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A MULTI-FACTORIAL INNOVATION MODEL WITH
FEATURE INTERACTION

GIACOMO ALETTI, IRENE CRIMALDI, AND ANDREA GHIGLIETTI

ABsTrRACT. We introduce an Indian-buffet-type model for multi-factorial innovation in which each arriving agent
may exhibit both previously observed and new features. The number of new features follows a power-law behav-
ior, while the probability of selecting an old feature combines self-reinforcement, depending on the feature-specific
popularity, with a mean-field interaction term depending on the average popularity of all observed features. The
model is governed by the usual innovation parameters (mass, discount and concentration), together with two
additional parameters: one controlling the strength of reinforcement against a forcing input toward zero, and one
regulating the intensity of feature interaction.

Although the growth of the total number of distinct observed features has the same behavior as in the three-
parameter Indian buffet process, the interaction mechanism produces new asymptotic regimes. For aggregate
quantities, including the predictive mean, the averaged number of features per agent, the mean inclusion probabil-
ity, and the mean feature popularity, the phase transition is determined by the comparison between the discount
parameter and the weight of the forcing input. For feature-specific quantities, a further transition appears accord-
ing to the comparison between the interaction level and a critical threshold. In particular, high interaction leads
to an asymptotic synchronization of feature-specific inclusion probabilities.

We establish strong laws and second-order asymptotic results, including central limit theorems in regimes
where martingale fluctuations compete with deterministic or random terms. The analysis relies on novel general
results for recursive stochastic dynamics, which may be useful beyond the present framework.

1. INTRODUCTION

Understanding the mechanisms by which novelties emerge and propagate is of crucial interest across various
disciplines, including biology, linguistics, and social sciences. In probabilistic terms, a novelty or innovation is
defined as the first occurrence of an event of interest. Widely employed mathematical models for innovation
processes are urn models with infinitely many colors and species sampling sequences [5, 30, 31, 38, 42]. However,
in these models, at each timestep, each observed agent/item shows only one feature, that may be an old one (that
is, already observed in the past) or a new one (that is, appeared for the first time). Instead in the present work,
we deal with multi-factorial innovation processes, where at each timestep an agent/item is observed and it can
exhibit a certain (random) number of features (factors), some old and some new. The total number of features is
not specified in advance but is allowed to grow as new data points (agents/items) are observed and it is inferred
from the data.

The Indian Buffet Process (IBP) is a foundational model in Bayesian nonparametric statistics, designed to
describe data through an unbounded number of features. Introduced by Griffiths and Ghahramani [24] and de-
veloped in [25, 46|, it defines a probability distribution over infinite binary matrices, where each row corresponds
to an agent/item and each column to a feature. This allows each agent/item to simultaneously possess multiple
characteristics, distinguishing the IBP from species sampling sequences and clustering models, which typically
assign each data point to a single class. As a consequence, the IBP has become a cornerstone for feature modeling,
offering a flexible and interpretable framework for discovering structures in data of arbitrary complexity.

The generative metaphor of the Indian buffet provides an intuitive interpretation of the process: a sequence of
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customers (representing agents/items) enters an Indian restaurant with an infinite buffet of dishes (representing
features). The first customer samples a Poisson(a) number of dishes, while each subsequent customer chooses
previously sampled dishes with probability proportional to their popularity, and also tries new dishes according
to a Poisson(a/t) distribution. The resulting binary feature-allocation matrix is exchangeable, meaning that the
order of the observations does not affect their joint distribution. This property ensures analytical tractability and
enables efficient posterior inference, making the IBP a natural prior for Bayesian nonparametric models involving
latent factors or features.

Over the years, several generalizations of the IBP have been proposed to extend its applicability, but pre-
serving the exchangeability, or to address the limitations of exchangeability and independence. A fundamental
theoretical reformulation of the IBP was introduced by Thibaux and Jordan [46], who demonstrated that the
IBP can be viewed as the marginal distribution of a Beta—Bernoulli process. In this framework, a Beta process
defines a random measure generating feature probabilities, while a Bernoulli process specifies feature allocation
for each observation. This connection provides a rigorous measure-theoretic foundation, linking the IBP to other
Bayesian nonparametric priors such as the Dirichlet Process and enabling efficient inference through conjugacy
properties. To capture the heavy-tailed distributions often observed in empirical data, power-law variants of the
IBP have been developed. Precisely, the IBP can be extended to capture power-law behavior in the total number
of observed features through the three-parameter IBP [9, 45|, which introduces a discount parameter (also known
as stability exponent), that regulates the asymptotic behavior of the overall number of different observed features,
a mass parameter, that controls the total number of new features exhibited by an agent/item and a concentration
parameter, that tunes the number of agents/items per feature. Such a model better fits real-world data, but
one fundamental assumption persists: the inclusion probabilities of features are independent across features and
determined solely by past feature-specific counts. Since the assumption of independence among features limits its
expressiveness in settings where correlations or dependencies among features are crucial, some (non-exchangeable)
variants of the IBP have been proposed. Among the most influential ones is the dependent Indian buffet process
[49], which introduces correlations among feature allocations by making the inclusion probability of each feature a
function of covariates or of latent variables modeled through Gaussian processes. This allows the IBP to represent
smooth temporal or spatial dependencies, although it increases the computational burden of inference. Another
notable development is the hierarchical Indian buffet process and related [39, 17], which introduces a hierarchical
structure where groups of observations share a common global pool of features while maintaining group-specific
feature usage. This model has proven particularly effective in multi-task and transfer learning contexts, enabling
information sharing across related datasets but at the cost of higher model complexity and more demanding in-
ference procedures. Doshi-Velez and Williamson [18] developed the restricted Indian buffet process, which allows
control over the distribution of the number of features per observation. This generalization enables more flex-
ible modeling of feature sparsity patterns and partially introduces interactions through restriction mechanisms.
However, these restrictions are imposed at the level of the number of active features rather than their pairwise
relationships. The Indian buffet Hawkes process proposed by Tan et al. [44] models evolving features over time by
combining the IBP with Hawkes processes. The interactions in their model occur in the temporal domain, where
previous feature activations influence future events via self-exciting processes. While this captures a dynamic
form of interaction, the focus is on temporal excitation rather than structural co-dependency among features.
Heaukulani and Roy [28] introduced a class of Gibbs-type Indian buffet processes, where the underlying random
measure is generalized to a Gibbs-type measure. This allows for more flexible prior specifications and includes
models that exhibit power-law behavior. Although their framework can model complex feature allocation struc-
tures, the interactions among features are implicitly encoded through the prior, rather than through an explicit
interaction matrix. Another direction of advancement has been to incorporate structural or spatial dependencies
among agents/items. For example, the distance-dependent Indian buffet process [22] modifies the IBP by making
the probability of feature sharing a function of the distance between data points (agents/items), allowing it to
model local correlations. Similarly, the phylogenetic Indian buffet process [32] introduces a tree-structured depen-
dency among agents/items, capturing shared evolutionary histories in a Bayesian framework. More recently, the
attraction Indian buffet distribution [47] has been developed to allow pairwise attraction between agents, which
increases the likelihood of feature sharing. Finally, another extension of the IBP is the Indian buffet process
with random weights, introduced by Berti et al. [6]. In this formulation, each agent is associated with a random
weight, that represents the relevance of the agent and enters the feature probabilities. This additional stochastic
layer generalizes the Beta—Bernoulli construction and connects the IBP with the theory of randomly reinforced
stochastic processes. The random-weight IBP maintains some of the analytical properties of the classical model



while offering greater flexibility in capturing heterogeneity among the agents.

The versatility of the IBP and its extensions has led to applications across a wide range of domains, confirming
its central role in modern probabilistic modeling and statistical learning. As examples, we mention bioinformat-
ics [29], network theory [8, 33, 43|, causal inference [50], modeling of choices [26] and similarity judgements [36].

Summing up, while the IBP assumes exchangeability and inclusion probabilities independent across features,
several recent models have sought to extend the framework by incorporating dependencies. Indeed, ignoring such
interactions can lead to oversimplified models that fail to capture the observed structure in real data. Most of
these models focus on dependencies among the rows of the binary matrix - i.e., the data points (the agents/items)
themselves - rather than among the columns - i.e., the features. The few models, mentioned above, that deal
with feature interaction, offer a more realistic representation of evolving phenomena, but they lose the elegant
mathematical formulation of the original IBP and to prove theoretical results becomes hard. Moreover they
require more complex inference techniques, such as sequential Monte Carlo or dynamic variational methods, and
often come at the cost of increased computational complexity. Our proposed model directly introduces feature
interactions in the inclusion probabilities, which permits clearer interpretability and a more faithful representa-
tion of domains where features mutually reinforce each other, such as in biological networks, cultural evolution,
or recommendation systems. Additionally, our model, characterized by an explicit statistical dependence among
features allows us to conduct a detailed theoretical study, proving various asymptotic results, such as strong
laws and central limit theorems for several key quantities, such as the total number of observed features (D),
the averaged number of features exhibited by the agents/items (T;), the averaged feature inclusion probability
(P;), the averaged number of agents/items per feature (K;) and also, for feature-specific quantities, such as the
inclusion probability (P, ;) and the popularity (K ;) for an observed feature j. While the asymptotic behavior of
D, is the same as in the classical IBP with three parameters [45], we obtain new phenomena such as the power-law
behavior of the averaged quantities and of the dish-specific quantities, not seen in the classical IBP, where, except
in the extreme cases 3 = 1, the empirical mean T converges almost surely to a strictly positive real random
variable and the feature-popularity grows linearly. We also highlight the novel Theorem B.3 and Theorem B.4 in
appendix, which are stated and proven in a general setting and so they could be also applied in other contexts.
In a framework of a recursive dynamics, the first one provides conditions to guarantee that the limit random
variable of the suitable rescaled process is non-zero with probability one, while, the second one deals with the
related second-order asymptotic.

To the best of our knowledge, the level of theoretical depth of the present work distinguishes it in the landscape
of multi-factorial innovation models with interaction.

The rest of the paper is organized as follows. In Section 2, we illustrate some adopted notation, present the new
model, which is the object of this work, and provide an overview of the main results of our study. In Section 3,
we collect several preliminary properties of the model, that will be repeatedly used throughout the paper, and
we describe the asymptotic behavior of the total number D; of the observed features. Section 4 is devoted to the
asymptotic behavior of the average quantities Z;, Ty, K; and P;. In Section 5, we derive the asymptotic behavior
of the quantities K; ; and P; ; associated with each individual feature j. Section 6 concludes the paper with some
final remarks and a discussion of possible directions for future research. Finally, the paper is enriched by a wide
appendix, collecting, among other things, novel general results for recursive dynamics (we refer to Section B),
and non-trivial technical results for the considered model (we refer to Section D).

2. NOTATION, MODEL, AND OVERVIEW OF THE RESULTS

In this section, we introduce the basic notation used throughout the paper, present the interacting multi-
factorial innovation model, and conclude with an overview of the main results established in this work.

2.1. Notation. In the sequel, given two possibly random sequences (p;) and (V;), we use:

e the expression p, = O(V;) with V; > 0 in order to indicate that limsup, |p:|/V: < 400 with probability
one;

e the expression p; = o(V;) in order to indicate that we have p;/V; 23500,

e the symbols O(V;) and o(V;) to denote generic, possibly random, sequences with the above properties.

Note that, if V; = v; is deterministic, the symbols O(v;) and o(v;) can indicate both random or deterministic
sequences. This will usually be clear from the context, but where it is not and it is important to highlight it,
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we’ll write it explicitly. We adopt the notation op(-) when the above limit is in the sense of the convergence in
probability, instead of a.s. convergence.

2.2. The model. Fix « >0,0<8<1,0>0,0<w<1and0<:<1. The first three parameters (i.e. «, 3
and #) correspond to the three parameters (mass, discount and concentration) that characterize the Indian buffet
process introduced in [45]; while the two last parameters (i.e. w and ¢) are the new ones, introduced in order to
tune the forcing input toward zero in the inclusion probabilities and the interaction among the dishes, respectively.

The dynamics is as follows. Time is discrete and indexed by customer arrivals. Customer 1 tries Ny 4 Poi(\g)
dishes with Ay = «. For each time-step t > 1, let O; be the collection of dishes experimented by the first ¢
customers, that we call the “old” dishes at time-step t. Denoting by F = (F;); the (complete) natural filtration
associated to the model, then:

e Customer t + 1 selects a subset Of,; C O;. Each j € O; is included or not into O, independently of
the other members of O; with F;-conditional probability (called inclusion probability)

Kt,j 1 Kt,i
7 t

where X, ; is the indicator of the event {customer n selects dish i}, K, ; = 22:1 Xp,; is the number of
customers who tried dish ¢ until time-step ¢t and D; = card(O;).
e In addition to Oy, ,, customer ¢ + 1 also tries (independently of the past F; and of the choice of OF, ;) a

random number N1 4 Poi(A;) of new dishes, where Poi(\;) denotes the Poisson distribution with mean

At = O[/(t + 1)1_6.
We can say that the case when w = 1 and ¢ = 0 is related to the standard IBP of [45], although in the standard
model we have P, ; = (K, ; — 3)/(6+1t) and \y = o' (0 +1)T'(0 + B8+ 1¢)/[T(6 + B)T'(6 + 1+ t)]. These definitions
for P;; and \; make the standard IBP to be exchangeable. However, despite these differences, it holds true (as
in our model with w = 1 and ¢ = 0) that P, ; ~ K¢ ;/(0 +t) and Ay ~ C/(t 4+ 1)*=7, for some constant C' > 0,
as t — 400, and so the asymptotic properties of our model with w = 1 and ¢« = 0 are similar to the ones of
the standard IBP. Instead, as we will see, the second-order asymptotic behavior presents significant differences.
Note that, from an applicative point of view, our simplified way to define the inclusion probabilities P; ; and
the parameter \; allows for a better interpretation and a clearer identification of the role played by each single
parameter. This is the reason behind our choice to define them as above. Hence, the introduced model should be
viewed not as an exchangeable IBP variant intended for Bayesian nonparametric inference, but as an IBP-inspired
stochastic model suitable for innovation processes with more than one features (factors) per agent.

Moreover, in the above introduced model, as in standard IBP, for each fixed time-step ¢ + 1, the random
variables {Xy11; : j € O} are conditionally independent given the past; while, differently with respect to the
standard model, for each fixed j € O, the random variable X;,; ; is not independent of the random variables
{Xn,i: i # j, n <t} Finally, as in the standard model, the random variable N;1; is independent of Ny,..., N,
and of all the choices done for the old dishes, i.e. of {X,, ;:j € O,, n <t+1}.

The parameters « (known as the mass parameter) and 8 (known as the discount parameter or the stability
exponent) drive the growth of the number of tested dishes (see Subsection 3.1), while the parameter 6 (known
as the concentration parameter) regulate the initial condition and the behavior of the model in the initial phase
(i.e. for a finite number of time-steps). Regarding the parameter w, we observe that the inclusion probability can
be seen as a convex combination of the reinforcement probability with weight w € (0, 1] and the null probability
with weight (1 —w) € [0,1). Hence, the parameter w tunes the weight of the two mechanisms: the reinforcement
and the forcing input toward zero. The first one can be explained by the popularity principle: the more popular
is a feature (dish), the higher is the probability that a future agent (customer) selects it. The last mechanism can
be explained thinking about the fact that the features (dishes) could be subject to a fad and so their probability
to be selected is "forced" to vanish. Finally, the reinforcement term is itself a convex combination of a term that
depends on the averaged popularity of the appeared features (tested dishes) with weight ¢ € [0, 1] and a term that
depends only on the specific popularity of the feature (dish) j with weight (1 —¢) € [0,1]. Hence, the interaction
present in the model dynamics is of the mean-field type, whose intensity is ruled by the parameter ¢ and in the
inclusion probability P ; the total weight of the self-reinforcement is w[(1 —¢) 4+ ¢/Dy], while the weight of each
cross-reinforcement (that is the reinforcement coming from a feature i € O; \ {j}) is we/Ds.



Generally speaking, a mean-field interaction is used when each agent perceives the overall average context,
not just the number of similar agents, so that the agent’s behavior is influenced by an aggregate perception of
the system, rather than by direct contacts. In other words, the system of interest is simplified by replacing the
complex pairwise interactions with an effective average field that represents the collective effect of all the others.
Hence, in the IBP framework, instead of calculating how every feature (dish) affects every other one (which is
extremely difficult when the features are in a large number), we assume that each feature is affected by only an
average field generated by all the others appeared in the system. Just to give an example in order to facilitate
the interpretation and visualize the framework, consider the following setting. An agent (customer) enters a
community and adheres to some existing proposals (old dishes), while also introducing new ones (new dishes).
Each agent decides to join an existing proposal not only based on how many agents have already joined that
proposal, but also on the overall average adoption across all proposals - in other words, on a global perception of
participation across all the existing proposals. This can be seen as a mean-field interaction process in an “idea
space”. Each agent supports existing ideas not only based on how many others support them, but also based on
the overall average level of support across all ideas.

