stochastic approximation techniques. However,
the situation is more subtle. Indeed, the dynamics is essentially governed by two competing contributions:

(11) − (1− w)

θ + t+ 1
Zt and (λt+1 − λt) +

λt

θ + t+ 1
.

Heuristically, the first term, driven by the parameter (1−w) (that is the weight of the forcing input toward zero),
acts as a linear drift toward zero (for w < 1), suggesting a decay rate of order t−(1−w). The second term, induced
by the decay (for β < 1) of the expected number λt of new dishes, suggests instead a rate of order t−(1−β). The
interplay between these two effects determines the asymptotic behavior of Zt: when the two rates differ, the
slower decay dominates; while, in the critical case 1 − w = 1 − β, the two contributions asymptotically balance
each other, leading to a cancellation of leading-order terms and resulting in a logarithmic correction, so that the
decay becomes slightly slower than t−(1−w) (equivalently, t−(1−β)). When max{w, β} = 1, the process (Zt)t does
not converge to zero: it converges to a random variable when β < 1, to a constant when w < 1 and it diverges to
+∞ in the case w = β = 1. These facts in the case w = 1 are consistent with the results known for the standard
IBP of [45] (see [6]).

It is worth emphasizing that, once the processes are rescaled according to the correct rate, depending on
which term in (11) dominates, the proofs become substantially different in the two regimes. Determining the
dominant term depends on the values of w and β, which requires splitting the analysis into two separate theorems:
Theorem 4.1 for the case w > β, and Theorem 4.2 for the case w ≤ β.

In the first case, when w > β, the second term in (11) behaves essentially as a remainder, and thus (Zt)t
becomes a non-negative almost super-martingale and, besides proving the convergence of t1−wZt (which follows
from a classical convergence result for non-negative almost super-martingales), we will prove (by a non classical
technique) that the corresponding limit random variable is strictly positive, concluding that t1−w is the exact
scaling factor.

In the second case, when w ≤ β, the second term in (11) can not be neglected and we obtain a deterministic
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limit for the suitable rescaled process (Zt)t via stochastic approximation. In particular, if β = 1, the sequence
(λt)t does not decay, causing the failure of the convergence to zero for Zt. Finally, when w = β = 1, the additional
absence of drift leads to the divergence Zt → +∞.

The proofs of all the results presented in this section are collected in Subsection C.1 of the Appendix and are
essentially based on Theorem B.1, Theorem B.3 and Lemma D.1. In particular, the last one is a non immediate
technical lemma needed to control the moments of the unbounded random variables Zt. Also relation (9) plays
an important role.

We first present the convergence result in the case w > β.

Theorem 4.1. (Weak forcing input toward zero)
Let β < w (i.e. (1− w) < (1− β)). Then we have

t1−wZt
a.s.−→ Z∗

∞ ,

where Z∗
∞ is a finite and strictly positive random variable.

From Theorem 4.1 and using the preliminary relations (3), (4) and (5), we can easily derive that

t1−wT t
a.s.−→ 1

w
Z∗
∞, t1−w

∑
j∈Ot

Pt,j
a.s.−→ Z∗

∞,
1

tw

∑
j∈Ot

Kt,j
a.s.−→ 1

w
Z∗
∞ ,

that along with the behavior of Dt described in (10) leads to the results for P t and Kt reported in Table 1.

We now state the result in the case w ≤ β.

Theorem 4.2. (Strong forcing input toward zero and Critical case)
Let w ≤ β (i.e. (1− w) ≥ (1− β)). Then we have{

t1−β Zt
a.s.−→ αβ

β−w when w < β ;
t1−β

ln(t) Zt
a.s.−→ αβ when w = β .

From Theorem 4.2 and using the preliminary relations (3), (4) and (5), we can easily derive that: when w < β

t1−βT t
a.s.−→ α

β − w
, t1−β

∑
j∈Ot

Pt,j
a.s.−→ αw

β − w
,

1

tβ

∑
j∈Ot

Kt,j
a.s.−→ α

β − w
,

while when w = β

t1−β

ln(t)
T t

a.s.−→ α,
t1−β

ln(t)

∑
j∈Ot

Pt,j
a.s.−→ αw,

1

tβ ln(t)

∑
j∈Ot

Kt,j
a.s.−→ α ,

that along with the behavior of Dt described in (10) leads to the results of P t and Kt reported in Table 1.

Remark 4.1 (Convergence in Lp). By Lemma D.1, we obtain that the a.s. convergence of the suitably rescaled
sequence Zt (and the suitably rescaled sequence T t) stated in Theorem 4.1 and Theorem 4.2 is also in Lp for
each p ∈ [1,+∞). Moreover, by Fatou’s lemma, the limit random variable Z∗

∞ that arises in the case w > β (see
Theorem 4.1) satisfies E

[
ezZ

∗
∞
]
< +∞ for some z > 0.

4.2. Second-order asymptotic in the case when the forcing input toward zero is weak (β < w). In
this section, we establish some Central Limit Theorems (CLTs) for the random variable Z∗

∞ > 0, introduced
in Theorem 4.1 and related to the a.s. limits of the rescaled predictive mean Zt and of the rescaled averaged
quantities T t, P t and Kt in the regime w > β. These results are of particular interest when w = 1, as they
enable the estimation of the limit predictive mean Z∗

∞ via the construction of confidence intervals based on the
observable empirical means T t.

As discussed in Section 4.1, the dynamics of (Zt)t in (8) is essentially governed by the two competing con-
tributions in (11), one driven by the weight (1 − w) of the forcing input toward zero and the other by (1 − β).
In the case w > β considered here, the first term determines the decay rate t−(1−w) of Zt, while the second one
plays no role in the first-order behavior, acting essentially as a remainder term. By contrast, in the second-order
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asymptotic behavior (see Theorem 4.3), the parameter β plays an important role even in the case w > β. Indeed,
by (8) we can observe that the convergence of t1−wZt towards Z∗

∞ is governed by two competing contributions:

t1−w ∆Mt+1

θ + t+ 1
and t1−w λt

θ + t+ 1
,

where ∆Mt+1 = w(Tt+1 − Zt) is an unbounded martingale difference. Heuristically, the first term suggests a
martingale CLT with scaling t−w/2, leading to a zero-mean Gaussian limit kernel. The second term is deterministic
and exhibits a decay of order t−(w−β). The interplay between these two contributions determines the second-
order asymptotic behavior of t1−wZt. Specifically, taking into account (12): if (w − β) > w/2 (i.e., β < w/2),
the second term is negligible also at the second order, and the asymptotics are entirely driven by the martingale
term which leads to the convergence of tw/2(t1−wZt−Z∗

∞) to a Gaussian kernel with zero mean; if (w−β) = w/2
(i.e., β = w/2), we still obtain that tw/2(t1−wZt − Z∗

∞) converges toward a Gaussian kernel, but the second
term contributes with a constant shift in the mean equal to −α; if 0 < w − β < w/2 (i.e., w/2 < β < w), the
deterministic term dominates so that we obtain (t1−wZt−Z∗

∞)
P∼ −Ct−(w−β), with a suitable constant C > 0, and

the Gaussian fluctuations arise if we consider the quantity (t1−wZt − Z∗
∞ + Ct−(w−β)) multiplied by the scaling

factor tw/2. It may appear surprising that the asymptotic contribution of the second term is strictly negative
in the last two cases. However, this is fully consistent with the fact that, in the dynamics (8), the second term
represents a strictly positive contribution. Accordingly, it affects the second-order asymptotics by increasing the
value of Z∗

∞, and hence by reducing the deviation (t1−wZt−Z∗
∞), relative to a dynamics with a random zero-mean

remainder term, as typically encountered in similar settings. Moreover, it is worth emphasizing that the variance
of the Gaussian limit kernel is always random. Moreover, its random component coincides with Z∗

∞, except in the
degenerate case of no-interaction (ι = 0) and no-forcing input toward zero (w = 1). As we will see in Section 5,
this is also the only regime in which the dish-specific inclusion probabilities Pt,j do not converge a.s. to zero (see
Table 3).

Finally, note that in Theorem 4.3 the convergence holds true also in the sense of the a.s. conditional convergence,
which is a form of convergence introduced in [11] and, subsequently, employed also by others in the urn model and
Bayesian literature, e.g. [21, 51]. Specifically, in [21], it is shown how to use a CLT with this form of convergence
in order to construct a credible interval in a Bayesian framework. In [51], instead, it is illustrated how to use a
CLT with this form of convergence in order to prove that the limit random variable has no point masses.

The proofs of all the results presented in this section are collected in Subsection C.2 of the Appendix and are
essentially based on the general Theorem B.4 and on the technical Lemma D.1 and Lemma D.2.

Theorem 4.3. (CLT for the case of weak forcing input toward zero) Assume β < w, i.e. (1−w) < (1−β),
and let

Σ∞ =

{
Z∗
∞ − R̃∞ > 0 if w = 1 and ι = 0 ;

Z∗
∞ > 0 otherwise .

where Z∗
∞ is the a.s. limit of t1−wZt introduced in Theorem 4.1 and R̃∞ is the a.s. limit of Rt as provided in

Lemma D.2. Then, we have

(12) tw/2(t1−wZt +
αβ

w−β t
−(w−β) − Z∗

∞)
stably−→ N (0, wΣ∞) ,

where this convergence also holds true in the sense of the a.s. conditional convergence with respect to the filtra-
tion F . Moreover, as a consequence, when (w − β) < w/2 (i.e. w/2 < β < w), we have

tw−β(t1−wZt − Z∗
∞)

P−→ − αβ
w−β .

Remark 4.2 (No point-masses for the limit random variable). In the case w < 1 or ι > 0, with a similar
argument used in [51] (see also the proof of [15, Theorem 2.5]) based on the a.s. conditional convergence toward
a Gaussian kernel, we can obtain from (12) that, for any β < w, P (Z∗

∞ = z) = 0 for each z > 0.

In the next result, we provide the second order asymptotics for the averaged quantities: the one for T t is a
direct consequence of (12), while the ones for P t and Kt are also related to the second-order asymptotic of the
number Dt of distinct tested dishes (observed features).

Corollary 4.4. If β < w, then we have

(13) tw/2
(
t1−wT t +

α
(w−β) t

−(w−β) − 1
wZ∗

∞

)
stably−→ N (0,Σ∞/w)
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(where the convergence also holds true in the sense of the a.s. conditional convergence with respect to F) and, as
a consequence, when w − β < w/2 (i.e. w/2 < β < w), we have

tw−β
(
t1−wT t − 1

wZ∗
∞

)
P−→ − α

(w−β) .

Moreover, using the notation introduced in Remark 3.1, we have

(14)
√
at(β)

(
t1−wat(β)P t +

αw
λ(β)(w−β) t

−(w−β) − 1
λ(β)Z

∗
∞

)
stably−→ N (0,

(Z∗
∞)2

λ(β)3 )

and, as a consequence, when (w − β) < β/2 (i.e. (2/3)w < β < w), we have

tw−β
(
t1−w+β P t − β

αZ
∗
∞

)
P−→ − βw

w−β .

Finally, we have

(15)
√
at(β)

(
at(β)
tw Kt +

α
λ(β)(w−β) t

−(w−β) − 1
λ(β)wZ∗

∞

)
stably−→ N

(
0,

(Z∗
∞)2

λ(β)3w2

)
and, as a consequence, when (w − β) < β/2 (i.e. (2/3)w < β < w), we have

tw−β
(

1
tw−β Kt − β

αwZ∗
∞

)
P−→ − β

w−β .

Note that the above limit random variance Σ∞/w can be estimated by the observable process (Tt)t. Indeed,
when w < 1 or ι > 0, it can be seen as the a.s. limit of t1−wT t; while, when w = 1 and ι = 0, by (9) and
Lemma E.5, it coincides with the a.s. limit of

∑t
n=1 T

2
n/t− (T t)

2.

Remark 4.3 (Comparison with the standard IBP of [45]). From [6, Theorem 8], using our notation, we
get that the standard IBP of [45] satisfies for every β < 1

√
t (Zt − Z∗

∞)
stably−→ N (0,Σ∞) and

√
t
(
T t − Z∗

∞
) stably−→ N (0,Σ∞) ,

with Σ∞ > 0. This is obviously a difference with our model in the case w < 1, but, importantly, it is a difference
with our model even when w = 1 and ι = 0. Indeed, as illustrated above, we have a non-centred Gaussian kernel
in the case β = 1/2 and a convergence in probability with a rate depending on (1−β) to a suitable constant when
1/2 < β < 1. This difference is due to the fact that, also in the case w = 1 and ι = 0, the inclusion probabilities
Pt,j and the parameter λt in our model differ from the ones in the standard IBP, where the inclusion probabilities
and the parameter λt are defined so that the sequence (Zt) of the predictive means is a martingale.

5. Asymptotic behavior of Pt,j and Kt,j

In this section, we aim to derive the asymptotic behavior of the quantities Kt,j and Pt,j related to each
individual dish j. To this end, let τj be the first time at which the dish j appears and define the process
Bt,j = Kt,j/(θ + t) (which is equal to zero for t < τj and > 0 for t ≥ τj) whose asymptotic behavior will be
essential to establish the one of Pt,j and Kt,j . Note that, since Dt ↑ +∞ a.s., we have P{τj < +∞} = 1 and, on
{τj < +∞}, for t ≥ τj , we have

Bt+1,j −Bt,j =
(Kt,j +∆Kt+1,j)

(θ + t+ 1)
− Kt,j

(θ + t)
= − 1

θ + t+ 1
Bt,j +

1

θ + t+ 1
∆Kt+1,j ,

that is

(16) Bt+1,j =

(
1− 1

θ + t+ 1

)
Bt,j +

1

θ + t+ 1
∆Kt+1,j ,

where

E[∆Kt+1,j | Ft] = Pt,j = (1− ι)wBt,j + ιP t.

A simple calculation yields to

(17) Bt+1,j −Bt,j = − (1− (1− ι)w)

θ + t+ 1
Bt,j +

ιP t

θ + t+ 1
+

∆Mt+1,j

θ + t+ 1
,

where ∆Mt+1,j = (∆Kt+1,j − Pt,j) is a martingale difference.

Firstly, we establish the first-order asymptotic properties in Subsection 5.1, and then we turn to the second-
order asymptotics in Subsection 5.2.
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5.1. First-order asymptotic results. The dynamics of Bt,j in (17) is essentially governed by two competing
contributions:

(18) − (1− (1− ι)w)

θ + t+ 1
Bt,j and

ιP t

θ + t+ 1
.

Heuristically, the first term, driven by the parameter (1 − (1 − ι)w), acts as a linear drift toward zero (for
(1 − ι)w < 1), suggesting a decay rate of order t−(1−(1−ι)w). The second term, proportional to the interaction
intensity ι and to the random averaged quantity P t, suggests instead a rate as derived by means of Theorems 4.1
and Theorem 4.2, and described in Table 1. The interplay between these two effects determines the asymptotic
behavior of Bt,j (and hence of Kt,j and Pt,j): when the two rates differ, the slower decay dominates; while, in the
critical case, when the two contributions asymptotically balance each other, the leading-order terms disappear
and a logarithmic correction appears. Once the processes are rescaled according to the right rate, depending on
which term in (18) dominates, the proofs become substantially different in the various regimes. the dominant
term depends on the values of ι with respect to the ratio β/w and, to better highlight how these results change
with the level of interaction ι, we will categorize the results into three distinct cases:

(a) Low interaction: where the interaction parameter ι is either zero (no interaction) or smaller than the
threshold β/w;

(b) High interaction: where the interaction parameter ι equals one (maximum interaction) or it is smaller
than one but exceeds the threshold β/w;

(c) Critical case: where the interaction parameter ι exactly equals the threshold β/w.
In the first case (a), the second term in (18) behaves essentially as a remainder, and thus (Bt,j)t becomes a
non-negative almost super-martingale and we will prove (by the non classical general result Theorem B.3) that
its right scaling factor is t(1−(1−ι)w). In the other cases (b)-(c), the second term in (18) is of the same order as
the first one, and we obtain the desired results via a general stochastic approximation theorem with a random
“attractor” (see Theorem B.1).

The fact that the presence of interaction (ι > 0) causes each Pt,j to approach zero (even when the weight
(1 − w) of the forcing input toward zero is null) can be understood by recalling that, according to (6), Pt,j is a
linear combination involving the term ιP t, which always tends to zero (see Table 1). Hence, a higher value of ι
amplifies the effect of P t, accelerating the convergence of Pt,j to zero.

5.1.1. Statement of the results. In this section we are going to provide the first-order asymptotic results about
the dish-specific quantities Kt,j and Pt,j . The first theorem holds in the case when the interaction is low.

