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Pancreatic B-cells play a central role in maintaining glucose homeostasis through the pulsatile
secretion of insulin. This essential function relies not only on intracellular regulatory mechanisms but
also on coordinated interactions among S-cells within the islets of Langerhans. Disruptions in this
intercellular coordination are increasingly implicated in metabolic disorders such as type II diabetes. In
this work, we employ a computational framework to investigate the collective dynamics of a network of
coupled f-cells interacting through a nonlocally coupled ring topology that incorporates both electrical
and metabolic coupling pathways. This topology provides an idealized representation of short- and
longer-range interactions and allows their dynamical consequences to be studied systematically.
Numerical simulations reveal a variety of emergent behaviors, including synchronization, traveling
waves, and traveling chimera states, in which coherent and incoherent domains coexist and propagate
across the network. These findings provide new insight into the mechanisms governing coordinated
B-cell activity and the regulation of pulsatile insulin secretion. By clarifying how coupling structure
and intercellular communication shape islet-wide dynamics, this work contributes to a deeper

understanding of the dysfunctions underlying diabetes.

I. INTRODUCTION

Maintaining glucose homeostasis depends on a balance
among intestinal glucose absorption, hepatic glucose pro-
duction, and glucose release into the bloodstream [11, [2].
At the heart of this process are the pancreatic 5 cells, lo-
cated within the islets of Langerhans, which represent ap-
proximately 60-80% of the islet cell population [3]. These
specialized cells are responsible for the synthesis, stor-
age, and release of insulin—a pivotal hormone in glucose
regulation. In response to elevated blood glucose, they
secrete insulin to facilitate glucose uptake and storage in
peripheral tissues, thereby restoring normoglycemia [2] [3].

Upon glucose stimulation, 8 cells enhance oxidative
metabolism, raising the ATP/ADP ratio. This metabolic
shift closes ATP-sensitive potassium channels (Karp),
leading to membrane depolarization [4]. Depolarization
in turn activates voltage-dependent calcium channels (VD-
CCs), generating a Ca®" influx that triggers insulin gran-
ule exocytosis [4]. A key physiological feature of this
process is pulsatile insulin secretion, occurring with a
period of 4-5 minutes [5H7]. Pulsatile secretion is sub-
stantially more effective than constant insulin release for
maintaining glycemic control, enhancing insulin receptor
sensitivity, and preventing desensitization [§].

Importantly, these oscillatory secretions arise from co-
ordinated electrical and metabolic oscillations within the
(B-cell network. Disruption of these collective rhythms
can lead to insufficient insulin production or impaired
insulin responsiveness, contributing to chronic diseases
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such as type II diabetes, which is characterized by in-
sulin resistance together with a progressive dysfunction
of pancreatic beta cells that persist but exhibit altered
functional coordination and secretory activity [8,[9]. This
underscores the crucial role of intercellular interactions,
primarily mediated by gap junctions composed of con-
nexin Cx36 [8 [TOHIZ]. B cells therefore form a dynamic,
interconnected network in which coordinated collective
behavior is essential for proper islet function [I3].

Collective dynamics are a hallmark of many biological
systems, where coordination among interacting units gives
rise to emergent behaviours essential for physiological reg-
ulation. In this context, mathematical modelling and
numerical simulation provide an essential framework for
linking experimental observations to the underlying dy-
namical mechanisms. Examples include synchronised elec-
trical activity in cardiac tissue [14], neuronal oscillations
that underlie information processing in the brain [15 [16],
and calcium waves that coordinate intercellular communi-
cation in epithelial or glial networks [I7]. These systems
are often described and analysed using the framework
of coupled nonlinear oscillators, which provides insight
into how local interactions can generate global temporal
patterns such as synchronisation [I8], clustering[19], wave
propagation [20], or chimera states[21].

Most previous studies have focused on the electrophys-
iology of S-cells [10} 22| 23], successfully describing syn-
chronization via gap junctions and the propagation of
electrical waves. However, these models were largely re-
stricted to fast dynamics and did not fully incorporate
the slower metabolic processes known to modulate S-cell
excitability. A second generation of studies emphasized
that glycolytic and mitochondrial oscillations, together
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with electrical activity, form an integrated metabolic—
electrophysiological system [24H27]. These frameworks
highlighted how the interplay between fast and slow activ-
ities regulates the frequency, amplitude, and coordination
of islet-wide rhythms. More recently, Sterk et al. [28] pro-
posed an integrated framework explicitly combining fast
electrical and slow metabolic oscillators coupled across
cells, showing that the interaction of these components
shapes the multimodality and functional connectivity of
B-cell networks. Nevertheless, the full range of possi-
ble dynamical regimes and their potential relevance for
physiological or pathological states remains insufficiently
explored.

The present work extends the integrated framework
of Sterk et al. [28] by introducing non-local coupling,
inspired by studies such as Shahriari et al. [29], which
showed that non-local interactions can generate rich and
spatially structured collective states, including chimera
states, in pancreatic [S-cell networks. In their investi-
gations, they considered a non-local network topology
based on the Sherman model and mainly investigated
the influence of the coupling strength and coupling range
on the emergence of stationary chimera patterns. How-
ever, within the present investigation, we employ a hybrid
Poincaré-Rulkov model that combines slow metabolic os-
cillations with fast electrical dynamics through a bilayer
description of the cellular activity. This framework allows
us to investigate the emergence of traveling chimera in
pancreatic S-cell networks. Traveling and non-stationary
chimera have previously been reported in generic non-
locally coupled networks of excitable systems with elec-
trical and chemical interactions [30} B1] and have been
extensively studied as a general phenomenon in nonlinear
oscillator networks [32]. In this paper, we examine these
dynamical states in the context of a physiologically moti-
vated pancreatic 5-cell model, thereby extending previous
studies toward a more biologically relevant setting. Build-
ing upon this perspective, our investigation analyses the
spatiotemporal behaviors emerging within a network of
coupled [-cell oscillators integrating both fast electrical
activity (modeled by a Rulkov map) and slower metabolic
dynamics (represented by a Poincaré oscillator) under
a non-local topology. Our goal is to analyze how the
coupling structure and the intrinsic properties of individ-
ual oscillators shape the spatiotemporal coordination of
the network and, consequently, the efficiency of pulsatile
insulin secretion.