2.3. Overview of the Results. Regarding the results we are going to prove, we observe that the behavior of the
number D; of the tested dishes along the time-steps is not affected by the interaction among the dishes and hence
the related results are standard. We collect them in the following Section 3 for the reader’s convenience; while
the main results of this work concern the asymptotic behaviors of the dish(feature)-specific inclusion probability
P, ;, the dish(feature)-specific popularity K;,, the number T; of dishes tested by customer ¢, that is T} =
> jeo, Xt,j + Ni and the corresponding averaged quantities

t
_ 1 1 1
(2) Pt:ﬁ E Pt,ju Kt:ﬁ E Kt,j and thg E Tn,
tjeo, JEO: n=1

that corresponds to the mean dish(feature)-inclusion probability, the mean dish(feature)-popularity and the mean
number of dishes (features) per customer (agent/item), respectively, until time-step ¢. We also analyze the predic-
tive mean Z; = E[T;1|F:] of the number of dishes tested (features exhibited) by the future customer (agent/item)
t+1 given the past F;. These results are presented in Section 4 (for the averaged quantities) and in Section 5 (for
the specific-dish quantities). In particular, we highlight that the asymptotic behaviors of the averaged quantities
only depend on the relationship between the parameters 5 and w (see Table 1), while the interaction intensity ¢
plays a role in the results describing the asymptotics for the specific-dish quantities (see Table 2 and Table 3).
This is a consequence of the specific form of the interaction considered in this work: the mean-field interaction
influences the processes at the level of individual dishes but vanishes when considering the averaged quantities.
This represents an advantage from the applicative point of view because this means that we can use the parame-
ters @ and S to fit the growth of the observable number D, of distinct dishes (features), we can fit the behavior of
the observable averaged quantities T; by the parameter w, while we can use the parameter ¢ to fit the observable
Jj-specific quantities K ;.

For the first-order results in Table 1, the main considerations are the following. The predictive mean Z; of the
number of dishes chosen at the future time ¢ + 1 converges to zero when both 5 and w are less than 1. The decay
is sub-linear (specifically, a power-law or a power-law with a logarithmic correction), with a power-law exponent
depending on the weight (1 —w) of the forcing input toward zero or on the power-law exponent (1 — ) governing
the decrease of the expected number A; of new features. When max{3,w} = 1, it converges to a finite strictly
positive quantity if 3 # w, whereas it diverges to infinity if 3 = w. The averaged quantity T, exhibits exactly
the same asymptotic behaviors, but the limit random variables coincide only when w = 1 and so, in that case,
we can affirm that the empirical mean T; can be used as a strongly consistent estimator of the predictive mean
Z,. These results for w = 1 are consistent with the ones known for the standard IBP of [45] (see [6]), while the
others are a consequence of the introduction in the model of the forcing input toward zero. The mean inclusion
probability P, always converges to zero. This result is of particular interest, as it explains the sparsity of the
observed feature-matrix. Although P; always converges to zero, the mean dish-popularity K, always diverges to
~+00, except when the w < 3, i.e. when the weight (1 — w) of the forcing input toward zero is higher than the
power-law exponent (1 — ) of the expected number of new dishes. Specifically, when w > 3, we have a power-law
growth (with or without a logarithmic correction) with an exponent related to the difference between w and f, a
logarithmic growth when w = 8 and a convergence to a suitable constant when w < .
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Regarding the first-order results in Table 2 and Table 3, we can make the following remarks. After its ap-
pearance, the inclusion probability P, ; of dish j tends to zero in all cases except when ¢ = 0 and w = 1 (that,
as already observed, essentially corresponds to the standard IBP of [45]). All the dish-specific inclusion proba-
bilities P, ; converge at the same rate, meaning that the rate does not depend on j. The level ¢ of interaction
influences the convergence rate at which each process (P; ;); converges towards zero. Specifically, the higher the
interaction parameter ¢, the faster the convergence to zero (recall that when ¢« = 0 and w =1, P, ; does not even
tend to zero). Additionally, the level of interaction determines how closely the processes P; ; are asymptotically
related to each other. Moreover, comparing Table 1 and Table 3, we can see that, in the most of cases, the
averaged inclusion probability P; is asymptotically lower than the specific inclusion probability P, ; of any dish
j. The level ¢ of interaction quantifies the difference between P; and the single P, ;. Specifically:

o High interaction (v =1 or /w < ¢ < 1): The processes P, ;, once rescaled, converge towards the same
random variable, with the limit not depending on j. In other words, the processes (P ;); synchronize.
The process P; and the processes P, ; converge at the same rate, but when 0 < 3/w < ¢ < 1 their limits
differ.

e Critical case (0 < 1= f/w < 1): As above, the processes (P, ;); synchronize. The process P; and the
processes P; ; converge at different rates.

o Low interaction (¢ = 0 or 0 < ¢ < min{f/w,1}): The processes P, ;, once rescaled, converge towards
possibly different random variables depending on j. Moreover, the averaged quantity P; and the processes
P, ; converge at different rates.

It may seem surprising that, when all the processes P, ; synchronize, their common behavior still differs from
the one of P, which is their average. Specifically: in the case of high interaction, P, converges at the same rate
as each P, ; does, but, when rescaled, its limit is strictly smaller than the common limit toward which all the
rescaled P, ; converge, and, in the critical case, they have even different rates. The reason for this apparent para-
dox lies in the fact that the total number of dishes involved in the average diverges to infinity, while the rescaled
processes (P, ;)¢ do not converge uniformly to their common limit. Consequently, although older dishes approach
the common limit, there will always be a large number of more recent dishes whose values remain significantly
below it.

The j-specific popularity K, ; always increases to +00. The growth is logarithmic or according to a power-law
and, always sub-linear, except when w = 1 and ¢ = 0 (consistently with the behavior in the standard IBP of [45]).
We can observe that the smaller the interaction intensity ¢ is, the faster is the growth to +o00. This is coherent
with the previous observation on F; ;.

We complete the analysis of the model with some asymptotic results of the second-order. Specifically, for the
case w > 3, we establish some central limit theorems (see Theorem 4.3 and Corollary 4.4), that could be useful for
the estimation of the random variable Z* , present in Tables 1-3, via confidence intervals based on the observable
quantity T;. Similarly, in the case of low-interaction, we establish a central limit theorem (see Theorem 5.4), that
could be useful for the estimation of the random variable K7 ;, present in Table 2 and Table 3, via confidence
intervals. In particular, in this result, we identify three regimes according to the relationships between the inter-
action intensity ¢ and the ratio §/w: the larger ¢ is, the slower the convergence to zero of the difference between
the rescaled process K ; and its limit K7 ; is.

We conclude this overview by highlighting the two novel general results, Theorem B.3 and Theorem B.4 in
appendix, that could also be applied in other frameworks. In a context of a recursive dynamics, Theorem B.3
provides conditions to guarantee that the limit random variable of a suitable rescaled process is almost surely
non-zero. This fact is important since it allows to conclude that the scaling factor provides the exact rate
of convergence. Note that the standard arguments in literature serve to prove only the convergence of the
rescaled process to a real random variable, while we succeed to prove that the limit random variable is non-zero
with probability one by means of a non-standard technique. Theorem B.4 deals with the related second-order
asymptotic and it faces within a framework excluded from the usual central limit theorems applied in the literature
when dealing with recursive dynamics, such as the ones in [52].



TABLE 1. Almost sure asymptotic behavior of:

(i) the predictive mean Z,

(ii) the empirical mean T,

(iii) the averaged inclusion probability P,

(iv) the averaged number of customers per dish K.
The real random variable Z% is a.s. strictly positive

Zi =BT | F] | Te =3 Ta/t | Pe =Y c0, P/D | Ki = 3 co, Kuj/ D
_ —(1— * —(1—w) Z%, t—(A—w) ZX v ZX

0= ﬂ <w |t ( w)ZOO t ( w)T In(t) a In(t) aw

—(1—w * —(1—w) 25 —(1—w+B) 25,8 w— LB Z3.B8
0<B<w|t-"zs g mw) Zoo ¢ ) 2P tw=F Ll
0<B=w|t " Int)aw == In(H)a t~ 1 In(t)w? In(t)w

—(1-8) _ap —(1-p8 -1 wpB B
O<w<p |t P2l t=1=h) e O 72

TABLE 2. Almost sure asymptotic behavior of the number of customers per dish. The real

random variables ZZ and K7 ; are a.s. strictly positive.

K, ; t=1 <<t 0<i=£2<1 t=00r0<:<min{2 1}
0=3F<w 1:‘1(2) i;uj 15(‘;) ﬁ Z3% not possible K

0<f<w |t Zal | poeb v 8 zs | 40Pl z5, | t°0TIKS,
0<B=w|In? (t)%2 not possible not possible t“’(lﬂ)K;OJ

O<w<p ln(t)/j“i—ﬁw not possible not possible tw“ﬂ)K;@’j

TABLE 3. Almost sure asymptotic behavior of the inclusion probability. The real random vari-

ables Z7, and K7 ; are a.s. strictly positive.

P ; t=1 bi< 0<i=2<1 L=0o0r0<:<min{2 1}
0=8<w Fl;l(;)w) % %éZ; not possible t(l%u)wKﬁ;’j

0<f<w ﬁ% T ) 2 25 | e (L= Qi 25 | sy (- DKL,
0<B=w WUF not possible not possible m(l —wKZ ;
O<w<f %Bui% not possible not possible m(l —YwKy, ;

3. PRELIMINARIES

Recall that K; ; = Zi:l Xp,j is the number of customers who test dish j until time-step ¢ and let 7, be the

number of dishes tested by customer t. We have

n=1 n=1 j€On_1 JjeO;
Hence, setting Ty = Z;Zl T,/t, we can write
—  Yjeo, Ki, l =
(3) K== "=_T,
D, Dy

and, setting Sp =0 and Sy = > P, ; for t > 1, we have

JEO:

w(l —1¢ . K +we) . Ky
5, = Z Pt,j _ ( )Z]EOt t,j Zze(’)t t,

" P Y
_ ijG(’)t KtJ _ wzzzl T, - t =

0+t o+t Yo+t

t -
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From (4) we also obtain

(5) ﬁt = ZjEOt Ptyj = wzjeot Ktyj = w Ft
D, (0 +t)D; 0+t
and so we can rewrite the inclusion probability F; ; as
t
(6) Py = (1= utd

Moreover, the predictive mean Z; = E[T;41|F:] is the sum of two terms, one related to the old dishes and the
other related to the rate at which new dishes appear. Precisely, since Ty11 = > jeo, Xi41,5 + Ny, we have

(7) Zy=E[Tq|Fl =Y Pij+M=5+X\,
JEO

where \; = a/(t +1)!77 and S; is defined in (4). A simple calculation yields

(]. — U))Zt ’LU(Tt+1 — Zt) )\t
8 Zys1 — Ly = — Ayl — M+ —
(8) t+1 t ] it + At41 t+9+t+1
so that we obtain a \Z \

—w t t
E\Z Fi|l—-Zy=———"""—+ A - A _—
[t+1| t] t 9+t+1+t+1 t+€—|—t+1
Note also that we have
(9) E[T}, | F) =Zi+ 2] — Ry, where R,= Y P2,
JE€O:
(and s0 0 < Ry < Sy < Z;), because
E[T%0 | F] = E[()] Xip1j + Newa)? | 7
JE€O:

=Y P42 PP+ MEA 2N DY Py

J€O; J<y’ J€O0:

= P (P YR

JEO: JEO: JE€O:

=7+ Z} — Ry.

Finally, we recall that D; denotes the number of dishes tested until time-step ¢ and its asymptotic behavior is
described in the following subsection.

3.1. Asymptotic behavior of D;. We recall that D; = card(O;) = 22:1 N,,, where the random variables N,,
are independent and Poisson-distributed with parameter A,,_1 so that D; has Poisson distribution with parameter
A = En 1 -1 = 22:1 a/n*# ~ aln(t) when 3 = 0 and ~ (a/3)t? when 8 € (0,1]. (Remember that these
are also the asymptotic behaviors of the mean and the variance of Dy, since they coincide with the parameter

At.)

By standard martingale arguments and Kronecker’s lemma, we have the following result regarding the first-
order asymptotic behavior of D;:

(10) tﬁ —>B when 0 < 8 < 1;
hﬁt) 5% o when 8 =0.

Remark 3.1 (Central limit theorem). Setting
AB)=aif =0 and A@):%ifﬁemJL

a;(B) =In(t) if =0 and a(B8) =1t if g€ (0,1],

and recalling that

A _adt e B)adB) . 0(1)
t _)\ — n=1 — _)O’
m@{ WH V) Vai(B)



by a martingale central limit theorem (see Th 3.2, page 58, [27]) applied to the martingale difference array
Yin = (Nn— A—1)/vae(B), with ¢t > 1 and 1 < n <, we can easily obtain that

20 ( afz;)

Moreover, by a functional central limit theorem for martingales (see [19, Theorem 2.5]) applied to the same
martingale difference array (Y;,,), we can get the functional version of the above limit result.

—X(B)) BN (0, AB)).-

Finally, the following remark provides an asymptotic bound for the difference |D; — A4|.

Remark 3.2 (Law of the iterated logarithm). For each j € [0, 1], we have with probability one that
[ Dy — A4

limsup ————==1

t—+oo 4/2A; In(In(Ay))
Its proof is based on the classical Kolmogorov’s law of the iterated logarithm and standard arguments and it is
collected in Appendix D.1.

4. ASYMPTOTIC BEHAVIOR OF T, P; AND K,

This section is devoted to deriving the asymptotic properties of the average quantities defined in (2), namely

t

- 1 — 1 _ 1

Pt:EZPtJ, Kt:EZKtJ, and Tt:;ZTn.
JEO: JEO, n=1

These processes are closely related to the process of predictive means
Zt:E[Tt+1 |‘Ft]:St+)\t7

as shown by the preliminary relations (3), (4) and (5) in Section 3. Therefore, the theorems in this section focus
on the asymptotic behavior of the process (Z;):, from which the corresponding results for the averaged quantities
can be directly derived (see Table 1 and Corollary 4.4). Firstly, we provide the first-order asymptotic properties
in Subsection 4.1, and then we turn to the second-order asymptotics in Subsection 4.2.

4.1. First-order asymptotic results. From the recursive dynamics of (Z;); in (8), one might expect that its
first-order asymptotic behavior can always be derived via standard stochastic approximation techniques. However,
the situation is more subtle. Indeed, the dynamics is essentially governed by two competing contributions:

(11) _(A-w) M
0+t+1 0+t+1

Heuristically, the first term, driven by the parameter (1 —w) (that is the weight of the forcing input toward zero),
acts as a linear drift toward zero (for w < 1), suggesting a decay rate of order t—(1=w)  The second term, induced
by the decay (for 8 < 1) of the expected number \; of new dishes, suggests instead a rate of order t~(*=#). The
interplay between these two effects determines the asymptotic behavior of Z;: when the two rates differ, the
slower decay dominates; while, in the critical case 1 — w = 1 — 3, the two contributions asymptotically balance
each other, leading to a cancellation of leading-order terms and resulting in a logarithmic correction, so that the
decay becomes slightly slower than t~(1=%) (equivalently, t~(1=#)). When max{w, 8} = 1, the process (Z;); does
not converge to zero: it converges to a random variable when 8 < 1, to a constant when w < 1 and it diverges to
+o0 in the case w = B = 1. These facts in the case w = 1 are consistent with the results known for the standard
IBP of [45] (see [6]).

It is worth emphasizing that, once the processes are rescaled according to the correct rate, depending on
which term in (11) dominates, the proofs become substantially different in the two regimes. Determining the
dominant term depends on the values of w and 3, which requires splitting the analysis into two separate theorems:
Theorem 4.1 for the case w > 3, and Theorem 4.2 for the case w < f5.

In the first case, when w > §, the second term in (11) behaves essentially as a remainder, and thus (Z;);
becomes a non-negative almost super-martingale and, besides proving the convergence of =% Z,; (which follows
from a classical convergence result for non-negative almost super-martingales), we will prove (by a non classical
technique) that the corresponding limit random variable is strictly positive, concluding that ¢!~ is the exact
scaling factor.

In the second case, when w < 3, the second term in (11) can not be neglected and we obtain a deterministic

Zt and (/\t—i-l - )\t) +
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limit for the suitable rescaled process (Z;); via stochastic approximation. In particular, if 8 = 1, the sequence
(A\¢): does not decay, causing the failure of the convergence to zero for Z;. Finally, when w = § = 1, the additional
absence of drift leads to the divergence Z; — +o0.

The proofs of all the results presented in this section are collected in Subsection C.1 of the Appendix and are
essentially based on Theorem B.1, Theorem B.3 and Lemma D.1. In particular, the last one is a non immediate
technical lemma needed to control the moments of the unbounded random variables Z;. Also relation (9) plays
an important role.

We first present the convergence result in the case w > .

Theorem 4.1. (Weak forcing input toward zero)
Let f < w (ie. (1—w) < (1—p)). Then we have

timwz, &% 7x
where Z3 is a finite and strictly positive random variable.
From Theorem 4.1 and using the preliminary relations (3), (4) and (5), we can easily derive that
— 1
tlfwT % 72* 1—w * *
; T Z&r+z ZKMH — 7
JEO JEO;

that along with the behavior of D; described in (10) leads to the results for P; and K; reported in Table 1.

