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Abstract

This thesis studies the renormalization of random network
models, with a focus on the topological and algebraic struc-
tures that emerge when networks are coarse-grained or par-
tially observed. It is divided into two parts. The first anal-
yses the Multi-Scale Model (MSM), a random graph model
that arises as a fixed point of a node-aggregation renormal-
ization procedure. In the infinite-mean fitness regime, Chap-
ter [2| characterizes the spectrum of the adjacency matrix: the
leading eigenvalues scale as /n, alternate in sign, and are as-
sociated with a logarithmic-spiral structure and log-periodic
eigenvectors, while the spectral bulk reaches the same scale.
Chapter (3| proves that the same model generates non-trivial
clustering without latent geometry and exhibits a breakdown
of self-averaging for relevant network observables. The sec-
ond part develops a renormalization framework for random
network models with correlated edges. Chapter [d]shows that
marginalization over unobserved variables can be formulated
as a renormalization flow of effective Hamiltonians and that
higher-order interactions are generically induced. Chapter [5]
solves the resulting flow exactly for one-dimensional, maxi-
mum coordination-two topologies and examines disordered
extensions and applications to network dynamics and infer-
ence. Chapter [f| provides a general solution of second-order
random network models by reducing their partition functions
to the diagonalization of a link-interaction adjacency matrix,
revealing connections with algebraic graph theory and the
phase structure of correlated network ensembles.

Xvi



Part1

Multi-Scale Network
Model in the infinite
renormalizability regime:
Clustering and Spectrum



Chapter 1

Introduction

This thesis deals with the broad topic of renormalization of complex net-
works, with a particular focus on the topological nature of such models
of complex systems. It is divided into two main parts.

In the first part, we discuss the characterization of the spectrum and
the clustering function of a recently proposed network model with in-
dependent edges. This model can be regarded as the “fixed point” of a
topology-preserving aggregation process that allows to deal with multi-
scale clustered data. We investigate its properties in the regime where
the node features are distributed according to an infinite-mean stable
probability density function, making the model scale-invariant both in
the functional form of the link probability and in the hidden variable
distribution. In particular, in Chapter |2 we analyze the model spectral
properties, while in Chapter | we discuss its clustering function.

In the second part, we elaborate on a specific renormalization scheme
that is equivalent to marginalization over disordered uncertainty, in the
context of random network models that might display a correlation (pos-
sibly higher-order) among links. In particular in Chapter [ we introduce
the marginalization framework, and show two classes of effectively solv-
able models exist. In Chapter |5/ we analyze in detail the first class of
models that become solvable under the marginalization flow, and elab-
orate on its applications to temporal networks. Finally in Chapter 6| we
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tackle the second class of those models, by providing a general solution
framework for second-order random network models.

Introduction to Part I

The first part of this thesis is concerned with the mathematical analysis of
a recently introduced model of random networks, the Multi-Scale Model
(MSM) [1,2, 3], and in particular with two of its structural properties: the
spectrum of its adjacency matrix and its clustering function behaviour.
Before presenting the technical results, we offer here a wider perspective
on the motivations for studying this model and on the significance of the
findings collected in Chapters[2]and

Why the Multi-Scale Model?

The scientific study of networks, from the Internet and social platforms
to biological regulatory systems and financial markets, has produced an
increasingly sophisticated catalogue of features that characterise real-
world, complex networks [4] 5, [6]. Among the most robust empirical
observations, two stand out for their ubiquity across completely differ-
ent domains. First, real networks are hetferogeneous: a relatively small
number of highly connected nodes (hubs) coexist with a very large num-
ber of poorly connected ones, and the probability of observing a node
with a given number of connections falls off as a power law with an ex-
ponent typically close to two [4,[5,7]. Second, real networks are clustered:
two nodes that share a common neighbour are much more likely to be
directly connected to each other than two randomly chosen nodes [4} |8,
9]]. This second feature, sometimes described by saying that “the friend
of my friend is also my friend”, is known as the clustering effect, and it
is responsible for the tight-knit community structure observable in, for
instance, social or collaboration networks.

Reproducing both of these properties simultaneously within a single,
tractable random graph model has proven surprisingly elusive. Classi-
cal random graph models, such as the Erd6s-Rényi model [10], connect

3



nodes independently and with equal probability, thus capturing neither
heterogeneity nor clustering. Hidden-variable models - also called fit-
ness models [11} [12, [13] - address the heterogeneity problem by assign-
ing each node a numerical weight (a fitness, or hidden variable) drawn
from a heavy-tailed distribution, and connecting pairs of nodes with a
probability that depends on their respective weights. This framework
successfully reproduces the power-law degree distribution observed in
real networks [5, 7, (11} |12]. However, models in which edges are drawn
independently given the node fitnesses generically produce vanishingly
small clustering as the network grows, unless nodes are additionally em-
bedded in some underlying geometric space [14, |15} 16, |17, 18, [19]. The
price of geometry is conceptual and practical: one must postulate the ex-
istence of a latent metric space, choose its dimension and curvature, and
accept that many network properties are then determined by that geo-
metric structure rather than emerging from the interaction rules alone
[16} 20} 21].

The Multi-Scale Model and its renormalization origin

The model studied in this first part of the thesis takes a completely dif-
ferent starting point. Rather than assuming geometry, it asks: which
random graph model is self-similar under aggregation? More concretely,
if one groups nodes into “supernodes” - each supernode inheriting the
combined fitnesses of its members - and declares two supernodes to be
connected whenever any of their constituent nodes are connected, which
model remains, in functional form, unchanged by this coarse-graining
operation? This is a renormalization group question, phrased in the
language of random networks, and the non-trivial answer is essentially
unique for independent edges: it is the MSM [1, |2, 3], in which the con-
nection probability between two nodes is a specific function of their fit-
nesses, and the fitness distribution belongs to the class of stable proba-
bility distributions with infinite mean [22].

The model can be regarded as a fixed point of a topology-preserving
aggregation flow: iterating the coarse-graining procedure leaves the model
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connection probability invariant. This is a property shared by critical
systems in statistical physics and it suggests that the MSM occupies a
special, structurally stable position in the space of all possible random
graph models.

From this perspective, understanding the MSM is not just an exercise
in the analysis of a particular model; it is a step towards understanding
what kinds of network structure are robust under changes of resolution
or observation scale.

Spectral properties and discrete scale invariance

Chapter[2)is devoted to the spectral analysis of the MSM’s adjacency ma-
trix. The spectrum of a random graph - that is, the collection of eigen-
values and eigenvectors of its adjacency matrix - encodes an enormous
amount of information about the network’s structure [23]. Eigenvalues
and eigenvectors are central to spectral clustering algorithms [24, 25, 26],
to the study of diffusion and random walks on graphs, to the analysis of
epidemic spreading, and to many methods of network inference.

For most random graph models with finite-mean fitnesses, the spec-
trum decomposes cleanly into two regions: a bulk, whose limiting dis-
tribution is described by results from classical random matrix theory [27}
28} [29]], and a small number of isolated outlier eigenvalues that detach
from the bulk and carry structural information about communities, hubs,
and other macroscopic features [30, 31, 32]. The number of such outliers
is typically small, independent of network size.

The MSM, by contrast, behaves in a radically different way. Because
the fitness distribution has infinite mean, standard random matrix tech-
niques break down entirely. What one finds instead is that an extensive
number of eigenvalues - a number that increases (albeit slowly) with
the size of the network - emerge from the bulk. These outlier eigen-
values are not scattered randomly in the complex plane: they actually
lie at the intersections of the real axis with a logarithmic spiral, whose
equation we give in full detail. The corresponding eigenvectors display
complex-valued scaling exponents and log-periodic oscillations: their
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entries, when plotted as a function of the node fitness, do not follow a
simple power law but instead oscillate (to preserve orthogonality) in a
pattern whose period is set by the logarithm of the network size.

This log-periodicity is the network signature of discrete scale invari-
ance: the property that the system is invariant not under continuous
rescaling, but only under rescaling by a specific factor (or its integer
powers). Discrete scale invariance is known to arise in a variety of phys-
ical and biological systems displaying log-periodic corrections to scaling
laws [33} 34,35, |36], and its appearance here connects the network renor-
malization programme to a broader body of research on complex scaling
phenomena.

Beyond the outlier eigenvalues, the bulk of the MSM spectrum is also
unusual. Its edge is of the same order as the outlier eigenvalues - both
scale as the square root of the number of nodes - unlike in models with
finite-mean fitnesses, where the bulk is parametrically smaller than the
largest outlier. This “bulk catching up” phenomenon makes it extremely
hard to separate structural information from noise using a simple thresh-
old on eigenvalue magnitude, and calls for new analytical strategies.

Clustering without geometry

Chapter 3| turns to the clustering properties of the MSM. As mentioned
above, one of the long-standing criticisms of independent-edge network
models is their inability to reproduce meaningful clustering [4} (14, 15].
The main result of Chapter [3|is a rigorous proof that the MSM, in the
infinite-mean regime, is an exception to this rule: it naturally generates
a non-trivial clustering function without any appeal to an underlying
geometric space.

The mechanism is subtle. In the infinite-mean regime, the fitness of
the nodes spans many orders of magnitude. Nodes with very high fit-
ness - the hubs - are connected to virtually everyone else, so their neigh-
bours form a group among which further connections are relatively rare:
the hub’s local clustering coefficient is close to zero. Nodes with low or
moderate fitness, on the other hand, are connected almost exclusively
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to hubs; since leaf nodes with degree small but greater than one preva-
lently connect to hubs, and hubs are connected in a tight clique, the leaf
local clustering coefficient approaches one. The overall result is a net-
work that is, in a precise asymptotic sense, “almost everywhere” clus-
tered, with only the vanishingly small fraction of nodes that are extreme
hubs remaining unclustered. This is strikingly consistent with empirical
observations in social and technological networks, where high-degree
nodes tend to bridge otherwise weakly connected communities rather
than being embedded in tightly knit cliques [8, 37} 38].

The analysis also reveals an interesting lack of self-averaging: the
number of low degree nodes, when computed across different realisa-
tions of the same random graph model, exhibits significant fluctuations
that do not vanish as the network grows. This is a consequence of the
infinite-mean fitness distribution, which allows individual realisations to
differ dramatically in the presence or absence of extreme hubs. The lack
of self-averaging has practical implications for the statistical inference of
network parameters from a single observed network.

Introduction to Part 11

The second part of this thesis shifts the focus from the characterisation
of a specific fixed-point model to the development of a general renor-
malization theory applicable to a broad class of random network mod-
els. The unifying thread is the idea of marginalization: when parts of a
network are hidden, unresolved, or simply unobserved, the appropri-
ate way to account for this ignorance is to average the model over the
missing degrees of freedom, rather than to discard them or to treat them
as fixed at some nominal value. This operation turns out to be precisely
equivalent to a renormalization group (RG) transformation in the context
of exponential random graph models. Part II develops this equivalence
systematically and exploits it to derive exact and approximate solutions
for several families of network models in which edges are not drawn
independently.



Why correlations matter

The independent-edge assumption is a powerful simplification, and it
underlies the tractability of many of the most widely used random graph
models. However, real networks frequently display correlations among
edges that cannot be captured by independent-edge models. In a so-
cial network, the probability that two individuals are connected is influ-
enced not only by their individual attributes but also by the presence or
absence of mutual acquaintances - a genuinely higher-order effect. In a
financial network, the probability that two institutions share an exposure
depends on the broader structure of counterparty relationships, creating
systemic-risk profiles that independent-edge models systematically un-
derestimate [17} |39} 40, |41]. In a biological network of gene regulation,
the formation of feedback loops and motifs creates statistical dependen-
cies among edges that are functionally significant [42} 43, 44].

Exponential random graph models (ERGMs) provide the most natu-
ral language for encoding such dependencies [45] 46]: they assign a prob-
ability to each network configuration in proportion to the exponential of
a linear combination of graph statistics (edge counts, triangle counts, de-
gree sequences, and so on), exactly as the Boltzmann weight in statistical
mechanics assigns probabilities to microscopic configurations. Within
this framework, independent-edge models correspond to Hamiltonians
that contain only terms linear in individual edges, while correlated mod-
els involve Hamiltonians with higher-order terms coupling different edges.

The challenge with correlated models is their intractability: the nor-
malisation constant (the partition function) is generically computation-
ally hard to evaluate, and closed-form expressions for observables are
available only in very special cases [47, |48]. The renormalization ap-
proach developed in Part II provides a systematic strategy to identify
and exploit these special cases.

Marginalization as renormalization

The starting point of Chapterfdis an observation that connects two appar-
ently unrelated concepts. On one hand, in the theory of disordered spin
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systems (such as spin glasses), a standard technique for studying mod-
els on irregular or partially observed graphs is decimation: one integrates
out a subset of the degrees of freedom, obtaining an effective model on
the remaining sites [49, 50, 51]. On the other hand, in network science,
the standard probabilistic approach is to write a probability distribution
over the observable part of the network alone, and run the inference ma-
chinery on the reduced complete statistics.

The central insight of Chapter[d]is that these two operations are, in the
context of exponential random graph models, complementary. Marginal-
ising over unobserved network components is the same as performing a
decimation step in the renormalization group sense. This equivalence is
not merely formal: it allows one to import the entire conceptual machin-
ery of the RG - fixed points, universality classes, flow equations, relevant
and irrelevant directions - into the study of network models [52, 53, 54].

A crucial consequence of this equivalence is that marginalization gener-
ically introduces effective higher-order interactions among the remain-
ing variables. If the original model has only pairwise edge couplings,
integrating out a subset of edges will in general produce a model in
which the probabilities of the remaining edges depend on each other
in a complex way, through higher-order interaction terms. This is the
network analogue of the well-known fact that coarse-graining a lattice
model generates effective couplings between spins that were previously
non-interacting [49]. Managing the proliferation of these higher-order
terms is the central technical challenge of Part II, and Chapters [5] and [f]
are devoted to two complementary strategies for dealing with it.

Exactly solvable models and the role of topology

The first strategy, developed in Chapter 5 is to identify network topolo-
gies and coupling structures for which the RG flow closes exactly within
a finite-dimensional family of models. This means that, no matter how
many marginalization steps one performs, the resulting effective model
remains within the same parametric family, with only the numerical val-
ues of the coupling constants changing.
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Chapter |5 provides a complete analysis of one such exactly solvable
class: random network models defined on a one-dimensional chain. This
is the network analogue of the Ising chain [55| 56| |57], and the exact
solvability has the same origin: the locality of the interactions, which
prevents the generation of long-range effective couplings under decima-
tion. Building on this base case, Chapter [5| systematically analyses the
effect of adding disorder - in the form of spatially varying coupling con-
stants or link probabilities - to the chain model. Two types of disorder are
considered: sparse disorder (affecting only a finite fraction of sites) and
uniform disorder (affecting all sites in a statistically independent way).
In both cases, the exact RG equations can be derived and the induced
probability flows characterised analytically.

The exact solvability of the chain model is not merely a mathemati-
cal curiosity. Chapter [5|shows that the RG equations for the chain can
be mapped onto a variety of network phenomena of practical interest:
peer effects (the tendency of individuals to adopt the behaviour of their
network neighbours), preferential attachment (the rich-get-richer mech-
anism underlying the growth of many real networks), susceptibility ef-
fects (in which the formation of a connection depends on the current
state of a node), and reinforcement learning dynamics. By understanding
the RG flow of the chain model, one gains insight into the universality
classes that govern all of these phenomena.

Second-order models and the harmonic oscillator of ran-
dom graphs

The second strategy, developed in Chapter[6} takes a different approach.
Rather than restricting to a specific topology for which the RG flow closes
exactly, Chapter [f| studies the class of models to which most correlated
network models flow under marginalization when higher-order interac-
tions are irrelevant. In this case, the flow identifies a specific class of
“second-order” models, characterised by pairwise interactions between
edges (rather than between nodes). The name “second-order random net-
work model” reflects this pairwise edge coupling structure, which is the
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simplest form of edge correlation.

The central result of Chapter|f]is that second-order random network
models can be solved exactly and in full generality, for arbitrary inter-
action structures. The key observation is that the problem of computing
the partition function of a second-order model can be recast as a prob-
lem in algebraic graph theory: specifically, as the diagonalization of the
link-adjacency matrix, a matrix that encodes the coupling between pairs of
edges rather than between nodes. The eigenmodes of this matrix deter-
mine the phase structure of the model, and the general single-link prob-
ability can be expressed as a function of these eigenmodes.

This structural insight has far-reaching consequences. It provides a
unified framework for solving a large family of models that had pre-
viously been treated separately and in special cases [47, 48]. It reveals
that the phase behaviour of correlated network models can be much
richer than that of independent-edge models: depending on the eigen-
value structure of the link-adjacency matrix, a second-order model can
exhibit multiple coexisting phases, complex phase diagrams, and tran-
sitions analogous to those found in condensed-matter physics. It also
establishes a connection between network science and algebraic graph
theory that has not previously been exploited in this context.

The title “harmonic oscillator of random graphs” reflects both the
central role of the second-order coupling structure - analogous to the
quadratic potential of a harmonic oscillator, which is the simplest ex-
actly solvable problem in quantum mechanics - and the expectation that
the methods developed in Chapter [f] will serve as a building block for
the analysis of more complex, higher-order network models, much as
the harmonic oscillator serves as a building block in perturbation theory.
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Chapter 2

Spectra of random graphs
with discrete scale
invariance

This chapter is based on:
Alessio Catanzaro, Rajat Subhra Hazra, and Diego Garlaschelli. “Spec-
tra of random graphs with discrete scale invariance. npj Complexity (2026).

Abstract

Random graphs defined by an occurrence probability that is
invariant under node aggregation have been identified re-
cently in the context of network renormalization. The invari-
ance property requires that edges are drawn with a specific
probability that, in the annealed case, depends on a neces-
sarily infinite-mean node fitness. The diverging mean deter-
mines many properties that are uncommon in models with
independent edges, but at the same time widespread in real-
world networks. Here we focus on the leading eigenvalues
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and eigenvectors of the adjacency matrix of the model, where
the n nodes are assigned a Pareto («)-distributed fitness with
0 < a < 1. We find that the leading eigenvalues are all
of order /n, alternate in sign and are located at the inter-
section between the real axis and a logarithmic spiral in the
complex plane, which we characterize analytically in terms of
the Gamma function. We also calculate the associated eigen-
vectors, finding that they display complex-valued scaling ex-
ponents and log-periodicity, which are signatures of discrete
scale invariance. In contrast with the typical finite-rank be-
haviour of random graphs with finite-mean variables, we find
that a growing number of the leading eigenvalues emerges
from the bulk, whose edge extends up to order y/n and there-
fore reaches the same scale as that of the structural eigenval-
ues.

2.1 Introduction

Many models have been proposed to reproduce the heterogeneous struc-
ture ubiquitously observed in real-world networks. Among these, a wide
class of random graph models assigns a weight (or fitness, or hidden
variable) z; to each vertex i (i = 1,n where n is the number of nodes)
from a usually fat-tailed distribution p(z), and connects pairs of vertices i
and j with a probability p;; that is a certain positive function f(z;, ;) [11,
12,58, 59].

Recently, in the context of network renormalization [52], a specific
such model that complements the heterogeneity of nodes with an in-
variance principle under graph coarse-graining has been identified [1}
2,3, 60]. In this so-called (annealed) Multi-Scale Model (MSM), one may
group nodes into equally sized ‘supernodes’, each inheriting the sum of
the fitness of its members, and impose that both the connection proba-
bility p;; = f(z;,2;) and the fitness distribution p(x) remain unchanged
in their functional form, while their parameters follow exact renormal-
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ization rules. In other words, aggregating nodes into supernodes ac-
cording to any homogeneous partition — and connecting two supernodes
whenever there is a connection between any of their constituent nodes
— defines a coarse-grained version of the graph, governed by an occur-
rence probability that has the same functional form as that of the original
graph, up to a rescaling of the parameters [1} 3].

This renormalization scheme does not rely on any underlying ge-
ometry or distance notion between nodes. This stands in contrast to
geometric renormalization approaches [20} 21], where the nodes to be
merged need be spatially proximate, and a preliminary definition of met-
ric distance is needed. Rather, when nodes are merged into supernodes
of equal cardinality, the invariance requirement in the MSM is closer in
spirit to the concept of discrete scale invariance [33], whose conequences
for the graph properties have not been investigated so far and are one of
our main focuses here.

In particular, we are interested in the spectral properties [23] of the
MSM, which turn out to be quite unique due to he peculiar structure
of the fitness. Indeed, the requirement that the node fitness is a posi-
tive random (‘annealed’) variable that is stable under addition implies
that it has an a-stable distribution with infinite mean (0 < « < 1) [1}
3], where classical random matrix results [23, 27, 28, 61, 62}, 63, [29] break
down. When a symmetric random matrix is decomposed into a low-
rank informative part plus noise, strong signals can produce eigenvalue
outliers outside the bulk spectrum, as first shown in [30]. In networks,
such outliers reveal structures like communities or hubs [23] [31]. While
infinite-mean regimes have been studied for Lévy matrices [64, 65, 66],
random graphs add further randomness from adjacency realizations, not
captured by those approaches. Our goal is to shed light on the surpris-
ing behaviour of the eigenmodes of the adjacency matrix in this infinite-
mean regime, which follows from discrete node aggregation invariance.
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2.2 Preliminaries

The annealed MSM is an inhomogeneous random graph on n nodes,
each node i being assigned a positive weight x;, sampled independently
from an a-stable distribution p,, (x), hence with power-law tails decaying
as 717 for 0 < a < 1[1]. In this regime of «, every moment of p, ()
diverges. Given z; and z;, the probability that an edge exists between 4
and j is

Dij = fn(zi,x;) =1 —exp(—enzix;), i,j=1,n (2.1)

if i # j and p;; = 0if i = j, where the parameter ¢,, may be chosen to
scale with n in a desired way. Under an arbitrary homogeneous parti-
tion whereby the n nodes are aggregated into supernodes (each with the
same number of participating nodes), the form of both p;; = f,(z;,z;)
and p, () is unchanged, up to a parameter shift in the latter — reflecting
the fact that the fitness of a supernode is the sum of the fitnesses of its
constituent nodes [1, 3]. Since p(z) for positive a-stable variables is not
known in closed-form (except for o = 1/2), for analytical tractability we
follow [3] and consider a pure Pareto(«r) distribution with the same tail
as an a-stable distribution:

pa(z)=az™ 7 O<a<l (2.2)

for z > 1, and p.(z) = 0 otherwise. We also consider &, = n~'/* as
a scaling that allows the graph to be arbitrarily large while remaining
sparse, allowing precise asymptotic calculations for large n [3]. In this
regime, the tail of the expected degree distribution P(k) decays as k2
irrespective of the value of «, the expected link density is of order Inn/n,
while the average local clustering coefficient remains finite [[1, 3] — which
are all widespread properties found in real-world networks.

2.2.1 Realized versus expected matrix.

We denote the realized adjacency matrix of the graph as A, where A;; is
a Bernoulli variable: A;; = 1 with probability p;; and 0 otherwise. Note
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that A is symmetric and A;; = 0. By construction, the expectation of A
(conditioning on the realized weights) is the matrix P = E[A|{z;}] with
entries P;; = p;; = fn(2;,x;) and captures the deterministic, structural
signal imposed by the weights, while the actual A can be seen as a noisy
realization of that signal.

Indeed, a central idea in our analysis is to decompose the adjacency
matrix into the sum of an expected component and a fluctuation compo-
nent, and then use Random Matrix Theory (RMT) intuition to separate
the spectrum into bulk and outlier components. Let us write:

A=(A)+(A—(A)=P+H, 2.3)

where H = A — P is the zero-mean noise matrix. By construction, P is
a dense matrix (encoding for the structure of the network) with a highly
skewed pattern due to the heavy-tailed z;, whereas H captures the ran-
domness of edge realizations. If the matrix P were of small, finite rank
and H were a ‘typical’ random matrix with a bounded spectral distribu-
tion, then standard results show that each eigenvalue of P above a cer-
tain magnitude would detach from the continuous spectrum of H. This
phenomenon, rigorously characterized in spiked random matrix theory,
underlies applications like spectral clustering [24, 25, 26]. In our case, P
is not finite-rank: as we argue in the following sections though, we find
evidence of an ‘effective’ rank of order In n. In this sense, we are close in
spirit to recent results such as Ref. [67], that are hinting at the fact that
generalized BBP transitions could be happening even when the rank of
the perturbation matrix is growing as o(n). An illustration of the typical
spectra of A and P is provided in Fig. (I} Our main goal is the character-
ization of these spectra and the associated eigenvectors, with a specific
attention to the outlier modes carrying structural information.

16



104 4

Counts
=
3

0
10 - T 1 A A — v —1
-150 -100 —50 0 50 100 150 200
Eigenvalues (A)

w0t 2 2
I | L1
0 - - T 0 - T -
10°{ 5164 -162 -160 -158 -156 212 214 216 218 220
14 1
2 | I I 1
5 102 0 T T T T 0 T T T T
8 -80 -78 -76 -74 o108 110 12 114
14
10! § I
0 T T y
50 52 54 56 58
04
1o [[] 1] 1 1 || |

T T T T T T
-150 —100 =50 0 50 100 150 200
Eigenvalues (A)

Figure 1: The full spectrum of A, a single realization of the network ad-
jacency matrix from P, with n = 10* and o = 0.5. In the top panel the
histogram (blue) of A. We see separation into atomic delta densities and a
central, continuous bulk. In the bottom panel we show the separation of the
spectrum into two regimes, the outliers being those of A in blue, and of P in
orange. We also superimpose in green the eigenvalue histogram of H, that
replicates the bulk behaviour of A.

2.3 Leading eigenmodes from the expected ma-
trix.

We are interested in the solution of the eigenmode equation

ka = )\k'Uk k= 1, n (2.4)
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with [A1| > |Ag| > -+ > |A,]. Denoting the i-th entry of each eigenvector
vy as v,(;), we can rewrite Eq.(2.4) as

Zpijvz(f) = vy i=1n k=1n (2.5)
j=1

Note that, since P is real and symmetric, its eigenvalues are real. Also
note that any two vertices ¢, j with the same realized weight z; = x;
are statistically equivalent, as their (expected) properties in the graph
depend only on the weight z. Similarly, if x; = x; then the i-th and j-
th entries of each eigenvector v; will be equal: v,(f) = v,(cj ). This allows
us to write v,(j) = vg(x;) where v (z) must be a continuous function of
the weight x. For large enough n, Eq.(2.5) can be recast as the integral

expression

Iy vk (x)] = % vi(z). (2.6)

where v (x) is an eigenfunction (with eigenvalue Ay /n) of the integral
operator

+oo
M, [g(a)] = / dy paly) (1 — €=7=¥) g(y), 2.7)

corresponding to the eigenvector v;, (with eigenvalue \;) of the original
matrix P. A natural normalization for v («) will emerge from the calcu-
lations that follow. If an eigenfunction v (z) is found, a convenient way
to go back to the actual eigenvector entry v,gj ) is the following. We first
order all vertices so that z; < &g < --- < x,,. Then, since a pure Pareto(«)
variable can be represented as a uniform random variable, raised to the
power —1/a, in the interval [0, 1], we arrive at the relation z; = (n/j)'/®
(we will use this relation as an alternative, deterministic assignment of
the fitness of nodes to produce a ‘noise-free’ power law distribution even

for finite n). Finally,

) nl/a
U](qj) = Vk(iﬂj) = Vg (gl/a) j=Ln k=1n. (2.8)

18



2.3.1 Largest eigenvalue and principal eigenvector

We start with the principal component ¥ = 1. From Perron-Frobenius
theorem, \; is be positive and v; has all entries of the same sign. We will
set the normalization of v; in such a way that all its entries are positive,
so that v () is a positive-valued function. When evaluating the operator
on the eigenfunction, the multiplication of p,(z) by v1(z) formally
generates a modified, effective distribution of the weights. We then look
for an eigenfunction such that vy (x)p.(r) = pg(x) is again a Pareto pdf
with a new index §3. This is obtained for the eigenfunction

v(z) = g z* P BeRt. (2.9)

Setting g(x) = 1 (z) into Eq. 2.7), we get
Mon[vi(z)] =1 — @plen) (2.10)

where we have introduced the Laplace Transform (LT) ¢, of the Pareto-«
density, defined as

+o0 +oo
Val(t) = / dz po(z) e = a/ de x™ 1% e, (2.11)
0 1

and we have exploited the normalization property

+00 +oo
/ @m@mmzf dy ps(y) = 1. (2.12)
0 0

The above expression sets our normalization for 4 (z), which is the anal-
ogous of the ¢; norm >, |v11)| = 1 for the original eigenvector v.

We can easily derive the asymptotics properties of the Laplace trans-
form of a Pareto distribution. Indeed
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Hon[vi()] = 1—pp(ene)

+oo
= 1- / dy ps(y) e~ "™
1
—+o0
=1 —ﬁ/ dyy= P ementy
1

400 —-1-B8 ¢
N a7 (t) ¢

Ent Enl End
+o00
= 1- %/ dtt=17F et
(en) enT
p
1- (8 .T)_’H F(fﬂagn'x)a (213)

where we have made the change of variables ¢, 2y — t and introduced
the incomplete Gamma function I'(z, s), which has the following defini-
tion and asymptotic relation with the (complete) Gamma function I'(z) =
I'(z,0) for R[z] < 0:

+oo z
I'(z,s) = / dt t*7te™t ~ T(2)+ S;, s— 07, (2.14)
Since in our case R[z] = —a/2 < 0, the use of the above relation is justi-

fied. Plugging Eq. (2.14) into Eq. (2.13), we obtain for ¢,z — 0
B (57155)76
... ~ 1 —2T(-B) -
> [Vl(‘r)] (Enl')_ﬁ ( ﬁ) B

= _ﬁ (gng;)ﬁ F(_ﬁ)

= (ea2)’T(1-B) (2.15)

This allows us to confirm that 14 (z) is asymptotically an eigenfunc-

tion, for a suitable choice of . Indeed, applying Eq. (2.15) into Eq. (2.10),
we can recast Eq. (2.6) as

a1 (@)] ~ (en2)? D1 = §) = 21 2 s 216)
(provided we identify f = a — 3, i.e. B = a/2) to find
A :%Fa—ﬁ)mgz—ar(—%) nl/2, (2.17)
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This square-root growth of A; can be confirmed via actual computations
on the matrix P itself (see Fig.[2). Using Eq. (2.8), we also obtain all the
eigenvector entries as

. 1 1 /n\"?
’Ug]) = l/l(l’j) = 533?/2 = 5 (J) J=1n. (2'18)

This is also confirmed numerically later on.
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4x10t

3x 10t

10°
Number of nodes (n)

Figure 2: Largest eigenvalue A1 of P versus the number n of nodes, with
weights {z;}i-, either sampled ii.d. from a Pareto distribution (in red,
averaged over 5 samples) or assigned deterministically as z; = (n/i)"/*
(in blue), compared with the analytic result in Eq. (in black). Here
a=0.5.