The remainder of this paper is organized as follows.
Sec. [T} introduces the model description. Sec. [[TT presents
the numerical results and analyzes the collective behaviors
exhibited by the network, together with their biological
implications. Finally, Sec. [[V] summarizes the main con-

clusions and discusses the broader significance of our
findings.
II. MATHEMATICAL MODELING

Let us consider a hybrid multicellular model that com-
bines the fast electrical activity and slow metabolic os-
cillations of pancreatic S-cells, following the framework
introduced by Sterk et al. [28]. This model should be con-
sidered and understood as a theoretical-phenomenological
framework rather than a detailed anatomical reconstruc-
tion of a pancreatic islet. The theoretical aspect is related
to the fact that it deliberately uses reduced oscillators,
and an idealized nonlocal ring topology in order to isolate
the dynamical effects of electrical and metabolic cou-
pling. More specifically, the aim of the present model
is to clarify how two classes of intercellular interactions
— slow metabolic coupling and fast electrical coupling
— shape collective B-cell dynamics. Within this frame-
work, the Poincaré oscillator, which captures the periodic
metabolic fluctuations that influence S-cell excitability is
used to model the slow metabolic dynamics associated
with glycolytic and mitochondrial processes that modu-
late the intracellular ATP/ADP ratio |26, [33]. The fast
electrical behavior, driven by ion channel dynamics and
Ca?* fluxes across the membrane, is represented by the
two-dimensional Rulkov map [34].The phenomenological
character of the model lies in the physiological interpreta-
tion of its components. Rulkov map is used to represent
fast electrical bursting, the Poincaré oscillator accounts
for slower metabolic oscillations, and the two coupling
pathways mimic, respectively, electrical communication
through gap junctions and metabolic exchange between
cells.

We consider a network of N cells, where each cell in-
teracts with its neighbors on a nonlocally coupled ring
topology through two distinct coupling pathways: an
electrical coupling and a metabolic coupling. It is im-
portant to recall that the use of a nonlocally coupled
ring topology is not intended to reproduce the full three-
dimensional architecture of an islet, but rather to provide
a minimal and controlled setting in which the interaction
range can be systematically varied through the nearest-
neighbour parameter. Therefore, this nonlocal framework
can be viewed as suitable way to incorporate both short-
range gap-junctional interactions and long-range effective
communication pathways, such as those mediated by dif-
fusible metabolic or paracrine factors [35]. The metabolic
coupling, characterized by the strength parameter k,,
regulates interactions among the slow metabolic oscilla-
tions described by the Poincaré oscillator in Cartesian
coordinates, as given by Eq.
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Here, v = 1.0 denotes the relaxation rate and A = 0.2 rep-
resents the oscillation amplitude. Following Ref. [2§], the
intrinsic frequency w; of each oscillator is randomly drawn
from a uniform distribution centered around the average
frequency wave = 0.006, with a variability of £15%wqug-
This heterogeneity reflects differences in the metabolic
activity of individual $-cells, which influence their intrin-
sic oscillation periods. The term Wj; corresponds to the
elements of the adjacency matrix, where Wj; = 1 if node j
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uj(n+1) =

&; is the Gaussian white noise, with zero mean and unit
variance, which is included to account for the stochas-
tic nature of B-cell activity. Its strength is scaled by
the noise amplitude p. To capture electrophysiological
heterogeneity, the parameters o; and x; are randomly
assigned such that each o; is drawn from the interval
[1, 1.4] x 1073, with y; = 0;; see Refs. [28] [36] for details.
The coupling between the two oscillatory components of
each (-cell, namely the Poincaré oscillator describing the
slow metabolic dynamics and the Rulkov map describing
the fast electrical activity, is introduced through the ex-
citability parameter o, defined in Eq. [3| This coupling
establishes a unidirectional influence of the fast electrical
dynamics on the slow metabolic dynamics. In this for-
mulation, the metabolic variable x; of the jth Poincaré
oscillator modulates the excitability of the correspond-
ing Rulkov oscillator, thereby providing a phenomeno-
logical link between slow metabolic oscillations and fast
membrane-potential bursting.

i + A max — &min
Oéj - (x] )(O;A a ) + Qmin, (3)

where oumin = 1.95 and amax = 1.995. As z; increases, o
rises accordingly, reflecting enhanced cellular excitability
and a higher oscillation frequency.

Although metabolic and electrical dynamics are based
on distinct mechanisms, they interact to modulate intra-
cellular concentrations of calcium and ATP which are the
key elements causing insulin secretion. A simplified rep-
resentation of this interaction highlights their functional
interdependence, providing a more coherent description
of the overall state of the cells. This interdependence is

i=j—P

(

is connected to node i i.e., when |i — j| < P, and W;; =0
otherwise, thereby defining the structural topology of
intercellular coupling within the simulated islet network.