We now state the result in the case w < .

Theorem 4.2. (Strong forcing input toward zero and Critical case)
Let w < B (ie. (1—w) > (1—7)). Then we have

ti=F 7, 2% ;‘—ﬁ when w < B;
f;(g Zy L5 o when w = .

From Theorem 4.2 and using the preliminary relations (3), (4) and (5) we can easily derive that: when w < g

1-B/ a8 (&4 1-8 8.8, a8
t Tt—>6—’w7 t ZPt’J 7—’(1}’ tﬁ ZKt’j 7—11]’
JE€O: JEO:
while when w = 8
g, o Hﬁ P, K
mE) I th%w’wm Z i T
JEO;

that along with the behavior of D, described in (10) leads to the results of P, and K reported in Table 1.

Remark 4.1 (Convergence in L?). By Lemma D.1, we obtain that the a.s. convergence of the suitably rescaled
sequence Z; (and the suitably rescaled sequence T}) stated in Theorem 4.1 and Theorem 4.2 is also in LP for
each p € [1,+00). Moreover, by Fatou’s lemma, the limit random variable Z% that arises in the case w > 8 (see
Theorem 4.1) satisfies E[ezzéc] < +oo for some z > 0.

4.2. Second-order asymptotic in the case when the forcing input toward zero is weak (8 < w). In
this section, we establish some Central Limit Theorems (CLT5s) for the random variable Z* > 0, introduced
in Theorem 4.1 and related to the a.s. limits of the rescaled predictive mean Z; and of the rescaled averaged
quantities Ty, P, and K, in the regime w > B. These results are of particular interest when w = 1, as they
enable the estimation of the limit predictive mean Z%  via the construction of confidence intervals based on the
observable empirical means T%.

As discussed in Section 4.1, the dynamics of (Z;); in (8) is essentially governed by the two competing con-
tributions in (11), one driven by the weight (1 — w) of the forcing input toward zero and the other by (1 — ).
In the case w > 3 considered here, the first term determines the decay rate t~(*=%) of Z,, while the second one
plays no role in the first-order behavior, acting essentially as a remainder term. By contrast, in the second-order
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asymptotic behavior (see Theorem 4.3), the parameter 8 plays an important role even in the case w > . Indeed,
by (8) we can observe that the convergence of t!~%Z; towards Z?*, is governed by two competing contributions:

pow BMen g e M
0+t+1 0+t+1
where AM;11 = w(Tiy1 — Zt) is an unbounded martingale difference. Heuristically, the first term suggests a
martingale CLT with scaling ¢t ~*/2, leading to a zero-mean Gaussian limit kernel. The second term is deterministic
and exhibits a decay of order t~(¥=#). The interplay between these two contributions determines the second-
order asymptotic behavior of t1=%Z;. Specifically, taking into account (12): if (w — 8) > w/2 (i.e., B < w/2),
the second term is negligible also at the second order, and the asymptotics are entirely driven by the martingale
term which leads to the convergence of t*/2(t'=% Z, — Z*_) to a Gaussian kernel with zero mean; if (w — ) = w/2
(ie., B = w/2), we still obtain that t*/?(t'=*Z, — Z*) converges toward a Gaussian kernel, but the second
term contributes with a constant shift in the mean equal to —a; if 0 < w — 8 < w/2 (i.e., w/2 < f < w), the

deterministic term dominates so that we obtain (t!~%Z, — Z*) L —Ct=(=H) with a suitable constant C > 0, and
the Gaussian fluctuations arise if we consider the quantity (t'~*Z; — Z%, + Ct~(*=5) multiplied by the scaling
factor t*/2. It may appear surprising that the asymptotic contribution of the second term is strictly negative
in the last two cases. However, this is fully consistent with the fact that, in the dynamics (8), the second term
represents a strictly positive contribution. Accordingly, it affects the second-order asymptotics by increasing the
value of Z*_, and hence by reducing the deviation (t!~%Z; — Z* ), relative to a dynamics with a random zero-mean
remainder term, as typically encountered in similar settings. Moreover, it is worth emphasizing that the variance
of the Gaussian limit kernel is always random. Moreover, its random component coincides with Z%_, except in the
degenerate case of no-interaction (¢ = 0) and no-forcing input toward zero (w = 1). As we will see in Section 5,
this is also the only regime in which the dish-specific inclusion probabilities P; ; do not converge a.s. to zero (see
Table 3).

Finally, note that in Theorem 4.3 the convergence holds true also in the sense of the a.s. conditional convergence,
which is a form of convergence introduced in [11] and, subsequently, employed also by others in the urn model and
Bayesian literature, e.g. [21, 51]. Specifically, in [21], it is shown how to use a CLT with this form of convergence
in order to construct a credible interval in a Bayesian framework. In [51], instead, it is illustrated how to use a
CLT with this form of convergence in order to prove that the limit random variable has no point masses.

The proofs of all the results presented in this section are collected in Subsection C.2 of the Appendix and are
essentially based on the general Theorem B.4 and on the technical Lemma D.1 and Lemma D.2.

Theorem 4.3. (CLT for the case of weak forcing input toward zero) Assume 8 < w, i.e. (1—w) < (1-0),
and let B

o ZX — R >0 ifw=1and.=0;

*1zy >0 otherwise.

where Z*, is the a.s. limit of t'="Z, introduced in Theorem 4.1 and ﬁoo s the a.s. limit of Ry as provided in
Lemma D.2. Then, we have
(12) (2 (10 Z, + 28w 7 ) Y N (0, S,
where this convergence also holds true in the sense of the a.s. conditional convergence with respect to the filtra-

tion F. Moreover, as a consequence, when (w — ) < w/2 (i.e. w/2 < < w), we have

81— P

P2, - 25) — -2
Remark 4.2 (No point-masses for the limit random variable). In the case w < 1 or ¢ > 0, with a similar
argument used in [51] (see also the proof of [15, Theorem 2.5]) based on the a.s. conditional convergence toward

a Gaussian kernel, we can obtain from (12) that, for any 8 < w, P(Z% = z) = 0 for each z > 0.

In the next result, we provide the second order asymptotics for the averaged quantities: the one for T, is a
direct consequence of (12), while the ones for P; and K are also related to the second-order asymptotic of the
number D; of distinct tested dishes (observed features).

Corollary 4.4. If § < w, then we have

(13) /2 (tl’wi + gt - iz;;c) LAY AL(0, Boo /)
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(where the convergence also holds true in the sense of the a.s. conditional convergence with respect to F) and, as
a consequence, when w — § < w/2 (i.e. w/2 < < w), we have

w—P (l—wr 1 7x P __«
(T, - 7 ) B - ey

Moreover, using the notation introduced in Remark 3.1, we have
—w D aw —(w— * tabl z:)?

(14) at(B) (tl ai(B) Pt + Wt Co=f) — ﬁzoo) = N(0, %)
and, as a consequence, when (w — ) < 8/2 (i.e. (2/3)w < < w), we have

=B (tl—w+ﬁ P, — ﬁZ;;) P, _LB.
Finally, we have

a:(B) 7 o —(w— 1 % ) stably (z3)°

(15) w(B) (ST, + gyt — s Zi) N (0.5
and, as a consequence, when (w — ) < 8/2 (i.e. (2/3)w < < w), we have

_ — L\ P
P (R - £25) B -3

Note that the above limit random variance Y /w can be estiglated by the observable process (T3);. Indeed,
when w < 1 or ¢ > 0, it can be seen as the a.s. limit of t!=%T; while, when w = 1 and ¢ = 0, by (9) and
Lemma E.5, it coincides with the a.s. limit of 3 _, T2/t — (T;)2.

Remark 4.3 (Comparison with the standard IBP of [45]). From [6, Theorem 8], using our notation, we
get that the standard IBP of [45] satisfies for every 8 < 1

Vi(Zi - 22) " N(0,50) and V(T — Z2) "% N(0,5x)

with ¥, > 0. This is obviously a difference with our model in the case w < 1, but, importantly, it is a difference
with our model even when w = 1 and ¢ = 0. Indeed, as illustrated above, we have a non-centred Gaussian kernel
in the case 8 = 1/2 and a convergence in probability with a rate depending on (1 — ) to a suitable constant when
1/2 < < 1. This difference is due to the fact that, also in the case w = 1 and ¢ = 0, the inclusion probabilities
P, ; and the parameter )\; in our model differ from the ones in the standard IBP, where the inclusion probabilities
and the parameter A; are defined so that the sequence (Z;) of the predictive means is a martingale.

5. ASYMPTOTIC BEHAVIOR OF P; ; AND K ;

In this section, we aim to derive the asymptotic behavior of the quantities K;; and P, ; related to each
individual dish j. To this end, let 7; be the first time at which the dish j appears and define the process
B, ; = K, ;/(6 +t) (which is equal to zero for ¢ < 7; and > 0 for t > 7;) whose asymptotic behavior will be
essential to establish the one of P, ; and K, ;. Note that, since D; T +00 a.s., we have P{r; < +00} =1 and, on
{rj < 400}, for t > 7;, we have

K.+ AKi,) K 1 1
Brrrj = Buj = : (i9+t+1) = (9+]t) B EN IS L A e LR
that is
(16) <&Hj:(1—l)BH+-1AKHU,
: O+t+1) " T og1t+1 :
where

E[AKfﬂH’j ‘ ]:t] = Pt,j = (1 - L)IUBt)j + Lﬁt.
A simple calculation yields to
(1 - (1 — L)’w) . Lﬁt AMt+1,j
O+t+1 T 04t4+1 " O+i417
where AM; 11 ; = (AK;y1,; — P, ;) is a martingale difference.

(17) Bit1,j — Bij=—

Firstly, we establish the first-order asymptotic properties in Subsection 5.1, and then we turn to the second-
order asymptotics in Subsection 5.2.
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5.1. First-order asymptotic results. The dynamics of By ; in (17) is essentially governed by two competing
contributions:

(1-(1-w) LPy
(18) Trigr Do oad gTy
Heuristically, the first term, driven by the parameter (1 — (1 — ¢)w), acts as a linear drift toward zero (for
(1 —t)w < 1), suggesting a decay rate of order t—(1=(=9w) " The second term, proportional to the interaction
intensity ¢ and to the random averaged quantity P;, suggests instead a rate as derived by means of Theorems 4.1
and Theorem 4.2, and described in Table 1. The interplay between these two effects determines the asymptotic
behavior of By ; (and hence of K; ; and Pt,j): when the two rates differ, the slower decay dominates; while, in the
critical case, when the two contributions asymptotically balance each other, the leading-order terms disappear
and a logarithmic correction appears. Once the processes are rescaled according to the right rate, depending on
which term in (18) dominates, the proofs become substantially different in the various regimes. the dominant
term depends on the values of ¢ with respect to the ratio 5/w and, to better highlight how these results change
with the level of interaction ¢, we will categorize the results into three distinct cases:
(a) Low interaction: where the interaction parameter ¢ is either zero (no interaction) or smaller than the
threshold S/w;
(b) High interaction: where the interaction parameter ¢ equals one (maximum interaction) or it is smaller
than one but exceeds the threshold §/w;
(¢) Critical case: where the interaction parameter ¢ exactly equals the threshold §/w.

In the first case (a), the second term in (18) behaves essentially as a remainder, and thus (B ;); becomes a
non-negative almost super-martingale and we will prove (by the non classical general result Theorem B.3) that
its right scaling factor is t(!=(1=%)_In the other cases (b)-(c), the second term in (18) is of the same order as
the first one, and we obtain the desired results via a general stochastic approximation theorem with a random
“attractor” (see Theorem B.1).

The fact that the presence of interaction (¢ > 0) causes each P, to approach zero (even when the weight
(1 — w) of the forcing input toward zero is null) can be understood by recalling that, according to (6), P; ; is a
linear combination involving the term +P;, which always tends to zero (see Table 1). Hence, a higher value of ¢
amplifies the effect of P;, accelerating the convergence of P; ; to zero.

5.1.1. Statement of the results. In this section we are going to provide the first-order asymptotic results about
the dish-specific quantities Ky ; and P; ;. The first theorem holds in the case when the interaction is low.

Theorem 5.1 (Case (a): Low interaction). When
(1) © =0 (no interaction at all) or
(2) 0 <t < min{f/w,1},

for each observed dish j, we have
Ky ;
t1=w

a.s, %
— K3

and
ti==vv p 2% Yw K,

where K7, ; is a finite and strictly positive random variable.

*
00,

This result for w = 1 and ¢ = 0 is coherent with the one for the standard IBP of [45].

The next theorem holds in the case when the interaction is high.

Theorem 5.2 (Case (b): High interaction). When
(1) v =1, for each observed dish j, we have

a.s

— K,
P;j=P, Vt>1 and ——L— "%,
ZnZI Pn_l

(2) 0 < B/w < <1, for each observed dish j, we have

Ktj a.s, L ﬁ
Y KOO = " r*
o5 (tw—B)a ™
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and
A—wtp Py a8, t(w — f) ﬁ zr
7T w-fa

where ZX, > 0 a.s. is defined in Theorem 4.1;
(8) 0=p/w<t<1 (ie. B=0and0<¢<1), for each observed dish j, we have

K a.s,
S RNy G- L zZ
tv /1In(t) aw

and 1
Y n(t) Py &5 — 77
o
Finally, the last theorem holds in the critical case.

Theorem 5.3 (Case (c): Critical case). When 0 <= f/w < 1, for each observed dish j, we have
Kt,j a.s; B

B (D) - Ky = v A
and
o P &% (1 L)U)Lé z*
In(t) "7 a7
5.1.2. Proofs.

Proof of Theorem 5.1 (Low interaction). Considering the process B; j = K j/(0 +t) and denoting B} ; = (¢(1 —
(1 —¢)w)By ;, from the dynamics (17) we obtain

(19) By, = (1 + o(tiz))B;j + S Q(onw) (AN, 4 Py)

and so, by the asymptotics for P; (see Table 1) and the classical Theorem E.4, the process (Bf ;)¢ is a non-negative
almost super-martingale that converges a.s. to a finite r.v. BX . However, this is not enough for our scopes.
Indeed, in that way, we do not know that such random limit B  is a.s. strictly positive, and this is crucial for
proving the right rate of convergence. For this reason, we are going to apply the more sophisticated Theorem B.3
(case i) together with Remark B.1 with 7 = 7;) to dynamics (16) with Xy = By j, Yiy1 = AKyyq; € {0,1},
§ = (1 —v)w € (0,1]. To this purpose, we note that p; = 0 when ¢ = 0; while p; = tP; > 0 when ¢ > 0. To
handle the case ¢ > 0, from Table 1 we get P; = O(1/t!=%*#) when 0 < 8 < w < 1, P; = O(In(t)/t) when
0<B=w<1and P; = O(1/t) when 0 < w < 8 <1 (the case 8 = 0 is not possible with ¢+ > 0 because 3 > 1w
in the case of low interaction). Therefore, setting § = (1 — ¢)w, we have

Z#<+ooa.s.forsome0<e<5,
t

provided that ¢ =0 or 0 < ¢ < 8/w. Moreover, we trivially (since Y;11 € {0,1}) have
E[Y2, | Fil < EYi | Fi).
Hence, under our conditions, we find
100w B, ; &% Br 5 € (0,+00)
and so the first statement of the theorem follows with K7, ; = B% ;. Finally, it follows, by (6), that
g Py S5 (1w B, = (1 — Jw K, ; € (0,+00),
which is the second statement of the theorem. [

Proof of Theorem 5.2 (High interaction). We will prove the two cases separately.
Proof of case (1): From (6) we immediately get P, ; = P; for each j € O; and so the asymptotic behavior of P, ;
is described in Table 1, while, by Lemma E.2, for K, ; we have K, ;/ 22:1 P, 1 %% 1 because K ; = 22:1 X
with E[X,41,j | Fn] = Pyj = Ppand >, P, = +00 as..
Proof of case (2): Recall that we have By ; = K, ;/(6 +t) with dynamics (17):
(]. — (1 — L)U))Btyj' — LPt + AMt+1’j
0+t+1 0+t+1’°

Bit1,j =B —



15

where
AMiy1,; =AKipq,— Py =AKiyj— (1 —)wByj — =
When tw > > 0, the term ¢P; is not negligible as in Theorem 5.1 and so we have to study the dynamics of By ;
paired with the one of P;. From Table 1 we know that, since w > 3, we have t!~*+5P, “3 P* > 0. Now, let
=Gl —w+ B)By;, P = ((1 —w+ B)Py and AMi, ;= = (G41(1 —w+ B)AM;y1 ;. Then, using (25), we
obtam

B, ;= (B* o (17(17L)'LU)B;J'7LF:> G (—wtp) INVHR

0Fi+1 G (l—w+h) OFi+1
= (Bf,j - (1_(1_22131;4_;;) (1 + 101?1?) + Aﬁfﬁ?
by, - T S,
with p; = O(%f:ﬂi‘) being Fi-measurable. This suggests that (Bj); is not a non-negative almost super-

martingale, as in Theorem 5.1, but instead it evolves according to a stochastic approximation dynamics, which
should convergence to tP% /(tw — B). For proving this convergence, we are going to apply Theorem B.1 with
X: = B, together with Lemma B.2. To this end, we observe that, by (9) and since 0 < P, ; <1,

