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Abstract

Paper is a sustainable and versatile material, yet its mechani-

cal behavior (how it deforms and fractures) is complex. This

complexity arises because paper is not uniform; it is composed

of countless microscopic cellulose fibers with varying orien-

tations and bonding conditions. Understanding how these

fibers interact to carry loads and resist fracture is essential

for improving paper-based products and developing greener

alternatives to plastics.

This thesis presents an integrated experimental and model-

ing approach that connects the microscopic behavior of fibers

with the overall mechanical response of paper and paperboard.

At the microscale, specialized experiments and imaging tech-

niques were used to observe how fibers stretch, bend, and

separate during loading. These observations guided the de-

velopment of a stochastic micromechanical model capable of

describing the random fiber network and predicting its non-

linear response and fracture behavior.

Building on this foundation, two continuum-scale models

were proposed to predict the behavior of paper under com-

plex loading conditions while preserving a clear link to the

fiber-scale mechanisms. The same framework was extended to

reinforced gummed papers, demonstrating that natural fibers

such as flax can effectively replace synthetic glass fibers as

sustainable reinforcements. Finally, experiments on paper-

board with different fiber orientations confirmed the strong

connection between material anisotropy and fracture direction,

validating the predictive capability of the developed models.

xx



Chapter 1

Introduction

1.1 Background and motivation

Paper and paperboard materials represent one of the most significant

achievements in human engineering history, combining natural renewa-

bility with remarkable versatility. Originally developed as media for

writing and communication, these cellulose-based materials have evolved

into indispensable components in modern applications ranging from ad-

vanced packaging and flexible electronics to structural reinforcements [1,

2]. Their mechanical performance—lightweight, stiff, and recyclable—has

positioned them as ideal candidates for replacing petroleum-based plas-

tics and composites in many industrial sectors [3].

In recent years, the global shift toward sustainability and circular

economy principles has significantly accelerated interest in paper-based

materials, particularly within the packaging industry. The EC directive

904/2019 on single-use plastics gave an impulse to the use of paper and

paperboard for packaging [4], with an expected market compounded

average growth rate of about 5% from 2023 to 2030. This legislative

momentum reflects a broader societal commitment to reducing plastic

waste and minimizing dependence on fossil-based resources.

Within this evolving landscape, the mechanical performance of paper

materials is critical—not only for ensuring structural integrity but also for
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meeting functional and user-centric demands [5]. Packaging applications

increasingly require materials that are not only sustainable but also robust,

durable, and mechanically reliable [6]. Among bio-based alternatives,

paper and paperboard, derived from renewable cellulose fibers, stand out

as some of the earliest and most extensively utilized packaging materials.

Their inherent recyclability and biodegradability make them central to

efforts aimed at reducing plastic dependency and advancing eco-friendly

packaging technologies [7]. Advancing our understanding of their me-

chanical behavior is therefore vital to ensuring performance reliability

and enabling the design of next-generation paper-based products capable

of meeting increasingly demanding engineering requirements.

Structurally, paper belongs to the class of random fibrous materials,

whose structure consists of a disordered network of interconnected fibers

joined through adhesive bonds and cross-links. The mechanical response

of such networks arises not only from the intrinsic properties of individual

fibers but also from their geometric arrangement and interactions within

the network. Parameters such as fiber orientation, density, cross-link

distribution, and bonding strength collectively determine how the load is

transferred and how deformation evolves under stress. Consequently, the

inherent structural disorder and network connectivity make fibrous mate-

rials—such as paper—highly sensitive to their micro-structural configura-

tion, leading to nonlinear and direction-dependent mechanical behavior[8,

9, 10].

Understanding and modeling this behavior remain challenging due

to the multi-scale and stochastic nature of paper mechanics. At the mi-

croscale, the properties of individual fibers and their bonds determine

local deformation mechanisms such as slippage, debonding, and breakage.

At the macroscale, the collective response of the fiber network manifests

as anisotropy, nonlinearity, and damage localization. Bridging these scales

requires a multi-scale framework capable of connecting measurable mi-

crostructural characteristics to the overall continuum response [11].

The growing global emphasis on sustainability, circular economy, and

environmental stewardship has renewed scientific interest in cellulose-

based materials. Paper and paperboard are renewable, recyclable, and

2



biodegradable, offering a clear ecological advantage over conventional

synthetic polymers [12, 13]. However, extending their use to load-bearing

and structural applications requires a deeper understanding of their me-

chanical behavior, as well as reliable predictive models capable of guiding

the design of next-generation paper-based composites and reinforcements.

This thesis addresses these needs by developing and validating multi-

scale and nonlinear computational frameworks for paper and paper-

board materials. The work integrates experimental evidence with micro-

mechanical and continuum modeling, aiming to establish physically

grounded constitutive descriptions of cellulose networks and their re-

inforced variants. Through this approach, the work aims to support the

design and optimization of sustainable, high-performance paper-based

materials for advanced engineering applications.

1.2 Historical overview of papermaking and fiber

technology

Papermaking originated in China during the Western Han Dynasty and

is traditionally credited to Cai Lun around 105 CE, who developed a

process using plant fibers such as mulberry bark, hemp, rags, and fishnets.

This invention revolutionized communication and documentation, as it

enabled the production of lightweight, flexible, and affordable writing

materials. The technology gradually spread across East Asia, reaching

Korea by the 4th–5th centuries and Japan by the 7th century, where local

adaptations led to unique varieties of handmade paper made from mul-

berry, cane, hemp, and bark fibers. Over time, papermaking techniques

diffused westward to the Arab world and later to Europe, where parch-

ment from animal hides remained common until the mastery of white

paper production in the 17th century. The spread of papermaking was

initially slow but accelerated after the invention of the printing press in

1440, which fueled the growing demand for paper. By the late 16th and

17th centuries, papermills were established in North America, continuing

the evolution of this craft through the adaptation of European methods

to local resources. Thus, the history of papermaking reflects a continu-
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ous process of technological exchange, material innovation, and cultural

adaptation that shaped written communication across civilizations [14,

15].

As the craft advanced, papermaking gradually transformed into an

industrial process driven by technological innovation. After spreading

from China to the Arab world and Europe, key milestones—such as the

introduction of watermills for pulp preparation and the invention of Louis

Robert’s papermaking machine in 1799—marked the shift from manual

to mass production. The later use of wood and recycled fibers further

enhanced efficiency and sustainability, establishing papermaking as a

cornerstone of global communication and industry [16].

The papermaking process today is a highly integrated sequence of

mechanical and chemical operations that convert raw fibrous materials

into paper or paperboard. It begins with stock preparation, during which

dry pulp or recycled paper is dispersed in water and mechanically refined

to form a uniform fiber suspension. This suspension is then distributed

onto a moving forming fabric, where water is drained to create a con-

tinuous wet web of interlaced fibers. In the subsequent pressing stage,

the web is mechanically compacted to remove additional water and en-

hance fiber bonding, increasing the solids content to about 38–50%. The

partially dried sheet then passes through heated drying cylinders, where

remaining moisture is evaporated until the paper reaches a final moisture

content between 2% and 10%. Finally, the calendering process smooths

and densifies the surface, after which the paper is reeled into large rolls

for further conversion or distribution [17].

The pulp and paper industry’s raw materials are commonly classified

into three categories: wood, non-wood, and non-plant (primarily recycled

paper) sources [18]. Pulp and papermaking technology, which began

China, originally relied on non-wood sources like textile rags. As the in-

dustry evolved, materials such as cereal straw, reeds, grasses, and bagasse

became essential in regions with limited forest resources, especially across

Asia. Today, although wood usage dominates, non-wood pulp production

remains crucial in countries with limited forests, including China, India,

and Egypt. This shift has also driven rapid advancements in pulping
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methods, marking a new era in the industry. Wood pulp accounts for 63%

of global consumption, recycled pulp 34%, and non-wood pulp only 3%.

Expanding the use of non-wood fibers could improve the sustainability

and resource efficiency of the industry. Notably, fibers like flax, hemp,

jute, kenaf, cotton, sisal, and abaca offer properties that resemble or even

exceed those of softwood fibers, making them strong candidates for future

material sourcing [19].

The use of agricultural residues in the pulp and paper industry is

increasingly popular due to their abundance, low cost, and potential to

produce fibers with qualities comparable to hardwoods. Cotton stalks,

in particular, are a promising agricultural residue, offering mechanical

properties similar to commonly used hardwood species. After cotton

fibers are harvested, the remaining stalks provide fibers well-suited for

paper production, particleboards, and corrugated boards. With fiber

dimensions analogous to hardwood, cotton stalk fibers exhibit desirable

tensile characteristics and flexibility, making them an effective alternative

raw material for sustainable papermaking in regions with limited wood

resources [20, 21].

[22] investigated the potential of textile fibers like cotton and silk as

sustainable reinforcement materials in composites. Cotton fibers, high

in cellulose content, provide substantial strength and tensile properties,

while silk offers exceptional tensile strength and flexibility, presenting a

promising alternative to synthetic fibers. The distinct mechanical per-

formance of these natural fibers, attributed to their unique structure

and composition, positions them as viable options for applications in

industries such as automotive and biomedical, supporting a shift toward

eco-friendly materials.

[23] investigate the paper-making properties of non-wood pulps, par-

ticularly highlighting the runnability of these materials in pilot-scale paper

machines operating at high speeds (1100–1380 m/min). Their findings

demonstrate that high-quality paper can be produced from non-wood

pulp, specifically reed, with dewatering properties comparable to tradi-

tional wood pulp, thus challenging the conventional belief that non-wood

fibers limit runnability. The research emphasizes the superior printing
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properties of reed-containing paper and the potential of non-wood mate-

rials in sustainable pulp production. The authors advocate for innovative

processes, such as the Chempolis method, which facilitates efficient uti-

lization of non-wood materials while addressing environmental concerns,

thereby promoting sustainable development in the pulp and paper indus-

try.

[18] review the potential of non-wood fibers, such as cotton stalk,

cotton linters, and cotton rags, as sustainable alternatives in the paper

industry, emphasizing their environmental and economic benefits. While

primarily targeted at papermaking, these renewable fibers present promis-

ing applications for textiles, especially within circular economies focused

on recycling fibers, including textile waste. The distinct properties of

non-wood fibers, like the high silica content in straw, necessitate specific

processing adaptations but contribute to the eco-friendly shift in both

paper and textile industries.

Cellulose, derived primarily from wood fibers, is the most abundant

renewable and biodegradable biopolymer on Earth. The structure of

wood fibers spans multiple length scales—from the macroscopic fiber

level down to the nanoscopic cellulose fibrils—resulting in a hierarchi-

cal organization that governs the mechanical and physical properties of

cellulose-based materials. In recent years, microfibrillated cellulose (MFC)

and nanofibrillated cellulose (NFC) have emerged as promising cellulosic

nanomaterials with significant potential in the forest products and pa-

permaking industries. Despite extensive research efforts and increasing

industrial interest, further advances in processing, characterization, and

property optimization are still required to fully exploit the potential of

these nanocellulose materials [24, 25, 26]

1.3 Mechanical behavior of paper materials

Paper materials have a complex random microstructure characterized

by compressed and interconnected fibers within a dense network. They

are a notable example at the engineering scale of what has been recently

called network materials [27]. This category includes all the materials
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that are inherently network-based systems and whose emergent physical

properties are defined by the structure of the chemical bonds that connect

their atoms or molecules, or other micromechanical links. Cellulose-based

materials undergo deformation processes that span multiple scales, from

nanometer-scale fiber interactions to the macro-scale performance of the

entire sheet/component. As emphasized in [11], multi-scale modeling

approaches capable of capturing the interactions at fiber, network, sheet,

and laminate levels are a timely research topic.

At the micro-scale, accurately modeling individual cellulose fibers

is crucial to understand the broader mechanical behavior of paper and

paperboard. However, those fibers exhibit highly complex morpholo-

gies, making their characterization including the determination of fibers

length, orientation, and thickness, both essential and challenging [28,

29, 30, 31]. While mechanical characterization at the fiber level remains

difficult but feasible [32], organically-formed cellulose fibers introduce

additional complexities due to irregularities along their length. Such

irregularities contribute to variations in mechanical properties along the

fiber, which must be carefully considered for reliable modeling [32, 33].

Furthermore, fiber-to-fiber bonds have been shown to play a vital role in

determining both the strength and elongation properties of fiber networks

[34]. Accurately simulating the cross-linking properties [35] and the inter-

fiber bond strength [36, 37] is therefore important for predictive modeling.

Above all, the statistical variability of cellulose fibers orientations and

cross-linking are crucial also for technological applications where bonding

of paper with other layers is a concern, such as in case of paper-aluminum

packaging [38], or for paper-paper adhesion [39]. On the fiber network

scale, characterizing the structure of fiber networks necessitates the de-

velopment of network models, and µ-CT image reconstructions [40, 41,

42], structured networks [43, 44], or synthetic networks with random or

statistical distributions [45, 8, 46, 47] offer a series of methods for digital

twins.

At the macroscale, paper is often modeled as an anisotropic contin-

uum material, allowing its complex mechanical behavior to be described

within the framework of continuum mechanics. Various constitutive for-
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mulations have been developed to capture its nonlinear, anisotropic, and

damage-dependent response, typically treating paper as an elasto-plastic

material undergoing fracture [48, 49, 50, 51]. A recent comprehensive

review by Sanjon et al. [1] examines current methodologies for character-

izing the inhomogeneous structure and mechanical properties of paper

and paperboard, emphasizing advanced non-contact techniques such as

laser profilometry, X-ray microtomography, and THz spectroscopy for

thickness and density measurements, as well as fiber segmentation and

orientation analysis. The study further highlights the role of in-plane

mechanical testing—tensile, compressive, and shear experiments—in elu-

cidating anisotropic behavior, and discusses how these insights support

the development of accurate continuum models that account for structural

heterogeneity and guide process optimization.

To numerically simulate these continuum formulations, researchers

have extensively applied the finite element method (FEM) to analyze

the deformation and fracture of paper under various loading and envi-

ronmental conditions [52, 53, 54, 55, 56, 35, 57]. FEM simulations have

provided valuable insights into stress and strain distributions, anisotropic

effects, and crack propagation mechanisms. However, directly modeling

the fibrous network at the macroscale remains computationally demand-

ing due to the inherent randomness and the large number of interacting

fibers.

To mitigate these challenges, the concept of a Representative Volume

Element (RVE) is commonly adopted to approximate the macroscopic

response of the heterogeneous fiber network while maintaining computa-

tional efficiency. The appropriate RVE size must be sufficiently large to

statistically capture the structural heterogeneity of the network, yet small

enough to ensure numerical tractability—a subject investigated in detail

in several studies [52, 58, 55]. Nevertheless, homogenization approaches

based on RVEs lose validity once strain localization develops, particularly

around the peak load and during the post-peak softening phase, where

damage accumulation and crack growth dominate the material response.
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1.4 Objectives

Despite decades of research, several limitations persist in the current un-

derstanding and modeling of paper mechanics. Many continuum models

rely heavily on empirical fitting and simplified assumptions, without

explicitly accounting for the underlying microstructural mechanisms that

govern fiber recruitment, reorientation, and debonding. This lack of mi-

crostructural linkage limits their predictive capability, especially under

complex loading conditions where the material response depends on the

evolving fiber network configuration.

At the other end of the modeling spectrum, discrete fiber network

simulations provide valuable insights into local deformation and fail-

ure mechanisms but are computationally prohibitive for large-scale or

industrial applications. The high computational cost associated with rep-

resenting thousands of interacting fibers and bonds restricts their use to

small domains, preventing direct application to macroscopic engineering

problems.

Another major challenge concerns the nonlinear anisotropic behavior

of paper materials. Many existing models are unable to reproduce the

anisotropic response of paper using a single set of constitutive parame-

ters that remains valid for different fiber orientations. In addition, most

of these models fail to accurately predict the material response under

multiaxial loading conditions, which is crucial for realistic engineering ap-

plications. Furthermore, paper exhibits pronounced stochastic variability

in its mechanical behavior, arising from natural heterogeneity and size ef-

fects. However, these sources of randomness as well as the representation

of a realistic number of fibers within the network are seldom incorporated

into current deterministic modeling frameworks.

Finally, as sustainability becomes an increasingly central concern,

emerging reinforced paper materials that incorporate synthetic fibers

highlight the need for new strategies to identify bio-based alternatives ca-

pable of maintaining comparable mechanical performance within the fiber

network. Despite growing interest in such sustainable reinforcements,

the integration of these aspects into mechanical modeling frameworks
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remains largely unexplored.

To address these gaps, this thesis aims to develop a multi-scale and

nonlinear simulation framework for paper and paperboard materials that

explicitly integrates microstructural stochasticity, nonlinear anisotropy,

and constitutive evolution. The research first focuses on establishing

a stochastic micromechanical model capable of describing fiber recruit-

ment, bond failure, and fiber breakage under uniaxial loading conditions.

Building on these insights, two nonlinear anisotropic continuum formu-

lations based on a hypoelastic approach are developed, in which the

constitutive parameters evolve with the mismatch between fiber orienta-

tion and the principal strain direction. The framework further establishes

a quantitative linkage between continuum parameters and measurable

microstructural features derived from the micromechanical model.

In addition, the proposed modeling strategy is extended to reinforced

gummed paper networks, which are increasingly used in packaging ap-

plications, to evaluate their mechanical behavior and assess the potential

of eco-friendly natural fibers as alternatives to synthetic reinforcements.

The developed model is validated against experimental data, including

mechanical testing, imaging, and fracture characterization, to ensure phys-

ical consistency and predictive robustness under tensile loading. Finally,

some natural fibers are proposed as promising sustainable substitutes for

synthetic fibers in reinforced gummed papers, aligning the study with the

broader goal of environmentally responsible material development.

1.5 Outline of the thesis

The thesis is organized as follows:

Chapter 2 presents an integrated experimental and statistical mechan-

ics analysis of paper fracture to elucidate how microstructural mecha-

nisms govern macroscopic behavior. In-situ tensile tests combined with

confocal microscopy are used to observe fiber activation, recruitment,

and progressive failure in unnotched paper under uniaxial loading. A

stochastic mechanics model is developed to describe the cellulose fiber

network, decoupling morphological randomness from the intrinsic fiber
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constitutive law. The model successfully predicts the anisotropic response

in the machine and cross-machine directions and is further employed

to assess the effects of fiber orientation, strain redistribution, and fiber

elasticity or elasto-plasticity on the overall mechanical behavior.

Chapter 3 introduces two nonlinear hypoelastic continuum models

to simulate the macroscopic response of paper under biaxial plane-stress

conditions. Based on the observation that fiber failure is governed by the

direction of maximum principal strain relative to mean fiber orientation,

the models incorporate an anisotropic damage variable dependent on

these parameters. One model employs an orthotropic constitutive tensor,

while the other uses a simplified isotropic formulation with an orientation-

dependent elastic modulus. The framework also integrates the statistical

micromechanics model at the material-point level and is validated against

experimental data from tension tests on notched specimens.

Chapter 4 develops a statistical micromechanical model to analyze

the uniaxial tensile response of reinforced paper materials, accounting

for fiber orientation, free segment length, and failure mechanisms. After

calibration using tests on pure cellulose paper, the model is extended

to fiberglass-reinforced specimens and then applied to evaluate natural

fibers such as hemp, kenaf, and flax as sustainable alternatives, sup-

porting the development of eco-friendly paper-based reinforcements for

packaging applications.

Chapter 5 presents an experimental study on the anisotropic fracture

behavior of paperboard under uniaxial tension. Dog-bone specimens

oriented at 0◦, 30◦, 45◦, 60◦, and 90◦ relative to the machine direction

are tested to investigate how anisotropy influences crack initiation and

propagation. The comparison of fracture angles and failure mechanisms

across orientations provides valuable insights for validating the modeling

approaches developed in earlier chapters.

Chapter 6 concludes the thesis by summarizing the main findings

and emphasizing their relevance for multi-scale and nonlinear model-

ing of cellulose-based and reinforced paper materials. The chapter also

outlines perspectives for future research on the design of sustainable,

high-performance fiber-based materials and their broader application in
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environmentally responsible engineering solutions.
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Chapter 2

A novel in-situ
micro-mechanical testing of
paper fracture and its
stochastic network model 1

The mechanical characteristics of paper materials as fiber networks are

known to be influenced significantly by interactions between fibers and

the properties of individual fibers. These attributes, including densities

and distribution of fibers segment lengths and their geometrical prop-

erties, have been shown to undergo statistical changes within a fiber

network [60, 61, 62]. Consequently, in this chapter, we are going to

introduce a statistical mechanics theoretical model and its numerical im-

plementation designed not only for efficient computational modelling of

fiber networks at the macroscale, but also for accurate prediction of their

fracture behavior at the microscale, without limitations on the number of

fibers simulated. In parallel, in-situ testing is proposed by conducting ten-

sile test experiments and observing the material evolution under loading,

examining the microscopical phenomena involved during deformation

up to fracture. Researchers have done some micromechanical tests for

1This chapter is based on our own publication Fallah, Zarei, and Paggi [59].
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the characterization of fiber properties [32, 63, 64]. However, in the con-

text of paper materials, results regarding in-situ testing are quite scarce.