Electrical coupling, governed by the parameter k&, in
the two-dimensional Rulkov map (Eq. 7 models the gap-
junctional exchange of ions between neighboring $-cells,
where the fast electrical dynamics are described by the
variables u; (membrane potential) and v; (slow gating
variable).

j+P
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mathematically modelled by the composite signal intro-
duced in Eq[4] which unifies the two dynamics within a
coupled framework [23] 28].

¢j = aj + buyg, (4)

where b = 0.5 is used as a weighting coefficient applied to
the Rulkov component, and controls the relative contribu-
tion of the electrical activity to the composite signal. The
proposed model could also be naturally interpreted as a
bilayer network in which each pancreatic -cell is repre-
sented by two coupled dynamical subsystems. The first
layer consists of Poincaré oscillators describing the slow
metabolic dynamics, whereas the second layer consists
of Rulkov maps representing the fast electrical activity.
Unless otherwise specified, the parameters of the Poincaré
oscillator and Rulkov map are taken from the model pro-
posed by Sterk et al. [28]. For the convenience of the
reader, the numerical values of the parameters used in the
present study are the same as those reported by Sterk et
al. 28] and are listed above. Compared with Ref. [28], the
main modification concerns the network topology and the
definition of the coupling weights W;;, which are taken
as binary (W;; € {0,1}) in the present work rather than
distance-dependent.

III. NUMERICAL ANALYSIS AND DISCUSSION

This section is devoted to the numerical analysis of a
network of beta cells described in Sec. [T, governed by
Eq. [1] for the slow component and Eq. [2] for the fast elec-
trical activity. Since the slow metabolic components are



governed by ordinary differential equations, the Poincaré
oscillator defined by Eq. [I]is numerically integrated using
a fourth-order Runge-Kutta algorithm with a time step of
dt = 0.05. By contrast, the fast electrical dynamics are de-
scribed by the Rulkov map (see Eq. [2]) and evolve through
discrete-time iterations indexed by m. To consistently
couple the continuous- and discrete-time components, one
iteration of the Rulkov map is taken to correspond to one
unit of time and is therefore associated with 1/dt = 20
Runge-Kutta integration steps of the Poincaré oscillator.
The simulations are performed over 10° iterations of the
Rulkov map, corresponding to 2 x 10% integration steps
of the Poincaré oscillator. The first 50% of the simulated
data are discarded as transient, while the remaining data
are retained for the analysis.

A. Phase synchronization in the slow metabolic
component

We consider the previously defined network composed of
N =100 coupled systems, where each node exhibits both
a slow metabolic component and a fast electrical activity.
The fast electrical dynamics is explicitly modulated by the
underlying metabolic process, reflecting the physiological
interplay between cellular metabolism and membrane
excitability. A key question here is how the slow metabolic
rhythm shapes or influences the collective transitions
observed in both the fast electrical and the composite
signal of the network. To quantify this collective behavior,
and specially the phase synchronization, we employ the
order parameter originally introduced by Kuramoto and
Battogtokh [37] and expressed by Eq.

1N
I i}
R=|52 ¢ (5)
j=1
where i> = —1, and ¢; denotes the phase of the j*&

oscillator. The phase can be extracted from the time
series of each unit using the Hilbert transform, or alterna-
tively, computed as ¢; = arctan(y;/z;) in the case of a
two-variable model. This order parameter, R, quantifies
the level of phase coherence among oscillators: R ~ 1
indicates ful phase synchronization, whereas R — 0 cor-
responds to a fully desynchronized state. Biologically, a
high value of R reflects a strong coordination between
the metabolic and electrical rhythms across the network,
suggesting collective regulation of cellular activity.
Fig.[[]illustrates the transition to phase synchronization
based on the order parameter for the metabolic variables
[Fig. [I{a)], the electrical activity [Fig. [1{b)], and the com-
posite signal [Fig. [[c)] as a function of the metabolic
coupling strength k,, for five values of the electrical cou-
pling strength k, = {—0.02,0,0.02,0.1,0.5} chosen. This
result shows that the -cell network undergoes a clear
transition from incoherent to synchronized dynamics as
the metabolic coupling strength &, increases. In each case,

both positive and negative coupling strengths are consid-
ered. It should be noted that positive coupling strengths,
i.e., k, > 0 and k, > 0 correspond to attractive interac-
tions that promote synchronization between neighboring
cells and therefore represent the physiologically relevant
regime. However, negative coupling strengths, i.e., k, <0
and k, < 0 correspond to repulsive interactions, that can
favor anti-phase or desynchronized collective states and
are considered here only as a theoretical extension to ex-
plore the full spectrum of collective behaviors supported
by the model. Therefore, negative coupling strengths
are not intended to represent physiological metabolic or
gap-junction interactions.

—k =-002 —k=0 —k=002 —k=01 —k=0.5 ‘
T T T T T

1 1
0.5 0.5 0.5
02 0 2 O2 0 2 02 0 2
’ k ' K ' k
p p p
(a) (b (c)
FIG. 1. Phase transition dynamics represented by the or-

der parameter of the (a) metabolic, (b) electrical, and (c)
composite signals as a function of the metabolic coupling
strength k,, for five values of the electrical coupling strength
k. ={-0.02,0,0.02,0.1,0.5}, with a fixed neighborhood size
of P = 20, and the noise amplitude p = 0.005.

