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Abstract

We combine two-dimensional volume-of-fluid direct numerical sim-
ulation (2D-VOF) and dynamic mode decomposition analysis (DMD)
to investigate the splitter plate thickness effect on the global dynamics
of a planar two-phase mixing layer. The flow configuration consists
of two parallel fluid streams with different densities (p1 < p2) and ve-
locities (U; > Usz), which meet downstream of a separator (splitter)
plate. The interaction between the fast (U;) and slow (Us) fluid lay-
ers determines a Kelvin-Helmholtz (KH) instability at the interface,
which is found to be crucially affected by the parameter e/d;, be-
ing e the splitter plate thickness and §; the vorticity thickness of the
fast phase (placed above the slow phase). For e/§; < 1, the KH
instability results in a wavy dynamics of the interface, whose tempo-
ral oscillations are characterized by the reduced frequency Sty =
f01/Up =~ 0.018. In such conditions, the DMD analysis identifies
the dominant global mode of the flow as a spatio-temporal interfa-
cial travelling wave moving with the celebrated Dimotakis velocity,

Up = /p1U1 + /p2U2/ (\/,471 + Jp?), and oscillating at the same fre-
quency Styrr. On the other hand, for e/d; > 1, the reduced frequency
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of the interface oscillations undergoes a sudden transition (shift) to
the lower value Stvj\‘; 1, =~ 0.012. The leading spatio-temporal coherent
structure identified by the DMD analysis correspondingly shifts to the
same frequency. By inspection of the velocity field, it is found that,
as e/d; increases, the wake region located right downstream of the
splitter plate undergoes a transition from steady conditions to peri-
odic oscillations at the reduced frequency StV ~ 0.024. Therefore, it
is argued that the observed frequency shift in the mixing layer global
dynamics is determined by the interaction between the characteristic
frequencies of the wake (StW) and the mixing layer (Stysr), resulting
in the third-order intermodulation frequency Stj\”é . = 2S5ty — StV
which is known to arise for wave signals propagating in nonlinear sys-
tems potentially. We corroborate this argument by applying a simple
actuation at the splitter plate edge, which inhibits the wake oscilla-
tions and restores the frequency Stpsr, even in the e/d; > 1 regime,
thereby suppressing the frequency shift.

1 Introduction

Two-phase mixing layer flows have been a matter of active research in fluid
dynamics for centuries [1, 2]. Technical and industrial applications of such
flow configurations span a multitude of engineering sectors, including au-
tomotive [4], ocean [5], aerospace [3] and naval [6] engineering, and have
motivated extensive theoretical, numerical, and experimental studies over
the years.

The common thread overall in applications is the physical setup, involving
the interaction between a relatively low-speed liquid jet (density ps, velocity
Us,) and a faster co-flowing fluid phase (density p;, velocity U;) downstream
of a splitter plate, which initially separates the two streams (see Fig. 1 in the
following Section 2). The velocity difference between the fast (upper) and
slow (lower) phases triggers a shear instability at the separating interface,
leading to the generation of an interfacial wave traveling with the celebrated
Dimotakis velocity Up = /piUs + /p2Us/ (v/p1 + +/p2) [7). The wave dy-
namics are further characterized by secondary instabilities, determining the
formation, corrugation, and finally breaking of ligaments into droplets (pri-
mary atomization). The resulting droplet mixtures then mutually interact
in the so-called secondary atomization process [8]. In this study, we are
concerned with the early stages of the primary instability occurring at the



two-fluid interface right after the splitter plate edge (near-field region), and
in particular with the effect of the plate thickness on the global dynamics
of the mixing layer flow. Understanding the physical mechanisms that lead
to the development of instabilities in the near-field region is critical, due to
its significant impact on the development of the turbulent flow field in the
downstream region [9].

The interfacial wave dynamics in the proximity of the splitter plate have
been conventionally investigated through linear stability analysis of small
perturbations superposed on a properly selected base flow, within the par-
allel (or quasi-parallel) flow approximation, to determine the most unstable
frequency and wavelength of the instability. First investigations were carried
out assuming an inviscid regime for both the base flow and the evolution of
perturbations, and neglecting the splitter plate effect [8, 10]. Later on, Matas
et al. [11] included a velocity defect in the base flow, to mimic the splitter
plate effect on the near-field flow region. They found that accounting for
the velocity defect is crucial to obtain reasonable quantitative agreement be-
tween inviscid stability analysis predictions and experimental measurements
of the interface oscillations frequency, although the spatial growth rate of
the travelling wave was significantly underestimated. On the other hand, a
good quantitative match between measured and theoretically predicted spa-
tial growth rates can be obtained by including viscous effects in the temporal
linear stability analysis, but then frequencies become overestimated [12, 13].

To obtain a more satisfactory and systematic agreement between sta-
bility analysis predictions and experimental measurements, Otto et al. [14]
developed a spatio-temporal linear stability approach, improving the match
between theoretical and experimental values for both frequency and spatial
growth rate. Moreover, their method provided for the first time evidence of a
transition from convective to absolute instability [15], for the injection condi-
tions reported in the work by Matas et al. [11], with experimental data span-
ning both the instability regimes. This aspect was further clarified by Fuster
et al. [16], who showed that the transition from convectively to absolutely un-
stable behaviour of the flow crucially depends on the dynamic pressure ratio
parameter M = pU2/(poU2). In particular, the absolute instability regime
was found to be strongly affected by the splitter plate thickness separating
the two streams before the injection.

Later on, Bozonnet et al. [17] pointed out that such absolute instability is
determined by a resonance mechanism between an upstream-travelling sur-
face capillary wave and the main downstream-oriented shear wave. In this



respect, Matas et al. [18] outlined that surface tension is the physical mech-
anism triggering the flow absolute instability for a sufficiently low interfacial
velocity. Moreover, Matas [19] found that the finite thicknesses of the fluid
streams may play a key role in triggering the absolute instability, through
the so-called confinement effect.