Therefore, we propose an experimental campaign by combining the mi-

cromechanical tensile stage and the confocal microscope with a setup

which offers a versatile way to explore the microstructural mechanisms

responsible for fracture.

2.1 Experimental methods: in-situ material test-

ing setup

The equipment includes the micro-mechanical tensile stage DEBEN placed

under the confocal microscope Leica DCM3D, see Fig. 1, both avail-

able in the MUSAM-Lab of the IMT School for Advanced Studies Lucca.

This setup allows the in-situ visualization of the cellulose fibers and also

the out-of-plane deformation of the specimen surface during the whole

loading history [65], while the force-displacement curve is progressively

recorded by the tensile stage.

The microstructure of the cellulose-based materials was further char-

acterized through confocal microscopy imaging performed on different

regions of the specimens. Each inspected area covered approximately

637 × 477 µm2, thus containing a sufficiently large number of fibers to

provide a representative description of the fibrous network. An optical

magnification of 20× was employed, allowing the individual cellulose

fibers and the fiber-to-fiber bonding regions within the network to be

clearly identified. These observations provide important insight into the

heterogeneous microstructure governing the macroscopic mechanical re-

sponse and fracture behavior of the material. Additional details regarding

the micro-structural characterization procedure and image analysis are

provided in Section 2.3.

A series of uniaxial tensile tests on unnotched rectangular paper speci-

mens with dimensions B × L × t (width, span and thickness) has been

carried out. The specimens have been clamped at the extremes. The

displacement loading rate has been set equal to 0.1 mm/min, which is

sufficiently low to monitor all the micromechanical damage phenomena
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Figure 1: In-situ micro-mechanical tensile testing setup: DEBEN micro-
mechanical tensile stage and the Leica DCM3D confocal microscope (left
panel); photos of unnotched Al-paper laminate (right panel, top) and notched
paper (right panel, bottom) specimens that can be tested in uniaxial tension.
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with the confocal microscope and perform a single test in a reasonable

amount of time. As exemplified in Fig. 2, single cellulose fibers that bridge

a propagating crack can be clearly observed, as well as those debonded

and broken.

Figure 2: Microstructural alterations within a localised specimen region
after reaching a defined load threshold during tensile testing, including fiber
debonding and breakage, taken by confocal microscopy (20x magnification).

Furthermore, the employed tensile stage allows us to determine the

overall mechanical behavior of paper -which is an emergent mechanical

response- by measuring the force-displacement curve under displacement

control which is of the type depicted in Fig. 3 (paper tested in the cross-

machine CD direction). The response is initially linear and then it departs

from linearity up to reaching a maximum load carrying capacity. After

the peak load, a sharp softening branch takes place. This mechanical

response, which can be converted into a conventional stress-strain dia-

gram by dividing the force by the cross-section area and the displacement

by the initial free span, has been recently interpreted through a phase

field model for fracture driven by elastoplasticity with hardening [66].
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However, the present authors consider this modelling assumption quite

controversial, since the observed microscopical mechanisms do not al-

ways support a continuum model ruled by elastoplastic hardening. The

mechanical system is in fact composed by a discrete set of cellulose fibers

with strong adhesion between them caused by the pressure acted during

production. When subject to tensile loading, fibers can partially move and

align along the loading direction depending on the free length of each

fiber intercurring between two subsequent fiber bonds. This leads to a

phenomenon which is similar to fiber recruitment in biological tissues [67,

68, 69].

Figure 3: A typical mechanical response of a paper sample under tensile
loading in the cross-machine direction (CD), with fiber recruitement followed
by fiber debonding and slippage during crack growth. A video of the test is
available as an electronic supplementary material.

17



It should be noted that fiber recruitment can occur at different loading

levels depending on the fibers network and its density. In denser fiber

networks, such as paper, we anticipate that fiber recruitment happens at

low strains due to the restricted deformability of individual fibers. Con-

versely, in rarefied networks, like those obtained by electrospinning, fiber

recruitment takes place at very large strains, see Fig. 4 where a representa-

tive fiber is colored in yellow to visualize its recruitment and realignment

(tensile tests on PLLA electrospun layers using the DEBEN microtensile

stage placed within the SEM Zeiss EVO MA15 at the MUSAM-Lab to

achieve the required resolution).

(a) ϵ = 0.1 (b) ϵ = 0.15

(c) ϵ = 0.2 (d) ϵ = 0.25

Figure 4: SEM images of PLLA electrospun layers at different strain levels,
showing fiber recruitment and realignment along the axial (horizontal) direc-
tion of loading.

The fiber inclination is therefore relevant, since the fibers initially

aligned along the loading direction mostly contribute to the load-carrying

capacity. The fiber recruitment process continues until fiber slippage

and bond failure is triggered. In some circumstances, fibers do not only

slip with respect to each other, but also individually break, which is a

18



catastrophic phenomenon leading to load redistribution to the remaining

active fibers. These phenomena observed in our tests on paper are consis-

tent with the microscopical mechanisms reported in the literature [70, 34].

Recent investigations [32] on single cellulose fibers tested under uniaxial

test using an equipment similar to our setup showed that the slope of the

stress-strain curves gradually decreases with increasing strain as a result

of the development of inelastic deformations caused by micro-damage,

up to the stage at which the fiber breaks. Furthermore, micro-plasticity

was observed in [32] as a mechanism typical of polymer fibers, which

inherently possess a distinct composition as compared to cellulose fibers

that mostly behave linear elastically.

Hence, to elucidate on these fundamental modelling assumptions and

derive a model that could predict the response as a direct consequence

of quantifiable and observable microscopical mechanisms involving the

network of fibers, a statistical mechanics model is put forward in the next

section. As shown in [71, 72] for the problem of adhesion between paper

tissues, the stochastic features of the fiber population play an essential role

for a predictive model. Here, all the model parameters related to the ran-

dom network topography will be estimated from data measurable from

confocal images, leaving to be identified only few parameters describing

the single fiber mechanical response, which is the key controversial aspect

to be assessed.

2.2 Statistical mechanics model

In this section, we propose a model based on the network of cellulose

fibers to simulate deformation and fracture of paper subject to uniaxial

loading.

The starting point is a rectangular specimen of paper of B × L × t

dimensions, where B is its width, L its span, and t is its thickess. An

orthogonal x − y − z reference system is also introduced and an axial

displacement w is applied along the z−direction (see the sketch in Fig. 5).

Under a macroscopically applied strain, ϵ = w/L, resulting from the
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Figure 5: Schematic of the specimen and load orientation with respect to a
global reference system.

imposed displacement w, fracture may occur at a randomly located single

cross-section. Notably, the experimental tensile tests performed on both

short-span and long-span specimens (referenced in [66]) demonstrate a

variation in the force-displacement curves. These variations regard a sim-

ple linear scaling of the displacement with L, while forces do not change.

This supports our model assumption that a cross-sectional model is ad-

equate to describe the response of paper under uniaxial tension, where

fracture occur at a single cross-section. Hence, under these assumptions,

it is possible to focus the attention on the behavior of fibers crossing that

representative cross-section. First, the average total number of fibers

along such a cross-section can be quantified as:

N = NlNf (2.1)

where Nl denotes the number of paper layers (j = 1, . . . Nl), each one with

a thickness of a fiber, and Nf is the average number of fibers along the

y−direction for each layer (i = 1, . . . Nf ). Therefore, a fiber is univocally

identified by the indices i and j.

At the microscale, fibers are assumed to have an average cross-section

A, a random length li,j , and a random orientation angle αi,j measured

from the axial direction (z−axis). The centre of those fibers is placed at

xi,j = jt/Nl, yi,j = iB/Nf , zi,j = 0. The coordinates of the external nodes
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defining the beginning and the end of each fiber, see Fig. 6, are:

z
(1)
i,j = −li,j/2 cos(αi,j) (2.2a)

y
(1)
i,j = yi,j − li,j/2 sin(αi,j) (2.2b)

x
(1)
i,j = xi,j (2.2c)

z
(2)
i,j = li,j/2 cos(αi,j) (2.2d)

y
(2)
i,j = yi,j + li,j/2 sin(αi,j) (2.2e)

x
(2)
i,j = xi,j (2.2f)

Figure 6: Orientation and coordinated of the extremes of the fibers along the
critical cross-section at the microscale.

Fibre lengths are usually not constant, and therefore a Gaussian normal

distribution is herein introduced to assign a random length li,j to each

fiber, specifying in input the mean (µl) and the root mean square (σl)

values of the distribution. Moreover, cut-off lengths (l0 and lmax) for the

shortest and the longest fibres are also considered.

Fiber orientation is also a crucial parameter, since it is well-known that

the macroscopic mechanical response of paper is anisotropic and it is par-

ticularly different in the machine direction (MD) and in the cross-machine
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direction (CD). Since this is primarily due to the different alignment of

fibers caused by the machining process, we expect that the fiber orien-

tation might strongly influence the overall mechanical response. In the

present model, we explore three possible different distributions of fiber

orientations along the cross-section line: (i) uniform distribution, (ii) non-

uniform distribution with maximum probability in the machine direction,

(iii) non-uniform distribution with maximum probability in the cross-

machine direction. In the case of uniform distribution, the orientation

angle αi,j is assigned randomly with values ranging from 0 to π/2. For

cases (ii) and (iii), on the other hand, Gaussian distributions with a mean

value µα, a root mean square σα, and cut-off values −π/2 and +π/2 are

considered. The mean value µα is set as:

µα =

{

0, for the machine direction (MD)

π/2, for the cross-machine direction (CD)
(2.3)

It is worth mentioning that, considering the experimental findings from

[73], which indicated fiber orientation distribution in the paper plane

could resemble a normal distribution but with heavier tails, we adopt a

Gaussian distribution with appropriate standard deviation and cut-off

values, ensuring that the distribution does not approach zero probability

for the tails. As a result, this model is capable of generating a population

of fibers with different morphological characteristics, namely their lengths

and orientations, representing the statistical features of paper materials.

Fibers often retain slack or curvature due to manufacturing and drying

processes [74]. Mechanically, a loaded fiber begins to carry the load,

when it overcomes this slackness and it gets straight, which leads to a

phenomenon referred to as fiber recruitment in a fibrous network. To

incorporate this phenomenon into our model, we assume that a cellulose

fiber within a loaded paper material is recruited when the applied strain

exceeds a specified activation strain. This activation strain serves as a

threshold, indicating the point at which the external strain adequately

overcomes the inherent curvature or slackness in the fibers, facilitating

their effective involvement in the network’s load-carrying mechanism.

This activation strain can be reasonably related to the distance between
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two bonds along a given fiber, i.e., the distance between two subsequent

points where a fiber is crossed by other fibers. We believe in fact that

the average distance between subsequent bonds -which is a kind of free

segment length [74], or a mean free path between two bonds, λ– is responsible

for the stiffness of the fiber.

[74] discussed the probability distribution of free segment lengths and

remarked it can be assumed to be exponential with its average value λavg .

Experimentally, the average mean free path can be estimated from confo-

cal miscroscopy images by dividing a fiber length by the number of bonds

observed along its length, and averaging over a statistically representa-

tive number of fibers. Hence, we can associate to each individual fiber a

randomly assigned mean free path, λi,j , extracted from an exponential

distribution in the range from λmin to λmax, where λmax and λmin signify

the maximum an minimum distance between two adjacent bonds within

the network respectively, the attributes that can be effectively observed

from microscopy images.

It should be noted that the adopted fiber arrangement represents an

idealized configuration in which the fibers are centered at zi,j = 0 and

equally spaced along the transverse direction, see Eqs. (2.2). These as-

sumptions simplify the geometrical description of the fibrous network

and facilitate the interpretation of the underlying micromechanical mech-

anisms. Nevertheless, the model incorporates an exponential distribution

for the interfiber bond lengths, which implicitly introduces nonuniform

bonding and local heterogeneities within the network. Therefore, al-

though the geometrical arrangement is simplified, the stochastic nature of

the interfiber interactions and the resulting variability of the mechanical

response are still accounted for in the proposed formulation.

In the strain-controlled constitutive fiber model, the activation of fibers

is determined based on their respective mean free paths. It is anticipated

that fibers with shorter mean free paths will be activated earlier due to

their relatively higher stiffness (less slackness). On the other hand, longer

fibers, which may not be fully straight, do require more deformation to

be engaged in the overall deformation process. Additionally, the model

takes into account the connectivity of fibers, where multi-connected fibers
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are expected to be activated earlier than isolated ones.

To quantify the activation strain for each fiber, the following formula-

tion is introduced:

ϵai,j = ϵact

(

λi,j − λmin

λmax − λmin

)

(2.4)

where ϵact represents the maximum strain required for a fiber activation,

equivalent to the strain necessary to activate a fiber possessing the maxi-

mum free path, λmax.

As cited in the literature [75], since the measured force required to

break the inter-fiber bond is considerably lower than the force needed

for the fiber to undergo nonlinear deformation, the fiber is assumed to

respond elastically after recruitment. In the uni-axial tensile test on plain

specimens, with all the fibers not slipping (either not yet recruited, or

recruited), the strain level ϵ is assumed to be dictated by the imposed far

field displacement at the boundary, i.e., ϵ = w/L. This uniform condition

is then perturbed when fiber slippage takes place, and the amount of

strain redistribution will be discussed later. Hence, in the linear regime,

the strain applied to each fiber along its axial direction is computed from

the applied strain ϵ acting on the z−direction:

ϵi,j = ϵ cos(αi,j) (2.5)

Correspondingly, the elastic force supported by the fiber is:

f i,j = Kϵ
i,j

(2.6)

where K is the fiber stiffness. The fiber contribution to the uni-axial load

is retrieved by projecting f i,j back to the axial direction:

F i,j = Kϵ cos2(αi,j) (2.7)

We remark here that the model can be enhanced by an elasto-plastic

constitutive relation instead of a linear elastic one, simply by modifying

the constitutive relation in Eq. (2.6). In addition, the cross-section of

the fibers (A) along with Young’s modulus of a single cellulose fiber, E,

contribute to the calculation of the fibers’ stiffness K = EA.
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In this study, similar to the Cox model [76], we incorporated the

orientation of fibers to facilitate load transfer among them. While the

Cox model is traditionally applied to analyze fibrous materials within a

resin matrix, our adaptation extends its principles to fibrous materials

without a matrix. However, for such materials, the influence of bond

density becomes crucial. Hence, we accounted for this factor in our model

by considering the mean free length of fibres, recognizing its significance

in determining the strength of these materials. It should be noted that

the present model is specifically developed for uniaxial tensile loading of

plain specimens and can be regarded as a reduced-order stochastic model.

Within this framework, non-affine deformation mechanisms, such as

local fiber rotations, sliding, or bond compliance effects, are not explicitly

resolved. The primary objective of the model is instead to reproduce

the global tensile response of the material through a computationally

efficient formulation. Moreover, the model parameters are identified

through experimental calibration, which partially compensates for the

simplified kinematic assumptions adopted in the constitutive description

and mitigates the tendency of affine formulations to overestimate the

elastic stiffness of the network.

The fiber linear response is limited in the model by the strain level,

when a maximum strain ϵmax
i,j is reached. After that level, the fiber debonds

and its contribution to the overall load is assumed to be negligible. No-

tably, if the maximum debonding strain for each fiber, ϵmax
i,j , exceeds

the fiber’s breakage strain, ϵf, then the fiber breaks before experiencing

debonding. In the model, the debonding strain for each fiber is assumed

to be a random field dependent upon the mean free path of the fiber, i.e.:

ϵmax
i,j = ϵmax

(

λavg

λi,j

)

(2.8)

which implies that ϵmax can be estimated from the micromechanical

test of bond failure with just two fibers bonded together, as for instance in

[37].

In our simulation, when a fiber undergoes failure, we adopt a strain

redistribution to neighboring fibers -a strategy consistent with the prin-

ciples of fiber bundle models outlined in the literature, see e.g. [77, 78].
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These models, acknowledged for their simplicity and effectiveness in

understanding failure phenomena, detail the successive failure of fibers

and subsequent adjustments in load distribution among the surviving

fibers. In our model, resembling these fiber bundle models, redistributing

strain is functionally equivalent to redistributing load, as all fibers are

assumed to have the same elastic properties. The amount of redistribution

is governed in the model by a parameter r ranging from 0 to 1. If the ith

fiber fails, its strain at failure will be equally redistributed to the (i− 1)th

and (i+ 1)th fibers as follows:

ϵi−1,j ← ϵi−1,j + r/2ϵi,j (2.9a)

ϵi+1,j ← ϵi+1,j + r/2ϵi,j (2.9b)

The mechanisms of fiber realignment has been found particularly

relevant for the Poisson effect for the papers examined, in the range of

densities. As a general trend, the lower the density, the more accurate

is this assumption. As a limit case, fibrous materials obtained by elec-

trospinning are for instance the fibrous materials where the progressive

relative displacement and realignment of the fibers along the loading

direction is giving the maximum contribution to the Poisson effect. By in-

creasing the paper density, other forms of deformation of the fibers’ joints

may increase their role. In this study, to account also for the progressive

alignment of the fibers along the direction of loading, which can lead to

the macroscopic Poisson restriction effect, the z coordinates of the fiber

nodes, the fiber angle and its stretched length are updated based on the

deformation level (deformed configuration):

z
(1)
i,j ← zi,j − li,j cos(αi,j)ϵi,j/2 (2.10a)

z
(2)
i,j ← zi,j + li,j cos(αi,j)ϵi,j/2 (2.10b)

αi,j ← arctan

(

y
(2)
i,j − y

(1)
i,j

z
(2)
i,j − z

(1)
i,j

)

(2.10c)

l(i, j)←
√

(

z
(2)
i,j − z

(1)
i,j

)2

+
(

y
(2)
i,j − y

(1)
i,j

)2

(2.10d)

Consequently, we can assess the amount of realignment of fibers by
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calculating the norm of the difference between the fibers’ orientation

during the simulation with respect to the original (undeformed) one,

i.e., α0 before loading and α after loading as computed by Eq.(2.10),

normalizing it by the total number of fibers. To quantify this effect and

comparing it with the density of the networks, we anticipate that this

measure of realignment in the MD direction for the materials with lower

and higher densities, is equal to 1.01× 10−4 (radians) for material 1 (the

less dense paper), and 9.9× 10−5 (radians) for material 3 (the more dense

paper). These results confirm that realignment is a small quantity for

paper materials, and is a decreasing function of paper density.

By summing all the forces Fi,j acting on the active fibers during each

loading step, the force-displacement curve of the sample can be finally

predicted.

2.3 Algorithmic aspects and model parameters’

identification

The algorithmic aspects of the proposed model implemented in MATLAB

R2022 are presented in Alg. 1. Note that Labeli,j stands for the status

of each fiber during loading steps and can assume four different values:

0, for a not yet recruited fiber; 1 for a recruited fiber; 2 for a debonded

fiber; and 3 for a broken fiber. Therefore, the total number of activated,

debonded and failed fibers can be estimated by summing the fibers of

each class identified by the corresponding labels.

Algorithm 1: Algorithm of the statistical mechanics model

Number of random realizations, Ng

Inputs for geometry and BCs: L, B, t, Nm, wmax,

isotropic/MD/CD

Inputs of the fibers’ geometry: Nf , Nl, l0, lmax, d, µl, σl, µα, σα,

λmin, λavg

Inputs of the fibers’ mechanical properties: K, ϵact, ϵmax, ϵf, r

1: for s = 1, . . . , Ng do ▷ Loop over random realizations
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2: Construct the network:

Random generation of fibers’ length, orientation, number of bonds

Position of fibers’ coordinates x
(1)
i,j , y

(1)
i,j , z

(1)
i,j , x

(2)
i,j , y

(2)
i,j , z

(2)
i,j

Compute ϵai,j and ϵfi,j , Eqs.(2.4) and (2.8)

Set F = 0, ϵi,j = 0, dϵi,j = 0, Labeli,j = 0, w = wmax/Nm

3: for m = 1, . . . , Nm do

4: for j = 1, . . . , Nl do

5: for i = 1, . . . , Nf do

6: ϵi,j ← ϵ+ dϵi,j
7: if ϵi,j < ϵai,j then

8: fi,j ← 0 ▷ Fiber not recruited

9: end if

10: if ϵi,j ≥ ϵai,j and ϵi,j <min(ϵmax
i,j , ϵfi,j) then

11: Labeli,j ← 1 ▷ Active fiber

12: Compute fi,j , Eq.(2.6)

13: Finite elasticity update, Eqs.(2.10)

14: end if

15: if ϵi,j ≥min(ϵmax
i,j , ϵfi,j) then

16: if min(ϵmax
i,j , ϵfi,j) = ϵmax

i,j then

17: Labeli,j ← 2 ▷ Debonded fiber

18: end if

19: if min(ϵmax
i,j , ϵfi,j) = ϵfi,j then

20: Labeli,j ← 3 ▷ Broken fiber

21: end if

22: fi,j ← 0

23: dϵi,j−1 ← dϵi,j−1 + r/2ϵfi,j
24: dϵi,j+1 ← dϵi,j+1 + r/2ϵfi,j
25: end if

26: F ← F + fi,j
27: end for

28: end for

29: ϵ← mw/L

30: end for

31: end for
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Output: Stress-strain diagram, number of not recruited and recruited

fibers, number of bonding and breakage failures.