From a biological perspective, the sign of the coupling
parameters determines whether the intercellular interac-
tions promote or oppose formation of collective behavior
and especially synchronization. As observed in all panels
of Fig. |I|, for negative k,, the order parameter R remains
low, indicating desynchronized metabolic and electrical
oscillations. In contrast, when k, becomes positive, a
sharp phase transition occurs, leading to strong collective
synchronization of both metabolic and electrical activi-
ties, as well as of the composite signal. For illustration,
Fig. [2 presents the time series of the metabolic [Fig. [2[a)],
electrical activities [Fig. [2[(b)], and the composite signal
[Fig. 2(c)], together with their corresponding snapshots
shown in Fig. (dff)7 for the metabolic coupling k, =1
and electrical coupling k. = 0.1. As predicted by the
order parameter in Fig. [1| for this set of coupling values
the system exhibits fully synchronized behavior in both
the slow metabolic and fast electrical variables as well as
in the composite signal.

Definitely, positive values of k, and k, tend to drive
the systems to a scenario that favors the synchronization,
and then mimicking the physiological situation in which
[-cells communicate through gap junctions that allow the
diffusion of ions (electrical coupling) and small metabolites
such as glucose-6-phosphate or ATP/ADP intermediates
(metabolic coupling). This positive coupling promotes
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FIG. 2. Spatiotemporal patterns and corresponding snap-
shots illustrating the synchronization dynamics of (a,d) the
metabolic variable z;, (b,e) the membrane potential u;, and
(c,f) the composite signal ¢;. The simulations were performed
using kp, =1, k, = 0.1, P = 20, and p = 0.005.

phase synchronization with coherent bursting in electrical
activity and coordinated metabolic oscillations across the
islet, thereby supporting pulsatile insulin secretion [2§]. In
contrast, negative values of coupling k, and k, represent
anti-phase or desynchronizing couplings, which leads to
the destabilization of collective activity. As observed in all
panels of Fig. [I], except for the metabolic variable shown
in Fig. a), the degree of electrical coupling k, strongly
modulates the transition to synchronization, with larger
positive values (k, > 0) enhancing global synchronization
across the network. In contrast, variations in k, have little
influence on the synchronization of the metabolic variable,
which is mainly controlled by the metabolic coupling
k, (see Eq. . This occurs because electrical coupling
through gap junctions primarily coordinates the rapid
exchange of ions responsible for fast electrical bursting,
whereas the slower metabolic oscillations arise from the
diffusive exchange of metabolites that are unaffected by
k.

According to Refs. [28] B8, [39], experimental observa-
tions indicate that, in pancreatic S-cell networks, the
average number of neighbors of a cell, i.e., the number of

connections it maintains through gap junctions, reflects
the strength of its coupling with the rest of the network
and has a direct biological significance. In our study, this
average degree is given by k£ = 2P due to the symme-
try of the ring network. Experimentally, an average of
about five to six neighbors per cell, as reported for islets of
Langerhans [39], corresponds to a normal level of coupling
that enables the electrical and metabolic synchronization
required for pulsatile insulin secretion. These studies
show that a small number of neighbors represents weakly
connected cells, which are less synchronized and have only
a local influence, whereas a large number of neighbors
characterizes highly interconnected cells — so-called “hub
cells”— that play a coordinating role in the propagation
of electrical and metabolic signals. Therefore, by varying
both the communication radius between cells, represented
by the neighborhood size P, and the level of cellular
heterogeneity, the model may help capture part of the
functional diversity observed in pancreatic islets. It could
also explain how structural connectivity modulates the
coherence of the collective activity of S-cells, particularly
how it affects the transition toward synchronization.

Fig. (3| illustrates how local dynamical heterogeneity
and structural connectivity influence the transition to-
ward synchronization as the metabolic coupling strength
kp is varied, with the electrical coupling strength fixed
at k, = 0.5. Local heterogeneity is introduced through
the intrinsic metabolic frequency w in panel A and the
electrophysiological parameter ¢ in panel B. The param-
eter P characterizes the communication radius between
[B-cells, i.e., the number of nearest neighboring cells on
each side with which a given cell can directly interact.
In each panel, i.e., Fig. BJA and Fig. BB, the four curves
correspond to P = 2 (black), P = 5 (green), P = 10
(blue), and P = 20 (red), representing progressively larger
communication ranges and consequently, increasing lo-
cal connectivity. From top to bottom, the first, second,
and third rows show the synchronization behavior of the
metabolic, electrical, and composite signals, respectively.
To investigate metabolic heterogeneity in panel A, the
intrinsic frequency w; of each oscillator j is independently
drawn from a uniform distribution centered on the mean
frequency wayvg = 0.006. Four distribution ranges are con-
sidered: wayg £ 5%Way, in Figs. (a,e,i), Wavg £ 15%Wayg
in Figs. BJA(b,fj), wavg + 20%wavg in Figs. [BA(c.g.k), and
Wavg £ 30%wavg in Figs. (d,h,l). Moving from left to
right therefore corresponds to a progressive broadening
of the frequency distribution and, consequently, to an
increase in metabolic heterogeneity. A similar procedure
is applied to the electrical signal in panel B. For each os-
cillator, the parameter o; is independently sampled from
one of the following uniform intervals: [1.15,1.25] x 1073
in Figs. 3B(a,e,i), [1.10,1.30] x 1073 in Figs. (b,f,j),
[1.00,1.40] x 1073 in Figs. (c,g,k), and [0.95,1.45]x 1073
in Figs. BB(d,h,]) with a mean fixed at the center of each
interval. Here again, the progressive widening of the
sampling interval from left to right reflects an increasing
degree of electrophysiological heterogeneity. This inves-
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FIG. 3. Phase-transition dynamics characterized by the order parameters of the metabolic signal (MS), electrical signal (ES),
and composite signal (CS) as functions of the metabolic coupling strength k,, for four neighborhood sizes, P € {2,5,10,20}
corresponding to the first, second, third, and fourth columns, respectively. The first, second, and third rows correspond to the
MS, ES, and CS, respectively. (A) Effect of heterogeneity in the intrinsic metabolic frequencies w, with distribution widths of
+5%, £15%, £20%, and +30% around wavg = 0.006. (B) Effect of electrophysiological heterogeneity through the parameter o,
whose values are drawn from the intervals [1.15,1.25] x 1072, [1.10,1.30] x 1072, [1.00, 1.40] x 1073, and [0.95,1.45] x 107%. In
both panels, moving from left to right corresponds to a progressive increase in the width of the distribution of the considered
parameter, namely w in panel (A) and o in panel (B), thereby also reflecting an increase in the heterogeneity. Unless otherwise
stated, the electrical coupling strength is fixed at k, = 0.5, with the noise amplitude p = 0.005.