Theorem 5.1 (Case (a): Low interaction). When
(1) ι = 0 (no interaction at all) or
(2) 0 < ι < min{β/w, 1},

for each observed dish j, we have
Kt,j

t(1−ι)w

a.s.−→ K∗
∞,j

and
t1−(1−ι)w Pt,j

a.s.−→ (1− ι)wK∗
∞,j ,

where K∗
∞,j is a finite and strictly positive random variable.

This result for w = 1 and ι = 0 is coherent with the one for the standard IBP of [45].

The next theorem holds in the case when the interaction is high.

Theorem 5.2 (Case (b): High interaction). When
(1) ι = 1, for each observed dish j, we have

Pt,j = P t ∀ t ≥ 1 and
Kt,j∑t

n=1 Pn−1

a.s.−→ 1 .

(2) 0 < β/w < ι < 1, for each observed dish j, we have
Kt,j

tw−β

a.s.−→ K∞ =
ι

(ιw − β)

β

α
Z∗
∞
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and
t1−w+β Pt,j

a.s.−→ ι(w − β)

(ιw − β)

β

α
Z∗
∞ ,

where Z∗
∞ > 0 a.s. is defined in Theorem 4.1;

(3) 0 = β/w < ι < 1 (i.e. β = 0 and 0 < ι < 1), for each observed dish j, we have
Kt,j

tw/ ln(t)

a.s.−→ K∞ =
1

αw
Z∗
∞

and
t1−w ln(t)Pt,j

a.s.−→ 1

α
Z∗
∞ .

Finally, the last theorem holds in the critical case.

Theorem 5.3 (Case (c): Critical case). When 0 < ι = β/w < 1, for each observed dish j, we have
Kt,j

tw−β ln(t)

a.s.−→ K∞ = ι
β

α
Z∗
∞

and
t1−w+β

ln(t)
Pt,j

a.s.−→ (1− ι)wι
β

α
Z∗
∞ .

5.1.2. Proofs.

Proof of Theorem 5.1 (Low interaction). Considering the process Bt,j = Kt,j/(θ + t) and denoting B∗
t,j = ζt(1−

(1− ι)w)Bt,j , from the dynamics (17) we obtain

(19) B∗
t+1,j =

(
1 +O

(
1
t2

))
B∗

t,j +
ζt+1(1−(1−ι)w)

θ+t+1 (∆Mt+1,j + ιP t)

and so, by the asymptotics for P t (see Table 1) and the classical Theorem E.4, the process (B∗
t,j)t is a non-negative

almost super-martingale that converges a.s. to a finite r.v. B∗
∞. However, this is not enough for our scopes.

Indeed, in that way, we do not know that such random limit B∗
∞ is a.s. strictly positive, and this is crucial for

proving the right rate of convergence. For this reason, we are going to apply the more sophisticated Theorem B.3
(case i) together with Remark B.1 with τ = τj) to dynamics (16) with Xt = Bt,j , Yt+1 = ∆Kt+1,j ∈ {0, 1},
δ = (1 − ι)w ∈ (0, 1]. To this purpose, we note that ρt = 0 when ι = 0; while ρt = ιP t > 0 when ι > 0. To
handle the case ι > 0, from Table 1 we get P t = O(1/t1−w+β) when 0 < β < w ≤ 1, P t = O(ln(t)/t) when
0 < β = w ≤ 1 and P t = O(1/t) when 0 < w < β ≤ 1 (the case β = 0 is not possible with ι > 0 because β > ιw
in the case of low interaction). Therefore, setting δ = (1− ι)w, we have∑

t

ρt
(θ + t)δ−ϵ

< +∞ a.s. for some 0 < ϵ < δ ,

provided that ι = 0 or 0 < ι < β/w. Moreover, we trivially (since Yt+1 ∈ {0, 1}) have

E[Y 2
t+1 | Ft] ≤ E[Yt+1 | Ft] .

Hence, under our conditions, we find

t1−(1−ι)w Bt,j
a.s.−→ B∗

∞,j ∈ (0,+∞)

and so the first statement of the theorem follows with K∗
∞,j = B∗

∞,j . Finally, it follows, by (6), that

t1−w(1−ι) Pt,j
a.s.−→ (1− ι)wB∗

∞,j = (1− ι)wK∗
∞,j ∈ (0,+∞) ,

which is the second statement of the theorem. □

Proof of Theorem 5.2 (High interaction). We will prove the two cases separately.
Proof of case (1): From (6) we immediately get Pt,j = P t for each j ∈ Ot and so the asymptotic behavior of Pt,j

is described in Table 1, while, by Lemma E.2, for Kt,j we have Kt,j/
∑t

n=1 Pn−1
a.s.−→ 1 because Kt,j =

∑t
n=1 Xn,j

with E[Xn+1,j | Fn] = Pn,j = Pn and
∑

n Pn = +∞ a.s..
Proof of case (2): Recall that we have Bt,j = Kt,j/(θ + t) with dynamics (17):

Bt+1,j = Bt,j −
(1− (1− ι)w)Bt,j − ιP t

θ + t+ 1
+

∆Mt+1,j

θ + t+ 1
,
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where
∆Mt+1,j = ∆Kt+1,j − Pt,j = ∆Kt+1,j − (1− ι)wBt,j − ιP t .

When ιw > β > 0, the term ιP t is not negligible as in Theorem 5.1 and so we have to study the dynamics of Bt,j

paired with the one of P t. From Table 1 we know that, since w > β, we have t1−w+βP t
a.s.→ P ∗

∞ > 0. Now, let
B∗

t,j = ζt(1 − w + β)Bt,j , P
∗
t = ζt(1 − w + β)P t and ∆M∗

t+1,j = ζt+1(1 − w + β)∆Mt+1,j . Then, using (25), we
obtain

B∗
t+1,j =

(
B∗

t,j −
(1−(1−ι)w)B∗

t,j−ιP
∗
t

θ+t+1

)
ζt+1(1−w+β)
ζt(1−w+β) +

∆M∗
t+1,j

θ+t+1

=
(
B∗

t,j −
(1−(1−ι)w)B∗

t,j−ιP
∗
t

θ+t+1

)(
1 + 1−w+β

θ+t+1

)
+

∆M∗
t+1,j

θ+t+1

= B∗
t,j −

(ιw−β)B∗
t,j−ιP

∗
t

θ+t+1 +
∆M∗

t+1,j

θ+t+1 + ρt ,

with ρt = O
(Bt,j+P t

t1+w−β

)
being Ft-measurable. This suggests that (B∗

t )t is not a non-negative almost super-
martingale, as in Theorem 5.1, but instead it evolves according to a stochastic approximation dynamics, which
should convergence to ιP ∗

∞/(ιw − β). For proving this convergence, we are going to apply Theorem B.1 with
Xt = B∗

t , together with Lemma B.2. To this end, we observe that, by (9) and since 0 ≤ Pt,j ≤ 1,

E[(∆M∗
t+1,j)

2 | Ft] = ζ(1− w + β)2Pt,j(1− Pt,j) ≤ ζ(1− w + β)2Pt,j

= ζ(1− w + β)[(1− ι)wB∗
t,j + ιP

∗
t ] = O(t1−w+β+ϵ) ∀ϵ > 0 ,

where we have used B∗
t = o(tϵ) that follows by Lemma B.2 applied to Xt = B∗

t with At = P
∗
t and b = (ιw−β) > 0.

(Indeed, At = P
∗
t is a.s. convergent by Table 1 and, since both Bt,j and P t are bounded by one and w > β,

we a.s. have
∑

t Xt/t
2 =

∑
t O(Bt,j/t

1−w+β) < +∞ and
∑

t |ρt| =
∑

t O
(

Bt,j+P t

t1+w−β

)
< +∞.) Hence, choosing a

suitable ϵ, we get ∑
t

1

(θ + t+ 1)2
E[(∆M∗

t+1,j)
2 | Ft] < +∞ a.s.

and so, by Theorem B.1, we have

B∗
t,j = ζt(1− w + β)Bt,j

a.s.−→ ι

(ιw − β)
P ∗
∞ .

From Table 1 (case w > β > 0) we get P ∗
∞ = β

αZ
∗
∞ > 0 a.s. and so the first statement of case (2) of the theorem

follows. Finally, by (6), we get

t1−w+β Pt,j
a.s.−→ (1−ι)w ι

(wι−β) P ∗
∞ + ιP ∗

∞ = ι(w−β)
(ιw−β) P

∗
∞ = ι(w−β)

(ιw−β)

β

α
Z∗
∞ ,

which is the second statement of the case (2) of the theorem.
Proof of case (3): When ιw > β = 0, analogously to case (2), the term ιP t is not negligible in the dynamics (17)

of Bt,j and so we have to study the dynamics of Bt,j paired with the one of P t. From Table 1 we know that,
since w > β = 0, we have t1−w ln(t)P t

a.s.→ P∞ > 0, so the dynamics we need to consider is

Bt+1,j = Bt,j −
(1− (1− ι)w)Bt,j − ιP t

θ + t+ 1
+

∆Mt+1,j

θ + t+ 1
,

where ∆Mt+1,j = ∆Kt+1,j − Pt,j = ∆Kt+1,j − (1 − ι)wBt,j − ιP t. Now, let B∗
t,j = ζt(1 − w) ln(θ + t)Bt,j ,

P
∗
t = ζt(1−w) ln(θ+ t)P t and ∆M∗

t+1,j = ζt+1(1−w) ln(θ+ t+1)∆Mt+1,j . Then, using (27) from Appendix A,
we obtain

B∗
t+1,j =

(
B∗

t,j −
(1−(1−ι)w)B∗

t,j−ιP
∗
t

θ+t+1

)
ζt+1(1−w)
ζt(1−w)

ln(θ+t+1)
ln(θ+t) +

∆M∗
t+1,j

θ+t+1

=
(
B∗

t,j −
(1−(1−ι)w)B∗

t,j−ιP
∗
t

θ+t+1

)(
1 + 1−w

θ+t+1 − 1
(θ+t+1) ln(θ+t+1) +O

(
1

t2 ln(t)

))
+

∆M∗
t+1,j

θ+t+1

= B∗
t,j − ι

wB∗
t,j−P

∗
t

θ+t+1 − B∗
t,j

(θ+t+1) ln(θ+t+1) +
∆M∗

t+1,j

θ+t+1 + ρt

= B∗
t,j +

1

θ + t+ 1

(
ιP

∗
t −

(
ιw + 1

ln(θ+t+1)

)
B∗

t,j

)
+

∆M∗
t+1,j

θ+t+1 + ρt ,
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with ρt = O
(Bt,j+P t

t1+w

)
being Ft-measurable. We want to apply Theorem B.1 with Xt = B∗

t , together with
Lemma B.2. To this end, analogously to the proof of case (2), we have that

E[(∆M∗
t+1,j)

2 | Ft] = ζ(1− w)2 ln2(θ + t+ 1)Pt,j(1− Pt,j)

≤ ζ(1− w)2 ln2(θ + t+ 1)Pt,j

= ζ(1− w) ln(θ + t+ 1)[(1− ι)wB∗
t,j + ιP

∗
t ]

= O(t1−w+ϵ ln(t)) ∀ϵ > 0 ,

where we have used B∗
t = o(tϵ) that follows by Lemma B.2 applied to Xt = B∗

t , with At = ιP
∗
t and bt = ιw +

1/ ln(θ+ t+1) (note that we a.s. have
∑

t Xt/t
2 =

∑
t O(Bt,j ln(t)/t

1+w) < +∞ and
∑

t |ρt| =
∑

t O
(Bt,j+P t

t1+w

)
<

+∞ as w > 0). Hence, choosing a suitable ϵ, we get∑
t

1

(θ + t+ 1)2
E[(∆M∗

t+1,j)
2 | Ft] < +∞ a.s. .

Then, by Theorem B.1, we have

B∗
t,j = ζt(1− w) ln(θ + t)Bt,j

a.s.−→ 1

w
P ∗
∞.

From Table 1 (case w > β = 0) we get P ∗
∞ = 1

αZ
∗
∞ > 0 a.s. and so the first statement of the case (3) of the

theorem follows. Finally, by (6), we get

t1−w ln(t)Pt,j
a.s.−→ (1− ι)w

1

w
P ∗
∞ + ιP ∗

∞ = P ∗
∞ =

1

α
Z∗
∞ ,

which is the second statement of the case (3) of the theorem. □

Proof of Theorem 5.3 (Critical case). The structure of this proof is analogous to the proof of Theorem 5.2 as,
also in the case ιw = β > 0, we have to study the dynamics (17) of Bt,j = Kt,j/(θ+ t) paired with the one of P t.
From Table 1 we know that, since w > β (because 0 < ι < 1 and ιw = β), we have t1−w+βP t

a.s.→ P ∗
∞ > 0. Now,

let B∗
t,j = ζt(1−w+β)

ln(θ+t) Bt,j , P
∗
t = ζt(1 − w + β)P t and ∆M∗

t+1,j = ζt+1(1 − w + β)∆Mt+1,j . Then, using (25) and
(27) from Appendix A, we obtain

B∗
t+1,j =

(
1− (1−(1−ι)w)

θ+t+1

)
B∗

t,j
ζt+1(1−w+β)
ln(θ+t+1)

ln(θ+t)
ζt(1−w+β)

+
ιP

∗
t

(θ+t+1) ln(θ+t+1)
ζt+1(1−w+β)
ζt(1−w+β) +

∆M∗
t+1,j

(θ+t+1) ln(θ+t+1)

=
(
1− (1−(1−ι)w)

θ+t+1

)
B∗

t,j

(
1 + 1−w+β

θ+t+1 − 1
(θ+t+1) ln(θ+t+1) +O

(
1

t2 ln(t)

))
+

ιP
∗
t

(θ+t+1) ln(θ+t+1)

(
1 + 1−w+β

θ+t+1

)
+

∆M∗
t+1,j

(θ+t+1) ln(θ+t+1)

= B∗
t,j −

B∗
t,j−ιP

∗
t

(θ+t+1) ln(θ+t+1) +
∆M∗

t+1,j

(θ+t+1) ln(θ+t+1) + ρt ,

with ρt = O
( Bt,j+P t

t1+w−β ln(t)

)
= O

(Bt,j+P t

t1+w−β

)
being Ft-measurable. We want to apply Theorem B.1 with Xt = B∗

t ,
together with Lemma B.2. To this end, analogously to the proof of Theorem 5.2, we have that

E[(∆M∗
t+1,j)

2 | Ft] ≤ ζ(1− w + β)[(1− ι)wB∗
t,j + ιP

∗
t ] = O(t1−w+β+ϵ),

for any ϵ > 0, where we have used B∗
t = o(tϵ) that follows by Lemma B.2 applied to Xt = B∗

t,j , with At = P
∗
t

and b = 0 (note that we a.s. have
∑

t Xt/t
2 =

∑
t O(Bt,j/t

1+w−β) < +∞ and
∑

t |ρt| =
∑

t O
(

Bt,j+P t

t1+w−β

)
< +∞

as w > β). Hence, choosing a suitable ϵ, we get∑
t

1

(θ + t+ 1)2 ln2(θ + t+ 1)
E[(∆M∗

t+1,j)
2 | Ft] < +∞ a.s. .

Then, by Theorem B.1, we have

B∗
t,j =

ζt(1− w + β)

ln(θ + t)
Bt,j

a.s.−→ ιP ∗
∞ .
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From Table 1 (case w > β > 0) we get P ∗
∞ = β

αZ
∗
∞ > 0 a.s. and so the first statement of the theorem follows.