E[(AM:HJ)Q | Fi] =C(1—w+ 5)2Pt,j(1 —Pj)<cl-w+ 5)2Pt,j
=((I-w+B)[(1 - )wB;; + L?:] = O(t1 =P+ Ve >0,

where we have used B} = o(t¢) that follows by Lemma B.2 applied to X; = B} with A, = P; and b = (tw— ;) > 0.
(Indeed, Ay = : is a.s. convergent by Table 1 and, since both B;; and P; are bounded by one and w > §,

we a.s. have >, X /t> = 3, O(B; /'~ *P) < 400 and Y, |pe| = 3, O <ffjj_12t> < 400.) Hence, choosing a

suitable €, we get

1 *
Z O+t+1)? E[(AM{, ;)? | Fi] < +o00  as.
t

and so, by Theorem B.1, we have

a.s, L
B =G - By, — — P,
t,j Ct( w+6) 12%] (waﬂ) oo
From Table 1 (case w > 8 > 0) we get PX gZ;‘O > 0 a.s. and so the first statement of case (2) of the theorem
follows. Finally, by (6), we get

5B,

1—w+p (1 Dw L px* x« _ (w=PB) px __
t Prj % Gy P+ 1Pl = (523 Pl = (rimg) o 2o

which is the second statement of the case (2) of the theorem. B

Proof of case (3): When tw > 8 = 0, analogously to case (2), the term ¢P; is not negligible in the dynamics (17)
of B;; and so we have to study the dynamics of B, ; paired with the one of P;. From Table 1 we know that,
since w > B = 0, we have t! " In(t)P; “3 P, > 0, so the dynamics we need to consider is
(1-(A—0w)Bij =Py  AM,

O+t+1 0+t+1"°
where AMtJ’_Lj = AK?H—LJ' - Pt,j = AKt-‘rl,j - (1 - L)U]Btd‘ — Lﬁt. NOW, let Bt*,j = Ct(l - ’U)) ln(ﬁ + t)BtJ‘,
P, = ¢(1—w)In(@+t)P; and AM{yy ;= Gr1(1 —w)In(0 +t +1)AM;1 5. Then, using (27) from Appendix A,
we obtain
B:—&-l ;= (B* o (1*(1*L)W)Bf,j*LF: ) Ce41(1—w) In(6+t+1) + AM,

Bii1,; =Bt —

O+t+1 Ci(1—w) In(0+t) O+i+1
_ * (1_(1_L)w)B:,j_Lﬁ: 1—w 1 AM:+1 J
- (Bt,j - 0+t+1 L+ 0+t+1 ~ (0+t+1) In(6+t+1) +O(t2 In t)) + 0+t+1
o wBy ;—P; B}, AM/y,
=B — g T preE ) T atiet TPt

* 1 o 1 * AMY,
=Bt o (LPt - (Lw + 1n(9+t+1))B ,y> + e TP
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with p, = O(B;’f:ft) being Fi-measurable. We want to apply Theorem B.1 with X; = B}, together with
Lemma B.2. To this end, analogously to the proof of case (2), we have that

Bl(AM{y ) | Fi] = C(1—w)* n*(0 + ¢ + 1) Py j (1 = Prj)
<1 —w)* PO+t +1)P;,
= ((1—w) (0 +t+ 1)[(1 — YwB;; + . P,]
=O(t'"™™"T€In(t)) Ve>0,

where we have used B; = o(t€) that follows by Lemma B.2 applied to X; = B}, with 4; = Lﬁ: and by = 1w +

1/In(6+t+1) (note that we a.s. have Y, X;/t* = >, O(By; In(t)/t'T*) < +oc and Y, |pe] = >, O(B‘t’{::?t) <
+o0 as w > 0). Hence, choosing a suitable ¢, we get

1
S S B[(AM;, )’ | Fi < +oo as..
— (0 +1+1) i

Then, by Theorem B.1, we have
= a.s. 1 *
Bij=G(L—w)In(@ +6)By; == — P

From Table 1 (case w > 8 = 0) we get P = 1Z% > 0 as. and so the first statement of the case (3) of the
theorem follows. Finally, by (6), we get

a.s, 1 * * * 1 *
H%In(t) Py =25 (1 - L)U)E Pl +uPy = Pl = —Z%

which is the second statement of the case (3) of the theorem. g

Proof of Theorem 5.3 (Critical case). The structure of this proof is analogous to the proof of Theorem 5.2 as,
also in the case tw = 3 > 0, we have to study the dynamics (17) of B; ; = K; ;/(0 +t) paired with the one of P;.

From Table 1 we know that, since w > 8 (because 0 < ¢ < 1 and vw = ), we have t'~*+#P, “3 P* > 0. Now,
let By ; = %Bm, ﬁ: =¢(1 —w+ B)Py and AM{ ;= Ge41(1 —w + B)AM;4q ;. Then, using (25) and
(27) from Appendix A, we obtain

B — (1 - G=(1=vw) x CGy1(1—w+p)  In(6+t)
t+1,5 = O+t+1 £, In(0+t+1) Ce(1—w+B)
+ Py e (—wip) | AMEL
O+t+1) In(0+t+1) ¢ (1—w+pB) (0+t+1) In(0+t+1)
_ (1-(1-y)w) 1—w+p 1 1
- (1 T 0+t+1 )B;j (1 + 9+1f+1 T (0+t+1) In(0+t+1) + O(t2 ln(t)))
VP 1—w+p AM; ¥
MR (ZEESITI(Z=ESY) (1 + T ) + BT WD
B .—.P; AM;
bt fn*(},’jrtﬂ) + Pt

= Bl — GreDmere) T 05

with p; = O(%) = O(?ffj,it) being F;-measurable. We want to apply Theorem B.1 with X, = By,

together with Lemma B.2. To this end, analogously to the proof of Theorem 5.2, we have that

E[(AM 4 ;)? | Fi) < C(L—w + B)[(1 = JwB; +Py] = O~ F%),
tj, with Ay = P,
and b = 0 (note that we a.s. have Y, X;/t? = >, O(By ; /t'77F) < +oc and 3, |ps| = 3, O (%) < +o00

as w > ). Hence, choosing a suitable ¢, we get

1
E[(AM},;)? | Fi] < 400 as..
zt:(9+t+1)21n?(9+t+1) (AM )" | Fi] < Hoo as

for any e > 0, where we have used B} = o(t¢) that follows by Lemma B.2 applied to X; = B;

Then, by Theorem B.1, we have

Ct(l 711)4’6) a.s.

S e R e
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From Table 1 (case w > § > 0) we get PX gZ;‘O > 0 a.s. and so the first statement of the theorem follows.
Finally, by (6), we get
tl—w+5
In(6 +¢)
which is the second statement of the theorem. O

P <% (1—)wPs = (1 - L)wLéZgo ,
!

5.2. Second-order asymptotics in the case of low interaction. We focus here on the low-interaction regime,
when each dish-specific process Ky ; converges to a limit random variable, proportional to K73, ; > 0 (see The-
orem 5.1). Therefore, it could result useful to establish a CLT for these random variables K;O j» in order to
construct confidence intervals and estimate them from the observable quantities K, ; and T,. This result is pre-
sented in Theorem 5.4. Its proof relies on the auxiliary process By ; = Ky /(6 +t), introduced in Section 5.1 and
on the results proven for the averaged quantity P;. By (19) from the proof of Theorem 5.1, we can observe that
the convergence of ¢t'~(1— ‘)U’Bt toward K7, ; is governed by the two competing contributions:
AMt+Lj and tlf(lfL)w Py

0+t+1 0+t+1"

where AM; 11 ; = (AKyy1,;—P; ;). Heuristically, the first term suggests a martingale CLT with scaling t=(=w/2,
leading to a zero-mean Gaussian limit kernel. The second term, which is absent in the case of no interaction
(1 = 0), depends on the random averaged quantity P; and so it exhibits a different order of decay according to the
values of 8 and w (see Table 1 for the first-order asymptotics derived by means of Theorems 4.1 and Theorem 4.2,
and see Corollary 4.4 for the second-order asymptotics obtained from Theorem 4.3). In presence of interaction (we
here mean low interaction, i.e. 0 < ¢ < min{S/w, 1}), the interplay between these two contributions determines
the second-order asymptotic behavior of tlf(l’b)“’Bw—. Specifically: if « = 0 OR 0 < ¢ < min{26/w — 1,1}
(note that the case f > w and 0 < ¢ < 1 is contained in the union of these two cases), the second term is
negligible also at the second order and t(!=9*/2(K, ; /t(1=)% — K ) converges to a Gaussian kernel with zero
mean; if 0 < ¢ = 28/w —1 < 1 (that implies 3 < w), we still obtain that t1=)w/2(fg, ; /t(1=0Dv — * ;) converges
to a Gaussian kernel, but the second term contributes with a strictly negative random shift in the mean; if
max{0, (28/w — 1)} < ¢ < B/w < 1, the second term dominates so that (K, ;/t(!=)v — K% ;) ¢ —Czr t=(Bw),
with a suitable constant C > 0, and, if we also have ¢« < 38/w — 1, then the Gaussian fluctuations arise for
(Km/t(l_L)“’ — ;THCZ5t —(B=wv)) multiplied by the scaling factor t(!=**/2. Analogously to the discussion in
Section 4.2, also here the asymptotic contribution of the second term is strictly negative (when it is not negligible),
because, in the dynamics (19), that term represents a strictly positive contribution. This affects the second order
asymptotics by increasing the value of K7, ; and, consequently, by reducing the difference (K ;/ twld=o) _ K* ;)
Moreover, the variance of the Gaussian limit kernel is always random and equal to the dish-specific limit K7 o+
Finally, it is interesting to discuss how the convergence rate in the CLT changes according to the level ¢ of
interaction. Since the second term in (20) is proportional to ¢Py, it is natural to expect that the larger the
parameter ¢ is, the slower the convergence of the CLT will be. Indeed, we can observe from Theorem 5.4 that
the decay rate of the difference (K; ;/t*(1—) — K, ;) is of the form 1/t where f(1) is a decreasing function
in the parameter ¢. In particular, we will see that f(¢) tends to zero as ¢ approaches min{3/w, 1} (that is its
maximum possible value in the case of low-interaction), while, for 0 < ¢ | 0, we have that f(:) converges to
min{S,w/2} > 0 and, finally, f(0) = w/2. This means that a discontinuity in the convergence rate of the CLT
arises when 8 < w/2.

(20) tl*(l*b)w

Theorem 5.4 (CLT for the case of low interaction). Assume
(1) © =0 (no interaction at all) or
(2) 0 <t < min{f/w,1}.
Let K, ; be the a.s. limit of Ky ;/t*3=Y) introduced in Theorem 5.1. Then:
(i) when ¢t =0 OR 0 < ¢ < min{28/w — 1,1} (that implies (1 — )w/2 < f—wt) OR0O <1 =2F/w—-1<1
(that implies (1 — )w/2 = B — we), for each observed dish j, we have

(1-v)w/2 —(1—)w . L(B/a) % (B—wi) _ o stably %
(21) t (t K ;+1 fo<i=@B_1)<1y - oy 2ot Koo,j) — N(0, K ),

and the convergence also holds true in the sense of the a.s. conditional convergence with respect to F,
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(it) when max{0, (26/w —1)} < ¢ < B/w < 1 (that implies (1 — )w/2 > f — we), for each observed dish j,

we have

tﬁ—wL(t—w(l—L)Kt] _ K:O]) i) gﬂ/uliz*
Moreover, when we also have (w — 8) — (1 —)w/2 < /2 (i.e. v <3B/w — 1), for each observed dish j,
we have

(B—we)

Note that, in both cases (i) and (i), the random quantity Z* can be seen as the a.s. limit of wt!=*T; (for
case (i1), recall (13)).

t(l—a)w/Q( —(1— L)’u)K At (B/a) Zit (B—wt) K;og) sta_bl>y ./\/—(07 K;OJ)

Proof of Theorem 5.4. We will first prove the CLT for the process B, ; = K, /(0 +t) and then we will derive
from it the one for K ;. Indeed, since the dynamics of B, ; in (17), i.e

(1 — (1 — L)’w) (AKt+1 i Pt j) Lﬁt
By j=(1-+——""7)B,; ’ ’
L < 0+t+1 BT 0+t+1

is equal to the general dynamics (39) in Section B.3 of the Appendix, with ¢ = w(1 —¢) € (0,1], AMq =
(AKiy1,5 — Prj), pry1 = tPy,

_Jw =5, ifw>pBAND O << 1;
Clw(l =)o ifw<BORL=0;
for an arbitrary ¢ € (0,1), and

_JuB/a)zs,, ifw>BANDO << 1;
P =0 ifw<BOR.=0;

(because, by Theorem 4.1 and Theorem 4.2, t!=° 1P, converges a.s. to po), and since we are assuming we < 3,
in all cases we have 0 < p < 0 and so the CLT for B; ; can be obtained by applying Theorem B.4 with X; = B ;

and X3 = K7, ;. Indeed, by Theorem 5.1, we have == L)“’B GVt L)“’K % K* . and, in addition,

00,

condition (40) of Theorem B.4 follows by (64) in Lemma D.3, because for any p > 1 and € > 0, we have

|AMt+1|p - 1 1—(1—)w
E[Z W} =D BT OTIYIAK ] < oo
t=1 t=1

Moreover, condition (41) of Theorem B.4 follows by Theorem 5.1, because
OO B[(AM1)?|F) =170 P (1 - Py) 5 VE = w(l — )KL

Then, from Theorem B.4, choosing g < 1/2 (so that we always have p < §/2 when w < 8 OR ¢ = 0), we obtain
that:
(i) For p < 6/2 = (1 = )w/2, ie. forw < FOR:=00R w > g and 0 < ¢ < 28/w — 1 (that implies
Lt < B/w) OR0 < t=2F/w—1<1 (that implies ¢« < 8/w < 1), we have
((1=w/2 (t17(1ﬂ)wBt’j 4 (1—63’3;—,; —11—w—p] _ K;,j) stably N, K% ),
where p and po, take different values according to the different cases and so we obtain (21). Moreover,
the convergence also holds true in the sense of the a.s. conditional convergence with respect to F. (Note
that the above four cases can be grouped as in point (i) of the statement: indeed, the case w < 8 is
covered by the union of case ¢« = 0 and case 0 < ¢ < min{23/w — 1,1}, that implies ¢ < min{S8/w, 1}.)
(ii) For (1 —)w/2=17§/2 < p <6, i.e. for max{0, (26/w —1)} <t < f/w < 1 (that obviously implies 5 < w
and it is possible only if 8 > 0), we have

_ — _ * P L *
tB wL(tl w(l L)Bt,j _ KOOJ) SN _é[i/uizoo )

Moreover, since p;y1 = Py, by the limit relation (14) in Corollary 4.4, we have

PO P pyy — poo) =

(w—B)—(1—)w/2 w8 @ s (e .
Lf st B/Q(tl (w ﬂ)Pt‘Fi(f,ﬁ)t (w=F) _gzoo)

B —(1-w/2 P
w=p? — 0,
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provided p —6/2 = (w — ) — (1 — 1)w/2 < B/2, and so, by Theorem B.4, in this case we have

((1=0w/2 (t17(1ﬂ)w3t7j 4 B/ z: 4~ (B—we) _K:OJ) stably N, KZ).

(B—we)
Finally, the thesis follows because B; ; = ({:%Z) = K;*j (1+0(3)). O

6. FINAL REMARKS AND POSSIBLE EXTENSIONS FOR FUTURE RESEARCH

We have proposed an Indian-buffet-type model for multi-factorial innovation, in which the inclusion probability
of each feature P, ; is subjected to a forcing input toward zero, controlled by the parameter w, and an interaction
among the observed features, regulated by the parameter .. Our analysis has focused on rigorously establishing
the asymptotic behavior of the model, with all results depending on these two novel parameters, w and ¢, alongside
the standard innovation parameters o, § and 6. Given the length and the theoretical richness of the paper, we
have not addressed the statistical challenges associated with estimating these parameters. Nevertheless, the bases
for constructing effective estimators is already provided by the theoretical results presented here: indeed, from the
observation of the number D; of the distinct appeared features, we can estimate the parameters o and [; while
the power-law behavior proven for observable processes, such as the average number T, of features per agent and
feature popularity K ;, suggests that the new parameters, w and ¢, can be estimated as slopes or intercepts via
linear regressions on a log-log scale.

The numerous phase transitions and the proliferation of different regimes (see Table 1, 2 and 3) arising from
comparisons between parameters might suggest that the model is over-parameterized. Nevertheless, we do not
believe this to be the case. Indeed, the three parameters «, B, and 6 were already present in the standard
IBP [45], while the new parameters ¢ and w serve distinct and specific roles, as explained above. In fact, these
two parameters enable the model to capture a wide range of behaviors and reproduce diverse asymptotic regimes,
which would not be possible using only the standard parameters. The phenomenon under study is inherently
complex, and it is therefore natural that several parameters are required to adequately characterize it. We also
emphasize that, in order to establish all these different regimes, we had to employ a range of distinct proof
techniques, as the dynamics of the stochastic processes of interest behave differently across the various phases.
In particular, some of these proofs required the development of general theorems that may be of independent
interest beyond the context considered in this paper, and non immediate technical lemmas; specifically, we refer
to the results provided in Section B (for general results) and in Section D (for technical lemmas) of the appendix.