tigation shows that increasing the metabolic coupling
strength k, generally promotes the emergence of syn-
chronization in the metabolic, electrical, and composite
signals. For the metabolic signal, the order parameter
R undergoes a relatively sharp transition from low to
high values, indicating a phase transition from a desyn-
chronized to a synchronized state. The critical coupling
strength associated with this transition strongly depends
on the communication radius P. Specifically, larger values
of P shift the onset of synchronization toward lower values
of k,, whereas smaller communication radii, particularly
the case P = 2, require stronger metabolic coupling and
exhibit a more gradual transition. This effect becomes
more pronounced as the level of metabolic heterogeneity
increases. Interestingly, this analysis suggests that the
influence of the electrophysiological parameter o is less
pronounced than that of the intrinsic metabolic frequency
w. From this observation, it appears that the synchro-
nization process is more sensitive to heterogeneity in the
metabolic dynamics than to variability in the electro-
physiological parameter. The electrical signal (see the
second rows of Fig. |3) differs from the metabolic signal
in that its order parameter saturates at an intermediate
value rather than approaching full phase synchronization.
Consequently, the composite signal closely follows the
synchronization transition of the metabolic signal while
remaining slightly below unity because of the partial co-
herence of the electrical dynamics. Globally, these results
show that increasing the communication radius, i.e., P en-

hances the robustness of collective synchronization against
both metabolic and electrophysiological heterogeneity.
Biologically, this means that in pancreatic islets, a higher
number of connections between [-cells through gap junc-
tions facilitates the propagation of both electrical and
metabolic signals, thereby improving the spatial and tem-
poral coherence of collective activity and ensuring coor-
dinated pulsatile insulin secretion [28, [39]. In contrast,
drastically decreasing the number of intercellular con-
nections, leads to impaired synchronization, as observed
under diabetic or stress conditions, and then increased
metabolic heterogeneity, and disrupted calcium oscilla-
tions and insulin release [9, [40].

To illustrate the influence of both metabolic and elec-
trical coupling strengths on the transition to synchro-
nization within this S-cell network, Fig. [] shows the
order parameter in the (k,,k,) parameter plane. The
three rows correspond respectively to the metabolic sig-
nal (MS; panels (a—d)), the electrical signal (ES; pan-
els (e-h)), and the composite signal (CS; panels (i-1)),
while the four columns correspond to increasing noise
amplitude, p = 0.005, 0.008, 0.03, and 0.06 from left to
right. The neighborhood size is fixed at P = 20. Pan-
els (a—d) show that metabolic synchronization depends
almost exclusively on the metabolic coupling strength
kp: the order parameter exhibits an abrupt transition
from a desynchronized state for £, < 0 to a fully syn-
chronized regime for k, > 0, without any influence of the
electrical coupling k,.. Moreover, this behavior remains
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FIG. 4. Order parameter in the (kp, kr) parameter plane for the metabolic signal (MS), electrical signal (ES), and composite
signal (CS), with a fixed neighborhood size P = 20. The first row corresponds to the MS, panels (a—d); while, the second row to
the ES, panels (e-h); and the third row to the CS, panels (i-1). From left to right, the columns correspond to increasing noise
amplitudes, p = 0.005, 0.008, 0.03, and 0.06, respectively. The colorbar indicates the degree of phase synchronization, with low
values indicating desynchronized dynamics and values close to one indicating phase synchronization.

robust with respect to the noise amplitude over the range
of p values considered. As mentioned in the comments
of Fig. [1} biologically, this reflects the essential role of
metabolic communication in coordinating S-cell activity:
metabolic coupling regulates the intercellular exchange
of metabolites and controls the slow oscillatory processes
that underlie insulin secretion. In contrast, the order
parameter associated with the electrical variables shown
in panels (e-h) exhibits a much richer patterns. Phase
synchronization emerges only when both couplings are
sufficiently large, revealing a region of partial synchrony
for intermediate values of k,, and k., surrounded by desyn-
chronized and fully synchronized regimes.However, unlike
the metabolic variable, this electrical synchronization re-
mains sensitive to noise, as illustrated in panels (g,h),
where the desynchronized region becomes progressively
larger as the noise amplitude increases. This complexity
reflects the high sensitivity of electrical activity to the
interplay between fast electrical coupling and the slower
metabolic feedback, and this behavior arises from the
fact that electrical activity in §-cells depends simultane-
ously on fast ionic coupling through gap junctions and on
the slower metabolic processes that modulate membrane
excitability. The dynamics of the composite signal illus-
trated in panels (i-1) combine features of both subsystems:
its synchronized region closely follows the transition in
kp, but is modulated by the electrical coupling, produc-

