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Keywords: A theory for simulating nonlocal damage in 2D lattice structures discretized by Euler-Bernoulli

Complex network materials beam finite elements is herein proposed. A phase field approach to damage, projected onto the

lghase ield damage discretized nodes via the graph Laplacian matrix, is formulated to simulate damage evolution by
eam theory

solving a Helmholtz differential equation on the graph. Damage is introduced in the constitutive
equations under the assumption of a bilateral damage evolution in tension and in compression,
or a monolateral damage only in tension. Both formulations have been enhanced by a threshold
driving force to better capture the onset of damage in polymers due to crazing. The staggered
coupling scheme alternates between solving mechanical equilibrium and phase field equations,
and it has been validated in relation to experiments on unnotched beams made of ABS subject
to three-point bending. The approach is then applied to preliminary investigate the response of
a complex network material in the nonlinear regime, contributing to understanding how graph-
based topologies influence the load-bearing capacity of the material. The method bridges the
gap between statistical physics of complex networks and nonlinear mechanics of materials and is
expected to have an impact on the design of robust random metamaterials featuring nodes with
large connectivities.

Graphs
3D Printing polymers

1. Introduction

Complex network materials are two- or three-dimensional lattices composed of randomly arranged vertices connected by edges.
Unlike conventional lattice materials, where each vertex typically has a similar number of connecting edges, complex network materi-
als exhibit a high degree of variability in connectivity. In particular, they feature hubs-nodes with significantly more connections than
average (see the illustration in Fig. 1). This distinct topological characteristic sets complex network materials apart from traditional
cellular or lattice structures [1-4], which have garnered substantial attention in the mechanics community for their wide-ranging
applications in engineering and materials science. Borrowing terminology from chemistry, the vertices in complex network materials
exhibit highly variable coordination numbers —that is, the number of neighboring vertices (analogous to atoms, ions, or molecules,
known as ligands)- directly connected to a central vertex.

Complex network materials are commonly found in nature (Fig. 2), serving as key structural components of living cells and
tissues. In certain cases, they can also be engineered to exhibit customized topologies. For example, Tang et al. [5] demonstrated that
the topology of collagen-based biopolymer networks can change with temperature. Riedel et al. [6] successfully designed collagen
matrices by inducing cross-linking through a reagent-free electron beam. Similarly, Hadjiargyrou [7] created various network matrices
using electrospinning techniques.
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$\umu $


$(i)$


$(ii)$


$(iii)$


$(iv)$


\begin {equation}\label {eq1} (\mathcal {H} + 1)s - l_0^2 \dfrac {\textrm {d}^2 s}{\textrm {d}z^2} = \mathcal {H},\end {equation}


$l_0$


$\mathcal {H}(z)=2l_0\psi /\mathcal {G}_c$


$\mathcal {G}_c$


$\psi (\boldsymbol {\epsilon })$


$z$


$-l_0^2$


\begin {equation}\dfrac {\textrm {d}^2 s}{\textrm {d}z^2} - \dfrac {\mathcal {H} + 1}{l_0^2} s = -\dfrac {\mathcal {H}}{l_0^2}. \label {Xeqn2-2}\end {equation}


\begin {equation}\dfrac {\textrm {d}^2 s_{\text {hom}}}{\textrm {d}z^2} - \dfrac {\mathcal {H} + 1}{l_0^2} s_{\text {hom}} = 0, \label {Xeqn3-3}\end {equation}


$\mathcal {H}(z)=\overline {\mathcal {H}}=\textrm {constant}$


\begin {equation}r^2 - \dfrac {\overline {\mathcal {H}} + 1}{l_0^2} = 0 \implies r = \pm \dfrac {\sqrt {\overline {\mathcal {H}} + 1}}{l_0}, \label {Xeqn4-4}\end {equation}


\begin {equation}s_{\text {hom}}(z) = A \exp \left ({\dfrac {\sqrt {\overline {\mathcal {H}} + 1}}{l_0} z}\right ) + B \exp \left (-\dfrac {\sqrt {\overline {\mathcal {H}} + 1}}{l_0} z\right ), \label {Xeqn5-5}\end {equation}


$A$


$B$


$s_p=c$


\begin {equation}\dfrac {\textrm {d}^2 s_p}{\textrm {d}z^2} - \dfrac {\overline {\mathcal {H}} + 1}{l_0^2} s_p = -\dfrac {\overline {\mathcal {H}}}{l_0^2} \implies 0 - \dfrac {\overline {\mathcal {H}} + 1}{l_0^2} c = -\dfrac {\overline {\mathcal {H}}}{l_0^2}. \label {Xeqn6-6}\end {equation}


$c$


\begin {equation}s_p = \dfrac {\overline {\mathcal {H}}}{\overline {\mathcal {H}} + 1}. \label {Xeqn7-7}\end {equation}


\begin {equation}s(z) = s_{\text {hom}}(z) + s_p = A \exp \left ({\dfrac {\sqrt {\overline {\mathcal {H}} + 1}}{l_0} z}\right ) + B \exp \left ({-\dfrac {\sqrt {\overline {\mathcal {H}} + 1}}{l_0} z}\right ) + \dfrac {\overline {\mathcal {H}}}{\overline {\mathcal {H}} + 1}. \label {Xeqn8-8}\end {equation}