Finally, by (6), we get
t1−w+β

ln(θ + t)
Pt,j

a.s.−→ (1− ι)wιP ∗
∞ = (1− ι)wι

β

α
Z∗
∞ ,

which is the second statement of the theorem. □

5.2. Second-order asymptotics in the case of low interaction. We focus here on the low-interaction regime,
when each dish-specific process Kt,j converges to a limit random variable, proportional to K∗

∞,j > 0 (see The-
orem 5.1). Therefore, it could result useful to establish a CLT for these random variables K∗

∞,j , in order to
construct confidence intervals and estimate them from the observable quantities Kt,j and T t. This result is pre-
sented in Theorem 5.4. Its proof relies on the auxiliary process Bt,j = Kt,j/(θ+ t), introduced in Section 5.1 and
on the results proven for the averaged quantity P t. By (19) from the proof of Theorem 5.1, we can observe that
the convergence of t1−(1−ι)wBt,j toward K∗

∞,j is governed by the two competing contributions:

(20) t1−(1−ι)w∆Mt+1,j

θ + t+ 1
and t1−(1−ι)w ιP t

θ + t+ 1
,

where ∆Mt+1,j = (∆Kt+1,j−Pt,j). Heuristically, the first term suggests a martingale CLT with scaling t−(1−ι)w/2,
leading to a zero-mean Gaussian limit kernel. The second term, which is absent in the case of no interaction
(ι = 0), depends on the random averaged quantity P t and so it exhibits a different order of decay according to the
values of β and w (see Table 1 for the first-order asymptotics derived by means of Theorems 4.1 and Theorem 4.2,
and see Corollary 4.4 for the second-order asymptotics obtained from Theorem 4.3). In presence of interaction (we
here mean low interaction, i.e. 0 < ι < min{β/w, 1}), the interplay between these two contributions determines
the second-order asymptotic behavior of t1−(1−ι)wBt,j . Specifically: if ι = 0 OR 0 < ι < min{2β/w − 1, 1}
(note that the case β ≥ w and 0 ≤ ι < 1 is contained in the union of these two cases), the second term is
negligible also at the second order and t(1−ι)w/2(Kt,j/t

(1−ι)w −K∗
∞,j) converges to a Gaussian kernel with zero

mean; if 0 < ι = 2β/w− 1 < 1 (that implies β < w), we still obtain that t(1−ι)w/2(Kt,j/t
(1−ι)w −K∗

∞,j) converges
to a Gaussian kernel, but the second term contributes with a strictly negative random shift in the mean; if
max{0, (2β/w− 1)} < ι < β/w < 1, the second term dominates so that (Kt,j/t

(1−ι)w −K∗
∞,j)

P∼ −CZ∗
∞t−(β−wι),

with a suitable constant C > 0, and, if we also have ι < 3β/w − 1, then the Gaussian fluctuations arise for
(Kt,j/t

(1−ι)w −K∗
∞,j +CZ∗

∞t−(β−wι)) multiplied by the scaling factor t(1−ι)w/2. Analogously to the discussion in
Section 4.2, also here the asymptotic contribution of the second term is strictly negative (when it is not negligible),
because, in the dynamics (19), that term represents a strictly positive contribution. This affects the second-order
asymptotics by increasing the value of K∗

∞,j and, consequently, by reducing the difference (Kt,j/t
w(1−ι) −K∗

∞,j).
Moreover, the variance of the Gaussian limit kernel is always random and equal to the dish-specific limit K∗

∞,j .
Finally, it is interesting to discuss how the convergence rate in the CLT changes according to the level ι of
interaction. Since the second term in (20) is proportional to ιP t, it is natural to expect that the larger the
parameter ι is, the slower the convergence of the CLT will be. Indeed, we can observe from Theorem 5.4 that
the decay rate of the difference (Kt,j/t

w(1−ι) −K∗
∞,j) is of the form 1/tf(ι), where f(ι) is a decreasing function

in the parameter ι. In particular, we will see that f(ι) tends to zero as ι approaches min{β/w, 1} (that is its
maximum possible value in the case of low-interaction), while, for 0 < ι ↓ 0, we have that f(ι) converges to
min{β,w/2} > 0 and, finally, f(0) = w/2. This means that a discontinuity in the convergence rate of the CLT
arises when β < w/2.

Theorem 5.4 (CLT for the case of low interaction). Assume
(1) ι = 0 (no interaction at all) or
(2) 0 < ι < min{β/w, 1}.

Let K∗
∞,j be the a.s. limit of Kt,j/t

w(1−ι) introduced in Theorem 5.1. Then:
(i) when ι = 0 OR 0 < ι < min{2β/w − 1, 1} (that implies (1− ι)w/2 < β − wι) OR 0 < ι = 2β/w − 1 < 1

(that implies (1− ι)w/2 = β − wι), for each observed dish j, we have

t(1−ι)w/2

(
t−(1−ι)wKt,j + I

{0<ι=(2
β
w−1)<1}

ι(β/α)
(β−wι) Z

∗
∞ t−(β−wι) −K∗

∞,j

)
stably−→ N (0, K∗

∞,j) ,(21)

and the convergence also holds true in the sense of the a.s. conditional convergence with respect to F ,
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(ii) when max{0, (2β/w − 1)} < ι < β/w < 1 (that implies (1 − ι)w/2 > β − wι), for each observed dish j,
we have

tβ−wι(t−w(1−ι)Kt,j −K∗
∞,j)

P−→ − ιβ/α
β−wιZ

∗
∞ .

Moreover, when we also have (w − β)− (1− ι)w/2 < β/2 (i.e. ι < 3β/w − 1), for each observed dish j,
we have

t(1−ι)w/2
(
t−(1−ι)wKt,j +

ι(β/α)
(β−wι) Z

∗
∞ t−(β−wι) −K∗

∞,j

)
stably−→ N (0, K∗

∞,j) .

Note that, in both cases (i) and (ii), the random quantity Z∗
∞ can be seen as the a.s. limit of wt1−wT t (for

case (ii), recall (13)).

Proof of Theorem 5.4. We will first prove the CLT for the process Bt,j = Kt,j/(θ + t) and then we will derive
from it the one for Kt,j . Indeed, since the dynamics of Bt,j in (17), i.e.

Bt+1,j =

(
1− (1− (1− ι)w)

θ + t+ 1

)
Bt,j +

(∆Kt+1,j − Pt,j)

θ + t+ 1
+

ιP t

θ + t+ 1

is equal to the general dynamics (39) in Section B.3 of the Appendix, with δ = w(1 − ι) ∈ (0, 1], ∆Mt+1 =
(∆Kt+1,j − Pt,j), ρt+1 = ιP t,

ρ =

{
w − β, if w > β AND 0 < ι < 1 ;

w(1− ι)ε0 if w ≤ β OR ι = 0 ;

for an arbitrary ε0 ∈ (0, 1), and

ρ∞ =

{
ι(β/α)Z∗

∞, if w > β AND 0 < ι < 1 ;

0 if w ≤ β OR ι = 0 ;

(because, by Theorem 4.1 and Theorem 4.2, t1−ρ ιP t converges a.s. to ρ∞), and since we are assuming wι < β,
in all cases we have 0 < ρ < δ and so the CLT for Bt,j can be obtained by applying Theorem B.4 with Xt = Bt,j

and X∗
∞ = K∗

∞,j . Indeed, by Theorem 5.1, we have t1−(1−ι)wBt,j
a.s.∼ t−(1−ι)wKt,j

a.s.→ K∗
∞,j and, in addition,

condition (40) of Theorem B.4 follows by (64) in Lemma D.3, because for any p ≥ 1 and ϵ > 0, we have

E
[ ∞∑

t=1

|∆Mt+1|p

t(1−ι)w+ϵ

]
=

∞∑
t=1

1

t1+ϵ
E[t1−(1−ι)w|∆Kt+1|p] < +∞ .

Moreover, condition (41) of Theorem B.4 follows by Theorem 5.1, because

t1−(1−ι)wE[(∆Mt+1)
2|Ft] = t1−(1−ι)wPt,j(1− Pt,j)

a.s.−→ V ∗
∞ = w(1− ι)K∗

∞,j .

Then, from Theorem B.4, choosing ε0 < 1/2 (so that we always have ρ < δ/2 when w ≤ β OR ι = 0), we obtain
that:

(i) For ρ ≤ δ/2 = (1 − ι)w/2, i.e. for w ≤ β OR ι = 0 OR w > β and 0 < ι < 2β/w − 1 (that implies
ι < β/w) OR 0 < ι = 2β/w − 1 < 1 (that implies ι < β/w < 1), we have

t(1−ι)w/2
(
t1−(1−ι)wBt,j +

ρ∞
(1−ι)w−ρ t

−[(1−ι)w−ρ] −K∗
∞,j

)
stably−→ N (0, K∗

∞,j) ,

where ρ and ρ∞ take different values according to the different cases and so we obtain (21). Moreover,
the convergence also holds true in the sense of the a.s. conditional convergence with respect to F . (Note
that the above four cases can be grouped as in point (i) of the statement: indeed, the case w ≤ β is
covered by the union of case ι = 0 and case 0 < ι < min{2β/w − 1, 1}, that implies ι < min{β/w, 1}.)

(ii) For (1− ι)w/2 = δ/2 < ρ < δ, i.e. for max{0, (2β/w − 1)} < ι < β/w < 1 (that obviously implies β < w
and it is possible only if β > 0), we have

tβ−wι(t1−w(1−ι)Bt,j −K∗
∞,j)

P−→ − ιβ/α
β−wιZ

∗
∞ .

Moreover, since ρt+1 = ιP t, by the limit relation (14) in Corollary 4.4, we have

tρ−δ/2(t1−ρρt+1 − ρ∞) =

ι t
(w−β)−(1−ι)w/2

tβ/2 tβ/2(t1−(w−β)P t +
βw

(w−β) t
−(w−β) − β

αZ
∗
∞)

− βιw
(w−β) t

−(1−ι)w/2 P−→ 0 ,
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provided ρ− δ/2 = (w − β)− (1− ι)w/2 < β/2, and so, by Theorem B.4, in this case we have

t(1−ι)w/2
(
t1−(1−ι)wBt,j +

ι(β/α)
(β−wι) Z

∗
∞ t−(β−wι) −K∗

∞,j

)
stably−→ N (0, K∗

∞,j) .

Finally, the thesis follows because Bt,j =
Kt,j

(θ+t) =
Kt,j

t (1 +O( 1t )). □

6. Final remarks and possible extensions for future research

We have proposed an Indian-buffet-type model for multi-factorial innovation, in which the inclusion probability
of each feature Pt,j is subjected to a forcing input toward zero, controlled by the parameter w, and an interaction
among the observed features, regulated by the parameter ι. Our analysis has focused on rigorously establishing
the asymptotic behavior of the model, with all results depending on these two novel parameters, w and ι, alongside
the standard innovation parameters α, β and θ. Given the length and the theoretical richness of the paper, we
have not addressed the statistical challenges associated with estimating these parameters. Nevertheless, the bases
for constructing effective estimators is already provided by the theoretical results presented here: indeed, from the
observation of the number Dt of the distinct appeared features, we can estimate the parameters α and β; while
the power-law behavior proven for observable processes, such as the average number T t of features per agent and
feature popularity Kt,j , suggests that the new parameters, w and ι, can be estimated as slopes or intercepts via
linear regressions on a log-log scale.

The numerous phase transitions and the proliferation of different regimes (see Table 1, 2 and 3) arising from
comparisons between parameters might suggest that the model is over-parameterized. Nevertheless, we do not
believe this to be the case. Indeed, the three parameters α, β, and θ were already present in the standard
IBP [45], while the new parameters ι and w serve distinct and specific roles, as explained above. In fact, these
two parameters enable the model to capture a wide range of behaviors and reproduce diverse asymptotic regimes,
which would not be possible using only the standard parameters. The phenomenon under study is inherently
complex, and it is therefore natural that several parameters are required to adequately characterize it. We also
emphasize that, in order to establish all these different regimes, we had to employ a range of distinct proof
techniques, as the dynamics of the stochastic processes of interest behave differently across the various phases.
In particular, some of these proofs required the development of general theorems that may be of independent
interest beyond the context considered in this paper, and non immediate technical lemmas; specifically, we refer
to the results provided in Section B (for general results) and in Section D (for technical lemmas) of the appendix.

Finally, we highlight that, although the interaction structure considered in this article is a simple mean-field
average over all features, it is already sufficient to generate a rich variety of asymptotic behaviors. This interaction
can be described using just two additional parameters, w and ι, which can be analytically related to the conver-
gence rates and to the almost-sure limits of certain observable processes, such as (T t)t and (Kt,j)t. Consequently,
as already observed above, the explicit dependence of the asymptotic rates on the parameters suggests possible
routes toward statistical estimation. While one could consider more general interaction matrices, including sparse
or heterogeneous interactions, this would substantially increase the number of parameters and make their estima-
tion considerably more challenging. Therefore, the mean-field formulation represents a natural balance between
complexity and tractability, enabling the model to capture diverse behaviors without compromising statistical
feasibility.

In addition, based on our experience with general interacting reinforced models on finite networks, the asymp-
totic behavior in this context is typically governed by the eigenstructure of the interaction matrix. In particular,
first-order convergence is determined by the leading eigenvalue, with the a.s. limit identified by its corresponding
eigenvector, while second-order asymptotics are influenced by the eigenvalue with the second largest real part.
However, in the context of this work, the number of vertices of the network is not fixed, as in the previous liter-
ature, since the number of observed features Dt diverges to infinity. As a consequence, the increasing dimension
of the interaction matrix implies that its eigenstructure may evolve over time. The mean-field interaction has the
desirable property that the eigenvalues remain constant over time, and are given by w and w(1− ι). Analogously,
the leading eigenvector is always proportional to the uniform vector with all the entries equal to one. This stability
property does not hold for a generic type of interaction.

An interesting direction for future research would be to identify an interaction matrix that grows in dimension
while maintaining a fixed leading eigenvalue/eigenvector and a fixed relative second eigenvalue. This is not
straightforward and would require a separate dedicated work. Nevertheless, we recognize that this is an important
future development that could further enhance the significance of this topic. We believe, however, that the present
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work, based on the mean-field interaction, provides a first mathematically tractable step in the literature on
stochastic multi-factorial innovation models with feature-interaction.

Authors’ contributions. All the authors contributed equally to the present work.

Appendix A. Technical lemmas on deterministic sequences

For x ≥ 0, set

(22) ζt(x) =
Γ(x+θ+t+1)
Γ(θ+t+1) for t ≥ 0 ,

so that we have (see Lemma 4.1 in [23])

(23) ζt(x) = (θ + t+ 1)x +O((θ + t+ 1)x−1) ∼t→+∞ tx

and

(24) 1
ζt(x)

= 1
(θ+t+1)x +O

(
1

(θ+t+1)x+1

)
.

Moreover, we have

(25) ζt+1(x)
ζt(x)

= Γ(x+θ+t+2)
Γ(x+θ+t+1)

Γ(θ+t+1)
Γ(θ+t+2) = 1 + x

θ+t+1

and since for y ≥ 0 we have 1− y ≤ (1 + y)−1 ≤ 1− y + y2,

1− x
θ+t+1 ≤ ζt(x)

ζt+1(x)
≤ 1− x

θ+t+1 +
(

x
θ+t+1

)2
.(26)

Finally, by (25), we have for t ≥ 1

ζt+1(x)
ln(θ+t+1)

ζt(x)
ln(θ+t)

=
(
1 + x

θ+t+1

)(
1 +

ln(1− 1
θ+t+1)

ln(θ+t+1)

)
=

(
1 + x

θ+t+1

)(
1− 1

(θ+t+1) ln(θ+t+1) +O
(

1
t2 ln(t)

))
= 1 + x

θ+t+1 − 1
(θ+t+1) ln(θ+t+1) +O

(
1

t2 ln(t)

)
.

(27)

Lemma A.1. Let ζt(x) ∼ tx defined as in (22), 0 < δ ≤ 1, 0 ≤ ρ ≤ 1, and set

(28) δ0 = max{δ, ρ} ∈ (0, 1], bk = θ+k
rk

and ak = (θ+k+1)2

b2k rk
,

where r0 = ζ0(1− δ0) and for k ≥ 1

(29) rk =

{
ζk(1− δ0) if δ ̸= ρ ;

ζk(1− δ0)/ ln(θ + k) if δ = ρ .

Then for n → +∞
bn

∑
k>n

rk
(θ+k+1)2 = bn

∑
k>n

1
ak b2k

→ 1
δ0
, and 1

bn

∑
k≤n

1
rk

→ 1
δ0

.

Proof of Lemma A.1. The proof is based on the continuous integral approximation of the series with proper
integrals, namely

(30)
∣∣∣bn ∑

k>n

1
ak b2k

− 1
δ0

∣∣∣ ≤
∣∣∣bn(∑

k>n

1
ak b2k

−
∫∞
n
c(t)dt

)∣∣∣ + bn
∫∞
n
|c(t) − c(t)|dt +

∣∣∣bn∫∞
n
c(t)dt − 1

δ0

∣∣∣ ,
where c(t) = rt/(θ + t + 1)2 is the convex function that interpolates ck = (b2kak)

−1 = rk/(θ + k + 1)2 and
c(t) = (t1+δ0)−1 if δ ̸= ρ; c(t) = (t1+δ0 ln t)−1 if δ = ρ = δ0.

For the first term in (30), the trapezoidal rule overestimates
∫ n+M

n
c(t)dt < cn

2 +
∑N−1

n+1 ck + cM
2 and hence

0 < bn

(∫∞
n
c(t)dt−

∑
k>n

1
b2kak

)
≤ bn

cn
2 = θ+n

2(θ+n+1)2 = O(n−1) .