As explained in the more general framework of jet/wake flows by Ju-
niper [20, 21] and retrieved for an air-water mixing layer configuration in
the analysis by Bozonnet et al. [17], confinement is indeed able to determine
absolute instability. This is possible through a resonance mechanism taking
place between velocity perturbations cross-stream spatial oscillations within
the fast phase, which are induced by the streamwise interfacial wave devel-
opment, and the confinement length (i.e. the fast stream injection thickness
Hy). While both the convective mode of instability (triggered by viscosity
differences across the interface [13]) and the surface tension-induced absolute
mode [16] are characterized by relatively small wavelengths, the confinement
absolute mode reveals a smaller wave number, which better matches most
of the experimental conditions [22, 23]. A map of the different mixing layer
flow regimes has been recently proposed by Matas et al. [18], outlining that
the velocity defect induced in the near-field region by the splitter plate has
an impact on both the surface tension and confinement-induced absolute
instability.

From the literature review summarized above, it arises that two-phase
mixing layers instability mechanisms have been mostly investigated through
local stability analyses, namely selecting the velocity profiles at certain rep-
resentative locations of the (base) flow (estimated by means of theoreti-
cal arguments or measured with numerical simulations and experiments)
and computing the most unstable frequencies and wavelengths by means
of temporal /spatio-temporal linear stability approaches. Numerical simula-
tions performed both in three-dimensional [9] and two-dimensional [16, 17]
scenarios have shown that such flows are characterized by strong spatial vari-
ations in the near-field region. The locally parallel low assumption, usually
made for linear stability calculations, therefore generally does not hold. As
pointed out by Bozonnet et al. [17], a global stability analysis has to be per-
formed to improve the predictions of mixing layer flows dynamics in most of
the conditions of interest.

Motivated by such considerations, the purpose of this work is to inves-
tigate the global dynamics of two-phase mixing layer flows by combining
two-dimensional volume-of-fluid direct numerical simulation (2D-VOF) and
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data-driven global stability analysis based on dynamic mode decomposition
(DMD). In particular, we aim at shedding light on the effect of the split-
ter plate thickness e on the dominant mode of the flow instability, which
is identified as a spatio-temporal coherent structure associated to a global
oscillation frequency.

This investigation is inspired by the works by Fuster et al. [16] and Ben
Rayana et al. [24, 25], who provided numerical and experimental measure-
ments of the local oscillation frequency at the interface for a number of e
values. By means of the local analysis, these authors found a shift of the
flow dominant oscillation frequency when the parameter e increases beyond
a critical threshold, opening up a question regarding the driving mechanisms
underlying this phenomenon. As stated in Fuster et al. [16], “it is diffi-
cult to conclude whether the dynamics of the contact line is responsible for
the frequency shift or not... We therefore believe that the frequency shift is a
consequence of the flow created behind the separator plate and not of the con-
tact line dynamics. In any case, this phenomenon certainly requires further
investigations in the future.”

The problem is addressed here by providing systematic numerical sim-
ulations of the two-phase mixing layer flow, spanning both the e/d; < 1
and e/d; > 1 regimes identified by Fuster et al. [16], 6; being the vortic-
ity thickness of the fast fluid stream shearing the slow phase. By applying
dynamic mode decomposition to the numerical data, the variation of flow
structures and associated global oscillation frequencies are monitored as the
splitter plate thickness changes, ultimately allowing for the identification of
the physical mechanisms responsible for the frequency shift.

The rest of the work is organized as follows. In Section 2, we introduce
the flow configuration of interest. In Section 3, we describe the numerical
methodologies employed in the analysis. Results are presented in Section 4,
and conclusions are provided in Section 5.

2 Physical layout

The planar two-phase mixing layer flow configuration of interest is schemat-
ically represented in Fig. 1. A slow fluid stream with velocity U, is placed
below a fast stream with velocity U;. The two streams have finite thicknesses
H, and H,, respectively, and they meet downstream of a splitter plate with
thickness equal to e. The domain is a two-dimensional (2D) square focused
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Figure 1: Schematic representation of the computational domain, including
the employed boundary conditions and a sketch of the two-phase mixing layer
interfacial wave.

around the plate. The velocity field is defined as u = (u, v), where u, v are the
velocity components in the x and y directions, respectively, with 0 <z < L
and 0 <y < L, and L = H; + e+ Hy. The origin O of the reference frame
Oxy coincides with the bottom left corner of the domain.

The choice of a 2D computational framework is justified by the 2D na-
ture of the interfacial instability developing downstream of the splitter plate,
which is not affected by three-dimensional transverse modulations in the
near-field flow region of interest ([16, 22, 25]). Moreover, we choose not to
include the splitter plate separating the fluid streams in the computational
domain, but to mimic its effect via boundary conditions. As reported in
the recent work by Bozonnet et al. [17], this choice allows for avoidance of
the simulation of the contact line dynamics on the plate, which is expensive
given its typical scales, and to directly enforce the shape of the inflow velocity



profile. This is assigned on the left side of the computational domain as

U27 OSQSH%
u(y) _ 07 H2 <y§H2+67 (1)
= -
Uyﬂf(%), H2+€<y§H2—|—€+H1,
1

while v = 0 for 0 < y < L. The volume fraction C'is prescribed as C' =1 for
0 <y < Hy, and as C = 0 for y > H,. Following previous works ([9, 16, 17]),
the error function

erf(y) = % /Oy exp(—x?) dx, (2)

is employed to represent the vorticity layer on the bottom boundary of the
fast stream, whose thickness is denoted as d;. The remaining boundary
conditions are enforced as follows: on top and bottom sides of the domain,
homogeneous Neumann conditions are prescribed for all variables except v,
which is assigned equal to v = 0 (slip condition), while a standard outflow
condition

ou v 0C

or  Or Ox
is considered on the right boundary, allowing for the convection of interfacial
waves without artificial reflection. The initial conditions are prescribed as
u=v =C = p =0 in the whole domain.