ing an intermediate band of partial coherence similar to
that observed in electrical signal for low noise amplitudes.
Since the composite variable for each node j is defined as
c;j = x; + bu;, the difference between two nodes 7 and j
can be written as ¢; — ¢; = (z; — ;) + b(u; — u;). When
the metabolic subsystem is synchronized as in the red
domain of the first row, z; — x; = 0 for all pairs of cells.
Consequently, the contribution of the electrical variable
to the spatial dispersion of ¢; is effectively weighted by
the factor b < 1. As a result, the coherent or synchronized
metabolic component acts as an organizing background
that can preserve phase coherence in the composite signal,
even in parameter regions where the electrical signal alone
does not exhibit global phase synchronization. From a
biological viewpoint, this result suggests that coordinated
metabolic activity may contribute to preserving islet-wide
functional coherence even when electrical communication
is impaired, thereby supporting robust pulsatile insulin
secretion under heterogeneous or perturbed conditions.

B. Traveling chimera and traveling wave

Beyond phase synchronization, coupled S-cell networks
are known to display a very rich spectrum of spatiotem-
poral collective behaviors driven by the interplay between
electrical and metabolic interactions. From a biological



perspective, pancreatic islets depend on fast electrical
coupling through connexin-36 gap junctions to coordi-
nate calcium oscillations [39], while metabolic activity
propagates more slowly via diffusive exchange of metabo-
lites and feedback through oxidative pathways [2§]. In
this context, two dynamical regimes are particularly rele-
vant: traveling chimera states [41] and traveling metabolic

waves [40].

100

100

FIG. 5. Spatio-temporal and snapshot diagrams illustrat-
ing: (a,d) the metabolic variable z;, exhibiting a traveling
wave; (b,e) the membrane potential u;, displaying a traveling
chimera state; and (c,f) the composite signal ¢;, showing a
weak traveling chimera very close to traveling wave pattern.
The parameters used are k, = —2, k,, = —0.02, P = 20, and
p =0.005

Fig. p| illustrates the coexistence of distinct spatiotem-
poral behaviors in the electrical and metabolic variables
under the same parameter regime, k, = —2, k. = —0.02,
a neighborhood size of P = 20 nodes, and a noise ampli-
tude p = 0.005. The temporal evolution of the metabolic
variable plotted in Fig. [fa) with a snapshot in Fig. [p|b)
is organized into a coherent traveling wave, which rep-
resents coherent slow fronts that propagate across the
tissue, consistent with experimentally reported metabolic
and NAD(P)H waves in intact islets [40, [42]. Whereas
the electrical activity represented in Fig. b,e) exhibits a
traveling chimera state characterized by the coexistence

of coherent and incoherent regions drifting across the ring,
reflecting complex partial synchrony in the fast electrical
subsystem. The composite signal in Fig. [f](c,f) reflects a
combination of these two behaviors and reveals a weak
propagating chimera very close to a traveling wave pat-
tern shaped by the interaction between slow metabolic
coupling and fast electrical variability. Together, these
panels highlight the ability of the coupled $-cell network
to sustain qualitatively different dynamical regimes simul-
taneously, driven by the interplay between electrical and
metabolic processes.
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FIG. 6. Snapshots of the electrical variable u (a, b) and the cor-
responding local curvature D; (¢, d) at ¢ = 2650 and ¢ = 3000
for k. = —0.02, k, = —2, and p = 0.005. Coherent domains
form smooth, continuous segments, whereas incoherent regions
show irregular fluctuations. The local curvature sharpens these
transitions, with large D; indicating phase or amplitude dis-
ruptions.

To corroborate the existence of a traveling chimera in
the electrical systems u, we employ the local curvature
measure D;(t) defined in Eq. [6| which allows us to dis-
tinguish coherent and incoherent regions by identifying
points of strong local desynchronization [43] [44]:

Dj(t) = wjt1(t) — 2u;(t) + uj—1(t). (6)

To demonstrate the non-stationary nature of the chimera,
Fig. [6] displays snapshots of the fast electrical variable
u; at two time instants, t = 2650 and ¢ = 3000 (first
column), together with the corresponding local curvature
profile D;(t) (second column). At both time instants,
the electrical variable exhibits the coexistence of coherent
domains with nearly identical phases and incoherent re-
gions displaying irregular fluctuations. However, a clear
spatial shift of these domains is observed between the
two snapshots, confirming that the boundaries separating
coherent and incoherent groups drift over time a defining
signature of a traveling chimera [31].

Let us introduce the local order parameter [31] to quan-
tify the degree of synchronization in the neighborhood of
each oscillator. Unlike the global order parameter R, the
local order parameter L; allows us to track the formation,
stability, and motion of coherent clusters (where L; ~ 1)



and incoherent domains (where L; = 0) along the ring.
It is defined in Eq. [7]

Lit)=|3p D €™V, i=12...,N, (7)

li—kl<P

where 32 = —1, P denotes the number of neighbors to the
left and right of element j, and ¢y (t) is the instantaneous
phase of oscillator k.

Fig. [7] presents the spatio-temporal evolution of the
local order parameter L; for the metabolic variable z
(a), the membrane potential u (b), and the composite
signal (c), computed for the same parameters as in Fig.
Panel (a) shows that the metabolic system remains almost
uniformly synchronized, with L; ~ 1 across space and
time. This is in agreement with the fact that the metabolic
coupling is strong enough to enforce global coherence. In
contrast, the electrical variable displayed in panel (b)
exhibit a clear traveling chimera pattern, where coherent
and incoherent regions coexist and drift along the ring,
resulting in a characteristic diagonal structure in the j—t
plane. This non-stationary partial synchrony is further
reflected in the composite signal in panel (c), where the
propagation of partially coherent domains is still visible
but with reduced amplitude, indicating that the composite
dynamics inherit features from both the slow synchronized
metabolic system and the fast heterogeneous electrical
one.