2.3.2 Next eigenvalues

We now turn k& > 1. Let us preliminarily introduce auxiliary complex-
valued test functions v;" () of the form still given by Eq. (2.9), with 8 € C:

+
viE(z) = Bi T BE =y tiwy€C (2.19)

where v, = R[] € R and £w;, = 3([B;] € R are the real and imaginary
parts of 37, respectively. Note that 5 and 3, are complex conjugate.
Just like pg(z) = v1(x)pa(x) is a Pareto pdf with modified (real) index 3,
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which has the same tail behaviour of a stable distribution with index £,
Pp (2) = v (x)pa(z) is formally a generalized Pareto distribution with
the same “tail behaviour” as the recently defined stable distributions with
complex-valued index Bff [68, 69]. As we now show, these complex-
valued scaling exponents generate log-periodicity, as typically found in
systems with discrete scale invariance [33].

We will use the fact that the Gamma function of the complex con-
jugate of its argument is the complex conjugate of the Gamma func-
tion. The discussion in the previous section extends to complex-valued
parameters 8;F = v + iwy, leading to the following generalization of

Eq. (2.15):
Ha,n[l/ff(x)] ~ (Enx)’gki F(lfﬁff). = (snx)v(snx)ii‘” F(lf'y:Fiw,f) (2.20)

We then introduce the candidate eigenfunction

[F(l - B;) 1/,':(:0)] (2.21)
[L(1—8;) vi(z)+ T (1= B) vy ()] (2.22)

ve(z) = R
1
2

then Eq. (2.20) leads to the following asymptotics:

Mon[ve(z)] ~ %m —BH T - B;) [(snx)ﬂi + (ena) } (2.23)
T - 55" ® [(snw)ﬂﬂ (2.24)
= |D(1 =y iwe) P (en2)" [(n2) T + (en2) " ™“(R.25)

To enforce the eigenvector equation II, ,[vk(x)] = ’\7’“ vi(z), the above
expression has to equal

% vi(r) = 2% [m —B7) B 2P+ T(1 - )8y xa—ﬁk’@z.%)
= 2—2%}% [m —By) B afr . (2.27)

This requires either 8 = o — B and 3, = a — j3;/, which would
however retrieve the case k = 1 that we have already considered for
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the largest eigenvalue (62[ =9 = «/2 and w, = 0, since « € R), or
B =a— B, and B, = a — B, which still leads to 7, = «/2 (for all
k) but puts no restriction on wy, so that ﬁff = /2 £ iwg. The defining
restriction on wy, is obtained by matching the other terms in Egs.
and ([2.27), yielding the two simultaneous conditions

M. =—al (_% :Fiwk') n1/2:|:iwk/a —

—al (7% F iwk) nt/2 gtilws/a)Inn (5 7g)

Since the right-hand sides of the above expression are complex conju-
gates of each other, the two simultaneous conditions ensure that Aj is
real, as required for the eigenvalues of a symmetric matrix. This means
that wy, has to be such that arg [A\;] = 0, 7 modulo 2, i.e.

« . Wk 07 .
_ _F _ T < _
arg [F( 5 +1wk)] " Inn—Fkm,, w < arg {F( 5 —|—1wk)} < 4,
(2.29)
Note that the (necessarily real-valued) eigenvalues A, (k > 1) can be

found graphically as the intersections between the real axis and the two
spirals

of(w)=—-al (78 F iw) nt/2ett(w/a)nn (2.30)
2
defined parametrically in the complex plane by extending the wy, in Eq.(2.28)
to any real value w > 0. See Fig. [3| for an illustration of this result, for
three representative values of the index a = 0.2,0.5,0.8. When the solu-

tions for wy, that realize Eq. (2.29) (or equivalently the intersections) are
inserted into Eq.(2.28), they produce all the eigenvalues as

M= (1) a ]r (—% + iwk)‘ nl/2, 2.31)

which nicely extends the expression for A; to values £ > 1.
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Figure 3: Comparison between the actual real-valued eigenvalues (red) of
the expected adjacency matrix P, obtained by solving Eq. numerically,
and the predicted eigenvalues obtained as the intersection between the real
axis and the logarithmic spiral o (blue) defined in Eq. (2.30). Here n = 10*
and o = 0.2,0.5, 0.8 from top to bottom.
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Graphical inspection

Unfortunately, Eq. cannot be solved explicitly for wy, except for
k = 0 (for which there is no solution for wg) and k = 1, for which w; = 0
is a solution, leading to the value A\; when inserted into Eq.(2.31): indeed,
I'(-%) < 0, so that argT' (—%) = — solves Eq. for k = 1 and
wp = 0. The solutions for k > 1 can be inspected graphically, either as
the aforementioned intersections between the real axis and the complex
spiral, or as the intersections between the two curves defined as the Lh.s.
and rhs. of Eq. (2.29). Specifically, the Lh.s. defines the function

flw)=argT (,% + iw), (2.32)

while the r.h.s. defines the family of straight lines
n
gp(w) =w— —km, k>0. (2.33)
o
The solutions wy, to Eq. (2.29) are the values at the intersections

fwr) = gr(wk), k>0. (2.34)

In Figl we plot f(w) and gi(w) for a few small values of k. The plot
confirms that there is no intersection point wy for k£ = 0, while the inter-
section for £ = 1 is found at w; = 0, for which f(w1) = g1(w1) = —.
What is more useful from the graphical inspection is that the next few
intersections for 1 < k < k* occur at a range of values wy, close to some
value w, at which f(w) has a stationary point and varies very slowly
around the corresponding value ¢, = f(wa.), which is approximately
a local ‘plateau” for the function (the value k* is defined such that for
k > k* the value f(wy) is away from the plateau). We can therefore ap-
proximate the solutions wy, for the first few values k = 2,3,...,k* as the
points at which gy (w) intersects the constant line f(w) =~ ¢,, and replace

Eq. 2:34) with

ba = gr(wr), 1<k <K (2.35)
which, using Eq. (2.33), is solved by the values
o alT TP p), 1<k < k. (2.36)
Inn
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To complete our characterization of these approximate solutions, we need
to estimate both £* and w,,.

flw), g(w)
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—a . | .
-1.0 -0.5 0.0 0.5 1.0 15 2.0
Figure 4: Graphical Solution of Eq. (2:29). In orange, the function f(w) de-
fined in Eq. (2.32), while the straight lines gx(w) defined by Eq. are
in red, with k£ from 0 to 10. The dashed red line corresponds to go(w),
which has no intersection wo with f(w). The solid red line at its immedi-
ate right is g1 (w), which intersects f(w) at the exact value wi; = 0 where
f(w1) = gi1(w1) = —n. Further on the right, the next straight lines gx(w)
(with k > 1) are illustrated in light red. The solution to Eq. for
these values of k can be obtained graphically where the orange and light
red lines meet. In this regime, f(w) can be approximated as the horizontal
line f(w) = ¢a = f(wa) (blue line), where the value w, is the stationary
point such that f’(wa) = 0. The horizontal line is no longer a good approx-
imation for f(ws) for larger k, but that is already the regime for which the
value of |I' (=% +iws)| (plotted in green) is exponentially suppressed, as

one can verify from Egs. (2.53).

Estimation of w,,

We start from the determination of w,,. Since the latter is defined as a sta-
tionary point of f(w), we look for its value by calculating the derivative
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f'(w) and requiring f’(w,) = 0, or more precisely:

% argl' (f% + iw) ‘w:wa =0. (2.37)

We now rearrange the identity z = |z|el #8% = /2 Z ¢! 2'8* (valid for ev-
ery complex number z, where Z is the complex conjugate of z) to express
i

argz = —1i In— =>ln

=3 (2.38)

[SIIRS]

If z=argl' (—% +iw), we get

o y_i (=5 -iw)
argr(‘f““) =T (e i)

%mr (f% — iw) — %mr (f% + iw). (2.39)
In order to be able to differentiate the above expression with respect to w,
we need a closed-form expression for InI'(z) (also called the ‘log-Gamma
function’), which is available as follows:

+o00
z z
lnF(z):—’yz—lnz—l—Z ——In(1+—)], (2.40)
S [ om2)
where
: 1
y= lim_ l— Inm + ; z] =0.5772. .. (2.41)

is the Euler-Mascheroni constant. Using Eq. (2.40) with z = —a/2 £ iw
into Eq. (2.39), we arrive at

+oo
2 tiw) = —yw—arg (=2 +i v %
argF(—E—i-lw)f yw arg( 2+1w>+mzzl[m arg(m 2+1w)}.
(2.42)

Now, in order to differentiate with respect to w as prescribed by Eq. (2.37),
we preliminarily calculate

0 a+, ial <m g—iw> m— 5
—arg(m—— 1w):ffn et B ;
Ow 2 2 0w m—§+iw (m—%)2+w2
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where we have used Eq. (2.38) again. Using the above expression into
Eq. (2.42), we obtain

0 o9 i) = S =1 m—5
Lrr(5o) - i B
(2.44)

Now, imposing Eq. (2.37) translates into the following:

% io[l m—%
(8)*+w2 SZlm (m-2)"+w?

which, if the sum is truncated to any finite order for m, can be solved

=0, (2.45)

algebraically for w,. In general, the number of solutions of the above
equation (i.e. stationary points of the function f) may depend on ««. How
many (and how closely) such solutions are recovered after truncating the
sum will depend on the order of truncation. For our purposes here (i.e.
identifying the first stationary point as shown in Fig. ), we simply trun-
cate to zeroth order and neglect the sum altogether, to get the condition

N])

—+ =0, (2.46)

()" +w2

which is solved by the single (positive) value

_Ja (1l «
Wo = 2<7—2). (2.47)

This finally allows us to compute

o= Jwa) = ] < 2(3- j)) , 248)

which, when inserted into Eq. (2.36), produces our approximate solu-
tions for wy, to Eq. with 1 < k& < k*. A comparison between the
actual solutions wy, of Eq. and the approximate solutions given in
is shown in Fig. 5] confirming a very good agreement, especially
for smaller values of a. Note that our only use of these approximate
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solutions is the approximate proportionality between w;, and k, which is
used below to prove the exponential decay of the prefactor of the leading
eigenvalues with k. This linearity only requires that f(w) is sufficiently
flat around some value ¢, before |I' (—% +iw)| is exponentially sup-
pressed (see Fig. ). A more accurate estimate of ¢, would improve the
estimate of ¢, used in Eq. (hence improving the slope of the pre-
dicted lines in Fig. [5), but not modify the approximate proportionality
between wy, and k, which is all we need in what follows.

@

) P

2 4 6 8 10 12 14
k

Figure 5: Values of wy as a function of k. The isolated points are the actual,
numerical solutions of Eq. 2.29), for o = 0.2,0.5,0.8 (in blue, orange and
green respectively). The solid lines are the approximate linear solutions de-
fined by Eq. with k£ > 1 (plus the exact solution w1 = 0) for the same
values of & = 0.2,0.5, 0.8 (and same colors).

Exponential decay of the prefactor of the leading eigenvalues

We now turn to the estimation of the order of £*. Let us consider the
Stirling approximation [70, (5.11.9)] for the absolute value of the Gamma
function:

ID(a+ib)| ~ v2r|b|*~2 e (2.49)

where a,b € R. Choosing a = —«/2 and b = wj, > 0, this implies
_oat1 MW,
‘F (—%Jriwk)’ ~V2rw, *? (ka7 (2.50)

showing an exponential decay with increasing wy,. This exponential de-
cay is visible in Fig. [l If we further use the expression we derived in
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Eq. (2.36) for the approximate solutions wy, for 1 < k < k*, we see that
the above behaviour translates into an exponential decay as a function of
k/lnn:

a+1
‘F(*gJFiwk)’N\/ﬂ N T 1<k <k
2 Inn
(2.51)
Looking at Fig. |4} we see that when £ 2 k* (i.e. when the intersections

between f(w) and gx(w) depart from the approximate plateau of con-
stant height ¢,,), the value of |I' (—¢ + iw)| is already exponentially sup-
pressed. Therefore Eq. indicates that k* is of order Inn. Obviously,
the magnitude of the corresponding eigenvalue A; of P, which is given
by Eq. (2.31), is also exponentially (in &/ Inn) suppressed:

| = a‘F(—%—i—iwk)‘\/ﬁ (2.52)
a+1

~ a2 (aw) ’ e~ TR (2.53)
Inn

This means that, for & = O(Inn), the approximation in Eq.
breaks down, but on the other hand the corresponding values of A;, be-
come exponentially small. This is also where, moving from the expected
matrix P to a realized random matrix A, the randomness will create noisy
eigenvalues ‘eating up’ the eigenvalues of P.

Indeed, generalized BBP-type results typically assume that the ex-
pected matrix P has a fixed, finite rank in order to guarantee a clean
separation between informative (structural) eigenvalues and the random
bulk. In our model this assumption fails literally, since P is not finite-
rank. Nevertheless, both our numerics and the above arguments indi-
cate that the k-th largest (in absolute value) eigenvalue A\, of P decays
rapidly with k/Inn, so that the rank of the matrix is effectively of order
Inn, and hence o(n). This aligns with recent literature suggesting that
a BBP-like transition can persist to order o(n), hence also beyond strict
finite rank [67, 71]. Numerics also indicate that the edge of the random
spectrum contributed by H scales as C(a)+/n with C(«) independent of
n. Conequently, only those signal eigenvalues that are not exponentially
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suppressed can rise above the bulk, i.e., indices up to £* ~ Inn. In this
sense, the signal behaves as if it had effective rank ©(Inn): the spectrum
of A consists of order In n outliers (delta spikes from P) on top of the bulk
determined by H.

2.3.3 Next Eigenvectors

We now turn to the eigenvectors for £ > 1. Plugging w;, into Eq. (2.22),
we get

/2 «

vi(a) = R [(5 - iwk) r (1 - % - iwk) xiwk} . (2.54)

Using Eq. (2.8), we re-express the eigenvector entries as

iwg

o9 = \/E%kgiwk)F(l;iwk) (;‘)] (2.55)

SR ()] e

Since 1w = elwrIn® and jiwr/a = gi(wk/@)Inj the structure of the above
eigenfunctions and eigenvectors is oscillating, log-periodic in their ar-
guments (z and j respectively), and modulated by a power-law profile
(z/2 and j~'/? respectively). In Figs.[6[7]8| we show that our analytically
derived log-periodic formula tracks the actual eigenvectors of both P and
A remarkably well for small k.

These eigenvectors do not display traditional delta-like localization,
as they are broadly supported on a wide range of weight percentiles with
largest amplitude around the hub node (j = 1), followed by power-law
decay j~'/2. As k grows large enough (below we provide evidence that
this happens for k growing with n but of order at most Inn), we find a
departure of the eigenvectors of A from those of P, due to the entrance of
the associated eigenvalues into the random bulk where eigenvectors are
expected to be more uniformly spread and less structured.
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We also note that, when combined with Eq. (2.31), the above expres-
sion allows to rewrite the eigenvector entries in terms of the correspond-
ing eigenvalue \;, as

; DN fa w? ey
= ()R

In particular, the first entry v,(;) of each eigenvector v;, (which is the
entry that localizes around the hub node j = 1) is

2
L k1 o wp
= (=1 A — 4+ = .
v =(=1) k(4+a>, (2.58)
so that, for j = 2,n,
Gy _ . ycos (2 Inj)
vy =w - . (2.59)
F b Vi

The above expressions illustrate how each (leading) eigenvector vy,
has a structure where the first entry v,(:) (located at the hub node j = 1)
has an amplitude governed by the corresponding eigenvalue ), and the

—1/2

next entries j > 1 follow a power-law decay ~ j with log-periodic

oscillations.
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Eigenvector entry vs index, alpha = 0.2, N= 10000 Eigenvector entry vs index, alpha = 0.2, N= 10000
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Figure 6: Plot of eigenvector entries fu,(cj ) versus j, for the first 10 eigenvec-
tors k = 1,...,10 (from left to right and top to bottom) and for all entries
j = 1,...,n. Blue dots correspond to the actual eigenvectors entries of P
obtained by solving Eq. explicitly, while red solid lines represent the
corresponding predicted entries obtained from Eq. (256). Orange dots are
the entries of the eigenvectors of A, and we can see that in the regime out-
side the bulk they are in quite a good accordance with those of P and hence
the ones we obtained analytically. Here o = 0.2 and n = 10*.
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Figure 7: Plot of eigenvector entries fu,(cj ) versus j, for the first 10 eigenvec-
tors k = 1,...,10 (from left to right and top to bottom) and for all entries
j = 1,...,n. Blue dots correspond to the actual eigenvectors entries of P
obtained by solving Eq. explicitly, while red solid lines represent the
corresponding predicted entries obtained from Eq. (256). Orange dots are
the entries of the eigenvectors of A, and we can see that in the regime out-
side the bulk they are in quite a good accordance with those of P and hence
the ones we obtained analytically. Here o = 0.5 and n = 10*.
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Figure 8: Plot of eigenvector entries fu,(cj ) versus j, for the first 10 eigenvec-
tors k = 1,...,10 (from left to right and top to bottom) and for all entries
j = 1,...,n. Blue dots correspond to the actual eigenvectors entries of P
obtained by solving Eq. explicitly, while red solid lines represent the
corresponding predicted entries obtained from Eq. (256). Orange dots are
the entries of the eigenvectors of A, and we can see that in the regime out-
side the bulk they are in quite a good accordance with those of P and hence
the ones we obtained analytically. Here o = 0.8 and n = 10*.
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2.4 Bulk of the Spectrum

As we have seen in Fig. [I] for the eigenvalues and from Figs. [6|[7][§] for
the eigenvectors, there is a value of k£ beyond which the spectral prop-
erties of P are no longer able to describe those of A. We refer to this as
the ‘entrance’ into the random bulk, i.e. the noisy part of the spectrum
generated primarily by the fluctuation of H = A — P. The analysis of
this part of the spectrum is highly non-trivial, and eludes the purposes
of this chapter. What we are mainly interested in here is the estimation
of where the signal ‘meets’ the bulk. In particular, we look for an up-
per bound for the spectral norm of H, whose elements H;; = A;; — P;;
are independent but not identically distributed random variables in the
range [—1, 1], the variance of H;; being p;;(1 — p;;). The study of such
so-called random matrices with a variance profile, or structured random
matrices, is of great interest in the mathematical ecology community, and
has fostered a lively discussion in the mathematical literature [72} |73} {74}
75,176, (77,78, 79]]. In particular, we are interested in the bound derived
in [78]], that can be extended to matrices with entries having a different
subgaussian distributions, like the centered Bernoulli of our case.
Indeed, let us condition on the latent variables so that the edge prob-
abilities (p;;) are deterministic and {4;; };; are independent. Let

vij 1= pig(L=pig), (2.60)
1/2
7= 1‘??23,,(2%) , (2.61)
T g
L TS 2 2.62
’ iy V=2 (2.62)

Then there exist absolute constants C, ¢ > 0 such that

E|H| < C(U—i-a*\/logn). (2.63)
Moreover, for any 0 < ¢ < % and any ¢t > 0,
IP(||HH > (1+¢) 2\f20+t) < nexp(— to) (2.64)

where ¢, > 0 is universal.
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We can show this by writing H;; = \/v;; &; with &; = (A —
pij)/\/Vi;- Conditionally on (p;;), the &;; are independent, centered, and
uniformly sub-Gaussian (bounded support), so the sub-Gaussian exten-
sion of the main bound applies with scale matrix b;; = ,/v;;. This yields
from the Gaussian Theorem 1.1 together with its sub-Gaussian trans-
fer [78]](Cor. 3.3):

E|H| < o+ 0.+/logn. (2.65)

For tails, note that |H;;| < 1 and EH;; = 0. Now, [78] (Corollary 3.12)
gives, for symmetric bounded entries, a variance-sensitive inequality of
the form

P(|H|| > (1 +¢)20 +t) < nexp(—t?/é.0?). (2.66)

Our entries are not symmetric, but [78](Remark 3.13) shows that sym-
metrization inflates only the leading constant by a factor v/2, which yields
[2:64). As v;; < pij, we have 02 < dpax Where diay 1= max; > i Dij 1
the maximal expected degree. Hence

E|H|| < C(V/dmax + V1ogn), (2.67)
and
[H| < O’( dmax + \/@) w.h.p. (2.68)

As a crude but universal bound, since v;; < i, o < +/n/2, we get

IH| < 2 + 0(y/logn) (2.69)

In Fig.[9|we show that the square root growth (that is commonplace in
Wigner matrices) seems to be the right one, and that the coefficient com-
ing from the maximization of the row/column sum of the variance pro-
file matrix is already a quite good envelope for all values of a. Nonethe-
less this crude bound needs refinement, at least to include the depen-
dence on «. This calls for the full characterization of the bulk spectrum,
which we leave to future work. What is important for our purposes here
is noticing that the edge of the bulk lives on the same scale /7 as the lead-
ing eigenvalues given by Eq. (2.31)). Since the prefactor of \/n for those
outliers decays exponentially with wy, (and, via Eq. (2.36), with k/Inn),
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we see that the bulk will necessarily ‘eat out” the leading eigenvalues for
some value of k of order at most In n.

2x10t

10! 4

Largest Eigenvalue of H

6x 100

4x 100

3x100

Number of nodes (n)

Figure 9: Edge of the bulk of the spectrum versus the number n of nodes.
Points are the actual edge eigenvalues (largest eigenvalue of H, averaged
over 10 realizations), for various values of & = 0.3 (red), « = 0.4 (blue),
a = 0.5 (green), o = 0.6 (yellow) and o = 0.7 (purple). The dashed line is
the upper bound /n/2.

2.5 Concluding remarks

In this chapter, we provided a characterization of the spectral properties
of the Multi-Scale Model (MSM) in the infinite-mean regime (0 < o < 1),
which has been recently identified as an annealed random graph model
that is exactly invariant under node aggregation [1, 3]. This invariance
is a key concept in the field of network renormalization [52], but its con-
nection with discrete scale invariance and the associated idea of complex
scaling exponents [33} 80] had not been investigated so far. We showed
that the leading eigenvalues of the expected adjacency matrix P scale
as \/n and accurately proxy the outlier eigenvalues (whose number is
growing and of order at most Inn) of the realized adjacency matrix A.
Remarkably, these outliers have an approximately constant spacing on a
logarithmic scale of their index £ and can be identified as the intersec-
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tion between the real axis and a spira mirabilis in the complex plane, a
self-similar object naturally emerging in presence of complex scaling ex-
ponents and stable laws with complex stability index [68, 69]. We also
derived a closed-form expression for the outlier eigenvectors, showing
they are delocalized but biased toward high-weight nodes. The leading
eigenvectors beyond the principal (Perron-Frobenius) one exhibit log-
periodic oscillations, a feature naturally produced by discrete scale in-
variance [33, [80} |81] which is here present in the property that the same
random graph model describes exactly (up to a parameter rescaling) any
coarse-grained version of the original graph, where sets of nodes of the
same cardinality are aggregated into supernodes [1}, 3]. Our results qual-
itatively confirm the findings of [31} 32], while partially extending them
to the regime of infinite-rank perturbations of random matrices as in
more recent attempts [67, |71]. In summary, the MSM illustrates how
infinite-mean heterogeneity generates spectral phenomena far from clas-
sical paradigms. Our analysis suggests parallels with other models such
as Chung-Lu, where broad degree distributions induce hub-driven out-
liers. Open directions include testing the universality of the \/n scaling
and log-periodicity across other networks and models. More broadly,
our results provide a framework for understanding spectra in multi-scale
and heavy-tailed systems, and lay the ground for future work in these
fields.
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Chapter 3

Clustering without
Geometry in an
Independent Edges
Network Model

This chapter is based on:

Alessio Catanzaro, Remco van der Hofstad, and Diego Garlaschelli.
“Clustering without geometry in sparse networks with independent edges. arXiv
preprint arXiv:2603.13159 (2026).

Abstract

The coexistence of sparsity and clustering (non-vanishing av-
erage fraction of triangles per node) is one of the few struc-
tural features that, irrespective of finer details, are ubiqui-
tously observed across large real-world networks — motivat-
ing the search for generic models producing sparse clustered
graphs. Earlier results suggested that sparse random graphs
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with independent edges fail to reproduce clustering, unless
edge probabilities are assumed to depend on underlying met-
ric distances that, thanks to the triangular inequality, natu-
rally favour triadic closure. This observation has opened a
debate on whether clustering implies (latent) geometry in real-
world networks. Alternatively, recent models of higher-order
networks can replicate clustering by abandoning edge inde-
pendence. Here we prove mathematically, and confirm nu-
merically, that a sparse random graph with independent edges,
recently identified in the context of network renormalization
as an invariant model under node aggregation, produces fi-
nite clustering without any geometric or higher-order con-
straint. The underlying mechanism is the presence of an infinite-
mean node fitness which also implies a power-law degree
distribution and, as a novel phenomenon that we characterize
rigorously, the breakdown of self-averaging of various net-
work properties. Therefore, as an alternative to geometry
or higher-order dependencies, node aggregation invariance
emerges as a basic route to realistic network properties.

3.1 Introduction: clustering versus geometry.

While real-world networks differ in various structural details, the vast
majority of them are characterized by virtually ubiquitous features, the
most popular of which are the broad (i.e. infinite-variance) distribu-
tion of node degrees (numbers of links per node), the (ultra)small-world
property (i.e. average shortest path length growing (at most) logarith-
mically with the number of nodes), and the coexistence of sparsity (van-
ishing link density) and local clustering (finite average density of trian-
gles around nodes) in the limit of infinitely large networks [4, |6]. While
several models based on different generic mechanisms can successfully
replicate broad degree distributions and short path lengths [4], the coex-
istence of sparsity and local clustering is much more difficult to replicate
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— and hence more informative, as it requires specific mechanisms that
can discriminate models at a finer level.

The prototypical example of this difficulty is illustrated by random
graph models with independent edges, where different pairs of nodes are
independently connected. In the Erdés-Rényi (ER) model [10], where
edges are independent and identically distributed (i.i.d.) with the same
connection probability p, it is easy to show that the link density (expected
fraction of realized links) and the local clustering coefficient (defined as
the fraction of triangles around a node, averaged over all nodes) have the
same expected value p for networks with a large number n of nodes. This
automatically implies that, as n diverges, one cannot simultaneously pro-
duce finite local clustering and vanishing link density. To overcome this
limitation of the ER model, two main routes have been explored.

One route introduces dependencies between edges. This can hap-
pen via explicit triadic interactions [9, [82], which however still lead to
comparable levels of density and clustering, or via a monopartite projec-
tiorﬂ of a bipartite network [38], which produces a network of overlap-
ping cliques (the edges of which are all mutually dependent) where local
clustering can remain very large even for vanishing density. More recent
attempts introduce higher-order networks such as simplicial complexes
and hypergraphs [83}[84], where edges belonging to the same simplex or
hyperedge are mutually dependent. While these more complicated set-
tings can realize the coexistence of sparsity and clustering at the expense
of introducing higher-order dependencies, whether that coexistence can
be achieved for more parsimonious models with independent edges re-
mains an open question.

The second route explores that question explicitly by preserving edge
independence while introducing heterogeneity. More precisely, one can
turn the unconditional link independence of the ER model into a condi-
tional one, by replacing, for each specific pair of nodes i and j (i,j =

In monopartite projections of bipartite networks, the original nodes are first initially
connected (possibly independently of each other) to ‘auxiliary’ nodes of a different type
(representing for instance the possibile affiliations or memberships of the original nodes),
and the auxiliary nodes are then eliminated while connecting the original nodes to each
other, if they share connections to the same auxiliary nodes.
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1,...,n), the constant connection probability p with a probability p;; that
is a function f(w;,w;) of the realized values w;, w; of a certain node-
specific variable w (called fitness or weight, hidden variable, latent vari-
able, Lagrange multiplier, etc.) that is preliminarly assigned to vertices
viaani.i.d. draw from a certain probability density function (pdf) p(w) [11,
13| 158, |85]]. Typical choices of f(w;,w;) are monotonically increasing in
both arguments (and necessarily symmetric for undirected graphs) —im-
plementing the idea that, the larger the fitness, the larger the probability
that a node connects to other noded?]

In the studies carried out so far, it turned out that, while several com-
binations of f and p can generate sparse small-world networks with a
broad degree distribution [11} 13} 58, 85], they systematically fail to gen-
erate finite clustering, casting doubts on whether models with indepen-
dent edges can replicate local clustering. The only exception that has
become popular is that of random geometric graphs, where the fitness w
acquires the role of a node coordinate (which, more in general, can be a
D-dimensional vector) and the connection function f depends on w; and
w; through some metric distance d;; = d(w;,w;) (in which case, f gen-
erally loses the property of being monotonic in wﬂ) A remarkable ex-
ample of this success is the hyperbolic model [14, (15} |16, {17} |18, [19, 21]
which assumes that nodes are sprinkled uniformly at random in a D-
dimensional hyperbolic space and links are formed with a probability
that is a certain decreasing function of the geodesic distance between
nodes. In this setting, the triangular inequality (d;; < di. + d;x Vi, j, k)
guarantees that pairs of nodes i, j that successfully connect to a third
node k are very likely to connect to each other (triadic closure), provably
leading to finite clustering [86| [87]. Additionally, hyperbolicity ensures
that other desirable properties such as power-law degree distributions
emerge [16]. These investigations have convincingly concluded that,

2Some popular examples are f(w;,w;) = zw;wj, f(w,w;) = O(w; + wj — 2),
flws,wy) = zwyw; /(1 4 zwiw;), and f(w;, w;) =1 — e *¥i%i, where z > 0 is a global
parameter controlling for the overall link density and w; > 0 Vi.

3For instance, if w; and wj are scalar (unidimensional) coordinates and their distance is
defined as d;; = |w; — wj|, then w; and w; can simultaneously increase while keeping d;;
(and hence p; ;) unchanged.
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in random graphs with conditionally independent edges and distance-
dependent connection probabilities, geometry implies clustering.