The following input data are required: (i) inputs concerning the geometry

and the boundary conditions, (ii) inputs related to the fiber geometry,

and (iii) inputs for the fiber mechanical properties. Concerning the first

set of inputs, in this study we used three paper samples with different

density. For these samples, we specified B = 12.5 mm, L = 10.0 mm and

their respective thickness values are provided in Tab. 1.

Material Paper density, Thickness, Maximum imposed strain,
ρ (kg/m3) t (mm) wmax/L

1 697.0 0.2 0.085
2 737.7 0.1 0.050
3 1230.0 0.2 0.100

Table 1: Paper samples properties and their boundary conditions.

For the paper configuration, the uni-axial tensile test was conducted in

the both machine and cross-machine directions of the tested specimens,

and the maximum imposed strain for each sample was wmax/L, see Tab.

1. Hence, a uniform strain ϵ = w/L has been applied in the proposed

model in Nm = 100 loading steps with a linear ramp.

At the microscale, the use of the confocal microscope Leica DCM3D allows

to visualize fibers and determine the required geometrical parameters of

the model, such as Nf , Nl, λmin , λavg.

Figure 7 shows an image of a paper specimen with ρ = 1230 (kg/m3)

captured using the confocal microscope with a 20×magnification, which

is 637× 477 µm2 size and contains a large number of fibers.

Thereby the number of fibers crossing an exemplary cross-section, e.g.

the red line 477µm long in Fig. 7, is counted to be 28, which gives a

density of fibers 28/477 = 0.00587 fibers/µm and therefore a total number

Nf = 0.00587×B = 716 of fibers in one layer for this sample.

In order to determine the number of layers within the paper specimen, Nl,

we employed a methodology that relied on the assumption that Nl corre-
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Figure 7: Confocal microscope image of a paper sample with ρ = 1230
(kg/m3) at 20× magnification, showing a random arrangement of cellulose
fibers. The red line shows an exemplary cross-section.

sponds to the count of fibers with large widths capable of fitting through

the thickness of the specimen. To establish the average of maximum fiber

width, wmax, present in the sample, we employed a rigorous methodol-

ogy that combined microscopy and image-processing techniques. The

analysis involved the random selection of multiple snippets from the

specimen, ensuring the inclusion of fibers with maximum widths. These

snippets were carefully examined using a microscope and high-resolution

images were captured. Leveraging the capabilities of the ImageJ software,

we accurately measured the widths of the largest fibers in the selected

snippets, accounting for the image scaling. To ensure statistical signifi-

cance, measurements were taken for the largest fibers within each snippet.

By averaging these measurements, we determined the average value for

maximum fiber width to be 36.3 µm, for the samples of material 3, and

consequently, 6 layers of fibers are packed through this sample thickness.

Subsequently, the number of layers, Nl, and cross-sectional fibers, Nf ,

for two additional samples were derived; see Tab. 2, by scaling their

corresponding thickness and density with the thickness and density of

sample 3, respectively.
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The parameters related to the free segment length, which are λmin, and

λavg were determined experimentally: the ImageJ software was employed

to calculate and compare the free distance between two bonds in each

snippet, leading to the derivation of its minimum and the average values

given in Tab. 2. It should be noted that determining these free segment

lengths using a 2D image from confocal microscopy requires careful

inspection of possible bonds. In this context, fibers that are crossing each

other and observable on the surface are considered sufficiently pressed

and therefore bonded when they belong to the same focal plane. For

instance, in area A of Fig. 8, fibers are in the same focal plane and can be

considered in contact and bonded. Conversely, in the area B, fibers appear

more blurry, belong to different focal planes, and are not sufficiently

pressed to be bonded.

Figure 8: Confocal microscope image of a paper sample with ρ = 1230
(kg/m3) at 20× magnification. Fibers in area ”A” are considered bonded
compared to the area ”B”, where fibers are blurry and belong to different
focal planes.
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Material Nl Nf λmin (µm) λavg (µm)
1 6 406 7 48
2 3 859 6 45
3 6 716 6 37

Table 2: Fibers’ geometry parameters derived from confocal microscopy.

The other morphological parameters used for the proposed model are

collected in Tab. 3, which were taken from the literature (the parameters

related to the fibers’ length and cross-section area are based on [34], the

orientation parameter is based on [79]).

µl ± σl (mm) l0 (mm) lmax (mm) A (µm2) σα

2.5±0.5 0.25 5 230 π/2

Table 3: Fibers’ geometry parameters taken from the literature.

The last set of input data relates to the mechanical properties of fibers,

a crucial and debatable aspect that requires a careful examination. The

mechanical properties of cellulose fibers, such as Young modulus (E) and

breakage strain of fibers (ϵf), exhibit variability in a network as reported

in the literature [32] based on single fiber tests. [34]’s experimental and

micro-mechanical simulations emphasize the crucial role of fiber bonding

in determining both the strength and elongation of fiber networks. To

determine appropriate values for the mechanical parameters in our model,

given the potential changes in these parameters during the paper-making

process, we minimized the error between simulated and experimental

stress-strain curves (Fig. 9) for each material, introducing a force redis-

tribution factor (r) equal to 0.005 for all the cases (see the section on

parametric analysis). The results of three replica for each material showed

a very good repeatability of the experimental results, as illustrated in Fig.

9. The identified mechanical parameters for each material and sample are

collected in Tab. 4. The identified Young modulus of fibers (Ef ) resulted

in values consistent with the range reported in recent experimental stud-

ies [32]. The maximum strain for fiber activation (ϵact) was identified to

align with the nonlinear part of the experimental curve in the initial linear
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regime and has been set to 0.002 for all the materials. The maximum strain

for debonding, ϵmax, and the fiber breakage strain, ϵf , were determined by

matching the second part of the experimental curves, where the steepness

changes until reaching the peak.

Results shown in Tab. 4 highlight that fiber stiffness is independent of the

specimen tested, while it depends upon the material density. Parameters

related to the failure strain, ϵmax and ϵf , are dependent not only on the

specimen tested, but also on the material density. On the other hand,

variations in papermaking conditions, such as drying process, can impact

the mechanical properties of paper materials. Notably, the mechanical

properties of fibers in the machine direction (MD) and cross-machine

direction (CD) may differ due to distinct drying conditions in those di-

rections. Research presented by [80] indicates that reducing shrinkage

or applying stretch significantly decreases the strain at break, potentially

explaining the lower values of ϵf in the MD direction as compared to those

in the CD direction. The variability in the debonding strain, ϵmax could be

subject to changes during the papermaking process as well.

A simple guideline on how to identify the mechanical model parameters

from an experimental uniaxial stress-strain curve is provided in Fig. 10.

The activation strain ϵact has a specific role on the recruitment of fibers

and on the nonlinear response for very small strains. Then, the fiber

stiffness K influences the slope of the linear regime. The parameter ϵmax is

modulating the transition from linear elastic to ipoelastic regimes, and fi-

nally ϵf is the strain at the peak of the diagram, at the onset of catastrophic

failure.

The model provides further insight into the effect of paper anisotropy due

to fiber orientation resulting from the machining process, which leads to

distinct characteristics along the machine direction (MD) and the cross-

machine direction (CD). The total number of fibers in a cross-section of

the network model comprises the sum of not-activated fibers, activated

fibers, and failed fibers (including both broken and debonded fibers). We

remark that the sum of the percentages of fibers in different states (active,

not-active, debonded and broken in Figs. 11), for each material in a given

configuration (MD or CD), always amount to 100% at any strain level,
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(a) Material 1, ρ = 697.0 kg/m3

(b) Material 2, ρ = 737.7 kg/m3

(c) Material 3, ρ = 1230.0 kg/m3

Figure 9: Simulated (solid lines) and experimental (dashed lines) stress-strain
curves of the paper materials with different densities. Each material had
three repetitions of the test.
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Material Sample Ef (GPa) ϵmax (MD) ϵf (MD) ϵmax (CD) ϵf (CD)
1 1 31 0.022 0.031 0.0080 0.045
1 2 31 0.024 0.028 0.0080 0.058
1 3 31 0.023 0.028 0.0080 0.061
2 1 22 0.012 0.030 0.0055 0.037
2 2 22 0.010 0.026 0.0048 0.037
2 3 22 0.013 0.026 0.0045 0.037
3 1 21 0.020 0.047 0.0135 0.070
3 2 21 0.017 0.039 0.0130 0.060
3 3 21 0.019 0.045 0.0130 0.070

Table 4: Identified properties of the model for the simulation results shown
in Fig. 9.

Figure 10: Guideline for the identification of model parameters based on
experimental the stress-strain curves.
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which is the total number of fibers of the cross-section.

Simulation results, depicted in Figs. 11(a), 11(c) and 11(e), compare the

percentage of fibers that become active during the test in the MD and CD

cases for material 1, 2, and 3 respectively. In the MD configuration, around

70% of fibers were recruited and activated during the loading process, for

all the materials with different paper densities. This can be explained by

the fact that loading the specimen along the machine direction, which has

the majority of fibers oriented in the same direction, accelerates reaching

the activation strain required to contribute to load transfer. In contrast,

for the CD configuration, lower percentages of fibers between 40% and 50

% are recruited, since most of the fibers are not aligned along the direction

of loading. Moreover, in the case of material 3, the difference between the

percentages of active fibers for the MD and CD directions is smaller than

in the other materials, indicating a lower degree of anisotropy for it.

Furthermore, the model offers predictive insights into the evolution of the

percentage of failed fibers during loading, considering both debonding

and breakage. As depicted in Figs. 11(b), 11(d), and 11(f), the total number

of failed fibers, encompassing both debonded and broken fibers, is higher

in the MD direction across all samples. Significantly, the simulations

show that paper fracture predominantly occurs due to debonding in both

the MD and CD configurations, with the count of broken fibers in the

CD being much lower than in the MD. This correlates with [81] findings,

indicating internal delamination as the primary failure mode in CD-tested

samples, further supporting our observation of fewer broken fibers in the

CD as compared to the MD.

Figure 12 illustrates the probability distribution of the mean free length, λ,

and of the fiber failure strain, ϵf , in the CD direction for the three materials

herein analyzed. Material 3, characterized by the highest density, has a λ

distribution exhibiting a lower average value, indicating denser regions

near λmin. This implies that denser papers have a higher probability of

having λ close to zero and a lower probability of having large λ, resulting

in reduced porosity and enhanced strength, consistent with the maximum

tensile stress and maximum elongation at the peak point in Fig. 9. The

distribution of ϵf is influenced not only by the λ distribution but also
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Figure 11: a, c, and e: Percentage of active fibers during a uniaxial tensile
test of paper materials 1, 2, and 3 respectively. b, d, and f: Percentage of
failed fibers (debonded and broken) during loading for materials 1, 2, and 3,
respectively, for both the MD and CD directions.
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by the papermaking process. Surprisingly, materials 1 and 2, with simi-

lar densities, show distinct ϵf distributions, possibly attributed to layer

effects. Conversely, materials 1 and 3, despite having significantly dif-

ferent densities, exhibit similar ϵf distributions, likely due to their equal

thicknesses.

A crucial question arises concerning the observed changes in the slope

of the stress-strain curve in our model, given that we have considered a

linear constitutive relation for fibers, encompassing their elastic behavior.

To address this, we present the stress-strain curves of material 1 alongside

the percentage of failed fibers (the sum of debonded and broken fibers

shown in Fig. 11(b)) vs. strain in Fig. 13. This figure clarifies that the

alteration in the slope of the stress-strain curve in both MD and CD

directions is attributed to the increasing number of failed fibers beyond

certain strains. In the CD configuration, fibers begin debonding from a

strain of approximately 0.01 until the peak point. Subsequently, the slope

of failed fibers increases, signifying a significant decrease in the number

of fibers capable of bearing the load and, consequently, leading to the

observed post-peak behavior in the stress-strain curve. Interestingly, in

the MD direction, the number of failed fibers is initially lower than in the

CD configuration until the peak load. However, it significantly increases

afterward, surpassing the CD’s count, resulting in a sharp decline in the

MD stress-strain curve. This is due to the parameter ϵf which differs

between MD and CD directions because of variations in papermaking

conditions. These variations result in fibers being more brittle in the MD,

leading to have significantly higher percentage of broken fibers in the MD

compared to the CD.

An additional test under cyclic loading conditions with variable strain

amplitudes has been conducted to confirm some key assumptions of the

proposed model. The analysis of the cyclic stress-strain curves provide

the amount of recovered strain during unloading, see the sketch in Fig. 14

for its computation.
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(a) Material 1 (b) Material 1

(c) Material 2 (d) Material 2

(e) Material 3 (f) Material 3

Figure 12: a, c, e : Probability distribution of mean free length in materials
1, 2, and 3 respectively. b, d, f : Distribution of failure strain of fibers in the
cross-machine direction in materials 1, 2, and 3 respectively.

39



0 0.02 0.04 0.06 0.08 0.1

Strain (-)

0

10

20

30

40

50

S
tr

e
s
s
 (

M
P

a
)

0

10

20

30

40

50

60

%
 o

f 
fa

ile
d
 f
ib

e
rs

MD

CD

MD

CD

Figure 13: Experimental stress-strain curve of material 1, blue curves, accom-
panied by the corresponding failed fibers percentage relative to strain, red
ones, in the both MD and CD directions.

Figure 14: Measurement of the recovered strain from cyclic loading tests.
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Specifically, material 3 was tested both in the MD and CD directions by

applying uniaxial tensile loading to the samples until reaching prede-

termined strains, incrementally increased by steps of about 20% from

zero to the strain at the peak load. Subsequently, the samples underwent

unloading to zero load, followed by reloading. The results of these tests

are shown in Fig. 15(a). Based on the proposed model, at unloading we

expect to have an amount of recovered strain associated to the active fibers

that at the unloading strain had a linear elastical behaviour. On the other

hand, the amount of irreversible strain not recovered during unloading

is caused by those fibers that achieved debonding failure. Therefore, the

expected recovered strain provided by the model should be equal to:

ϵr = ϵun

(

Na

Nt

)

(2.11)

where ϵun is the strain at the point of unloading, Na is the number of

linear elastic active fibers at that point, and Nt is the total number of

fibers. The comparison between the expected (model predicted) recovered

strains and the experimentally observed recovered strains at different

levels of unloading strain is shown in Fig. 15(b). Remarkably, the results

demonstrate that the two set of data are closely aligned on the 45◦ line

shown in black, which implies that the model is accurately predicting

the amount of recovered strain measured in the experiments and, as

a consequence, it confirms the ability of the model to correctly predict

the evolution of active fibers with loading and the underlying model

assumptions.

2.4 Sensitivity analysis

To further assess the robustness of the developed statistical mechanics

model and further understand the effect of each model parameter, a

sensitivity analysis is herein put forward. It’s important to note that the

parameters employed in this analysis are specifically related to material

1, ensuring a focused examination of its sensitivity to variations in these

key factors.
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Figure 15: (a) Stress-strain curves from cyclic tests with variable amplitude
strain conducted on Material 3 in the MD and CD directions. (b) Expected
vs. and experimentally measured recovered strains at zero stress during
unloading.
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The first aspect investigated is the effect of randomness of the network for

the set of parameters identified in the previous section. As previously out-

lined, in fact, the proposed model involves the construction of networks

comprising fibers characterized by stochastic variations in length, orienta-

tion, and mean free path. The model is in fact not a pure cross-sectional

model, since the parameters include also the free segment length of the

fibers, which is an additional information relevant for this type of net-

works and includes longitudinal features of the network. This allows for a

more comprehensive analysis that acknowledges the non-affine behavior

introduced by phenomena like fiber recruitment and debonding failure

To evaluate the impact of this randomness, we repeated a series of 100

simulations by extracting the parameters of the fibers from the statistical

distributions in each run. Figure 16 presents the mean value of these

simulations (dashed line) accompanied by a shaded region representing

the standard deviation from the mean. Results show that the underlying

randomness of the network properties have a minimal influence on the

model outcomes due to the large size of the fibers accounted in the model.

Previous results in the literature [34] showed that the macroscopic me-

chanical behavior of paper is strongly influenced by the inter-fiber bond

strength and fiber elongation. To gain an insight into these effects, we

conducted simulations with three distinct values of ϵmax: 0.01, 0.015, and

0.022. High values of this parameter can be obtained by exerting a higher

pressure during wet pressing of paper, or by adding some chemical ad-

ditives to increase bonding during the production process. Simulation

results are shown in Fig. 17(a) and clearly demonstrate that the strength

of fiber-to-fiber bonds has a profound effect on the overall strength of

paper materials, without significantly altering the initial stiffness and the

ductility of the paper specimen. This result can be explained by the fact

that fibers requiring a higher strain to debond contribute more substan-

tially to the load-bearing capacity of the paper. Consequently, papers with

stronger inter-fiber bonds exhibit higher maximum forces at the point of

failure.

The influence of fiber elongation at failure, on the other hand, has been

analysed by simulating three networks with ϵf equal to 0.028, 0.04 and
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(a) Loading in the machine direction

(b) Loading in the cross-machine direction

Figure 16: Mean stress-strain diagram of 100 simulations (dashed line); the
shaded area represents the envelope related to the standard variation from
the mean value.
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0.06, while keeping other parameters constant. The outcomes of these

simulations shown in Fig. 17(b) pinpoint that this parameter has a strong

impact on paper ductility and also on the load-carrying capacity.

The mechanical properties of fibers, which eventually affect the fibers’

stiffness K in the present model, can be changed during paper-making

process by adding additives or in case of recycled fibers [82, 83, 84]. Re-

sults of simulations of fiber networks with different values of the Young’s

modulus equal to 11, 21, and 31 GPa are shown in Fig. 18(a). Stiffer

fibers result in networks with increased stiffness and also a higher peak

force. This outcome not only provides valuable insights into the underly-

ing mechanics of paper materials but also carries practical significance.

Specifically, it implies that according to [82], since recycled papers char-

acterized by enhanced fiber stiffness compared to the virgin one, could

possess the potential for greater mechanical robustness.

The role played by strain redistribution, which essentially means that

when one fiber of the simulated paper network fails some of its strain is

redistributed to its neighboring fibers, is herein analyzed. In the present

model, redistribution has been confined to the closest fiber neighbors, but

it could be extended to include a wider non-locality. Figure 18(b) shows

three force-displacement curves, each one representing a paper network

response under tensile loading with three different strain redistribution

factors r = 0.005, 0.08, and 0.2. Higher strain redistribution anticipates

the achievement of the peak load and, at the same time, it flattens the

curve before the softening branch.
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Figure 17: Effect of (a) inter-fiber bond strength, and (b) fiber elongation at
failure.
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Figure 18: Effect of (a) the Young’s modulus of fibers, and (b) strain redistri-
bution factor.
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Chapter 3

Nonlinear anisotropic
hypo-elastic continuum
models for paper materials
and their relation to
statistical micro-mechanics 1

One recent study on continuum modeling of paper materials is the work

presented in [86] which introduces an elasto-plastic model coupled with a

phase-field approach to simulate fracture in orthotropic paperboard. The

model effectively addresses the continuum representation of paper as an

orthotropic material, incorporating both ductility and fracture processes.

However, several research questions remain open, especially in relation to

model parameters identification. The internal length scale of phase field

fracture, for instance, should depend on the microstructural properties of

the cellulose fiber network, but no correlation is known at the moment.

Similarly, testing paper specimens in uniaxial tension under various load-

ing directions with respect to its material orientation often required the

1This chapter is based on our own publication Fallah, Lenarda, and Paggi [85].
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choice of different sets of elasto-plastic parameters, suggesting a potential

limitation for the model’s forecasting ability. Additionally, the complex-

ity of elasto-plastic models, particularly those incorporating phase-field

methods, necessitates tailored computational techniques, which are com-

putationally expensive. This underscores the need for continuum models as

simple as possible whose parameters can be directly related to microstructural

and morphological paper properties.

Moreover, the majority of current models primarily focus on uniaxial

stress states. Although they are undoubtedly important for standard

material testing, they do not fully represent the real-world loading condi-

tions of paper and packaging. Multiaxial stress states still remain largely

unexplored and their simulation would enable the development of digital

twin models for complex packaging design.