Finally, we highlight that, although the interaction structure considered in this article is a simple mean-field
average over all features, it is already sufficient to generate a rich variety of asymptotic behaviors. This interaction
can be described using just two additional parameters, w and ¢, which can be analytically related to the conver-
gence rates and to the almost-sure limits of certain observable processes, such as (T); and (K, ;);. Consequently,
as already observed above, the explicit dependence of the asymptotic rates on the parameters suggests possible
routes toward statistical estimation. While one could consider more general interaction matrices, including sparse
or heterogeneous interactions, this would substantially increase the number of parameters and make their estima-
tion considerably more challenging. Therefore, the mean-field formulation represents a natural balance between
complexity and tractability, enabling the model to capture diverse behaviors without compromising statistical
feasibility.

In addition, based on our experience with general interacting reinforced models on finite networks, the asymp-
totic behavior in this context is typically governed by the eigenstructure of the interaction matrix. In particular,
first-order convergence is determined by the leading eigenvalue, with the a.s. limit identified by its corresponding
eigenvector, while second-order asymptotics are influenced by the eigenvalue with the second largest real part.
However, in the context of this work, the number of vertices of the network is not fixed, as in the previous liter-
ature, since the number of observed features D; diverges to infinity. As a consequence, the increasing dimension
of the interaction matrix implies that its eigenstructure may evolve over time. The mean-field interaction has the
desirable property that the eigenvalues remain constant over time, and are given by w and w(1 —¢). Analogously,
the leading eigenvector is always proportional to the uniform vector with all the entries equal to one. This stability
property does not hold for a generic type of interaction.

An interesting direction for future research would be to identify an interaction matrix that grows in dimension
while maintaining a fixed leading eigenvalue/eigenvector and a fixed relative second eigenvalue. This is not
straightforward and would require a separate dedicated work. Nevertheless, we recognize that this is an important
future development that could further enhance the significance of this topic. We believe, however, that the present
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work, based on the mean-field interaction, provides a first mathematically tractable step in the literature on
stochastic multi-factorial innovation models with feature-interaction.

Authors’ contributions. All the authors contributed equally to the present work.

APPENDIX A. TECHNICAL LEMMAS ON DETERMINISTIC SEQUENCES

For x > 0, set
x40
(22) Ci(x) = % fort >0,
so that we have (see Lemma 4.1 in [23])
(23) G(@) = (0 +t+ 1" +O((0 +1+1)"71) ~vispoo £
and
(24) oty = wree T O (@) -

Moreover, we have

Gy1(@) _ D(x40+t+2) D(O+t+1) _
(25) {t%m) = T(at0+t+1) T(0+t+2) L+ o5

and since for y > 0 we have 1 —y < (14+y)" ' <1 —y+ 92,

T Gt (x)
(26) l=grqr = @ = 1-

X X 2
ot T (aren)
Finally, by (25), we have for ¢t > 1

Cet1(w)

1
In(0+t+1) x In(l-g57)\ _ x

27 (Ct(z) L= (1 + 9+t+1) (1 + ln(9+Jtr4t—J1r)1 ) - (1 + 6+t+1) (1 - (9+t+1)11n(9+t+1) + O(t2 111(t)))

( ) In(0+t)

— x 1
=1+ O0+t+1 ~ (0+t+1) In(0+t+1) + O(t2 In( )) :
Lemma A.1. Let (¢(x) ~t* defined as in (22),0< 6 <1,0<p <1, and set

(28) dp = max{d, p} € (0,1], by = % and ay = EHEHD°

b27k !

where ro = (o(1 — do) and for k> 1

(29) m:{@ﬂ—%) i+ p:

G(1—60)/In(0+k) ifd=p
Then for n — 400

re 1 1 1N,
bu ) arRmE = bn D b 5 ond g Do

k>n k>n k<n

Proof of Lemma A.1. The proof is based on the continuous integral approximation of the series with proper
integrals, namely

W3~k < (R - ST+ b - ol +

k>n k>n

(30) tdt — 5|,

where ¢(t) = r:/(0 +t + 1)? is the convex function that interpolates ¢, = (biax)™' = ri/(0 + k + 1)? and
c(t) = (t1H9)=1if § # p; c(t) = (1% Int) "L if § = p = &o.
For the first term in (30), the trapezoidal rule overestimates [ M Eydt < &+ Z 1 cr + ¢ and hence
0 < b ([0t = Xy 7 ) < b0 = bl = OlnY).
For the second term in (30), by (23), [¢(t) — c(t)] < Ct=27*0, and hence
b [ [E(t) — c(t)|dt = O(n™1).
The second term in (30) is immediate when § # p, since fn c(t)dt =n=%/55. When § = p = do,

L e ﬁ—mW1U$M%Hy»%,
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since, for any = > 0 [1, eq.5.1.20, pag.229]

%ln(l—l—%) <e‘”fzo

(1+%).

The proof of - Zk<n i — 5. is trivial for 6o = 1, since 7, = 1 when 6 # p and -, ' ~ nln(n) for
0 =p=1. For (50 < 1, the proof is again made on continuous integral approximations, here

(X - Joka)| + ESGIE - ewlde + | foemar — &),
k<

where ¢(t) = (t71F0) if w # B; ¢(t) = (7' Int) if § = p = §y. Since ;- is eventually decreasing by (25) and
(27), the first term in (31) is vanishing, since

1 1 ni 1 2
0<E(Zrk—f0ndt) < B 0

k<n

IN

Moreover, by (24), |- — ¢(t)| < Ct~?%%, and hence also the second term in (31) is vanishing;:

ol —c(®)]dt = 0.

When 6 # p, fo t)dt = n® /8§y and the proof is done. When § = p = &y, with e¥ = % we obtain
n n 90 In dolnn ¥ n%0 (8¢ In(n)—
Joe(ydt = [ontar = [ " gty = n2Colgl=), O

Lemma A.2 ([4, Supplementary material|). If a; > 0, a; < 1 for t large enough, > ,a; = 400, 6 > 0,
Zt 515 < +OO, b> 07 Yt 2 0 and Yt+1 S (1 — at)byt + 5t, then hmt_>+oo Yt = 0.

APPENDIX B. GENERAL RESULTS FOR SOME RECURSIVE DYNAMICS

We start by providing in Subsection B.1 two results, probably known, but for which we were not able to find a
reference in the literature and so, for the reader’s convenience, we state and prove them here. In Subsection B.2
and Subsection B.3 we provide two new general results.

B.1. Results of the first-order for a generalized stochastic approximation dynamics.
Theorem B.1. Let (Xt): and (A): be two F-adapted real stochastic processes, where (Xy); follows the dynamics
Xip1 = Xi +ne(Ap — b Xy) + e AMi 1 + peyr

where (by); and (ny): are two sequences of real numbers with by — b >0, n, > 0 for t large enough, Y,y = 400,
Soimi < 400, (AMyy)t is an F-martingale difference such that

(32) ZntzE[(AMH_l)z | Fi] < 400 a.s.

and py+1 1S a Fyy1-measurable remainder term such that Zt |pt41| < +00 a.s. Then, we have

1 hm mf A < hm mf X; <limsup X; < lim sup 4; a.s..

t—o0 t—o0

As a consequence, if (Ay)s converges a.s. to a random variable As, then we have Xy ~>% A /b.

Proof of Theorem B.1. Without loss of generality, since by — b > 0, we can assume b, > 0 for all . Moreover,
we can focus on proving the thesis with b; replaced by its limit b > 0. Indeed, since (b;/b) — 1, the thesis with
a time-dependent sequence (b;); follows directly with the one with constant b by setting 7; = (b;/b)n: > 0 for ¢
large enough, fL = (b/b;)A; and AJ\ZH = (b/b)AMyy1.

Assume b; = b > 0 for all t. Without loss of generality, since 1, > 0 for ¢ large enough and 7, — 0, we can
assume 7); such that 7, > 0 and (1 — bn) > 0 for all t. The rest of the proof is divided in two steps.

Step (1) For any a € R and ty € N we can define the process (X{");>0 as follows: X' = X, and
atofz AXatO for t > 1, with

n+1
{nn(An - bXZ7tO) + nnAMnJrl + Pn+1 lf n S tO 5

AX® to
N (a —bX2%) + 0 AMy i1 + ppit ifn>ty;

n+1 —
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so that Xf’to = X, for any t < ty. Moreover notice that, for any n > ¢,
AXZ-S AXyy = nn((a —A,) — b(ng’tO - Xy))
and then
(XZ-:{) - Xn+1) = nn(a - An) + (1 - b77n>(Xz7t0 - Xn) .

This means that

(1) Nisr{ X" < X} with probability one on N>t {a < A;},

(i) Niseo{ X" > X;} with probability one on N>, {a > A;}.
Therefore, on the set {a > limsup,_,., A;}, with probability one we have that

limsup X; = inf sup X; < inf sup X" = limsup X" .

t—o0 0 t>to to t>ng t— o0
Analogously, on the set {a < liminf; ., A;}, with probability one we have that
hmlant = sup inf X; > sup 1;1f X to — hmlan arto
to t>to t
Step (2): We will now show that, for any fixed a € R and to € N,

it it
limsup X" = liminf X;"*° = 7 as..
t— 00 t—o0

We define py, = 0 and pry1 = (1 — bne)pr + peya for each ¢ > g, so that we have |pry1| < (1 — bne)|pt| + |pe+1]
and hence, by Lemma A.2, we get p; “3 0. Set ¥; = Xf’to —a/b— p; for any t > ty. After some computations,
we arrive to

Yig1 = (L= bn)Ys + i AM; 4
and so

EYA, | F]=Q+0*n))Y? + i E[(AM1)? | Fi] — 2bm, Y7

Hence, (Y,?); is a non-negative almost super-martingale, which converges a.s. since Y, n? < +oc and (32) (see
Theorem E.4). We also get Y, n:Y;> < +00 a.s. and so, since >, 1: = 400, we necessarily have Y2 %30, that is
Xt % q /b,

Conclusion: We have shown that, for any pair a; < ag, on the set

{a; < hm 1nf A; < limsup 4; < as},
t—o00
we have that
“—bl < 1m1ant < limsup X; < %2 a.s..
n—oo

Finally, since a1 < as are arbitrary, we get the thesis. O
Lemma B.2. Let (X;) be a non-negative stochastic process such that >, X;/t*> < +o0o and with dynamics
AM
X1 =X + ﬁ(At — b Xy) + aril TPt

where by > 0, (Ay); is a.s. convergent, (AM;y1); is an F-martingale difference and (p;) is an F-adapted process
with Yy, |p¢| < 400 a.s. Then we have X; = o(t€) for any e > 0.

Proof. Set X} = X¢/Ci(€).

ko by Ge(e) yrx A M, Ay /(0+t+1)+ps
Xt+1 - (1 - «9+t+1) Cet1(e) 0t + (9+t+1)£:r1(6) Get1(€) ’
Since (26), we get
Ay
= be € 1 * AM, O+t+1) TP
Xt+1 - (1 - 0+t+1)(1 Tt + O(?))Xt + (0+t+1)<21(e) + Cit1(€)
Ay
oy bite y* 2\ v * AMyyq (O+t+1) T
= X! — g X + 00/t )X R GE==syrewe1 ol evercy

* AM;qq (9+t+1) +pt 2 %
<X+ e T ane - TO/)X

Hence, we have
B[X{y, | B < Xxp 4 G 4 0(1/¢%) X7

Ct+1 €



23

and so (X;) is a non-negative almost super-martingale (see Theorem E.4) and, since we have

Z[%WJFO(U#)X; <400 as.,
t

t+1(€

we can conclude that X}, and so X;/t¢, converges a.s. to a finite random variable. Since € > 0 is arbitrary, the
limit random variable has to be equal to zero, and so we can conclude that X; = o(t9). O

B.2. Strict positiveness of the a.s. limit for a particular class of non-negative almost super-
martingales. Let X = (X;); be a non-negative real stochastic process with discrete time, adapted to a filtration
F = (F); and such that
1 1

33 Xiy1 = (1 - 7)X — Y1,
(33) t+1 91t t+(9+t+l) t+1
where 6 > 0 and (Y;); is a non-negative F-adapted real stochastic process. Now, let us set H; = (6 +t)X;. From
(33), we get

Hiypn =Hi + Y
and so H; = Hy + Z;Zl(Hn —H,_1)=Hy+ Z;Zl Y,,. Hence, (H;); is a non-decreasing sequence of random
variables with sup, H; = Ho + ), Y;. Therefore, if the series ), Y; is a.s. convergent, then (H;), and so (¢ X),
is a.s. convergent. This means that X; = O(1/t) and so it a.s. converges to zero. The following result deals with
the case when ), Y; = 4o00.

(Note we use the notation p;” = max{p;,0} and p; = max{—p, 0} so that p; = p;7 — p; and |p:| = p;” + p; .)
Theorem B.3 (Strict positiveness of the a.s. limit). In the framework described above, if ", Y; = 400 a.s., then
(t X¢)¢ converges a.s. to +oo.

Moreover, if we also assume

(34) EYiy1 | Fi] = 0Xe + pt s

where 0 < § < 1 and (p;); is an F-adapted stochastic process such that py <> 0 with (x) 3, p /(0 +1)° < +o0
a.s., then 3, |pel /(0 +t)° < 400 a.s. and (t17% X}); converges a.s. to a finite random variable X%, that is
X; = O(1/t'79).

Finally, P(X2, > 0) = 1, that is t—(1=%) s the exact convergence rate of (X;); toward zero, if

a) we replace condition (x) by the more restrictive one:

(35) % < 400 a.s. for some 0 <e<d,

t

b) we also add the assumption
(36) BlY2 1 | F] < O(BYisa | F),

and ¢) we require that p; is a.s. in one of the following conditions:

1) pt > 0 eventually;
i) tlpe] = O(1);
iii) p: is a function of X; such that |pt| = o(X4).

Remark B.1. When the random variables Y; are uniformly bounded and p; > 0, in order to have Zt Y; = 400
a.s., it is enough that exists a finite time 7, possibly random, such that X, > 0 a.s.. Indeed we a.s. have

SB[ Fl=0Y X+ p >0 gl > 6H, Y ghy = +00,
t t t t t>71

where we used that H; = (6 + ¢)X; is non-decreasing (see above) and H, = (6 + 7) X, > 0 a.s.. This is sufficient
in order to conclude because of Lemma E.1.

Proof of Theorem B.3. Let us set H; = (6 + t)X; as we have done above so that, from (33), we have
Hip=Hi+ Y

and so H; = Hy + Z;Zl(Hn — H,_1) = Hy+ 22:1 Y,.. Hence, (H;): is a non-decreasing sequence of random
variables with sup, Hy = Hp + ), Y;. Therefore, if }°,Y; = 400 a.s., then (H;), and so (¢ Xy), diverges a.s. to



24 G. ALETTI, I. CRIMALDI, AND A. GHIGLIETTI

+o0o (and so X; > 0 for ¢ large enough).
Now, we set X; = (¢(1 — 6)X; and AM;y1 = Yip1 — E[Yi41 | Ft] so that we have

_ (1=6) \ Ge+1(1-9) Gt+1(1—=0)AM, Ge+1(1-9)
X = (1_ 9+t+1) 2?31 ) Xi+ = O i+l == 4 tg-lwrl Pt -

Since (25), we get

(37) Xt*+1 — (1 _ (1=9) )(1 + (1-9) )X: + Ce41(1—=0)AMyyy + Gi+1(1-9)

OFt+1 OFt+1 OFt+1 orir1 Pt
_ oy (1=8)® yr* Ct+1(1 5)AMt+1 Gt+1(1—0)
=X, ~ o X T it P
w g Cep1(1—0)AM;qy Cf+1(1 9)
< Xp+ 0+t+1 + ortr1 Pt-

Hence, we have

1-0 1-6) —
BXGa | F) < X7+ S50 = S

and so (X;°) is a non-negative almost super—martingale (see Theorem E.4) and, since we have
Gt+1(1=9) O((0+t)~%)
Z e S Z 9 t)é +Z @i P < oo as.,

we can conclude that X;, and so t'~°X,, converges a.s. to a finite random variable X (and so X; “% 0) and

also >, g’?;(:t 9 p < +00 a.s. so that we get S ol /(04 1)° < +o00 as..
Finally, we assume conditions (36), (35) and one of the conditions i)-iii) and we are going to prove that X% > 0
a.s. To this purpose we proceed in some steps.
Step 1 (Proof of the fact that, for each 0 < n < § < 1, we have 1/X; = o(t*=") or, equivalently, 1/H; = o(t™")):
We set Q; = (6 +t)/H; with v > 0 and we observe that we have

Qo _y_ sy 1:(1%)’1*’—1

(6+¢) Hw H
_ I{’Y H v Y; Hy Y
= (Hgﬂ) I+ G (my) =0- Ht:;l) 1+ g (as)
< 71?:1 + (eit) _VYM + Y (77 — Htlﬂ) + @
_ Yipa 1 1 Y +1
=77 t7 Htfvt+1 @ < E Y L= @D

where the first inequality follows since (1 — )Y <1 — vz for 0 < 2 < 1 and H; < H;y; and this last relation
implies also the second inequality. If we take the conditional expectation given the past F; and use the equality
Ht = (9 + t)Xt and E[}/t'f‘l ‘ ./T"t] = 6Xt + pt, wWe obtain

E[Yt+1\]‘-t]

+ Xt +pe
(38) E[ch1 — 1| R] < -yt 4y + @
< ,Y(‘SXf"FPf) + O(E[YI%I?IE]) + (9-1i-t)
1—v6 0+t)pt 0+t)|p+
= o — o T+ @O () + @ O

- )[(1776)+O( )+M(fvsign(pt)+0(f%))]-

If we prove that the above last quantity into the square brackets is a.s. eventually non-positive for v§ > 1, then
we get that for v > 1 we a.s. have

E[Qiu1— Q¢ | ] = QuE [Qt“ 1| F] <0 eventually.