On the other hand, the potential reverse (non-obvious) implication
that clustering implies geometry, i.e. that the presence of finite clustering
could suffice to indicate that the network is (with high probability) the
realization of a random geometric graph, is highly debated [14,(15}16,(17,
18, |19} 21]. Whether clustering implies geometry is crucial for network
theory (because, if true, it would demand for explanations and interpre-
tations of the hidden geometry of real-world networks [21) [86]), for data
science (for instance because techniques such as graph embedding and
topological data analysis could then be optimized for real-world network
geometries) and for the control of processes on networks (because geom-
etry could aid network navigability [16| 88, 89] and the understanding of
how clustering impacts epidemic and other processes [9]).

In this chapter, we prove that finite clustering can emerge indepen-
dently of geometry or higher-order constraints in random graphs with
independent edges conditional on infinite-mean fitness [1} 2]. While
the finite-mean case has been systematically found to produce vanishing
clustering, we show that in the infinite-mean case clustering is finite and
strong. Notably, we find that the infinite-mean fitness also implies the
breakdown of self-averaging in certain properties, including clustering
itself.

3.2 The Multi-Scale Model.

We consider the inhomogeneous random graph model introduced in [1]
and studied in [2} 3} 90]. Each node i is assigned a positive weight (fit-
ness) w; (i = 1,n), sampled i.i.d. from a certain pdf p(w). Given w;,w;,
nodes i, j connect with probability

piy =1 —e i, 3.1)

where the scaling §,, can be chosen in such a way that the link density
vanishes as n — oco. The connection probability (3.1) is also known in
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the literature as the Norros—Reittu model [91] and has been used for var-
ious purposes [92, 93], by considering a finite-mean p(w). In this work
we are however interested in the specific ‘annealed’ regime considered
within the framework of network renormalization [52], where the model
emerges as a fixed point of a renormalization flow in the space of mod-
els, induced by coarse-graining the network by aggregating nodes into
super-nodes and recalculating the induced connection probability be-
tween super-nodes [1]]. The specific connection rule in Eq. makes
the model invariant, provided the weight of each block is defined as
(a random variable equal to) the sum of the weights of the constituent
nodes [1]. If one further demands the invariance of the weight distribu-
tion, i.e. that the coarse-grained weights are distributed according to the
same pdf as the constituent weights, then p(w) should be a positively-
supported, one-sided stable law 5, (w) with stability parameter 0 < o <
1 [94, 22]] and tails decaying as w~'~* for large w, hence with diverg-
ing mean and higher moments [1} 3||. In this way, one gets a Multi-Scale
Model (MSM) interpretable as describing connections between arbitrar-
ily nested (blocks of) nodes, thereby describing the graph at multiple
scales of resolution (coarse-graining) simultaneously [1].

Since a stable law j, (w) with 0 < o < 1 is known in closed form only
for o = 1/2 (Lévy distribution), we first follow [3] and replace it with a
pure Pareto distribution

pa(w) =aw 7% w>1,0<a<1 (3.2)

(which has exactly the same tail behaviour as an a-stable distribution and
serves as an analytically tractable counterpart [3} |94]) and then discuss
the extension to actual a-stable laws p,(w) via both analytical and nu-
merical arguments. Given , one can show that choosing 6,, = n=1/e
implies that the link density vanishes as logn/n, i.e. the average degree
grows only as log n, and the degree distribution is power-law [3].

We stress that the MSM can be enriched with additional dyadic fea-
tures [[1, 2] which allow the connection probabilities to depend, for in-
stance, on geometric distances between coordinates assigned to nodes.
Nonetheless, to investigate whether clustering can be produced without
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Figure 10: Clustering functions for different values of n and « for the
MSM model with Pareto weights (3:2). Blue circles: empirical cluster-
ing function versus the degree k computed on actual realized graphs
(obtained by sampling the weights once, and sampling the graph once con-
ditionally on the realized weights). Red curves: our analytical expres-
sion for the annealed clustering function evaluated on the actual de-
gree k = ay/n. Green curves: our asymptotic calculation valid for
diverging reduced degrees. We evaluate and plot all functions only for de-
grees larger than 1, to avoid ambiguities in the definition of the clustering
coefficient for k& < 2. Top: n = 10?, bottom: n = 10%. From left to right:
a=0.3,0.5,0.7.

geometry, here we obviously consider the simplest, distance-independent

version in Eq. (3.1).

3.3 The Local Clustering Coefficient.

Abstractly, the clustering coefficient quantifies the tendency of a graph to
form closed triangles. Globally, it can be defined as the ratio between the
total number of closed triangles and the number of potential (either open
or closed) triangles (also called cherries, or wedges). In our regime with
0 < a < 1, this ratio vanishes for the MSM model [3]], in line with what
observed in sparse real-world networks. Our interest here is the (more
distinctive) local clustering coefficient C,,, which quantifies the tendency
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of the neighbours of the specific node v to form closed triangles around
v. For a node v with degree D,, C, is defined as the ratio between the
number A, of triangles containing v and the number of wedges centered
at v. In terms of the adjacency matrix A = (4;;)}';_;, this reads

_ Av _ Zz;ﬁv Zj;ﬁv,i A’UiAijAjU
(DQ”) D’U(D’U - 1)

, Dy, >1. (3.3)

The behaviour of C,, versus D,, as well as the average value C of C,, over
nodes, can effectively characterize real-world networks and discriminate
among different models — especially in determining whether a finite (ex-
pected) value of C can emerge in large sparse graphs, as observed in
real-world networks. Note that C, in Eq. is defined only for nodes
with D, > 1, as only nodes with at least two neighbours can host a tri-
angle. For nodes with D, = 0, 1, one can either leave C, undefined (and
exclude it from the calculation of C) or set conventionally C,, = 0 (and in-
clude it in the calculation of C). We will consider both cases and discuss
their implications.

3.3.1 Clustering Function.

For a given graph, we consider the average clustering coefficient as a
function of the degree k of each node, i.e., the empirical clustering function

1 A,

where Ny = > . 5 _; 0p, « is the number of nodes with degree k. In
terms of expectations (E) over the model, we introduce the annealed clus-
tering function as

C(k):EUlvk]El > (Ak; (3.5)

v: Dy=k \2

One of our main results is a rigorous calculation of C'(k) in the asymptotic
(large n) limit, valid for both small and large k, which shows excellent
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agreement with the empirical clustering function C'(k) [ﬂ In this setting,
we redefine C(-) as a function of the reduced degree a = k/\/n, as this
rescaling allows us to prove that, defining g(z) = 1 — e¢~7, the limiting
form of C(a) as n — oo is

1/0‘ 1/«
C(a) /da:/dy I a®) g (ayuzay)g(xy)’ 56)

where 7, = I'(1 — @)~'/%, and I'(-) is the Euler Gamma function. The

proof is in section In Figure [10} we compare the numerical eval-

uation of the integral (3.6) with the direct computation of the empirical
clustering function (3.4) on the actual realizations of the random graph.
The agreement is remarkably good, already for moderate values of n.

3.3.2 Limiting expression for local clustering function

In this section we prove that the clustering function of the MSM indeed
converges in the large n limit to the expression (3.6).

Theorem 3.3.1.
Let the vertex space of the network be [n] = {1,...,n}. Let (W,)yen) be i.i.d.
Pareto random variables, so that their density equals

o
pa(w) = wotl’ w1, (3.7)

with o € (0,1), so that E[W] = oo. Conditionally on (W, ),c[n), edges are
present independently, with the edge between u,v € [n] being present with
probability

Puv = 1 — & WaWWu/n''", (3.8)

Throughout, we let (I, ,)1<u<v<n denote the edge indicator variables (or the
elements of the adjacency matrix), so that

P _ nl/a
> (Luw = 1| (Wo)pep) =1 — e WulWo/n", (3.9)

4We also believe that, through a second-moment analysis, it could be proven that in the
large n limit, with high probability, the two clustering functions become the same. We will
however not prove this claim in the present work.

48



and (I,»)1<u<v<n are conditionally independent given (W, ),e[n). Let the An-
nealed Clustering Function be defined as

C(k) = L g > % (3.10)
v/Dy=k (2)

Then, as n — oo, for k = av/n,

Crn(avn) = C(a) =
O [T e - ) sy,
(3.11)
where T, = T(1 — o)1/,
Proof. We compute
E[Ny] =nE [ 55 (Dy = k| W), (3.12)

where we note that, conditionally on Wy, = w, D1 ~ Bin(n—1,¢,),
where

G =E[1—e W/, (3.13)
We also compute the numerator
E { 3 Avﬂpvzk} —nE [E [Al]lDl:k | Wlﬂ
v€E[n]
-1
- n<” > E [ LDy =k =2 | W) s (Lalislas =1 Wl)],
(3.14)

where D] ~ Bin(n —3, ¢,,), and we have used conditional independence.

> D (3.15)

u€[n]\[3]
We see that all these expectations involve binomial random variables,

Here, we can identify

which we continue to investigate, starting with the conditional success
probability g.,.
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Analysis of success probabilities We compute
P (3.16)
- / [1—ews/m* -2 _gs (3.17)
1

Sa+1

w oya [T L O
- (o) /wn-w[lfe |-rds

wn— 1/
we 0o B a we wn "t B o
7A [1_6 S]SCXTdS—?\/O [1_6 s}so‘TdS.

We next use that

oo s o (oo} S _ o
/0 [1—e ]Saﬁds:/o /0 e ydysaHds (3.18)
o0 _ o0 o
_ /0 - /,, o dsdy (3.19)
N .
= / e Yy %dy =T(1 — a), (3.20)
0
and
wn 1/« o wn~ e o
/0 [1—e " proes: ds < /0 sTVdS (3.21)
N O (3.22)
a—1
= & _yl-apl-te, (3.23)
a—1

This gives excellent control over g,, for all w = o(n'/®).

Binomial local limit approximations Let S,, ~ Bin(m, p). Then, a local
central limit approximation shows that

L (S = k) = ;e*(k*mpf/ﬁmp(l*p)](l +o(1)), (3.24)

v 2mmp(1 — p)

when |k —mp| = o((mp)?/3), and uniformly in k and p. Such approxima-

tions have a long history, we refer to the books by Bollobas [95] and Jan-
son, Luczak and Rucinisky [96]. In particular, the upper bound in (3.24)
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follows from [95, Theorem 1.2], the lower bound from [95, Theorem 1.5],
and an analysis of the error terms present there, showing that they are
o(1) when |n — mp| = o((mp)?/3).

In our case, we have thatm = n—1orm = n—2,p = ¢, withw = W1,
so that
Dy =k | Wy =w) = ! e~ (k=maw)*/[2maw (1=aw)] (1 4 (1)),

2mmquy (1 — qu)
(3.25)

when |k — mqy,| = o((mg.,)??), and uniformly in k and w. Since, for us,

k is fixed, while w is being integrated out over, the above means that the
main contribution for W7 = w comes from w for which mgq,, =~ k, with
values of w for which

|k —mqw| > CVElog k (3.26)

receiving probability at most
e Cloghk — =C (3.27)
which is negligible. Thus, we can safely think of mg,, = k, which means
mqy = wT(1 —a)(1+0(1)) =k, (3.28)

so that
w=k"°T(1 —a) (1 + o(1)). (3.29)

This implies that, withm =n — 1,

E[Ni] =nE[ 25 (D) =k | Wl)] (3.30)

/ —(k—nqu)z/[2mqw(1—qw)] -
V 27quw 1 - qw wot!

e (b=naw)?/12ngu] _ L _q,,

- (1+o(1))/1 7\/% —

as long as ngq,, > 1, and thus, since k ~ ngq,,, also k > 1. Since the above

(14 0(1 dw

integral is dominated by ng,, that are close to k, we may replace ng,, by
k everywhere, except in the (k — nqw)2 term. This gives

\/ﬁ o= (k=ngy) [Qk]ﬁdw. (3.31)
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We next substitute ng,, ~ w*T'(1 — «) to arrive at

E[Ny] = (1+ o(1))— /e—(k—““l—a))z/[”ﬂ%dw (3.32)
1

V2rk w
no e o 2
— (1401 7/ o (k= T(1-0))?/12K] g,
( ( Dw?“v?wk 1

where wy, solves w*T'(1 — ) = k, and thus
wy = kYT (1 — o)V, (3.33)

We then let 2 = w*T'(1 — «), so that dz = acw* 'T'(1 — a)dw, so that

dw =T(1—a) Y (z/T(1—a))1=0/*dz = ;0-0/oD(1—a)" Yz, (3.34)

so that

no o0 2
E[N] = (1 + o(1 7/ e~ (h=2)7 /2K ;(1=a)/ap (1 — ) ~V/ed,
[Ni] = ( ())wgﬂ\/ﬂl ( )
(3.35)
nao o 2
=1+01)——=—=I'(1 -« _1/°‘k‘(1_“)/°‘/ e~ (k=2)"/ 12K q
(1+of ))w?+1 5T ( ) :
= (14 0(1)) ——& __g(A-o/op(1 — o)~ Vo 2rk
w,’j‘“ 2k
=n(1+ o(1))ak~@FD/op(1 — g)letD/a(=a)/ap] — )~/
al'(1—a)

This confirms that E[N;] = ©(1) when k& = ©(y/n), so that one cannot
expect that N,/ E[N,] 2 1 for such values of k.

Since (3.24) depends on £, for k large, in a relatively weak way, this
means that, for values of w close to wy,

Dy =k—2| Wy =w) ~ (D1 =k | Wy = w). (3.36)
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Thus, since such factors appear both in E[Ny] and E | 3_, () Avl Du:k} ,
they cancel out asymptotically, so that

E {ZvE[n] Aleu:k]
E[N]

n—1
~ n( 9 > i) (11721173[273 = 1 | W1 = wk).

(3.37)
Recalling (3.10), this then shows that

Cr(k) = (1+0(1)) (zg)) L (alishs=1| Wy =wy).  (3.38)
2

We now take k = a+/n, and obtain

2 e o) o @ [e3
Cn(av/m) = (1+0(1) - /loc /1 [aoezwi/nt *p_mvwr/nt O —eu/nt gy =@k D gpay,
@ (3.39)
We first note that, for k = a+/n,
Wom = nl/(Qo‘)al/aF(l — a)_l/a = pl/Ro)gl/er (3.40)
We rescale z and y by n=1/2% to obtain
2 1/a 1/a
COntavim) = (o) =5 [F %, o -7 [ ragn — emwal/ Mragn L = aw) gy~ (@F D agay

(3.41)

2
=0+ o<1>>i2 /Uoo /Um[l —emwal/Cragy L mval/ragn | mevy gy~ (@4 ggay,

as predicted in (3.11). O

3.4 Hub and leaf behaviour.

To refine the characterization of clustering in the model, we investigate
the limiting behavior of the annealed clustering function for nodes in two
distinct regimes of the degree spectrum: leaf and hub nodes, correspond-
ing to poorly and highly connected ones, respectively. For leaf (L) nodes,
defined as nodes with vanishing reduced degree a — 0, we find that the
function in Eq. has the asymptotic plateau

Cr = lim C(a) = 1, (3.42)

a—0
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which implies that in the low-degree limit the local neighborhood of a
node is almost fully clustered (excluding of course nodes with k¥ = 0, 1).
This behaviour can be intuitively explained in terms of an interconnected
core of hubs coexisting with a majority of low-degree nodes, whose few
links are largely connected with the hubs. Therefore, low-degree nodes
have a high chance to close triangles between neighbours because the
hubs are densely connected among themselves. For hub (H) nodes, de-
fined as nodes with diverging reduced degree a — oo, we find (see SI)
that the function in Eq. decays as

_ _ loga

C(a) ~ Cg(a) =2I'(1 — 04)7, a — 0. (3.43)

Figure [10| shows that the asymptotics and are in excellent
agreement both with the empirical clustering function (3.4) computed
on actual realizations of the random graph and with the full analytical
expression for the annealed clustering function (3.5). We now prove
these claims.

3.4.1 Asymptotics of the clustering function
Lemma 3.4.1 (C(a) is bounded by 1).

Foralla >0, C(a) < 1.

Proof. Estimating 1 — e~ < 1 bounds C(a) by

_ 2

> 1/ 2
C(a) < %(/ [1—e ™ ! T‘l}xf(aﬂ)da:) ) (3.44)
0

54



for which we note that

o) e oo xal/"‘Ta
/ [1— e "ralp=letlqy — / / e Vdyz~(*tDdz  (3.45)
0 o Jo

= / eV / 2@tV dzdy (3.46)
0 Y

a=/ /7,

1 o0
-1 / eV (ya~ % /r) " dy
0

[e%

« oo (6%
_ s / evy—ody — a1 o)
0 Oé

(%
a
=

using that 7, = T'(1 — )=/, Thus, indeed, C(a) < 1. O
We next investigate C(a) for a < 1:

Lemma 3.4.2 (C(a) is close to 1 for a small).
As a0,
C(a) =1+ o(1). (347)

Proof. For a < 1, we write

2 00 o]
Cla) = %/0 /0 [1— e o] [1 — v 7o (2~ (F Dy
(3.48)

B T R
a Jo Jo
The first integral equals 1 by Lemma [3.4.T) so that
C(a) =1— Ci(a), (3.49)
where

2 0 o] Ve e
Ci(a) = %/O /0 1—e ™ ! Tl —e7¥e ! Ta]e™ (zy) " (T D dady.
(3.50)

We first bound the integrals where either z or y is in [0, a~¢], for some
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¢ > 0 sufficiently small, as

—&

2 2 00 a o .
% / [1 o e—wal/ Ta][l _ e—yal/ T“]e_zy(xy)_(o‘ﬂ)dxdy (351)
o Jo
2 2 o] N a”¢
< % 1- e T‘*]x_(‘”l)dxal/o‘/ y~ “dx
a? J, 0
< %al/afeufa) — 1)
T ala—1 ’

using (3.45) and the fact that 1/a — ¢(1 — o) > 1 for ¢ > 0 sufficiently
small since « € (0, 1). Thus,

OZ2 00 oo e e B —(at1)
Crla) =0+ 55 [ [ pmer st 1me v e e a4 Doy,

(3.52)
which is bounded by e~ " = o(1). This shows that C(a) = o(1) for
a 0, and thus proves that C'(a) = 1 + o(1). O

For a — oo, the integral should be dominated by small x,y, so that
one might consider to expand 1 — e™*¥ = zy, to obtain

Cla) = (+o() G [ [ 1= e = e o)~y

(3.53)
2

- (1+o(1))2‘§(a1/m)2‘“2(/000[1—61155%3;) .

However, the integral that is squared is infinite, so that we need to
proceed alternatively. In fact, this analysis is quite intricate, and a careful
split is necessary. The main result is as follows:

Lemma 3.4.3 (Large a asymptotics of C(a)).
Asa /oo,
loga

C(a) =2I'(1 — ) +0(a™?). (3.54)

a2

Proof. We again split the integral conveniently. We split the integral
depending on whether x or y is in [0, a~'/*/7,] or not. This gives

C(a) = Ci(a) + Co(a) + C3(a), (3.55)
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2

_ @ oo 00 _ 1/(17, _ 1/07 . —(a+t1
ol<a>:a—2/a,1/a/m N e e e )dzdy,

(3.56)
—1/a

/T /ail/a/foc
JO

(’2
Cale) = — ./Oa - emmal/ %oy _ omval Yragy L —muy gy~ (0t D) goqy,

(3.57)

We bound, again using (3.45) and 1 — e™*¥ < zy,

2 pa Ve pamM /7,
Cala) < %5 / e (G
’ ’ (3.58)
2 a= e 7,
~ ([ o)
=0(1)a (o V/*)2(0=%) = o(a™?).

We continue with C3(a), which is the most involved. We bound 1 —

e—va' /e < ya'/® to obtain
B 202q1/ a=Mfrq  poo
Cs(a) < %/ / (zy)~@Hy[1 — e="¥]dzdy. (3.59)
0 a=te /7,

We bound 1 — e™®¥ < (zy) A 1. The integral where x < 1/y is bounded
by

—1/a 1 —1/a
o(1)a2+1/a /a /T y—a+1/ /ym*“dzdy < o(1)a2+1/e /’1 /Ta dy < ©(1)a"2.
0 0 0

(3.60)

Similarly, the integral where x > 1/y is bounded by

a— 1/ a— 1/
o(1)a—2+1/a /a [Ta —a [ —(a+1) gp4y < ©(1)a—2T1/@ /a /Te 4y < o(1)a=2.
0 1/y 0
(61)

This shows that C3(a) = O(a™?).

We finally compute C1 (a), which we rewrite as

Ci(a) = o®73" / / [1—e ][l —e Y[l — e~ /*/72) (zy)~ (T Ddzdy
1 1
(3.62)

— 7_204 E[l _ e—W1W2a72/°‘/‘r§] + él(@),
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where we let €; (a) denote the contribution due to e™* and e~¥. We use [3,
(4.6)], which states that

E[1 — e *™1"2] = (1 + 0(1))al (1 — a)6*log(1/4). (3.63)

This gives

log a

1Oﬁwl(a) = 2P (1—a)——+e1(a). (3.64)

- 2
Ci(a) = 20‘047';2O‘EF(1—04) 2

[e3

Finally,
éi(a) < 227737 / / e[ — e~ M (zy) " dady  (3.65)
1 1
— 2720 [¢ W1 (1 — e Wi Wae ] = 0(a?).

This can be seen by letting X be defined by

1

L(Xe[a,b])zm

E [G_WII{XG[QJ,]}}, (3.66)

so that
e1(a) = O(1)E [1 — e XWa /7], (3.67)

Since X has thin tails (it has an exponential moment), the random
variable XW is regularly varying with exponent «, so that

E[1—e XWe /) —0(a?), (3.68)

as claimed. The above follows from the fact that XW is again heavy-
tailed with tail exponent «, as proved in [97, Proposition 5.2]. O

3.5 Average Clustering Coefficient.

The previous results finally allow us to estimate the overall expected
value C of the average local clustering coefficient C by averaging the an-
nealed clustering function C(a) over the distribution P(a) of the reduced
degree a as

C= / da C(a)P(a) ~ / _da Cr(a)P(a) + / da Cr(a)P(a)

eH
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where we have formally split the integral into two contributions, pro-
duced by leaf (¢ € L) and hub (¢ € H) nodes respectively, consistently
with the two regimes characterized asymptotically in and (3.43). A
rigorous definition of this split is provided in next section where
we also show that, in order to compute C' exactly, it is not necessary to
identify precisely the crossover value(s) of a separating the two regions.
Notably, it turns out that the integral over a € H in vanishes, im-
plying that hubs no not contribute to the overall clustering. The remain-
ing contribution of the leaf nodes a € L is always finite, but its precise
value depends on whether (following our initial discussion on the two
possible definitions of C) nodes with degree £ < 2 are considered as
having C;<2 = 0 and hence included in the interval L (in which case
Cr(a) = 0 for 0 < a < 1/y/n) or not (in which case Cj,5 is undefined
and not included in the integration). In next section we find that,
depending on the choice,

lim C =

n—oo

, (3.69)

_ 1 if Ck <2 undefined
1—7"0/1 if0k<2 :O

where 7/, is the expected fraction of nodes with degree 0 or 1. We plot
the two versions of the average local clustering coefficient in Fig. (11} con-
firming the agreement with the respective theoretical result. This result
is quite remarkable, as it means that the network is fully clustered, in the
sense that for almost all nodes that can form triangles, their neighbours
are connected and actually close the triangle.
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Clustering Coefficient

102 10° 10*
Network Size (n)

Figure 11: Average local clustering coefficient C' versus network size n, for
a = 0.5. For each sampling of the n node weights, a single adjacency matrix
is realized, and then weights are redrawn (up to 10° times for each n). In
purple the clustering coefficient defined excluding the nodes with degree 0
and 1. In blue, the solid line is the average clustering coefficient evaluated
by setting the clustering function to zero for £ = 0, 1. We highlight that the
error bars over this quantity do not shrink as n increases. The dashed blue
line is 1 minus the average of 7o/, over realizations. Finally, in green the
difference between 1 — ry,; and C' computed factoring in nodes with k < 2,
and we notice that in this case the error shrinks as desired.

3.5.1 Computation of Average Clustering Coefficient

The limiting asymptotics for hubs and leaves allows us to derive an esti-
mate of the average clustering coefficient of the network C'. Indeed, one
needs to integrate the annealed clustering function C'(a) over the distri-
bution P(a) of the reduced degree a, and from figure [10|it is clear that
one can split the integral into the two leaf (L) and hub (H) regimes as
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*

C:/oo daé(a)P(a) :/’1 daC—,L(a)P(a)+/jodaC'H(a)P(a)7
(3.70)

Amin min
where Cp(a) ~ 2T'(1 — oz)l(;# (for a > a*) is the asymptotic clustering
function of hubs, while Cr(a) ~ 1 (for amin < a < a*) is the asymp-
totic plateau for leaves, @, is the minimal reduced degree above which
the clustering function starts to have meaning, and «* is an appropriate
crossover value between the two regimes. This crossover is visible in
Figure [10} although its value is not easily identified. Luckily, as we will
show in the following computations, the actual value of a* is not nec-
essary for the computation of the clustering to go through, and we can
proceed without specifying it.

The main issue in the evaluation of the integral in Eq. is that
the degree distribution is not known everywhere but only in the tail [3],
where it has the asymptotic behaviour I'(1 — o)k ~2. Transforming to the
distribution P(a) of the reduced degree a = %,

(1 — a)a—Q

Nonetheless, the first integral can be evaluated by realizing that by

P(a) ~ (3.71)

definition it evaluates to the fraction of leaves nodes or, equivalently

*

/ daCr(a)P(a) =
/ daP(a) = 1— [~ daPE)coz) %f C <2 undefined (3.72)
1—ro; — [, daP(a) if Chea =0

Amin
and the last term can be recomprised in the second integral as it is

evaluated on the same interval, so that the average clustering coefficient
has the expression

(3.73)

o 1+ [ P(a)(Cr(a) — 1) if Ci<2 undefined
1 —ro;n + faof daP(a)(Cg(a) —1) if Crea =0
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We can evaluate this last integral as

/oo daP(a)(Cp(a) —1) = /oo da [2r(1 —a) 1052“ —1 FE;\_/;) (3.74)
 I'(1—a)6I(1 —a)loga* +2I'(1 — a) — 9(a*)?
Y 9(a)?
= o(1),

and see that it is suppressed by a square root of n term, whatever the
value of a*.

3.6 Lack of self-averaging.

The result in Eq.(3.69) is calculated conditionally on the realized weights
{w;}* ;. It shows that, if nodes with k < 2 are excluded, C' converges
to the (deterministic) maximum value 1, with vanishing fluctuations. By
contrast, as we show now, for finite but large n the fractions of nodes
with degree zero and one concentrate around functions of the rescaled
total weight S, = J, Z?Zl w;, which in turn converges in distribution to
an a-stable random variable and therefore remains a fluctuating quan-
tity. If one looks instead at isolated and pendant nodes, the fractions con-
centrate around functions of the rescaled total weight S, = 4, >°7_, wj,
which in turn converges in distribution to an a-stable random variable.
This remains a fluctuating quantity even in the large n limit, as proven in
the followings and confirmed numerically in Figure This means that,
for given n and «, different realizations of the weights produce different
values of ry,; and of C, if nodes with &k < 2 are included. Therefore,
under this second definition, C' converges in distribution to the random
variable 17,1, remaining macroscopically fluctuating even in the large
graph limit. This behaviour follows from the infinite-mean nature of the
weights and is a notable manifestation of the (rather unique) lack of self-
averaging in macroscopic network properties (in particular the fractions
of nodes with degree k < 2), which is not typically observed in models
with independent edges and finite-mean weights. Notably, the lack of
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self-averaging extends to further ‘low degree’ nodes. This means that
any macroscopic property that is a function of the full degree distribu-
tion, and not just its tail, will in general keep memory of the fluctua-
tions of the fractions of low-degree nodes. Figure[12] confirms that other
macroscopic properties (spectral gap, largest connected component size)
besides the clustering coefficient keep fluctuating in the thermodynamic
limit. We now prove these claims, and show these results are confirmed

numerically in Figs.

il Il Il Il Il Il I
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Spectral Gap, Clustering Coefficient and Giant Component Size

Figure 12: Cumulative distributions of network properties across 10° real-
izations with resampled weights (n = 10*, a = 0.5). Orange: average local
clustering coefficient including isolated and pendant nodes. Green: fraction
of nodes in the largest connected component. Blue: normalized spectral gap
(difference between the two largest eigenvalues of the adjacency matrix, di-
vided by the largest one).

3.6.1 Computation of r(/;

We start by computing the fraction of nodes that are disconnected from
the graph as

n

i H g = e Ean, (375)
i=1j: j#

i=1

3\'—‘
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where we recall that §,, = n="/%. Since the j = i term in the sum in the

exponential makes little difference, we can approximate
1 n
ro A = et (3.76)

n -
i=1

We next use that most of the weights have normal size, and they con-
tribute most to the sum over i € {1,...,n}. Thus,

ro E[e—WSwsn}, (3.77)

where we take the expectation over the Pareto variable W in the above,
we abbreviate

S =0n Y wj, (3.78)
j=1

and condition on this total rescaled weight. We note that the random
variable S,, converges in distribution to an a-stable distribution, since the
random variables (w;)]—, are Pareto variables with infinite mean. Thus,

ro ~ E [e*WS | 5}, (3.79)

where S is an a-stable random variable. Equation (3.79) requires some
interpretation. What it means is that the proportion of vertices with 7
degree 0, given the vertex weights (w;)"_,, is close to the rhs of , ie.,
it holds that g ~ E |e="W5n Sn] , where the rescaled total weight S,, is
defined in (3.78). In particular, this means that, when simulating the net-
work several times (and thus redrawing the vertex weights), the propor-

tion of vertices with degree 0 fluctuates macroscopically, even in the large
graph limit. This is a type of non-self-averaging phenomenon that is rather
unusual in network science. The simulations shown in Figures
confirm that is an excellent approximation of ¢, and that it remains
truly random in the large-graph limit.

We can also use (3.79) us to relate our approximation to [3, Proposi-
tion 4], in which E[r¢] is shown to be approximated by

Efro] ~ E [e*m*aw“}, (3.80)
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which indeed equals E [¢~"V], since, for every a > 0,
E[emeS] = e-TO-ec, (3.81)

which follows from [3, Theorem 5]. For a practical computation of the
approximation of ry, we use the fact, again for a > 0,

E [ef“W} = aaT(—a,a), (3.82)

where we recall that I'(r, a) is the incomplete gamma function. Applying
this to (3.77), we are led to

ro = aSAT(—a, Sy). (3.83)

We show in Figures that (3.83) is in very good accordance
with the actual fraction of disconnected nodes (central panels).