To address the above challenges, we propose an approximated formu-

lation for elasto-plasticity applicable to monotonic loading conditions

within the framework of nonlinear hypo-elasticity. Based on the evidence

that paper is made of random fibers not embedded into a matrix like

composite materials, and that uniaxial tensile tests reveal that failure of

the fibers is triggered by stretching along the direction of the maximum

principal strain, an anisotropic damage variable function of the maximum

principal strain, ϵ1, and its direction with respect to the mean fiber ori-

entation, ϕ, is proposed. This damage function is then used to degrade

the constitutive tensors of an orthotropic constitutive model and of a

simplified isotropic model with an effective elastic modulus function of ϕ.

We will show that the parameters of those continuum models can be fully

identified from uniaxial tensile tests on plain specimens. Their application

to biaxial stress states proves the validity of the initial assumption and

the reliability of the approach and its use in engineering practice.

3.1 Paper material modeling at the micro- and

macro-scales

At the micro-scale, the fibrous network can be explicitly modeled using

a statistical mechanics framework [59]. The orientation of a cellulose
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fiber can be defined by an angle α measured with respect to the x−axis

in the global reference frame shown in Fig. 19 and the fiber population

will have an average orientation angle µα. This is the result of the paper

manufacturing process, since the direction of machining/rolling (MD) is

aligning the majority of cellulose fibers in that direction. The orthogonal

direction is usually called cross-machining direction (CD). Fibers are then

cross-linked along several points, and this is crucial for their activation

during the loading process and their progressive failure. Curvy cellulose

fibers with a low degree of cross-linking are in fact progressively put

in tension and a certain amount of strain is spent to realign those fibers

along the direction of loading, a phenomenon that shares some similari-

ties with the recruitment of collagen fibers in biological tissues [87] and

that has been shown in [59] to occur also in low density paper where a

matrix embedding the fibers is absent. For higher strains, the mechanical

response becomes nonlinear and it is the result of a progressive failure of

the network through debonding of cross-linking between fibers, which

can anticipate or can be anticipated by fiber breakage. Both failure phenom-

ena tend to be driven by the direction where the principal strain is maximum and

strongly depend on the degree of fibers cross-linking.

As demonstrated in [59], the statistical mechanics approach can predict

the degradation of the uniaxial stress-strain response of paper samples in

the MD and CD directions. In Sec. 2.1 we recast the discrete fiber model in

[59] within a continuous probabilistic framework, to gain further insight

into material anisotropy and damage evolution. Moreover, the statisti-

cal mechanics model is exploited for the prediction of the mechanical

response of a representative volume element (RVE) of the continuum, to

be called by the macro-scale models at the material point level to provide

further insight into the failure mechanisms at the micro-scale.

At the macro-scale, the most general scenario for arbitrary boundary

conditions and geometry is a lack of symmetry (like in case of a hole or

any other geometrical feature that causes localized stress concentrations as

in the sketch on the left of Fig. 19). Therefore, the strain field is no longer

uniaxial and a nonuniform distribution takes place over the domain Ω.

This is evidenced by the maximum principal strain, ϵ1, whose value and
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Figure 19: Sketch illustrating a paper network occupying the domain Ω at the
macro-scale, with applied displacements on its boundaries and a nonuniform
strain field. In each material point, the micro-scale model includes the
information on the statistical distribution of fibers orientation.

direction change over the domain in Fig. 19. Consequently, the stress and

strain fields are inherently biaxial. At each material point, considering

the peculiar paper composition, the elastic response of the material is

anisotropic, and in particular orthotropic, being the mechanical properties

unique and independent in three mutually perpendicular directions, two

in the plane and one out-of-plane. As anticipated, in the engineering

practice, the machining direction (MD) and the cross-machining direction

(CD) are typically characterized in the laboratory through uniaxial tensile

tests. The MD direction is tested by aligning µα with the direction of

loading β, while the CD direction is tested by rotating µα by π/2 with

respect to the direction of loading.

At the continuum scale, damage and failure of paper has been promisingly

modeled in the literature using anisotropic elasto-plastic models coupled

with damage mechanics [48] or elasto-plastic formulations coupled with

phase field fracture [86]. Although they are potentially very accurate,

they are rather complex for the engineering practice. Moreover, the rela-
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tion between the constitutive parameters of such continuum models and

the morphological and mechanical features of the underlying network

material at the micro-scale is still an open question.

In Sec. 3.1.2 we propose new continuum formulations for paper damage

within the nonlinear elasticity framework, as a simpler yet effective com-

putational approach that simplifies elasto-plasticity and can be applied to

monotonic loading. In Sec. 3.1.3 we will make an attempt to establish the

relations between the macro-scale continua and the micro-scale statistical

mechanics model that can be called at each integration point to investigate

the response of the underlying RVE of paper.

3.1.1 Micro-scale statistical mechanics model

At the micro-scale, a network of cellulose fibers pressed and bonded

together to form a plane specimen of paper is considered. A micro-scale

statistical mechanics model can provide the response of a paper sample

tested under uniaxial tension, or can be invoked to predict the response

of a representative volume element (RVE) of paper in terms of principal

stress vs. principal strain. In this case, the RVE should have an out-of-

plane thickness t and should be of squared shape with lateral size δ large

enough to contain enough cellulose fibers to be statistically representative

of the whole paper [55]. Hence, since the statistical mechanics model is

conceived to predict uniaxial stress-strain relations, we assume that this

RVE is oriented along a local reference frame x1 − y1 − z, where x1 is

aligned along the axis of principal tensile strain, y1 is orthogonal to x1 in

the plane, and z is aligned with the out-of-plane direction. Moreover, a

fixed global reference frame x − y − z is introduced at the macro-scale

to define the average inclination of the fiber distribution, µα, and the

generic angle of inclination of a fiber, α. Hence, each fiber deviates from

the average angle by the quantity α− µα.

From the physical point of view, one can image that a cut of the RVE in

the direction y1 leads to i = 1, . . . , Nf fibers crossing that cross-section,

for each layer j = 1, . . . , Nl of fibers pressed together in the z−direction.

52



The total number of crossed fibers is given by N = NlNf , where:

Nf = ρcδ. (3.1)

Here, ρc represents the fiber density of a layer measured as the num-

ber of fibers cut by a straight cross-section, divided by the length of the

cross-section segment (number of fibers/length). This quantity can be

experimentally determined from paper surface images taken by a micro-

scope by counting fibers crossed by a line. The average width of fibers

cut by the above cross-section is called d, and its average thickness in the

z−direction is called tf . Hence, each fiber has an average cross-sectional

area A ∼ d tf , and an axial stiffness K = EfA, where Ef is Young’s

modulus of fibers. The exact shape of the cross-section is not needed in

the present model and it can be determined as a free parameter to fit the

experimental stiffness of a paper sample. The bending stiffness of a fiber is

assumed to be negligible for the type of paper herein analyzed. Therefore,

we implicitly assume that a single cellulose fiber primarily contributes to

stress transfer along its axial direction. The number of layers Nl in the

model can be estimated as:

Nl =
t

dmax
(3.2)

where dmax denotes the maximum fiber width and t the paper sheet

thickness, that can be accurately deduced from the observation of the

paper surface.

The nonlinear response of the RVE is the result of the emergent response

of the ensemble of the individual behaviors of the cellulose fibers. In this

regard, consistent with the discrete statistical mechanics model in [59],

each fiber is assumed to contribute when its strain exceeds a threshold

value for recruitment, ϵr. Results in [59] have shown that the deformation

to realign curvy fibers to recover their straight configuration necessary

to achieve their full load carrying capacity has some analogies with the

response of fibrous collagen tissues [87]. This can relevant for low density

paper materials or for tissues produced by electrospinning that do not

possess any matrix embedding the fibers. For dense fibrous papers, ϵr

becomes smaller and smaller up to becoming negligible.
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The fiber responds linearly elastically to the applied axial strain, up to

reaching a level (failure strain ϵf ) which is the minimum between the

strain for debonding of its cross-links, and the strain for fiber breakage.

Here, we remark that those quantities may depend on the direction of

loading with respect to the orientation of the fibers, due to manufacturing

reasons. Hence, it is convenient to define the angle ϕ as follows:

ϕ = α− β, (3.3)

where β is the direction of the principal strain ϵ1 computed with respect

to the global reference system O − x− y. We also introduce an average

angle ϕ for the RVE computed as:

ϕ = ⟨α⟩ − β = µα − β, (3.4)

where the operator ⟨·⟩ denotes an ensemble average of the fiber orienta-

tions, which is giving the expected mean value µα of the fiber orientation

distribution.

Each fiber is assumed to respond with an axial force proportional to its

axial stretch within the limits ϵr ≤ ϵ < ϵf :

f =

⎧

⎪

⎨

⎪

⎩

0, if ϵ < ϵr

Kϵ, if ϵr ≤ ϵ < ϵf

0, if ϵ ≥ ϵf
(3.5)

where, as we will discuss in the sequel, it is important to consider ϵr and

ϵf not constant but variable from fiber to fiber as a result of the paper

production process. The axial strain acting on a fiber, ϵ, is related to the

applied maximum principal strain ϵ1 and to the cosine of the fiber angle

ϕ:

ϵ = ϵ1 cos(ϕ) = ϵ1 cos(α− β). (3.6)

The reacting force of the cellulose fiber along the x1−axis is computed by

projecting f from the axial direction of the inclined fiber to the direction

defined by the principal axis x1, that is:

F = f cos(ϕ) =

⎧

⎪

⎨

⎪

⎩

0, if ϵ < ϵr

Kϵ1 cos
2(α− β), if ϵr ≤ ϵ < ϵf

0, if ϵ ≥ ϵf
(3.7)

54



The micromechanical model is therefore predicting the average stress

σ1 of the RVE subject to ϵ1 through the computation of the total load in

response to ϵ1 as the integral of the fiber force F multiplied by the joint

probability density function (PDF) of the multivariate distribution related

to the probability of finding a fiber with a given orientation α and a mean

free path or free segment length λ, multiplied by the number N of fibers

along the cross-section and divided by the nominal cross-section area δt:

σ1 =
N

δt

∫ π/2

α=−π/2

∫ λmax

λ=λmin

F p(α, λ) dα dλ (3.8a)

=
ρc

dmax

∫ π/2

α=−π/2

∫ λmax

λ=λmin

F p(α, λ) dα dλ. (3.8b)

The parameter λ defines the average distance measured along the cellulose

fiber between two subsequent bonds [74], is related to the degree of cross-

linking, and it can be assessed experimentally from the visual inspection

of the paper surface with a microscope.

According to [59], λ is responsible for the values of ϵr and ϵf :

ϵr = ϵrmax

(

λ− λmin

λmax − λmin

)

, λmin ≤ λ ≤ λmax, (3.9a)

ϵf = min

{

ϵd
(

λavg

λ

)

, ϵb
}

, λmin ≤ λ ≤ λmax, (3.9b)

where ϵrmax is the maximum value of the activation strain for the non-

straight fibers (achieved for λ = λmax). The parameter λavg is the average

mean segment length estimated from confocal microscopy images by

dividing a fiber length by the number of bonds observed along its length,

and averaging over a statistically representative number of fibers. The

parameters λmax and λmin correspond to the maximum and minimum

distances between two adjacent bonds within the network. As previously

anticipated, ϵd and ϵb are not constant but do depend on the angle ϕ as

a result of the manufacturing process which is leading to an anisotropic

response of fiber failure. Equation (3.9b) implies that fibers having λ <

λavg may have breakage occurring before debonding, and this is physically

motivated by their strong cross-linking that make them stiffer and, under
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an applied strain, easier to reach their strength. On the other hand, fibers

having λ > λavg are more likely to fail due to cross-linking debonding

rather than breakage.

This joint PDF p(α, λ) is difficult to determine in closed form, since it

involves the interdependencies between geometrical features that are

intrinsic properties of the fiber network resulting from the production pro-

cess, and cannot be estimated from testing of individual fibers. However,

a reasonable approximation is to consider the two variables α and λ as

statistically independent, which simplifies the expression of the PDF as:

p(α, λ) = pα(α)× pλ(λ). (3.10)

In this case, pα(α) can be determined from the statistical analysis of

the inclination of fibers on the surface of paper sheets, and it can be

reasonably well represented by a truncated Gaussian distribution centered

in 0 as proposed in [59], as an alterative to von Mises or wrapped Cauchy

distributions used in [79]:

pα(α) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

1

σα

√
2π

exp

[

−1

2

(

α− µα

σα

)2
]

σα

[

Φα

(

π/2

σα

)

− Φα

(−π/2
σα

)] , if − π

2
≤ α ≤ π

2

0, otherwise

(3.11)

where Φα is the cumulative function of the standard Gaussian PDF and

σα is the standard deviation that is approximately equal to 1 to have about

20% of fibers oriented at α = π/2 as reported in [79].

Moreover, according to [74], λ is typically distributed according to a

truncated exponential distribution:

pλ(λ) =
λavg exp

(

− λavgλ
)

exp
(

− λavgλmin

)

− exp
(

− λavgλmax

) , λmin ≤ λ ≤ λmax.

(3.12)

Therefore, the final expression for the average traction σ1 reads:

σ1 =
ρc

dmax

∫ π/2

α=−π/2

∫ λmax

λ=λmin

F pα(α) pλ(λ) dα dλ. (3.13)
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The integrals that provide the expected axial force acting along the axis x1

in response to ϵ1 cannot be solved in closed form, but can be efficiently

addressed numerically. Following the methodology proposed in [59], inte-

grals are transformed into discrete sums applied to a randomly generated

population of fibers (i, j) with i = 1, . . . , Nf and j = 1, . . . , Nl extracted

from the prescribed PDFs. This approach leads to a kind of fiber-bundle

model with all the inherent stochastic features, where the continuous vari-

ables α, λ, ϕ and the functions ϵ, f and F are also discretized. In addition

to pure cross-sectional information, the model incorporates important

longitudinal information on the fiber network through the mean free path

λ of each fiber, which is a crucial aspect for cellulose paper materials.

An approximate estimation of the relation between σ1 and ϵ1 in the linear

elastic regime can be obtained by assuming ϵr = 0 and considering a

maximum strain such that it does not lead to fiber debonding or breakage

of any fiber. Therefore, in this case, the integrand F becomes dependent

only on α and
∫

pλ(λ)dλ = 1 can be factorized:

σ1 =
Kρc
dmax

ϵ1

∫ π/2

−π/2

cos2(α− β) pα(α)dα. (3.14)

If we consider the material oriented such that µα = 0 and if paper is

loaded in the direction β = 0, then we are testing the MD direction and

the numerical integration carried out with a Gaussian quadrature formula

leads:

σ1 =
Kρc
dmax

ϵ1

∫ π/2

−π/2

cos2(α) pα(α)dα = 0.613
Kρc
dmax

ϵ1 = EMD ϵ1, (3.15)

where the multiplicative coefficient between ϵ1 and σ1 gives an estimate of

the elastic modulus EMD. Following a similar procedure, setting β = π/2,

we assess the elastic modulus of paper in the cross-machining direction

CD:

σ1 =
Kρc
dmax

ϵ1

∫ π/2

−π/2

cos2(α− π/2) pα(α)dα

=
Kρc
dmax

ϵ1

∫ π/2

−π/2

sin2(α) pα(α)dα =
0.386Kρc

dmax
ϵ1 = ECD ϵ1.

(3.16)
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As an interesting result, this provides a rough estimate of the degree

of anisotropy through the ratio ECD/EMD ≃ 0.386/0.613 ∼= 0.6, under

the simplification of negligible cross-linking effects and within the linear

elastic regime.

3.1.2 Macro-scale nonlinear hypo-elastic continuum mod-
els

A nonlinear hypo-elastic continuum mechanics framework is herein pro-

posed to simulate the behaviour of paper materials at the macroscale,

accounting for the key nonlinear features observed in experiments, as a

simplified, yet accurate, alternative for monotonic loading to elasto-plastic

formulations.

Hypo-elasticity is used to model materials that exhibit nonlinear, but

reversible, stress-strain behavior even at small strains. Its most common

application is in the so-called ‘deformation theory of plasticity’, which

is an approximation of the behavior of metals loaded beyond the elastic

limit. A hypo-elastic material deforms reversibly and the strain in the

specimen depends only on the stress applied to it, while it does not

depend on the rate of loading or the history of loading [88][Ch. 3.3].

Stress is a nonlinear function of strain, even when strains are small, which

is a situation observed in paper materials which show a nonlinear stress-

strain curve as a result of the progressive failure of cellulose fibers.

Here, we extend the basic isotropic formulation of a hypo-elastic material

in [88][Ch. 3.3] to the anisotropic case, to capture the observed directional

dependence of the mechanical properties of paper [89].

Paper is essentially an orthotropic material, whose constitutive relation is:

C =
1

1− νxyνyx

⎡

⎣

Ex νxyEy 0
νyxEx Ey 0

0 0 (1− νxyνyx)G

⎤

⎦ , (3.17)

where νyxEx = νxyEy for symmetry considerations. Introducing ν =
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√
νxyνyx as in [90], we can also use the following equivalent expression:

C =
1

1− ν2

⎡

⎢

⎢

⎢

⎢

⎢

⎣

Ex ν

√

Ey

Ex
Ex 0

ν

√

Ex

Ey
Ey Ey 0

0 0 (1− ν2)G

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (3.18)

Here, Ex and Ey can be conveniently defined by setting a reference frame

such that the x direction coincides with the MD direction and the y di-

rection coincides with the CD direction, which is the case corresponding

to µα = 0. For any rotation of the fiber distribution µα, the constitutive

tensor is computed as:

C∗(µα) = R(µα)C(µα = 0)R′(µα), (3.19a)

R(µα) =

⎡

⎢

⎣

cos2(µα) sin2(µα) sin(2µα)
sin2(µα) cos2(µα) − sin(2µα)

−1

2
sin(2µα)

1

2
sin(2µα) cos2(µα)− sin2(µα)

⎤

⎥

⎦
. (3.19b)

We suppose now that the material undergoes damage as a result of stretch-

ing in the direction where the tensile strain is maximum, and we make

the fundamental assumption that the maximum principal strain ϵ1 in a

point is the driving parameter for an anisotropic damage variable d(ϵ1, ϕ).

This assumption will be eventually tested in the validation section 3.1.3.

The angle β, in the context of the continuum model, is the angle corre-

sponding with the direction of the maximum principal strain. Based on

these assumptions, we define the anisotropic damage variable function of

ϵ1 and ϕ as:

d(ϵ1, ϕ) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0, ϵ1 < ϵy

a(ϕ)

[

ϵ1 − ϵy(ϕ)
]n(ϕ)

ϵ1
, ϵy ≤ ϵ1 < ϵc1

0.99, ϵ1 ≥ ϵc1

(3.20)

where the last condition has been introduced to avoid ill-conditioning

when the material is fully damaged. Therefore, for ϵ1 < ϵy, no damage
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develops, and afterwards damage builds up according to the above power-

law equation. Consequently, the damaged constitutive tensor is computed

as:

C∗

d(µα, ϵ1, ϕ) = (1− d)C∗. (3.21)

In absence of body forces, the strong form of equilibrium for a body oc-

cupying the domain Ω is governed by the linear momentum equation,

accompanied by the Dirichlet and Neumann boundary conditions speci-

fied on ∂ΩD and ∂ΩN , respectively, as follows:

∇ · σ = 0, in Ω (3.22a)

u = uD, on ∂ΩD (3.22b)

σ · n = tN , on ∂ΩN (3.22c)

where σ = C∗

d ϵ in the Voigt notation, uD denotes the imposed dis-

placement, n is the outward unit normal vector on ∂ΩN , and tN is the

corresponding applied normal traction vector.

The weak form of the differential problem in (3.22) is obtained by virtue

of the Principle of Virtual Work:

∫

Ω

ϵ
′(v)C∗

d ϵ(u) tdΩ−
∫

∂ΩN

tN v tdΓ = 0, (3.23)

where t is the sheet thickness and ϵ(u) = (∂ux/∂x, ∂uy/∂y, ∂ux/∂y +

∂uy/∂x)
′ and ϵ(v) = (∂vx/∂x, ∂vy/∂y, ∂vx/∂y + ∂vy/∂x)

′ represent, re-

spectively, the strain vectors associated with the real and the virtual dis-

placement fields u = (ux, uy)
′ and v = (vx, vy)

′. The apostrophe symbol

(′) denotes the transpose of vectors and matrices.

Equation (3.23) is discretized within the finite element method to obtain a

set of algebraic equations:

∫

Ω

(1− d)B′ C∗ Bdu tdΩ−
∫

∂ΩN

tN N tdΓ = 0, (3.24)

where the relations ϵ(u) = Bdu, ϵ(v) = Bdv, u = Ndu and v = Ndv

have been introduced, being du and dv the vectors containing the real

and the virtual nodal displacements, B the matrix operator containing the

60



derivatives of the shape functions, and N the matrix of the shape functions,

to be specialized according to the chosen finite element topology.