This proves that, for each v > 1/4, the stochastic process (Q;):, i.e. ((#+t)/H): is eventually a (non-negative)
super-martingales and so, for each v > 1/4, it converges a.s. to a real random variable. Since v > 1/§ is arbitrary,
we necessarily have that (6 + ¢)/H, converges a.s. to zero. This fact concludes the proof of Step 1 because it
implies that (6 + ¢)'/7/H; converges a.s. to zero and we can set 7 = 1/y < § < 1. Therefore the point is to
have additional assumptions that entail the last term in the square brackets of (38) to be non-positive for vé > 1.
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When vd > 1, we have (1 —~4) < 0 and so, since H; — 400, the first quantity O(1/H¢) can be neglected. Hence
the crucial term is

w%ﬂm( — ysign(pt) +O(H%))'

In the case i), that is when p; > 0 eventually with probability one, we are done because the above quantity is
equal to zero when p; = 0 and, when p; > 0, the quantity —vysign(p:) + O(1/H;) = —v + O(1/H;) is eventually
non-positive with probability one, because —y < 0 and O(1/H;) — 0 a.s.. Another simple cases are case ii), that
is when lim sup, (t|p:]) < 400 a.s., and case iii), that is when |p;| = o(X;). Indeed, in these cases we a.s. have

PO (21723 S PN Y3
117{11 7, —h%n < =0.

Step 2 (Convergence of fundamental series):
From Step 1 and assumption (35), we a.s. get

t] (0+1)" t _ t
II/}J = 0, (G‘it‘)" = § :0(]‘)(9lit‘)'l < +oo,
t t t

where 0 < n =9 — e < §. Moreover, we a.s. have
1 1
Zth = Hr ti+n :ZO(I)W < +o0,
t t

where 0 < 7 < 4.

Step 8 (Conclusion): Set Ly = In(H,;/(0 +1)°) and U; = E[Liy1 — Ly | Fi] and V; = E[(Lyy1 — Lt)? | Fi). If we
prove that >, Uy and ), V; are a.s. convergent, then L, converges a.s. to a real random variable (see Lemma E.3).
This fact implies that (04+#)' X, = (0+t)X,;/(0+1t)° = H;/(0+1)° converges to a random variable with values in
(0,+00) and so P(X% > 0) = 1. The rest of the proof is devoted to verify that ), |Uy| < 400 and ), V; < 400
a.s.. To this regard, we note that

= E[In(Hi41) —In(Hy) | Fe] — 0 (In(@ + ¢t + 1) — In(6 + 1))
Elln(H, + Yi) — In(Hy) | Fi] - 6n(1+1/(6 4 1))

B[ e | ft] CSln(14+1/(0+1)).

Since 1/(H; +z) <1/Hy and In(1+1/(0+¢)) > 1/(0 +t) —1/(2(0 + t)?) for each x > 0 and each ¢, the last term
of the above equalities is smaller than or equal to

ElYip1|F] 6 5 X +pe

é 6 _ 6 6 [ _ 2
o ok T = e ok T = oaw T o toaeee =+ O0/).

Now, we note that —U; = dln(1 + 1/(0 + t)) — In(H¢41) + In(H;). Using In(1 + 1/(0 +t)) < 1/(0 + ¢) and
1/(Hy +x) > 1/H; — x/H? for each x > 0 and each ¢, we find that —U, is smaller than or equal to

5 3 Xi+pe O(6Xetpt) _ 8 5 Pt O(6Xi+pe)
o~ m Ve | R+ 2H2 BlYZ, | F] < (9+t) o, T omz T oyt 6+t H, T 2m?

= *E + O(1/(tHy)) + o(ps/Hy) -
Thus, by Step 2, we can derive that ), |U;| < 400 a.s.. Finally, we observe we have
E[(In(Hyy1) —In(Hy) — 0In(@ + ¢+ 1) +5In(0 + 1))* | Fi
< 2{E[(In(Hy11) — In(Hy))* | Fo] + 8*(In(1 + 1/(6 + 1))*}

Y, 2
<2F [( 1 Htlﬂﬁ d;zc)

t} +26%/(0 +t)?

< 2B[(Yer1/Hy)? | Fi] + O(1/1?) < B[V, | Bl + O(1/8)
= HLEO(aXt + pi) + O(1/t2)

= O(1/(tHy)) + o(ps/Hy) + O(1/t2).

Therefore we have also ), V; < 400 a.s. and we can conclude. O
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B.3. Central limit theorem for a recursive dynamics. Let X = (X;); be a real stochastic process with
discrete time, adapted to a complete filtration F = (F;); with dynamics

(1-9) 1 1
39 M= (1 0y L
(39) s briri) T D O+t+1
where 6 >0, 0 < 6 <1, AM;,; is a martingale difference and (p;); is an F-adapted stochastic process such that
1 Ppii1 L5 poo with 0 < p < 1 and ps being a real (Fao-measurable) random variable.

My + Pt+1 5

Note that a non-negative stochastic process X = (X;); with dynamics (33), where Y = (Y;); is a sequence of
integrable random variable that verify condition (34) with t'=7p, 25 poo for a suitable p € [0,1), satisfy also
dynamics (39) with AM;11 = Yiy1 — E[Yi41]F:] (and in this case the reminder term p;41 in (39) coincides with
pt of condition (34) and so it is even Fi-measurable).

When #' 79X, a.s. converges toward a real random variable X* (to this regards, see Remark B.3 after the
following proof), the result below provides a central limit theorem for the difference (t'~%X, — X* ).

Theorem B.4 (CLT). Given the dynamics (39) and the existence of X, = a.s.—lim; ' =% X;, assume 0 < p < 6,

(10 Py o] <

forp=2 and p=4 and some 0 < € < 4, and
(41) tl—ﬁE[(AMtH)?m} oty yx

for some real (Foo-measurable) random variable VX . Then:
(i) For 0 < p<§/2, we have

(42) t5/2(t1 6X X ) stably N(O7Vo*o/5) ’LfO <p< 6/27
N(=2p/0,VZ/0) if p=16/2;
or, equivalently, in a compact form
(43) /20X, + st~ 070 — X2) MY N(0,V2/9),

and the all the limit relations are also in the sense of the a.s. conditional convergence with respect to the
filtration F.

(ii) For §/2 < p <4, we have
- - Poo
el 0x, — xr) Ly Fee
(6 =p)
Moreover, adding the assumption (x) tP=/2(t'=Ppi 1 — poo) L0, the stable convergence (43) holds true.
Finally, if the additional assumption (x) holds true in the sense of the a.s. convergence, then the limit
relation (43) also holds true in the sense of the a.s. conditional convergence.

Remark B.2 (Comparison with the CLTs by L.-X. Zhang [52]). The dynamics of the process X; =
Ci(1 — 6) X, where ((x) ~ t* is defined in (22), is

* * (1-6)2 x| CGr1(1=8)AM Cea1(1—0)
X = X¢ =~ @ X + gt e P

and, if we compare it with the dynamics (1.1) in [52], then, using the notation in that paper, we get h(-) =0, a
case which is excluded in [52]. In addition, there is also another important difference. For § < 1, we have by (41)
that E[(Ci41(1 — 6)AM;11)?|F;] tends a.s. to infinity and so assumption (2.4) in [52] does not hold. Therefore
Theorem B.4 is not a consequence of the results in [52].

Before presenting the proof of Theorem B.4, we will report a preliminary result used in that proof. Indeed, a
crucial point will be played by the following martingale: My = 0 and, for any ¢ > 0,

t
(44) Mt+1 = Z AMk+1, with AMk+1
k=0

0+k+1 AMjq1
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where the sequence (ry) is defined as in (29). The proof of the following auxiliary result will be presented after
the proof of the CLT (Theorem B.4).

Theorem B.5. Given the dynamics (39), let 69 and (bt): defined as in (28) and (]\/Zt)t as in (44). Assume that,
forp=2 and p=4 and some 0 < € < &g, we have

50 |AM, 1 [P
(45) E[thow} < 400
t
and
O+t+1)2 — a5 o
(46) %E[(AMHQQU—}} - rtE[(AMtH)Zm a8y
t

for some real (Fs-measurable) random variable VE. Then, (]\//.Tt)t is a martingale bounded in L* and so it
converges a.s. and in L* to a real random variable My, with E[MZ2] < 4o00. Moreover, we have

Ve(My — M) = N(0, V5 /60)
where the convergence is in the sense of the a.s. conditional convergence with respect to the filtration F (and so
also in the sense of the stable convergence).

We can now present the proof of the CLT.

Proof of Theorem B.j. Let us consider the process X* = (X/); defined as X; = (;(1 — §) X, where (;(x) ~ t* is
defined in (22), so that X; “C 179X, % X* by assumption. Starting from dynamics (39) and recalling that
re = Cx(1 — 0) (by assumption § > p), we can follow the analogous calculations as in (37) to get

(47) Xiy1 — Xg = A + Byp1 + Cy1 + Dy

where )

Ay = f(ﬁ) X; (whichis = 0if § = 1);

Crt1(1=0)prt1 .
O0+k+1 ’

Cri1 = (% - 1)Aﬂ7k+1 (which is = 0 if § = 1);

Dyy1 = AMjyq
Note that ), -, (X7 — X;) = (X% — X7). Therefore, it is enough to study the asymptotic behavior of the four

terms 3y Aky Dopsy Bty 2psy Crrr and 34 Digar.

Let us start with the last term >, ., Dy41. First of all we observe that, since § > p by assumption, we have
nE

Biy1 =

Ty~ and so
B[|AM1["] = E[|AMe [Pl gt = ElIIAM i [P]O(E7).
Hence, relation (45) with dp = ¢ follows from (40). Moreover, condition (41) equals condition (46). It follows by
Theorem B.5 and the fact that b, ~ t°, that we have M; =% M., for a suitable real random variable M, and
19237 Dieyy = t9/2 3" Al = 9/3(Mee — M) ™ N (0,2 /6)
k>t k>t

where the convergence is also in the sense of the a.s. conditional convergence with respect to the filtration F.

Let us now focus on the term Zth Cr+1 when 0 < 1. Let us define Y, = (x(1 — ) AMgy1 and Gy = Fry1,

then E[Yy | Gx_1] = 0. Now, let ax = k=%(0 + k + 1)? and by = k%2. Then b, T 400 and

oo o0 oo
E[Y? —5)2 )2 (04kt1)2 —
S BN U0 AN, )2 = 3 SO ) Bl AR, L))
L1 Kk L—1 Ok = k%% Tk
- 1-6)%(0+k+1)2 v - s —
- Z %E[(AMHQQ] = MWE[(AMICH)Q]
k=1 k=1

;26 E[(AMj11)?)
k(5+s )

0

=
I
—
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which is finite, by (45) with p = 2, o = § and some 0 < € < 4. Since by > i Tliﬂ — 0, then by Lemma E.5, we
- a %
obtain

5/2 _ 46/2 Cet1(1=06) A — 46/2
1237 Oy = 023 () )AMkH—t/ Tt Al
k>t k>t k>t

1—-6)AM, 7
ORIy R = (1= )b,

k>t k>t

2%,

~b2

Let us now focus on the term ), ., Ay when § < 1. Since X converges a.s. to a real random variable X7, we

have
/2 Z Ay =77 Z (0+k+1) Xjp =07 1?1(2 =50.

k>t k>t k>t

Finally, regarding the term ), -, Bi41, since (23), we have

(48) 27 Cega (1= 6)prar = poo +0(1),
and hence
1 1 1 1 Poo
Y Bun =Y Sesliplonn — 3" gm0k ) ~ ofy
k>t k>t k>t
so that
as, 0 if p<o/2;
t6/2 Biy1 = t5/2 o=, Bry1 — . ’
g g Poc/P=2psc/0 i p=16/2;

7P By £ L= i p>6/2.
k>t
Recalling that the stable convergence combines well with convergence in probability (e.g. Theorem 2.4.2 in [12]),
and so with the a.s. convergence, and the a.s. conditional convergence combines well with the a.s. convergence
(see Lemma E.7), we are now ready to conclude:

(i) if p < §/2, then, we have to combine the stable convergence and the a.s. conditional convergence of
the suitable rescaled sequence ), ., Dy = (]\//Too — J\Z) with the a.s. convergences of the suitably
rescaled sequences >, -, Ax (only when § < 1), 3,5, Brt1 and Y .-, Cri1 (only when § < 1) so that
we obtain (42) (with X; instead of t=9X,), in the sense of the stable convergence and in the sense of the
a.s. conditional convergence with respect to F.

(i) if §/2 < p < 6, then the leading term is 3, -, Bx11 and the a.s. convergence of t*=?>", . Bj41 has to be
combined with the a.s. limit results for the other terms involving Ay, and Clyq (only when § < 1) and,
above all, with the convergence in probability to zero of té/z t‘;/z(M Mt) =t—(r=3/2) 0.

Furthermore, the (43) (with X instead of ¢'~%X;) is obvious when p < §/2, because the stable convergence
and the a.s. conditional convergence combine well with the a.s. convergence of t=(4/2=0) p__ /(5 — p) to zero when
p < /2 and to 2ps /6 when p = §/2. In the case §/2 < p < 8, if we assume () tP~/2(t1"Pp; 11 — poo) N 0,
then, equation (48) becomes

ké_pg’“rl(l —0)Prt1 = Poo + op(k—(/’—é/?)) 7
so that

P
té/Q(ZBk_H (5 =) - p) =op(l) —0
k>t

and this convergence in probability combines well with the stable convergence of t/2 Dokt D1 = 9/ 2(]\//TOo fJ\//Tt)
If the additional assumed convergence (x) is a.s., then we can replace op() with o() and the above limit relation
is in the sense of a.s. convergence and it combines well with the a.s. conditional converge of t°/2 Y kst Dit1-

Finally, we can obtain the results for ! % X; from those proven for X}, because of (23) with z =1 — 6. O

Remark B.3 (Sufficient conditions for the a.s. convergence of t!~%X;). Consider X; = (;(1—0)X;, where
Ce(z) ~ t* is defined in (22). From (47), if we can take the conditional expectation, we get

E[X;-&-l |]:t]—Xt*=At+§t,
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with B; = E[By11|F:]. Then, if the process X (and so X*) is non-negative, we get that A, < 0 for each ¢ and
X* results to be a non-negative almost martingale which converges a.s. when ), |§t| < 400 a.s. (as it is, for
instance, when p < § and p;y1 is Fi-measurable so that Et = Biy1 = O(1/t1+0=r)).

In general, if ), E[|A¢||4+>, E[ |B;|] < 400, the process X* is a quasi-martingale and a sufficient condition for
its a.s. convergence is sup, E[ | X}|] < +oo (which implies Y, E[|A4;|] < 4+00). Summing up, sup, E[|X}|] < +oo

and ), E[|Biy1]] < +oo (which implies ), E| |B;|] < +00) are sufficient conditions for the a.s. convergence of
X;.

Proof of Theorem B.5. First of all we observe that relation (45) with p = 4 implies that (]\/Zt)t is a martingale
bounded in L* and so it converges a.s. and in L? (in particular, in mean) to a real (F..-measurable) random

variable M, with E[]\//fgo] < +4o00. The sequel of the proof is based on Theorem E.6. To this aim, for any
n > 1, define M, o = 0 and M,,; = vb,,(M,, — My, 44—1) for ¢ > 1 (which is F,, 44— i-measurable). We have

1 o~ —
M, L, Vb (M, — M) as t — +00. Moreover, we have X,, 1 = M, 1 — M, o = 0 and, for each ¢t > 2

o~ —~

Xn,t = Mn,t - Mn,tfl =V bn(Mn+t72 - Mn+t71)7
so that
Un = b > (Ms = ML, X5 = v/bysup My — M, .
t>n

t>n
First step: X %°0: From (45), with p = 4 and some 0 < € < &, we have

E[Z(\/E)HAAZ—HVL} < E[Zt250+(5o—e)|Az\Z+l|4}

t t

(49) -
= E{Zt”‘s" Sl } < +00,

which implies Z:t(\/E)‘l(A]\//Zg_H)‘1 < 400 a.s.. Then we have

(X)) < fgp(\F) |AMt+1|4 < Z \AMH_1|4 20 asn— +o0o.

t>n

Second step: (X),, dominated in L': We are going to show that (X), is dominated in L*. In fact, with p = 4
and some 0 < € < §g, we have

E{(supX;i)ﬂ < E{Supigp(\/a)ﬂA]\ZHﬂ < E[Z(\/E)4|AM+1|4} < 400
" notzn t

as shown in (49) in the first step.