The computational domain is discretized employing a uniform mesh with

N, = N, = 28 grid points along each spatial dimension, corresponding to a
mesh size equal to A =~ 6;/12. Note that a resolution of A = 4,/10 has been
recently shown to be adequate in accurately capturing the two-phase mixing
layer flow interfacial dynamics [17]. The simulation time-step is evaluated at
each iteration as

0, p=0, (3)

BHA A3
AT = min 0-5 , pLpa”
U 2 @y

: (4)

which is the minimum value between the CFL-based time-step and the os-
cillation period of the smallest capillary wave that can be captured by the
grid, being v in Eq. (4), the surface tension coefficient. Further details on
the numerical simulations are provided in the following Section 3.1, while the
grid convergence analysis of results presented in Section 4 is reported in A.



Name Variable Value Unit

Fast stream density p1 100 Kg m™
Slow stream density 02 1000 Kg m~3
Fast stream viscosity 1 0.001 Kgm! st
Slow stream viscosity P 0.1 Kgm™! st
Inlet fast stream velocity Uy 10 m st
Inlet slow stream velocity Us 1.0 m st
Inlet fast stream thickness H; 0.010 m
Inlet slow stream thickness H, 0.010 m
Surface tension coefficient 7y 0.1 N m™!
Fast stream vorticity thickness 01 0.001 m
Splitter plate thickness e [0.5,1.5] - 1073 m

Table 1: Dimensional quantities involved in the problem. Note that the
splitter plate thickness e is the only parameter varied in the analysis.

Name Relation Value
Density ratio r, = p1/p2 0.1
Viscosity ratio Ty = 1/ e 0.01
Reynolds number Re = p Uiy /1 1000
Weber number We = pUEd, /v 100
Dynamic pressure ratio M = pUZ/(p2U3) 10
Plate-to-thickness ratio e/o (0.5, 1.5]

Table 2: Main dimensionless parameters corresponding to the physical quan-
tities listed in Table 1.
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Figure 2: Interface location (black curve) and volume fraction field C' (C' =1
depicted in red, C' = 0 in blue) at different time instants: t/¢,.; = 70 (a); 80
(b); 90 (c); 100 (d). The white curve in all panels denotes the wake region
extension, while the black curve highlights the instantaneous location of the
interface.

A summarizing overview of the physical quantities and the main corre-
sponding dimensionless parameters involved in the problem is reported in Ta-
bles 1 and 2. Note that the only parameter varied in the analysis is the splitter
plate thickness e, to span both regimes where e/§; < 1 and e/d§; > 1 identified
by previous literature works [16, 25]. Moreover, as is common for the sim-
ulation of two-phase mixing layers in the fast/slow fluid streams numerical
setup [16, 9], gravitational acceleration ¢ is neglected. For such a configura-
tion, the Froude number is indeed on the order of Fr = U?/(gd;) = O(10%),
indicating that the inertial forces from the fast shearing phase dominate over
gravitational effects. Note also that a value of r, = 0.1 is employed for
the density ratio to balance the computational feasibility with the physi-
cal accuracy of the numerical investigation. Indeed, while a lower r, value
would more closely approximate air-water configurations, the numerical stiff-
ness introduced at low density ratios significantly slows down the solution to
the pressure Poisson problem arising in the numerical discretization of the
Navier-Stokes equations (see following Section 3.1).

A typical sequence of the appearance and propagation of the interfacial
wave is depicted in Fig. 2, corresponding to the parameters reported in Ta-



ble 2 with e/d; = 1. Note that values of the Reynolds number Re = 1000 and
dynamic pressure ratio M = 10 lie in the so-called global G-regime identified
by Fuster et al. [16], and that ¢,.; = 6;/U; has been considered as reference
time. By inspection of Fig. 2, it can be seen that the wave appears periodi-
cally within the simulation domain and moves downstream, increasing in size
as its top goes beyond the fast stream boundary layer (Fuster et al. [16]).
Once the wave becomes sufficiently large, it generates suction and alters the
interface height upstream. As it continues to travel downstream, the liquid
level gradually returns to its original state, and a new wave forms.

3 Methodology

3.1 Numerical simulation

The two-phase mixing layer flow originating downstream of the splitter plate
is modelled with the one-fluid formulation of incompressible Navier-Stokes
equations [26]. In Einstein notation, the system reads as

8Ui .
oz 0, (5a)
ou; ou; op 0 Ou;  Ou;
™ T = = F
E + oz, = 0. (5(3)

The vector u = (u, v) represents the flow velocity, while p is the pressure. The
force per unit volume due to the surface tension is denoted as F, = yxn;dg,
where - is the surface tension coefficient, x the mean interface curvature, and
n the outward pointing normal vector to the interface. The Dirac distribution
function dg is equal to 1 at the interface, and 0 elsewhere. The density p and
viscosity p fields are discontinuous across the interface separating the two
fluids, namely

p = p1t(p2—p1)C, (6a)
po= pn+ (p2—m)C, (6b)

where subscripts 1 and 2 refer to the upper (faster) and lower (slower) phases,
and the volume fraction field C' is equal to either 0 or 1 in the two regions,
respectively.
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The system (5a)-(5c) is solved using the finite volume method imple-
mented in the open-source code BASILISK, an improved version of Gerris
[27] that has been extensively used and validated to investigate the dynamics
of two-phase mixing layer flows (among others, see [16, 28, 29]). The code
employs the volume-of-fluid (VOF) method [26, 30, 31] to track the interface
on a quadtree-structured grid, allowing in general for adaptive mesh refine-
ment based on a criterion of wavelet-estimated discretization error [32]. In
this work, a uniform mesh with constant grid spacing has been employed
for all simulations. The calculation of the surface tension term is based on
the balanced continuum surface force technique [33], which is coupled with
a height-function curvature estimation to avoid the generation of spurious
currents. For exhaustive details about the code, the reader is referred to
Popinet [27, 34] and to the official software website (http://basilisk.fr).