In the present context, traveling chimera represents
a biologically relevant intermediate regime between full
synchronization and complete desynchronization. Their
coexistence of coherent and incoherent behaviors in the
electrical activity allows the islet to maintain coordinated
insulin secretion while preserving functional heterogene-
ity and adaptability. This spatiotemporal organization
may enhance robustness to cellular variability and pre-
vent pathological lock-in to uniform oscillatory modes.
From a physiological standpoint, the presence of travel-
ing chimera patterns may therefore support flexible and
efficient pulsatile insulin release, whereas their disruption—
as observed in diabetic conditions—could lead to impaired
signal propagation, loss of oscillatory structure, and ulti-
mately dysfunctional hormone secretion.

To characterize the motion of the incoherent domain in
a traveling chimera state, we introduce a velocity measure
v. This quantity quantifies the drift of the coherent—
incoherent boundary along the ring and provides a clear
criterion to distinguish stationary or coherent behavior
from the traveling chimera. To compute the velocity,
we make use of the local curvature defined in Eq. [6]
which allows us to identify the coherent regions char-
acterized by the condition |D;| < § = 0.01 D,,, where
D,, = max;|D;| [43]. Thus, the fraction of coherent
regions can be expressed as in Eq.

)
go(t) = / o(t,|D;]) d|Dj], (8)

where g(t, |D;|) denotes the probability density of the local
curvature. Therefore, gy = 1 corresponds to a fully co-
herent state, go ~ 0 to a fully incoherent /desynchronized
state, and 0 < gg < 1 characterizes chimera states.

To determine whether the chimera travels, we compare two
snapshots separated by a short time interval At = to — t;.
Then, the propagation velocity could be estimated from
the empirical relation v = g/At, where g denotes the
displacement of the coherent domain during the interval
At. More specifically, let us denote by g1 and g the dis-
placements of the leading and trailing boundaries of the
coherent domain, respectively, between the time interval

t1 and t5. The corresponding instantaneous velocities are
defined as Eq. [9]

1 t+T
vy :Thm T/ vi(t)dt, and
— 00 t
1 t+T (9)
2 = Tlgn T/ vo(t) dt,
o0 t

The long-time average propagation velocity of the chimera
is then computed by Eq.

V1 + Vg

5 (10)

A positive value (v > 0) characterizes a traveling chimera,
whereas v — 0 may indicate a fully incoherent dynamics, a
stationary chimera, or a fully coherent state. Throughout
this investigation, the propagation velocity is expressed
in cells per unit integration time of the discrete Rulkov
map. Since one iteration of the Rulkov map corresponds
to 1/dt = 20 fourth-order Runge-Kutta integration steps
of the Poincaré oscillator (dt = 0.05). Consequently, all
reported propagation velocities are computed using a
unique and consistent time scale.

Fig. [§ shows how the traveling chimera velocity v de-
pends on the metabolic and electrical coupling strengths,
kp and k,, and assesses the robustness of traveling chimera
propagation against stochastic perturbations for four in-
creasing values of the noise intensity p = 0.005, 0.008, 0.03,
and 0.06). The velocity remains close to zero for most
of the parameter space (see blue domain), indicating sta-
tionary chimera states or fully synchronized dynamics.
However, a distinct region of nonzero velocity emerges for
weak to moderately negative metabolic coupling (k, < 0)
combined with small positive electrical coupling (k, 2 0).
For low noise amplitude, p = 0.005 (see panel (a)) and
p = 0.008 (see panel (b)), nonzero values of the velocity
are observed over a relatively wide region of the (k, k)
parameter plane, suggesting that traveling chimera states
can persist under weak to moderate stochastic perturba-
tions (see panel (¢)) within the parameter range consid-
ered here. When the noise amplitude is increased, the
region supporting nonzero propagation velocity becomes
progressively smaller. This reduction is particularly vis-
ible for p = 0.06 (see panel (d)), where the magnitude
of the velocity of the traveling chimera becomes very
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FIG. 7. Spatio-temporal evolution of the local order parameter associated with the metabolic variable  (a) and the membrane
potential u (b), for the same parameters as in Fig. [5] The amplitude of L; is indicated by the color scale.
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FIG. 8. Two-dimensional maps illustrating the combined effects of the coupling parameters k, and k, on the traveling chimera
velocity v for P = 20, for different values of the noise intensity p: (a) p = 0.005, (b) p = 0.008, (c) p = 0.03, and (d) p = 0.06.
The colorbar indicates the magnitude of the velocity v. Nonzero values of v identify parameter regions where traveling chimera
states may occur, whereas v — 0 corresponds to coherent or stationary regimes.
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FIG. 9. Influence of coupling parameters on chimera motion.
The velocity v is shown as a function of the metabolic cou-
pling k, for three fixed electrical coupling strengths, k, =
{-0.02, 0, 0.1}, with P = 20, and p = 0.005

small, approaching zero. In conclusion, traveling chimera
states become progressively weaker as the noise ampli-
tude increases, and sufficiently strong noise may suppress
the coherent—incoherent organization required for their

emergence.