Third step: U, “% VI /8: Let aj as defined in (28) (so that axb? = (0 + k + 1)?/r;) and set Vj =
akbi(A]\/ZkH)z = r(AMj41)?. Then, we have E[Yy | Fr_1] — VZ by assumption (46). Moreover, we have
br T +o0o and, by (45) with p = 4 and some 0 < € < &g, we get

i B

Since by Zk>t o b2 — 5 by the technical Lemma A.1, then U; = b; Zk>t Y’“z L5 % /8o by Lemma E.5. O

x‘w

#M

Z AM}C+1 < Czk45g E[( A]\(/)fi-i-l) ] < +00.

APPENDIX C. PROOF OF THE RESULTS IN SECTION 4

We here collect the proofs for the results presented in Section 4 regarding the predictive mean Z; and the
averaged quantities T, P; and K.



30 G. ALETTI, I. CRIMALDI, AND A. GHIGLIETTI

C.1. First-order asymptotic results.

Proof of Theorem 4.1. In the case w > [ the term involving A; in the dynamics (8) of (Z;); behaves essentially
as a remainder and hence we can focus on the process S; = Zjeot P, ; = Z; — X\, so that from (8) we get

St+1 - St = Zt+1 - Zt - ()\tJrl - )\t)

_ o T —Zy
=woigr — (- w) a3 9+t+1 + 9+t+1
. Z Tiq1 _ wTiy1
Frirl T Waretr T 9+t+1 = 0+t+1 o1
The above dynamics for S; can be written as
_ Tey1 AMyy1 wy
(50) Stp1 = (1 9+t+1)5t +w0+t+1 - (1 9+t+1)5t + O+t+1 + O+t+1 0

with AM11 = w(Ti11 — Zt). Denoting S; = (¢(1 — w)St, where (;(x) ~ ¢* is defined in (22), we can obtain

(1—w)? * Cep1(1—w)AM, w1 (1—w)A
(1 O+t+1)2 )S + O+t+1 =+ t+91+t+1 )

t+1 =
and so, by the classical Theorem E.4, the process (S}); is a non-negative almost super-martingale that converges
a.s. to a finite r.v. S, . However, this is not enough for our scopes. Indeed, in that way, we do not know that such
random limit S%, is a.s. strictly positive, and this is crucial for proving the right rate of convergence. For this
reason we are going to apply the more sophisticated Theorem B.3 with X; = Sy, Y41 = wTi41 and 6 = w € (0, 1].
To this end, we observe that we have

ZYt —wZTt >wZNt _wsupZNn —wsuth +o0 a.s.

(by (10)) and
E[}/t—&-l | ft} = E[th+1 | Ff] = U}Zt == wSt + U.)At = (SXt + Pt
with p; = wA; > 0 and

Zwﬁ:O(Ztmkﬁo

t
for some € > 0 such that w — (8 + €) > 0 (note that this € exists because w > § by assumption). Therefore, by
Theorem B.3, we firstly obtain that S; = O(1/t'=%) and so Z; = Sy + X\ = O(1/t!=%) + O(1/t'=F) = O(1/t'~v)
because § < w. Hence, by (9), we get

EY2, | Fil = w*(Zi + Z} — Ri) = O(Z;) = O(E[Yi41 | ).
Therefore, we can apply Theorem B.3 (case 7)) and we obtain that
s, X% 8% € (0, +00).
As before, since Z; = Sy + Ay and f < w, we get
Yz =TS TN S S
and so the first convergence holds true with Z% = S%_. g

Proof of Theorem 4.2. In the case w < 8 the term involving \; in the dynamics (8) of (Z;); cannot be considered
as a remainder term as in the proof of Theorem 4.1. Indeed, letting

. . G(l—p when w < 3,
Zy =12y with T Ciglfﬂ) ) L B
In(6+t) when w = j,

where (;(z) ~ t* is defined in (22). From (8), taking into account (25) and (27), we get

(51) Ziv1 = Zf = ma(af —bZ]) + 0t AM + peyr

where pip1 = Z7O(%) + O(7h5) (here O(%) and O(315) are deterministic terms and 8 > 0), AM;,, =
w1 (1 = B)(Ti41 — Z1) and

{b—ﬁ w and nt+1f(0+t+1) ifw< g;

b=1 and 41 = ifw=2g.

(6+t+1) 1n(9+t+1)
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This suggests that (Z;); is not a non-negative almost super-martingale, as in the case w > (. Instead, it evolves
according to the stochastic approximation dynamics in (51), which suggests convergence toward a deterministic
limit given by af/b. For this reason, we apply Theorem B.1 to the process (Z;): governed by (51). To this end,
note that from Lemma D.1 we have that sup, E[r:Z;] < 400 and hence, since by (9),

E[(AM] ) | Fe] = w*Gr(1 = B)? (E[TE | Fil — Z7)
=w?y1(1— B)*(Z — Ry)
< w G (1 - B)*Zy,

we get, for any w < 3, that
2 E[(AM; )% <> S Bl 7)) < +
Ni41 t+1) | = = R 00,
t t

which implies
Zn§+1E[(AM:+1)2 | J—"t] < 400  a.s..
t

In addition, since sup, F[Z;] = sup, E[r1Z:] < +oo (by Lemma D.1), the expression for p;4; implies that
> Ellpes1]] = 32, O(E[Z]]/t?) + O(1/t1+P) is convergent, and so >, |ps11] < +oo with probability one. Then,
we can apply Theorem B.1 to the dynamics (51) so obtaining

gragap _ Jie  Hw<B;
‘ b af ifw=4.

C.2. Second-order asymptotic results.

Proof of Theorem 4.3. We will first prove the CLT for the process S; = Zjeo,, P, ; and then, since Sy = Z; — Ay,
we will derive from it the one for Z;. Indeed, since the dynamics of S; in (50), i.e.

_ _ 1w w(Ti41—2Z4) wAy
Sip1 = (1 0+t+1) St + e e

is equal to the general dynamics in (39) with 6 = w € (0,1], AMi11 = w(Tip1 — Zt), pry1 = WA, p = B € [0,1]
and po, = wa (because 75\, trivially converges to ), and since we are assuming 3 < w, that is p < 6, the
CLT for S; can be obtained by applying Theorem B.4 with X; = S; and X* = Z* (recall that, by Theorem 4.1,
t1=ws, “% 7% ). Indeed, condition (40) follows by (53) in Lemma D.1 as for any p > 1 and ¢ > 0 we have

E[Z ‘A%f%l‘p} = Z A B[t Y AM 44 ]P] < 400

t=1 t=1

Moreover, condition (41) follows by (9), Theorem 4.1 and Lemma D.2 (in the case 8 < w):
HYB[(AM 1% F] = w* (2 — Ry) L3 VE = w?S, .

Then, since (' P\, —a) = a[l = 1/(t+ 1)]* P —a =O0(@"") = o(t~¥=/?)), also condition () of Theorem B.4
is verified with a.s. convergence and so, from that theorem, we get

pol2l-vg, + = w=F) _ 7= )L N0, 0 .

wao
(w—p

)

For what concerns the process (Z;); recall that Z; = S; + \; and so thvZz, = t1=%S, + t'=" )\, and hence the
thesis follows by the fact that =\, = at? = + O(t~(1+w=8)) = otF~% 4 o(t=*/2). In addition, note that, from
(12), for w/2 < f < w we have

tw—ﬁ(tl—th . Z;o) + wafﬁ _ t/%flw/?‘ 75w/2 tﬁ—w [tw—ﬁ(tl—wzt . Z:o) + %]

w —w * —w P
= 2 P (2 - 22) + 2510 S5 0. O
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Proof of Comllary 4.4. From from (12), we can derive the corresponding result for T;. Indeed, by (4), we have
T = (14 %)S;/w and, in addition, we have \; = a/(t + 1)' =% = a/t! =% + (1 — B)O(1/t*=7), so that we obtain

P + iyt TP - £25) =
tl w

tw/2(t1_th + t_(w—,@) + ;} tl(iﬁ — %Z:o) =

ap
w(w—p)

PTGyt A - iZio) +O(L/tHHe0) =
Lw/2 w w % . stabl
E (0 2+ 25107 = Z5) + £355 + O(e=s) " V(0,20 /w)

and this convergence also holds true in the sense of the a.s. conditional convergence with respect to F. Conse-
quently, when (w — ) < w/2, the quantity

twfﬁ(tlfth _ %Z:o) _qw—B tw/2(t17th 4

o —(w— 1 r7*
+ g = = - L Z%)

@)
converges in probability toward zero.

Now, remember that Py = S;/D; = (Zy — A¢)/ Dy so that, using the notation and the CLT for (D;); provided
in Remark 3.1, we can write

B o_ Di—A(B)a:(B)
Py = A(ﬁ)it(mst(l -0 )
Si|1 - —p— = L (B — A8)
Bat(B D, a A(B ay(B
NG [ at(ﬁ))\(ﬁ)\/t(g) @) \a(®) }
_ 1
= 5@ Sl + s Wil
where W; "— LAY N(0,1/X(B)). Hence, since \; = a/t! =P + (1 — B)O(1/t>7F), we get

t7N(B)ay(B) Py + %t—(w—m 7 =
tUNB)ay (B) Py + ot~ (=P 4 %t—(w—ﬁ) _z

1—w aB g~ (w—PB) _ * 1 tt=vs,
(2 + 251 22) + Ol + =W

Hence, taking into account (12), since \/as(3) = o(t*/?), we obtain (14). As a consequence, when (w — 3) < 3/2,
we have \/a;(3) = t%/? and

w=pB (tl—wk(ﬂ)at(ﬁ)ﬁt _ ¥ ) n waf)g _

C (B (NG (B)Ps + 225t — 25 ) 0.

Finally, recalling that K; = (6 +t)P;/w (see (5)), we have

wA(B) DR, + 2w _ 72
= (17 MB)ar(B)Pr + 5t — Z2) + OX(8) " Py

so that, from (14), we obtain (15) and, as a consequence, when (w— 3) < 8/2, we have (with the same arguments
used above)

8 (MB)HEE, - Ze ) + 525 0. D

APPENDIX D. TECHNICAL RESULTS RELATED TO THE MODEL

In this section we present some technical lemmas used in the paper. To this end, let us take the sequence (r;)
asin (29) withd =w e p=p.
We prove a lemma regarding a condition of uniform integrability.

Lemma D.1. We have

(52) supE[e”tT‘] < 400, supE[e”‘ Z’} < 40
t>1 t>1
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for some z > 0. For the sequence (T}); and any p > 1, we have

(53) {SUPt E[(riTi41)P] < oo forw=1orf=1;

sup, E[r¢(Ty41)?] < oo forw <1 and f<1.
As a consequence, we note that the sequences (r; Z;); and (r; T});, are bounded in L for any p > 1.

Proof. We split the proof in some steps.
Step 1): First notice that, for any z > 0,

E[eZTt+l |\7:t} — E[ez Yjco, Xt+1,5+2 Nega |]:t] _ E[GZNtJrl |-7:t] H E[eZXtJrl,j |].“t]
JE€O:

= e(ez—l) Ae H (eth’j +1-— Pt,j) .
JEO:

Then, denoting g(z) = €* — 1, since g(z) > 0 and 1 + = < €® for x > 0 and using (4) we have

E[eZT‘“ | ]:t} — eg(Z) At H (1 + g(z) Pt,j) < exp ( )\t + g Z Pt,j)
(54) JjEO, JEO,

= exp (g(z) A +g(2) %_ST") = exp (g(z) At +9(z)w Q%Ltfg) a.s. .

Step 2): Define T; = r,T; and note that

e b TutT, r 7
(55) Tt+1 = rt‘*‘li’ilt-}-l i+l = tTtl t+1T + Tt+1 tt+1 (1 — Ut) Tt —|— Ut Tt+1 5

where by (25) and (27)

_ Tt _ o _ug
ut—t+1—>0 and vy =1 —quo.

Hence, by (54) and (55), we get
E[ ZTHl] = E{exp (z

T, (1— Ut)> E[e*" T | 7] }
(56) < exp ()\t g(z ut))E {exp (g(z u)wTy 4+ 2 (1 — vt)T:)}
B|

Since v; > 0 and w < 1, it follows

Ele th+1] < exp ()\t g(zut)> E{exp <<z + ﬂj*?”) T:)]

Iterating this last inequality, we obtain

E[eZTtJrl} < at(z)E[ebt(z)TI]

for suitable deterministic quantities a;(z) and by(2). Since we have T, = 1T}y with T < Poi(a), then E[eb )1 T1] <
+00 so that E e T:] < oo for all fixed t > 1 and z > 0. This also implies E[e* T*] < 400 for all fixed ¢ > 1
and 2’ > 0 (take in the above relation z = 2//r;), which by (54) also entails E[e*Tt] < 4+oc for all fixed t > 1 and
z>0.

Step 3): Observe now that g(z) < 2z and g(z) — z < 2% for = € [0, 1/2]. Moreover, since u; — 0, we know
zup < up < 1/2 for z € (0,1] and ¢ large enough. These facts are used for z € (0, 1] to write g(zu) < 2zu; and
g(zuy) < (zuy) + (2us)? when t is large enough. Hence, by (56), we get for 2z € (0,1] and ¢ large enough:

E[e*T1] < exp (22 At w) E{GXP((Z u)® 2Ty + (1 ot “f%)ﬁ:)}

< exp (QZAtut> E{(l — v + (uy +ut) )zT )}
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where we have used that 22 < z as z € (0, 1]. Recalling that v, = 1 — ut/ut,l and u;—1 = r;/t, we have

zlfvt+(ut+uf)%:— (142

Up—1 ut 1t

_ w w _ w/
—%(14-74-7%:) = 1<1+ )(1+Tw/tut>
— _ut Zt(w)

T w1 G (w) (1 + t+wUt)

where (;(z) is defined as ¢;(z) in (22) with 6 = 0. This leads for z € (0,1] to

(57) E[ ZT*+1] < exp (22 At ut) E[exp(z T Tr)}
Now, note that for any n < t
t t _ - t
_ uj Gi(w) N — e Ge(w) )
(58) A H = H uj—1 (g (w) (1 + jiuwui) T Un G (w) H (1 + ji”wu])
j=n+1 Jj=n+1 j=n+1
and since

(i) limsup,_, . uCe(w) < 1 and
(i) C = Ht21 (1 + H%ut) < 400 as Zt21 Ut < +00

we can choose zg € (0,1) and ¢ large enough such that

sup ( H ﬂ])zo <1.
j:

t>to

This ensures that we can iterate the inequality (57), so obtaining

. t t . . t t .
(59) E[eZO Tt+1] < exp (22'0 Z An Uy H ﬂ'j)E[e(HJ:to 7j)zo0 Tto] < exp (2,20 Z An Unp H wj)E[eTto]
n=to j=n+1 n=to j=n+1

for each ¢ > ty. Then, the second term in the right-hand product in (59) is always bounded by Step 2) and so we
can now focus on the first term, which by (58) becomes less or equal than

t t
exp (220 C use(w) Z %) ~ exp (220 Cats Z nl%,ﬁ) ,
n=to " n=to
that is finite in all cases as

(a) in the case w > 8 we have 7% ~ 1 and Zz:to —re—r < +00;

(b) in the case w = 8 we have 7= ~ 1/In(t) and Z:L:to —o=s = O(In(t));
(c) in the case w < 8 we have 7 ~ 1/t°~* and Zfl:to %5 = O0(tF~v).

Therefore from (59) we can conclude that, for any z < 2o, SUP:>, Ele*T] < sup,>; Ele* Ti] < +oo0.

Finally, since by (4) we have rZ; = wy; +9T + M < T, + ¢ for some suitable ¢ > 0, we also obtain

sup; Ele* %]

< 400 for any z < zp.
The LP-boundness of the sequences (r; Z;); and (r; T); follows immediately, as for non-negative random variables
we have

supE( el <00 = supz 720}3[ reZe)”]

t

< 400 = sup E[(r4Z;)"] < +o0 Vp > 1.
t
p>0

and the same for (r; T});. For what concerns (T});, from (54), (4), (7) and the fact that g(z) < 2z when z < 1/2,
we obtain for any ¢t > 0 and z < 1/2

(60) E|e? Ter | Fi] <explg(z) (A + St)) = exp(g(2) Zy) < exp(2z Zy) .