We explicitly highlight here that numerical methods for two-phase flow
problems constitute a vast body of literature, and that strategies different
from the VOF approach adopted in this work could be more effective for
different flow configurations. Among the most widely adopted interface-
resolving approaches are the Level Set (LS) [35, 36], Front Tracking [37, 38],
and Phase Field methods [39, 40]. The LS method represents the fluid in-
terface as a signed distance function, offering accurate curvature calculations
and smooth evolution, but it requires frequent reinitialization and may lead
to mass loss. Front Tracking methods explicitly track the interface with
marker points or separate meshes, providing sharp resolution and accurate
surface tension modelling, but at the cost of complex mesh handling. Phase
Field methods, based on diffuse interface theory, model the interface as a
continuous transition region. They are especially effective for handling topo-
logical changes (e.g., merging and breakup), though they introduce artificial
interface thickness and require high spatial resolution. For dispersed-phase
flows, such as dilute droplet or bubble suspensions, Lagrangian methods like
Lagrangian Particle Tracking (LPT) [41, 42] and Smoothed Particle Hydro-
dynamics (SPH) [43] are commonly used. These techniques are computa-
tionally efficient and well-suited for dilute systems, but may become inac-
curate at higher phase fractions due to unresolved interactions. In contrast,
Euler-Euler models [44, 45] treat both phases as interpenetrating continua
with averaged conservation equations and interfacial exchange terms. These
models are particularly effective for high phase-fraction flows and are widely
used in industrial and engineering applications. Finally, Lattice Boltzmann
Methods (LBM) [46, 47| offer a mesoscopic alternative based on kinetic the-
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ory, with natural parallelism and flexible multiphase extensions.

3.2 Dynamic mode decomposition

To investigate the two-phase mixing layer global dynamics, we apply the
dynamic mode decomposition (DMD) analysis [48] to the flow data obtained
from volume-of-fluid numerical simulations. The DMD algorithm can be
seen as a data-driven optimization problem, where one seeks the best fit
linear matrix operator A approximating the time evolution of the dynamical
system of interest [49, 50, 51].

Given a sequence of snapshots x; representing the state of the system at
discrete time intervals, the dynamics can be (linearly) approximated as

Xp+1 = A Xk, (7)

where tp 1 = t; + At, and the time spacing At is assumed small enough
to accurately resolve the dynamics. The matrix is approximated from a
collection of snapshot pairs [52] of the system dynamics, {(x (tx),x (t;)}-,
where ¢} = t; + At. Each of the m; = m + 1 snapshots typically represents
the measurement of the system state, such as the density and/or velocity
field in all the n = N, x N, points of the computational domain, reshaped
in a column vector.
Rearranging the flow snapshots in the two data matrices X and X,

| | |

X=|x(t1) x(t2) (tm) |,
: : ®)
t
|

X'= | x(th) x(t) - x(t,) |,

one can rewrite Eq. (7) as
X' = AX, 9)

where the best-fit matrix A establishes a linear relationship that advances
the snapshot measurements forward in time. Such a matrix can be seen as
the result of an optimization problem,

A = min |X' ~ AX, = XX, (10)
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where ||| denotes the Frobenius norm and the X* is the pseudoinverse of
the matrix X, which is computed via Singular Value Decomposition (SVD)
of X = UXV* [53], namely as

Xt =veur, (11)

where U* is the conjugate and transpose of the proper orthogonal decom-
position eigenmodes matrix U, and X is the diagonal matrix containing the
singular values.

Since the matrix A has n? elements, its eigendecomposition is practically
unfeasible when dealing with highly resolved flow snapshots. Observing that
the matrices X and X’ typically have far more rows than columns, m << n,
it is clear that A has at most m non-zero eigenvalues and non-trivial eigen-
vectors. Therefore, it is possible to project A onto the first » POD modes
U,, and approximate the pseudoinverse using the rank-r SVD approximation
of X,

A =U'AU, = UX'X'U, = UX'V,2'UU, = UX'V,ZL (12
It is thus possible to approximate the spectral decomposition of A with A,
AW = WL, (13)

where the diagonal matrix L contains the DMD eigenvalues, and the columns
of W store the eigenvectors. As a consequence, the eigenvectors of A are
constructed as

& =XV,X,'W, (14)

and they represent the so-called DMD modes of the flow system [54].

Once the DMD modes ¢; and eigenvalues I; (j = 1,...,7) have been
obtained, one can approximate the state of the system with the following
spectral expansion,

Rp =Y ¢l = PLF b, (15)
j=1

where b; are the mode amplitudes depending on the initial condition,

b= (I)+X1, (16>
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and @7 is the pseudoinverse of ®. The continuous-time equivalent of Eq. (15)
is finally obtained by introducing the continuous eigenvalues w; = log(l;)/At,

x(t) = ZT: ¢,;e°7'b; = ® exp(Q)b. (17)

Jj=1

4 Results

The two-phase mixing layer global dynamics by variation of the plate-to-
vorticity thickness ratio e/d; are investigated in this section, which shows re-
sults of the two-dimensional volume-of-fluid simulations and dynamic mode
decomposition algorithm. The analysis begins with a study of the time-
averaged velocity fields, providing insights into the spatial structure of the
two-phase mixing layer (Section 4.1). The unsteady dynamics are then inves-
tigated employing a local analysis (i.e., at selected locations within the flow
field) in Section 4.2, in alignment with methodologies commonly employed
in the existing literature. The last two Sections 4.3 and 4.4 represent the
core contributions of the work. Section 4.3 shows results of the data-driven
global stability analysis performed through the dynamic mode decomposi-
tion, focusing attention on the identification of flow structures and associated
dominant oscillation frequencies. In Section 4.4, a physical interpretation of
the frequency shift characterizing the mixing layer global dynamics as e/d;
increases is provided. In particular, an explanation linking this phenomenon
to the near-field dynamics induced by the splitter plate geometry is formu-
lated, and it is finally corroborated by the application of a simple control
strategy at the plate edge.