For the second term in (30), by (23), |c(t)− c(t)| ≤ Ct−2−w0 , and hence

bn
∫∞
n
|c(t)− c(t)|dt = O(n−1) .

The second term in (30) is immediate when δ ̸= ρ, since
∫∞
n

c(t)dt = n−δ0/δ0. When δ = ρ = δ0,

bn
∫∞
n
c(t)dt = nδ0 ln(n)

∫∞
δ0 lnn

e−y

y dy → 1
δ0

,
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since, for any x > 0 [1, eq.5.1.20, pag.229]

1
2 ln

(
1 + 2

x

)
< ex

∫∞
x

e−y

y dy < ln
(
1 + 1

x

)
.

The proof of 1
bn

∑
k≤n

1
rk

→ 1
δ0

is trivial for δ0 = 1, since rk ≡ 1 when δ ̸= ρ and
∑

k≤n r
−1
k ∼ n ln(n) for

δ = ρ = 1. For δ0 < 1, the proof is again made on continuous integral approximations, here

(31)
∣∣∣ 1
bn

∑
k≤n

1
rk

− 1
δ0

∣∣∣ ≤
∣∣∣ 1
bn

(∑
k≤n

1
rk

−
∫ n

0
1
rt
dt
)∣∣∣ + 1

bn

∫ n

0
| 1rt − c(t)|dt +

∣∣∣ 1
bn

∫ n

0
c(t)dt − 1

δ0

∣∣∣ ,
where c(t) = (t−1+w0) if w ̸= β; c(t) = (t−1+δ0 ln t) if δ = ρ = δ0. Since 1

rt
is eventually decreasing by (25) and

(27), the first term in (31) is vanishing, since

0 < 1
bn

(∑
k≤n

1
rk

−
∫ n

0
1
rt
dt
)
≤ 1

bn
2

rmin
→ 0 .

Moreover, by (24), | 1rt − c(t)| ≤ Ct−2+δ0 , and hence also the second term in (31) is vanishing:
1
bn

∫ n

0
| 1rt − c(t)|dt → 0 .

When δ ̸= ρ,
∫ n

0
c(t)dt = nδ0/δ0 and the proof is done. When δ = ρ = δ0, with ey = tδ0 , we obtain∫ n

0
c(t)dt =

∫ n

0
tδ0 ln t

t dt =
∫ δ0 lnn

−∞
eyy
δ20

dy = nδ0 (δ0 ln(n)−1)
δ20

. □

Lemma A.2 ([4, Supplementary material]). If at ≥ 0, at ≤ 1 for t large enough,
∑

t at = +∞, δt ≥ 0,∑
t δt < +∞, b > 0, yt ≥ 0 and yt+1 ≤ (1− at)

byt + δt, then limt→+∞ yt = 0.

Appendix B. General results for some recursive dynamics

We start by providing in Subsection B.1 two results, probably known, but for which we were not able to find a
reference in the literature and so, for the reader’s convenience, we state and prove them here. In Subsection B.2
and Subsection B.3 we provide two new general results.

B.1. Results of the first-order for a generalized stochastic approximation dynamics.

Theorem B.1. Let (Xt)t and (At)t be two F-adapted real stochastic processes, where (Xt)t follows the dynamics

Xt+1 = Xt + ηt(At − btXt) + ηt∆Mt+1 + ρt+1 ,

where (bt)t and (ηt)t are two sequences of real numbers with bt → b > 0, ηt ≥ 0 for t large enough,
∑

t ηt = +∞,∑
t η

2
t < +∞, (∆Mt+1)t is an F-martingale difference such that

(32)
∑
t

η2tE[(∆Mt+1)
2 | Ft] < +∞ a.s.

and ρt+1 is a Ft+1-measurable remainder term such that
∑

t |ρt+1| < +∞ a.s. Then, we have
1
b lim inf

t→∞
At ≤ lim inf

t→∞
Xt ≤ lim sup

t→∞
Xt ≤ 1

b lim sup
t→∞

At a.s. .

As a consequence, if (At)t converges a.s. to a random variable A∞, then we have Xt
a.s.−−→ A∞/b.

Proof of Theorem B.1. Without loss of generality, since bt → b > 0, we can assume bt > 0 for all t. Moreover,
we can focus on proving the thesis with bt replaced by its limit b > 0. Indeed, since (bt/b) → 1, the thesis with
a time-dependent sequence (bt)t follows directly with the one with constant b by setting η̃t = (bt/b)ηt ≥ 0 for t

large enough, Ãt = (b/bt)At and ∆M̃t+1 = (b/bt)∆Mt+1.
Assume bt = b > 0 for all t. Without loss of generality, since ηt ≥ 0 for t large enough and ηt → 0, we can

assume ηt such that ηt ≥ 0 and (1− bηt) > 0 for all t. The rest of the proof is divided in two steps.
Step (1): For any a ∈ R and t0 ∈ N we can define the process (Xa,t0

t )t≥0 as follows: Xa,t0
0 = X0 and

Xa,t0
t =

∑t−1
n=0 ∆Xa,t0

n+1 for t ≥ 1, with

∆Xa,t0
n+1 =

{
ηn(An − bXa,t0

n ) + ηn∆Mn+1 + ρn+1 if n ≤ t0 ;

ηn(a− bXa,t0
n ) + ηn∆Mn+1 + ρn+1 if n > t0 ;
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so that Xa,t0
t ≡ Xt for any t ≤ t0. Moreover notice that, for any n > t0,

∆Xa,t0
n+1 −∆Xn+1 = ηn((a−An)− b(Xa,t0

n −Xn))

and then
(Xa,n0

n+1 −Xn+1) = ηn(a−An) + (1− bηn)(X
a,t0
n −Xn) .

This means that
(i) ∩t≥t0{X

a,t0
t ≤ Xt} with probability one on ∩t≥t0{a < At},

(ii) ∩t≥t0{X
a,t0
t ≥ Xt} with probability one on ∩t≥t0{a > At}.

Therefore, on the set {a > lim supt→∞ At}, with probability one we have that

lim sup
t→∞

Xt = inf
t0

sup
t≥t0

Xt ≤ inf
t0

sup
t≥n0

Xa,t0
t = lim sup

t→∞
Xa,t0

t .

Analogously, on the set {a < lim inft→∞ At}, with probability one we have that

lim inf
t→∞

Xt = sup
t0

inf
t≥t0

Xt ≥ sup
t0

inf
t≥t0

Xa,t0
t = lim inf

t→∞
Xa,t0

t .

Step (2): We will now show that, for any fixed a ∈ R and t0 ∈ N,

lim sup
t→∞

Xa,t0
t = lim inf

t→∞
Xa,t0

t = a
b a.s. .

We define ρ̃t0 = 0 and ρ̃t+1 = (1 − bηt)ρ̃t + ρt+1 for each t ≥ t0, so that we have |ρ̃t+1| ≤ (1 − bηt)|ρ̃t| + |ρt+1|
and hence, by Lemma A.2, we get ρ̃t

a.s.→ 0. Set Yt = Xa,t0
t − a/b − ρ̃t for any t ≥ t0. After some computations,

we arrive to
Yt+1 = (1− bηt)Yt + ηt∆Mt+1

and so

E[Y 2
t+1 | Ft] = (1 + b2 η2t )Y

2
t + η2tE[(∆Mt+1)

2 | Ft]− 2b ηt Y
2
t .

Hence, (Y 2
t )t is a non-negative almost super-martingale, which converges a.s. since

∑
t η

2
t < +∞ and (32) (see

Theorem E.4). We also get
∑

t ηtY
2
t < +∞ a.s. and so, since

∑
t ηt = +∞, we necessarily have Y 2

t
a.s.→ 0, that is

Xa,t0
t

a.s.→ a/b.
Conclusion: We have shown that, for any pair a1 < a2, on the set

{a1 < lim inf
t→∞

At < lim sup
t→∞

At < a2} ,

we have that
a1

b ≤ lim inf
t→∞

Xt < lim sup
n→∞

Xt ≤ a2

b a.s. .

Finally, since a1 < a2 are arbitrary, we get the thesis. □

Lemma B.2. Let (Xt) be a non-negative stochastic process such that
∑

t Xt/t
2 < +∞ and with dynamics

Xt+1 = Xt +
1

θ+t+1 (At − btXt) +
∆Mt+1

θ+t+1 + ρt ,

where bt ≥ 0, (At)t is a.s. convergent, (∆Mt+1)t is an F-martingale difference and (ρt) is an F-adapted process
with

∑
t |ρt| < +∞ a.s. Then we have Xt = o(tϵ) for any ϵ > 0.

Proof. Set X∗
t = Xt/ζt(ϵ).

X∗
t+1 =

(
1− bt

θ+t+1

) ζt(ϵ)
ζt+1(ϵ)

X∗
t + ∆Mt+1

(θ+t+1)ζt+1(ϵ)
+ At/(θ+t+1)+ρt

ζt+1(ϵ)
.

Since (26), we get

X∗
t+1 =

(
1− bt

θ+t+1

)(
1− ϵ

θ+t+1 +O( 1
t2 )

)
X∗

t + ∆Mt+1

(θ+t+1)ζt+1(ϵ)
+

At

(θ+t+1)+ρt

ζt+1(ϵ)

= X∗
t − bt+ϵ

θ+t+1X
∗
t +O(1/t2)X∗

t + ∆Mt+1

(θ+t+1)ζt+1(ϵ)
+

At

(θ+t+1)+ρt

ζt+1(ϵ)

≤ X∗
t + ∆Mt+1

(θ+t+1)ζt+1(ϵ)
+

At

(θ+t+1)+ρt

ζt+1(ϵ)
+O(1/t2)X∗

t .

Hence, we have
E[X∗

t+1 | Ft] ≤ X∗
t + |At|/(θ+t+1)+|ρt|

ζt+1(ϵ)
+O(1/t2)X∗

t
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and so (X∗
t ) is a non-negative almost super-martingale (see Theorem E.4) and, since we have∑

t

[
|At|/(θ+t+1)+|ρt|

ζt+1(ϵ)
+O(1/t2)X∗

t

]
< +∞ a.s. ,

we can conclude that X∗
t , and so Xt/t

ϵ, converges a.s. to a finite random variable. Since ϵ > 0 is arbitrary, the
limit random variable has to be equal to zero, and so we can conclude that Xt = o(tϵ). □

B.2. Strict positiveness of the a.s. limit for a particular class of non-negative almost super-
martingales. Let X = (Xt)t be a non-negative real stochastic process with discrete time, adapted to a filtration
F = (Ft)t and such that

(33) Xt+1 =
(
1− 1

θ + t+ 1

)
Xt +

1

(θ + t+ 1)
Yt+1 ,

where θ > 0 and (Yt)t is a non-negative F-adapted real stochastic process. Now, let us set Ht = (θ+ t)Xt. From
(33), we get

Ht+1 = Ht + Yt+1

and so Ht = H0 +
∑t

n=1(Hn − Hn−1) = H0 +
∑t

n=1 Yn. Hence, (Ht)t is a non-decreasing sequence of random
variables with supt Ht = H0 +

∑
t Yt. Therefore, if the series

∑
t Yt is a.s. convergent, then (Ht), and so (tXt),

is a.s. convergent. This means that Xt = O(1/t) and so it a.s. converges to zero. The following result deals with
the case when

∑
t Yt = +∞.

(Note we use the notation ρ+t = max{ρt, 0} and ρ−t = max{−ρ, 0} so that ρt = ρ+t − ρ−t and |ρt| = ρ+t + ρ−t .)

Theorem B.3 (Strict positiveness of the a.s. limit). In the framework described above, if
∑

t Yt = +∞ a.s., then
(tXt)t converges a.s. to +∞.
Moreover, if we also assume

(34) E[Yt+1 | Ft] = δXt + ρt ,

where 0 < δ ≤ 1 and (ρt)t is an F-adapted stochastic process such that ρt
a.s.−→ 0 with (∗)

∑
t ρ

+
t /(θ + t)δ < +∞

a.s., then
∑

t |ρt|/(θ + t)δ < +∞ a.s. and (t(1−δ) Xt)t converges a.s. to a finite random variable X∗
∞, that is

Xt = O(1/t1−δ).
Finally, P (X∗

∞ > 0) = 1, that is t−(1−δ) is the exact convergence rate of (Xt)t toward zero, if
a) we replace condition (∗) by the more restrictive one:

(35)
∑
t

|ρt|
(θ+t)δ−ϵ < +∞ a.s. for some 0 < ϵ < δ ,

b) we also add the assumption

(36) E[Y 2
t+1 | Ft] ≤ O(E[Yt+1 | Ft]) ,

and c) we require that ρt is a.s. in one of the following conditions:
i) ρt ≥ 0 eventually;
ii) t|ρt| = O(1);
iii) ρt is a function of Xt such that |ρt| = o(Xt).

Remark B.1. When the random variables Yt are uniformly bounded and ρt ≥ 0, in order to have
∑

t Yt = +∞
a.s., it is enough that exists a finite time τ , possibly random, such that Xτ > 0 a.s.. Indeed we a.s. have∑

t

E[Yt+1 | Ft] = δ
∑
t

Xt +
∑
t

ρt ≥ δ
∑
t

Ht

(θ+t) ≥ δHτ

∑
t≥τ

1
θ+t = +∞ ,

where we used that Ht = (θ + t)Xt is non-decreasing (see above) and Hτ = (θ + τ)Xτ > 0 a.s.. This is sufficient
in order to conclude because of Lemma E.1.

Proof of Theorem B.3. Let us set Ht = (θ + t)Xt as we have done above so that, from (33), we have

Ht+1 = Ht + Yt+1

and so Ht = H0 +
∑t

n=1(Hn − Hn−1) = H0 +
∑t

n=1 Yn. Hence, (Ht)t is a non-decreasing sequence of random
variables with supt Ht = H0 +

∑
t Yt. Therefore, if

∑
t Yt = +∞ a.s., then (Ht), and so (tXt), diverges a.s. to
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+∞ (and so Xt > 0 for t large enough).
Now, we set X∗

t = ζt(1− δ)Xt and ∆Mt+1 = Yt+1 − E[Yt+1 | Ft] so that we have

X∗
t+1 =

(
1− (1−δ)

θ+t+1

) ζt+1(1−δ)
ζt(1−δ) X∗

t + ζt+1(1−δ)∆Mt+1

θ+t+1 + ζt+1(1−δ)
θ+t+1 ρt .

Since (25), we get

(37) X∗
t+1 =

(
1− (1−δ)

θ+t+1

)(
1 + (1−δ)

θ+t+1

)
X∗

t + ζt+1(1−δ)∆Mt+1

θ+t+1 + ζt+1(1−δ)
θ+t+1 ρt

= X∗
t − (1−δ)2

(θ+t+1)2X
∗
t + ζt+1(1−δ)∆Mt+1

θ+t+1 + ζt+1(1−δ)
θ+t+1 ρt

≤ X∗
t + ζt+1(1−δ)∆Mt+1

θ+t+1 + ζt+1(1−δ)
θ+t+1 ρt .

Hence, we have
E[X∗

t+1 | Ft] ≤ X∗
t + ζt+1(1−δ)

θ+t+1 ρ+t − ζt+1(1−δ)
θ+t+1 ρ−t

and so (X∗
t ) is a non-negative almost super-martingale (see Theorem E.4) and, since we have∑

t

ζt+1(1−δ)
(θ+t+1) ρ+t ≤

∑
t

ρ+
t

(θ+t)δ
+

∑
t

O((θ+t)−δ)
(θ+t) ρ+t < +∞ a.s. ,

we can conclude that X∗
t , and so t1−δXt, converges a.s. to a finite random variable X∗

∞ (and so Xt
a.s.−→ 0) and

also
∑

t
ζt+1(1−δ)

(θ+t) ρ−t < +∞ a.s. so that we get
∑

t |ρt|/(θ + t)δ < +∞ a.s..
Finally, we assume conditions (36), (35) and one of the conditions i)-iii) and we are going to prove that X∗

∞ > 0
a.s. To this purpose we proceed in some steps.