Due to the nonlinearity introduced by the degradation function, a nonlin-

ear solution scheme has to be invoked. Introducing the Newton-Raphson

implicit algorithm, we write the residual vector at the iteration k + 1 as:

pk+1 = pk +

(

∂p

∂du

)

k

∆du

k+1 = 0, (3.25a)

pk =

∫

Ω

(1− dk)B′C∗Bdu

k tdΩ−
∫

∂ΩN

tN N tdΓ, (3.25b)

(

∂p

∂du

)

k

=

∫

Ω

(1− dk)B′C∗B tdΩ

−
∫

Ω

[

∂dk

∂ϵ1

∂ϵk1
∂ϵ

+
∂dk

∂ϕ

∂ϕ

∂ϵ

]

∂ϵ

∂du

du

k (B′C∗B) tdΩ.

(3.25c)

The solution of the linearized set of equations (3.25) provides the in-

crement ∆du

k+1 to update the solution vector at the next iteration,

du

k+1 = du

k + ∆du

k+1. The algorithm proceeds with a rate of con-

vergence at most quadratic until the norm of the correction ∥∆du

k+1∥ is

less than a user-defined tolerance.

The non-standard terms in square brackets in Eq.(3.25c) evaluated at the

previous iteration k, multiplied by ∂ϵ/∂du = B and du

k give a scalar

coefficient pre-multiplying the standard stiffness matrix B′C∗B and, for

the range ϵy ≤ ϵ1 < ϵc1, the terms are not vanishing and are computed

according to the following relations:

∂d

∂ϵ1
= a(ϕ)

ϵ1n(ϕ)[ϵ1 − ϵy(ϕ)]
n(ϕ)−1 + [ϵ1 − ϵy(ϕ)]

n(ϕ)

ϵ21
, (3.26a)

∂ϵ1
∂ϵ

=

(

∂ϵ1
∂ϵx

,
∂ϵ1
∂ϵy

,
∂ϵ1
∂ϵxy

)

, (3.26b)

∂d

∂ϕ
=

∂a

∂ϕ

d

a
+ d

⎛

⎜

⎜

⎝

−
n
∂ϵy

∂ϕ

(ϵ1 − ϵy)
+

∂n

∂ϕ
log(ϵ1 − ϵy)

⎞

⎟

⎟

⎠

, (3.26c)

∂ϕ

∂ϵ
=

(

∂ϕ

∂ϵx
,
∂ϕ

∂ϵy
,
∂ϕ

∂ϵxy

)

. (3.26d)
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where ϵ1 and ϕ are evaluated based on strains at the iteration k as:

ϵ1 =
ϵx + ϵy

2
+

√

(

ϵx − ϵy
2

)2

+ (ϵxy)
2
, (3.27a)

ϕ = µα − β = µα −
1

2
tan−1

(

2ϵxy
ϵx − ϵy

)

. (3.27b)

A simpler yet quite accurate solution can also be obtained by treating the

damage function explicitly, that is, by computing the damage function d

from a previous pseudo-time step, which renders the problem linear. Of

course, small load increments have to be used.

A second nonlinear continuum model is now proposed, where the consti-

tutive tensor is approximated with an isotropic expression with a constant

Poisson ratio ν and an elastic modulus E function of ϕ in the material

point, and degraded according to the same anisotropic damage func-

tion d(ϵ1, ϕ) as before. Building on this formulation, for 2D plane stress

conditions we redefine C∗ as:

C∗ =
E(ϕ)

1− ν2

⎡

⎣

1 ν 0
ν 1 0
0 0 (1− ν)/2

⎤

⎦ , (3.28)

so that C∗

d = (1− d(ϵ1, ϕ))C
∗. Therefore the weak form and its discretiza-

tion in Eqs. (3.23) and (3.24) still hold. The linearization of the residual

vector in Eq.(3.25c) presents and additional term due to the dependency

of E upon ϕ:

(

∂p

∂du

)

k

=

∫

Ω

(1− dk)B′C∗B tdΩ

−
∫

Ω

[

∂dk

∂ϵ1

∂ϵk1
∂ϵ

+
∂dk

∂ϕ

∂ϕ

∂ϵ

]

Bdu

k (B′C∗B) tdΩ

+

∫

Ω

(1− dk)

Ek

∂Ek

∂ϕ

∂ϕ

∂ϵ
Bdu

k (B′C∗B) tdΩ

(3.29)

with the derivatives given again by Eqs. (3.26) and C∗ evaluated as a

function of Ek.
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It should be emphasized that the present homogenization strategy rep-

resents a reduced-order approximation of the fibrous network response.

More advanced approaches based on representative volume elements

(RVE) combined with periodic boundary conditions could provide a more

rigorous evaluation of the effective constitutive behavior by explicitly

resolving the network topology and local microstructural interactions.

However, such formulations generally involve significantly higher com-

putational cost and greater implementation complexity. In the present

work, the adopted continuum formulation was intentionally developed

as a computationally efficient framework aimed at reproducing the global

tensile response of paper materials while maintaining a limited number

of model parameters. Therefore, the proposed approach represents a

compromise between physical accuracy and computational efficiency.

Furthermore although paper exhibits an inherently anisotropic fibrous

microstructure, the isotropic constitutive tensor adopted in the present

formulation represents a simplified continuum approximation intended

to isolate the role of the degradation mechanism governed by the max-

imum principal strain and its orientation relative to the average fiber

direction. This choice was motivated by the excellent predictive capability

previously demonstrated by the statistical micro-mechanics model under

uniaxial loading conditions, despite its reduced uniaxial nature. More-

over, unlike classical composite materials, paper consists of a random

network of interacting cellulose fibers without a continuous matrix phase,

such that the dominant failure mechanisms are strongly associated with

the principal tensile deformation direction. The isotropic approximation

therefore allows a reduced and computationally efficient continuum rep-

resentation while still retaining the directional dependence through the

degradation law.

3.1.3 Relation between the continuum and the statistical
micromechanics models

To investigate the relation between the two macro-scale continuum mod-

els and the micro-scale statistical mechanics approach, we exploit uniaxial
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tensile tests where the response of the three models reduces to the scalar

relation σ = C∗

dϵ, where C∗

d is the (1,1) component of the constitutive

tensor.

Benchmark experimental results have been obtained by pursuing the

approach recently proposed in [59], where an experimental setup that

combines a micromechanical tensile stage (DEBEN) with a confocal mi-

croscope (Leica DCM3D) is exploited to perform in-situ uniaxial tensile

tests on paper samples. This setup allows for real-time mechanical test-

ing while capturing high-resolution microstructural details, enabling the

identification of key microstructural parameters. Utilizing this setup, we

conducted uniaxial tensile tests on rectangular plain paper samples of

B × L× t dimensions, where B = 20 mm represents the width, L = 33.1

mm the span, and t = 0.2 mm the thickness of the samples. The tested pa-

pers had a density of 1230 kg/m3. To capture the anisotropic mechanical

response, a series of samples have been cut under different orientations

with respect to the machining direction. Testing these samples under

uniaxial tension allows determining the force-displacement curves that

can be converted into stress-strain curves as customary.

Morphological parameters required by the application of the statistical

micro-mechanics model have been deduced from confocal images of the

paper surface, see Fig. 20 that shows a portion of a paper specimen

captured using the 20× magnification, with an image size of 637 × 477

µm. The count of the visible cellulose fibers crossing an exemplary cross-

section (depicted by the red line of length 477 µm) is 28, resulting in a

fiber density ρc = 28/477 = 0.0587 fibers/µm. We also reported 6 layers

of fibers through the thickness with a value of dmax = 39.2 µm and a total

of N = 1174× 6 = 7044 fibers.

In addition to the fiber width measurements, the minimum, maximum

and average free segment lengths have been quantified as λmin = 6 µm,

λavg = 37 µm, and λmax = 187 µm. The other parameters for the micro-

scale statistical mechanics model, including the average cross-sectional

area of fibers, A = 230 µm2, and the root mean square of the fibers

orientations, σα = 1 have been taken from the literature [34, 79].

The experimental uniaxial stress-strain curves performed under the condi-
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Figure 20: Confocal microscope image of a paper sample with ρ = 1230
kg/m3 at 20× magnification, showing a random arrangement of cellulose
fibers. The red line shows the exemplary cross-section used for computations
of the morphological parameters of the micro-mechanical model.

tion β = 0 (imposed displacement along the x-direction) and for µα = 0,

π/12, π/6, π/4, π/3, 5π/12, and π/2 are shown in Fig. 21(a) for the tested

values of ϕ = µα − β = µα. The experimental values of C∗

d in the experi-

ments have been computed from the tangent to the stress-strain curves

in the linear elastic regime in the range 3× 10−3 < ϵ < 6× 10−3, see the

linear red curves superimposed to the experimental data in Fig. 21(b).

In terms of mechanical quantities, the application of the micro-mechanical

model required the identification of the Young modulus of the fibers, Ef ,

the maximum activation strain ϵr, the parameter ϵd for the distribution

of fiber debonding strains, and the fiber breakage strain, ϵb. A very good

agreement between experiments and micro-mechanical predictions has

been achieved by setting constant values of Ef = 22 GPa and ϵr = 0.002,

see Fig. 22(a). The micromechanical model predicts also the evolution of

fiber failure, see Fig.22(b).

On the other hand, we found that ϵd and ϵb have to be considered functions

of ϕ, see Fig. 23. Quadratic equations have found to optimally interpolate
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(a) Experimental results

(b) Tangent elastic moduli

Figure 21: Experimental stress-strain curves from uniaxial tensile tests on
plain samples, for different misalignment angles ϕ from 0 to ϕ/2.
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(b) Predicted evolution of fiber failure

Figure 22: Comparison between experimental results (dashed lines) and
predictions by the micromechanical model (solid lines) for uniaxial tensile
tests on plain samples and different misalignment angles ϕ from 0 to π/2.
The model is also predicting the evolution of fiber failure, Fig. 22(b).
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the identified data:

ϵd(ϕ) = 0.0059ϕ
2 − 0.0165ϕ+ 0.022, (3.30a)

ϵb(ϕ) = 0.008ϕ
2
+ 0.0019ϕ+ 0.022. (3.30b)

Figure 23: Identified fiber failure parameters as a function of the misalign-
ment angle ϕ. The fiber debonding strain is computed as the product between
ϵd and (λ/λavg) as per Eq. (3.9b). Therefore, fibers with high cross-linking
may have a debonding strain lower then ϵb, especially for low ϕ.

A summary of the identified parameters entering the statistical microme-

chanics model is provided in Tab.5. The agreement between model pre-

dictions and experimental results in Fig. 22 is very good and the model

provides interesting information on the evolution of fiber failure, with the

percentage of fibers broken, debonded, and the total percentage as shown

in Fig. 22(b).
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Parameter Value
ρ 1230 kg/m3

ρc 0.0587 fibers/µm
dmax 39.2 µm
λmin 6 µm
λavg 37 µm
λmax 187 µm
µα variable from 0 to π/2
σα 1
A 230 µm2

ϵd(ϕ) see Eq.(30a)
ϵb(ϕ) see Eq.(30b)

Table 5: Identified parameters of the statistical micromechanics model.

The parameters of the two continuum models for macro-scale modeling

have also been identified by matching the same experimental stress-strain

curve from uniaxial loading. Therefore, these elastic parameters should

be interpreted as effective continuum properties of the fibrous network

rather than as the intrinsic mechanical properties of individual cellulose

fibers. Consequently, they implicitly account for the influence of network

porosity, inter-fiber bond compliance, and other microstructural effects

that are not explicitly resolved within the homogenized formulation.

For the orthotropic model with anisotropic damage evolution, we set

Ex = 4.4 GPa and Ey = 2.4 GPa corresponding to the elastic modulus

of paper in the MD and in the CD directions, respectively; ν = 0.25, and

G =
√

ExEy/[2(1 + ν)]. The value of ν = 0.25 is not far from 0.293, a

value reported in [90] and obtained from experimental tests on paper

under different relative humidity and paper quality.

The coefficients of the constitutive tensor, and in particular C∗(µα) in

position (1,1) relevant for the uniaxial tensile tests, are automatically

derived by the application of the rotation matrices corresponding to each

test case characterized by a different value of µα from 0 to π/2 according to

Eq.(3.19a). The identified damage model parameters are collected in Tab.

6. The variation of strain ϵy may be attributed to the shear strain acting

on the fiber lateral surface caused by friction, since the shear component
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promotes yielding in the J2 plastic model. The role of friction is expected

to become even more important in case of low density fibrous materials

like those produced by electrospinning, demanding for further research

in this direction. While ϵy has a random trend around an average value

of ϵavgy = 0.0056, all the dependencies of the other parameters upon ϕ are

well approximated by linear relations:

E(ϕ) = −1.274ϕ+ 4.40, (3.31a)

a(ϕ) = −0.382ϕ+ 1.80, (3.31b)

n(ϕ) = −0.089ϕ+ 1.25. (3.31c)

ϕ = 0 π/12 π/6 π/4 π/3 5π/12 π/2
ϵy (−) 0.0068 0.0066 0.0053 0.0053 0.0048 0.0045 0.0058

a 1.8 1.7 1.6 1.5 1.4 1.3 1.2
n 1.25 1.23 1.20 1.18 1.16 1.13 1.11

E (GPa) 4.4 4.07 3.73 3.40 3.07 2.73 2.40

Table 6: Identified parameters for the orthotropic model with anisotropic
damage (first three rows), plus the value of E(ϕ) used for the isotropic model
with anisotropic damage.

The predictions of the two continuum models and the experimental results

are compared in Fig. 24. Simulations have been stopped in correspon-

dence of the onset of material failure d ∼ 1. The agreement of both models

is pretty good, and the simplified model demonstrates that the introduced

assumptions do not compromise the accuracy of the simulations.

Focusing on the linear elastic regime, we compare the three models in

terms of elastic stiffness C∗

1,1 for different values of ϕ in Fig. 25. Exper-

imental data are also shown with dots and correspond to the tangent

elastic moduli determined from Fig. 21(a) and graphically shown in

Fig. 21(b). The micro-scale model, using the values ρc, K = EfA, and

dmax identified from images and literature, leads to the blue curve which

slightly overestimates the experimental data. Its variability with respect

to ϕ is a straightforward result of the term cos2(ϕ) of the formulation.

The orthotropic macro-scale continuum model with anisotropic damage,

using C∗

1,1 = 4.4 GPa for the elastic modulus in the MD direction (ϕ = 0)
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(b) Isotropic model with anisotropic damage

Figure 24: Comparison between experimental results (dashed lines) and
predictions by the macro-scale continuum models (solid lines).
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and C∗

2,2 = 2.4 GPa for the elastic modulus in the CD direction (ϕ = π/2),

leads to the black curve in Fig. 25. The intermediate values of C∗

11(ϕ)

for 0 < ϕ < π/2 are given as a straightforward result of the application

of the rotation matrices R. For the isotropic continuum model with the

anisotropic damage law, a linear dependence between C∗

11(ϕ) = E(ϕ) and

ϕ has been found optimal in an average sense, see the red line in Fig. 25.

Figure 25: Comparison of C∗

11(ϕ) vs. ϕ for the three models with experi-
ments.

To exploit the macro-scale continuum models in conjunction with the

micro-scale statistical approach with the aim to acquire additional infor-

mation on the statistics of fiber failure at any point of the domain, the

following procedure has to be executed. Considering a paper domain

with a distribution of fibers with an average angle µα, the boundary value

problem is solved according to one of the continuum models that de-

termine, for each point of the domain, the displacement field and the

strain field. The maximum principal strain ϵ1 and its direction β are

then computed from the strain field. Using these values, the statistical

micromechanics model whose parameters have been identified in this

section is called to compute the statistics of fibers failure. This can be done

even for the points of interest in the material, where ϵ1 is high and the
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micromechanical model can provide detailed information on the fibers

response that is not provided by the continuum approach.

3.2 Models validation for biaxial plane stress

states

With the above models available, we proceed to analyze problems subject

to biaxial plane stress states. The continuum formulations have been

implemented within the FreeFem++ software [91], discretizing the con-

tinuum with quadratic triangular elements. No mesh dependencies have

been identified in the simulations carried out up to the peak loads.

For this purpose, we considered paper samples made of the same material

as in Sec. 3.1.3 and perforated by an eccentric hole of diameter D = 5.4

mm, 9.8 mm distant from the left boundary, see the sketch in Fig. 26.

The samples have been cut from a paper sheet under three different

inclinations µα = 0, µα = π/4 and µα = π/2. The boundary conditions

are an imposed displacement u increasing from zero up to failure with

a loading rate of 0.5 mm/min. In this case, the principal strain ϵ1 is no

longer uniform and changes from point to point, especially in proximity

of the circular hole, that is, ϕ(x, y) = µα − β(x, y).

The numerical predictions of the continuum models (solid lines) are com-

pared with the experimental results (dashed lines) in Fig. 27. The linear

elastic part of the force-displacement curves is well predicted. The models

are also able to capture the maximum load. After that, simulations present

a drop caused by the progressive vanishing stiffness of finite elements.

The isotropic model with an effective elastic modulus linear function of ϕ

returns to be very accurate.

The contour plots of the maximum principal strain are shown in Fig.28

in correspondence to the maximum loads in Fig.27, just before the onset

of failure. The photos of the specimens at failure are shown in the same

figure to the right panels. The maximum values of ϵ1 in the contour plots

correspond to the three values of ϵ1(ϕ) that lead to the critical condition

d ∼= 1 for the examined cases.

To further validate the model, we conducted another set of tensile tests on
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Figure 26: Schematic representation of paper samples with an eccentric hole.
The fibrous cellulose network has a mean orientation µα defined as in the
sketch.

paper samples with a semi-circular hole on the edge of diameter D = 5.4

mm, see the sketch in Fig. 29. These samples have been also tested

considering three different fiber orientation angles, µα = 0, µα = π/4 and

µα = π/2, under the same loading conditions as in the previous example.

Figure 30 shows the comparison between the numerical predictions of the

two continuum models (solid lines) and the experimental results (dashed

lines). As in the previous validation, both models capture the force-

displacement curves and effectively predict the maximum load carrying

capacity, again with the simplified isotropic model providing the most

accurate predictions. The contour plots of the maximum principal strain

ϵ1 at the peak load predicted by the continuum models are shown in Fig.

31, along with the corresponding photos of specimens at failure.

The application of the statistical micromechanical model at the points

subject to the maximum principal tensile strain leads to further informa-

tion on the percentage of debonded and broken fibers in the RVE in the

point that is not available from the continuum simulations and that are

particularly interesting from the technical viewpoint.

Specifically, we found in the two test cases for µα = 0 that 25% of the

fibers were debonded and 39% were broken; for µα = π/4, 38% of the
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(b) Isotropic model with anisotropic damage

Figure 27: Force-displacement curve for the test in Fig.26. Solid curves refer
to continuum models predictions and dashed curves to experimental results.
Three angles µα have been tested.
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(a) µα = 0, model 1 (b) µα = 0, model 2 (c) Photo at failure

(d) µα = π/4, model 1 (e) µα = π/4, model 2 (f) Photo at failure

(g) µα = π/2, model 1 (h) µα = π/2, model 2 (i) Photo at failure

Figure 28: Contour plots of the maximum principal strain ϵ1 at the maxi-
mum load, for the three samples tested under different ϕ and for the two
continuum models (model 1: orthotropic model with anisotropic damage;
model 2: isotropic model with anisotropic damage. The maximum value of
ϵ1 in each plot corresponds to the critical value for d ∼= 1 in each case.
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Figure 29: Schematic representation of paper samples with an external hole.
The fibrous cellulose network has a mean orientation µα defined as in the
sketch.

fibers were debonded, and 21% were broken; for µα = π/2, 36% of the

fibers were debonded, and 9% were broken. These results indicate that,

for µα = 0, the fibers in the RVE are almost aligned with the loading direc-

tion and experience the highest strain at each loading step, substantially

increasing the number of broken fibers as compared to the other values of

µα. Moreover, as a result of the machine pressure applied in the same di-

rection during the papermaking process, the fiber bonds are stronger than

in the other directions and the ratio between broken fibers and debonded

ones is the highest. The opposite trend occurs for µα = π/2, where the

bonds are inherently weaker due to the manufacturing process and the

highest percentage of debonded fibers is observed. Macroscopically, this

leads to two completely different mechanical responses terms of force-

displacement diagrams: the case with µα = 0 presents a lower deviation

from linearity and then a sudden catastrophic failure at the peak load,

with a sharp drop in the load carrying capacity due to extensive fiber

breakage. The case with µα = π/2 shows a progressive stiffness degrada-

tion caused by progressive fibers debonding and a smoother post-peak

77



0 0.2 0.4 0.6 0.8 1

 (mm)

0

20

40

60

80

100

120

140

160

F
 (

N
)

=0

= /4

= /2

(a) Orthotropic model with anisotropic damage
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Figure 30: Force-displacement curve for the test in Fig. 29. Solid curves refer
to continuum models predictions and dashed curves to experimental results.
Three angles µα have been tested.
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(a) µα = 0, model 1 (b) µα = 0, model 2 (c) Photo at failure

(d) µα = π/4, model 1 (e) µα = π/4, model 2 (f) Photo at failure

(g) µα = π/2, model 1 (h) µα = π/2, model 2 (i) Photo at failure

Figure 31: Contour plots of the maximum principal strain ϵ1 at the maxi-
mum load, for the three samples tested under different ϕ and for the two
continuum models (model 1: orthotropic model with anisotropic damage;
model 2: isotropic model with anisotropic damage. The maximum value of
ϵ1 in each plot corresponds to the critical value for d ∼= 1 in each case.
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branch. These findings highlight that fiber breakage dominates the failure

mechanisms for µα = 0, while the wider stiffness degradation is primarily

due to fibers debonding for µα = π/2.
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Chapter 4

Modeling and experiments
of filament-reinforced paper
for sustainable packaging

4.1 Reinforced gummed paper and its mi-

crostructure

Despite the growing industrial use of reinforced gummed papers, their

mechanical behavior remains poorly understood, particularly due to

its complex internal composition. In this section, we investigate the

internal structure of gummed paper using microscopic imaging, and

we characterize its mechanical response through uniaxial tensile tests,

aiming to provide insight into the underlying mechanisms governing its

performance.