4.1 Mean flow analysis

The time-averaged (mean) streamwise velocity contour u/U; in the near-field
region of the two-phase mixing layer flow is shown in Fig. 3 by variation of
e/61, which ranges from 0.5 (panel (a)) to 1.5 (panel (c)). Note that all
physical quantities have been normalized by using characteristic spatial and
velocity scales of the phenomenon, namely the vorticity thickness 6; and the
velocity U;. Moreover, although the numerical simulations are run for a total
time of ¢ty = 2000-%,.¢, only the last 1000 reference times are considered in the
computation of the mean flow, as well as in the temporal analysis provided

14
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Figure 3: Time-averaged streamwise velocity contour u/U; by variation of the
plate-to-vorticity thickness ratio: e/d; = 0.5 (a); e¢/d; = 1.0 (b); e¢/d; = 1.5
(c). The white curve in all panels denotes the wake region extension, while
the black curve highlights the time-averaged location of the interface.

later on in this Section. In this way, the initial transient phase is discarded,
ensuring that results reflect fully developed and stationary flow conditions.

After issuing from the inlet section (z = 0), the two fluid streams meet
downstream of the splitter plate. By moving along the streamwise x direc-
tion, two distinct regions can be detected for all cases: a wake (0 < z < )
and a pure mixing layer (r > x,) region. The wake length x,, has been
calculated as the last streamwise station (starting from x = 0) where u < 0,
ie., u > 0 for z > x,. The fast and slow phases are separated by the time-
averaged interface, denoted as a black curve in all panels of Fig. 3. It can
be seen that, as e/d; progressively increases, the wake recirculation region
elongates. This effect is further quantified in Fig. 4, which illustrates the
velocity profiles along the normal-to-flow direction u(y) by variation of e/d;
at selected streamwise locations within the flow field, ranging from z/d§; = 2
(panel (a)) to z/6; = 12 (panel (d)).

The velocity profiles in Fig. 4 exhibit a transition from the free-stream
values Uy (y/6; > 13) and U, (y/d1 < 9) to the interfacial values (9 <
y/d1 < 13), where the strongest spatial variations occur. Moreover, it can
be seen that the velocity deficit induced by the plate in the near-field region
augments as e/d; increases (see red, black, and blue curves in Fig. 4(a)-(b)).
On the other hand, the progressive momentum exchange between the fast
and the slow fluid streams leads to the absorption of the velocity deficit as
the streamwise direction is increased (Fig. 4(c)-(d)). A final overview of the
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Figure 4: Velocity profiles along the normal-to-flow direction u(y)/U; by
variation of e/d; at different streamwise x locations: (a) z/d6; = 2; (b) x/d; =
4; (c) /01 = 8; (d) x/d = 12.
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Figure 5: Wake region extension z,,/d; as a function of the plate-to-vorticity
thickness ratio e/d;. The red curve represents the least-squares linear regres-
sion of the numerical data (black circles).

wake region extension as a function of e/d; is shown in Fig. 5, where more
plate-to-vorticity thickness values are provided in the range e/d; € [0.25,2].
The numerical data (black circles) highlight an almost linear increase (red
curve) of the wake length z,, with the plate thickness e. This trend can
be interpreted through a compelling analogy with the canonical (one-phase)
backward-facing step (BFS) laminar flow, by considering the slower, denser
stream as effectively acting like a rigid boundary for the faster, lighter stream
flowing above it. The analogy, of course, holds only in the proximity of the
splitter plate edge, where the wake region develops and the wavy interface
deformation has not occurred yet. In the BFS configuration [55], a fluid
with velocity U; and density p; flows through a channel of height Hy, then
encounters a sudden expansion due to a step of height e, which induces
flow separation and subsequent reattachment downstream at a distance x,,
from the step. In such flows, the non-dimensional reattachment length z,,/e
depends primarily on the Reynolds number based on the channel height,
Rey = pyUyHy/p. Since all the cases considered in Fig. 5 share the same
Rey but differ in e, the ratio x,/e remains approximately constant, which
explains the linear relationship observed between x,, and e.
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4.2 Local temporal dynamics

The unsteady dynamics of the two-phase mixing layer flow are first analyzed
from a local perspective, namely by computing the Power Spectral Density
(PSD) of the interface oscillations at distinct streamwise locations within
the flow field. Results are shown in Fig. 6, where the time evolution of the
interface elevation y;n:(x,t) (left panels) and the corresponding frequency
spectra (right panels) are shown for e/d; = 0.5 (panels (a)-(b)), e¢/d; = 1.0
(panels (c)-(d)) and e/d; = 1.5 (panels (e)-(f)) at the locations z/§; = 8
(blue curves), 10 (black curves) and 14 (red curves).