Now, note that 7, =1 when w < 8 =1 or § < w = 1, and in this case the two expressions in (53) coincide. More
generally, we can consider the following cases.
Case w =1 or f =1: we have r; <1 and so, by (60), for each ¢ > 0, we have

E[e 2 Tt Tt+1] < E[ezo r,,Zt] .
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Then, by (52), we get sup, E[e 27 T41] < 400, that implies as above sup, E[ (r:T341)? ] < 400 for all p > 1.
Case w <1 or B < 1: we have ry > 1 for ¢ large enough, say ¢ > . Hence, by (60), for ¢ > t, we can write

(Bl ") = 1) < ri(E[e Zt] U (g -1
>R < 3 N (o)),
p>1 p>1
Hence, we can conclude that sup;s; rt(E[e%o Tet1] = 1) < 400, that reads

(Zo)pE[Tt(TtH) ] < 400,

sup Z 57 p

t>t p>1

and so we can get sup;>; E[7¢(Tt41)P] < +oo, for all p > 1. Since, by Step 2), for all p > 1 and each fixed ¢
we have E[(Ti41)?] < 400, and so E[r:(Ti+1)P] < 400, we can also affirm that sup, E[r:(Ti11)?] < 400 for all
p>1 d

Lemma D.2. We have _
iRy 5 R ifL:O‘,wzlandﬁ<1;
0 otherwise.

where ROO is a real random variable such that 0 < Roo < Z%.
Proof. From (6), since Dtﬁf = P,S; we get

~ —2 —
R, = Z P} = Z (w(1— )(GH) —I—LPt) = (w(1 —1))*Ry + Dy P; + 2u(1 — 1) P;S;
JEO: JEO,

= (w(1 = )Ry + (2 — )P,
where, by (4),

5 Yieo, Kiy Yico, Kij 27 2, 9
OSRt— (9_&)2 S( 9_;;15 ) _St/w .

Since P; — 0 a.s. and r,S; = O(1) from (4) and Table 1, then r,R; — 0 a.s. when ¢ = 1, otherwise if and only if

rth — 0 a.s. and this is always the case when max{w, 5} < 1, because rth <7 SZ/w? — 0 as..
From now on, we assume ¢ < 1 and max{w, 8} =1 (and so r; = 1 when 8 # w and r, — 0 when g = w) and

we are going to prove that rtﬁt — 0 a.s. unless t =0, w =1 and 5 < 1. We observe that

D _ Kii11,5)\2 Z 1\2 _ Z Ky j+AKip1,5\2 Nyj1
Ry = E : (0+t+1) + (0+t) - ( O+t+1 ) + (O0+t+1)2
JEO j€ot+1\ot JEO:

and so, since (AKHM)Q = AK;41,5, we have

~ K2 4P, j4+2K; ;P A
(61) ElRit | Fe) = Z RN CZ= Ll (FeEm R
JEO:
while, the martingale difference reads
~ 142K Nit1—X amE)
Riy1 — [Rt+1 | Fi] = 9+t+1< Z (AKHLJ‘ - PtJ) 9+t+t1] + (5114—1;) = 9+tt-':11 :
JE€O:

Since the random variables (AK;41,j)je0, are, conditionally on F, independent among each other, and Nyy; is
independent of them and F; (see the description of the model dynamics), we have

2
(R) 2 142K, At
(62) [(AMt+1 | Fi] = E , Ptj Pt] ( O+t+1 ) + 0+t+1)2 -
Jj€O0,

Now, we go on with the computations for E[Ry,1 | F;]. From (61), recalling that R, = >ico, K?,/(0+1)* and
using (4) and (6), we get

D D 2 1 1 St 2 At
E[Ri | Fi] = R + Z Ki; ((0+t+1)2 - (9+t)2) + Grenr T R Z Kt (( Dwg et T LPt) + T2
JEO: JEO:
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_ D 2 1 1 2(1=t)w Sy 2. P p
=R+ Z Ki; ((9+t+1)2 ~—wroz T (0+t)(9+t+1)2> + Tz T oreane Lt Z Kij + Gz
JEO: JEO:

B 2(tl-w) 2% 5
=R — g B + e P Z Kej+pe.
JEO

with p; being F;-measurable and such that 3, |p;] < 400 since p; = O((R; + S¢ +1)/t2) = O((S; 4+ 1)/t2). Using
(5), we finally obtain

53 53 L w * L : 52
B[Ry | Fi) = Re — 220 Ry + (29 CL2P, + pr

O+i+1 +t+1)2w
and hence
(63) Riyr = R+ 0+1+1 (QL((;:ttl?)tjf —20+1- )Rt> + 941:/?1%1) +pe-
Now, we consider two cases.
Case v >0 orw < 1 (and 8 =1): in this case we can apply Theorem B.1 to (63) with X; = Rt, A = %,

b=20+1—-w)>0,n=(O+t+1)"t and AM;,; = AMt+1 (and in the present case the reminder term pyyq
in Theorem B.1 coincides here with p; and so it is F;-measurable). Indeed, by (62), we have

2
142K, ; A
E m AMtJrl | Fi] = E :(0+t+1 ( E : P (1= P) ( O+t+1 ) + (0+t+1)2>

JEO:
2
1 142t A
<> <e+t+1)< > P (e+t+1) + (9+t11)2>
t JEO:

4S5 At
= Z ((0+t+1)2 + (6+t+1)4) < +00.
t

In addition, we have

_ 20 _(0+t) P2 as
A = % o PP — 0.

Hence, by Theorem B.1, we obtain Rt — 0 a.s. and, since in this case r; = 1, this means rth — 0 a.s..
Caset =0 andw =1 (cmd B <1 or=1): in this case Rt Rt and Rt is a non-negative almost super-martingale
converging a.s. to a non-negative real random variable Roo (see Theorem E.4). Then, when w = 8 = 1, since
r: — 0 in this case, we trivially get r Ry = rt}NEt — 0 a.s..

Let us focus on the remaining sub-case, that is when ¢ = 0, w = 1 and 8 < 1 (and so r; = 1). First,
since Ptj < P, ;, we have R, =R < S; = (Z: — M) — Z% and so we obtain 0 < Ry < Z*,. Now, let
= inf{t: Ny > 0} and note that in this case (1) reads

Kry4n
PT1+7L(1) = 7'1+1n++0 )

that evolves, conditionally on the value taken by 71 (note that 71 < 400 a.s.), as the proportion of black balls in a
Polya urn that starts with 1 black ball and (7, + 6) white balls. Then, conditionally on the value taken by 71, we
have Py, 4 ,(1) ¥ P (1) < Beta(1, 7 + 6), so that we have Py (1)(1 — P (1)) > 0. Note that, since 8 < w =1
and ¢ = 0, we have

Ry = Py(1)? + as.- li{n Z PtQ,j

J>1,€0
and
7%y = 5% = Pxo(1) + as-lim > By
J>1,j€0;
and hence B B
0 < Poo(1)? € Roo < Reo + Poo(1)(1 — Poo(1)) < ZZ..
Hence, we can conclude because in this last sub-case r; = 1 and so rtét = Et. [l

Lemma D.3. When 0 < wt < 8 we have

(64) sup B[t U-YAK, 1 ;] < +oo.
t>1
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Proof. First, recall from Section 3.1 that D; = 22:1 N, gPoi(At) with Ay = 3S2F . Au_1 ~ (o/B)t? when 8 > 0.

n=1

Then, consider the sequence (r;) as defined in (29) with 6 = w e p = . Since E[AK; 1 ;] = w(l — ¢)E[By ;] +

tE[P;], the proof will be divided in the proof of the following two facts:
(1) E[t'—wtwp,]| = Ot~ min{fwl—w) 1n(t)) — 0,
(2) sup;>q t' 7T E[By ;] < +o0.

Proof of (1): Consider

B P = S ]

Since Dy iPoi(At), by Chernoff’s bound (see [35]), we have

62

P(Dt < (]. - G)At) S 6_5At
and so, using also Holder’s inequality, we get
TSt — TSt TSt
E[t*“’LDt} = E{mﬂ{mzu%)m}} + E[mﬂwmmmt}}

S E{ﬁ} + E[(rtSt)Q}% twLP(Dt < (1 — E)At)%

€2
S E[TtSt]ﬁ + E[(rtSt)Q]% twLe_ZAt .

Now, we observe that, by Lemma D.1 and the fact that 0 < S; = Z; — Ay < Z;, we have sup, E[(r;S)P] <
sup, E[(r:Z;)P] < 400 for p = 1,2 and so the above inequality implies that

Eft' vt Py = 205 ) = Ot s In () — 0.
Proof of (2): Setting m; = E[By], by (16) we have
. o 1—w(l—1) L D
mer = (1= o)+ g Bl ) = (1 - ﬁ)mt + s EIR
Then, setting m; = (;(1 — w 4+ we)m; and using (25), we get
iy = (1= S Jmi + gt B
E[tl—w+wLﬁt] ,

tlfw

* L
<Myt g

which implies that (m;); is bounded because, by fact (1), we have

ZE[tl—w-‘erﬁt]/(e S+t 1) — ZO(I/tl—i_min{B’w}_wl’) < 4o00. O
t t

D.1. Proof of the law of the iterated logarithm for D;. We here provide the proof of the result for D,
given in Remark 3.2.

Proof. Recall that D; — Ay = Zt (N, — A1), where (N,, — A\p—1)n is a sequence of zero-mean independent

n=1
random variables and Var[D;] = 3! _, Var[N,] = 2% _ A1 = Ay Set ¢, = 1/111/(\7"71). For n large enough, we

have \,_1 < ¢, and consequently P(N,, — A\,—1 < —¢,) = P(N,, < Ap—1 — ¢,) = 0. Then, by the bounds for the
tail probabilities of a Poisson random variable (e.g. [34, Theorem 5.4]), we obtain for n large enough
(eAp_q) n—1Fcn
(An—1+cp) n-1ten
_ (6)\7171)671()\71,1)/\71,71 1

Cn Cn ()\"’C’;l+1)cn(4>\'g‘;1+l)kn—l

P(‘Nn - )\n71| > Cn) = P(Nn > A1+ Cn) < e_knil

< C(Pn=t)o

Cn

6>\n_1

where the last inequality is due to the fact that A,_; = o(c,). Moreover, we have >°, (“2=)"" < +o0. In fact,

for 8 =0, we have A,,_1 = a/n and hence (e)‘c"in’l)c" = (ﬂ)c" = o(n~?) and for 8 > 0, we have \,_; = a/n'~"

neCn
eAn—1\Cn _nﬁ/(2+€)
(o)™ <2

and so ¢, > nf/(*9) eventually, which, together with An—1/¢n — 0, implies eventually.

By Borel-Cantelli Lemma, we finally obtain
Pt sup{ [N, = Ay 1] = en}) =0
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and so

[Ny — A—1| = O(cp) =0 ( lnﬁlnAn) a.s..

Therefore, (3.2) is a consequence of Kolmogorov’s law of the iterated logarithm [20] applied to the sequence
(N, — An—1)n (see [10, Theorem 1, p. 343]). O

APPENDIX E. USEFUL RECALLS

For the reader’s convenience, we here recall some technical results for discrete-time real stochastic processes,
used in the previous proofs.

Lemma E.1 ([16, Theorem 46, p. 40]). Let F = (F;)¢ be a filtration and (Y;) be an F-adapted non-negative
stochastic process.

Then the set {3, E[Yi41|F:] < 400} is a.s. contained in the set {>,Y: < 4+oo}. If, in addition, the random
variables Yy are uniformly bounded by a constant, then these two sets are a.s. equal.

Lemma E.2 (Lévy’s extension of Borel-Cantelli Lemma [48, Sec. 12.15]). Let (Y;); be a sequence of Bernoulli
random variables, adapted to a filtration F = (F;); and such that Z, = P(Yiy1 = 1| F) and Y, Z; = +00 a.s..

Then S _o Yoi1/ oo Zn =5 1.
Lemma E.3 ([37, Lemma 3.2]). Let F = (F;): be a filtration and let (Lt): be an F-adapted stochastic process.
Set Uy = E[Lyy1 — Ly | Fy] and Vi = E[(Leyr — Le)? | Fe]. If >, Ur and Y, V; are a.s. convergent, then (L),

converges a.s. to a real random variable.

Theorem E.4 ([41, Non-negative almost super-martingale|). Let (Y;): be a non-negative real almost super-

martingale with respect to a filtration F = (Fy)t, that is an F-adapted non-negative real stochastic process satis-
fying

ElY; 11| F) <14+ A)Y, + p1e — pa s

where Ay, p1t, p2,c are all F-adapted non-negative real stochastic processes. Then (Yi): a.s. converges to a real
random variable and )", p2 ¢+ < +00 a.s. on the event {d>, Ay < 400, ", p1,t < +00}.

Lemma E.5 ([13, Lemma 4.1]). Let F be a filtration and (Y;) be an F-adapted stochastic process such that each
Y; is square-integrable and E[Y;11|F:] = Yoo a.s. for some real random variable Yoo. Moreover, let (a;) and (by)
be two sequences of strictly positive real numbers such that

bt oo, Y
t=1

E[Y?]
aZ b7 < +00.

Then we have:

a) if b% St L — 5 for some constant v, then é S L ZLH 2% Yoo

n=1 a, n= n

b) If by Y,y ﬁ — 7 for some constant vy, then b, ), -, ayﬁ 2% VY.

Theorem E.6 ([11, Theorem A.1]). Let (F;)i>0 be a complete filtration and, for each n > 1, let (M, 1)i>0 be
a martingale with respect to the filtration (Fp1—1))t>0, with M, o = 0, and converging in L' to a real (Fuo-
measurable) random variable M, .. Moreover, set

Xn,t = Mn,t - Mn,tfl fOT' t>1, U, = ZX?L,ta X;; = sup |Xn,t|
>1 t21
and assume that the following conditions are satisfied:
i) X5 E50;

i) (X})n is dominated in L;

i) (Un)n =5 U for a real (Fao-measurable) random variable U.
Then, the sequence (M, oo)n converges to the Gaussian kernel N'(0,U) in the sense of the a.s. conditional
convergence with respect to (Fp)n (and so also stably), that is the a.s. convergence of the conditional distributions

holds true: for almost every w, the conditional distribution pu,(w,-) of M, « given F,, converges weakly to the
Gaussian distribution N (0,U(w)).
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The a.s. conditional convergence is a variant of the stable convergence. For more information on stable con-
vergence and its variants, we refer the reader to [2, 11, 12, 14, 27, 40]. An useful summary can be found in the
appendix of [3]. We here provide only a lemma, regarding the fact that the a.s. conditional convergence combines
well with the a.s. convergence, that we need in the proof of Theorem B.4.

Lemma E.7. Let F = (F); be a filtration, K an F-measurable kernel and Y an F-measurable real random
variable. If X; — K in the sense of the a.s. conditional convergence with respect to a filtration F = (F¢)i>o0

and Yy =5Y, then
[Xt;}/t] — K®5Y

in the sense of the a.s. conditional convergence with respect to JF.
In particular, when K is a Gaussian kernel N'(M,U), we have

in the sense of the a.s. conditional convergence with respect to JF.

Proof. Since Cramér-Wold device and [11, Lemma A.3|, it is enough to prove that, for each aj, as € R, we have
[ i(a1 X¢+azxYy) I ]: as (fezalxK )(d$>) eiazy_
We first prove the above convergence under the additional assumption that Y is integrable and then we will show
how to get the result in the general case. Suppose Y to be integrable and set Z; = E[Y | ;] so that we have
Z, %Yy (by the martingale convergence theorem for martingales bounded in L'). Moreover, we have
‘Dt| — |E i(a1 X¢+azYy) |J’_' (fezalxK )(dx)) eia2Y|
< |Tvel + [ Topl,
where
o |Ty 4| = |E[et1Xe(elazYe — glazZe) | ]|, which is smaller than or equal to E[|e!®2Yt — ¢i@2%:| | F]  that
converges a.s. to zero, because of [11, Lemma A.2(d)] (see also [7, Th. 2]) and the a.s. convergence of
both Y; and Z; to the same limit Y;
o |Th:| = |E[e (a1X¢+a2Zy) | F2] — (f e““””K( )(da:)) e'@2Y | which is equal to the difference
|eza22tE[ ia1 Xy | -Ft (fezalmK )(d:ﬂ)) eia2Y|
and converges a.s. to zero by the assumption on X; and the a.s. converge of Z; to Y.
Therefore, we can conclude that D; “3 0 and so the result is proven when Y is integrable.
If Y is not integrable, then, for any N € N, we can define Yt(N) =(-N)VY; AN and YN) = (=N)VY AN
so that |Yt(N)| <N, |[YM| <N, Yt(N) YV as t — 4o, Yt(N) 22 Y; and YY) “3' Y as N — +o0. For each
fixed N, applying the result to X; — K and Y(N) ki

DN = plei Xt ™) | By (feime () (da)) e 230,

YN (which is trivially integrable), we find for t — +o0

: . ; )
Moreover, since [11, Lemma A.2(d)] and the a.s. convergence of the difference |e?®2Yt — eiaz¥i™ | to |efa2Y —eiaz¥ |

for t — 400 (and each fixed N), we have E[|ei®2Yt — eia?Yt(N)| 7] to |ei@2Y — eia2Y ™| for ¢ — 400 (and each
fixed N) and we get

limsup | D; — DIV < 2Jeia2Y — eiaaY ™| 255 g 49 N oo
t
Hence, D; “3° 0 and the proof is so concluded. O
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