We extend the above analysis to the proportion r; of vertices of de-
gree 1. We start from

1 Z Dik H (1 —pij) (3.84)
i,k i#£k 7 jFik

Z (1 _ e*5nwiwk)€*5nwi 2 ik W
ik ik

ZE [(1 — e Wonwi) o= Won 2. o i |
k

SI= 3=

Q

where the asymptotics follows from the fact that the main contribution
in the sum over i arises from normal weight vertices, so that the average
over ¢ can be replaced by an expectation with respect to .

Note that the dominant contributions to the sum over & in (3.84) cor-

respond to those k for which wy, is of the order 1/6,, = n'/*, which means
that these are the maximal-weight vertices. This will be the guiding prin-

ciple to derive the asymptotics of the above formula.

For simplicity, and without loss of generality, we will assume that the
weights are ordered from large to small, so that wy > wy -+ > w,. We can
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rewrite

O Y wj = Sn— Sy, = S~y (3.85)
J: J#k
where we recall S,, from , and we define the rescaled vertex weights
(™" )kz1 as
ye= ) = 5wy (3.86)

In terms of these definitions, we obtain the finite-size approximation

sss(n) sss(n) sss(n
ri~) E [(1 — eI WES T | ()| (3.87)
k

This approximation is inspired by the asymptotics properties of r;.
Indeed, as n — oo, we have the convergence in distribution

(S iz ) =5 (0T 00 ez, (3.89)
j>1

where —%+ denotes convergence in distribution in the product topology,
(I'x)x>1 are gamma random variables, i.e.,

Iy =Y E (3.89)

where (E;);>1 are independent and identically distributed exponential
random variables with mean 1. Because of this, we see that the random
variables in (3.87) converge in distribution in the large graph limit, so
that

r—5 ) E [(1 — e Wor)em WS uk) | (yk)kzl], (3.90)
k
where
(S, (yk)k21) = (ZF;l/a,(Fgl/“)kzl). (3.91)
i>1

Thus, as for 7y, also r; converges in distribution, but it remains to fluctuate
even in the large graph limit.
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For a practical computation of the approximation of 9, we again
use (3.82) on the representation

NE

sss(n) sss(n
ri~)y E {e‘w(sﬂ'_yk ) e WS | (y; ( ))k21}7 (3.92)

b
Il

1

to arrive at
i a Y [(Se -5 )T (=a, Sy - ™) - SaT(~a, 8], (399)
k=1

which has the advantage that it no longer contains the expectation with
respect to W. We show in Figures [I5][16][T7] that (3.93) is in very good ac-
cordance with the actual fraction of disconnected nodes (bottom panels).

3.7 Lack of self-averaging in the fraction of next
low-degree nodes

The fact that both ry and r; do not converge to a limiting deterministic
value, but rather in distribution to a random variable whose variance is
non-vanishing even when n tends to infinity, is a peculiar aspect of the
MSM. This property applies not only to isolated or pendant nodes, but
also to all the next ‘low degree’ nodes. Indeed, one can estimate 7, the
fraction of nodes whose degree is k, generalizing and as fol-
lows:
1
Tk - Z Pigi1 Pioiz " * Pioix H (1 = pioj)

i0,01,...,0k Jt jFiosin,. ik
(ir#is Vr,s)

10,2155k

(ir#is Vr,8)

The key point now is that if one wants to proceed as in the last step
of (3.84) and replace the sum over ¢, divided by n with the expectation
over the whole sample, one should ensure that the sample without %
weights is still representative of a Pareto distribution. This happens if &
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is small compared to n. In this case, we can proceed as in (3.84) with the
approximation

- i —Wionw; - i —Ws . s
kR > ]E[U*e Wénw”)(lfe Wonwizy (1 e W‘S"lulk)e n G g, i w]]
i1,89,.50p
(ip#is Vr,s)
(n) (n) (n) ( (n))
Wy, -Wy, —wy! W (S = ¢
= > E|(1—e Yiy Y1 —e Yig Yo (l—e Yip ye n=Yj=iq,ig,...ig Yj .
i1 ig,eesi

k
(ip7#is Vr,s)

conditional on the realized values of the various yj(-"). Again, as n — oo,
those random variables will converge in distribution to the Gamma vari-
ables (3.88), and also r;, will be converging in distribution to the quantity

e -5 S E [(1 —e Wiy - Wy 7e_W’“k)efW(s*Ei:ilvi%“'ik v;) ,
i1,i9,...ip
(ir#is Vr.s)

(3.95)
thus still fluctuating macroscopically even in the large n limit, as we
confirm in Figures [13|and [14] Indeed the figures show that the disper-
sion of 7y, is significant, with the fluctuations shrinking as k (and not n)
increases, suggesting that, for larger values of the degree, self-averaging
is eventually restored. We leave the thorough study of this intriguing

phenomenon to future works on the MSM.
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Figure 13: Fractions of low-degree (up to £ = 5) nodes versus network
size, with o = 0.5. From left to right and top to bottom, we plot the frac-
tions of nodes with a specific low degree (respectively k& = 0,1,2,3,4,5)
across a sample of 1000 different realizations for each value of n. For the
first two figures we include the theoretical estimate we explicitly computed
in (3-87). We notice that the average value across different values of
n is roughly constant, while the dispersion of values around that average
does not shrink as n increases, as one would expect by assuming the self
averaging of the quantities. We also notice that the error bars shrink as k in-
creases, suggesting that, for larger-degree nodes, self averaging eventually
occurs.
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Figure 14: Distribution of the fraction of low-degree (up to £ = 5) nodes,
for o = 0.5, n = 1000 (over a sample of 1000 realizations). From left to
right and top to bottom, we plot the distribution of the fractions of nodes
with low degree (respectively & = 0,1,2,3,4,5), across a sample of 1000
different realizations for n = 10*. The sample variance oy, is respectively
gg = 0.09, g1 = 0.1, o2 = 0.07, o3 = 0‘05, 04 = 0.04, 05 = 0.03, indicating
that the variance shrinks for larger values of the degree k.
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Figure 15: Numerics for o = 0.3 (Pareto). On the left, simulations are done
by resampling weights every time an actual network is realized (sample of
10), while on the left for each n weights are extracted only once, and 10 dif-
ferent adjacency matrices are realized from the same weights. On top, the
same analysis performed in figure in purple the clustering coefficient
computed by excluding nodes with k£ < 2; in blue the clustering coefficient
including those nodes and 1 — r( 1, respectively the solid and dashed lines;
in green with error bars the difference between 1 — ¢/, and C computed
factoring in nodes with k£ < 2, . In the middle, the light blue line with error
bars is the actual value of 7o, while the dashed darker one is the approxima-
tion we derive in eq . At the bottom, the light red line with error bars
is the actual value of 71, while the dashed darker one is the approximation

we derive in eq (3.87)
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Figure 16: Numerics for o = 0.5 (Pareto). On the left, simulations are done
by resampling weights every time an actual network is realized (sample of
10), while on the left for each n weights are extracted only once, and 10 dif-
ferent adjacency matrices are realized from the same weights. On top, the
same analysis performed in figure in purple the clustering coefficient
computed by excluding nodes with k£ < 2; in blue the clustering coefficient
including those nodes and 1 — r( 1, respectively the solid and dashed lines;
in green with error bars the difference between 1 — ¢/, and C computed
factoring in nodes with k£ < 2, . In the middle, the light blue line with error
bars is the actual value of 7o, while the dashed darker one is the approxima-
tion we derive in eq . At the bottom, the light red line with error bars
is the actual value of 71, while the dashed darker one is the approximation

we derive in eq (3.87)
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Figure 17: Numerics for o = 0.7 (Pareto). On the left, simulations are done
by resampling weights every time an actual network is realized (sample of
10), while on the left for each n weights are extracted only once, and 10 dif-
ferent adjacency matrices are realized from the same weights. On top, the
same analysis performed in figure in purple the clustering coefficient
computed by excluding nodes with k£ < 2; in blue the clustering coefficient
including those nodes and 1 — r( 1, respectively the solid and dashed lines;
in green with error bars the difference between 1 — ¢/, and C computed
factoring in nodes with k£ < 2, . In the middle, the light blue line with error
bars is the actual value of 7o, while the dashed darker one is the approxima-
tion we derive in eq . At the bottom, the light red line with error bars
is the actual value of 71, while the dashed darker one is the approximation

we derive in eq (3.87)
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3.8 Extension to stable weights

In this section we briefly discuss how our results can be extended to the
case in which the weights are sampled from a genuine «a-stable distribu-
tion j,(w) with positive support and diverging mean. Throughout, we
follow the formalism introduced in [22]], and in particular we adopt the
first parametrization defined there, corresponding to k£ = 0.

For stable laws, our arguments can be adapted by replacing the exact
expression for the Pareto weight density, p,(w) = aw= @+ for w > 1
in (3.7), with an asymptotic relation. Specifically, Theorem 1.2 of [22]
shows that the density of an a-stable law satisfies

ay*(1+ f)ca

e w>1

pa(w) = (1 +0(1)) ; (3.96)

where the tail parameter satisfies o € (0,1), ¢, = @ sin(Z2), v de-
notes the scale parameter, and 5 is the skewness parameter of the stable
distribution.

In order to work with a distribution supported on the positive real
axis, we choose 3 = 1 and set the infimum of the support to zero. This
choice fixes the location parameter to be § = 7 tan (%% ). The only remain-
ing free parameter is therefore the scale v, which we determine by requir-
ing that the tails of the stable and Pareto distributions coincide asymp-
totically. Imposing this matching condition yields

1/
T | 3.97
7 [QF(Q) sin(’%‘")} ( )

With this choice of parameters, all the results we derived for Pareto-
distributed weights extend directly to the case of stable sampling. In
particular, since the integrals appearing in Section[3.3.2]are dominated by
contributions from large values of w, the asymptotic estimates derived in
Section [3.5.1]remain valid. Similarly, the arguments used in Section 3.6.1]
to compute the fraction of disconnected nodes and nodes of degree one
carry over almost verbatim to the stable case. The only modification is
the appearance of a constant ¢ in (3.88), which is now directly related to
the scale parameter of the underlying stable law.
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Indeed, in the convergence statement (3.88), the partial sum S,, has a
strictly a-stable distribution for every n. Interpreting .S,, as the value at
time 1 of a stable Lévy process, the sum ¢}, F;l/ “ can be viewed as
the collection of jump sizes of the process, ordered by decreasing mag-
nitude. Correspondingly, the rescaled weights n~!/“W; represent the
increments of the process over the time intervals [(i — 1)/n,i/n], and the
variables (y;*")"_, in can be interpreted as the ordered incre-
ments over these intervals. Since, with high probability and for large n,
each interval contains at most one large jump, it follows that con-
tinues to hold in this setting, with the first coordinate (corresponding to

the sum) having exactly the same distribution as in the Pareto case.

Finally, in Figures and 22} we provide numerical evidence
confirming that the results presented in the main text remain valid when
the weights are drawn from an «-stable distribution, in agreement with
the arguments given above.

Figure 18: Comparison between pure Pareto and Stable distribution in
the tail behaviour. Using the parameter of (3.97), we can match the tails of
the two distributions. From left to right « = 0.3,0.5, 0.7, sample of 10*.
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Figure 19: Clustering functions for different values of n and « for the
MSM model with Stable weights (3:2). Blue circles: empirical clus-
tering function (3.4) (versus the reduced degree a = k//n) computed on
actual realized graphs sampled from the model (obtained by sampling the
weights once, and sampling the graph once conditionally on the realized
weights). Red curves: our analytical expression for the annealed clus-
tering function. Green curves: our asymptotic calculation valid for
diverging reduced degrees. We evaluate and plot all functions only for de-
grees larger than 1, to avoid ambiguities in the definition of the clustering
coefficient for k£ < 2. From top to bottom: n = 102%,103,10*. From left to
right: « = 0.3,0.5,0.7.
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Figure 20: Numerics for @ = 0.3 (stable). On the left, simulations are done
by resampling weights every time an actual network is realized (sample of
10), while on the left for each n weights are extracted only once, and 10 dif-
ferent adjacency matrices are realized from the same weights. On top, the
same analysis performed in figure in purple the clustering coefficient
computed by excluding nodes with k£ < 2; in blue the clustering coefficient
including those nodes and 1 — r( 1, respectively the solid and dashed lines;
in green with error bars the difference between 1 — ¢/, and C computed
factoring in nodes with k£ < 2, . In the middle, the light blue line with error
bars is the actual value of 7o, while the dashed darker one is the approxima-
tion we derive in eq . At the bottom, the light red line with error bars
is the actual value of 71, while the dashed darker one is the approximation

we derive in eq (3.87)
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Figure 21: Numerics for o« = 0.5 (stable). On the left, simulations are done
by resampling weights every time an actual network is realized (sample of
10), while on the left for each n weights are extracted only once, and 10 dif-
ferent adjacency matrices are realized from the same weights. On top, the
same analysis performed in figure in purple the clustering coefficient
computed by excluding nodes with k£ < 2; in blue the clustering coefficient
including those nodes and 1 — r( 1, respectively the solid and dashed lines;
in green with error bars the difference between 1 — ¢/, and C computed
factoring in nodes with k£ < 2, . In the middle, the light blue line with error
bars is the actual value of 7o, while the dashed darker one is the approxima-
tion we derive in eq . At the bottom, the light red line with error bars
is the actual value of 71, while the dashed darker one is the approximation

we derive in eq (3.87)
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Figure 22: Numerics for o = 0.7 (stable). On the left, simulations are done
by resampling weights every time an actual network is realized (sample of
10), while on the left for each n weights are extracted only once, and 10 dif-
ferent adjacency matrices are realized from the same weights. On top, the
same analysis performed in figure in purple the clustering coefficient
computed by excluding nodes with k£ < 2; in blue the clustering coefficient
including those nodes and 1 — r( 1, respectively the solid and dashed lines;
in green with error bars the difference between 1 — ¢/, and C computed
factoring in nodes with k£ < 2, . In the middle, the light blue line with error
bars is the actual value of 7o, while the dashed darker one is the approxima-
tion we derive in eq . At the bottom, the light red line with error bars
is the actual value of 71, while the dashed darker one is the approximation

we derive in eq (3.87)
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3.9 Concluding Remarks.

This work contributes to the open debate about whether, in models with
conditionally independent edges, the coexistence of sparsity and local
clustering (along with other desirable features such as a broad degree
distribution and the small-world property) can be attained without geom-
etry, i.e. without assuming that the connection probability p;; depends
on the node attributes w; and w; necessarily through a function of some
metric distance d(w;,w;) [14, 15, 16, (17, [19) [18, 21} |82, |86]. We consid-
ered a geometry-free model with independent edges and infinite-mean
fitness [1} 2], recently introduced in the context of network renormaliza-
tion [52]], and calculated its full clustering function — rigorously proving
the resulting finite local clustering in the large n limit and highlighting
that clustering does not imply geometry. The infinite-mean nature of the
fitness arises from a requirement of model invariance under node aggre-
gation [1] and generates other realistic properties including sparsity, a
power-law degree distribution [2], and the breakdown of self-averaging
of various network properties, which is a novel result characterized here.
The model then provides, as an alternative to geometry, the hypothesis
of node aggregation invariance as a basic mechanism producing realistic
network properties.
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Part 11

Renormalization of

Interacting Random
Network Models
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Chapter 4

Topological
Renormalization for
Random Network Models

Abstract

In this chapter we develop a renormalization framework for

probabilistic network models based on marginalization of un-

observed degrees of freedom. Starting from a general Ex-

ponential Random Graph formulation, we derive exact rela-

tions describing how effective Hamiltonians transform when

links are hidden or unobserved. Unlike traditional renormal-

ization group approaches, which rely on geometric coarse-

graining and scale invariance, the present framework is driven
by uncertainty: degrees of freedom are removed due to in-

complete observations rather than spatial scale separation.

We show that single-link marginalization acts as a genera-
tor of a commutative semigroup of transformations on net-
work ensembles, providing a natural notion of “uncertainty
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flow” in model space. The resulting renormalization equa-
tions reveal that marginalization generically induces higher-
order effective interactions, leading to a lack of closure of
finite-order random network models. We analyze conditions
under which closure can still occur, highlighting special cases
such as bounded coordination structures, including the coor-
dination number two scenario where interaction propagation
is constrained.

Finally, we discuss how the non-closure of the renormaliza-
tion flow can be leveraged for inference. By fitting effective
models in the observable (reduced) space and exploiting the
derived renormalization relations, one can formulate inverse
problems aimed at reconstructing microscopic Hamiltonian
parameters from partial observations. This establishes a bridge
between renormalization concepts and network reconstruc-
tion, suggesting new tools for inference in incomplete or un-
certain network data.

4.1 Introduction

Incomplete or partially observed networks arise naturally in many do-
mains, ranging from social and biological systems to technological and
financial networks. In most real-world settings, the full interaction struc-
ture is not directly accessible due to measurement limitations, sampling
biases, or intrinsic uncertainty. This raises a fundamental question: how
does partial observability affect the statistical description of network en-
sembles?

A natural probabilistic framework for describing network ensembles
is provided by Exponential Random Graph Models (ERGMs), which en-
code structural constraints through an effective Hamiltonian defined over
the space of adjacency matrices [4, 46, 45]. These models are widely used
because of their flexibility and their principled connection to maximum-
entropy inference. However, ERGMs are typically formulated assuming
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that the full configuration space is observable.

In this chapter we address a complementary problem: rather than
performing inference in the full space, we investigate how probabilis-
tic network models transform under marginalization of degrees of freedom.
In particular, we ask how the effective Hamiltonian changes when some
links are unobserved. This perspective is closely related in spirit to Renor-
malization Group (RG) ideas, where one studies how effective theories
evolve when microscopic degrees of freedom are integrated out [98} [99].

The key difference from traditional RG approaches is conceptual: in-
stead of coarse-graining based on geometric scale separation, we con-
sider uncertainty-driven marginalization. That is, degrees of freedom are
removed because they are unobserved, not because they belong to a par-
ticular spatial scale. This shift in viewpoint leads to a renormalization
framework that is intrinsically combinatorial and tailored to network en-
sembles.

Our goals are threefold. First, we derive exact relations between the
parameters of ERG-like Hamiltonians before and after marginalization.
Second, we interpret single-link marginalization as the generator of an
“uncertainty flow” acting on network models. Finally, we explore the
implications of these flows for model closure and inference, showing
that marginalization generically induces higher-order interactions in the
effective theory, and how this can be used to infer the parameters of un-
observed degrees of freedom.

4.2 Marginalization framework

We start with very general assumptions, i.e. that there is a probability
function P(-) that evaluates the probability that a certain network of size
N, described by its adjacency matrix A, is realized. We work with en-
tries A;; to be assuming values either 0 or 1 for the sake of simplicity
in the computations and clarity in the exposition, but we believe this
framework could be extended to weighted networks, directed graphs
and more general structures.

The space of possible configurations (which we call underlying, com-
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plete or starting space) this system can have is

{A} = {0,1}V 4.1)

sometimes also referred as the Boolean Hypercube. We now ask our-
selves what happens if we are not able to see the whole of the configura-
tion space, but just a subset of it.

This uncertainty compels us to reduce the available configuration
space to the one defined by the adjacency matrix elements we are ac-
tually able to observe. Let us begin by introducing the tiniest bit of lo-
calized uncertainty in the system: a single link (zj) cannot be observed,
leading to the new configuration space

{A} = {AN\ {45} (4.2)

which we call reduced, renormalized, or marginalized space. Being un-
sure whether A;; is either 0 or 1, we have to marginalize the probability
function of the complete space over all the possible values of the unob-
servable link A;;, so to get a probability function just for the variables we
are actually observing. This reads as

P(A)= >  P(A) (4.3)
A5=0,1

and constitutes the key formula for the renormalization procedure we
will set up.

4.21 Marginalization Flow for Exponential Random Graphs

The marginalization equation (.3) we just wrote is greatly enhanced by
the fact that we can express the probability function over the complete
space in the exponential form [45, 46]

P(A) = Z=Y e "W (4.4)
(A}
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where the Hamiltonian is a multilinear function of the adjacency matrix

elements
H Zh(l A - Z hz(‘f‘])clAijAkl_ Z hl(?l){;lmnAijAklA7,L7L_
1j#£kl ij#£kl,mn
kl#mn

4.5)
We note that the full Exponential Random Graph formalism would
require to add the constraint equations so that all the parameters of the
Hamiltonian assume their most probable value according to the ob-
servated data. However, in our framework we are precisely excluding
to have available data for the underlying, complete space of all link vari-
ables. We let these parameters to be free, as we want to see how they
transform under marginalization. The inference procedure is then de-
ferred over to the reduced space, in which observables are well-defined.
In order to derive the equations connecting the parameters in the un-
derlying space to those in the observable space, we also write the reduced

space probability function in the same exponential form
pay= Y oy A (46)

Z =
{a}

with different coupling parameters that will be encoding the very fact

that interactions among links that were involving the inaccessible one
might be changing, hence leading to potentially different couplings. The
Hamiltonian then has the same multilinear structure over the same (ex-
cept the unseen A;;) variables as

HA) = 1O = 3" A — 30 AP A A — 4.7)
ij#i] ij#ig,kl
Kltij

The Marginalization equation , when combined with this specific
form of the probability of equatlons 4.4) and(4.6), implicitly defines re-
lations between the parameters of (4.7] and (.5), in the form

—H(A) e—H(A)

&
= = > " (4.8)

Ar=0,1

3
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We call the relations between the parameters of H and H the Renormal-
ization Group (RG) equations of the system.

The power of equation is that it has to be true in all the possible
configurations of the reduced space. This will allow for the actual recov-
ery of parameters both at the renormalized level and (when possible) at
the complete one. In particular, the fact that it has to be true in the void
configuration allows us to further simplify it. As a matter of facts, when
all {A} = {0} we have from

Z

Z:;:7§ (4.9)
e v
the can be inserted again in so to get
. —H(A)
e~ HA) - £ (4.10)

h
Ag=011+es

which constitutes the key relation that we will be using to derive the
relations between the parameters of the Hamiltonian. Before doing so,
it is perhaps useful to understand in which sense the relations between
the parameters of H and H actually constitute a Renormalization Group
flow. We do so in next section.

4.2.2 What is different from ‘usual’ Renormalization

Although the marginalization procedure we introduced shares similari-
ties with Renormalization Group (RG) ideas, there are important concep-
tual differences with standard formulations in statistical physics, which
we now briefly discuss.

In conventional RG, one is typically interested in identifying fixed
points of the flow, corresponding to scale-invariant theories and critical
phenomena [99]. This is often enforced by requiring invariance of the
partition function under coarse-graining,

Z=2, (4.11)
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possibly up to a rescaling of thermodynamic potentials. In our frame-
work, we do not impose such a constraint. The goal is not to identify
scale-invariant models, but rather to characterize how effective network
Hamiltonians change under loss of information. In general, marginaliza-
tion does not preserve the partition function, and therefore fixed points
are not expected.

A second key difference concerns the nature of the coarse-graining
operation. Real-space RG relies heavily on an underlying geometry: spins
are grouped into blocks defined by spatial proximity, and scale trans-
formations are defined with respect to metric structure [98]. Networks,
however, are fundamentally combinatorial objects. While some networks
admit geometric embeddings, many do not possess a natural notion of
spatial scale.

In this work we therefore abandon the assumption of geometric coarse-
graining in its entirety. Instead, degrees of freedom are removed because
they are unobserved. The elementary transformation is the marginaliza-
tion of a single link, as in Eq. (4.3). More complex uncertainty patterns
can be constructed by composing such elementary steps.

This shift in perspective leads to a different interpretation of RG trans-
formations. Rather than describing scale transformations in physical
space, our flow describes how effective theories evolve as information
is progressively lost. The relevant control parameter is not length scale,
but observational completeness.

As we show below, single-link marginalization acts as a generator of a
semigroup of transformations on probability distributions over graphs.
This motivates interpreting the resulting flow as an “uncertainty RG”,
whose structure is determined purely by combinatorial marginalization
rather than geometric scaling.

4.2.3 The Generator of Missing Information

Studying the marginalization of a single link might seem limited at first
sight, since realistic uncertainty patterns typically involve multiple miss-
ing links or nodes. However, the single-link transformation plays a fun-
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damental role: it acts as a generator of all possible uncertainty transfor-
mations.

Let M,; denote the marginalization operator that removes the link
(i7), acting on probability distributions as

(M;P)(A)= > P(A). (4.12)

A;j:O,l

If we marginalize two links (ij) and (kl), we obtain

MMzP= > > P(A). (4.13)

Ap=0,1 Ai-j:O,l

Because finite sums are associative and commutative, these operators
satisfy

MM = MM, (4.14)

and therefore generate a commutative semigroup under composition.

Importantly, this structure is not a group: the transformations are not
invertible. Multiple distributions in the complete space can map to the
same marginalized distribution, reflecting the intrinsic loss of informa-
tion under marginalization. In this sense, the flow is irreversible, simi-
larly to coarse-graining transformations in standard RG.

This observation provides a structural interpretation of our frame-
work. Any complex uncertainty pattern, which in general is a mixture of
missing links, missing nodes, or combinations thereof (see Fig , can be
constructed by composing elementary marginalization operators. Con-
sequently, the single-link transformation acts as a generator of the full
uncertainty semigroup acting on network ensembles.
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Figure 23: The possible ways the structure of a network is unknown, both
in the structure and in the Adjacency Matrix. From left to right: individual
links are missing; individual nodes are either unobserved or it is totally
unknown how they are connected to the rest of the network; and a mixture
of both when nodes and individual links are missing.

4.3 RG flows for Random Network Models

In this section we show how find RG equations in general for random
network models. The Hamiltonian is the one of equation (5), and we
introduce exponential variables encoding for the correlations between
links as

(1) (2) (3)
Qj = €h77j 5ijkl = ehijkl Yijklmn = ehijlclmn . (415)

and their respective partners in the reduced space

~ 7 (1) ~ 7(2) ~ 7(3)
Q5 = ehij ﬂijkl = ehijkl Yijklmn = ehijklmn . (416)

With this identification we write equation (4.10) in the product form

Ay LA A A A A
_Ajj i Akl JAijAgiAmn
IT & IT 5% T %%imn

ij A £kl i) ij#kl,mn,ij

kl£ij kl#mn,ij
mn#ij
. A A
_ _ k% _ ij okl

Loy Wiy Pigiy agrnnig Vigisn
_ kl#ij I Aij I ﬁAijAkl I AjjAgrAmn
= 1t o _ %5 _Pijkl _Yijklmn

ij ijH£ij ijAkl,ij ij#£kl,mn,ij
kl£ij kl£mmn,ij

mnij
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In which the first term corresponds to a general Hamiltonian in the re-
duced space (explicitly written up to the third order, but higher order
terms will keep the very same structure), and the second term corre-
sponds to the marginalization of a general Hamiltonian (still up to third
order) in the complete, underlying space. The key to finding the relations
between parameters is again that Equation must be true in any pos-
sible configuration. This means that we can switch on and off links in a
meaningful way to derive how the correlation terms among them behave
under the marginalization. For example, let us imagine that only one link
(i, 7), different from the unseable one, has the value one, while all other
are zero. In this case equation reduces to

1+ ;85545

Qij = 14058 : (4.18)
1+ 0{13'

which tells how the local fields are changing over the marginalization

flow, and they change taking into account the binary interaction that the

link (¢, ) might have had with the unobservable link.

/.
il

Figure 24: How being unable to observe a link can induce effective interac-
tions between links that were not coupled before, for the binary interaction
term.

If we activate two links: (¢, j) and (k,[) Equation (4.17) reduces to
1+ a3 8554 BijreiVijijkl o
1+ aiTj

and by inserting in it the relations (4.18) for the local fields for both (¢, 5)
and (k,1) we get that the correlation term between two links changes as

dijdkléijkl = i Okl Bijikl (4.19)
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(14 a3 Bijii Biuvigijr) (1+ o)
(1 +aiBii) L+ egBgm)

in which we see again that it is mindful of the fact that there might have

been a third order correlation among (¢, j), (k,!) and the missing one,

Bijrt = Bijm

(4.20)

and hence the binary coupling between (4, j) and (k,!) is enhanced by
such a factor.

The third order interaction parameter can be estimated as well by
choosing three links (7,5), (k,1) and (m,n) to be on while all the others
are off, and then simplifying the first and second order coupling with

equations and (4.20), so to get
-/\/ijklmn

Dijklmn

'%jklmn == ’Yijklmn (421)

where

Mjlclmn = (1 + ai‘jﬁi‘m) (1 + ai‘jﬂfjkl) (1 + ai’jﬂfjmn)
X (1 + ai}ﬂi}ijﬂi}'kl5{;'mn%jijkl%jklmn%}'mnm5i3ijk1mn) (4.22)

and

Dijrimn = (14 aij) (1 + a8 B0 Yijignt)
X (1 + ai}ﬂi}klﬂi}'mn%}klmn) (1 + ai}'ﬁi}‘mnﬂi}'i;‘%}mmg‘) (4.23)
Again, we notice that this term keeps track of the fact that the three
links (i, ), (k,1) and (m, n) might have been in a fourth order interaction
with the missing link, and this has to be factored in their reduced space
third order term. Higher order terms can be derived in the very same

fashion, but we stop at third order as they will be frankly too cumber-
some.

4.3.1 Approximated and Exact closure under RG

The RG relations derived above allow us to address a fundamental ques-
tion: given a k"-order Random Network Model (RNM) in the complete
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space, what is the order of the effective model in the reduced space?

In general, with the exception of I order models, marginalization does
not preserve model order. Even if the original Hamiltonian contains in-
teractions up to order k, integrating out degrees of freedom generates
higher-order effective interactions. The simplest example is provided by
second-order models: Eq. shows that marginalization generically
induces third-order couplings, even when no such terms are present in
the original Hamiltonian. Explicitly, for the second order Hamiltonian

Z W) Ay — > i Ay A~ (4.24)
ij#kl
the marginalization equation predicts a new term in the reduced space
that will be encoding for a third order correlation among links, as

_ log Pijklmn (425)

B
Qijklmn

zgklmn

where the numerator is

IYC) h) 4 h2) ROINC)
Pt = (1Y (1 LY (14 )
(1) (2) @) 4 @)

% (1 1 el FhigiThiuth mm) (4.26)

and the denominator

AL (1) (2) (2) 1) (2) (2)
Qijk:lmn = (1 + e ij ) (1 +e +h1_71.7+h7._7k1) (1 +e h’ +h1]kl+hzjmn)
@) 4 ) 44 (2)
h*-
(1+e i thiithi m) 4.27)

This lack of closure is analogous to what happens in field theory,
where integrating out microscopic degrees of freedom generates an in-
finite tower of effective operators. In the present context, the only mod-
els that remain closed under marginalization are highly specific cases,
such as first-order models or specific low-coordination structures where
interactions cannot propagate beyond bounded neighborhoods.
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There is one notable exception to the lack of closure of RNM with
order higher than one, and is the case in which each link interacts binarily
at most with other two links. We study extensively this model and its
possible twists in Chapter 5] In Section we also show how we can
map this model into a simple yet powerful method to perform inference
on temporal network that might have been undersampled.