For e/d; = 0.5, the interaction between the fast and slow fluid streams
results in a Kelvin—-Helmholtz instability, which determines the wavy dy-
namics of the interface characterized by the temporal (reduced) frequency
Sty = fo1/Ur =~ 0.018. This is evident from the time signals and corre-
sponding frequency spectra reported in Fig. 6(a)-(b), which display a peak
at Sty for all the streamwise stations considered (see blue, black and red
curves in Fig. 6(b)). Note that the order of magnitude of the dominant fre-
quency Sty = O(1072) strictly matches the numerical predictions made by
Fuster et al. [16] through VOF simulations and local linear stability analysis.

For e/§; = 1.0, the dominant frequency of the interface oscillation shifts
to the lower value St¥; ~ 0.012 (see Fig. 6(c)-(d)), which is maintained by
further increasing the plate-to-thickness ratio up to e/d; = 1.5 (see Fig. 6(e)-
(f)). This result is in agreement with previous experimental and numerical
findings by Ben Rayana et al. [25] and Fuster et al. [16], which were ob-
tained for air-water conditions. By means of the local analysis, these authors
found a shift of the flow dominant oscillation frequency beyond a critical
threshold e/d; = O(1), opening up a question regarding the driving mech-
anisms underlying this phenomenon. We investigate this problem in the
following Sections 4.3 and 4.4 by applying dynamic mode decomposition to
the numerical data described so far, to identify the global spatio-temporal
flow structures associated with the dominant frequencies and the physical
mechanisms responsible for the frequency shift.

4.3 Global spatio-temporal dynamics

The global dynamics of the two—phase mixing layer are here analyzed by
applying dynamic mode decomposition to the flow snapshots computed by
2D-VOF simulations. In particular, m;=100 instances of the density field p =
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Figure 6: Time evolution of the interface elevation y;,,; /91 (left columns) and
corresponding power spectral density (right columns) at different streamwise
locations x /07 by variation of the plate-to-vorticity thickness ratio: e/d; = 0.5

((a)-(b)); e/d1 = 1.0 ((¢)-(d)); e/dr = 1.5 ((e)-(F)).
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Figure 7: First (left panels) and second (right panels) dynamic mode decom-
position leading modes (i.e. with the largest growth rate) by variation of the
plate-to-thickness ratio: e¢/0; = 0.5 ((a)-(b)); e/d1 = 1.0 ((¢)-(d)); /5, = 1.5
((e)-(f)).

p1+(p2—p1)-C are selected with a time-spacing equal to At = 10-t,.f, where
C(z,y) is the two-dimensional volume fraction field. The flow snapshots are
collected into the matrices X" and X (see Eq. (8) in Section 3.2) and the DMD
algorithm is applied to compute the global eigenmodes and eigenvalues of the
flow by variation of the plate-to-vorticity thickness parameter e/d;.

Results of the analysis are first reported in Figs. 7-8, which show the two
leading DMD eigenmodes ¢; and ¢ (i.e. with the largest growth rates off
and o) and the spectrum of the first r = 11 eigenvalues oy = off + joi
(k =0,...,r) for ¢/0; = 0.5 (panels (a)-(b)), e¢/6; = 1.0 (panels (c)-(d))
and e/d; = 1.5 (panels (e)-(f)), respectively. Note that the eigenvalues w
(see Eq. (17) in Section 3.2) have been scaled as 0 = w/(27), to obtain the
temporal frequencies. For all cases, it can be seen that the leading modes
correspond to coherent spatio-temporal waves travelling at the interface be-
tween the two fluids (see Fig. 7). Since the growth rate of these modes is
practically zero (see Fig. 8), meaning they neither grow nor decay over time,
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they are linked to the propagation of the Dimotakis wave, which determines
the oscillatory dynamics of the interface.
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Figure 8: Global eigenvalues spectra of the two-phase mixing layer flow dy-
namics obtained by dynamic mode decomposition (left panels) and corre-
sponding reconstruction error norm (right panels) by variation of the plate-
to-thickness ratio: e/d; = 0.5 ((a)-(b)); e/d; = 1.0 ((c)-(d)); e/d; = 1.5
((e)-(f)).

The temporal frequency associated with the leading eigenmode ¢ (left
panels in Fig. 7) strictly matches predictions of the local analysis, namely it
shifts from {8, /U; & 0.018 for e/d; = 0.5 (see Fig. 8(a)) to o{d;/U; =~ 0.012
for /0, = 1.0 (Fig. 8(c)) and ¢/§; = 1.5 (Fig. 8(e)). Correspondingly, the
spatial wavelength of the mode increases from \;/0, ~ 2.7 (Fig. 7(a)) to
A1/61 = 4 (Fig. 7(c) and (e)) as the plate-to-vorticity thickness increases,
such as to maintain the travelling velocity (scaling as the product between
frequency and wavelength) constant. Note that the zero-frequency eigenvalue
0o shown in panels (a), (c), and (e) of Fig. 8 corresponds to the mean (i.e.,
time-averaged) density flow field. Moreover, panels (b), (d), and (f) of Fig. 8
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Figure 9: DMD spectra by variation of the plate-to-thickness ratio e/d; (a)
with zoom on the frequency shift (b): e/d; = 0.5 (red markers); ¢/d; = 1.0
(blue markers); e/d; = 1.5 (green markers).
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Figure 10: Global frequency of the leading DMD mode as a function of the
plate-to-thickness ratio e/d, highlighting the frequency shift from St (red
dashed line) to St¥; (green dashed line) occurring at e/d; ~ 1.
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Figure 11: Temporal evolution of the wake tip location x,, for (a) e/d; = 0.5
and (b) e/0; = 1.0.

demonstrate the convergence of the eigenvalue spectra computed for e/d; =
0.5, 1.0, and 1.5, respectively. It can be appreciated that the maximum
reconstruction error € = ||p — pl|2/||p||2 between the ground-truth VOF
solution p and the DMD approximation p (see Eq. (17) in Section 3.2) reaches
a plateaux for m; > 80 in all cases.