To investigate the role of the reinforcing filaments, two square samples

with side length δ = 10 mm were cut from the same reinforced gummed

paper material: sample 1 from a region composed solely of the cellulose

paper layers without reinforcement; sample 2 from a region containing

the embedded reinforcement, see Fig. 32. This approach enables a direct

comparison of the mechanical response with and without the contribution

of the fiberglass filaments.
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To investigate the role of the reinforcing filaments, two types of specimens

were extracted from a commercial reinforced gummed paper. Rectangular

specimens of length 30 mm and base 10 mm were cut manually using

a sharp precision cutter to avoid damaging the embedded filaments or

disturbing the layered structure of the material. Samples were then placed

within a DEBEN tensile stage, clamping 10 mm of paper on both sides,

providing a free span δ = 10 mm for each sample, see Fig. 32.

The specimens were extracted from the same sheet but from different

regions: specimen 1 is related to a region composed solely of the cellulose

paper layers without reinforcement, while the specimen 2 is extracted

from a region containing the embedded reinforcement, perfectly aligned

in the middle of the specimen. Three replicas were considered for each

type of specimen. This enables a direct comparison of the mechanical

response of gummed paper with and without the contribution of the

fiberglass filament.

(a) Sample 1 (b) Sample 2

Figure 32: Reinforced gummed paper specimens. (a) Region without rein-
forcing filaments, consisting only of cellulose layers; (b) Region containing
an embedded fiberglass filament between the cellulose strips, visible in the
middle of the specimen.

To analyze the internal structure of the reinforced paper, confocal mi-

croscopy was employed to image both the through-thickness and in-plane

surfaces of the sample containing the embedded fiber. The confocal mi-
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croscopy observations were carried out using a Leica DCM3D confocal

microscope at 10× magnification, available in the MUSAM-Lab. The mi-

croscopy image of the surface from a region of the sample containing

reinforcing fibers, shown in Fig. 33(a), reveals only the network of cellu-

lose fibers and the reinforcing filaments are not visible. In contrast, the

cross-sectional view presented in Fig. 33(b) clearly shows the presence of

a reinforcing filament embedded between the two cellulose paper strips,

confirming the layered configuration of the material.

A single reinforcing filament used in reinforced gummed paper typically

consists of a bundle of fiberglass fibers twisted together into a single

thread. This structural detail is further confirmed by the surface topogra-

phy of the sample’s cross-section, acquired using the same Leica DCM3D

under confocal profilometer mode shown in Fig. 34, where multiple

fiberglass fibers are clearly identifiable by their circular cross-sections.

To quantify the impact of adding fiberglass filament to paper on the me-

chanical response, uniaxial tensile tests were performed on both samples

using the micro-mechanical tensile stage DEBEN available in the MUSAM

Laboratory at the IMT School for Advanced Studies Lucca. The tensile

load was applied along the x−axis, corresponding to the direction in

which the reinforcing fiberglass filament is embedded longitudinally in

the material. The specimens were clamped on both sides, with a grip sepa-

ration δ of 10 mm. The displacement loading rate was set to 0.1 mm/min,

to obtain quasi-static conditions, and the force data were recorded directly

from the loading cell of the equipment, for each imposed displacement.

Those data can be then transformed into stress-strain curves by diving

the force by the nominal cross-section area and the displacement by the

initial free span, as is customary.

Figure 35 shows a comparison of the stress–strain responses of the two

samples, highlighting the effect of the reinforcement. For each speci-

men type, three samples were tested. The blue curves correspond to the

non-reinforced specimens, while the red curves represent the fiberglass-

reinforced specimens; different line styles denote the individual samples

tested for each specimen type.

The results for the filament-reinforced samples are highly consistent across
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(a) In-plane view

(b) Cross-sectional view

Figure 33: Confocal microscopy images of reinforced gummed paper (10×
magnification). (a) In-plane surface showing the cellulose fiber network; (b)
Through-thickness view revealing a reinforcing filament embedded between
two cellulose layers.

84



(a)

(b)

Figure 34: 3D surface topology of reinforced gummed paper. The image
highlights the internal structure of the reinforcing filament, composed of
multiple twisted fiberglass fibers with clearly visible circular cross-sections.
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the three samples, whereas a slightly larger scatter is observed for the

non-reinforced samples, especially in the post-peak branch. This differ-

ence can be attributed to the fact that the mechanical response of the

reinforced samples is dominated by the fiberglass filament, while in the

non-reinforced samples it is governed by the randomly distributed cellu-

lose fibers. The presence of the fiberglass filament leads to a significant

increase in the stiffness and in the ultimate tensile strength of the material.

However, after the peak load, the sample without reinforcement exhibits

a more brittle post-peak response, caused by the occurrence of a fast

catastrophic failure triggered by the fiberglass failure.
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Figure 35: Stress–strain curves from uniaxial tensile tests: specimens without
fiberglass reinforcement (blue); specimens with fiberglass reinforcement
(red).

These results relate specifically to reinforced gummed paper incorporating

fiberglass filaments, a synthetic form of reinforcement. However, this

prompts an important question: what if a more sustainable, natural fiber were

used in place of fiberglass to reinforce the paper? To shed light onto this issue,

we extend the micro-mechanical model developed in [59, 85] to interpret

the mechanical behavior of reinforced gummed paper, as detailed in the

following section.
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4.2 Stochastic network model

In this section, we extend the stochastic mechanics model developed in

Chapter 2 to investigate the mechanical behavior of reinforced gummed

paper materials by incorporating an additional population of fiberglass

filaments. It should be noted that the proposed model adopts a reduced-

order model representation in which the tensile response is governed by

a representative cross-section of the material, and it does not explicitly

resolve the spatial architecture of the fibrous network. Within this frame-

work, load is assumed to be carried by fibers intersecting the cross-section,

and failure is described through their statistical response. This assump-

tion is physically justified under uniaxial tensile loading, where load

paths are predominantly aligned and failure is often controlled by the

weakest effective section. As such, the model provides a computationally

efficient approximation that captures the dominant features of the tensile

response relative to spatially resolved network simulations.

Reinforced gummed papers are manufactured by bonding together two

strips of cellulose fiber networks with a set of reinforcing fibers, typically

fiberglass filaments, embedded between them, see Fig. 33. This layered

composite structure is assembled using heat-activated adhesives, resulting

in a mechanically enhanced material suitable for sealing and packaging

applications. A square sample made of size δ = 10 mm and thickness

t = 0.1 mm is considered, lying in the x–y plane of an orthogonal reference

frame, see Fig. 32, in accordance with real samples. The fiber network in

the plane is subjected to uniaxial tensile loading applied along the x−axis,

inducing deformation in the constituent fibers based on their orientation

and mechanical properties.

Each cellulose fiber is characterized by a randomly distributed orientation

angle αc, defined as the angle between the local fiber axis and the global

x−axis. The method focuses on the potential cross-section in the y−
direction, where the final sample failure occurs. Consequently, the total

number of fibers intersecting this cross-section is given by:

N = Nc +Nr (4.1)
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where Nr denotes the number of reinforced fibers along the cross-section,

e.g. fiberglass filaments for gummed paper, and Nc is the number of

cellulose fibers which is defined as:

Nc = 2NlNf (4.2)

where Nl is the number of layers in a single paper strip, and Nf is the

average number of cellulose fibers of each layer that intersect the spec-

imen cross-section. The coefficient 2 accounts for the presence of two

paper strips bonded on either side of the reinforcement filaments in the

reinforced gummed paper structure.

The value of Nf can be derived from the fiber density of each layer, ρc,

defined as the number of fibers intersected by a straight cross-sectional

line divided by its length, which can be experimentally obtained through

microscopic imaging of the paper surface. This gives:

Nf = ρcB (4.3)

where B is the width of the paper strips along the y−direction. The

number of layers in a single paper strip is estimated by calculating how

many fibers with maximum thickness, tmax
cf , can be placed across the total

thickness of the strip, ts = t/2, which is:

Nl =
ts

tmax
cf

(4.4)

On the other hand, the arrangement of reinforcing filaments in reinforced

paper materials is typically longitudinal, aligned with the machine direc-

tion of the paper strips, in order to enhance tensile strength in that primary

direction. However, in some configurations, additional filaments may

be oriented diagonally or crossed in X−patterns, often at fixed angles

such as 37◦, to improve multidirectional resistance and reduce the risk

of failure under off-axis or eccentric loading conditions. In the modeling

framework, each reinforcing filament is characterized by an orientation

angle αr, defined as the angle between the reinforcing filaments and the

global x−axis.

The overall mechanical response of the reinforced paper results from the

combined contribution of the cellulose fiber network and the reinforcing

88



filaments. As explained in the previous chapters, the constitutive re-

sponse of cellulose fibers is governed by the underlying micromechanical

mechanisms of fiber recruitment and failure. Accordingly, the constitutive

response of the cellulose fibers, fc, is computed using Eq. 3.5.

The axial strain in an individual cellulose fiber is obtained by projecting

the macroscopic principal strain onto the fiber orientation direction. How-

ever, this local strain may be perturbed due to the failure of surrounding

fibers. To account for this effect, a strain redistribution factor r ∈ [0, 1]

is introduced, representing the fraction of strain that is transferred to

neighboring fibers. When a fiber fails, its strain is equally redistributed

equally to its neighbors, thereby increasing their local strain and inducing

a progressive strain localization in that point. The redistributed strain is

denoted ϵred, and the total strain experienced by a given fiber is defined

as:

ϵ = (ϵ1 + ϵred) cosαc (4.5)

It is important to remark that this formulation implies a load redistri-

bution as well, since the fiber force is proportional to the fiber strain.

Therefore, the model captures the strain localization effects due to pro-

gressive damage and local load transfer, which is a key mechanism in the

failure evolution of disordered fiber networks.

As described in the previous chapters and detailed in [59], the recruitment

and failure strains of cellulose fibers are governed by the free segment

length between consecutive inter-fiber bonds. Accordingly, the recruit-

ment strain, ϵrc , and the failure strain, ϵfc , are computed using Eqs. (3.9a)

and (3.9b), respectively. These relations account for the influence of the

network microstructure and the competing failure mechanisms of inter-

fiber debonding and fiber breakage. Finally, the contribution of each

cellulose fiber in the loading direction is obtained by projecting the axial

fiber force onto the x−axis, as expressed in Eq. (3.7).

The reinforcing fibers used in reinforced paper structures are typically

fiberglass filaments, which exhibit a significantly higher stiffness com-

pared to cellulose fibers. Given that the macroscopic deformation of

reinforced gummed papers under tensile loading is generally small, the

mechanical behavior of the fiberglass reinforcement can be reasonably
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modeled using a linear elastic constitutive law. Accordingly, under uniax-

ial tensile loading applied at the boundaries of the network, the axial force

carried by an individual reinforcing filament crossing the cross-section

and aligned at an angle αr is given by:

fr =

{

Kr ϵ1 cosαr, if ϵ < ϵfr
0, if ϵ ≥ ϵfr

(4.6)

where we have assumed that the cross-section remains planar under

deformation before catastrophic fracture. Therefore, the strain is the

same for all the fibers within the linear elastic limit, above which strain

localization takes place as a result of fracture. Here, Kr is the axial stiffness

of the reinforcing filament defined as:

Kr = ErAr (4.7)

where Er denotes the Young’s modulus of the reinforcing fibers and Ar

is the total effective cross-sectional area of the filaments intersecting the

loaded cross-section. To determine the total contribution of the reinforcing

fibers to the macroscopic response, the axial forces carried by reinforcing

filaments are projected onto the loading direction, i.e., the x−axis:

Fr =

{

Kr ϵ1 cos
2 αr, if ϵ < ϵfr

0, if ϵ ≥ ϵfr
(4.8)

In the present model, to predict the emergent response of the reinforced

paper, we examine a configuration that could be adopted in future spe-

cialized qualification standard tests that, according to the authors’ best

knowledge, they have not yet been proposed for reinforced paper. The

specimen is such that the reinforcing filament(s) are distributed symmet-

rically with respect to the barycenter of the specimen cross-section, such

that rotational equilibrium of moments is automatically satisfied when a

uniaxial tension state is applied via an imposed axial displacement at the

clamped edges. Under this assumption, the axial equilibrium of the speci-

men leads to an expression for the macroscopic stress σ which is given by

the mechanical contribution of the reinforcing filaments superimposed on
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that of the cellulose network response:

σ =
Nc

Bt

∫ 1

r=0

∫ π/2

αc=−π/2

∫ λmax

λ=λmin

Fc p(αc, λ, r) dαc dλ dr

+
1

Bt

Nr
∑

m=1

Frmδ(y − ymr )

(4.9)

where the first term is related to the emergent response of cellulose fibers,

including redistribution effects, and the second term corresponds to the

contribution of the reinforcing filaments that are concentrated in space

at coordinates ymr and thus their distributions are Dirac delta functions,

δ(y − ymr ), both divided by the nominal cross-section area Bt.

The function p(α, λ, r) in the term related to the fiber network response

represents the joint probability density function (PDF) that describes the

likelihood of encountering a cellulose fiber in the network with a given

orientation angle αc, free segment length λ, and redistribution factor r.

This joint distribution plays a central role in the micromechanical model,

as it captures the inherent heterogeneity and randomness of the cellulose

fiber network. Assuming that the redistribution factor r is uniformly

distributed across the cellulose network and independent of both fiber

orientation and segment length, and that αc and λ are also statistically

independent, the joint PDF can be factorized as:

p(αc, λ, r) = pαc
(αc) pλ(λ) p(r) (4.10)

where p(r) implicitly depend upon the deformation of the population of

cellulose fibers. In the linear regime, before strain redistribution, r = 0

everywhere and p(r) = 1. The probability density pαc
(αc) represents the

marginal probability density function associated with the fiber orientation

angle αc, and is computed using Eq. (3.11). Similarly, pλ(λ) denotes the

marginal probability density function associated with the free segment

length λ obtained from Eq. (3.12).

The integrals in Eq.(4.9) cannot be solved in closed form due to the nonlin-

ear dependency of the cellulose fibers’ contributions on the deformation

process. For its solution, a discrete formation proposed in [59] is herein
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pursued, in which the integrals are replaced by discrete summations over

a randomly generated fiber network.

In this formulation, a population of cellulose fibers indexed by (i, j),

where j = 1, . . . , Nf denotes the fiber number within a single layer and

i = 1, . . . , Nl denotes the layer index through the thickness, is randomly

generated, with each fiber assigned geometrical properties, αci,j and

λi,j , drawn from the prescribed probability distributions. A uniform

macroscopic strain ϵ1 is applied in Ns = 100 incremental loading steps,

following a linear ramp. The strain experienced by each fiber at the nth

loading step is computed as:

ϵi,j =
n

Ns
ϵ1 + ϵred

i,j , (4.11)

where ϵred
i,j represents the redistributed strain received by the (i, j)th fiber

due to the failure of its neighboring fibers at the nth loading step. One

could consider a general model where redistribution is affecting all the

neighboring fibers within a distance dn from the failed one, where dn
would physically represent an internal length scale for nonlocal effects.

While such a distance is certainly function of the degree of cross-linking

and material density –higher cross-linking or material density are ex-

pected to induce a wider spatial redistribution–, for conventional indus-

trial paper the authors had excellent results by considering an internal

length scale corresponding to dn = 2/ρc, which includes only the two clos-

est adjacent fibers to the failed one in the redistribution process. Under

these conditions, the redistributed strain is:

ϵred
i,j =

r

2

(

Li,j−1 ϵ
f
ci,j−1

+ Li,j+1 ϵ
f
ci,j+1

)

(4.12)

where r ∈ [0, 1] is the redistribution factor, ϵfci,j−1
and ϵfci,j+1

are the failure

strains of the neighboring fibers (i, j − 1) and (i, j + 1), respectively, as

defined in Eq. (3.9b). The function Li,j is a logical labeling operator that

identifies the failure status of the (i, j)th fiber under the applied load at

the (n− 1)th loading step:

Li,j =

{

0, not failed

1, failed
(4.13)
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Therefore, the average macroscopic stress in Eq. (4.9) can be expressed in

discrete form as:

σ =
1

Bt

Ns
∑

n=1

⎛

⎝

Nl
∑

i=1

Nf
∑

j=1

Fci,j +

Nr
∑

m=1

Frm

⎞

⎠

=
1

Bt

Ns
∑

n=1

⎡

⎣

Nl
∑

i=1

Nf
∑

j=1

Kc

(

n

Ns
ϵ1 + ϵred

i,j

)

cos2 αci,j +

Nr
∑

m=1

Kr
n

Ns
ϵ1 cos

2 αrm

⎤

⎦

(4.14)

This discrete formulation provides a comprehensive framework for mod-

eling the mechanical response of reinforced paper networks by explicitly

accounting for the statistical variability in fiber orientation and cross-

linking, as well as the key micromechanical mechanisms of recruitment,

failure, and post-failure load redistribution.

4.3 Material characterization and model valida-

tion

In this section, we begin by identifying the model parameters for sample

1, which consists solely of cellulose paper strips without reinforcing fila-

ments. These parameters are calibrated by validating the model against

the corresponding uniaxial tensile test results. Once validated, the same

set of parameters, representing the intrinsic mechanical behavior of the

cellulose fiber strips, is employed in the modeling of sample 2, which

additionally incorporates the mechanical contribution of the embedded

reinforcing filament. The extended model is then verified against the

experimental response of sample 2 and subsequently used to investigate

the influence of reinforcement with alternative natural fibers, offering a

theoretical framework to support the design of more sustainable reinforce-

ments than synthetic materials such as fiberglass.

To construct the fiber network for sample 1, two strips of cellulose paper

are modeled, each composed of Nl layers with Nf fibers per each layer.

In this regard, morphological parameters were extracted from confocal

microscopy performed on sample 1. The key parameters include the

93



fiber density per layer ρc, and the minimum, average, and maximum free

segment lengths, denoted as λmin, λavg, λmax, respectively. These param-

eters are defined for sample 1 in the same manner as those previously

introduced for other paper materials in [59], and their numerical values

are reported in Tab. 7. Additional geometrical parameters were obtained

from the literature, including the average cellulose fiber cross-sectional

area Ac = 237 µm2 and the maximum fiber thickness tmax
cf = 12.5 µm [32].

Parameter Value
ρc (fibers/mm) 35.6

dn (µm) 56
λmin (µm) 6.2
λavg (µm) 37
λmax (µm) 187

ϵrc 0.002
ϵd 0.165
ϵb 0.32

Ec (GPa) 24

Table 7: Identified model parameters for sample 1 (w/o fiberglass).

Using this set of parameters, the cellulose fiber network is constructed

with 2×Nl = 0.1/0.0125 = 8 cellulose layers, containing Nf = 35.6×10 =

365 fibers each. A random orientation angle αci,j , sampled from a Gaus-

sian distribution centered at µαc
= 0, which corresponds to alignment

along the machine direction, is assigned to each fiber. Additionally, a free

segment length λi,j , randomly sampled from an exponential distribution

as described in Eq. (3.12), is also assigned to each fiber. It should be

recalled that the indices i and j refer to the jth fiber placed in the ith layer

of the network.

The mechanical parameters, namely the recruitment strain ϵrc , the debond-

ing strain ϵd, the breakage strain ϵb, and the Young’s modulus of cellulose

fibers Ec are identified by calibrating the model to match the experimen-

tal stress vs. strain response of sample 1. The calibrated values of these

parameters are reported in Tab. 7. The methodology for linking each of

these parameters to specific features of the experimental curve (e.g., initial
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stiffness, onset of nonlinearity, and failure point) follows the procedure

described in detail in [59].