Step 1 (Proof of the fact that, for each 0 < η < δ ≤ 1, we have 1/Xt = o(t1−η) or, equivalently, 1/Ht = o(t−η)):
We set Qt = (θ + t)/Hγ

t with γ > 0 and we observe that we have

Qt+1

Qt
− 1 = (θ+t+1)

(θ+t)
Hγ

t

Hγ
t+1

− 1 =
(
1 + 1

θ+t

)
Hγ

t

Hγ
t+1

− 1

=
( Hγ

t

Hγ
t+1

)γ − 1 + 1
(θ+t)

(
Ht

Ht+1

)γ
=

(
1− Yt+1

Ht+1

)γ − 1 + 1
(θ+t)

(
Ht

Ht+1

)γ
≤ −γ Yt+1

Ht+1
+ 1

(θ+t) = −γ Yt+1

Ht
+ γYt+1

(
1
Ht

− 1
Ht+1

)
+ 1

(θ+t)

= −γ Yt+1

Ht
+ γ

Y 2
t+1

HtHt+1
+ 1

(θ+t) ≤ −γ Yt+1

Ht
+ γ

Y 2
t+1

H2
t

+ 1
(θ+t) ,

where the first inequality follows since (1 − x)γ ≤ 1 − γx for 0 ≤ x ≤ 1 and Ht ≤ Ht+1 and this last relation
implies also the second inequality. If we take the conditional expectation given the past Ft and use the equality
Ht = (θ + t)Xt and E[Yt+1 | Ft] = δXt + ρt, we obtain

(38) E
[Qt+1

Qt
− 1 | Ft

]
≤ −γ (δXt+ρt)

Ht
+ γ

E[Y 2
t+1|Ft]

H2
t

+ 1
(θ+t)

≤ −γ (δXt+ρt)
Ht

+ γO(E[Yt+1|Ft])
H2

t
+ 1

(θ+t)

= (1−γδ)
(θ+t) − γ

(θ+t)
(θ+t)ρt

Ht
+ 1

(θ+t)O
(

1
Ht

)
+ 1

(θ+t)O
( (θ+t)|ρt|

H2
t

)
= 1

(θ+t)

[
(1− γδ) +O

(
1
Ht

)
+ (θ+t)|ρt|

Ht

(
− γsign(ρt) +O

(
1
Ht

))]
.

If we prove that the above last quantity into the square brackets is a.s. eventually non-positive for γδ > 1, then
we get that for γδ > 1 we a.s. have

E
[
Qt+1 −Qt | Ft

]
= QtE

[Qt+1

Qt
− 1 | Ft

]
≤ 0 eventually.

This proves that, for each γ > 1/δ, the stochastic process (Qt)t, i.e. ((θ + t)/Hγ
t )t is eventually a (non-negative)

super-martingales and so, for each γ > 1/δ, it converges a.s. to a real random variable. Since γ > 1/δ is arbitrary,
we necessarily have that (θ + t)/Hγ

t converges a.s. to zero. This fact concludes the proof of Step 1 because it
implies that (θ + t)1/γ/Ht converges a.s. to zero and we can set η = 1/γ < δ ≤ 1. Therefore the point is to
have additional assumptions that entail the last term in the square brackets of (38) to be non-positive for γδ > 1.
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When γδ > 1, we have (1− γδ) < 0 and so, since Ht → +∞, the first quantity O(1/Ht) can be neglected. Hence
the crucial term is

(θ+t)|ρt|
Ht

(
− γsign(ρt) +O

(
1
Ht

))
.

In the case i), that is when ρt ≥ 0 eventually with probability one, we are done because the above quantity is
equal to zero when ρt = 0 and, when ρt > 0, the quantity −γsign(ρt) + O(1/Ht) = −γ + O(1/Ht) is eventually
non-positive with probability one, because −γ < 0 and O(1/Ht) → 0 a.s.. Another simple cases are case ii), that
is when lim supt(t|ρt|) < +∞ a.s., and case iii), that is when |ρt| = o(Xt). Indeed, in these cases we a.s. have

lim
t

(θ+t)|ρt|
Ht

= lim
t

|ρt|
Xt

= 0 .

Step 2 (Convergence of fundamental series):
From Step 1 and assumption (35), we a.s. get∑

t

|ρt|
Ht

=
∑
t

(θ+t)η

Ht

|ρt|
(θ+t)η =

∑
t

o(1) |ρt|
(θ+t)η < +∞ ,

where 0 < η = δ − ϵ < δ. Moreover, we a.s. have∑
t

1
tHt

=
∑
t

tη

Ht

1
t1+η =

∑
t

o(1) 1
t1+η < +∞ ,

where 0 < η < δ.
Step 3 (Conclusion): Set Lt = ln(Ht/(θ+ t)δ) and Ut = E[Lt+1 −Lt | Ft] and Vt = E[(Lt+1 −Lt)

2 | Ft]. If we
prove that

∑
t Ut and

∑
t Vt are a.s. convergent, then Lt converges a.s. to a real random variable (see Lemma E.3).

This fact implies that (θ+t)1−δXt = (θ+t)Xt/(θ+t)δ = Ht/(θ+t)δ converges to a random variable with values in
(0,+∞) and so P (X∗

∞ > 0) = 1. The rest of the proof is devoted to verify that
∑

t |Ut| < +∞ and
∑

t Vt < +∞
a.s.. To this regard, we note that

Ut = E[ln(Ht+1)− ln(Ht) | Ft]− δ (ln(θ + t+ 1)− ln(θ + t))

= E[ln(Ht + Yt+1)− ln(Ht) | Ft]− δ ln(1 + 1/(θ + t))

= E
[∫ Yt+1

0
1

Ht+x dx | Ft

]
− δ ln(1 + 1/(θ + t)) .

Since 1/(Ht + x) ≤ 1/Ht and ln(1+ 1/(θ+ t)) ≥ 1/(θ+ t)− 1/(2(θ+ t)2) for each x ≥ 0 and each t, the last term
of the above equalities is smaller than or equal to

E[Yt+1|Ft]
Ht

− δ
θ+t + δ

2(θ+t)2 = δXt+ρt

Ht
− δ

θ+t + δ
2(θ+t)2 = δ

θ+t + ρt

Ht
− δ

θ+t + δ
2(θ+t)2 = ρt

Ht
+ O(1/t2) .

Now, we note that −Ut = δ ln(1 + 1/(θ + t)) − ln(Ht+1) + ln(Ht). Using ln(1 + 1/(θ + t)) ≤ 1/(θ + t) and
1/(Ht + x) ≥ 1/Ht − x/H2

t for each x ≥ 0 and each t, we find that −Ut is smaller than or equal to

δ
(θ+t) −

1
Ht

E[Yt+1 | Ft] +
1

2H2
t
E[Y 2

t+1 | Ft] ≤ δ
(θ+t) −

δXt+ρt

Ht
+ O(δXt+ρt)

2H2
t

= δ
θ+t −

δ
θ+t −

ρt

Ht
+ O(δXt+ρt)

2H2
t

= − ρt

Ht
+O(1/(tHt)) + o(ρt/Ht) .

Thus, by Step 2, we can derive that
∑

t |Ut| < +∞ a.s.. Finally, we observe we have

E[(ln(Ht+1)− ln(Ht)− δ ln(θ + t+ 1) + δ ln(θ + t))2 | Ft]

≤ 2
{
E[(ln(Ht+1)− ln(Ht))

2 | Ft] + δ2(ln(1 + 1/(θ + t))2
}

≤ 2E

[(∫ Yt+1

0
1

Ht+x dx
)2 ∣∣∣Ft

]
+ 2δ2/(θ + t)2

≤ 2E[(Yt+1/Ht)
2 | Ft] +O(1/t2) ≤ 2

H2
t
E[Y 2

t+1 | Ft] +O(1/t2)

= 1
H2

t
O(δXt + ρt) +O(1/t2)

= O(1/(tHt)) + o(ρt/Ht) +O(1/t2) .

Therefore we have also
∑

t Vt < +∞ a.s. and we can conclude. □
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B.3. Central limit theorem for a recursive dynamics. Let X = (Xt)t be a real stochastic process with
discrete time, adapted to a complete filtration F = (Ft)t with dynamics

(39) Xt+1 =
(
1− (1− δ)

θ + t+ 1

)
Xt +

1

(θ + t+ 1)
∆Mt+1 +

1

θ + t+ 1
ρt+1 ,

where θ > 0, 0 < δ ≤ 1, ∆Mt+1 is a martingale difference and (ρt)t is an F -adapted stochastic process such that
t1−ρρt+1

a.s.−→ ρ∞ with 0 ≤ ρ ≤ 1 and ρ∞ being a real (F∞-measurable) random variable.

Note that a non-negative stochastic process X = (Xt)t with dynamics (33), where Y = (Yt)t is a sequence of
integrable random variable that verify condition (34) with t1−ρρt

a.s.−→ ρ∞ for a suitable ρ ∈ [0, 1), satisfy also
dynamics (39) with ∆Mt+1 = Yt+1 − E[Yt+1|Ft] (and in this case the reminder term ρt+1 in (39) coincides with
ρt of condition (34) and so it is even Ft-measurable).

When t1−δXt a.s. converges toward a real random variable X∗
∞ (to this regards, see Remark B.3 after the

following proof), the result below provides a central limit theorem for the difference (t1−δXt −X∗
∞).

Theorem B.4 (CLT). Given the dynamics (39) and the existence of X∗
∞ = a.s.− limt t

1−δXt, assume 0 ≤ ρ < δ,

(40) E
[ ∞∑

t=1

|∆Mt+1|p

tδ+ϵ

]
< +∞

for p = 2 and p = 4 and some 0 < ϵ < δ, and

(41) t1−δE
[
(∆Mt+1)

2|Ft

]
a.s.−→ V ∗

∞

for some real (F∞-measurable) random variable V ∗
∞. Then:

(i) For 0 ≤ ρ ≤ δ/2, we have

(42) tδ/2(t1−δXt −X∗
∞)

stably→

{
N (0, V ∗

∞/δ) if 0 ≤ ρ < δ/2 ;

N (−2ρ∞/δ, V ∗
∞/δ) if ρ = δ/2 ;

or, equivalently, in a compact form

(43) tδ/2(t1−δXt +
ρ∞

(δ−ρ) t
−(δ−ρ) −X∗

∞)
stably→ N (0, V ∗

∞/δ) ,

and the all the limit relations are also in the sense of the a.s. conditional convergence with respect to the
filtration F .

(ii) For δ/2 < ρ < δ, we have
tδ−ρ(t1−δXt −X∗

∞)
P−→ − ρ∞

(δ − ρ)
.

Moreover, adding the assumption (∗) tρ−δ/2(t1−ρρt+1 − ρ∞)
P→ 0, the stable convergence (43) holds true.

Finally, if the additional assumption (∗) holds true in the sense of the a.s. convergence, then the limit
relation (43) also holds true in the sense of the a.s. conditional convergence.

Remark B.2 (Comparison with the CLTs by L.-X. Zhang [52]). The dynamics of the process X∗
t =

ζt(1− δ)Xt, where ζt(x) ∼ tx is defined in (22), is

X∗
t+1 = X∗

t − (1−δ)2

(θ+t+1)2X
∗
t + ζt+1(1−δ)∆Mt+1

θ+t+1 + ζt+1(1−δ)
θ+t+1 ρt

and, if we compare it with the dynamics (1.1) in [52], then, using the notation in that paper, we get h(·) = 0, a
case which is excluded in [52]. In addition, there is also another important difference. For δ < 1, we have by (41)
that E[(ζt+1(1 − δ)∆Mt+1)

2|Ft] tends a.s. to infinity and so assumption (2.4) in [52] does not hold. Therefore
Theorem B.4 is not a consequence of the results in [52].

Before presenting the proof of Theorem B.4, we will report a preliminary result used in that proof. Indeed, a
crucial point will be played by the following martingale: M̂0 = 0 and, for any t ≥ 0,

(44) M̂t+1 =

t∑
k=0

∆M̂k+1, with ∆M̂k+1 = rk
θ+k+1∆Mk+1 ,
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where the sequence (rk) is defined as in (29). The proof of the following auxiliary result will be presented after
the proof of the CLT (Theorem B.4).

Theorem B.5. Given the dynamics (39), let δ0 and (bt)t defined as in (28) and (M̂t)t as in (44). Assume that,
for p = 2 and p = 4 and some 0 < ϵ < δ0, we have

(45) E
[∑

t

tpδ0
|∆M̂t+1|p

tδ0+ϵ

]
< +∞

and

(46)
(θ + t+ 1)2

rt
E
[
(∆M̂t+1)

2|Ft

]
= rtE

[
(∆Mt+1)

2|Ft

]
a.s.−→ V ∗

∞

for some real (F∞-measurable) random variable V ∗
∞. Then, (M̂t)t is a martingale bounded in L4 and so it

converges a.s. and in L4 to a real random variable M̂∞ with E[M̂4
∞] < +∞. Moreover, we have√

bt(M̂t − M̂∞) → N (0, V ∗
∞/δ0) ,

where the convergence is in the sense of the a.s. conditional convergence with respect to the filtration F (and so
also in the sense of the stable convergence).

We can now present the proof of the CLT.

Proof of Theorem B.4. Let us consider the process X∗ = (X∗
t )t defined as X∗

t = ζt(1− δ)Xt, where ζt(x) ∼ tx is
defined in (22), so that X∗

t
a.s.∼ t1−δXt

a.s.→ X∗
∞ by assumption. Starting from dynamics (39) and recalling that

rk = ζk(1− δ) (by assumption δ > ρ), we can follow the analogous calculations as in (37) to get

(47) X∗
k+1 −X∗

k = Ak +Bk+1 + Ck+1 +Dk+1 ,

where 

Ak = −
(

1−δ
θ+k+1

)2

X∗
k (which is = 0 if δ = 1) ;

Bk+1 = ζk+1(1−δ)ρk+1

θ+k+1 ;

Ck+1 =
(

ζk+1(1−δ)
ζk(1−δ) − 1

)
∆M̂k+1 (which is = 0 if δ = 1) ;

Dk+1 = ∆M̂k+1 .

Note that
∑

k≥t(X
∗
k+1 −X∗

k) = (X∗
∞ −X∗

t ). Therefore, it is enough to study the asymptotic behavior of the four
terms

∑
k≥t Ak,

∑
k≥t Bk+1,

∑
k≥t Ck+1 and

∑
k≥t Dk+1.

Let us start with the last term
∑

k≥t Dk+1. First of all we observe that, since δ > ρ by assumption, we have
rt ∼ t1−δ and so

E[ |∆M̂t+1|p ] = E[ |∆Mt+1|p ] rpt
(θ+t+1)p = E[ |∆Mt+1|p ]O(t−pδ) .

Hence, relation (45) with δ0 = δ follows from (40). Moreover, condition (41) equals condition (46). It follows by
Theorem B.5 and the fact that bt ∼ tδ, that we have M̂t

a.s.−→ M̂∞ for a suitable real random variable M̂∞ and

tδ/2
∑
k≥t

Dk+1 = tδ/2
∑
k≥t

∆M̂k+1 = tδ/2(M̂∞ − M̂t)
stably−→ N

(
0, V ∗

∞/δ
)
,

where the convergence is also in the sense of the a.s. conditional convergence with respect to the filtration F .
Let us now focus on the term

∑
k≥t Ck+1 when δ < 1. Let us define Yk = ζk(1 − δ)∆Mk+1 and Gk = Fk+1,

then E[Yk | Gk−1] = 0. Now, let ãk = k−δ(θ + k + 1)2 and b̃k = kδ/2. Then b̃k ↑ +∞ and
∞∑
k=1

E[Y 2
k ]

ã2
k b̃

2
k

=

∞∑
k=1

ζk(1−δ)2

ã2
k b̃2k

E[(∆Mk+1)
2] =

∞∑
k=1

ζk(1−δ)2(θ+k+1)2

ã2
k b̃2k r2k

E[(∆M̂k+1)
2]

=

∞∑
k=1

ζk(1−δ)2(θ+k+1)2

ã2
k b̃2k ζk(1−δ)2

E[(∆M̂k+1)
2] =

∞∑
k=1

kδ

(θ+k+1)2E[(∆M̂k+1)
2]

≤
∞∑
k=1

k2δ E[(∆M̂k+1)
2]

kδ+ϵ ,
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which is finite, by (45) with p = 2, δ0 = δ and some 0 < ϵ < δ. Since b̃t
∑

k≥t
1

ãk b̃2k
→ 0, then by Lemma E.5, we

obtain

tδ/2
∑
k≥t

Ck+1 = tδ/2
∑
k≥t

(
ζk+1(1−δ)
ζk(1−δ) − 1

)
∆M̂k+1 = tδ/2

∑
k≥t

1−δ
θ+k+1∆M̂k+1

= (1− δ)tδ/2
∑
k≥t

ζk(1−δ)∆Mk+1

(θ+k+1)2 = (1− δ)b̃t
∑
k≥t

Yk

ãk b̃2k

a.s.−→ 0 .

Let us now focus on the term
∑

k≥t Ak when δ < 1. Since X∗
t converges a.s. to a real random variable X∗

∞, we
have

tδ/2
∑
k≥t

Ak = tδ/2
∑
k≥t

(
1−δ

θ+k+1

)2

X∗
k = tδ/2

∑
k≥t

O(1)
k1+δ

a.s.−→ 0 .