The change of the flow dominant global frequency as the plate-to-vorticity
thickness increases is enhanced in Fig. 9, where the DMD eigenspectra cor-
responding to e/6; = 0.5 (red markers), 1.0 (blue) and 1.5 (green) are su-
perposed to each other, and in Fig. 10, which reports the dominant eigen-
frequency o1, /U, for more values of the plate-to-vorticity thickness ratio
in the range e/d; € [0.5,1.5]. The frequency-shift from Sty ~ 0.018 to
StV ~ 0.012 occurring at e/d; ~ 1 can be clearly appreciated. In the fol-
lowing Section 4.4, we shed light on the physical mechanisms driving this
phenomenon.

4.4 The intermodulation mechanism

To investigate the driving mechanisms responsible for the frequency shift
highlighted in previous Sections 4.2-4.3, we start by inspection of the 2D-
VOF unsteady flow field. In particular, we monitor the position of the wake
tip z,, as a function of time t in the numerical simulations performed by
variation of the plate-to-vorticity thickness ratio. Results are reported in
Fig. 11 for e/d; = 0.5 (panel (a)) and e/d; = 1.5 (panel (b)), respectively.
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Figure 12: Schematic representation of the intermodulation mechanism. The
nonlinear interaction between the wake StV and mixing layer Sty;; charac-
teristic frequencies determines the shift to St} .

Interestingly, it can be observed that the wake region undergoes a transi-
tion from steady conditions to a periodic regime as e/d; increases, with the
frequency of the wake oscillations being equal to StV = 0.024 in the latter
case.

It is therefore argued that the observed frequency shift in the mixing
layer global dynamics is determined by the interaction between the wake
(St ~ 0.024) and the mixing layer (St =~ 0.018) characteristic fre-
quencies, resulting in the third-order intermodulation frequency St} =
QStML — StW ~ 0.012.

The intermodulation mechanism is a well-known phenomenon occurring
in electronics (and more generally in signal processing) where signals contain-
ing two or more different frequencies undergo amplitude modulation, due to
nonlinearities or time-varying properties of the system in which they propa-
gate [56]. Unlike harmonic distortion, which produces additional frequencies
as integer multiples (harmonics) of the original ones, intermodulation gener-
ates new terms at the sum and difference of the original frequencies, as well as
at sums and differences of multiples of those frequencies. In the present case,
the nonlinear interaction between the signal St", due to the wake transition
from steady to periodic regime, and the mixing layer natural frequency Styp,
related to the travelling wave propagating at the fluids interface, determines
the third-order intermodulation product St4;; observed as e/d; increases. A
schematic representation of the intermodulation mechanism is reported in
Fig. 12.

To further illustrate the emergence of such a mechanism, let us introduce
a simple toy model. Consider an input signal composed of two sinusoidal
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components:
x(t) = ay cos(2m f1t) + ag cos(27 fot), (18)

where f; and f5 represent two distinct frequencies, and a1, as their respective
amplitudes. Let the system response be governed by a weakly nonlinear
input—output relationship, retaining terms up to third order:

y(t) = b (t) + boa®(t) + bsz®(t), (19)

where by, by, b3 are system-dependent constants. Intermodulation effects arise
from the nonlinear terms. For the purpose of our analysis, we focus on
the cubic component, which is responsible for third-order intermodulation
products. Substituting Eq. (18) into Eq. (19) and expanding the cubic term
gives:
23 () = af cos® (27 f1t) + 3a2ay cos® (27 fit) cos(27 fot)
+ 3a1a3 cos (27 fit) cos® (27 fot) + ai cos® (27 fot), (20)

where each term contributes to harmonic and intermodulation content. We
now focus on the third term on the right-hand side of Eq. (20) and use the
trigonometric identity cos?(6) = 3 + 3 cos(26), yielding:

1 1
3a1a3 cos(27 f1t) cos® (27 fot) = 3aya3 cos(27 fit) (5 + 5 cos(47rf2t))
3 3
= gy cos(2m fit) + 5% cos(27 fit) cos(4m fat).
(21)
We then apply the identity cosf; cosfy = %[cos(@l + 05) + cos(6; — 605)] to

rearrange the second term at the right-hand-side of Eq. (21), thus obtaining:

3 3

§a1a§ cos(27 fit) cos(4m fot) = Zalag [cos (2m(f1 + 2f2)t) + cos (2m(2f> — f1)t)] .
(22)

The term cos (2m(2f> — f1)t) represents a third-order intermodulation com-

ponent arising in the nonlinear toy system (19) at the frequency 2f, — fi,

consistent with the findings of this study. However, it is important to stress
that, while such a toy model provides a valuable conceptual framework for
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illustrating how intermodulation components can originate from cubic non-
linearities, it remains an abstract representation. The actual physical mech-
anisms governing the generation and evolution of such components in the
present two-phase flow system are still not fully understood and warrant fur-
ther investigation. In particular, it is important to examine how nonlinear
interactions between the dominant oscillatory modes—namely those associ-
ated with the frequencies Sty and St,;,—manifest within the full dynamics
of the flow. An intriguing parallel emerges when considering the well-studied
case of the wake flow behind an infinitely long circular cylinder [57], where
the onset of nonlinear behavior—specifically, periodic vortex shedding via
Hopf bifurcation—is linked to the effective presence of cubic nonlinearities
hidden within the governing Navier—Stokes equations. In that case, the in-
teraction between oscillatory modes and the base flow—when analyzed on
slow timescales—was shown to give rise to a slow manifold, where the re-
sulting dynamics could be approximated by cubic terms responsible for the
bifurcation [58]. In the present context, the nonlinear phenomenon is differ-
ent in nature—namely, the emergence of intermodulation components rather
than a flow bifurcation—but, notably, it is captured by a simple mathemat-
ical model involving cubic nonlinearities. This analogy suggests that similar
physical mechanisms may be at play in the two-phase mixing layer flow, po-
tentially involving modal interactions and slow—fast dynamics akin to those
observed in the cylinder problem. Uncovering and characterizing these mech-
anisms remains an open question that certainly requires further investigation
in the future.