Rather than viewing non-closure as a limitation, we can reinterpret
it as an opportunity for inference. Suppose that only the reduced space
is observable. One can perform standard ERG inference in this space,
estimating an effective Hamiltonian H and validating it against suitable
null models. This determines how confidently the observed network can
be described by a given reduced-space model.

Crucially, the RG relations derived earlier provide explicit functional
mappings

A = R (h(l), h®, . ) : (4.28)

linking effective couplings to those of the complete space. If enough
effective parameters can be inferred in the reduced space, these rela-
tions define a system of equations whose unknowns are the microscopic
Hamiltonian parameters.

In principle, if this system is invertible, one can reconstruct the pa-
rameters of the complete-space model from reduced observations. The
feasibility of this inversion depends on both the richness of the effective
model and the degree of information loss induced by marginalization.
This perspective turns RG flows into a bridge between incomplete obser-
vations and microscopic reconstruction, suggesting a new route to net-
work inference under uncertainty, which we start to explore in Section

4.4 Towards applications to Network Inference

In this Chapter we are interpreting marginalization as a renormaliza-
tion procedure acting on probabilistic network models. The resulting RG
equations describe how effective Hamiltonians transform when parts of
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the network are hidden or unobserved. A natural question is whether
these transformations can be exploited in the opposite direction: instead
of propagating parameters forward under uncertainty, can we use the
RG flow backward to infer properties of the unseen degrees of freedom?

This perspective suggests a new class of inference problems. Rather
than reconstructing missing links directly from data, one attempts to in-
fer microscopic parameters by comparing the observed (renormalized)
model with the predictions of the marginalization equations. In other
words, the RG map becomes a constraint linking observable effective
models to families of compatible underlying ones.

In the following we explore two concrete scenarios in which this idea
can be made explicit. We begin with a temporal setting, where marginal-
ization corresponds to coarse temporal sampling. In this case the RG
equations admit a closed form and can be locally inverted, providing a
simple proof of concept for inference via RG inversion.

4.4.1 Temporal Network reconstruction at higher resolu-
tion

Many complex systems of scientific and societal relevance, including eco-
nomic, financial, ecological, and social systems, are inherently dynamic
[100]. Their internal organization is networked, and both the state of
the system and its interaction structure evolve over time. Understand-
ing how network topology changes is essential for assessing resilience,
systemic risk, and propagation of shocks.

A major obstacle in practice is the mismatch between the intrinsic
time scales of the dynamics and the temporal resolution of available data.
For example, international trade networks are often reported at yearly or
quarterly frequencies, while shocks propagate over much shorter hori-
zons. Similar issues arise in supply chains, interbank networks, and so-
cial interactions, where aggregation in time can mask rapid structural
transitions [40, 101, [102]. As a result, one frequently observes a tempo-
rally coarse-grained version of an underlying network process evolving
at a finer, unobserved resolution.
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From a modelling perspective this creates a fundamental inference
problem: one observes a renormalized trajectory in time, while the mi-
croscopic dynamics unfold at a higher sampling frequency. Standard ap-
proaches such as interpolation or state-space models typically rely on ad
hoc assumptions and do not explicitly account for how network struc-
ture transforms under temporal aggregation.

Here we show that the marginalization framework developed earlier
naturally provides a principled description of temporal coarse-graining,
and can therefore be used to formulate an RG-based inference strategy.
We consider temporal networks in which each link switches between
present and absent states according to a binary Markov process. That
is, the probability that a link exists at time ¢ depends only on its state
at the previous time step. This class of models captures memory effects
commonly observed in real data, while remaining analytically tractable.
An explicit mapping between temporal networks and Markov link dy-
namics is discussed in [56,57]].

A key simplification arises from the fact that links evolve indepen-
dently one from another. The probability of a full network trajectory
therefore factorizes over links, allowing us to study single-link processes
without loss of generality. From a statistical physics perspective, each
link trajectory is equivalent to a one-dimensional spin chain with nearest-
neighbour interactions in time, a system for which exact renormalization
transformations are known.

The Hamiltonian of the complete temporal network over 7" time steps
can be written as

ZZ DA _ Zzgm DAG A 23 1y (Ay)

t=1 i<j t=1 i<j 1<j
(4.29)

which factorizes into independent contributions from each link tra-
jectory. Each term

T T
Sdy) = = 304D - glIAD A w30

t=1 t=1
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describes a binary time series with local fields ¢*) and nearest-neighbour
temporal couplings ¢(**~1). This structure is formally identical to the
Hamiltonians studied earlier in the context of link marginalization, with
time playing the role of an additional degree of freedom. This obser-
vation allows us to directly apply the marginalization machinery in the
temporal domain.

We can now reinterpret marginalization as temporal coarse-graining.
Suppose that the link state at a given time ¢* cannot be observed. In-
tegrating over this hidden variable induces an effective interaction be-
tween the neighbouring time steps t* —1 and ¢t* +1, exactly as topological
marginalization induces effective higher-order couplings.

Carrying out the marginalization explicitly yields the renormalized
parameters

(1 +ee(f*)-l,-g(t*J**l)-i,-g(t**’l't*)) (1 +ee<t*))

S(E LT 1)
g IOg (1 + ee(t*)+g(f*xi**l)) (1 T ee(f*)+g(t*+1,t*)) (431)
and the local fields change as
(1 +e€(t*)+g(t*+1,t*>)
(1) _ (7 +1)
€ =€ +lo - 4.32
B e ™) (4.32)
and i .
(14670 )
gt"=1) — ((t"=1)
€ =€ +lo - 4.33
g (1 + ee(t )) ( )
Further insight can be gained by considering a time-homogeneous Markov
chain, where parameters are stationary over time (¢! = e and g"*~! = ¢

for all ¢). In this case the renormalization equations simplify consider-

ably:
g 14 e29) (14
LD zlog( e je) (4.34)
(1+66+g)
and 1 4+ ec+a
) = ¢ o LECT) (4.35)



Even in this simple setting, an important effect emerges: marginalizing
a single time step breaks temporal homogeneity. The renormalized pa-
rameters depend on the location of the missing observation, creating an
inhomogeneous effective process. While this appears problematic, it also
suggests a structured way to recover homogeneity.

If instead one marginalizes every other time step (for instance all
even times) the resulting dynamics becomes homogeneous again. In this
case the RG transformation closes within the space of stationary Markov
chains and takes the simple form

(14 e29) (1 + ¢°)

§=log e (4.36)
and
14 ecto
¢=c+2log ((1166)) (4.37)

These equations admit a natural interpretation: they describe how
the effective parameters of a link process change when the sampling fre-
quency is reduced by a factor of two. The original parameters (¢, g) cor-
respond to the microscopic dynamics, while (¢, §) describe the effective
model observed under temporal coarse-graining.

Figure 25| illustrates this idea schematically. When all time steps are
observed, the link dynamics is described by nearest-neighbour couplings.
After frequency halving, the effective chain lives on a sparser temporal
lattice, but retains the same structural form with renormalized parame-
ters.
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Figure 25: Linear coupling between the same link of a network over differ-
ent time steps. While in the first row the sampling frequency is such that
every time instance of the network can be seen, in the second row the sam-
pling frequency is just half of the rate of change of the network, but the
coupling structure between each time step and its precursor is preserved,
and the value change according to eq. (£:36).

Inferring Higher Resolution Parameters

The renormalization map defined by Eqs. (£.36)—(.37) induces a nonlin-
ear flow in the parameter space. As shown in Fig. 26} the flow exhibits a
characteristic shearing structure with a well-defined attractive line sepa-
rating different dynamical regimes.

A key observation is that repeated coarse-graining drives correlations
toward zero. This is expected: as temporal resolution decreases, short-
time memory effects are progressively washed out, and the dynamics
approaches an effectively memoryless process. In RG language, the line
g = 0 plays the role of an attractive manifold corresponding to loss of
temporal correlations. Another notable feature is the behaviour for neg-
ative couplings. If successive states are anticorrelated (¢ < 0), marginal-
ization over alternating time steps induces an effective positive correla-
tion at larger time scales. Intuitively, two consecutive anticorrelations
combine into a positive correlation over longer temporal separations.
This explains why the RG flow rapidly maps the g < 0 region into the
g > 0 half-plane.
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Figure 26: Renormalization flow of the Linear chain system when frequency
halving is performed. There is a clear fixed, attractive line that separates the
plane into two regions. Colored lines represent possible flows under suc-
cessive transformation of halving frequencies, squares representing starting
points.

Most importantly, the structure of the flow in the region g > 0 opens
the possibility of inverting the RG transformation and using it for in-
ference. In this regime the renormalization map is locally one-to-one,
meaning that the coarse-grained parameters (¢, §) uniquely determine a
compatible pair of microscopic parameters (e, g) in a neighbourhood of
parameter space.

From an inference perspective, this suggests the following strategy.
Suppose that one observes a temporal network sampled at a coarse reso-
lution and fits a stationary Markov model to the data, obtaining effective
parameters (€, §). If the system is known (or assumed) to arise from a
finer-scale Markov process undergoing frequency halving, then the mi-
croscopic parameters can be estimated by solving the coupled nonlinear
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equations

(1 4+ et29)(1 + €9)

g = log (A5 etoy2 , (4.38)
1 e+g
E—e+2log % (4.39)

These equations define a two-dimensional nonlinear inverse prob-
lem: two equations for the two unknowns (e, g). While no closed-form
analytic inversion exists in general, the system can be solved numerically
using standard root-finding methods. Importantly, the RG flow guaran-
tees local invertibility in the upper-plane region of the flow, ensuring that
the reconstruction is well-posed there.

This perspective reframes temporal super-resolution as an RG inver-
sion problem. Instead of interpolating trajectories directly, one infers
the microscopic dynamical parameters that are consistent with the ob-
served coarse-grained statistics. Once the underlying parameters are re-
constructed, they can be used to simulate higher-resolution trajectories
or to assess how network dynamics would respond under finer tempo-
ral sampling.

4.4.2 All-to-all and multiplex networks

Our marginalization-inversion framework finds a second natural domain
of application in the context of international trade networks. Previous
works [103, 104] have shown that a sensible probabilistic representation
of the International Trade Network is provided by a multiplex model. In
this picture, each commodity defines a layer, while countries are repli-
cated across layers.

The key modeling assumption is the following: trade between two
countries is independent across different country pairs, but the probabil-
ity of trading a given commodity between the same pair of countries de-
pends on which other commodities they already exchange. This induces
inter-layer correlations while preserving independence across country
pairs.
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For a fixed pair of countries (i, ), and the vector encoding for the
different realizations of the link across layers A;; = (A A%, ) the
Hamiltonian can therefore be written, assuming homogeneous inter-layer

coupling, as

Ay) Z et ALY — 3 AW AY, (4.40)
a#b

where the superscript a labels the commodity (layer). A schematic rep-
resentation is shown in Fig. 27]

22000,
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2007,
LK
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Figure 27: Multiplex representation of the International Trade Network.
Each commodity defines a layer, and links are independent across coun-
try pairs but coupled across layers for the same pair.

Since marginalization acts locally on degrees of freedom, the relevant
renormalization flow is not defined over countries but over the set of
inter-layer replicas of a single country pair. We can therefore drop the
(1, 7) indices and focus on the inter-layer Hamiltonian.

We now ask: what happens if one layer is unobserved? For instance,
suppose the trade of a specific commodity (e.g. fish) is missing, while
all other commodities are observed. Using the general marginalization
formulas and (4.20), we obtain the renormalization flow for the
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observable parameters:

(a)
14e " +8
@) — (@ | g ;L:ﬁ (4.41)
) (1 + 66(&)+2ﬁ> (1 . 66(a))
B =p+log (4.42)

(1+ e +8)?
An example of the resulting flow is shown in Fig.

Renormalization Group Flow
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Figure 28: RG flow of the equations and (.42) with a choice of ¢z =
—5.

Inference on the unobservable space

We now turn to the inverse problem. Suppose that the parameters of
the observable multiplex (all layers except a) can be estimated from data.
The renormalization equations can then be interpreted as constraints re-
lating observable effective parameters to the underlying microscopic ones:

14 eV 48

E@ =@ flog 1~ 443
€ 08 @ (4.43)

)
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(1 +ee(a)+2/3) (1 _’_ee(a))

(14 e +)?

B = +log , (4.44)
where (E(*)| B) are measured, while the unknowns are the true micro-
scopic parameters €@, 3, and the hidden-layer field (@),

These two equations for three unknowns define a one-dimensional
manifold in parameter space, implying that the inversion problem is un-
derdetermined. A naive closure would be to assume homogeneous local
fields, €(@) = ¢, reducing the number of unknowns. However, such an
approximation is overly restrictive: inter-layer coupling already acts as a
homogenizing mechanism, and forcing identical local fields risks erasing
genuine heterogeneity.

A more principled resolution emerges from the discussion in Sec.[4.3.1]
Marginalization does not only renormalize pairwise couplings: it sys-
tematically generates higher-order interactions. These additional terms
encode information that is implicitly present in the reduced model and
can therefore be used as extra constraints in the inverse problem. In the
present case, the leading correction is the induced third-order interaction

@45 @438
1+4+e 1+4+e

Arrr=h® =log . . : (4.45)

(1+e<®) (14 e<+26)°

The effective Hamiltonian in the observed space therefore reads
ad ~(a a ol a b
H(Ay) = =Y @Al -5 3 WAy
a#a agil

“re (4.46)

A Y APADAL 4

a,b,c#£a

distinct

together with higher-order terms.

Crucially, this Hamiltonian describes the statistics of the observable
system. Therefore, empirical evidence that the reduced multiplex is well
captured by a pairwise model implies that higher-order effective cou-
plings must be small. This provides a natural closure condition: instead
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of imposing homogeneity assumptions, we constrain the magnitude of
the induced higher-order terms.

We thus introduce the inequality

Arr <R, (4.47)

where R quantifies the tolerance with which the observed system is de-
scribed by a second-order model. Operationally, R can be interpreted as
a model-selection threshold, e.g. derived from goodness-of-fit tests or
information criteria comparing pairwise and higher-order null models.

Geometrically, Eqs. (4.43)—(4.44) define a curve of admissible micro-
scopic parameters. The additional constraint restricts this curve
to a smaller subset, effectively regularizing the inversion. As illustrated
in Fig.[29 decreasing R progressively shrinks the admissible region, col-
lapsing the degeneracy and yielding a nearly unique reconstruction when
the reduced system is strongly pairwise-dominated.
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Solution Space (E_a=0.5, B=1)

£q 3 restricts to 50.00% . Eg1a2ony

© Allthree equations

e_a, b, Projection e_a, e bar, Projection b, o_bar, Projection
Lo \ s 5
209 N o o * | —
. . b s - . B Y -5 . . Pt
050 -025 000 025 030 -050 025 000 025 050 085 0% 035 160
- 3
Solution Space (E_a=0.5, B=1)
[Ea3 resris o 4 503 . Erazony
o Allthree cquations
L/\ fe
4
2,
o
e_a, b, Projection e_a. e_bar, Projection b, &_bar, Projection
10 s s
- o o | e
09 0| e
— = 1 T —
050 02 000 035 030 -050 025 om0 035 050 o8 0% 035 16
3
Solution Space (E_a=0.5, B=1)
[Fas e o 0.0%] . Eatazony
o Allthree equations
e
4
2
o
e_a, b, Projection e_a, e_bar, Projection b, e_bar, Projection
N )  ———
XY . o \ 0 e
=
~ . ™/ —
050 025 000 025 0% 050 075 0%0 035 030 08 090 055 100
o ea 3
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the line of points in the parameter space ¢, 3, €

with the RG equations, with measured parameters E® =05 B=1In
red the sub-manifold defined by adding the third equation with R
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4.5 Final remarks

In this chapter we tried to introduce a novel perspective on network re-
construction problems in which missing information is localized on indi-
vidual links or layers. The framework was developed with information
loss as primary direction, yet it naturally reveals a deeper connection
with renormalization ideas familiar from theoretical physics. In partic-
ular, marginalization over unobserved variables plays the role of a deci-
mation procedure, generating a flow in model space analogous to renor-
malization group transformations.

Starting from a general random network model, we derived explicit
flow equations for the effective parameters under link marginalization.
A central result is that renormalization generically induces higher-order
effective interactions: even when the original model is pairwise, the re-
duced description typically involves many-body couplings.

Rather than viewing this complexity as an obstruction, we proposed
to invert the perspective and use renormalization as an inference tool.
In this “top-down” approach, one starts from an effective model fitted
on the observable space and exploits the renormalization equations as
constraints on the underlying microscopic parameters. We illustrated
this strategy in two complementary scenarios. In the Markovian case
(Sec. , the renormalization flow closes exactly, allowing for direct
inversion. In more complex settings such as multiplex all-to-all mod-
els (Sec.[4.4.2), closure is lost but additional information can be extracted
from the structure of induced higher-order terms. There, controlled heuris-
tics based on the smallness of effective many-body interactions provide
a principled way to regularize the inverse problem and recover other-
wise hidden parameters. Beyond these specific examples, the broader
message of this chapter is that marginalization-induced renormalization
provides a unifying language to study reconstruction under partial ob-
servability. The framework suggests a new class of inverse problems in
which missing degrees of freedom are not treated as noise, but as gen-
erators of structured flows in parameter space. This viewpoint opens
several directions for future work. For instance, extending the formal-
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ism to temporal networks could help address the time-resolution prob-
lem that often arises in empirical data, where coarse temporal sampling
effectively marginalizes over fast interactions. Understanding how un-
certainty flows across temporal scales may therefore offer new tools for
reconstructing dynamical networks.

Finally, this chapter is closely connected with the next Chapters in this
thesis. Namely, in Chapter[5} we analyze in detail the class of models that
admit a mapping to Markov chains and study the possibility of renor-
malization inversion in closed form, providing the conceptual founda-
tion for the exact reconstruction results discussed here. In Chapter [6]
we develop a general solution for second-order random network models
by deriving computable expressions for their partition functions. This
makes maximum-likelihood inference feasible for a wide class of pair-
wise models, thereby supplying the computational backbone required to
implement the reconstruction schemes proposed in the all-to-all setting
to virtually any other effectively binary Random Network Model.
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Chapter 5

Renormalization of 1-D
Interacting Random Graph

This chapter is based on:

Alessio Catanzaro, Diego Garlaschelli, and Subodh P. Patil. “Renor-
malization of Interacting Random Graph Models. Phys. Rev. E 113, 024314
(2026).

Abstract

Random graphs offer a useful mathematical representation
of a variety of real world complex networks. Exponential
random graphs, for example, are particularly suited towards
generating random graphs constrained to have specified sta-
tistical moments. In this investigation, we elaborate on a gen-
eralization of the former where link probabilities are condi-
tioned on the appearance of other links, corresponding to the
introduction of interactions in an effective generalized sta-
tistical mechanical formalism. When restricted to the sim-
plest non-trivial case of pairwise interactions, one can de-
rive a closed form renormalization group transformation for
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maximum coordination number two on the corresponding
line graph. Higher coordination numbers do not admit exact
closed form renormalization group transformations, a feature
that paraphrases the usual absence of exact transformations
in two or more dimensional lattice systems. We introduce
disorder and study the induced renormalization group flow
on its probability assignments, highlighting its formal equiv-
alence to time reversed anisotropic drift-diffusion on the sta-
tistical manifold associated with the effective Hamiltonian.
We discuss the implications of our findings, stressing the long
wavelength irrelevance of certain classes of pair-wise condi-
tioning on random graphs, and conclude with possible appli-
cations. These include modeling the scaling behavior of pref-
erential effects on social networks, opinion dynamics, and re-
inforcement effects on neural networks, as well as how our
findings offer a systematic framework to deal with data limi-
tations in inference and reconstruction problems.

5.1 Preliminary remarks

One of the most utilized approaches in modeling and studying the prop-
erties of random networks is the so-called Exponential Random Graph
(ERG) framework [45] 48, 85|]. Its formulation builds on the realization
that in a precise sense, the formalism of statistical physics is ontologically
equivalent to statistical inference, and can be formalized more broadly
in terms of a generalized statistical mechanics [105} [106]. The workhorse
of this generalization lies in viewing the Gibbs entropy formula as a use
case of Shannon information entropy [[107], which facilitates applications
beyond physical systems towards any system where observable quanti-
ties are drawn from a random ensemble. The implications of this are as
immediate as they are profound. One can define a probability measure
that reproduces the observed statistics of any given random system and
associate it with the ‘Hamiltonian’ of a generalized statistical mechanical
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ensemble. This is done by demanding that the measure replicate all ob-
served moments in a manner that maximizes its Shannon information,
and therefore being minimally presumptive of any other prior One
recovers the usual Boltzmann weight when applied to thermodynamic
systems, and in the context of random graphs, the result is the formalism
of exponential random graphs.

Given that the properties of a random graph can be derived from its
adjacency matrix, the ERG formalism associates a Hamiltonian to any
random graph ensemble such that the probability of realizing any given
draw for the adjacency matrix A;; is given by

;7= Z e HA), (5.1)

{Ai;}

—H(A)

A

PA) =&

where Z is referred to as the partition function, and where the Hamilto-
nian is in general a multilinear function of the elements of the adjacency

matrix:
1 2
H(A) = _p0) _ th(j)Aij _ Z hz(‘j])glAijAkl
ij ij#kl
- Z hz('j])flmnAijAklAmn —... (5.2
ij#kl,

mnkl#mn

The form of the Hamiltonian parameterizes generic interactions among
links related to various graph observables, such as the number and dis-
tribution of triangles or wedges. Its couplings up to some order can be
fixed by demanding expectation values associated with the probability
assignment (defined by Eq. for a sufficient number of observables
{O,} be constrained to assigned values:

(Oa) =Y P(A)O.(A), (5.3)
A

In his seminal work, E.T. Jaynes credits Shannon as supplying the missing ingredient
required to actualize Laplace’s Principle of Insufficient Reason for assigning probabilities to
account for all possible draws from a random ensemble constrained to reproduce a fixed
set of moments, and possibly supplemented with additional structural priors [[105} [106].
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subject to maximization of the Gibbs-Shannon entropy

ZP )log P(A). (54)

In practice, one only ever has access to a finite number of observables,
themselves subject to sample variance and potential estimator bias. This
will not be an issue for the intents and purposes of a predictive frame-
work for reasons that we will elaborate upon shortly.

The {4;;} sum over the set {0,1} for unweighted graphs, and oth-
erwise integrate over arbitrary values for weighted graphs. In what fol-
lows, we restrict ourselves to the unweighted case. The simplest example
of the latter is furnished by the Erd6s-Renyi random graph, for which all
couplings in Eq. vanish except for h(l) = h = log[p/(1 — p)] for
i # j (see e.g. [108]). A disordered Varlant of the Erd6s-Renyi graph is
obtained by allowing the hfjl) to vary link-wise, so that

h = log (p”'> . (5.5)
L —pij

The exponential random graph approach has been successful in a
number of contexts, including network inference problems, and is con-
sidered as the benchmark for null models of random graphs. However,
this approach comes up against a number of difficulties in wider applica-
tion. One is that while straightforwardly solvable for the separable case
— that is, when

Z =272y, N:=N(N—-1)/2, (5.6)

where each individual factor corresponds to the partition function for
each possible individual linkﬂ— when correlations and higher order con-
ditionings are introduced, analytic solutions are no longer so straightfor-
wardly obtainable. Moreover, in phenomenological approaches where
one attempts to reconstruct graph Hamiltonians that reproduce various

2For example, the partition function for a graph with N nodes factorizes as per Eq. .
when one truncates the expansion beyond terms linear in A4;; in Eq. -
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features inferred from data, one is not only hindered by sample vari-
ance, but also by data that is limited to network realizations of specific
sizes. Certain features corresponding to graph generative processes, i.e.
involving the dynamics of graph formation and growth, might elude an
inference approach based on the standard formulation of the exponential
random graph framework.

Perhaps the best known mechanism of graph formation in network
science is furnished by the Barabasi-Albert network model, in which a
‘rich-get-richer’ process drives graph evolution towards particular asymp-
totic scaling properties [7}5]. The conceptual utility of these models de-
rives from their simplicity, which also inevitably limits their applicability
in modeling complex systems where multiple processes can shape con-
nections. To account for the latter, one might consider introducing dy-
namical features that depend on various building blocks of the graph.
One such class of models are often referred to as fitness (or hidden vari-
able) models [11} 12, 45, 90] where one assigns node-specific variables,
with graph interactions dependent on these quantities. The assignment
and distribution of the fitness variables end up determining the macro-
scopic properties of the graph and its associated network structures, de-
manding answers to questions such as which features are relevant at the
largest scales, which are irrelevant, and how the presence of disorder in
their assignment is reflected in the statistics of macroscopic observables.

5.1.1 The (effective) generalized statistical mechanics of
random graphs

In what follows, we develop the means to address some of the aforemen-
tioned issues by taking the generalized statistical mechanical framework
in which the ERG formalism originates to its natural completion, from
both a formal and an inferential point of view. We do this by embedding
it within the epistemic framework furnished by the paradigm of effective
theories [49} 50, |51} [55]]. The idea is simple to state — one simply views the
Hamiltonian in Eq. |5.2|as a moment generating functional that has been
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operator Taylor expanded without loss of generality. Each specification
of the coefficients in its expansion parameterizes a specific point in the-
ory space, where the only prior restrictions on the coefficients stem from
the symmetries and structural constraints that define the system.

Although at first glance it might seem that one has to specify a tower
of coefficients in order to have a predictive or retrodictive framework,
this is operationally not the case given that one only ever has access to
limited resolution and sample sizes in observations. Consequently, only
a finite number of coefficients have to be fixed (which is to work up to
a certain order in the operator expansion) in order to have a predictive
framework for all subsequent observations to the stipulated accuracyﬂ
The reason for this can be understood both from a renormalization group
(RG) and a statistical inference point of view. When viewed as an effective
Hamiltonian, the terms in the expansion of Eq. [5.2]represent an ordered
series in terms of relevance: Power counting relevance from the perspec-
tive of a renormalization group analysis, and parameter relevance from the
perspective of statistical inference. The former can be viewed as a special
case of the latter through the portal of Fisher information [109,[110], in a
manner that is straightforward to articulate.

Sequentially higher order terms in the effective Hamiltonian (Eq.
have an increasingly smaller effect on observable quantities, caveating
footnote [3| That is, attempting to fix the parameters of the Hamilto-
nian with inevitably limited data will result in a likelihood function that
will exhibit progressively weaker parametric dependence on higher or-
der couplings in a pronounced hierarchy. Leading order couplings will
correspond to the largest eigenvalues of the associated Fisher-Rao infor-
mation metric [111, 112} 113]], or have the greatest parameter relevance.
Higher order couplings will correspond to successively smaller eigenval-
ues, or be increasingly irrelevant. This is perhaps best illustrated through

3This presumes that one works in an operator basis such that the analog of Eq. rep-
resents an expansion whose leading order terms correspond to an exactly solvable system
(however non-linear or strongly correlated), where the higher order terms parameterize
collective modes that perturb away from this solution in a convergent series.
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an example that ought to be familiar to many readers.

For continuum physical systems, the renormalization group notion
of power counting relevance translates directly into a derivative expan-
sion. By expanding in a series of derivative operators that is consistent
with the symmetries of the system (e.g. rotational symmetry), one can
effectively model arbitrary dynamical processes up to some resolution.
Since derivatives have physical dimension, successively higher deriva-
tive terms require compensating dimensional factors in order to book
keep the expansion. For example, one can consider modeling an isotropic
diffusion process via the following effective equations:

d
CT/; = 0p+ DaV2p+ Dal®V4p + Dl*VCp + ... (5.7)

where as written, all the higher order coefficients Dy, D¢ etc. have the
same physical dimension as the diffusion coefficient D,. At spatial res-
olutions L > /¢, so that the Fourier modes associated with these scales
have wave numbers that satisfy kz/k; < 1, we see that Eq. rep-
resents a convergent operator Taylor expansion where successive terms
are subleading in even powers of k1, /k,. We'll return to the physical sig-
nificance of the so far arbitrary scale ¢ shortly.

In order for the quartic operator to have a comparable effect to the
leading diffusion term, the D, coefficient would have to be dialed up to
Dy ~ Dyk?/k? > D,. Similarly, one would need Dg ~ D4k?/k? > D,
in order for the sextic operator to compete with the quartic, and so on.
Conversely, unless the D, coefficient starts to approach Dy ~ Dok? /K%,
the quartic operator will have negligible effects on long wavelength ob-
servables in comparison to the quadratic diffusion operator. In fact, there
is a wide range within the parameter interval defined by the condition
|Dy| < |D2k? /K3 | where D, can vary and have parametrically negligible
effects on long wavelength observables relative to the leading diffusion
term. That is, the likelihood function constructed from repeated obser-
vation will have a much weaker dependence on D, than D,, and will
hence be associated with a smaller eigenvalue of the associated Fisher
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information metric.

In the context of a renormalization group analysis, when one succes-
sively coarse grains over small scales and re-expands the effective equa-
tions of motion as in Eq. [5.7|after each coarse graining, one will find that
the value of D, remains roughly the same, whereas D, decreases. For
this reason, D, is classified as marginally relevant, and D, is classified as
irrelevant, with both notions exactly corresponding to their parameter rel-
evance as determined by their associated Fisher metric eigenvalues [109,
110, 114ﬂ All that remains is to clarify the nature of the scale ¢ in Eq.
In a precise operational sense, it is the resolution scale of our effective
description. Were one to average over all fluctuations with wavelengths
smaller than the length scale /, the resulting equations of motion for all
modes with wavelengths longer than than ¢ would be reproduced by an
operator expansion corresponding to Eq. parametrically weighted
by factors of /2 with order unity numerical prefactors. If one views dif-
fusion processes as having coarse grained an underlying kinetic theory
description [117, |118]], one can explicitly demonstrate this via an influ-
ence kernel parameterization of inter-particle forces (see e.g. [119] in the
context of broken symmetries).

The realization that one can parameterize one’s ignorance of small
scale processes via an operator expansion and still end up with a tractable
and predictive framework for macroscopic observables is what freed par-
ticle physicists from having to work within the confines of renormalizable
field theoriesﬂ and ushered in the era of effective field theories. The lat-
ter represents the state of the art in particle phenomenology, and it fea-

4The classification of operators into categories of relevance, marginal relevance, and
irrelevance under the action of the renormalization group is owed to Kadanoff and Wegner
[115} [116].