With the model parameters so identified, the stress–strain response of

the cellulose fiber network is predicted by evaluating the first term in Eq.

(4.14), which corresponds to the mechanical contribution of the cellulose

network alone, without reinforcement. Figure 36 compares the experi-

mental mechanical response of sample 1 with the corresponding model

predictions for different values of the redistribution factor r. The effect

of r was investigated to account for the possible mechanical contribution

of the adhesive layer located between the two cellulose paper strips. The

parametric analysis shows that variations of r do influence the predicted

tensile response, particularly in the post-peak regime, as illustrated in Fig.

36. However, comparison with the experimental results indicates that

satisfactory agreement is obtained for relatively low values of r.

This observation suggests that, under the present uniaxial tensile loading

conditions, the adhesive layer has a limited influence on the dominant

deformation and damage mechanisms governing the cellulose network

response. Nevertheless, the role of r could become more relevant under

other loading conditions, particularly those involving interfacial debond-

ing, or out-of-plane deformation. In the present study, however, we focus

solely on in-plane uniaxial tension, and such effects are not considered

and left for further research.

To evaluate the mechanical response of sample 2 under uniaxial ten-

sile loading using the proposed model, the cellulose fiber network is

constructed using the validated parameters identified for sample 1, as

reported in Tab. 7. In addition to the cellulose network, sample 2 contains

a single fiberglass filament aligned along the machine direction and lo-

cated approximately in the mid-plane of the specimen. This configuration

results in Nr = 1 and an orientation angle of αr = 0◦.

The geometrical parameter related to the cross-sectional area of the fiber-

glass filament, denoted by Ar, was identified through confocal microscopy

and subsequent image analysis using ImageJ software. As shown in

Fig. 37, this analysis yielded an effective filament cross-sectional area of

Ar = 0.022 mm2.
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Figure 36: Comparison between the experimental stress–strain response of
sample 1 (w/o fiberglass) and model predictions for different values of the
redistribution factor r

Figure 37: Confocal microscopy image of the reinforced paper cross-section
of sample 2, analyzed with ImageJ software to determine the cross-sectional
area of the fiberglass filament (within the orange curve).
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To model the mechanical behavior of the reinforcing fiberglass filament,

its Young’s modulus and failure strain are required. The classification and

mechanical properties of various types of glass fibers have been studied

in [92]. For reinforced paper used in packaging applications, the fiberglass

must not only offer high mechanical strength and water resistance, but

also be environmentally friendly. Based on these criteria, this study adopts

the mechanical properties of ECR-glass fiber, which is highlighted in

[92] for being a more sustainable alternative to conventional glass fibers.

Accordingly, we used a Young’s modulus of Er = 80 GPa and a failure

strain of ϵfr = 0.043 for the fiberglass filament in our model to simulate

the response of sample 2, which includes the embedded reinforcement.

The predicted stress–strain response of sample 2, represented by the red

solid line in Fig. 38, shows excellent agreement with the experimental

data (black dashed line) up to the peak load. This result highlights the

robustness of the proposed model: by using the same calibrated cellulose

fiber properties identified from sample 1 and superimposing the mechani-

cal contribution of the fiberglass filament, the model successfully captures

the composite behavior of the reinforced paper under uniaxial tension.

However, a discrepancy is observed in the post-peak regime, where the

experimental response softens more rapidly than the model prediction.

To better capture this behavior, a reduced strain at failure of the fiberglass,

ϵfr = 0.032, was considered in the model. As shown in Fig. 38 by the blue

line, this adjustment leads to improved agreement with the experimental

curve beyond the peak, accurately reflecting the observed post-failure

response. It should be emphasized that this reduced failure strain is intro-

duced here as an effective modeling parameter to represent the observed

composite response, rather than as a directly validated material property

or a mechanistically derived degradation model, which might include

additional microscopical failure mechanisms herein lumped into a single

mesoscopic failure strain parameter.

This difference in the effective failure strain of the fiberglass filament may

be attributed to the thermal effects introduced during the manufactur-

ing process. Specifically, during the production of reinforced gummed

paper, the cellulose strips and fiberglass filament are hot-glued together
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at approximately 70◦C. This elevated temperature may have altered the

mechanical properties of the fiberglass, particularly reducing its ultimate

elongation from the 4.3% to approximately 3.2%.
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Figure 38: Comparison of experimental and modeled stress–strain curves
for the sample 2 (w/ fiberglass), highlighting improved post-peak accuracy
using a reduced failure strain, ϵfr = 0.032.

The confocal image of the cross-section where fracture takes place, show-

ing the bridging action exerted by the fiberglass, can be appreciated in

Fig. 39.

4.4 An insight into reinforced paper with natu-

ral fibers

Natural fiber composites (NFCs), primarily composed of cellulose-based

fibers, have attracted renewed attention in the engineering and materials

science communities due to their compelling combination of mechani-

cal performance, sustainability, and economic viability. Natural fibers

such as hemp, flax, and kenaf offer several advantages over conventional

synthetic reinforcements like fiberglass. These include lower density
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Figure 39: Confocal image of the cross-section where fracture takes place.
The fiberglass is of white color.

(approximately half that of fiberglass), high specific strength and stiff-

ness, rapid renewability, and significantly reduced environmental impact

[93]. Coupled with their lower cost and biodegradability, these charac-

teristics make natural fibers especially suitable for sustainable packaging

applications, such as reinforced gummed papers, where lightweight and

environmentally friendly materials are increasingly prioritized.

Despite their potential, the integration of natural fibers into reinforced

paper products remains largely unexplored, and the present simulation

method could offer support for innovative design.

To identify the most suitable natural fiber alternative to fiberglass in rein-

forced paper materials, we employed the proposed statistical mechanics

model to predict the mechanical response of reinforced gummed papers

incorporating various natural fibers. Figure 40 shows the predicted stress-

strain curves for reinforced gummed paper samples incorporating hemp,

kenaf, or two different types of flax fibers, in comparison with the refer-

ence sample reinforced with fiberglass. These simulations were performed

using the proposed model validated against experimental results, chang-
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ing only the mechanical properties of the reinforcing filament. For that,

the fibers’ model parameters have been taken from [94] where uniaxial

tensile tests on single fibers have been conducted, and are summarized in

Tab. 8.
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Figure 40: Predicted stress–strain responses of reinforced gummed paper
with hemp, kenaf, flax 1, and flax 2 fibers, compared to the fiberglass-
reinforced reference, sample 2.

Fiber ϵfr Er (GPa)
Kenaf 0.016 53
Hemp 0.016 70
Flax 1 0.032 60
Flax 2 0.027 80

Table 8: Mechanical parameters of natural fibers, from [94].

The simulations suggest that flax fibers, particularly flax 2, exhibit a me-

chanical performance very close to that of fiberglass. Both flax variants

enhance stiffness and peak load as compared to hemp and kenaf, indi-

cating that flax could serve as a viable natural replacement for synthetic

fibers in terms of load-bearing capacity. Flax 1 demonstrates a more
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progressive post-peak failure, while flax 2 achieves a slightly higher max-

imum force followed by an abrupt drop, highlighting the sensitivity of

the mechanical response to the breakage strain of the reinforcing fiber.

Hemp and kenaf show lower peak forces and stiffness but still provide

substantial reinforcement relative to the baseline unreinforced paper.

The load drop observed after the first peak in the kenaf and hemp curves

corresponds to the onset of reinforcement failure. In these cases, the

reinforcing filament reaches its critical strain before complete failure of

the surrounding cellulose network. Consequently, the filament abruptly

loses its load-carrying contribution, leading to a temporary decrease in the

global tensile force. Following this initial damage event, the applied load

is progressively redistributed within the remaining cellulose network,

which continues to deform and sustain part of the applied load.

It is important to emphasize that these results should be interpreted as a

parametric mechanical feasibility study, in which only the intrinsic me-

chanical properties of the reinforcing fibers have been varied. The present

model does not account for additional factors that may influence the actual

performance of papers reinforced with natural fiber filaments, including

processing-induced damage to the fibers, moisture sensitivity, and the

quality of the fiber–paper interface. From a broader perspective, natural

fibers offer well-established advantages in terms of lower environmental

impact, renewability, and reduced cost compared to synthetic fibers such

as fiberglass. These aspects further motivate the exploration of natural

fiber reinforcements. Therefore, while flax appears to be a mechanically

promising candidate, as well as attractive from sustainability and cost

perspectives, further experimental validation and more detailed modeling

are required before confirming its suitability as a direct replacement for

fiberglass in industrial applications.

4.5 Discussion

To the best of the authors’ knowledge, no previous studies have systemat-

ically investigated the mechanical response of reinforced gummed paper

or quantified the role of the embedded reinforcing filament. While the
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underlying mechanisms governing paper behavior under different condi-

tions are well established in the literature, the present work contributes

by adapting these established concepts to a specific industrial material

and by introducing a practical modeling strategy in which the response

of the paper network is combined with a deterministic representation

of the reinforcing filament. This approach provides a computationally

efficient tool for predicting the tensile behavior of reinforced gummed pa-

per and for exploring design modifications without resorting to full-scale

experimental campaigns.

Within this framework, the parametric analysis indicates that replacing

the conventional synthetic fiberglass filament with a natural flax fiber can

preserve, and in some cases even enhance, the mechanical performance of

the reinforced paper. Beyond mechanical considerations, this substitution

offers additional advantages in terms of reduced environmental impact,

renewability, and lower cost, making natural fibers particularly attractive

for sustainable packaging applications. However, it is important to em-

phasize that these findings should be interpreted as part of a parametric

mechanical feasibility study, in which only the intrinsic properties of the

reinforcing fibers are varied. Factors such as processing-induced damage,

moisture sensitivity, and the quality of the fiber–paper interface are not

considered in the present model, although they could affect the actual

performance.

In particular, the sensitivity of natural fibers to moisture represents an

important aspect that should be taken into account when evaluating

their practical applicability. Due to their cellulose-rich structure and

porous nature, fibers such as flax and hemp are inherently hydrophilic

and tend to absorb moisture from the environment. This moisture uptake

alters the internal hydrogen bonding within the fiber cell wall, leading

to a reduction in stiffness and strength and promoting a more ductile

mechanical response. At the composite scale, the presence of moisture can

also weaken the bonding between the fibers and the surrounding paper

matrix, thereby reducing load-transfer efficiency [95, 96, 97].

Surface treatments can help mitigate some of these effects by reducing

fiber hydrophilicity and improving fiber–matrix adhesion. In general,
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treated fibers exhibit enhanced mechanical performance and lower mois-

ture absorption, contributing to improved durability of the composite

system [98, 99, 97]. In this context, a more comprehensive representation

of moisture-dependent behavior would require dedicated experimental

characterization under controlled environmental conditions. For this

reason, the present analysis is limited to dry fiber conditions. A more de-

tailed investigation of moisture effects represents an important direction

for future work, particularly for assessing the long-term performance and

reliability of natural fibers in reinforced gummed papers.

At the same time, the proposed framework relies on a number of simplify-

ing assumptions that define its range of applicability. The model adopts

a reduced-order, cross-sectional representation of the paper network,

whereby the tensile response is governed by a representative section. As

a consequence, the spatial architecture of the fibrous network is not ex-

plicitly resolved, and localized damage evolution, crack initiation, and

progressive failure mechanisms associated with non-uniform stress re-

distribution cannot be captured. In addition, the reinforcing filament is

modeled as a linearly elastic component that is fully strain-compatible

with the surrounding paper network, without explicit consideration of

interfacial behavior. Therefore, effects such as interfacial slip, debond-

ing, or shear transfer through the adhesive layer are not included in the

formulation.

Therefore, the present study proposed a simple yet effective approach to

investigate and interpret the response of filament-reinforced gummed pa-

per in relation to a uniaxial testing setup that can be easily replicated in the

paper industry framework. Failure strain parameters should be consid-

ered as lumped parameters for mesoscale simulations. Their identification

according to experimental tests would provide single key numbers to be

used for the classification of the efficiency of new eco-sustainable solutions

based on natural reinforcing fibers.

Extending the analysis to multiple filaments or different reinforcement

patterns would require a different computational approach that is left for

future research. In this regard, we know that the presence of sub-network

structures with different material and geometrical arrangements has a
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significant effect on the overall evolution of damage in the material, as

recently shown using a finite element-based discrete model of a lattice

material with fully-bonded joints but with phase field damage evolution

on the lattice elements [100]. Hence, one interesting possibility to pursue

could be to extend the methodology recently published in [101], explicitly

incorporating the filaments and their joint properties into the model.
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Chapter 5

An experimental
investigation of the
anisotropic fracture
behavior of paperboard
under uniaxial tension

Paper-based materials such as paperboard exhibit mesostructural

anisotropy due to the alignment of fibers along a preferred direction

during manufacturing, referred to as the machine direction (MD). This in-

herent anisotropy significantly influences both the elastic response and the

fracture path under tensile loading. Depending on the relative orientation

between the applied load and the fiber alignment, cracks may propagate

along the fibers, across them, or at oblique angles. Understanding the rela-

tionship between the anisotropy angle and crack propagation is therefore

useful for predicting the failure mechanisms of paper structures.

In this study, an experimental campaign was conducted to investigate the

anisotropic fracture behavior of paperboard under uniaxial tensile loading.

Dog-bone specimens were prepared by laser cutting at orientations of 0◦,

30◦, 45◦, 60◦, 90◦ with respect to the MD, see Fig. 41. For each orientation,
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a minimum of four samples were tested. The specimens had a uniform

thickness of t = 1 mm, a span length of L = 26.4 mm, and a width of

B = 10 mm.

Figure 41: Schematic representation of the dog-bone specimens cut from the
paperboard at different orientations relative to the machine direction.

For each anisotropy orientation, uniaxial tensile tests were performed

using a DEBEN micro-mechanical tensile stage at the MUSAM labora-

tory. The specimens were clamped at both ends, and the corresponding

force–displacement response was recorded during testing. Stress–strain

curves were then obtained by normalizing the measured displacement

by the specimen gauge length and the applied force by the specimen

cross-sectional area. The resulting curves for all anisotropy angles are

presented in Fig. 42. Curves corresponding to the same anisotropy angle

are plotted in the same color, while different line styles (solid, dashed,

etc.) distinguish between replicates. The results clearly demonstrate the

anisotropic mechanical behavior of the paperboard: the elastic modulus,

maximum load-bearing capacity, and strain at failure all vary with ori-

entation. As expected, the machine direction (0◦) exhibits the highest

stiffness and strength due to fiber alignment, whereas the cross direction

(90◦) shows lower stiffness but greater elongation at failure.

To analyze the fracture anisotropy of the paperboard, the fractured region
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Figure 42: Stress–strain curves of paperboard specimens at different
anisotropy orientations (0◦, 30◦, 45◦, 60◦, 90◦). Each color represents one
orientation, and line styles distinguish the individual specimens within each
group.

of each specimen was recorded and examined. Representative images

of three specimens for each anisotropy orientation are presented in Figs.

43, 44, 45, 46 and 47, except for the cross machine direction (90◦), where

images of two specimens are shown. These images were captured using

optical microscopy after the completion of the tensile tests. As observed,

the crack propagation angles vary for each anisotropy orientation, yet

they appear to exhibit a certain relationship across orientations, reflecting

the anisotropic nature of the fracture behavior.

To investigate a possible correlation between crack propagation and

anisotropy orientation, different measurement procedures were applied

to quantify the crack angles. The first procedure focused on the crack

angle at the initial stage of nucleation. For example, in the specimen

shown in Fig. 48, the crack originated from the left edge and propagated

toward the right side of the sample. Since the crack path may consist of

several segments with different orientations, only the angle at the very

onset of nucleation (e.g., from the left edge in Fig. 48) was considered
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Figure 43: Fracture surfaces of paperboard samples at the anisotropy angle
of 0◦.
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Figure 44: Fracture surfaces of paperboard samples at the anisotropy angle
of 30◦.
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Figure 45: Fracture surfaces of paperboard samples at the anisotropy angle
of 45◦.
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Figure 46: Fracture surfaces of paperboard samples at the anisotropy angle
of 60◦.
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Figure 47: Fracture surfaces of paperboard samples at the anisotropy angle
of 90◦.
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in this approach. The crack angle, denoted as β, was measured for each

specimen using the image-processing software ImageJ, which enabled

precise angle determination.

Figure 48: Illustration of the procedure used to measure the crack nucleation
angle, β. The angle was determined at the very onset of crack initiation,
starting from the edge where the crack originated (in this example, the left
side of the specimen).

The measured values of β were then compared with the corresponding

anisotropy orientations, denoted as θ, as presented in Fig. 49. Each data

point represents an individual specimen, color-coded according to its

anisotropy orientation, ranging from 0◦ to 90◦. The figure supports the

hypothesis that anisotropy orientation significantly influences the initial

crack angle in uniaxial tensile tests. While some orientations (e.g., 45◦–60◦)
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yield consistent crack directions, others (e.g., 0◦ and 90◦) exhibit greater

variability. This trend suggests that the internal fiber architecture and

its alignment relative to the loading axis play a critical role in fracture

behavior.

Figure 49: Relationship between crack angles at nucleation onset β and
anisotropy orientations θ in paperboard specimens. Each data point repre-
sents an individual test, color-coded by θ.

To further investigate the relationship between crack propagation and

anisotropy orientation in paperboard specimens, a second measurement

method was employed. Unlike the first approach, which focused solely

on the crack angle at the onset of nucleation, this method quantified the

angle of the longest segment of the crack path during nucleation. This

segment was selected to better represent the dominant direction of crack

propagation, especially in cases where the crack path exhibited curvature

or multiple directional changes.

Fig. 50 presents the angles measured along the longest segment of the nu-

cleation path, plotted against their corresponding anisotropy orientations.

This second measurement approach reveals a more distinct correlation

between anisotropy direction and crack propagation. Notably, specimens

with anisotropy angles between 30° and 60° exhibit more consistent crack
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angles, indicating that the internal fiber architecture at these orientations

plays a significant role in guiding fracture behavior.

Figure 50: Relationship between angles of the longest portion of crack at
nucleation onset β and anisotropy orientations θ in paperboard specimens.
Each data point represents an individual test, color-coded by θ.

Finally, another procedure was applied to characterize the overall crack

orientation by averaging the angles of the different crack segments. As

illustrated in Fig. 51, the fracture path of a specimen may consist of several

portions with distinct orientations. To obtain a representative value, a

length-weighted average crack angle was computed as:

βavg =

∑N
i=1 βiLi
∑N

i=1 Li

(5.1)

where βi and Li are the orientation and the length ith portion of the crack,

respectively, and N is the total number of segments. For example, in the

sample shown in Fig. 51, the crack path can be devided into 4 segments

with different orientations. By convention, βi is defined as positive for

counterclockwise orientations. Accordingly, in this example ( shown in

Fig. 51 ), the third crack segment is characterized by a negative angle.
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Figure 51: Example of a fractured specimen with the crack path divided
into four segments. Segment orientations (βi) and lengths (Li) are used to
compute the weighted average crack angle βavg.
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Figure 52 shows the average crack angles of all specimens for different

anisotropy orientations. This method, which considers the entire crack

path, minimizes the effect of local irregularities and provides a more

reliable measure of crack direction. The results indicate that βavg remains

relatively small and consistent across orientations, suggesting that while

local deviations occur, the overall crack trajectory is mainly controlled by

the fiber alignment. This demonstrates that anisotropy influences both

the initiation and the global propagation of cracks.

Figure 52: Average crack angles, βavg, of specimens at different anisotropy
orientations. Values are obtained by integrating the orientations of all crack
segments along each fracture path.
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Chapter 6

Conclusion

This final chapter synthesizes the key findings obtained throughout the

thesis. The work began with the experimental evaluation of microme-

chanical phenomena governing the fracture of paper materials. Based on

these observations, a stochastic micromechanical model was developed to

better understand and predict the fracture behavior of anisotropic paper

networks under uniaxial tensile loading. To extend the analysis toward

engineering applications, where reliable predictions of the mechanical

behavior under complex loading conditions are required, a continuum

framework was then employed. Within this framework, two nonlinear

anisotropic models were formulated, enabling the prediction of paper

responses under biaxial stress–strain states. Importantly, these models

were designed to maintain a direct correlation with the stochastic mi-

cromechanical model, allowing the evaluation of local fracture processes

occurring at each material point.

Furthermore, by extending the proposed stochastic micromechanics ap-

proach, the mechanical behavior of reinforced gummed papers was an-

alyzed and predicted. This led to the identification of natural fibers as

sustainable alternatives to synthetic glass fibers in such composites, con-

tributing to the development of environmentally friendly paper-based

packaging materials. Finally, the thesis presented an experimental in-

vestigation of the anisotropic fracture behavior of paperboard, provid-
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ing additional validation and insight into the fracture mechanisms of

cellulose-based materials. The following sections summarize and discuss

the main outcomes of each study, emphasizing their interconnections and

their collective contribution to advancing predictive models for paper and

paperboard.