Finally, regarding the term
∑

k≥t Bk+1, since (23), we have

(48) tδ−ρζk+1(1− δ)ρk+1 = ρ∞ + o(1) ,

and hence ∑
k≥t

Bk+1 =
∑
k≥t

ζk+1(1−δ)ρk+1

θ+k+1 =
∑
k≥t

ρ∞
k1+δ−ρ + o

(
1

tδ−ρ

)
∼ ρ∞

(δ−ρ)
1

tδ−ρ ,

so that

tδ/2
∑
k≥t

Bk+1 = tδ/2

tδ−ρ tδ−ρ
∑
k≥t

Bk+1
a.s.−→

{
0 if ρ < δ/2 ;

ρ∞/ρ = 2ρ∞/δ if ρ = δ/2 ;

tδ−ρ
∑
k≥t

Bk+1
a.s.−→ ρ∞

δ−ρ if ρ > δ/2 .

Recalling that the stable convergence combines well with convergence in probability (e.g. Theorem 2.4.2 in [12]),
and so with the a.s. convergence, and the a.s. conditional convergence combines well with the a.s. convergence
(see Lemma E.7), we are now ready to conclude:

(i) if ρ ≤ δ/2, then, we have to combine the stable convergence and the a.s. conditional convergence of
the suitable rescaled sequence

∑
k≥t Dk+1 = (M̂∞ − M̂t) with the a.s. convergences of the suitably

rescaled sequences
∑

k≥t Ak (only when δ < 1),
∑

k≥t Bk+1 and
∑

k≥t Ck+1 (only when δ < 1) so that
we obtain (42) (with X∗

t instead of t1−δXt), in the sense of the stable convergence and in the sense of the
a.s. conditional convergence with respect to F .

(ii) if δ/2 < ρ < δ, then the leading term is
∑

k≥t Bk+1 and the a.s. convergence of tδ−ρ
∑

k≥t Bk+1 has to be
combined with the a.s. limit results for the other terms involving Ak and Ck+1 (only when δ < 1) and,
above all, with the convergence in probability to zero of tδ−ρ

tδ/2
tδ/2(M̂∞−M̂t), where tδ−ρ

tδ/2
= t−(ρ−δ/2) → 0.

Furthermore, the (43) (with X∗
t instead of t1−δXt) is obvious when ρ ≤ δ/2, because the stable convergence

and the a.s. conditional convergence combine well with the a.s. convergence of t−(δ/2−ρ)ρ∞/(δ − ρ) to zero when
ρ < δ/2 and to 2ρ∞/δ when ρ = δ/2. In the case δ/2 < ρ < δ, if we assume (∗) tρ−δ/2(t1−ρρt+1 − ρ∞)

P−→ 0,
then, equation (48) becomes

kδ−ρζk+1(1− δ)ρk+1 = ρ∞ + oP (k
−(ρ−δ/2)) ,

so that
tδ/2

(∑
k≥t

Bk+1 − ρ∞
(δ−ρ)

1
tδ−ρ

)
= oP (1)

P−→ 0

and this convergence in probability combines well with the stable convergence of tδ/2
∑

k≥t Dk+1 = tδ/2(M̂∞−M̂t).
If the additional assumed convergence (∗) is a.s., then we can replace oP () with o() and the above limit relation
is in the sense of a.s. convergence and it combines well with the a.s. conditional converge of tδ/2

∑
k≥t Dk+1.

Finally, we can obtain the results for t1−δXt from those proven for X∗
t , because of (23) with x = 1− δ. □

Remark B.3 (Sufficient conditions for the a.s. convergence of t1−δXt). Consider X∗
t = ζt(1−δ)Xt, where

ζt(x) ∼ tx is defined in (22). From (47), if we can take the conditional expectation, we get

E[X∗
t+1 | Ft]−X∗

t = At + B̃t ,
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with B̃t = E[Bt+1|Ft]. Then, if the process X (and so X∗) is non-negative, we get that At ≤ 0 for each t and
X∗ results to be a non-negative almost martingale which converges a.s. when

∑
t |B̃t| < +∞ a.s. (as it is, for

instance, when ρ < δ and ρt+1 is Ft-measurable so that B̃t = Bt+1 = O(1/t1+δ−ρ)).
In general, if

∑
t E[ |At| ]+

∑
t E[ |B̃t| ] < +∞, the process X∗ is a quasi-martingale and a sufficient condition for

its a.s. convergence is supt E[ |X∗
t | ] < +∞ (which implies

∑
t E[ |At| ] < +∞). Summing up, supt E[ |X∗

t | ] < +∞
and

∑
t E[ |Bt+1| ] < +∞ (which implies

∑
t E[ |B̃t| ] < +∞) are sufficient conditions for the a.s. convergence of

X∗
t .

Proof of Theorem B.5. First of all we observe that relation (45) with p = 4 implies that (M̂t)t is a martingale
bounded in L4 and so it converges a.s. and in L4 (in particular, in mean) to a real (F∞-measurable) random
variable M̂∞ with E[M̂4

∞] < +∞. The sequel of the proof is based on Theorem E.6. To this aim, for any
n ≥ 1, define Mn,0 = 0 and Mn,t =

√
bn(M̂n − M̂n+t−1) for t ≥ 1 (which is Fn+t−1-measurable). We have

Mn,t
L1

−→
√
bn(M̂n − M̂∞) as t → +∞. Moreover, we have Xn,1 = Mn,1 −Mn,0 = 0 and, for each t ≥ 2

Xn,t = Mn,t −Mn,t−1 =
√

bn(M̂n+t−2 − M̂n+t−1) ,

so that

Un = bn
∑
t≥n

(M̂t+1 − M̂t)
2, X∗

n =
√
bn sup

t≥n
|M̂t+1 − M̂t| .

First step: X∗
n

a.s.−→ 0: From (45), with p = 4 and some 0 < ϵ < δ0, we have

E
[∑

t

(
√
bt)

4|∆M̂t+1|4
]
≤ E

[∑
t

t2δ0+(δ0−ϵ)|∆M̂t+1|4
]

= E
[∑

t

tpδ0 |∆M̂t+1|p
tδ0+ϵ

]
< +∞ ,

(49)

which implies
∑

t(
√
bt)

4(∆M̂t+1)
4 < +∞ a.s.. Then we have

(X∗
n)

4 ≤ sup
t≥n

(
√

bt)
4|∆M̂t+1|4 ≤

∑
t≥n

(
√
bt)

4|∆M̂t+1|4
a.s.→ 0 as n → +∞ .

Second step: (X∗
n)n dominated in L1: We are going to show that (X∗

n)n is dominated in L4. In fact, with p = 4
and some 0 < ϵ < δ0, we have

E
[
(sup

n
X∗

n)
4
]
≤ E

[
sup
n

sup
t≥n

(
√
bt)

4|∆M̂t+1|4
]
≤ E

[∑
t

(
√
bt)

4|∆M̂t+1|4
]
< +∞

as shown in (49) in the first step.
Third step: Un

a.s.−→ V ∗
∞/δ0: Let ak as defined in (28) (so that akb

2
k = (θ + k + 1)2/rk) and set Yk =

akb
2
k(∆M̂k+1)

2 = rk(∆Mk+1)
2. Then, we have E[Yk | Fk−1] → V ∗

∞ by assumption (46). Moreover, we have
bk ↑ +∞ and, by (45) with p = 4 and some 0 < ϵ < δ0, we get

∞∑
k=1

E[Y 2
k ]

a2
kb

2
k

=

∞∑
k=1

b2kE[(∆M̂k+1)
4] ≤ C

∞∑
k=1

k4δ0 E[(∆M̂k+1)
4]

kδ0+ϵ < +∞ .

Since bt
∑

k≥t
1

akb2k
→ 1

δ0
by the technical Lemma A.1, then Ut = bt

∑
k≥t

Yk

akb2k

a.s.−→ V ∗
∞/δ0 by Lemma E.5. □

Appendix C. Proof of the results in Section 4

We here collect the proofs for the results presented in Section 4 regarding the predictive mean Zt and the
averaged quantities T t, P t and Kt.
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C.1. First-order asymptotic results.

Proof of Theorem 4.1. In the case w > β the term involving λt in the dynamics (8) of (Zt)t behaves essentially
as a remainder and hence we can focus on the process St =

∑
j∈Ot

Pt,j = Zt − λt, so that from (8) we get

St+1 − St = Zt+1 − Zt − (λt+1 − λt)

= w Tt+1−Zt

θ+t+1 − (1− w) Zt

θ+t+1 + λt

θ+t+1

= − Zt

θ+t+1 + w Tt+1

θ+t+1 + λt

θ+t+1 = − St

θ+t+1 + wTt+1

θ+t+1 .

The above dynamics for St can be written as

(50) St+1 =
(
1− 1

θ+t+1

)
St + w Tt+1

θ+t+1 =
(
1− 1−w

θ+t+1

)
St +

∆Mt+1

θ+t+1 + wλt

θ+t+1 ,

with ∆Mt+1 = w(Tt+1 − Zt). Denoting S∗
t = ζt(1− w)St, where ζt(x) ∼ tx is defined in (22), we can obtain

S∗
t+1 =

(
1− (1−w)2

(θ+t+1)2

)
S∗
t + ζt+1(1−w)∆Mt+1

θ+t+1 + wζt+1(1−w)λt

θ+t+1 ,

and so, by the classical Theorem E.4, the process (S∗
t )t is a non-negative almost super-martingale that converges

a.s. to a finite r.v. S∗
∞. However, this is not enough for our scopes. Indeed, in that way, we do not know that such

random limit S∗
∞ is a.s. strictly positive, and this is crucial for proving the right rate of convergence. For this

reason we are going to apply the more sophisticated Theorem B.3 with Xt = St, Yt+1 = wTt+1 and δ = w ∈ (0, 1].
To this end, we observe that we have∑

t

Yt = w
∑
t

Tt ≥ w
∑
t

Nt = w sup
t

t∑
n=1

Nn = w sup
t

Dt = +∞ a.s.

(by (10)) and
E[Yt+1 | Ft] = E[wTt+1 | Ft] = wZt = wSt + wλt = δXt + ρt ,

with ρt = wλt > 0 and ∑
t

ρt

(θ+t)δ−ϵ = O
(∑

t
1

(θ+t)1+w−(β+ϵ)

)
< +∞

for some ϵ > 0 such that w − (β + ϵ) > 0 (note that this ϵ exists because w > β by assumption). Therefore, by
Theorem B.3, we firstly obtain that St = O(1/t1−w) and so Zt = St + λt = O(1/t1−w) +O(1/t1−β) = O(1/t1−w)
because β < w. Hence, by (9), we get

E[Y 2
t+1 | Ft] = w2(Zt + Z2

t −Rt) = O(Zt) = O(E[Yt+1 | Ft]) .

Therefore, we can apply Theorem B.3 (case i)) and we obtain that

t1−wSt
a.s.−→ S∗

∞ ∈ (0,+∞) .

As before, since Zt = St + λt and β < w, we get

t1−wZt = t1−wSt + t1−wλt
a.s.−→ S∗

∞

and so the first convergence holds true with Z∗
∞ = S∗

∞. □

Proof of Theorem 4.2. In the case w ≤ β the term involving λt in the dynamics (8) of (Zt)t cannot be considered
as a remainder term as in the proof of Theorem 4.1. Indeed, letting

Z∗
t = rtZt with rt =

{
ζt(1− β) when w < β ,
ζt(1−β)
ln(θ+t) when w = β ,

where ζt(x) ∼ tx is defined in (22). From (8), taking into account (25) and (27), we get

(51) Z∗
t+1 − Z∗

t = ηt+1(αβ − bZ∗
t ) + ηt+1∆M∗

t+1 + ρt+1 ,

where ρt+1 = Z∗
t O( 1

t2 ) + O( 1
t1+β ) (here O( 1

t2 ) and O( 1
t1+β ) are deterministic terms and β > 0), ∆M∗

t+1 =
w ζt+1(1− β)(Tt+1 − Zt) and {

b = β − w and ηt+1 = 1
(θ+t+1) if w < β ;

b = 1 and ηt+1 = 1
(θ+t+1) ln(θ+t+1) if w = β .
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This suggests that (Z∗
t )t is not a non-negative almost super-martingale, as in the case w > β. Instead, it evolves

according to the stochastic approximation dynamics in (51), which suggests convergence toward a deterministic
limit given by αβ/b. For this reason, we apply Theorem B.1 to the process (Z∗

t )t governed by (51). To this end,
note that from Lemma D.1 we have that supt E[rtZt] < +∞ and hence, since by (9),

E[(∆M∗
t+1)

2 | Ft] = w2ζt+1(1− β)2
(
E[T 2

t+1 | Ft]− Z2
t

)
= w2ζt+1(1− β)2(Zt −Rt)

≤ w2ζt+1(1− β)2Zt ,

we get, for any w ≤ β, that ∑
t

η2t+1E[(∆M∗
t+1)

2] ≤
∑
t

w2rt
(θ+t+1)2E[rtZt] < +∞ ,

which implies ∑
t

η2t+1E[(∆M∗
t+1)

2 | Ft] < +∞ a.s. .

In addition, since supt E[Z∗
t ] = supt E[rtZt] < +∞ (by Lemma D.1), the expression for ρt+1 implies that∑

t E[ |ρt+1| ] =
∑

t O(E[Z∗
t ]/t

2) +O(1/t1+β) is convergent, and so
∑

t |ρt+1| < +∞ with probability one. Then,
we can apply Theorem B.1 to the dynamics (51) so obtaining

Z∗
t

a.s.→ αβ
b =

{
αβ

β−w if w < β ;

αβ if w = β .

□

C.2. Second-order asymptotic results.

Proof of Theorem 4.3. We will first prove the CLT for the process St =
∑

j∈Ot
Pt,j and then, since St = Zt − λt,

we will derive from it the one for Zt. Indeed, since the dynamics of St in (50), i.e.

St+1 =
(
1− 1−w

θ+t+1

)
St +

w(Tt+1−Zt)
θ+t+1 + wλt

θ+t+1 ,

is equal to the general dynamics in (39) with δ = w ∈ (0, 1], ∆Mt+1 = w(Tt+1 − Zt), ρt+1 = wλt, ρ = β ∈ [0, 1]
and ρ∞ = wα (because t1−βλt trivially converges to α), and since we are assuming β < w, that is ρ < δ, the
CLT for St can be obtained by applying Theorem B.4 with Xt = St and X∗

∞ = Z∗
∞ (recall that, by Theorem 4.1,

t1−wSt
a.s.→ Z∗

∞). Indeed, condition (40) follows by (53) in Lemma D.1 as for any p ≥ 1 and ϵ > 0 we have

E
[ ∞∑

t=1

|∆Mt+1|p
tw+ϵ

]
=

∞∑
t=1

1
t1+ϵE[t1−w|∆Mt+1|p] < +∞ .

Moreover, condition (41) follows by (9), Theorem 4.1 and Lemma D.2 (in the case β < w):

t1−wE[(∆Mt+1)
2|Ft] = w2t1−w(Zt −Rt)

a.s.−→ V ∗
∞ = w2Σ∞ .

Then, since (t1−βλt − α) = α[1− 1/(t+ 1)]1−β − α = O(t−1) = o(t−(β−w/2)), also condition (∗) of Theorem B.4
is verified with a.s. convergence and so, from that theorem, we get

tw/2(t1−wSt +
wα

(w−β) t
−(w−β) − Z∗

∞)
stably−→ N (0, wΣ∞) .