®In particle physics effective field theory, the adjective renormalizable is reserved for those
theories which form a closed subspace under renormalization group flow in the space of
all theories, parameterized via some operator basis. Effective theories in general need not
be renormalizable by this definition, but nevertheless remain predictive as discussed, as
only a finite subset of operators corresponding to the leading order terms in any derivative
expansion remain relevant or marginal as one flows to the infra-red (see e.g. [49, 50]).
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tures an underlying logic that transcends its original application towards
continuum systems. One simply writes down all possible operators that
could appear in the moment generation functional not forbidden by sym-
metries or other kinematic or structural constraints (i.e. the effective ac-
tion in the context of particle physics, or the effective Hamiltonian in
the context of a generalized statistical mechanical system), and classifies
them according to their parameter relevance.

5.1.2 Universality classes of graph Hamiltonians

It is from the vantage of effective theories that renormalization group
analyses take on a categoric importance of their own. Not only do RG
methods give us the tools to determine parameter relevance, their com-
plete implementation allows us to unambiguously determine which quan-
tities are legitimate observables at long wavelengths, and what may be
artifacts of various approximation schemes. An important corollary of
this classification is that all models flow under renormalization towards
a handful of equivalence classes at large scales, and given the special
designation of universality classes. Which universality class one flows to
is determined entirely by the invariances or symmetries of the system,
along with how these symmetries are broken as one changes scale.

In what follows, we attempt the first steps in understanding the be-
havior of a generalized statistical mechanical parameterization of un-
weighted random graph models under renormalization group flow. Our
starting point is the operator expansion Eq. whose most immediate
consequence is that the probability for any link to appear will generically
be conditioned on the appearance of other links. As a consequence, the
partition function for the graph will not be factorizable into a product of
independent partition functions for each link. That is,

Z 4 71 7.2, (5.8)

where once again A counts the number of links in a graph with N nodes,
and we omit the possibility of loops (edges that begin and end on the
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same node) in the discussion to follow. The simplest non-trivial case of
this is when one restricts to bilinear interactions, which can be written
without loss of generality as:

1
H(A) = - Z%‘Aij 3 Z BijriAij Art, (5.9)
1<j 1<7,k<l
(4,5)#(k,1)

where the pairs (i,j) and (k,[) denote the links connecting the respec-
tively indexed nodes. Tripartite and higher order conditioning can sim-
ilarly be introduced via cubic and higher order interactions via a gener-
ating function formalism and if this higher order conditioning is weak
enough, one can avail of the diagrammatic methods of statistical field
theory and work in a perturbative series in the corresponding small cu-
bic and higher couplings (see e.g. [120]). Although we won’t pursue this
possibility in the present investigation, a more complete study of param-
eter relevance in random graph models would necessitate it. Instead,
we focus only on bilinear interactions in what follows and defer a more
comprehensive study to a future investigation. A rich structure already
emerges within this class, where moreover, the existence of a closed sub-
space under exact RG transformations can be demonstrated.

Truncating the effective Hamiltonian to bilinear interactions might
seem like an academic oversimplification at first glance. However, as
elaborated in the next section, Eq. [5.2can also be viewed as the Hamilto-
nian of an equivalent disordered spin system with couplings of arbitrary
order (i.e. in terms of degrees of nearest neighbors), whose effective di-
mensionality is determined by the number of nearest neighbors each site
has. We refer to this quantity as the coordination number of a link, which
is encoded in all the hz(.j.,)d terms being different from zero. Were one to
presume a hierarchy for these terms over higher order couplings, the re-
sult of successive RG transformations for a large class of bare effective
Hamiltonians would be to flow towards the form Eq. which there-
fore represents a universality class of equivalent random graph models,
and therefore an important object of study on its own terms. Moreover,
from a practical and application intensive point of view, Eq. [5.9|can also
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effectively model temporal Markov network processes, where RG trans-
formations would correspond to temporal coarse graining. We elaborate
on this in more detail in an accompanying study [121], and commence
our formal study of random graph renormalization in the following sec-
tions.

5.1.3 OQOutline

The goal of this paper is to set up a general framework through which
one might quantify the scaling of interactions in random graph models.
That is, to determine the relevance, or irrelevance of the conditionings
of different graph variables on each other. Although this is highly non-
trivial problem in full generality, we focus in what follows on a restricted
class of transformations for which closed form renormalization group
transformations are available, which we argue to represent a universal-
ity class of graph Hamiltonians.

In the sections that follow, we first set up the formalism of random
graph renormalization in the line graph representation in section
elaborating on the existence of closed form RG transformations for max-
imum coordination number two pairwise interactions. We then con-
sider how these interactions renormalize when the couplings are homo-
geneously assigned in[5.3| and generalize to the disordered setting in[5.4]
where we immediately find that the problem can be recast in terms of de-
termining the the induced flow on the disorder probability assignments.
We conclude our investigation with a discussion of the implications of
our findings, the most pertinent of which is that within the universal-
ity class of bilinear graph Hamiltonians, all models are infra-red trivial,
meaning that all pairwise conditions flow to irrelevance at large enough
scales. We translate the ramifications of this for a number of applications,
and close with a discussion of open questions and future directions.
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5.2 Line graphs, spin chains, and closed RG
transformations

The graph Hamiltonian Eq. [5.9] can be re-expressed as the Hamiltonian
of a disordered spin chain via mapping to the line graph:

USEEDIEEIE > Ak (5.10)
where distinct pairs of indices (4, j) are mapped to a single index a, so
that edges have been mapped to nodes, and where 1 < a < N. We
stress that a priori, there is no natural notion of nearest neighbor on a
random graph at the level of the effective Hamiltonian Eq. Metric
notions of nearest neighbors and local neighborhoods — key to the usual
implementation of the renormalization group — are only something that
can be defined for a specific instance of a random grap}ﬁ Moreover,
the couplings ¢, and §,; are a priori completely arbitrary, and need not
even correspond to ‘local” interactions. That is, without additional re-
strictions, the probability of any given link appearing can in principle be
conditioned on an arbitrary number of other links.

Nevertheless, a class of bilinear interactions can be distinguished by
the fact that they remain closed under an exact RG transformation that
corresponds to decimation on the line graph. Specifically, we consider
interactions of the form:

Bab = ga(;a,b—l + gbéa,b-&-l, (5.11)
so that
N
H(A) == [ea+ gaAas1] Aa, (5.12)
a=1

which formally looks like the Hamiltonian of a paramagnetic spin glass
with nearest neighbor interactions, in spite of the absence of such no-
tions on a random graph. The coefficients ¢, and g, themselves could be

®For a recent review on progress and open issues regarding network renormalization,
see [52].
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drawn from independent ensembles, corresponding to arbitrary ‘local’
disorder.

As discussed in Chapter 4} the formal process of integrating out one
or more of the edge degrees of freedom in the context of Eq. [5.12]is equiv-
alent to statistical marginalization, and effects a decimation renormaliza-
tion group transformation on the line graph. It should be stressed at the
outset that there is no a priori compulsion to have imposed this trans-
formation uniformly, and one can consider determining the parameters
of the effective Hamiltonian obtained by marginalizing over a single link
in isolation (in [121] we take an approach to network renormalization
that is premised on iterating this procedure). The result of having deci-
mated the n'th link is a locally coarse-grained line graph with an effective
Hamiltonian with the following renormalized couplingsﬂ

_ (1 + 697171+gn+8n) (1 4+ 65n>
In-1 10g { (1 —+ egn"ﬁfn) (1 —+ egn—l“rﬁn) ’ (5.13)

- (1 + eg"L71+€’!L)
En—1 = Ep—1-+ log {(1“!‘68”)} )
3 (1+ esnten)
En_i,_l = €n+1 + log {(1-’-6571)} s

with all others left unchanged. On the other hand, the effect of uniform
decimation, where every alternate node on the line graph is successively
marginalized over is to effect the following transformations:

~ — (1 + egn+gn+l+€n+1) (1 + 65"+1) (5 14)
gn = log (14 e9ntenti) (1 4 edn+itensr) |7 )
g, = en+log (1 + €g7z+5n+1) (1 + egn—1+€n—1)

n n (1 + en+1) (1 + esn-1)

where we’ve relabeled the indices to run over the integers again after
each successive uniform decimation. A simple derivation of these equa-
tions can be found in the context of the Ising Model with sparse disorder

7Up to an overall rescaling of the partition function that is equivalent to a localized ad-
ditive free energy contribution given by F,, = log [1 + &5], corresponding to the individual
contribution of the marginalized over link.
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(see e.g. [122]), or in our accompanying paper [121].

The closure of these RG transformations — meaning that each RG
step returns an effective Hamiltonian of the same operator form up to
rescaled couplings and an overall rescaling of the partition function —
results from the fact that Eq. [5.11] represents bilinear interactions of max-
imum coordination number two in the line graph representation. Con-
sequently, the associated Hamiltonian Eq. maps onto that of a one
dimensional spin glass with localized disorder and an inhomogeneous
external magnetic field, inheriting the closure and exact implementabil-
ity of renormalization group transformations specific to one dimensional
systems. This is no longer the case the instance we add even a single in-
teraction with coordination number three or higher, with successive RG
transformations driving the system towards highly heterogenous all-to-
all couplings (the homogeneous limit of which would be a Curie-Weiss
like model).

— R —o R —o— % —o— R —

. 3

3

lRG

o [

Figure 30: Schematic rendering of maximum coordination two couplings
(top) and a single bare coordination number three coupling (bottom) under
RG transformations. The red crosses indicate the sites that are decimated at
each RG step. More generally, successive RG steps increase the maximum
coordination number, and flow towards all-to-all couplings (bottom most
diagram).
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Specifically, consider replacing some of the terms in Eq. with the
following coordination number three interaction:

HD [5m + gmAm,+1 + g:nAm-&-k} Aa, (515)

for some fixed m and some integer k. In the context of the analog lat-
tice system where one can avail of notions of metric distance, k¥ = 2
would correspond to a next to next to nearest neighbor interaction. In
the present context, we leave k arbitrary, and view it as corresponding to
conditioning the m’th and m + k’th links on each other. Under repeated
decimation, the maximum coordination number on the line graph would
successively increase in such a manner such that when one considers ran-
domly distributing higher coordination interactions across the graph, the
effective Hamiltonian would flow towards all-to-all couplings, schemat-
ically depicted in Fig.

5.2.1 Maximum coordination number two = disordered
spin chain

The fact that maximum coordination number two and all-to-all couplings
represent the two universality classes that admit closed form renormal-
ization group transformations is a transcription of the closure of RG trans-
formations in one dimensional lattice spin systems to the context of ran-
dom graph models. We can also make a straightforward identification
for higher coordination numbers by noting that the lack of closure for RG
transformations in general higher dimensional lattice systems necessitate
approximation methods to force closure, such as bond shifting [123,124],
variational, or mean field methods (see e.g. [125] for an overviewﬂ In
the absence of these approximations, summing over the contributions of
short distance degrees of freedom generates higher order and beyond
nearest neighbor interactions with each successive RG transformation.
In spite of this, the availability of a predictive effective description via
an effective Hamiltonian stems from the fact that these higher order and

8Caveating the availability of exact solutions in the specific case of d = 2 in the absence
of disorder [126}127].
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higher point interactions correspond to increasingly irrelevant operators
as one flows to the infra-red, and is the basis of the derivative expan-
sion in continuum descriptions (cf. footnote[5). Hence, RG transforma-
tions generate trajectories in theory space where all possible interactions
are generated, albeit arranged in a hierarchy of relevance for long wave-
length observables. The limit of this flow for an initial line graph with
bilinear interactions of arbitrary coordination number is heterogeneous
all-to-all couplings, unless the bare couplings form a closed subspace to
begin with, as is the case for maximum coordination number two.

5.3 Homogeneous RG flow

A simple but informative case to get our bearings with is the setting
where each of the {g,,¢,} couplings in Eq. are respectively fixed
to be the same, and we successively decimate, or marginalize over alter-
nate links on the line graph (see for a thorough derivation [121])). In this
case, Eqs. [p.14 reduce to the following system of equations:

2g+e¢ £
ot 516
g+e
g = €—|—210g{(1(1—|—_|_665))},

where tildes denote renormalized quantities, and where the discrete gen-
eralization of the beta functions, defined as Dg := g — g = f4(g,¢), and
De := & — e = B.(g,¢), are given by:

1+e9%e) (1+e°
By(g,e) = log{ ( e 33-‘1(+5)2 ) } , (5.17)
_ (A +e7)
Be(g,e) = 2log{ ) }

The RG flow corresponding to these beta functions is depicted in Fig.
where we see that successive transformations drive one towards the
g = 0 fixed line, so the links are no longer conditioned on each other and
we recover an Erd@s-Renyi random graph at long wavelengths.
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Figure 31: RG flow for homogeneous coordination number two interactions
towards an Erdés-Renyi fixed line, where arrows indicate direction of flow
and color determine the its intensity, lighter being stronger. Upper panel: A
shearing behavior for positively correlated conditioning is apparent, along
with a separatrix along the line ¢ = —g for g > 0. This corresponds to the
vanishing of the beta function of external magnetic field i := £+ g along the
line h = 0 for the analog spin glass system, illustrated by the bottom panel.

The various features of the flow diagram lend themselves to straight-
forward interpretation. We first note that the part of the diagram below
the g = 0 axis is only meaningful for a single RG step. The reason is that
implicit in Eq. [5.16]is the fact that were we to begin with a negative value
for the bare g, a single decimation iteration will return a positive value
for g. Although the structure is far richer when we turn our attention
to inhomogeneous and disordered interactions, the latter feature of con-
sidering only homogeneous interactions can be readily understood from
the fact that on the analog spin system, negative values of g corresponds
to uniform anti-ferromagnetic couplings. When one considers the effect
of marginalizing over two adjacent anti-ferromagnetic couplings, the re-
sult is a effective ferromagnetic coupling (i.e. g > 0) that maintains its
ferromagnetic nature under further RG iterations.

The separatrix that is apparent along the line ¢ = —g in the upper
plane, along with the fixed line at g = 0 can also be readily understood
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by referring to the analog spin system. Recalling Eq. and making
the transformation to the spin variables

A, = %, O = i%, (5.18)
the result will be a Hamiltonian of the form:
Al Y 9a + Ga+1
H(o) = - ;gaaaom - az::l Oa (sa + 2) (5.19)

where we’ve neglected to include additive contributions to the free en-
ergy. When restricted to the case ¢, = ¢ and g, = ¢, we see that this
Hamiltonian maps on to that of a one dimensional Ising model in the
presence of an external magnetic field h with the identification h := e+ g.
Given that decimation in zero external field does not generate any one
point terms in the renormalized Hamiltonian, the locus represented by
h = 0 or e = —g for represents an (unstable) fixed line in the upper g
plane, and an attractor in the lower g planeﬂ Furthermore, the fact that
the overall flow is driven to a fixed line at g = 0 follows from fact that
in one dimension, RG flow drives one towards the infinite temperature
fixed point under the identification g = J/(kgT), where J denotes near-
est neighbor couplings on the analog spin chain.

Finally, the shearing structure on either side of this separatrix also ad-
mits a straightforward interpretation. When one positively or negatively
conditions the probability of a given link to appear on the appearance of
another link, it effectively increases, or respectively decreases the proba-
bility for that link to appear for homogeneous probability assignments,
provided that the conditioning is strong enough. Therefore coarse grain-
ing will steadily drive the effective probability up or down depending
on whether one is in the upper or lower g-plane until one is driven to the
(analog infinite temperature) fixed line at g = 0.

9This is made explicit by considering the beta function for the linear combination h =
€ + g, which is given by 8, = log {(e9"¢ +e79) /(1 +¢°)}, from which we see that
Br = 0onthelocuse = —g.
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A far richer structure appears when one allows for the couplings to
vary by site on the line graph. Although it would be meaningful to
consider the effects of an arbitrary initial specification of the full set of
couplings {&,, g, }, @ more general framing with an eye towards further
applications would be to draw these from some probability distribution
function (PDF), which is to introduce disorder on the line graph.

5.4 Random disorder and induced probability
flows

A useful reformulation of the RG transformations Egs. is in terms
of the variables y,, := e~ and x,, := e°, in which they take an algebraic
form:

T = (1 + ynyn+1xn+1)(1 + anrl)
" (1 +ynxn+1)(1 ""ynﬁ—lﬁn-i-l)7
7 _ (1 + ynanrl)(l + yn71ﬂ;‘n,1)
" " (1+zn+1)(1+xn—l)

(5.20)

We consider each of these variables to be drawn from some statistical
ensemble. Although the most general possibility has these being condi-
tional probability assignments, a rich structure is nevertheless presented
when restricting to cases where they are independently drawn from site-
wise independent distributions.

We denote this set of independent probability distribution functions
as {¢n (yn)} for the y,, variables, and {x, (z,)} for the z,, variables. Given

that gn = gn (yna Yn+1, iCnJrl)/ and gn = En (fnfly Tny Tn+1yYn—1, yn)/ it
must be the case that under decimation, successive RG transformations
induce a flow on the probability assignments given by

X wn-i-l(yn-i-l)xn-i-l(xn-&-l)d(gn - y),
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and

Xn(Tn =x) = // dxy —1den,de, 1dyn—1dy,6(T, — x)
0 0
X'l/)nfl(ynfl)wn(yn)anl(xnfl)Xn(xn)Xn%»l(anrl)v (522)

where the dependent variables y,, and z,, that appear in the arguments
of the delta functions are given by Egs. The renormalized distri-
butions are normalized to unity by default, as seen by integrating both
sides of the above with respect to y and z, respectively.

We first consider Eq. where we note that the delta function inte-
gral can be performed by changing the integration variable to y,. To do
this, we must first invert g, given by Eq. [5.20]in terms of the variable we
look to transform, which we choose to be y,,. The result of this inversion
is given by

(L4 2pt1) = (1 + Yn1%011)Yn
xn+1(1 + yn—&-lxn—i-l)gn - (1 + 1‘7L+1)yn+1$n+1]

Yo =1 : (5.23)

so that after accounting for the Jacobian factor and performing the sub-
sequent y,, integral, one ends up with

Jn (y) - A /0 dyn-i-ldxn—i-l {@(yn)wn(yn [xn—i-la Yn+1, y])

Unt1(YUnt+1) Xn+1 (Znt1) (1 + Tpg1) (1 + Ynt1Zng1) [Ynt1 — 1] }
Tn+1 [(]— + yn+1xn+1)y - (1 + $n+1)y71+1]2

(5.24)

where the Heaviside step function enforces the domain of integration to
be such that Eq. is positive for y = y,,. Proceeding analogously for

Eq. one obtains

Xn(Tp =x) = // dyn_ldyndxn_ldan{Xn(:vn[...])
o Jo

wnfl(ynfl)’@[]n(yn)anl(xnfl)XnJrl(anrl)
(L+ zn1) (L + 2n—1) }
(1 +ynxn+1)(]- +yn71$n71) ’

(5.25)

128



where the implicit dependence of x,, on the remaining independent vari-
ables is given by:
~ (1+m7l+1)(1+xn—1)
Ty =Tp .
(1 + ynanrl)(]- + ynflmnfl)
One can either specify the probability assignments x () and ¢ (y), or one

(5.26)

can specify them for the original variables C'(¢) and P(g) via the rela-

tions:
Y(y) = P(g[y])% = P(z[y])7 (5.27)
de  Cf(ex])

x(@) = Clela)) - = ==,

x
where we have used that g = logy and ¢ = logz. Repeating the same
steps that led to Egs. and we obtain the induced RG flow for
P(g) and C(e) as

Pn( / / dgn+1d€n+1{®(g7L)Pn+1(gn+1)

(1 + e5n+1 1 + egn+1+6n+1)|egn+1 _ 1|

eEn+1 [(1 + egn+1+8n+1)eg — (1 + e€n+1)69n+1]2

xc7z+1(£n+1)PTL(gn [Sn+17 9n+17§n = g])}a (528)

where g, in the argument of P,, above is obtained by taking the log of Eq.
and substituting the definitions for the y and « variables. Similarly,

one finds:
, = € / /dgn 1dgnd5n 1d5n+1{ ( )

(1 + 68n+1)(1 + 65"’1)
(1 + egntent1)(1 + eIn-1Fen—1)

Pnfl(gnfl)cnfl(gnfl)

XCnJrl (5n+1)cn(5n [gnfla n;En—15En+1, gn = 5]) } . (529)

Although the convolutions in both sets of Egs. and Egs.
are amenable to numerical integration for arbitrary probability as-
signments, it is informative to consider certain special cases.

129



5.4.1 Sparse disorder
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Figure 32: Top panel: Renormalization group induced deformation of the
bare probability assignment II(y) given by Eq. for ar = 5, Ax = 7"
(red line) for k from 1 to 5 (gray dashed lines with successively coarser dash-
ing). Bottom panel: The same, but for II(y) given with parameters a = 4,
Ar = €Y.

The simplest non-trivial example one could consider is the case where
disorder is localized to a single site n, so that the bare probability assign-
ments for the x and y variables are given by:

{XELO) (xa)}ain = 5(xa - x(o)% ngo)(l'n) = Q(xn) (5.30)
{09 (Ya) Yazn = 0(ya — y'), ¥ (yn) = (yn)

where (z,,) and II(y,,) are the bare distributions of the = and y variables
for the site where the disorder is localized. Inserting these into Egs.
and yield the following induced renormalization group transforma-
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tions on the probability assignments upon iteration:

[e%e] (k) (k?) 2
(k+1) () — o (y) (1+2)
Xn (x) /0 dy{ (1 T yx(k’)) (1 T y(’“)x(’“)) (5.31)

x x ()

z (14 20)?
(1 + y;[’(k)) (]_ + y(k)x(k)) ’
(1 -+ a®)ly® — 1)1+ Wy ®)
®) (y +y® [z*) (y — 1) - 1])2

- 142 —y(1 4 xk)y k)
| TP 2Ry ®] — gLt 2 )|,

where dummy variables have been relabeled for compactness, and where
(X (@) Yagn = 6(z — 2EHD), (5.33)
{8 () Yaren = 0(y — y*FHY),

where the arguments of the delta functions z(?) and y(*) in Eq. get
recursively renormalized to z(*) and y*) via Egs. as:

(14 y®2) (14 20)

P (y) =

(5.32)

(k) 5.34
y (14 g0 ; (5.34)
2
L (LEy®e®)
2
(1+z®)
The effects of successive RG transformations are particularly straight-

forward to evaluate for the link disorder assignment P given that no
convolutions are involved in Eq. The subscript on Eq. is to
denote an implicit factor of the Heaviside step function that enforces the
positivity of the argument of e

For illustrative purposes, we choose the bare distributions for both x
and y to be Gamma distributed over the interval [0, c0), so that

a
Ao

— ar—1_—Ary

W) = gyt e, (535)
_ )\gw au,—1_—Aozx

Qx) = I‘(aw)x e ,
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where the mean and the variance, given by a/X and «/\? respectively.
which one can specify arbitrarily. Note that the = variables relate to a
probability assignment for a corresponding Erdés-Renyi random graph
via the relation (cf. Eq. 5.5):

r=e" = —. (5.36)

Upon repeated decimation transformations, we see that the disorder prob-
ability assignment would asymptote towards a delta function distribu-
tion centered around y = 1 in Fig. corresponding to the g = 0 fixed
line in Fig. B0} This is not particularly surprising, as the latter is a global
attractor, and every realization within the disorder ensemble would flow
towards this fixed line under repeated decimation.

One can also adapt these results to the case where one has disorder
localized to multiple, but sufficiently sparsely situated site The renor-
malization of the local probability assignments would proceed according
to Egs. [5.31]and [5.32] up until the RG step where any two sites where dis-
order has been assigned would coalesce under decimation. At this step,
one has to revert to the expressions for the general transformation Egs.

iterating again from there with Egs. until the next

step where coalescence occurs (cf. [122]).

5.4.2 Uniform disorder

A more general scenario would be to consider the {y,} and {z,} vari-
ables to each be independently and identically distributed. Although the
general convolutions expressed in Egs. and can be iterated in
this case, it is useful to recast the former in simplified and more symmet-
rical form by transforming to the variables z,, z,, where z = z,y, =

19Tn more precise terms, this would be localized disorder that vanishes in the thermody-
namic limit.
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e“»T9n 5o that Egs. transform to:

n n~n 1 n—

s = (Tn + 2nzn+1) (1 + 2 1)7 (5.37)
(I +zp—1)(1+ 2p41)

~ (xn + annJrl)(]- + anl)

Ty =
(I+2n1)(1+ 2p-1)

We now presume the disorder to be uniformly assigned as:

{X ) (xn)}Vn = X(zn)a {77[}7(10)('%)}%» = 7/’(27z)a (5.38)

for bare probability distributions x(z), ¥ (z), where the latter is given by
the product distribution for the variables 2 and y, which can in principle
be specified independently. Repeating the same steps that led to Egs.
and one arrives at the following induced RG transformations
for the probability assignments at any given siteE}

= [ i S5

w{W -1 PO XD <w>}7

and

S (2 / / dudv dy dw{w““) (0)$™® ()™ ()

(utyw) (1 +v) @ylwt+tyw)d+v) (k) (4,
21+ w) { 21+ w) 1LX ( )}’ (340

where again, the + subscripts denote an implicit Heaviside theta func-
tion in the integrand to ensure the positivity of the arguments of (¥
and x®) in the above. The two equations represent a set of coupled non-
linear convolutions that can be iterated repeatedly to evaluate the in-
duced renormalization group flow on the bare probability assignments

11Here, and in all analogous derivations that follow, one writes down the analogous
equations to Egs. [5.21]and [5.22] identifies a convenient integration variable which admits
a unique inverse for the RG transformations for this variable alone analogous to Egs.
and performs the delta function integration accounting for the appropriate Jacobian factor
and integration limits.
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x© and ¢*). Their evaluation can be simplified in some cases by notic-
ing that both convolutions can be expressed as

d
(k1) () —
b% () .

// dudvdydw{\lf(k) [f (z|u,v,y, w)]
o Jo

<y (u) x ) () x @) (y)x(’“)(w)}, (5.41)

o0 o0
PFEFD (z) = - /0.../0 dudv dy dw{E(k) l9(z|u, v, y,w)]

< x®) (u)yp®) (u)¢<k>(y)¢<k>(w)}. (5.42)

where U(%)(s) is the cumulative distribution function U(¥) (s) = [ dt ©(t)y ™ (t)
where the step function under the integrand enforces the vanishing of

¥ where the integrand has no support, where Z(*)(s) is defined analo-
gously, and where the respective functional arguments are defined as:

(14 w)(1+wv)

f@lu,v,y,w) = Wil’ 5.43)

Eq. has the advantage of recasting the induced renormalization
group flow on the probability assignments as a gradient flow.
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Figure 33: Renormalization group induced deformation of the uniform
probability assignments C'*(¢) (top) and P*)(h) (bottom). Bold red lines
denote the bare probability assignments, taken to be Gaussians with means
and variances given by . = —3,0. = 1 and pup = —3, 05, = 1, respectively,
and the gray dashed lines represent successive RG convolutions running
from k = 1 to 3 with increasingly coarse dashing.

One can also repeat the derivation to obtain the analogous expres-
sions for the distribution of ¢ and the joint distribution for h = ¢ + g,
denoted C'¥)(¢) and P¥)(h) respectively:

Yy u+w -1
CHD (¢ / /dudvdydw [1 B ]
(14+ev)(1+4ev) n

 p®) [log <6 (14e”)(1+e") _1>]

(e¥ 4 ewtu)

XP(k)(u)C(k)(v)C(k)(y)C(k)(w)}, (5.44)
and
P+ (g / /dudvdydu){ [1 e ile;zl;gi ev)Ll
)
xC®) () PO (0) P () PO (w)}7 (5.45)

where the subscripts now on the Jacobian factors again restrict the inte-
gration domain to be such that the respective factors are both positive.
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As before, one can recast both convolutions as an analogous gradient
flow:

kD (g) = di //du dv dy dw {H(k) [F(e]u,v,y, w)]

E
XP(k)(u)C(k)(v)C(k)(y)C(k)(w)}, (5.46)
PFEFD(p) = _4 00 Oc?u dv dy dwl E®) [G(h|u,v,y, w)]
dh oo oo
xC’(k)(u)P(k)(v)P(k)(y)P(k)(w)}, (5.47)

where II®) (s) = [ dt©(t)P™ (t),and ) (s) = [; dt ©(t)C ™ (t), where
we’ve defined:

ef(1+e”)(1+4¢?)
= - 1 -4
Pl = g { TS id san
[t te)
G(hlu,v,y,w) = log{ A5 ev)eh 1p.

We illustrate the induced RG flow on the bare uniform disorder proba-
bility assignments in Fig. Visual inspection of both Figs. B2]and
seems to suggest the induced renormalization group flow to be akin to
some sort of active transport process for the disorder probability assign-
ments.

5.5 Implications and applications

Over the preceding chapters, we have shown how restricting, or trun-
cating the effective Hamiltonian to quadratic order (cf. Eq. results
in closed form renormalization group transformations whose repeated
iterations result in pairwise interactions flowing towards increasing ir-
relevance. For infinite, or very large networks, one would say that such
interactions flow to triviality at large scales. We defer the discussion as
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to whether this feature persists once higher order interactions are intro-
duced to our concluding remarks, and discuss the implications of these
facts for various applications in what follows. We do this by first distill-
ing our findings to their bare elements, and then contextualizing them in
a number of applied settings. These elements are:

* Disordered Erdés-Renyi random graphs with pairwise condition-
ing of the individual links admit closed form renormalization group
transformations for maximum coordination number two.

* Repeated RG transformations render these interactions irrelevant,
flowing towards a disordered non-interacting Erd6s-Renyi random
graph.

* Were one to draw the couplings of the effective Hamiltonian from
a disorder ensemble, the effects of pairwise conditioning results in
localized skewing of the macroscopic probability assignments rel-
ative to their microscopic (bare) assignments.

¢ The induced RG flow on the disorder probability assignment corre-
sponds to time reversed drift-diffusion on the associated statistical
manifold.

We now detail the ramifications of these elements for a number of appli-
cations. What follows is only a partial survey, with further applications,
especially when higher order conditionings are incorporated and sug-
gestive of future lines of inquiry revisited in our concluding remarks.