To corroborate that the intermodulation frequency StY;; arises from the
interaction between St and St,;, we performed an additional 2D-VOF
simulation aiming at inhibiting the wake oscillations arising for e/d; > 1. In
particular, we implemented a simple control strategy by superposing to the
inflow boundary condition (see Eq. (1) in Section 2) the following actuation
at the splitter plate edge,

ue = U, + Acsin(2rf. + ¢.), Hy<y < Hy+e. (23)

Among the various parameter combinations in Eq. (23) tested for designing
the actuation, we found that the most effective configuration was U, = —0.01-
U, and A. = 0, corresponding to a steady suction control with magnitude
equal to 1% of the incoming fast stream velocity. As it can be appreciated
in Fig. 13(a), the actuation is able to mitigate (although not to completely
suppress) the wake oscillations characterizing the flow for e/d; = 1.5 (black
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Figure 13: Temporal signals of the wake tip location (a) and power spectral
density (PSD) of the interface oscillations at the streamwise station z/6; = 10
(b) for e/d; = 0.5 (blue curves) and e/d; = 1.5 before (black curves) and after
(red curves) the control application (Eq. (23)) at the splitter plate edge.
The vertical blue and black dashed lines in panel (b) denote the reduced
frequencies Sty and StV | respectively.
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curve), thus making the controlled wake dynamics (red curve) closer to the
e/6; < 1 regime (blue curve).

As a consequence of the wake mitigation, the dominant frequency of the
two-phase mixing layer controlled dynamics exhibits a transition from St}
towards the value Sty for e/d; = 1.5, as it can be seen from the power spec-
tral density signals reported in Fig. 13(b). We therefore conclude that the
wake dynamics developing behind the splitter plate for e/d; > 1 serve as the
primary mechanism driving the observed frequency shift. However, it is im-
portant to note that the simple control action employed here (Eq. (23)) does
not fully suppress the wake oscillations. The application of more advanced
control strategies, such as DMD-based control [59] or methods leveraging
the concept of spectral submanifolds [60], is envisioned as a promising future
development of this work.

5 Conclusions

The effect of the splitter plate thickness on the global dynamics of a pla-
nar two-phase mixing layer has been investigated through direct numeri-
cal simulation and dynamic mode decomposition analysis. The interfacial
Kelvin-Helmholtz (KH) instability developing at the interface between the
two fluids is crucially affected by the plate-to-vorticity thickness ratio e/d;.
For e¢/0; < 1, the KH instability results in a wavy dynamics of the inter-
face, whose temporal oscillations are characterized by the reduced frequency
Sty = f61/U; = 0.018. In such conditions, the DMD analysis has iden-
tified the dominant global mode of the flow as a spatio-temporal interfacial
wave, which travels with the celebrated Dimotakis velocity and oscillates
at the same frequency Stp;. On the other hand, for e/d; > 1, a sudden
transition (shift) of the reduced frequency to the lower value St ~ 0.012
has been observed. The leading spatio-temporal coherent structure identi-
fied by the DMD analysis correspondingly shifts to the same frequency. By
inspection of the velocity field, it has been found that, as e/d; increases,
the wake region located right downstream of the splitter plate undergoes a
transition from steady conditions to periodic oscillations at the reduced fre-
quency St a2 0.024. The observed frequency shift in the mixing layer global
dynamics has been therefore ascribed to the interaction between the wake
(Stw) and the mixing layer (St,;;) characteristic frequencies, resulting in
the third-order intermodulation frequency StV,; = 2S5ty — St". By apply-
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ing a simple actuation at the splitter plate edge, it has been finally shown
that inhibiting the wake oscillations restores the frequency Sty even in the
e/d; > 1 regime, thereby suppressing the frequency shift.
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A Grid convergence analysis

The impact of mesh refinement on the numerical results presented in this
study is evaluated through a grid convergence analysis. Results obtained us-
ing four different values of the maximum grid refinement level are compared:
N = 6,7,8, and 9, where the total number of grid points in the computa-
tional domain is 2V x 2. The four refinement levels correspond to minimum
grid cell sizes of approximately A ~ §;/3,1/6,01/12, and 07 /24, respectively.
The comparison is first shown in Fig. 14, which reports time-averaged profiles
of the streamwise (panel (a)) and normal-to-flow (panel (b)) velocity com-
ponents evaluated at x/d; = 2. This location is particularly sensitive to the
mesh resolution, due to the high velocity gradient induced by the wake. It can
be observed that the solution on the coarsest mesh (N = 6, blue curves) fails
to accurately reproduce the velocity gradient, whereas the medium (N =7,

29



13 ‘ T 20

12+
15}
11+
210 210
=N D
97 1 —N=6
SIl—=N=7
81 1 —N=38
—N=9
7 : 0
0.1 0 0.1 0.2 -0.05 0 0.05
U/Ul U/Ul

Figure 14: Time-averaged streamwise (a) and normal-to-flow (b) velocity
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black curves) and fine (N = 8, red curves) meshes succeed. Moreover, excel-
lent agreement is observed between the results from the N = 8 and N =9
(green curves) meshes. Similar conclusions can be drawn from Fig. 15, which
shows the variation in interface oscillation frequency across the four refine-
ment levels at x/0; = 8, where the wavy dynamics are fully developed. Based
on this analysis, the computational grid N = 8 has been considered sufficient
to produce accurate and reliable results for the two-phase flow dynamics, and
it has therefore been used for the simulations presented in this work.
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