For relatively low or moderate noise amplitude, the
transition toward synchronization or coherence emerges
as the coupling strengths increase, progressively reducing
the mobility of the incoherent domain. In this regime,
the incoherent domain drifts along the ring, giving rise
to a traveling chimera. For illustration of this transition,
Fig. [0 shows the evolution of the velocity v as a function
of the metabolic coupling strength k, for three values of
the electrical coupling strength, k. = {—0.02, 0, 0.1} and
the noise amplitude p = 0.005. The velocity decreases
as either coupling becomes too strong, reflecting how ex-
cessive metabolic or electrical synchronization suppresses
spatial asymmetry and ultimately inhibits the propaga-
tion of the chimera. This behavior is observed for low
noise amplitude, p = 0.005 (see Figs.[9] and [§(a)), mod-
erate noise amplitude, p = 0.008 (see Fig. [§(b)), and
p = 0.03 (see Fig. [§|(c)). Biologically, this behavior im-
plies that traveling desynchronization waves are more
likely to occur when electrical coupling is present but not
dominant, and when metabolic interactions do not fully
enforce global coherence—conditions that may correspond
to heterogeneous or partially impaired [-cell networks.
This interpretation on traveling chimera is consistent with
observation of heterogeneous (3-cell activity, showing that
not all cells are active simultaneously, with subsets of cells



alternating between active and resting phases [13]. It also
aligns with biophysical studies demonstrating that par-
tially synchronous activity patterns can support pulsatile
insulin secretion [45].

C. Emergent Dynamics and Islet Calcium Activity

The collective patterns emerging from our simula-

tions—such as phase synchronization, metabolic waves,
and traveling chimera states provide a qualitative frame-
work for interpreting calcium imaging data in pancre-
atic islets. In particular, the global synchronization of
metabolic and electrical oscillations observed in the model
reflects the coordinated Ca2* activity experimentally
reported between neighboring S-cells, emphasizing the
crucial role of network connectivity and gap junction-
mediated coupling in regulating pulsatile insulin secretion
[35]. Similarly, traveling chimera states reproduce quali-
tative patterns in which some cells remain synchronized
while others, phase-shifted, propagate across the islet.
Such patterns could correspond to local heterogeneity of
Ca?t activity reported in intact islets [40], suggesting
that even a simplified model can capture essential spatio-
temporal dynamics observed in vivo.
These analogies are further supported by both experi-
mental and theoretical studies. Gap junction-mediated
electrical coupling synchronizes Ca?*t oscillations, and
disruption of coupling decreases the amplitude and prop-
agation speed of calcium waves [35] [46]. Moreover, dual
oscillator models combining slow metabolic and fast cal-
cium/electrical components reproduce key features of
[-cell activity, such as coordinated oscillations and wave
propagation across the islet [23]. Finally, recent high-
resolution calcium imaging studies reveal wave-like propa-
gation and functional sub-networks in human and rodent
islets, consistent with heterogeneous activity patterns
analogous to the simulated chimera states [40]. Overall,
these observations suggest that our simplified phenomeno-
logical model captures core mechanisms of collective S-cell
dynamics and provides a mechanistic interpretation of
spatio-temporal patterns observed in calcium imaging,
even if quantitative agreement with specific experimental
data is not intended.

IV. CONCLUSION

This work proposed and analyzed the collective dynam-
ics of a pancreatic -cell network by coupling Rulkov oscil-
lators for fast electrical activity with Poincaré oscillators
describing slow metabolic processes, and examined their
behavior under a nonlocal coupling topology. Such a topol-
ogy is biologically meaningful, as -cells within an islet do
not interact only with their direct neighbors through gap
junctions, but also effectively over longer distances via
diffusible metabolic factors. This hybrid formalism model
provides a more physiologically grounded description of
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(B-cell behavior, surpassing traditional approaches that
treat intrinsic dynamics and coupling mechanisms inde-
pendently. The goal of this work was to elucidate how the
interplay between electrical and metabolic coupling shapes
the emergent spatiotemporal activity patterns within the
islet.

The analysis revealed a rich repertoire of dynamical
regimes, including phase synchronization, traveling waves,
and traveling chimera states, which are hybrid patterns in
which coherent and incoherent domains coexist and prop-
agate through the network. Such diversity reflects the
competing influences of electrical and metabolic coupling,
which jointly shape the balance between local coordination
and global heterogeneity. Quantitative diagnostics such
as the (global) order parameter , the local order parame-
ter, spatiotemporal diagrams, and velocity measurements
shows that modulation of the coupling strengths induces
sharp transitions between these regimes. These results
highlight the sensitivity of $-cell populations to inter-
cellular coupling and illustrate how small variations in
communication pathways can reorganize collective behav-
ior, potentially impacting the efficiency and/or robustness
of insulin secretion.

Traveling chimera states, in particular, provide a power-
ful conceptual framework for interpreting the spatiotempo-
ral organization of islet activity. The coexistence of coher-
ent and incoherent domains in this traveling chimera, com-
bined with their ability to propagate across the network,
offers a natural mechanism for distributing metabolic
information while avoiding the limitations of global syn-
chrony. Such regimes may help explain how pancreatic
islets maintain robust pulsatile insulin secretion while
retaining sufficient flexibility to respond to fluctuating
glucose levels. More broadly, traveling chimeras illus-
trate how partial coordination—rather than complete
synchrony—can enhance the efficiency and adaptability
of collective behavior in biological systems.

The findings of this investigation are broadly consis-
tent with experimental observations and provide a phe-
nomenological perspective on collective dynamics in S-cell
networks. While the model is not intended as a detailed
biophysical description, it highlights the potential impor-
tance of intercellular interactions in shaping coordinated
activity and pulsatile insulin secretion. More generally,
the results suggest possible mechanisms through which
alterations in collective dynamics may contribute to im-
paired glucose regulation under pathological conditions.
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