6.1 Conclusion for a novel in-situ micro-

mechanical testing of paper fracture and its

stochastic network model 1

In Chapter 2 in order to understand the micro-structural mechanisms

governing the fracture behavior of paper materials, we conducted a cam-

paign of in-situ tensile tests using the DEBEN micro-mechanical tensile

stage combined with the confocal microscope Leica DCM3D. This setup

enables the simultaneous visualisation of the cellulose fibers’ deforma-

tion during the loading process, observing microstructural mechanisms

such as fiber activation and recruitment, fiber debonding and fiber failure.

Notably, these individual mechanisms are found to be dependent on the

fiber average free length between subsequent bonds.

Inspired by our experimental findings, we proposed a stochastic me-

chanics model as a valuable tool for comprehensively examining the

mechanical response of paper sheets under uniaxial loading. The model

clearly decouples the information on the topology of the fiber network

from the mechanical constitutive response of each single fiber. Micro-

geometrical data that can be identified from microscopy images include

the new morphological parameter called mean free path λ between two

subsequent bonds, the mean fiber diameter, the fiber orientation and the

fiber length, in addition to the number of fibers along a cross-section.

Fiber orientation and fiber length are considered as random fields obey-

ing a Gaussian distribution. The mean free path is also modelled as a

random field obeying an exponential distribution with an average value

that can be estimated from images. Through the functional dependencies

1This section is based on our publication Fallah, Zarei, and Paggi [59].
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of the model, the activation strain and the failure strain of the fibers be-

come random fields as well. The constitutive model of the fibers has been

considered as linear elastic. It has to be remarked that the model is not

a pure cross-sectional model, since the parameters include the free seg-

ment length of the fibers which is an additional information relevant for

this type of networks and includes longitudinal features of the network.

This allows for a more comprehensive analysis that acknowledges the

non-affine behavior introduced by phenomena like fiber recruitment and

debonding failure.

The model parameters were determined based on three paper materi-

als with different densities, aligning the simulation outcomes with the

corresponding experimental results for each sample. The simulations

emphasized the critical influence of density and the papermaking process

on the strength of paper materials, showcasing substantial changes in

mechanical properties. Furthermore, the simulations highlighted that

paper fracture predominantly arises from fiber debonding rather than

breakage, especially in the cross-machine direction (CD). The disparity in

the number of active fibers between the machine direction (MD) and CD

contributes to the anisotropy observed in paper materials. Additionally,

an investigation into the changes in the slope of stress-strain curve was

conducted by correlating it with the percentage of failed fibers versus

strain.

The sensitivity analysis led to the observation that the inter-fiber bond

strength and the fiber elongation at failure are significantly affecting the

overall mechanical response. The constitutive model of the fibers also

plays an important role, in which the Young modulus of the fibers signifi-

cantly influences the paper stiffness and the peak force. Redistribution

effects, on the other hand, impact on the shape of the stress-strain curve

near the peak load, with an increased smoothing and flattening of the

curve for higher values of r.
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6.2 Conclusion for nonlinear anisotropic hypo-

elastic continuum models for paper mate-

rials and their relation to statistical micro-

mechanics 2

In chapter 3 we tackled the fundamental problem of modeling and simula-

tion of biaxial plane stress states on paper sheets with arbitrary geometry,

imperfections like holes, and subject to arbitrary loading conditions. Con-

trary to uniaxial stress states, these structural problems cannot be solved

using semi-analytical equations or fiber-bundle models, and continuum

formulations have to be addressed within the finite element method.

First, departing from the experimental evidence that paper damage is

triggered by the direction of the maximum principal strain and it is the

result of progressive debonding of the cross-links between cellulose fibers

and by fibers breakage, we explored the possibility to introduce in the

continuum formulation a damage variable function of the maximum

principal strain and its direction. Moreover, the fact that the nonlinear

mechanical response in the unixial tensile tests is captured very well

according to the statistical micromechanics approach which does not

include any plastic effect further motivated the use of a nonlinear elastic

framework rather than elasto-plasticity, at least for the type of cellulose

fibers herein analyzed.

Based on those premises, we accounted for the effect of material

anisotropy under two forms. The former model employed an orthotropic

constitutive tensor with a degradation function dependent on the max-

imum principal strain and on the mismatch angle ϕ between the the

average fiber direction and the direction of the maximum principal tensile

strain. The latter adopted an isotropic constitutive tensor with an effective

elastic modulus E function of ϕ, and with the same degradation function

as the orthotropic model. The relation governing the effective elastic

modulus E(ϕ) has been determined by fitting experimental results from

uniaxial tensile tests and it has been found to be simply linear.

2This section is based on our publication Fallah, Lenarda, and Paggi [85].
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Using the same parameters identified from uniaxial tensile tests, two in-

dependent validation tests under biaxial conditions have been made and

results are quite promising up to the peak load, with the isotropic non-

linear model with an effective elastic modulus function of ϕ performing

very well.

The nonlinear anisotropic damage function d(ϵ1, ϕ) used in both contin-

uum models allowed simulating the progressive stiffness degradation

by assuming that, at the point level, damage is governed by the fibers

activated and deformed along the direction β of the maximum principal

strain. Since such quantities are governing also the mechanical response

predicted by the statistical micromechanics model, this opened the possi-

bility to call it at the material point level to provide further predictions

on the percentage of fibers debonded or broken on a representative RVE

in that location. Such information cannot be gained from standard con-

tinuum approaches and, as discussed in relation to the two validation

tests, provided relevant insight into the mechanical failure phenomena

that take place in paper materials as a result of their intrinsic anisotropy.

As prospective research directions, nonlocal damage formulations could

be considered to follow the post-peak branch of the force-displacement

curves and the evolution of the crack path. Moreover, due to the analogies

between cellulose paper materials and collagen tissues in terms of cross-

linking effects, the possibility to explore modeling approaches based on

refined statistics used in tissue engineering [102, 103, 104, 105, 106] could

be interesting to make further progress on the accurate assessment of the

average and dispersion of the material stiffness in the linear and nonlinear

regimes. Finally, assessing the dependency of the model parameters on

different types of cellulose fibers would be relevant for sustainability

considerations, since the model could provide an insight onto the use

of other biological sources than wood, such as cellulose extracted from

cotton or hemp.
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6.3 Conclusion for modelling and experiments

of filament-reinforced paper for sustainable

packaging

In chapter 4, we developed a statistical micro-mechanical model to in-

vestigate the tensile response of fiber-reinforced paper, with the specific

technological goal of evaluating the potential replacement of synthetic

fiberglass filaments with more sustainable natural fibers. The model in-

corporates the statistical variability of fiber orientation and free segment

length, as well as failure mechanisms and local strain redistribution within

a layered cellulose network. To ensure accuracy, the model was validated

using experimental data from samples without reinforcing filaments and

then applied to simulate the mechanical response of fiberglass-reinforced

paper by including the additional contribution of a single embedded

filament.

The model predictions showed excellent agreement with the experimental

stress–strain response of the fiberglass-reinforced sample, capturing both

the increase in stiffness and peak strength due to the filament, as well

as the post-peak behavior. This validation established the model as a

reliable tool for investigating the specific effect of changing the reinforce-

ment in layered paper systems. Leveraging this validated framework,

we simulated the mechanical performance of reinforced gummed papers

using natural fibers, specifically hemp, kenaf, and flax substitutes for

fiberglass. The results revealed that flax fibers, particularly flax 2, pro-

vided mechanical behavior closest to fiberglass in terms of stiffness and

tensile strength. Hence, natural fibers offer substantial reinforcement as

compared to unreinforced paper and do so with a significantly lower cost

and environmental impact.

Importantly, this study highlights a key industrial gap: while fiberglass

filaments are currently used in commercial reinforced gummed papers, no

existing products have adopted natural fiber reinforcements. Our model-

ing approach not only fills a crucial knowledge gap in understanding the

mechanics of these hybrid paper systems but also introduces a pathway

for industrial innovation. By identifying flax as a high-performing nat-
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ural alternative, this work supports the development of fully bio-based

packaging materials that are strong, recyclable, biodegradable, affordable

and aligned with circular economy goals.

As a main conclusion, the present work demonstrates the versatility of

the proposed analytical method to support the design of innovative pack-

aging and compare alternative reinforcement strategies, providing a way

to interpret uniaxial tensile tests on different gummed paper composi-

tions that can be carried out within an industrial facility. More broadly,

the model provides a predictive and computationally efficient tool that

can assist in the material selection and optimization of reinforced paper

systems at the design stage, reducing reliance on extensive experimental

testing. This capability is particularly relevant for the development of

next-generation sustainable packaging solutions, where performance, cost,

and environmental impact must be simultaneously balanced. Moreover,

the results suggest strong potential for industrial innovation, paving the

way for the development of fully bio-based reinforced paper packaging

solutions with minimal reliance on synthetic materials.

6.4 Summery and final remarks for an experi-

mental investigation of the anisotropic frac-

ture behavior of paperboard under uniaxial

tension

Chapter 5 experimentally examined the anisotropic fracture behavior of

paperboard through uniaxial tensile tests performed at different fiber

orientations relative to the machine direction. The results revealed a clear

dependence of both the elastic and fracture responses on the anisotropy

angle. Specimens aligned with the machine direction exhibited higher

stiffness and peak strength, whereas those loaded transversely showed

lower stiffness but greater ductility before failure.

Analysis of fracture paths demonstrated that the crack propagation direc-

tion is strongly influenced by fiber alignment. Although local deviations

and tortuous crack paths were observed, the overall crack trajectory re-
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mained predominantly governed by the anisotropic fiber network. By

quantifying the crack orientation through length-weighted averaging,

it was shown that the global fracture direction correlates well with the

intrinsic fiber alignment, confirming the coupling between mesostructure

and macroscopic fracture.

These findings validate the predictive assumptions underlying the mi-

cromechanical and continuum models developed in earlier chapters. The

observed relationship between anisotropy and fracture direction supports

the modeling approach in which the damage evolution and stiffness degra-

dation depend on the mismatch between fiber orientation and principal

strain direction. Hence, the experiments provide a strong physical basis

for the anisotropic damage formulation and demonstrate the capacity

of the proposed framework to capture the interplay between material

microstructure and fracture behavior.

In conclusion, the anisotropic fracture study bridges experimental ev-

idence and computational modeling, reinforcing the reliability of the

developed multi-scale approach. The results not only improve our un-

derstanding of paperboard failure mechanisms but also offer valuable

guidance for the design of paper-based components where crack control

and directional stiffness are critical.

6.5 Future works

The research presented in this thesis establishes a solid foundation for

multi-scale modeling and experimental analysis of cellulose-based mate-

rials. Nevertheless, several aspects remain open for further investigation

to deepen the understanding of paper mechanics and to extend the pre-

dictive capability of the developed framework.

A natural continuation of this work involves examining the influence of

specimen size on the fracture behavior of paper materials. Experimen-

tal testing on samples of different dimensions would allow quantifying

how size affects strength, fracture energy, and damage localization. The

stochastic micromechanical model could then be employed to interpret

these results, identifying which microstructural parameters—such as fiber
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orientation, free segment length, or bond density—are most sensitive

to variations in sample size. This investigation could ultimately lead to

defining a minimum representative specimen size beyond which the me-

chanical response of paper becomes statistically stable and independent

of dimensions, providing an essential guideline for both experimental

design and numerical modeling.

Another important direction concerns the refinement of the modeling for-

mulations through the inclusion of fiber bending stiffness. In the current

approach, fibers are primarily considered as axial load-carrying compo-

nents, while their bending contributions are neglected. However, in real

fibrous networks, bending plays a crucial role in the overall deformation

process, especially at low strain levels or in regions where fibers bridge

voids and misaligned bonds. Introducing fiber bending stiffness into the

model would allow a more realistic representation of the mechanical inter-

actions between fibers, including their tendency to resist local curvature

and to recover partially after unloading.

Accounting for this effect would enable the simulation of additional defor-

mation mechanisms that are particularly relevant in out-of-plane loading

and bending-dominated configurations, such as those encountered in

folding, creasing, or multi-layered paperboard applications. Moreover,

incorporating bending stiffness would improve the model’s ability to

capture local instabilities and the interaction between tensile and flexural

modes during damage evolution. This enhancement is therefore expected

to significantly increase the predictive accuracy of the continuum model

and provide a more comprehensive representation of the mechanical

response of paper-based structures under a wide range of loading and

boundary conditions.

In parallel, the effect of frictional interactions between fibers should be

analyzed in greater detail. In fibrous materials such as paper, friction at

fiber–fiber contacts plays a fundamental role in the redistribution of local

stresses, in the onset of energy dissipation, and in the progressive damage

process. Future work could introduce frictional contact laws into the

stochastic micromechanical model, allowing the evaluation of how inter-

fiber friction influences the nonlinear and hysteretic response observed
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during cyclic loading and unloading. A better understanding of this

mechanism could significantly improve the modeling of stiffness recovery,

energy dissipation, and the transition from elastic to damage-dominated

behavior.

A further research avenue is the definition of a rigorous fracture crite-

rion for paper and paperboard. While the current framework effectively

describes the onset and evolution of damage, establishing a physically

grounded failure criterion—based on local stress, strain, or energy release

rate—would enable more quantitative predictions of crack initiation and

propagation. Such a criterion could be developed by integrating microme-

chanical simulations with experimental fracture data, leading to a unified

and transferable approach that connects the micro-scale processes of fiber

failure and debonding to macroscopic fracture laws.

Extending the investigation to hand-made paper materials would also

provide valuable insights into the role of fiber distribution and fabrication

process on mechanical anisotropy. Since hand-made papers may exhibit

nearly isotropic behavior, targeted experiments and model extensions

could clarify which microstructural parameters—such as fiber alignment,

bonding density, and surface roughness—govern the transition from

isotropy to anisotropy. These findings would be particularly relevant

for the development of sustainable, small-scale papermaking techniques

where control over fiber orientation is limited but mechanical performance

remains crucial.

Beyond these directions, additional research could explore the coupling

between mechanical and environmental effects, such as humidity and

temperature, which are known to influence fiber stiffness, bond strength,

and overall damage evolution. Incorporating these hygro-mechanical

interactions into the multi-scale framework would allow predicting the

long-term durability of paper-based components under realistic service

conditions. Another promising development involves the integration of

machine learning strategies to accelerate parameter identification and un-

certainty quantification within both the stochastic and continuum frame-

works, thereby enabling efficient simulations of large-scale paper-based

structures.
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Altogether, these future research directions will further advance the un-

derstanding of cellulose-based materials across multiple scales. By com-

bining improved physical modeling, extended experimental validation,

and advanced computational tools, they will promote the predictive de-

sign of next-generation paper and paperboard systems for sustainable

engineering and packaging applications.
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[6] JC. Little, ET. Hester, and CC. Carey. “Assessing and enhancing en-
vironmental sustainability: a conceptual review”. In: Environmental
science & technology 50.13 (2016), pp. 6830–6845.

[7] NM. Stark and LM. Matuana. “Trends in sustainable biobased
packaging materials: A mini review”. In: Material Today Sustainabil-
ity 15 (2021), p. 100084.

[8] RC. Picu. “Mechanics of random fiber networks—a review”. In:
Soft Matter 7.15 (2011), pp. 6768–6785.

[9] RC. Picu. “Mechanics of random fiber networks: Structure–
properties relation”. In: Mechanics of Fibrous Materials and Applica-
tions: Physical and Modeling Aspects. Springer, 2019, pp. 1–61.

129



[10] MR. Islam and RC. Picu. “Effect of network architecture on the
mechanical behavior of random fiber networks”. In: Journal of
Applied Mechanics 85.8 (2018), p. 081011.

[11] JW. Simon. “A Review of Recent Trends and Challenges in Com-
putational Modeling of Paper and Paperboard at Different Scales.”
In: Archives of Computational Methods in Engineering 28.4 (2021).

[12] BS. Ojelade, RI. Nethanani, and PO. Adesoye. “Cellulose-Based
Materials as a Sustainable Alternative to Plastics: Mitigating Envi-
ronmental Pollution Through Biodegradability and Reduced Toxi-
city”. In: Nature Environment and Pollution Technology 25.1 (2026),
pp. 1–16.

[13] J. Wang et al. “Towards a cellulose-based society: opportunities
and challenges”. In: Cellulose 28.8 (2021), pp. 4511–4543.

[14] BC. Brusso. “Development of stone writing and packaging materi-
als [history]”. In: IEEE Industry Applications Magazine 27.6 (2021),
pp. 8–11.

[15] ZY. Gao. “A Research on Early Spread of Traditional Hand-made
Paper in East Asia Countries”. In: Advanced Materials Research 174
(2011), pp. 537–540.

[16] GJM. Goedvriend. “Papermaking past and present”. In: Endeavour
12.1 (1988), pp. 38–43.

[17] NA. Poirier et al. ’Papermaking’. Tech. rep. 2016.

[18] ES. Abd El-Sayed, M. El-Sakhawy, and MA. El-Sakhawy. “Non-
wood fibers as raw material for pulp and paper industry”. In:
Nordic Pulp & Paper Research Journal 35.2 (2020), pp. 215–230.

[19] Z. Liu, H. Wang, and L. Hui. “Pulping and papermaking of non-
wood fibers”. In: Pulp and paper processing 1 (2018), pp. 4–31.

[20] M. Pydimalla, HV. Chirravuri, and AN Uttaravalli. “An overview
on non-wood fiber characteristics for paper production: sus-
tainable management approach”. In: Materials Today: Proceedings
(2023).

[21] LA. Worku et al. “Agricultural residues as raw materials for pulp
and paper production: overview and applications on membrane
fabrication”. In: Membranes 13.2 (2023), p. 228.

[22] A. Karimah et al. “A review on natural fibers for development of
eco-friendly bio-composite: characteristics, and utilizations”. In:
Journal of materials research and technology 13 (2021), pp. 2442–2458.

130



[23] P. Rousu, P. Rousu, and J. Anttila. “Sustainable pulp production
from agricultural waste”. In: Resources, Conservation and Recycling
35.1-2 (2002), pp. 85–103.

[24] SH. Osong, S. Norgren, and P. Engstrand. “Processing of wood-
based microfibrillated cellulose and nanofibrillated cellulose, and
applications relating to papermaking: a review”. In: Cellulose 23.1
(2016), pp. 93–123.

[25] J. Phipps. “Current and potential use of highly fibrillated cellulose
in the paper and board industry”. In: Advances in Pulp and Paper
Research (2022), pp. 249–268.

[26] D. Klemm et al. “Nanocelluloses as innovative polymers in re-
search and application”. In: Polysaccharides ii. Springer, 2006,
pp. 49–96.

[27] A.L. Barabasi. “From physical network to network materials”. In:
APS Global Physics Summit. Americal Physical Society, Mar. 2025.

[28] G. Chinga-Carrasco. “Exploring the multi-scale structure of print-
ing paper–a review of modern technology”. In: Journal of Mi-
croscopy 234.3 (2009), pp. 211–242.

[29] G. Chinga-Carrasco. “Cellulose fibres, nanofibrils and microfibrils:
The morphological sequence of MFC components from a plant
physiology and fibre technology point of view”. In: Nanoscale Re-
search Letters 6 (2011), pp. 1–7.

[30] Ch. Lorbach et al. “Automated 3D measurement of fiber cross sec-
tion morphology in handsheets”. In: Nordic Pulp & Paper Research
Journal 27.2 (2012), pp. 264–269.

[31] Y. Sharma, AB. Phillion, and DM. Martinez. “Automated segmen-
tation of wood fibres in micro-CT images of paper”. In: Journal of
Microscopy 260.3 (2015), pp. 400–410.

[32] S. Maraghechi et al. “Experimental characterisation of the lo-
cal mechanical behaviour of cellulose fibres: an in-situ micro-
profilometry approach”. In: Cellulose 30.7 (2023), pp. 4225–4245.

[33] C. Czibula et al. “Estimation of the in-situ elastic constants of wood
pulp fibers in freely dried paper via AFM experiments”. In: arXiv
preprint 2012.03037 (2020).

[34] J. Kouko et al. “Understanding extensibility of paper: role of fiber
elongation and fiber bonding”. In: Tappi J 19.3 (2020), pp. 125–135.

131



[35] A. Torgnysdotter et al. “Fiber/fiber crosses: finite element mod-
eling and comparison with experiment”. In: Journal of Composite
Materials 41.13 (2007), pp. 1603–1618.

[36] MS. Magnusson et al. “Interfibre joint strength under peeling,
shearing and tearing types of loading”. In: Adv. Pulp Pap. Res.
Cambridge (2013), pp. 103–124.

[37] MS. Magnusson, Xiaobo Zhang, and Sören Östlund. “Experimental
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