For what concerns the process (Zt)t recall that Zt = St + λt and so t1−wZt = t1−wSt + t1−wλt, and hence the
thesis follows by the fact that t1−wλt = αtβ−w +O(t−(1+w−β)) = αtβ−w + o(t−w/2). In addition, note that, from
(12), for w/2 < β < w we have

tw−β(t1−wZt − Z∗
∞) + αβ

w−β = 1
tβ−w/2 t

w/2 tβ−w [tw−β(t1−wZt − Z∗
∞) + αβ

w−β ]

= 1
tβ−w/2 t

w/2 [(t1−wZt − Z∗
∞) + αβ

w−β t
β−w]

P→ 0. □
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Proof of Corollary 4.4. From from (12), we can derive the corresponding result for T t. Indeed, by (4), we have
T t = (1 + θ

t )St/w and, in addition, we have λt = α/(t+ 1)1−β = α/t1−β + (1− β)O(1/t2−β), so that we obtain

tw/2(t1−wT t +
α

(w−β) t
−(w−β) − 1

wZ∗
∞) =

tw/2(t1−wT t +
αβ

w(w−β) t
−(w−β) + t1−w

w
α

t1−β − 1
wZ∗

∞) =

tw/2(t1−wT t +
αβ

w(w−β) t
−(w−β) + t1−w

w λt − 1
wZ∗

∞

)
+O(1/t1+w/2−β) =

tw/2

w (t1−wZt +
αβ

(w−β) t
β−w − Z∗

∞) + θ
w

St

tw/2 +O( 1
t1+w/2−β )

stably−→ N (0,Σ∞/w)

and this convergence also holds true in the sense of the a.s. conditional convergence with respect to F . Conse-
quently, when (w − β) < w/2, the quantity

tw−β(t1−wT t − 1
wZ∗

∞) + α
(w−β) =

tw−β

tw/2 t
w/2(t1−wT t +

α
(w−β) t

−(w−β) − 1
wZ∗

∞)

converges in probability toward zero.
Now, remember that P t = St/Dt = (Zt − λt)/Dt so that, using the notation and the CLT for (Dt)t provided

in Remark 3.1, we can write

P t =
1

λ(β)at(β)
St(1− Dt−λ(β)at(β)

Dt
)

= 1
λ(β)at(β)

St

[
1− 1

Dt

at(β)λ(β)

1√
at(β)

·
√

at(β)

λ(β)

(
Dt

at(β)
− λ(β)

)]
= 1

λ(β)at(β)
St[1 +

1√
at(β)

Wt] ,

where Wt
stably−→ N (0, 1/λ(β)). Hence, since λt = α/t1−β + (1− β)O(1/t2−β), we get

t1−wλ(β)at(β)P t +
αw
w−β t

−(w−β) − Z∗
∞ =

t1−wλ(β)at(β)P t + αt−(w−β) + αβ
w−β t

−(w−β) − Z∗
∞ =(

t1−wZt +
αβ

w−β t
−(w−β) − Z∗

∞

)
+O( 1

t1+w−β ) +
t1−wSt√

at(β)
Wt .

Hence, taking into account (12), since
√
at(β) = o(tw/2), we obtain (14). As a consequence, when (w−β) < β/2,

we have
√
at(β) = tβ/2 and

tw−β
(
t1−wλ(β)at(β)P t − Z∗

∞
)
+ αw

w−β =

tw−β√
at(β)

√
at(β)

(
t1−wλ(β)at(β)P t +

αw
w−β t

−(w−β) − Z∗
∞

)
P−→ 0 .

Finally, recalling that Kt = (θ + t)P t/w (see (5)), we have

wλ(β)at(β)
tw Kt +

αw
w−β t

−(w−β) − Z∗
∞

= (t1−wλ(β)at(β)P t +
αw
w−β t

−(w−β) − Z∗
∞) + θλ(β)at(β)

tw P t

so that, from (14), we obtain (15) and, as a consequence, when (w−β) < β/2, we have (with the same arguments
used above)

tw−β
(
λ(β)at(β)

tw Kt − Z∗
∞
w

)
+ α

w−β

P−→ 0 . □

Appendix D. Technical results related to the model

In this section we present some technical lemmas used in the paper. To this end, let us take the sequence (rt)
as in (29) with δ = w e ρ = β.
We prove a lemma regarding a condition of uniform integrability.

Lemma D.1. We have

(52) sup
t≥1

E[ez rt T t ] < +∞, sup
t≥1

E
[
ez rt Zt

]
< +∞
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for some z > 0. For the sequence (Tt)t and any p ≥ 1, we have

(53)

{
supt E[ (rtTt+1)

p ] < ∞ for w = 1 or β = 1 ;

supt E[ rt(Tt+1)
p ] < ∞ for w < 1 and β < 1 .

As a consequence, we note that the sequences (rt Zt)t and (rt T t)t, are bounded in Lp for any p ≥ 1.

Proof. We split the proof in some steps.
Step 1): First notice that, for any z > 0,

E
[
ez Tt+1 | Ft

]
= E

[
ez

∑
j∈Ot

Xt+1,j+z Nt+1 | Ft

]
= E

[
ez Nt+1 | Ft

] ∏
j∈Ot

E
[
ez Xt+1,j | Ft

]
= e(e

z−1)λt

∏
j∈Ot

(
ezPt,j + 1− Pt,j

)
.

Then, denoting g(z) = ez − 1, since g(z) ≥ 0 and 1 + x ≤ ex for x ≥ 0 and using (4) we have

E
[
ez Tt+1 | Ft

]
= eg(z)λt

∏
j∈Ot

(
1 + g(z)Pt,j

)
≤ exp

(
g(z)λt + g(z)

∑
j∈Ot

Pt,j

)
= exp

(
g(z)λt + g(z)

w
∑t

n=1 Tn

θ+t

)
= exp

(
g(z)λt + g(z)w t

θ+tT t

)
a.s. .

(54)

Step 2): Define T
∗
t = rtT t and note that

T
∗
t+1 = rt+1

∑t
n=1 Tn+Tt+1

t+1 = rt+1

rt
t

t+1T
∗
t + Tt+1

rt+1

t+1 = (1− vt)T
∗
t + ut Tt+1 ,(55)

where by (25) and (27)

ut =
rt+1

t+1 → 0 and vt = 1− ut

ut−1
≥ 0 .

Hence, by (54) and (55), we get

(56)

E
[
ez T

∗
t+1

]
= E

[
exp

(
z T

∗
t (1− vt)

)
E
[
ez ut Tt+1 | Ft

] ]
≤ exp

(
λt g(z ut)

)
E
[
exp

(
g(z ut)wT t + z (1− vt)T

∗
t

)]
= exp

(
λt g(z ut)

)
E
[
exp

(
g(z ut)

w
rt
T

∗
t + z (1− vt)T

∗
t

)]
.

Since vt ≥ 0 and w ≤ 1, it follows

E
[
ez T

∗
t+1

]
≤ exp

(
λt g(zut)

)
E
[
exp

((
z + g(zut)

rt

)
T

∗
t

)]
.

Iterating this last inequality, we obtain

E
[
ez T

∗
t+1

]
≤ at(z)E

[
ebt(z)T

∗
1
]

for suitable deterministic quantities at(z) and bt(z). Since we have T
∗
1 = r1T1 with T1

d
=Poi(α), then E

[
ebt(z)r1 T1

]
<

+∞ so that E
[
ez T

∗
t

]
< +∞ for all fixed t ≥ 1 and z > 0. This also implies E[ez

′ T t ] < +∞ for all fixed t ≥ 1

and z′ > 0 (take in the above relation z = z′/rt), which by (54) also entails E[ezTt ] < +∞ for all fixed t ≥ 1 and
z > 0.

Step 3): Observe now that g(x) ≤ 2x and g(x) − x ≤ x2 for x ∈ [0, 1/2]. Moreover, since ut → 0, we know
zut ≤ ut ≤ 1/2 for z ∈ (0, 1] and t large enough. These facts are used for z ∈ (0, 1] to write g(zut) ≤ 2zut and
g(zut) ≤ (zut) + (zut)

2 when t is large enough. Hence, by (56), we get for z ∈ (0, 1] and t large enough:

E
[
ez T

∗
t+1

]
≤ exp

(
2z λt ut

)
E
[
exp

(
(z ut)

2 w
rt
T

∗
t +

(
1− vt + ut

w
rt

)
zT

∗
t

)]
≤ exp

(
2z λt ut

)
E
[(

1− vt + (ut + u2
t )

w
rt

)
zT

∗
t

)]
,



34 G. ALETTI, I. CRIMALDI, AND A. GHIGLIETTI

where we have used that z2 ≤ z as z ∈ (0, 1]. Recalling that vt = 1− ut/ut−1 and ut−1 = rt/t, we have

πt = 1− vt + (ut + u2
t )

w
rt

= ut

ut−1
+ (1 + ut)

ut

ut−1

w
t

= ut

ut−1

(
1 + w

t + w
t ut

)
= ut

ut−1

(
1 + w

t

)(
1 + w/t

1+w/tut

)
= ut

ut−1

ζ̃t(w)

ζ̃t−1(w)

(
1 + w

t+wut

)
,

where ζ̃t(x) is defined as ζt(x) in (22) with θ = 0. This leads for z ∈ (0, 1] to

(57) E
[
ez T

∗
t+1

]
≤ exp

(
2z λt ut

)
E
[
exp

(
z πt T

∗
t

)]
.

Now, note that for any n < t

(58)
t∏

j=n+1

πj =

t∏
j=n+1

uj

uj−1

ζ̃j(w)

ζ̃j−1(w)

(
1 + w

j+wuj

)
= ut

un

ζ̃t(w)

ζ̃n(w)

t∏
j=n+1

(
1 + w

j+wuj

)
and since

(i) lim supt→∞ utζ̃t(w) ≤ 1 and
(ii) C =

∏
t≥1

(
1 + w

t+wut

)
< +∞ as

∑
t≥1

w
t+wut < +∞

we can choose z0 ∈ (0, 1) and t0 large enough such that

sup
t≥t0

( t∏
j=t0

πj

)
z0 ≤ 1 .

This ensures that we can iterate the inequality (57), so obtaining

(59) E
[
ez0 T

∗
t+1

]
≤ exp

(
2z0

t∑
n=t0

λn un

t∏
j=n+1

πj

)
E
[
e(

∏t
j=t0

πj)z0 T
∗
t0

]
≤ exp

(
2z0

t∑
n=t0

λn un

t∏
j=n+1

πj

)
E
[
eT

∗
t0

]
for each t ≥ t0. Then, the second term in the right-hand product in (59) is always bounded by Step 2) and so we
can now focus on the first term, which by (58) becomes less or equal than

exp
(
2z0 C utζ̃t(w)

t∑
n=t0

λn

ζ̃n(w)

)
∼ exp

(
2z0 C

rt
t1−w

t∑
n=t0

α
n1+w−β

)
,

that is finite in all cases as
(a) in the case w > β we have rt

t1−w ∼ 1 and
∑t

n=t0
α

n1+w−β < +∞;
(b) in the case w = β we have rt

t1−w ∼ 1/ ln(t) and
∑t

n=t0
α

n1+w−β = O(ln(t));
(c) in the case w < β we have rt

t1−w ∼ 1/tβ−w and
∑t

n=t0
α

n1+w−β = O(tβ−w).

Therefore from (59) we can conclude that, for any z ≤ z0, supt≥1 E[ez T
∗
t ] ≤ supt≥1 E[ez0 T

∗
t ] < +∞.

Finally, since by (4) we have rtZt = w t
t+θT

∗
t + rtλt ≤ T

∗
t + c for some suitable c > 0, we also obtain

supt≥1 E[ez rtZt ] < +∞ for any z ≤ z0.
The Lp-boundness of the sequences (rt Zt)t and (rt T t)t follows immediately, as for non-negative random variables
we have

sup
t

E(ez0rtZt) < ∞ ⇐⇒ sup
t

∑
p≥0

zp
0E[ (rtZt)

p ]
p! < +∞ =⇒ sup

t
E[ (rtZt)

p ] < +∞ ∀p ≥ 1.

and the same for (rt T t)t. For what concerns (Tt)t, from (54), (4), (7) and the fact that g(z) ≤ 2z when z ≤ 1/2,
we obtain for any t ≥ 0 and z ≤ 1/2

(60) E
[
ez Tt+1 | Ft

]
≤ exp(g(z) (λt + St)) = exp(g(z)Zt) ≤ exp(2z Zt) .

Now, note that rt ≡ 1 when w < β = 1 or β < w = 1, and in this case the two expressions in (53) coincide. More
generally, we can consider the following cases.
Case w = 1 or β = 1: we have rt ≤ 1 and so, by (60), for each t ≥ 0, we have

E[e
z0
2 rt Tt+1 ] ≤ E[ez0 rtZt ] .
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Then, by (52), we get supt E[e
z0
2 rt Tt+1 ] < +∞, that implies as above supt E[ (rtTt+1)

p ] < +∞ for all p ≥ 1.
Case w < 1 or β < 1: we have rt ≥ 1 for t large enough, say t ≥ t̄. Hence, by (60), for t ≥ t̄, we can write

rt(E[e
z0
2 Tt+1 ]− 1) ≤ rt(E[ez0 Zt ]− 1) = rt(E[e

z0
Z∗

t

rt ]− 1)

=
∑
p≥1

zp
0E[(Z∗

t )
p]

(rt)p−1 p! ≤
∑
p≥1

zp
0E[(Z∗

t )
p]

p! = (E[ez0 Z∗
t ]− 1) .

Hence, we can conclude that supt≥t̄ rt(E[e
z0
2 Tt+1 ]− 1) < +∞, that reads

sup
t≥t̄

∑
p≥1

(z0)
pE[rt(Tt+1)

p]
2p p! < +∞ ,

and so we can get supt≥t̄ E[ rt(Tt+1)
p ] < +∞, for all p ≥ 1. Since, by Step 2), for all p ≥ 1 and each fixed t

we have E[(Tt+1)
p] < +∞, and so E[rt(Tt+1)

p] < +∞, we can also affirm that supt E[ rt(Tt+1)
p ] < +∞ for all

p ≥ 1. □

Lemma D.2. We have

rtRt
a.s.−→

{
R̃∞ if ι = 0, w = 1 and β < 1 ;

0 otherwise .

where R̃∞ is a real random variable such that 0 < R̃∞ < Z∗
∞.

Proof. From (6), since DtP
2

t = P tSt we get

Rt =
∑
j∈Ot

P 2
t,j =

∑
j∈Ot

(
w(1− ι)

Kt,j

(θ+t) + ιP t

)2
= (w(1− ι))2R̃t + ι2DtP

2

t + 2ι(1− ι)P tSt

= (w(1− ι))2R̃t + ι(2− ι)P tSt ,

where, by (4),

0 ≤ R̃t =
∑

j∈Ot
K2

t,j

(θ+t)2 ≤
(∑

j∈Ot
Kt,j

θ+t

)2

= S2
t /w

2 .

Since P t → 0 a.s. and rtSt = O(1) from (4) and Table 1, then rtRt → 0 a.s. when ι = 1, otherwise if and only if
rtR̃t → 0 a.s. and this is always the case when max{w, β} < 1, because rtR̃t ≤ rtS

2
t /w

2 → 0 a.s..
From now on, we assume ι < 1 and max{w, β} = 1 (and so rt = 1 when β ̸= w and rt → 0 when β = w) and

we are going to prove that rtR̃t → 0 a.s. unless ι = 0, w = 1 and β < 1. We observe that

R̃t+1 =
∑
j∈Ot

(Kt+1,j

θ+t+1

)2
+

∑
j∈Ot+1\Ot

(
1

θ+t

)2
=

∑
j∈Ot

(Kt,j+∆Kt+1,j

θ+t+1

)2
+ Nt+1

(θ+t+1)2

and so, since (∆Kt+1,j)
2 = ∆Kt+1,j , we have

E[R̃t+1 | Ft] =
∑
j∈Ot

K2
t,j+Pt,j+2Kt,jPt,j

(θ+t+1)2 + λt

(θ+t+1)2 ,(61)

while, the martingale difference reads

R̃t+1 − E[R̃t+1 | Ft] =
1

θ+t+1

( ∑
j∈Ot

(
∆Kt+1,j − Pt,j

) 1+2Kt,j

θ+t+1 + Nt+1−λt

(θ+t+1)

)
=

∆M
(R̃)
t+1

θ+t+1 .

Since the random variables (∆Kt+1,j)j∈Ot are, conditionally on Ft, independent among each other, and Nt+1 is
independent of them and Ft (see the description of the model dynamics), we have

E[(∆M
(R̃)
t+1)

2 | Ft] =
∑
j∈Ot

Pt,j(1− Pt,j)
(

1+2Kt,j

θ+t+1

)2

+ λt

(θ+t+1)2 .(62)

Now, we go on with the computations for E[R̃t+1 | Ft]. From (61), recalling that R̃t =
∑

j∈Ot
K2

t,j/(θ + t)2 and
using (4) and (6), we get

E[R̃t+1 | Ft] = R̃t +
∑
j∈Ot

K2
t,j

(
1

(θ+t+1)2 − 1
(θ+t)2

)
+ St

(θ+t+1)2 + 2
(θ+t+1)2

∑
j∈Ot

Kt,j

(
(1− ι)w

Kt,j

θ+t + ιP t

)
+ λt

(θ+t+1)2
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= R̃t +
∑
j∈Ot

K2
t,j

(
1

(θ+t+1)2 − 1
(θ+t)2 + 2(1−ι)w

(θ+t)(θ+t+1)2

)
+ St

(θ+t+1)2 + 2ι
(θ+t+1)2P t

∑
j∈Ot

Kt,j +
λt

(θ+t+1)2

= R̃t − 2(ι+1−w)
θ+t+1 R̃t +

2ι
(θ+t+1)2P t

∑
j∈Ot

Kt,j + ρt .

with ρt being Ft-measurable and such that
∑

t |ρt| < +∞ since ρt = O((R̃t+St+1)/t2) = O((St+1)/t2). Using
(5), we finally obtain

E[R̃t+1 | Ft] = R̃t − 2(ι+1−w)
θ+t+1 R∗

t +
2ι(θ+t)Dt

(θ+t+1)2wP
2

t + ρt

and hence

(63) R̃t+1 = R̃t +
1

θ+t+1

(
2ι(θ+t)DtP

2
t

(θ+t+1)w − 2(ι+ 1− w)R̃t

)
+

∆M
(R̃)
t+1

θ+t+1 + ρt .