5.5.1 Peer, preferential, susceptibility, and reinforcement
effects on random networks

Random graphs are often invoked as a mathematical model for social
networks, contact networks, or relationship networks more generally.
Allowing the probabilities to form links depending on graph proper-
ties associated to a given node can lead to an variety of interesting net-
work structures and topologies. Preferential attachment models [5] are a
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widely studied class of network growth models that associate the prob-
ability of nodes sequentially added to a graph to connect with existing
nodes in a manner that depends on their degree (see e.g. [4] [128] for a
survey). This is implemented via an attachment kernel, where the link
formation probability is given by p; = f(k:)/ >_; f(k;), where the sum is
over the existing nodes, and where f(k;) is some function of the degree
k; of the nodes. Within the context of a generalized statistical mechani-
cal formalism, preferential attachment models are possible to realize for
linear attachment kernels provided we go beyond maximum coordina-
tion number two. This can be seen by the fact that any conditioning of
a given element of the adjacency matrix on the degree of a node that it
might connect to would necessitate operators of the form:

H(A) D A > Ayj. (5.49)
7k
Such terms would correspond to terms in an effective Hamiltonian of
the general form Eq. as opposed to Eq. on the correspond-
ing line graph representation. Non-linear attachment kernels of the form
p; o< f(k;) would necessitate the addition of a series of higher order in-
teractions of the form

H(A) > Au (3 Aij)” (5.50)
j#k

that depend on the Taylor expansion of the kernel function f(k;), for
which the bilinear truncation Eq. [5.10jwould no longer be fit to purpose.
Although for unweighted networks, the fact that the A4;; = {0, 1} im-
plies that expressions of the form Eq. [5.50|can always be brought into the
form Eq. the resulting expressions will not be readily translatable
back into a function of the degree, which could hinder inference prob-
lems that utilize the corresponding operator expansion in the effective
Hamiltonian. That, along with the fact that operators of the form Eq.
are unavoidable for any generalization to unweighted networks ne-
cessitates their consideration in generality.
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It is, of course, incumbent upon any complete treatment to make
precise the manner in which existing classes of random graph models
transcribe into the generalized statistical mechanical formalism, which
we expand upon in our concluding remarks. In what follows, we wish
to proceed unencumbered by precedent and explore how qualitatively
similar peer and preferential effects can naturally be modeled within the
class of bilinear graph effective Hamiltonians. In order to do this, it first
helps to visualize the action of the different operators that make up the
effective Hamiltonian on a given graph.

Figure 34: Schematic representation of a random graph, where each dot
represents a possible link (i.e. an off diagonal entry of the adjacency ma-
trix). The realization of a given link in a specific draw corresponding to the
relevant entry of the adjacency matrix are denoted by circles.

In Fig. 34| we schematically represent a random graph with a fixed
maximum number of nodes via the elements of the associated adjacency
matrix, with each site representing a possible linl@ In this representa-
tion, a link realized in a given draw is denoted by a circle, whose proba-
bilities are determined by the set of {¢,} in Eq. with the remaining
unconnected nodes discarded. We represent the maximum coordination
number two pairwise interactions between links (i.e. the set of {g,}) as
dashed lines that couple the sites in Fig. [35] caveating footnote[I2} From
this figure, we see that we can actualize preferential attachment in a com-
plimentary manner by assigning relatively larger positive couplings for

12With the understanding that the ordering is inconsequential and the following discus-
sion applicable to an arbitrary ordering.
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all pairwise interactions that index a specific node, depicted with bold
lines in the bottom panel of Fig. 35| We can also realize preferential avoid-
ance via negative values for the bilinear couplings that index a particular
set of nodes. The random assignment and distribution of nodes that have
either preferential or avoidant conditioning can be implemented via a
suitable choice for the disorder ensemble from which the couplings are
drawn.

- -0 -0~ O~ —— = 9= © - -
. ® @ - . . . . )
o = —O= —em m ©
,,,,,,,,,,,,, @ ee
)
6 e ®
,,,,,, ® @ -

Figure 35: Representation of a random graph with maximum coordination
two interactions (top panel). Enhanced or diminished attachment and pref-
erence effects can be implemented via the sign and magnitude of the rel-
evant bilinear couplings {g.} (bottom panel: bold and faint lines, respec-
tively).

One can see immediately infer other ways in which one can induce
qualitatively similar preferential effects on an ensemble of random graphs
without invoking pairwise conditioning. One could, for instance, set
all the {g,} to be vanishing and specify the resulting disordered Erd&s-
Renyi probability assignments, i.e. the set of {¢, }, to be arranged so that
the desired distribution of degrees is attained, as implemented in [59,
129]. In more precise terms, one can in principle reproduce a fixed num-
ber of summary statistics that derive from correlation functions of the
graph degrees of freedom up to a given order from a continuous family
of effective Hamiltonians. This degeneracy is a feature common to all ef-
fective theories, whereby one needs to determine up to a certain number
of quantities in order to specify the couplings of the effective Hamilto-
nian completely. The degeneracy gets broken once one demands that
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a sufficient number of additional summary statistics be reproduced by
the effective Hamiltonian, typically receiving contributions from higher
order correlation functions, such as local clustering coefficients and the
number and distribution of triangles, for example.

One might also wonder how decimation on the line graph (where we
decimate over links rather than nodes) maps back onto a random graph
representation. Given that the marginalization effected on the line graph
by each decimation reduces the number of link degrees of freedom by
a factor of two, the result of two consecutive decimations would be to
render a graph with N' = N(N — 1)/8 links, which in the limit of large
graphs corresponds to the number of links for a graph with N = N/2
nodeﬂ One can therefore view the ensemble of networks generated by
the effective Hamiltonian obtained by decimation on the line graph af-
ter an even number of RG transformations to admit a random network
representation with N = N/2™ nodes, for some power m. As we have
stressed in the introduction, this is by no means the only possibility as
one can generate arbitrary RG transformations through the composition
of transformations that decimate over individual links or sites. A more
comprehensive treatment of this would fall within the ambit of a broader
study of scheme dependence when renormalizing effective graph Hamil-
tonians, which deserves a separate detailed investigation.

The scaling behavior of preferential effects can be inferred from Figs.
and 33] all of which illustrate the progressive weakening and
eventual vanishing of pairwise link conditioning at large enough scales.
This is of course, when restricted to maximum coordination number two
interactions, which merely transcribes the infinite temperature fixed point
on a one dimensional disordered Ising spin chain onto a random graph
model, as discussed at the end of section One can translate the im-
plications of this into various applications straightforwardly.

13There will be a number of hermit nodes that will result from this process, whose num-
ber goas 1/N.
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Although utilized through some variant in a number of applications
that model the structure and diffusion processes over social, contact, or
population networks, it is widely appreciated that Erdés-Renyi random
graphs by themselves fail to accurately model a variety of real-world net-
works. This is in part due to the Poisson nature of their degree distribu-
tions, which is seldom observed in application, necessitating additional
structural requirements or restrictions [130, 131} |132} [133]. One variant
of particular utility is a random graph model of Molloy and Reed, which
is constructed to reproduce an arbitrarily specified degree distribution
[134], which neveretheless still comes up short in modeling the distance
distributions observed in number of data sets of a given degree distri-
bution [135]. Whether this is because of biased estimation in the given
data sets, or because of unknown relations among elements of the graph
which the model fails to capture is something that the effective gener-
alized statistical mechanical framework offers the means to address and
rectify, by allowing for either the possibility of arbitrary pairwise con-
ditioning, or the possibility of modeling data limitations via assigning
distribution priors on the relevant couplings.

In the context of social or contact networks, Fig. offers a useful
mnemonic for the scaling behavior of individual couplings encoded in
Eq. even if it restricts to the case of homogeneously assigned cou-
plings. One sees that any localized positive or negative conditioning re-
sults in skewing the probabilities for random links to appear at macro-
scopic scales towards greater or lesser values, respectively. Positive con-
ditioning can model, for instance, peer pressure or preferential effects on
social networks, where the existence of a link between any two nodes
makes it likelier for other links to form, or the converse. Similarly for
contact networks, the probability that any two agents have been in con-
tact with one another are certainly not independent, and positively con-
ditioned to varying and inhomogeneously assigned degrees in general.
Our findings show that such conditioning will eventually result in a dis-
ordered Erd6s-Renyi assignment at the most coarse-grained level. One
could therefore conceive of utilizing this conditioning in the context of
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temporal networks to model susceptibility effects in the context of opin-
ion dynamics and reinforcement effects in the context of artificial and
biological neural networks.

Dynamical processes on networks come in two broad categories. One
can either take the underlying random graph as a fixed background on
which dynamical processes occur, or one can view the structure of the
graph itself to evolve over time. Both processes can also occur simulta-
neously and codependently. By assigning state variables to every node,
one can associate a variety of dynamical structures with these variables
that will depend on the network structure. Diffusion processes, for exam-
ple, are naturally modeled via the graph Laplacian. More generally, one
can model arbitrary dynamical processes via operators constructed from
the adjacency and degree matrices, as the graph analog of the derivative
expansion Eq. One might also consider the structure of the network
to evolve over time as a temporal Markov process on a layered network,
where each layer represents the state of the network at any given time
step. Dynamical processes that interpolate between the layers can be de-
rived from the properties of the graph structure, or state variables at the
nodes, where coordination number two conditioning between links in
adjacent layers can model can model arbitrary temporal correlations be-
tween layers.

In this way, the generalized statistical mechanical formalism devel-
oped here can readily be adapted towards classifying and studying the
behavior of temporal and spatial correlations and conditioning, and their
effects on late time or terminal summary statistics (such as the outcomes
of elections) in opinion dynamic models based on random graphs [136,
137, [138]]. Similarly, reinforcement effects at the cortical level in biologi-
cal and artificial neural networks [139, (140} 141} [142], when represented
as layered temporal networks can also be modeled via pairwise, disor-
dered, and inhomogeneously assigned pairwise conditioning, although
any meaningful applications of relevance would almost certainly have
to go beyond the maximum coordination number two approximation in-
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voked in this investigation.

5.5.2 Network inference with limited data

Yet another application of the framework developed in the preceding
sections constitutes something of an inversion of the usual manner in
which RG methods are utilized, which is towards inference and recon-
struction problems [39, [143] in the context of limited data resolution.
The workhorse for this derives from the observation that in any line
graph representation of a random network, decimation renormalization
group transformations are formally equivalent to the process of statistical
marginalization over the degrees of freedom that have been integrated
out, which can also be viewed as marginalizing over variables we are
unable to access or measure. This seemingly simple paraphrasing opens
a portal for addressing how one can infer or reconstruct network repre-
sentations with limited data. The most basic instance of this is when we
simply have no access to, or have unreliable or noisy estimators for a fi-
nite subset of graph variables in attempting to determine whether a link
exists between any two nodes, or whether any two links are conditioned
on each other. In statistical inference, one proceeds by viewing these as
‘nuisance parameters’, where by assigning prior probability assignments
to model the uncertainty, and subsequently marginalizing over these pa-
rameters, one arrives at an effective description for the remaining observ-
able degrees of freedom. This same process would translate into a local
renormalization transformation on a graph representation that incorpo-
rates these unknown or inaccessible graph parameters via corresponding
uncertainty priors.

A more sophisticated application of the machinery developed in the
previous sections would go further, and consider the partial local inver-
sion utilized in preceding sections to try and ‘solve’ for the family of un-
derlying, or ‘fine-gained’ parameters in terms of those that are inferred
or measured at macroscopic scales. As we discuss in a companion pa-
per [121], in situations where one has closed RG equations — as we do
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in the limited context of maximum coordination number two quadratic
effective graph Hamiltonians — and where all parameters of a network
are known except for those corresponding to a given link and its corre-
sponding conditioning, one obtains two equations in two unknowns that
can be locally inverted, allowing us to ‘reconstruct’ the missing informa-
tion up to the accuracy of graph data at the observed scale and the extent
to which higher coordination number conditioning can be neglected.

If one is dealing with a system where the RG equations do not close,
as will be the case when higher order coordination numbers and interac-
tions are incorporated (which will be the case in the majority of practical
applications), additional higher-order interactions will be generated un-
der RG flow. On the other hand, the transformations themselves restrict
the set of parameters that are consistent with renormalization group flow
to have mapped to the accessible parameters. In this case, sub-manifolds
in parameter space can be defined as level curves of the RG transfor-
mation equation with the observed, or macroscopic parameters. One
can then impose additional conditions and priors to further restrict the
‘fine-grained’ sub-manifold consistent with what is observed. Given that
higher-order couplings often run to irrelevance under certain conditions,
one has heuristic restrictions on parameter space dictated by the resolu-
tion at hand. The error one is willing to accept on the higher-order terms
not being identically zero, coupled with the respective RG equation for
that parameters become equations that determine the subspace of micro-
scopic parameters consistent with what is observed, or inferred. A more
in depth expansion on this approach can be found in [121], where we
furthermore apply this formalism to economic and trade data of limited
resolution.

5.6 Concluding remarks and future directions

The work presented in the preceding sections represents a first attempt
towards addressing the question of what aspects of interactions, condi-
tioning, and correlations across a complex network are relevant for its
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behavior at macroscopic scales. A more complete treatment — necessary
if any of the insights gained are to apply across the breadth of possible
applications — would have to incorporate higher order conditioning and
coordination numbers in its analysis. To do this in full generality is of
course intractable, but the subtle yet highly advantageous shift in oper-
ational perspective offered by the paradigm of effective theories focuses
this problem into the more tractable question of classifying parameter
(ir)relevance in any effective generalized statistical mechanical formal-
ism. By allowing for higher order and coordination number interactions
in the effective Hamiltonian Eq. one can conceive of proceeding via
perturbative techniques to explore the flow of couplings within certain
truncations.

For a limited class of interactions that represent parametrized devi-
ations from the maximum coordination number two case studied in the
previous sections, one can be assured of the irrelevance of such higher
order and higher coordination number couplings from analogous results
on lattice systems. On the other hand, it will certainly be the case that
novel and qualitatively different phenomena will arise when one no longer
assumes higher order couplings to be perturbatively small. Neverthe-
less, any incremental gains in understanding the parameter relevance
and possible phase structure of higher order and coordination number
interactions will be of great use in any attempt to classify universality
classes of effective graph Hamiltonians. Itis to be stressed that within the
generalized statistical mechanical framework, extensions to weighted and
directed graphs can readily be accommodated via the operator expan-
sion Eq. [5.2|and the configuration space integrated or summed over.

Another important application, if not consistency check on the gen-
eralized effective statistical mechanical formalism would be to construct
and identify the explicit operator expansions that correspond to exist-
ing network models. However, perhaps the most important direction
to pursue from the present vantage would be towards applications of
topical relevance. Even with the preliminary results for pairwise coordi-
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nation number two interactions, a number of extensions towards models
reliant on random graph representations was partly surveyed in previ-
ous sections, and will be elaborated upon in further detail in a followup
investigation [121].
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Chapter 6

The Harmonic Oscillator of
Random Graphs

This chapter is based on:

Alessio Catanzaro, Subodh Patil, and Diego Garlaschelli. “A General
Solution for Network Models with Pairwise Edge Coupling. arXiv preprint
(2025).

Abstract

Network Models with couplings between link pairs are the
simplest models for a class of networks with Higher Order in-
teractions. In this paper we give an analytic, general solution
to this family of Random Graph Models extending previous
results obtained for specific interaction structures. We use the
Hubbard-Stratonovich transform to show that such higher
order models can be decoupled into families of effectively
separable random graph models, which might be enhanced
with auxiliary, possibly multi-valued, parameters identifying
the thermodynamical phases of the system. We study the di-
agonalizability of the matrix of the interactions between links,
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that is itself an adjacency matrix on the dual network whose
vertices are the nodes pairs, that can be dealt with using tools
of algebraic graph theory. By orthogonalizing the interaction,
we carry out the full computation of the partition functions
and discuss why in some cases interactions effectively reduce
to their Mean-Field versions.

6.1 Introduction

Complex system science is heavily reliant on networks to model a mul-
titude of systems. Random networks are among the most used tools to
encode both the random nature of such objects as well as their evident
heterogeneity. A statistical mechanics approach to random networks has
been widely used by the network science community in the last 20 years
[46, 45, (85| 144]. Yet a fundamental hurdle in the modelling of such sys-
tems with the aforementioned approaches is that few among the innu-
merable conceivable models of random networks can be solved, and if
so it is often through approximate techniques that are model-dependent.

First order networks are easily solved, as the Hamiltonian describ-
ing them has only link specific parameters, which gives rise to a separa-
ble partition function and hence independent, link-specific probabilities.
Regretfully when any form of coupling among links are introduced one
has often to resort to either trivial toy-models of the interaction, or to be
satisfied with approximated solutions only [46) [48].

The purpose of this paper is to partially cover this knowledge gap by
showing how a general solution for any second order unweighted, undi-
rected random network can be written in an exact way, and to solve for
some cases of interest by showing some non-trivial behaviour. We also
note that the analytical techniques we use could be extended to provide
for a solution of weighted and directed random networks, but we do
not believe the physical behaviour of such models to be fundamentally
different than the one we present here in terms of phase transitions.

Our approach relies on the implementation of the multidimensional
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Hubbard-Stratonovich transform to account for any coupling structure
between links. This also implies an effective description of the model
through independent links, conditional on a given order parameter that
can be treated as a random variable (and being a function of the model
given parameters). Our solution pipeline also extends some results al-
ready found in the literature in order to put them under a single umbrella
of explicative framework.

A further motivation for obtaining such a general solution comes
from network inference. Ordinarily, exponential random graph models
with pairwise dependence between links have an intractable normaliz-
ing constant, which forces practitioners to resort to approximate estima-
tionschemes such as Markov Chain Monte Carlo maximum likelihood or
related curved exponential-family techniques, both of which are known
to be computationally expensive and prone to model degeneracy. Be-
cause the solution we derive gives explicit access to the partition function
and hence to the full likelihood of any second order model in this class, it
removes this bottleneck: the log-likelihood of an observed network can
be evaluated, and in many cases maximized, directly and exactly, rather
than estimated through simulation. This places second order, pairwise-
coupled models on the same operationally tractable footing that first or-
der maximum-entropy models already enjoy for network reconstruction
and null-model based inference [85].

The Chapter is organized as follows: in Section [6.2] we introduce the
techniques to solve the general problem, the pipelines to compute the
partition function and write the single link probability function in an ex-
act, although not explicit, manner. In Section [6.3|we show how the ma-
chinery works for some cases of second order Random Network Models
(RNM) to give meaning to our formulae, and we give explicit solutions
for a few models of interest. Some models for which we solve were actu-
ally already found in the literature, but as stand-alone works and with-
out the general, explicative framework we provide. Moreover, in the case
of the model of we highlight a connection between the model al-
ready analyzed in [47, |145] to the field of Coding Theory [146]. Finally
in Section [6.4] we comment on how to give a rule of thumb to determine
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the possible phase structure of the models at stake and if the mean field
approximation can give a satifying picture of the whole phase space.

6.2 Solution to I order Random Network

An Random Network Model (RNM) is a probability law P(A) for the re-
alizations of the adjacency matrix A of a network. We choose to deal with
unweighted, undirected networks so that A is symmetric and its entries
can be either 0 or 1. This latter fact implies the fundamental relation

that simplifies enormously the computations that follow along the
entire chapter.

For instance, we can use relation to show that we can always
represent the probability function describing the model in the exponen-
tial form

pa)y = N N ) 6.2
(A) = — =Y e 6.2)
a1

where the Hamiltonian is in the form to eventually enforce constraints

H(A) =) 0fi(A). (63)
l

If one desires to enforce the full ERG formalism [46) 45, [85,|144], then
has to add the constraint equations such that

> HAPA)=f7 VI, (64)

{A}
where f/" is the ‘target’ expected value of the property f;, which can
be interpreted in two ways. The first interpretation is to take f;* as the
empirical value f; = f;(A") from a real observed matrix A*. A second
interpretation is one where the parameter space of the model is explored
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exhaustively and f;" is the expected value of the property over the en-
semble implied by the chosen parameters. We will follow this latter in-
terpretation throughout this chapter.

Moreover, again making use of relation the Hamiltonian func-
tion can always be written as a multilinear function of the adjacency ma-
trix elements, in the form

H(A) =h° + 6, Z hi;Aij + 02 Z h kA Arit
i.j 0,5,k
+0s D> h A Ak Amn + ... (65)
4.5,k Lm,n
The above expansion is analogous to similar computation performed
in the context of QFT for Grassmannian variable, where the relation
is replaced by the anticommuting relation.
We now proceed to show how a solution to the second order approx-
imation of a model defined by the Hamiltonian (6.5) can be found in
general.

6.2.1 Evaluation of the partition function

Our task is to compute the partition function or equivalently the single
link probability function of the model at stake. We have to maipulate the
second order term of equation (6.5). The term h° can obviously be ig-
nored as it is just a multiplicative constant in front of the partition func-
tion. We are left with

H(A) = — Z hi;Aij — Z i Aij A (6.6)
i<y i< k<l
First and foremost we change the labels of the indices to get a more
manageable expression, since we see that the sums can be expressed in
the couples of indices (4, j) which we order with index a going from 1
toV = w (without self-loops). We then express the interaction
Bi

coefficient in order to scale with V as A7, = 5¢3*. The new Hamiltonian

becomes
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\% 1 \%
— A, — — AA 7
az::lha a 2V az;ébﬁab a‘1b (6 )

we further manipulate this object to have a compact term to operate
with. First we see that

(6.8)
where 4T = (B11, B2z, - - -, Byv). We can readily see that this term can
be reabsorbed in the local field term (and moreover that it is vanishing in

the large V' limit).
Then we write also the first term in the braket notation so that the
whole Hamiltonian is in the form

|4
> (w2 ZﬁabA Ay = — (Al (Al5lA)

(6.9)
where (3 is a matrix that couple the links between them selves. This
matrix is an adjacency matrix (either expected or realized) in disguise,
over the network of links of the actual graph (dual or line graph in the
literature), and we will make use of the properties of such a matrix to
derive the behaviour of the models.
We assume the  matrix is symmetric (as the correlation between
links is). Then it admits a spectral representation

B="> Ak |wk) (wil (6.10)

k=1

where 7 is the rank of the matrix, A are the eigenvalues and |wy,) their
respective orthonormal eigenvectors. We also split the positive spectrum
part from the negative one. Let then 7 be the number of positive eigen-
values, (including their multiplicities) and r — r the number of the neg-
ative ones.
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The Hamiltonian can be hence written as

HA) = — (Al -3 25 A~ Y 2 Aw)?  (611)

k=1 k=r +1 2V

where §3 is the interaction matrix in which all the coupling between

links is encoded, and V is the total number of possible links. Note also
Bijij
2V

that the local parameter is €;; = h;; + clearly reducing to h;; in the
large N limit.
All the ingredients are now in place to evaluate the partition function,

as this latter form of equation can be exponentiated as

—H@A)  _ SAOFTE S Al L, o (Alen)? 612)

e =€
oM Ity edt W [T,y estW® (613)
and this form is very amenable to an Hubbard Stratonovich transfor-
mation. This integral representation allows us to disentangle the squares

as
a? 1 >~ —ﬁ—&-\/iafc
e’ = Wrs dxe™ 2 (6.14)
ifa > 0and
B~ / dpe™ T Tiv2ax (6.15)

if a < 0. This allows to write

T+ 2
e 1) = A1 ] [ 1 /dwewr\/*&mw} y
paie V2T

T

I1 [jzf / dxe—gf“m\/?@“lww} (6.16)

k?:T++1

which we want to compactly write as
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.
1 z2 €

I1 [\/T/dxe2+”w T (Al + 512 6.17)

k=1 0

by making sure we take the proper square root, so that

|V/\k| if A >0
Vs = 6.18
k {uﬁ/wlika <0 (6.18)

The last manipulation of this term is to realize that this product of
integrals can be written as a repeated integral as

r o |
€7H(A) = <1> // dxq,---dxre” o1 H ewk\/g(Ahuk)JrLrH _
V2r 1T
= (1) /./ d$1,-..dl‘r€_2£:1§ Hez}]{zlmk\/gAa(wk)aJr@ _
V2r II
1\ A L
= R dil?1,~‘~dz7-e*zk:17 H Hew’“ . a(wk)a-i- .
) )

k=1a=1
(6.19)
Now it is the time to integrate over the configurations
{Aa=0,1}
1 T L2 14 'V A
- <) /.../d%...dmfz;:ﬁk [T [ e ¥ Aetemat 2o
{Aa=0,1} 2m k=1a=1

1\" R
:(\/ﬂ) /.../dml,...dm—zk:ﬁkHH I A

k=1a=1{A,=0,1}

r r Vv
1 > / / %R T/ 2E (wy) 4+ <2
= = coo | day, - dupe” Xk=1 2 || || 14+ %V v (Wr)at+ =
('QW k=1la=1
(6.20)

and finally we can regroup the integrals in the form
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T |4
1 z / <a
z=]1] [./%/ doe=7 [ {1—1—@1 Av’“(wk%*rH (6.21)
k=1 a=1

which allows for some further computation when the structure of the
matrix S is known.

6.2.2 Effective Separability of the partition function

We know from general Statistical Mechanics theory that the model de-
fined by might undergo phase transitions, with a phase structure
dictated by the structure of the interaction matrix 5. In the Hubbard-
Stratonovich approach, the multiplicity of the possible phases of the model
can be encoded in the vector of values (z}, z3,...) where each z} can be
either single-valued or multi-valued depending on the other parameters
of the model. Conditionally on the values of (z7,z3,...), the model can
be rewritten in an effectively noninteracting form where the full partition
function can be factorized.
A separable partition function in the form

.
Z=1] 2 (6.22)
a=1

is indeed what one would like to work with, since it has a straight-
forward connection to the probability of link formation. As a matter of
facts, when the link variables are not coupled there is an identification
between the terms in the product of Z and the bare link probabilities.
This can be shown from

\%4

2o ¥ e S L () - T

1- Pa

{A,=0,1} {A,=0,1} a=1 a=1 a=1
(6.23)
The formula (6.21) is amenable to show that this is the case also for
second order interacting networks. As a matter of fact say that you iso-

late x; as
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Z:( ) / /d:cz, -dxzye Zk22HH[1+e“

k=2a=1

1%
H[He“ Fwnet ] (6.24)

J1

""»—-w

L/dm e
V2T !

Now J; can be seen as a Gaussian expected value of a certain func-
tion, and it is clearly convergent, indeed

|4
5= [annon ] [ eV Bt ] < B ) = 0
a=1

(6.25)
where we defined

1%
fan =] [1 +ew1ﬁ<w1>a+?} . (6.26)

Now we can subtract the expected value in the integral so that

a=1

,
0= / dz N0, 1) [H <1 +e$1\/¥(“’1)a+‘f) —u] . (6.27)

This last integral evaluates to 0, hence there must be at least one
change of sign of the function

v
g(z1) = H (1 + eml\/x\/T(Wl)a"‘?) — (6.28)

a=1
therefore, since the function is continuous, there must be at least a =}
in which g(z7) = 0, so that there is at least one 7 in which

y
Jo=f@)=1]] {1 +exfﬁ(w>a+€f] (6.29)

a=1
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By repeating this argument for all the k, we can write the partition
function in the form

r Vv
z=1111 [1 +eww*vk<wk)a+?] (6.30)
k=

then by switching the products, we can identify the single link parti-
tion function as

s
ST {1 +exz\/¥(«uk>a+‘:} . (6.31)

a
k=1
Finally, we can further manipulate this object to have a nicer repre-
sentation

Lot Z H (xkr(wk)+ ): Z eAaz}';:l(x;\/g(wk)a_,'_i

Aa=0,1 k=1 A,=0,1
_ Z a<€a+zk 1IM/ E(wi), ) — 1pefa H o [2k (W), _ 1 ;
«=0,1 k=1 1=pd
(6.32)
or for the link probability itself
Cot Ta iy 3 (@),
pef = — (633)
1 + eEa+Zk Ilt Tk(wk)a
as
Z(x7,x5,...) Hzeff Ty, T, ) (6.34)
1<J
where
(at y,. ) =14 es [T, etV ¥ @0y (6.35)
Y A JCO (6.36)
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in which the contribution of each link has been isolated. The last expres-
sion is equivalent to that corresponding to a modified, non-interacting
(8 = 0) version of the Hamiltonian in eq.(6.6), i.e.

H(A|z},25,...) = — (Alé/ (27, 23,...)) (6.37)

where we have introduced the modified parameters

€' (2], 25,...)) =€) + sz\/&ww. (6.38)
k=1

for the partition function and

eCiit k=1 T/ T W), (639)

= 6.39
1+ 66ij+2£=1 PRV ATk(Wk')ij

for the link probability expression. Formulae (6.36) and (6.39), to-

gether with equation (6.21) are the core results of this paper. These two

eff
ij

latter formulae however need some explanation as a new key parameter
x} is introduced.

6.2.3 Phase structure

The price to pay to write Equations with such a product over
node couples and to have an effectively separable partition function over
links is that a phase structure emerges. In our case we encode this be-
haviour in the parameter z}. In the derivation of Equation (see SI),
we learn that z} is the value(s) of the auxiliary field zj, for which f(z})
assumes the value of the Gaussian average of f(xy) over the real axis.
This parameter is global and depends only on the specific structure of
the interaction, combined with the local fields ¢;;, and most importantly
its unicity is not guaranteed. Actually, when the parameters combination
allows, 2, splits into multiple values (found numerically) that, when in-
sterted in Equation (6.39), give rise to different values of the single link
probability. A scheme of what happens is shown in Figure
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1st phase separation

Single phase

6,

Figure 36: A schematic representation of the phase diagram of a II order
RNM and the parameter x}, in the sparse case (large, negative ¢;; implying
xy, =~ 0). Firstly one has to look if the region of the parameter space whom
is looking at may be of single phase or with phase separation. This can be
done by actually computing the partition function but in general is done by
looking at the multiplicity of solutions of the equation defined by putting
Formula equal to zero.

In the cases in which the parameter splits, the actual value of the link
probability changes, hence identifying different phases (possibly denser
or sparser). When drawing a realization of the ensemble, one has to keep
in mind that also the various values of x} come each with its own prob-
ability and can be computed as we show in Section[6.3.1}

6.3 II order interacting models

We will now show how equations (6.21), (6.36) and (6.39) can be used
to actually solve some II order RNMs. We will start with a very simple,

homogeneous one to use as a lamppost for the general behaviour and
explore more complex models going on.
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6.3.1 RNM with Homogeneous interactions

Say that the Hamiltonian is in the form

492

H(A) = —01 (Ale) — 577 (AlB|A) with 5 = [1) (1] (6.40)

so that every link interacts with any other link in the same way. The
the eigenvalues of this matrix are all 0 except from 1 whose value is A =
V. The relative eigenvector is also easy to find as it is just \‘ﬁ> Moreover
we set ourselves in the case ¢, = ¢, which can be further reabsorbed in
the §; parameter. The partition function then becomes easy to compute
explicitly in the large N limit. By formula we have

1 .L'
Zsff: hm [ 7/ da’;e Pl |:1+6 \/ +01:| ] =
V—oo V 2
1
v V1T
= i _ —y yv/02+601 —
—‘/lgnool QW/dy[ ’ (1+e )} ] -

42
= max {62(1+€y\/£+01)} (6.41)

—co<y<oo

where the substitution z = yv/V has been made in the second row.
The last step comes from a Laplace saddle point evaluation.