Now, we consider two cases.
Case ι > 0 or w < 1 (and β = 1): in this case we can apply Theorem B.1 to (63) with Xt = R̃t, At =

2ι(θ+t)DtP
2
t

(θ+t+1)w ,

b = 2(ι+ 1− w) > 0, ηt = (θ + t+ 1)−1 and ∆Mt+1 = ∆M
(R̃)
t+1 (and in the present case the reminder term ρt+1

in Theorem B.1 coincides here with ρt and so it is Ft-measurable). Indeed, by (62), we have∑
t

η2tE[(∆Mt+1)
2 | Ft] =

∑
t

1
(θ+t+1)2

( ∑
j∈Ot

Pt,j(1− Pt,j)
(

1+2Kt,j

θ+t+1

)2

+ λt

(θ+t+1)2

)

≤
∑
t

1
(θ+t+1)2

( ∑
j∈Ot

Pt,j

(
1+2t
θ+t+1

)2

+ λt

(θ+t+1)2

)
≤

∑
t

(
4St

(θ+t+1)2 + λt

(θ+t+1)4

)
< +∞ .

In addition, we have
At =

2ι
w

(θ+t)
(θ+t+1)DtP

2

t
a.s.−→ 0 .

Hence, by Theorem B.1, we obtain R̃t → 0 a.s. and, since in this case rt = 1, this means rtR̃t → 0 a.s..
Case ι = 0 and w = 1 (and β < 1 or = 1): in this case Rt = R̃t and R̃t is a non-negative almost super-martingale
converging a.s. to a non-negative real random variable R̃∞ (see Theorem E.4). Then, when w = β = 1, since
rt → 0 in this case, we trivially get rtRt = rtR̃t → 0 a.s..

Let us focus on the remaining sub-case, that is when ι = 0, w = 1 and β < 1 (and so rt = 1). First,
since P 2

t,j ≤ Pt,j , we have R̃t = Rt ≤ St = (Zt − λt) → Z∗
∞ and so we obtain 0 ≤ R̃∞ ≤ Z∗

∞. Now, let
τ1 = inf{t : Nt > 0} and note that in this case (1) reads

Pτ1+n(1) =
Kτ1+n

τ1+n+θ ,

that evolves, conditionally on the value taken by τ1 (note that τ1 < +∞ a.s.), as the proportion of black balls in a
Pòlya urn that starts with 1 black ball and (τ1 + θ) white balls. Then, conditionally on the value taken by τ1, we
have Pτ1+n(1)

a.s.→ P∞(1)
d
= Beta(1, τ1 + θ), so that we have P∞(1)(1− P∞(1)) > 0. Note that, since β < w = 1

and ι = 0, we have
R̃∞ = P∞(1)2 + a.s.- lim

t

∑
j>1,j∈Ot

P 2
t,j

and
Z∗
∞ = S∗

∞ = P∞(1) + a.s.- lim
t

∑
j>1,j∈Ot

Pt,j

and hence
0 < P∞(1)2 ≤ R̃∞ < R̃∞ + P∞(1)(1− P∞(1)) ≤ Z∗

∞.

Hence, we can conclude because in this last sub-case rt = 1 and so rtR̃t = R̃t. □

Lemma D.3. When 0 ≤ wι < β we have

(64) sup
t≥1

E[ t1−w(1−ι)∆Kt+1,j ] < +∞ .
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Proof. First, recall from Section 3.1 that Dt =
∑t

n=1 Nn
d
=Poi(Λt) with Λt =

∑t
n=1 λn−1 ∼ (α/β)tβ when β > 0.

Then, consider the sequence (rt) as defined in (29) with δ = w e ρ = β. Since E[∆Kt+1,j ] = w(1 − ι)E[Bt,j ] +

ιE[P t], the proof will be divided in the proof of the following two facts:
(1) E[t1−w+wιP t] = O(t−(min{β,w}−wι) ln(t)) → 0,
(2) supt≥1 t

1−w+wιE[Bt,j ] < +∞.
Proof of (1): Consider

E[t1−w+wιP t] =
t1−w

rt
E
[

rtSt

t−wιDt

]
.

Since Dt
d
=Poi(Λt), by Chernoff’s bound (see [35]), we have

P
(
Dt < (1− ϵ)Λt

)
≤ e−

ϵ2

2 Λt

and so, using also Holder’s inequality, we get

E
[

rtSt

t−wιDt

]
= E

[
rtSt

t−wιDt
1{Dt≥(1−ϵ)Λt}

]
+ E

[
rtSt

t−wιDt
1{Dt<(1−ϵ)Λt}

]
≤ E

[
rtSt

t−wι(1−ϵ)Λt

]
+ E[(rtSt)

2]
1
2 twιP

(
Dt < (1− ϵ)Λt

) 1
2

≤ E[rtSt]
twι

(1−ϵ)Λt
+ E[(rtSt)

2]
1
2 twιe−

ϵ2

4 Λt .

Now, we observe that, by Lemma D.1 and the fact that 0 ≤ St = Zt − λt ≤ Zt, we have supt E[(rtSt)
p] ≤

supt E[(rtZt)
p] < +∞ for p = 1, 2 and so the above inequality implies that

E[t1−w+wιP t] =
t1−w

rt
O
(
twι

Λt

)
= O

(
t−(min{β,w}−wι) ln(t)

)
→ 0 .

Proof of (2): Setting mt = E[Bt], by (16) we have

mt+1 =
(
1− 1

θ+t+1

)
mt +

1
θ+t+1E[Pt,j ] =

(
1− 1−w(1−ι)

θ+t+1

)
mt +

ι
θ+t+1E[Pt] .

Then, setting m∗
t = ζt(1− w + wι)mt and using (25), we get

m∗
t+1 =

(
1− (1−w(1−ι))2

(θ+t+1)2

)
m∗

t +
ι

θ+t+1E[t1−w+wιP t]

≤ m∗
t +

ι
θ+t+1E[t1−w+wιP t] ,

which implies that (m∗
t )t is bounded because, by fact (1), we have∑
t

E[t1−w+wιP t]/(θ + t+ 1) =
∑
t

O(1/t1+min{β,w}−wι) < +∞ . □

D.1. Proof of the law of the iterated logarithm for Dt. We here provide the proof of the result for Dt

given in Remark 3.2.

Proof. Recall that Dt − Λt =
∑t

n=1(Nn − λn−1), where (Nn − λn−1)n is a sequence of zero-mean independent
random variables and V ar[Dt] =

∑t
n=1 V ar[Nn] =

∑t
n=1 λn−1 = Λt. Set cn =

√
Λn

ln(Λn)
. For n large enough, we

have λn−1 < cn and consequently P (Nn − λn−1 ≤ −cn) = P (Nn ≤ λn−1 − cn) = 0. Then, by the bounds for the
tail probabilities of a Poisson random variable (e.g. [34, Theorem 5.4]), we obtain for n large enough

P (|Nn − λn−1| ≥ cn) = P (Nn ≥ λn−1 + cn) ≤ e−λn−1 (eλn−1)
λn−1+cn

(λn−1+cn)
λn−1+cn

=
( eλn−1

cn

)cn(λn−1

cn

)λn−1 1

(
λn−1

cn
+1)cn (

λn−1

cn
+1)λn−1

≤ C
( eλn−1

cn

)cn
,

where the last inequality is due to the fact that λn−1 = o(cn). Moreover, we have
∑

n

( eλn−1

cn

)cn
< +∞. In fact,

for β = 0, we have λn−1 = α/n and hence
( eλn−1

cn

)cn
=

(
eα
ncn

)cn
= o(n−2) and for β > 0, we have λn−1 = α/n1−β

and so cn ≥ nβ/(2+ϵ) eventually, which, together with λn−1/cn → 0, implies
( eλn−1

cn

)cn ≤ 2−nβ/(2+ϵ)

eventually.
By Borel-Cantelli Lemma, we finally obtain

P
(
lim sup

n
{|Nn − λn−1| ≥ cn}

)
= 0
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and so

|Nn − λn−1| = O(cn) = o

(√
Λn

ln ln Λn

)
a.s. .

Therefore, (3.2) is a consequence of Kolmogorov’s law of the iterated logarithm [20] applied to the sequence
(Nn − λn−1)n (see [10, Theorem 1, p. 343]). □

Appendix E. Useful recalls

For the reader’s convenience, we here recall some technical results for discrete-time real stochastic processes,
used in the previous proofs.

Lemma E.1 ([16, Theorem 46, p. 40]). Let F = (Ft)t be a filtration and (Yt) be an F-adapted non-negative
stochastic process.

Then the set {
∑

t E[Yt+1|Ft] < +∞} is a.s. contained in the set {
∑

t Yt < +∞}. If, in addition, the random
variables Yt are uniformly bounded by a constant, then these two sets are a.s. equal.

Lemma E.2 (Lévy’s extension of Borel–Cantelli Lemma [48, Sec. 12.15]). Let (Yt)t be a sequence of Bernoulli
random variables, adapted to a filtration F = (Ft)t and such that Zt = P (Yt+1 = 1 | Ft) and

∑
t Zt = +∞ a.s..

Then
∑t

n=0 Yn+1/
∑t

n=0 Zn
a.s.−→ 1.

Lemma E.3 ([37, Lemma 3.2]). Let F = (Ft)t be a filtration and let (Lt)t be an F-adapted stochastic process.
Set Ut = E[Lt+1 − Lt | Ft] and Vt = E[(Lt+1 − Lt)

2 | Ft]. If
∑

t Ut and
∑

t Vt are a.s. convergent, then (Lt)t
converges a.s. to a real random variable.

Theorem E.4 ([41, Non-negative almost super-martingale]). Let (Yt)t be a non-negative real almost super-
martingale with respect to a filtration F = (Ft)t, that is an F-adapted non-negative real stochastic process satis-
fying

E[Yt+1|Ft] ≤ (1 + ∆t)Yt + ρ1,t − ρ2,t ,

where ∆t, ρ1,t, ρ2,t are all F-adapted non-negative real stochastic processes. Then (Yt)t a.s. converges to a real
random variable and

∑
t ρ2,t < +∞ a.s. on the event {

∑
t ∆t < +∞ ,

∑
t ρ1,t < +∞}.

Lemma E.5 ([13, Lemma 4.1]). Let F be a filtration and (Yt) be an F-adapted stochastic process such that each
Yt is square-integrable and E[Yt+1|Ft] → Y∞ a.s. for some real random variable Y∞. Moreover, let (at) and (bt)
be two sequences of strictly positive real numbers such that

bt ↑ +∞,

∞∑
t=1

E[Y 2
t ]

a2
t b2t

< +∞ .

Then we have:
a) if 1

bt

∑t
n=1

1
an

→ γ for some constant γ, then 1
bt

∑t
n=1

Yn

an

a.s.−→ γY∞;

b) If bt
∑

n≥t
1

an b2n
→ γ for some constant γ, then bt

∑
n≥t

Yn

an b2n

a.s.−→ γY∞.

Theorem E.6 ([11, Theorem A.1]). Let (Ft)t≥0 be a complete filtration and, for each n ≥ 1, let (Mn,t)t≥0 be
a martingale with respect to the filtration (Fn+(t−1))t≥0, with Mn,0 = 0, and converging in L1 to a real (F∞-
measurable) random variable Mn,∞. Moreover, set

Xn,t = Mn,t −Mn,t−1 for t ≥ 1, Un =
∑
t≥1

X2
n,t, X∗

n = sup
t≥1

|Xn,t|

and assume that the following conditions are satisfied:
i) X∗

n
a.s.−→ 0;

ii) (X∗
n)n is dominated in L1;

iii) (Un)n
a.s.−→ U for a real (F∞-measurable) random variable U .

Then, the sequence (Mn,∞)n converges to the Gaussian kernel N (0, U) in the sense of the a.s. conditional
convergence with respect to (Fn)n (and so also stably), that is the a.s. convergence of the conditional distributions
holds true: for almost every ω, the conditional distribution µn(ω, ·) of Mn,∞ given Fn converges weakly to the
Gaussian distribution N (0, U(ω)).
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The a.s. conditional convergence is a variant of the stable convergence. For more information on stable con-
vergence and its variants, we refer the reader to [2, 11, 12, 14, 27, 40]. An useful summary can be found in the
appendix of [3]. We here provide only a lemma, regarding the fact that the a.s. conditional convergence combines
well with the a.s. convergence, that we need in the proof of Theorem B.4.

Lemma E.7. Let F = (F)t be a filtration, K an F∞-measurable kernel and Y an F∞-measurable real random
variable. If Xt −→ K in the sense of the a.s. conditional convergence with respect to a filtration F = (Ft)t≥0

and Yt
a.s.−→ Y , then

[Xt, Yt] −→ K ⊗ δY

in the sense of the a.s. conditional convergence with respect to F .
In particular, when K is a Gaussian kernel N (M,U), we have

Xt + Yt −→ N (M + Y, U) .

in the sense of the a.s. conditional convergence with respect to F .

Proof. Since Cramér-Wold device and [11, Lemma A.3], it is enough to prove that, for each a1, a2 ∈ R, we have

E[ei(a1Xt+a2Yt) | Ft]
a.s.−→

(∫
eia1xK(·)(dx)

)
eia2Y .

We first prove the above convergence under the additional assumption that Y is integrable and then we will show
how to get the result in the general case. Suppose Y to be integrable and set Zt = E[Y | Ft] so that we have
Zt

a.s.→ Y (by the martingale convergence theorem for martingales bounded in L1). Moreover, we have

|Dt| =
∣∣E[ei(a1Xt+a2Yt) | Ft]−

(∫
eia1xK(·)(dx)

)
eia2Y

∣∣
≤ |T1,t|+ |T2,t| ,

where
• |T1,t| = |E[eia1Xt(eia2Yt − eia2Zt) | Ft]|, which is smaller than or equal to E[ |eia2Yt − eia2Zt | | Ft], that

converges a.s. to zero, because of [11, Lemma A.2(d)] (see also [7, Th. 2]) and the a.s. convergence of
both Yt and Zt to the same limit Y ;

• |T2,t| = |E[ei(a1Xt+a2Zt) | Ft]−
(∫

eia1xK(·)(dx)
)
eia2Y |, which is equal to the difference

|eia2ZtE[eia1Xt | Ft]−
(∫

eia1xK(·)(dx)
)
eia2Y |

and converges a.s. to zero by the assumption on Xt and the a.s. converge of Zt to Y .
Therefore, we can conclude that Dt

a.s.→ 0 and so the result is proven when Y is integrable.
If Y is not integrable, then, for any N ∈ N, we can define Y

(N)
t = (−N) ∨ Yt ∧N and Y (N) = (−N) ∨ Y ∧N

so that |Y (N)
t | ≤ N , |Y (N)| ≤ N , Y (N)

t
a.s.→ Y (N) as t → +∞, Y (N)

t
a.s.→ Yt and Y (N) a.s.→ Y as N → +∞. For each

fixed N , applying the result to Xt −→ K and Y
(N)
t

a.s.−→ Y (N) (which is trivially integrable), we find for t → +∞

D
(N)
t = E[ei(a1Xt+a2Y

(N)
t ) | Ft]−

(∫
eia1xK(·)(dx)

)
eia2Y

(N) a.s.−→ 0 .

Moreover, since [11, Lemma A.2(d)] and the a.s. convergence of the difference |eia2Yt−eia2Y
(N)
t | to |eia2Y −eia2Y

(N) |
for t → +∞ (and each fixed N), we have E[ |eia2Yt − eia2Y

(N)
t | |Ft] to |eia2Y − eia2Y

(N) | for t → +∞ (and each
fixed N) and we get

lim sup
t

|Dt −D
(N)
t | ≤ 2|eia2Y − eia2Y

(N)

| a.s.−→ 0 as N → +∞ .

Hence, Dt
a.s.→ 0 and the proof is so concluded. □
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