To evaluate the z°ff

in the large limit we need to see where its deriva-
tive vanishes and its second derivative is negative, which can be done
graphically and is shown in figure We can see that for §, > 4 there
is a range of 6; for which the partition function has more than one max-
imum. Indeed, in the parameter space we can locate a whole region in
which the maxima are two and hence there are two possible values of the

link probability. This is shown in figure
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Figure 37: Plots of the function 2*% for different values of 0;,0>. From top to
bottom we plot 2 its first and second derivative to locate the maxima and
show that there is a regime in which 2 maxima are present. The parameter
61 always takes the values —3, —2.5, —2, while 65 is, from left to right 3,4, 5
respectively.

Phase coexistence

In figure B9 we can see the effective link probability for two “slices” of
the phase diagram, one across the single phase region (red, 6; = —4) and
another one across the single phase, then a bifurcation point, then again
single phase (blue, 6; = —1).

The key ingredients for the analysis of this simple, interacting model
are now in place. The single link probability peg = 1— 1 is the probability
by which links are assigned, yet we know that z can have two different
values that will lead to two different phases. From figure [39|it is clear
that when 0; >> 4 and 6, < 4 only one phase is present, the sparse one

and the dense one respectively, while in the regime in which 6, 2 4 the
two phases coexist.
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Figure 38: Phase diagram for the system. The blue region corresponds to
the place where there is only one maximum, hence only one link probabil-
ity. In the red region the maxima of equation are two and the link
probabilities as well. The crosses indicate the coordinates of Fig. @
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Figure 39: Possible solutions of equating to zero the derivative (top panel,
dashed line indicate minima) of and effective link probability (bottom
panel, shaded region is where two solutions are possible) vs 6 from 0 to 15
with e = —4 (blue) and ¢ = —1 (red).

This behavior can be effectively described by the scheme in which,
every time a realization of the networks has to be generated, a coin is
tossed. This coin determines if the realization will be a dense or a sparse
one, i.e. this first coin toss chooses the coin that will be tossed for each
link in the realization. Then, when another realization has to be gener-
ated, this “phase coin” is tossed again and so on. For each instance of
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the network there will be one previous coin toss that will determine its
phase.

The relative abundance of the two phases (and hence the weights of
the “phase coin”) can be computed in the large V' limit by plugging the
respective values of p in the formula for the overall P(A). For instance,

for the dense phase in which pff

|4
P §D Az =Vpap (de)e‘“”d*?”ﬁ (642)
2

1<j

) 1 —pa 2 1+ pa 2
~ V|6 = D3 1 1 43
exp{ |:1pd+2pd++ 5 nl—pd+ 5 nm )
and for the sparse phase the same with p, replaced with ps = peff|gcI —or
and the exact proportionality constant is immediately computed by im-
posing

PSS Ay =Vpa g +P{> Aij=Vp, 3 =1. (6.44)

i<j 1<j

6.3.2 A square-like interaction

After the previous simple model, that is given as a lamppost to highlight
the main features of the systems at stake, we examine a slightly more
complicated 1-rank model. We will show that this interaction structure
give rise to an interesting phenomena that captures the power of single
link probability representation found in equation (6.39). Let us consider
the Hamiltonian with the general rank-one interaction matrix 8 = |v) (v|

C
H(A) = — Z Eiinj — W Z UijvklAijAkl (645)
i<j ]L$<]l
o<

In this case the link probability would simply read

eeij+$*\/avi]
- 4
S p— (6.46)
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Heterogeneity as a low temperature phenomenon

Let us assume then that the model is even simpler and the local variable
€;;j = € is constant. Then the possible values of p;; are of two kinds:
a constant/homogeneous one in the high temperature/non effectively
interacting phase, and an heterogeneous value for the phases in which
x* #£0.

In such a simple case already we see that the two phases describe two
very different models: one is a standard homogeneous Erdos Renyi with

€

probability given by p = In 1£-, and the other in which heterogeneity
comes into place. We can also construct the interaction in such a way
that v;; = v; + v;. Then this reads as an effective configuration model in

the low temperature phase as

K(Eil'j

= v A7
1+ K.Z‘Z'.’I,‘j (6 )

Dij

where K = ¢+#"VC and x; = e%, x; = e¥. If we bring back the het-

erogeneity also in the ¢;; parameter as well, assuming the same separa-

tion ¢;; = €; +¢; we will have a family of configuration models, described
by the probability

T;Tj
1+ TiT;

Dij (6.48)

where z; = e +VCz v,

6.3.3 Community Induced Interactions

We now extend the complexity of the simple models we have solved
to include interacting link communities. Such communities, involving
link instead of nodes, can arise for different reasons and link community
detection has been already a quite active field [147, [148].

We will solve for a model in which link communities are induced by
the nodes’ ones, but the computations can be readily generalized to the
desired case where communites are defined by some other property.
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Among the most used (simple) models in network theory there are
the Stochastic Block Model (SBM) and Core-Periphery one (CP). They
both posit the partition of nodes into communities, 2 in the CP case or
more for the SBM. We want to show here that such partitions can induce
quite naturally a correlation structure between links so that already a
quite complex behaviour arises. The process to construct the correlation
structure is the following:

¢ for simplicity, let us assume there are two communities of nodes,
with N; and N5 nodes in each;

¢ links between nodes of community 1 has a certain probability lfr%,
links between nodes of community 2 has a probability % and
links between the two communities has probability % ; creating
a block matrix of the form

. €11y, xnN,  €31n,xn, (6.49)
esln,xnN,  €21Nn,x N,

where 1y« is the all-ones rectuangular N x M matrix.

¢ this community structure for the nodes induces a community struc-
ture for the links: the links between nodes of community 1, that are
Vi = N1(IV1 — 1)/2, the links between nodes of community 2 that
are Vo = N3(N3 — 1)/2, and the links between nodes belonging to
different communities that are V3 = N Ny;

e this will result in a 3 x 3 block structure of the interaction matrix,
as if there was a SBM for three communities of links in the form

Bilvixvy  Br2lvixve  Bislvixvs
B=1| Bi2lvaxvi Belvoxve  Baslvaxvs (6.50)
Bislvyxvy  Poslvexve  B3lvgxvs

A scheme of how this community induced interaction is created is
shown in figure
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Figure 40: A pictorial representation of how the 3 x 3 correlation matrix is
induced. The two nodes community structure allows for three values of link
probability: in the first community (blue), in the second community (red),
across the two communities (yellow). The possible interactions between
these links are then blue/blue, blue/yellow (green), blue/red (purple), and
SO on.

This three by three matrix is the first example we can devise of phase
space that has more than one region of phase coexistence, as indeed we
will show that up to 27 phases can coexist. The rank three interaction de-
fined by matrix § can be again decomposed with a basis of orthonormal
vectors.

We now proceed to compute also the single link partition function for
each one of the three kind of links that the community structure induces.
The first big difference from the homogeneous interacting model is that
there is a mixture of the eigenmodes and the equations that define the
maxima are not the very same partition functions. This means that there
are three distinct maximization procedure, each one returning a param-
eter that can have multiple values, and then the link-specific partition
function is a function of all three parameters, hence possibly multifurcat-
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ing in many different values.

Laplace large size approximation

The theorem we will make use of is the following [149]:

Let g(z) and f(z) be continuous and positive in the range oo, ool.
Then

1

in ([ deo)@¥)" = max (@) 650

—oco<x<0

The integrals we are interested in this work are of the kind

v
1 22 NES a
— [ dx |e” 2 1+ eV V@it s )

\/271‘/ l H <

\%4

_ %/dy [e_vy; H (1+ey\/>\7(wk)a+€f)‘| (6.52)

a=1

where the substitution z = 3v/V was made. We will assume for sim-
plicity that all ¢, are the sameﬂ Now we represent the eigenvector entries
in the following way. Say that we are interested in the k" eigenmode, we
say that the corresponding eigenvector will be made of the following en-
tries

(wi); with multiplicity m, (6.53)
(wk), with multiplicity mo (6.54)
(wi)5 with multiplicity ms (6.55)

and so on. Then we introduce the fraction of equal entries as ¢; = .
T
Ofcourse ), ,¢; =1.

Now we can write the product in the integral as

10r at least are coupled to the respective entry of the eigenvector as in the model de-
scribed in However a generalization to the case in which they also have their respec-
tive multiplicity and heterogeneity can be done.
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ﬁ (1 + ewmwkm%) - ﬁ (1 + eymwﬁ%)c"v (6.56)
a=1 =1

We are now ready to compute the limit

» T ci
= _ max {e_y? H (1 + eym(“’“)ﬁ%) } (6.57)

i=1

from which the exact computations performed for the various mod-
els follow. In particular we want to highlight the fact that if, there are
entries whose multiplicities are extensive, i.e. grow as a fraction of V,
and other sets with subextensive multiplicities, then the only surviving
part is that of the extensive entries, as they clearly dominate the prod-
uct. In a more formal way, let us have M different values of the entries,
and let the large V structure be ¢1 (V) =y 00 C1 > 0,¢c2(V) =y 00 Co >
0,... ,CM(V) Voo Oy > 0, CM+1(V) —V 00 CM+1 =0, CM+2(V) —V 00
Cra2=0,...c7(V) 2>y Cr = 0. Then

<=

\%4
, T

; o y\/mwk)ﬁ%)“"'
| f | F T ee

i=1

» M i
— - 1 ym(wk)i-i-%) )
L I 658

A basis for the community interaction matrix

We can write a rank three matrix in the following form
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B = A1 |w1) (W] + Az [wa) (wa| + A3 |ws) (ws]

where the eigenvectors are

(6.59)

1
{wi| = \/T—l((wl)1 s (@)1 (Wi)g sy (Wi, (W13, -+, (wi)3)  (6.60)
\%t Va Vs
1
(wa| = \/7—2(( 2)15- o (W2)y, (Wa)g s oo (Wa)y, (W), (w2)3) (6.61)
\%t Va Vs
1
(ws| = \/7—3((%)1 soes (W3 (Ws)g s (W), (Ws)3, -+ -5 (w3)3). (6.62)
V] VZ ‘/3
where the norms are
ny = Vi (w1)F + Va (w1)3 + Vs (w1)? (6.63)
ny = Vi (w2)} + Va (w2)5 + V3 (wo)? (6.64)
ng = Vi (ws)] + Vo (ws)y + V3 (W3)§ (6.65)
The eigenvalues can be computed from the secular equation
ﬁ ‘w,) = /\z |wi> (666)
so that
A1 = V1B + Va2 E:i;f + V313 Ezgz
A2 = Vif1 + Vafio Ezj;? + VP13 E:zgj (6.67)
Az = V1P + Vafi2 Ezzgf + VP13 E;;%f

The equation for the spectral decomposition defines the relations be-

tween the eigenvector components and the /5 parameters
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B1 = A1 (w1)] + A2 (w2)] + Az (WS)?
By = A1 (w1)2 + Ag (w2)? + Mg (w3)?
)2+ Ao (w2)3 + A (w3)3

(6.68)

and these are supplemented by the orthogonality equations so that

Vi (1) (w2); + Vo (w1)g (w2)y + V3 (w1); (w2)3 =0
Vi (w1); (w3); + Va (w1)y (w3)y + Va (w1); (w3)s =0 (6.69)
Vi (w2); (w3); + Va (w2), (w3)y + V3 (w2)3 (w3)3 =0

which completely defines the w and the eigenvalues. To compute the

partition function we also define the quantities o« = Y1, 3 = {2 and

v = % The partition function to be computed will be

Z = (6.70)
r Jav - BV P
2 X €11 2 eo X e
1, _z zy ol (wy)g+ 2y o (wy) g+ 2 z (w1)g+ 3
/dm 2 (1+e Vg (@113 14+e Vg (W1)2+ 3 14V VR (st
Var

Iy
(671)

- SaV - SBV - Sy
Xz e 1 X2 e Xz es
1 - _z z (w2)1+ z (w2)o+ x (w2)3+3
/dwe T |14 VVn2 U217 14"V Vg t2)2%3 14"V Vg (@28t

(M)

Vera

Iz

6.72)

r qav ¢ 18V ¢ 17

2 X3 e ¢ X3 €2 A3 €3

! 22 [ e [P e+ S o [P (wa)a+ R o [P w3+ %

/dme 2 [1+4e Vng \“3/1773 1+e Ving 2773 1+e Vng 3773

Nezs

I3

(6.73)

= DY (228 (23)7V ©79)

In the large V' we have to compute

<=

lim (Z)

V—=o0o

im (I)V lim (I,)¥ lim (I3)V

1 li
V—=o0 V—=o0 V—=oo

= (21)" (22)" (z3)" =
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that gives

2 pN e @ X € B X € Y
Y 1 1 1 2 1 3
[%ax{e i (1+ey1 2L (w1)1+ 9 ) (1+9y“/”1 (w1)o+F ) (1+8y1\/ Ay (wn)st 3 )
1

= max f(y1)  (676)

1
lim I5)V
V —oo (2)

2 X e\ @ X e\ B X e\
_y5 A2 oy 4L yo i/ 22 12 v 1/ 22 (wo)at 3
=t%x{e 2 (1+ey2 gy (W2)11 3 142V n2 (w2)o+3 142 7y (w2)3t3

= maxg(y2) (677)

1
Vim0V
3 [ A e\ “ X e\ P X 3\
v3 Az € [A3 €2 [A3 €3
n;ax{ez (1+Ey3 ns(w3)1+3 1+ey:; ns(u3)2+3 1+ey:; ns(u3)3+3
y3

= max h(y3) (6.78)

we now introduce the notation

yy = argmax f(y1) (6.79)
Y5 = argmax g(y2) (6.80)
y5 = argmax h(ys) (6.81)

(21 (22)P (23)7

B et
wp? ey a\“ FWEST e « X1 €3
- [6_12 Ly UV et 14tV 2t 14tV (st
B ¥
(w3)?2 x A2 a\“ x A2 <2 x [X2 €3
[e% 142V g W2t Lg M2V g (W22 14 M2y my (02)st g
B Y
w3)? x [A3 e\ x [23 €2 x [23 €3
{8_2 1+ey3 ny (wal1t3 1+ey3 g (w3)ot 3 1+ey3 g (w3)3+ g

(6.82)
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by which we can recognize the terms

I
@
¥
Q

Z1

r 2
Y bS] =1 o € X ¢

,( 1) (1_‘_&9;\/71(“’1)1‘*'?) (1+Ey§’/ﬁ(“’2)1+7) (1+ey§1/;'3i(w3)1+71)

B (6.83)

Il

)
N
=

22

. 2
(92) EWESH €2 x /A2 €2 x /23 €2
_ (1+€y1 ny (W12t 5 ) (1+ey2 na W2+ 3 AT (w3)o+ 32

(6.84)

Y E,(yzif (1 ) ey;\/gwnﬁ%}) (1 . Eyg\/%<wz>3+%i) (1 . eyg\/%(wwng%i)
(©85)
In figure[dT]we show an instance of interaction matrix value for which
there is a complete separation of phases. Each one of the modes of the
interaction give rise to a three-partite split in the corresponding part of
the partition function.

g0n)

12 I o
—-61.85 1.0
; 08
1745 635 | o6
o 04
‘6.35‘ 65.05 02

x
0.0'
-4 -2 0 2 4
h(y;)

12 T o
1.0
0.8
0.6
0.4
0.2

x
(X
-4 -2 0 2 4

Figure 41: Instance of a crowded phase space: each one of the functions

defined in (6.76), (6-77), has multiple maxima, hence the each link
probability has 27 possible values.
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6.3.4 Node mediated interaction

Up until now we considered models in which some kind of community
structure was induced between links, and this fact was the responsible
for the phase transition. Now we consider a new kind of interaction, in
which links are correlated via nodes” property, namely links are corre-
lated if they share one node in common. This structure is highly non-
trivial and has been considered in the literature of ERGs as the “Two
star” model [47]. In the following we will solve it in a different fashion,
making us of some results coming from coding theory. A scheme of how
this interaction works is depicted in figure

° ° °
p p
o , p .® o.,n‘{,.w pr
p: I
. 14 4 ~.,. ’_.-'p+e' pHe-.,
p p
® ® ®

Figure 42: A scheme of how the interaction is mediated by nodes. At first,
any link has the same (low) probability p to exist. If one flips up and con-
nects two nodes, then it start interacting with the sites of the links that share
one node with that link. Then more links might be promoted and propagate
the interaction with their node-neighbours.

The Johnson graph

Again we assume that all € are the same for simplicity, but note that once
one has diagonalized the matrix of the correlations, formula (6.39) allows
to write the solution of a heterogeneous degree two-star model. Let us
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concentrate on the matrix then. The interaction we want to implement is
such that links are correlated if they share one node. This kind of inter-
action can mimic for instance traffic jam propagation. We can define (5 as
follows

0 otherwise.

Bt = {1if|(¢,j)m(k,z)| -1 (6.56)

and this matrix is actually a known object in Algebraic Coding The-
ory known as the Johnson Graph J(N, 2) adjacency matrix. The Johnson
Graph J(N, k) is a graph in which the nodes are the subsets of {1,2,..., N}
elements of dimension k. Edges between these nodes exist if the inter-
section of the two nodes has dimension k — 1. If k¥ = 2 the adjacency
matrix of J(N, 2) reduces exactly to the 5 we are looking for. Moreover
if one wants to treat this model as the Two-Star ERG, can see that the
Hamiltonian can be readily parametrized and put in the more familiar
form

H(A) = o ; 0 > A - %ZZﬁijklAijAkl =

i<j 1<j k<l
01 — 0, 0
=—=5 D A5 D Ayl =
i<j i<j<k
= —01m(A) — 025(A)  (6.87)

From literature it is known that the Johnson Graph Adjacency matrix
is full rank, and has known eigenspaces [146, 150, [151]. We choose to
reabsorb the parameters so that 91—;92 = ¢ and 6, = ~. For our case of
interest k = 2, the eigenvalues of 5 are

A = 2N — 4 with multiplicity p; = 1;
= N — 4 with multiplicity ps = N — 1; (6.88)

v = —2 with multiplicity ps = W;

Before showing how the Partition function decouples in the eigen-
modes, we must pay attention to the fact that the scaling of the largest
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eigenvalue is of the order N ~ /V. This means that while in equation
the term to keep confined the interaction term was generically put
to V, in this case that would kill the interaction entirely. As a matter of
fact, we have to rescale by a quantity of the same order of the largest
eigenvalue of the interaction, i.e. in this case 3.

Then partition function decouples as

v
2= |5 [t 11 [Hewmww:ﬂ .
Iy
N 1 , Vv T,
-5 wk) a5 .
~kl:[2[\/;/dxe al;[ 1—|—e H
Iy
v 1
10 [\/>/ daze**H [1—|—e VW (@)t H (6.89)
k=N+1 2m a=1
I3
The large N limit

We now want compute the terms of the partition function in the large
N,V limit. The single-link partition function will be

N
Il
—
g
—~
N
N—
<|=
|
—
E
—~
~
o
S~—
<=
—
E
—
oy
S~—
<l
—
E
—
&
N—
<|=

(6.90)

We have already seen the first term in previous cases, that is

lim (Ilﬁmax{ % (14 e )} S e (elvilan)

V—oo Y
Aij=0,1
(6.91)
2
where y. = arg max {e*‘% (1 + eyV2rts
We see there is a phase transition if v > 2 (and the proper e is there ).

177



For the third term we see that the scaling term N Kkills any effect com-
ing from this eigenspace. As a matter of facts we can see that, when N is
large, we can approximate

[f [ o T eV e

:max{ -y (1+er)} = [1—!—65} (6.92)

~

Y3

This term is a constant and does not depend on any parameter of the
model, hence it does not give rise to any separation of phases. If one is
interested in the correction that arise in the finite size case however, a
orthogonal basis of the third eigenspace is needed, and we will briefly
provide a method to do so.

Last we need to compute the second term I. For this term we need to
be careful. As a matter of facts, the representation for which we are able
to decompose the interaction matrix requires an orthonormal basis of
eigenvectors to be performed. While in the all-to-all and link community
we did not need to pay too much attention to this, since eigenvectors of
different eigenvalues are orthogonal between them, in this case we need
again to ensure that we find an orthonormal basis for the eigenspace of
eigenvector .

The eigenvalue equation in this case becomes

S Bupanvii =D (v +vf) = pof (6.93)
(k,1)#(4,5) 1#i,j
We now introduce the following vector fora = 2,3,--- , N

0if (i,5) = (a,a+ 1)
lifi= | =
o = QAT =ahy=a (6.94)
J —lifi=a+1Aj=a+1
0 otherwise
and can be checked that they are indeed eigenvectors and a basis.

However they are not orthogonal, which can be seen by computing the
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scalar product between two of them
(v*[v°) = 2(N = 2)8ap — (N = 3)8apt1 (6.95)

Orthogonalization of the basis

From a set of nonorthogonal basis vectors we can find a set of orthogonal
ones by simultaneously orthogonalizing them according to the Lowdin
transformations [152]. If we define the overlap matrix S

Sap = (v°[0°) (6.96)

we can get a set of orthogonal vectors as
w?) =8, ") (6.97)
b

Let us focus on the overlap matrix. Since it is symmetric, we can
decompose it as

S = UAU” (6.98)

and

sz =uUA2U”. (6.99)

This is a banded tridiagonal matrix. It is known that it can be diago-
nalized as

5cd

Aeg = (6.100)
\/2(1\7 —2) — 2(N — 3) cos (&)
Uye = sin (%) (6.101)

so that we can compute
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,% Zsm (a;;r) sin (dbﬂ') Sed _

V/2(N = 2) = 2(N —3) cos ()

sin ( acm ) sin ( cbm )

> N N (6.102)
- \/Q(N —2) — 2(N — 3) cos (&)
So that the orthogonalized vectors can be written as
N cbm
sin (47 ) sin
|wa> — Z ( N ) ( N ) |Ub> (6103)

a,c \/Q(N_Q)_2(N_3)COS (%)

One can realize that the structure of this vector is such that only 2V —2
entries are nonzero. Hence we can apply the consideration at the end of
section to claim that we do not expect a phase separation coming
from this term. If one is interested in the finite size system effects, an or-
thogonal basis for the third space is needed as well. In this case we refer
to the work [150] that has a complete description of all the eigenvectors.
Nonetheless they are not orthogonal but can be made so by following
the same procedure of Lowdin transformations we just performed. This
means that the second term can be evaluated as

[\/ /dxe‘§ 1+ etV @) +5 }

~ max{eyf (1 +ei)} =[l+e"] (6.104)

Y

~

Again, this does not produce any phase separation.
Then the term resulting from the second and third term can then be
evaluated as

: L € 2t s +u
i 0¥ i (1 [1+65]"2 7 = 3 6
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Bringing back all terms into a single one, and making p the subject of
the formula, we get

1
p=1-——3 (6.106)
em 7 (1+ev V2rte)

In figures[d3|and [#4] we show the Phase Diagram and the link proba-
bility of the model for a certain range of parameters, which both resemble
the simple, homogeneous case.

£

Figure 43: Phase Diagram of the Node-mediated Interaction model. In red
the region where multiple phases are present, in blue the region where only
one phase is possible.
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Figure 44: Single-link probability function, in the range v = [0, 15], with
a large negative € in blue, shaded region indicate where two solutions are
possible.

Lastly, we want to comment on the unexpected similarity between
this model and the simple, homogeneous one. This is due to the fact that
while the mean field approximation is far from exact, since a large num-
ber of eigenvalues of the same size as the largest one exist, nonetheless
they localize in a few nodes, and the respective eigenvectors are basically
everywhere zero. This is not true if we want to consider the finite size
effects on the system. In that case one would need to resort to the gen-
eral single-link probability formula with the eigenvector entries
that are found using the method of appendix[6.3.4 The phase structure
would have to be found with the equation described in appendix
by putting equation (6.25) equal to zero with the found entries. After
that, it could also be possible to correct the model for an heterogeneous e

term.
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6.4 Onthe Mean Field Approximation and Phase
Structure

Before the final remarks, we want to comment on the unexpected simi-
larity between the node-mediated interaction model[6.3.4/and the simple,
homogeneous one One would expect that with such a non-trivial
corrrelation structure, the mean field computation, which is essentialy
the model of Section with the right scalings for the parameters,
would be a wrong approximation of the system. However that is not the
case, and they basically coincide in the large N limit. Explicitly, the cor-
respondence follows from Equation (6.91): the node-mediated model’s
mean-field mode carries effective coupling f.g = 2+, so that the homo-
geneous model of Section with § = 2v reproduces the leading be-
havior of the node-mediated model of Sec.[6.3.4]exactly in this limit. This
is due to the fact that while the mean field approximation is far from ex-
act, since a large number of eigenvalues of the same size as the largest
one exist, nonetheless they localize in a subextensive set of links, and the
respective eigenvectors are zero everywhere else.

We can state this more precisely as a two-part criterion, already im-
plicit in the derivation of Equation (6.9I). An eigenmode k of 3, with
eigenvalue )\, and eigenvector |wy), drives genuine non-mean-field phase
structure only if both of the following hold in the V' — oo limit:

(i) Extensive eigenvalue: A\, /V tends to a finite, nonzero constant;

(ii) Delocalized eigenvector: the number of entries a for which (wy), is
bounded away from zero is a macroscopic (non-vanishing) fraction
of all V links participates in the mode.

If either condition fails, the corresponding auxiliary field is pinned to
its mean-field/trivial value in the thermodynamic limit, and the mode
contributes at most a finite-size correction rather than an independent
order parameter. This is exactly what happens for the non-principal
eigenspaces of the Johnson graph coupling in Sec}6.3.4} the v-eigenspace
fails condition (i) outright (v/V — 0), while the p-eigenspace satisfies (i)
(/V — ~, finite) but fails (ii), since its eigenvector has only 2N — 2
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nonzero entries out of V.= N(N — 1)/2, a fraction that vanishes as
N — oo. Both mechanisms independently force the corresponding aux-
iliary field to its trivial value, which is why only the mean-field mode
survives to shape the phase diagram of Fig.

This is not true if we want to consider the finite size effects on the
system, or the sparse limit in which the scaling of the parameters is dif-
ferent from the one we used. In both such cases one would need to resort
to the general single-link probability Formula with the eigenvector
entries that are found using the method of SI. The phase structure would
have to be found with the equation described in SI, by putting Equation
equal to zero with the found entries. After that, it could also be
possible to correct the model for an heterogeneous e term.

We also want to highlight the connection between our approach and
Algebraic Graph Theory. When we recast the computation of the Par-
tition functions in terms of the spectral decomposition of the coupling
structure we are actually looking for the diagonalization of link coupling
matrix. Given that this is a matrix describing binary relations in a set of
V elements, it is itself an adjacency matrix and all theorems of Algebraic
Graph Theory apply.

In this respect, a rough procedure to determine the possible phase
separation structure of a model can be outlined by generalizing the ar-
gument done for the goodness of the mean field approximation. In the
thermodynamic limit, only eigenvalues with the right scaling, i.e. out-
liers of the link-link adjacency matrix, will be relevant to the the compu-
tation of the partition function. From literature it is known that in most
cases outliers other than the mean field one are symptoms of either a
community structure or a hub presence. One would indeed be interested
in those generated by the community structure, as they are the one that
does not localize and create the long-range correlations needed for the
phase transition to appear.

This is consistent with results on the detectability of community struc-
ture via spectral methods, where a community-induced eigenvalue must
separate from the bulk of the spectrum by an amount related to the com-
munity strength before the corresponding (delocalized) eigenvector be-
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comes informative, exactly mirroring the criterion above.

This heuristics for the outliers to be responsible for the phase transi-
tions can be further argued for in the case of the regular random graph,
as we hinted at in Section Indeed looking at the spectra of regu-
lar random graphs, the first one in which a separation of the spectrum
appears is when the degree is 3, as can be seen in Figure [45]

spectral density

spectral density

Figure 45: Spectrum of the adjacency matrix of a random regular graph
with 1000 nodes. In orange the Kensten-McKay law describing the distri-
bution of the bulk of the spectrum. From top to bottom the degree k is 2,
3, 4, and we can see that the outlier starts to appear from the second figure
only.
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6.5 Final Remarks

The solution of Random Network Models is a fundamental, analytical
tool to tackle many among the problems in the science of Complex Sys-
tems. In this paper we have shown how to solve the models that mimic
a link-link coupling of real world systems. The power of our approach
lies in the fact that is quite universal. Using the general Formula (6.39),
heterogeneity in local features can be added at will while still retaining
the same coupling structure. On the condition of having a viable way to
decompose the interaction structure, we have also shown that Equation
(6.21) can provide an exact, explicit solution of the partition function and
the phase structure as well. An immediate practical consequence of this
explicit solution is that it makes maximum likelihood estimation directly
accessible for this class of second order models. Since the partition func-
tion of Equation and the single-link probability of Equation
are available in closed, or at least saddle-point-exact, form, the likeli-
hood of an observed network under any of the models we solve can be
written down and maximized without resorting to the Markov Chain
Monte Carlo or pseudo-likelihood approximations ordinarily required
for pairwise-dependent exponential random graph models, and without
incurring the model-degeneracy pathologies such approximate schemes
are known to suffer from. We regard this as one of the more promising
practical directions opened up by the present work: using the class of
second order models solved here as tractable, exactly-normalizable null
models for network reconstruction and hypothesis testing, in the same
spirit already established for first order maximum-entropy models [85].

Moreover, in the various cases that we explored, we have seen that
the phase structure can become easily crowded as the phase landscape
can be quite hilly. Higher order features of networks are increasingly
thought to be key features of complex systems, and the present work
constitutes a little brick in the wall of understanding and solving cou-
pled, complex structures. But we have also shown in Section how
seemingly higher order structures can be effectively reduced to lower or-
der network models and be, in principle, indistinguishable from them.
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Lastly, the study of even higher order structure has still many more steps
to undertake, and we believe some of the methods developed here, and
properly generalized, could be of help in that direction of research, for
example as null models to distinguish between true higher order inter-
action and the one just described by link-link coupling that is extensively
dealt with in the present work.
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