$\overline {\mathcal {H}}=0$


$s(z=0)=1$


$s(z\to \infty )=0$


$s=\exp (-|z|/l_0)$


$(s=1)$


$\mathcal {G} = (\mathcal {V}, \mathcal {E})$


$\mathcal {V}$


$\mathcal {E}$


$s$


$\boldsymbol {\mathcal {L}}$


\begin {equation}\boldsymbol {\mathcal {L}} = \boldsymbol {\mathcal {D}}-\boldsymbol {\mathcal {A}}, \label {Xeqn9-9}\end {equation}


$\boldsymbol {\mathcal {A}}$


$\boldsymbol {\mathcal {D}}$


$\boldsymbol {\mathcal {A}}$


\begin {equation}\mathcal {A}_{ij} = \begin {cases} w_{ij},&\quad \text {if}\quad \{\mathcal {V}_i, \mathcal {V}_j\}\in \mathcal {E}_{ij},\\ 0, &\quad \text {if}\quad \{\mathcal {V}_i, \mathcal {V}_j\}\notin \mathcal {E}_{ij},\\ \end {cases} \label {Xeqn10-10}\end {equation}


$w_{ij}$


$(i,j)$


$\boldsymbol {\mathcal {D}}$


$i$


$\boldsymbol {\mathcal {D}}_{ii}$


\begin {equation}\mathcal {D}_{ii} = \sum _{j=1}^n \mathcal {A}_{ij}, \label {Xeqn11-11}\end {equation}


$n$


$w_{ij}=1$


$\mathcal {D}_{ii}$


$j$


$i$


$\mathcal {E}_{ij}$


$w_{i,j}$


\begin {equation}\mathcal {L}_{ij} = \begin {cases} -w_{ij} & \text {if } i \neq j, \\ \sum _{k \neq i} w_{ik} & \text {if } i = j,\; k=1,\dots ,n \\ 0 & \text {otherwise.} \end {cases} \label {Xeqn12-12}\end {equation}


$\nabla ^2~s$


$s$


\begin {equation}\nabla ^2~s \quad \rightarrow \quad -\boldsymbol {\mathcal {L}}\; \mathbf {s}, \label {Xeqn13-13}\end {equation}


$\mathbf {s} = [s_1, s_2, \dots , s_n]^T$


\begin {equation}\label {eq14} \boldsymbol {\mathcal {H}}^m\,\mathbf {s} + l_0^2 \boldsymbol {\mathcal {L}}\; \mathbf {s} = \boldsymbol {\mathcal {H}}^v\end {equation}


$\mathcal {H}^v_{i}=\mathcal {H}_i$


$(i=1,\dots , n)$


\begin {equation}\boldsymbol {\mathcal {H}}^m_{ij}=\begin {cases} 1+ \mathcal {H}_i & \text {if}\quad i= j,\\ 0 & \text {if}\quad i\neq j. \end {cases} \label {Xeqn15-15}\end {equation}


\begin {equation}\mathbf {s} = \left [ \boldsymbol {\mathcal {H}}^m + l_0^2 \boldsymbol {\mathcal {L}} \right ]^{-1} \boldsymbol {\mathcal {H}}^v \label {Xeqn16-16}\end {equation}


$\boldsymbol {\mathcal {H}}^m$


$l_0^2 \boldsymbol {\mathcal {L}}\, \mathbf {s}$


$\boldsymbol {\mathcal {H}}^v$


$s=\exp (-|z|/l)$


$\mathcal {H}=\overline {\mathcal {H}}$


$n$


$z=0$


$z=z_{\max }$


\begin {equation}\begin {split} &\begin {bmatrix} 1+\overline {\mathcal {H}} & 0 & \dots &\dots & 0 \\ 0 & 1+\overline {\mathcal {H}} & 0 & \dots &0 \\ \dots & \dots & \dots & \dots & \dots \\ 0 & \dots & 0 & 1+\overline {\mathcal {H}} & 0 \\ 0 & \dots & \dots & 0 & 1+\overline {\mathcal {H}} \end {bmatrix} \begin {bmatrix} s_1 \\ \vdots \\ \vdots \\ \vdots \\ s_n \end {bmatrix}\\ &+l_0^2 \begin {bmatrix} a/2 & b & 0 & \dots & \dots & 0 \\ b & a & b & 0 & \dots & 0\\ \dots & \dots & \dots & \dots & \dots & \dots \\ 0 & \dots & 0 & b & a & b\\ 0 & \dots & \dots & 0 & b & a/2 \end {bmatrix} \begin {bmatrix} s_1 \\ \vdots \\ \vdots \\ \vdots \\ s_n \end {bmatrix}= \begin {bmatrix} \overline {\mathcal {H}} \\ \vdots \\ \vdots \\ \vdots \\ \overline {\mathcal {H}} \end {bmatrix}, \end {split} \label {Xeqn17-17}\end {equation}


$a=2w$


$b=-w$


$w$


$w=1/h_e^2=[(n-1)/z_{\max }]^2$


$s(0)=1$


$s(z_{\max })=0$


$n-1$


\begin {equation}\mathbf {s} = \left [ \boldsymbol {\mathcal {H}}^{m*} + l_0^2 \boldsymbol {\mathcal {L}}^* \right ]^{-1} \left (\boldsymbol {\mathcal {H}}^{v*}-\mathbf {f}\right ), \label {Xeqn18-18}\end {equation}


$\mathbf {s}^*=[s_2,\dots ,s_{n-1}]$


$\boldsymbol {\mathcal {H}}^{m*}$


$(n-2)\times (n-2)$


$\boldsymbol {\mathcal {H}}^{v*}$


$(n-2)\times 1$


$\mathcal {L}^*$


$\boldsymbol {\mathcal {L}}$


$\boldsymbol {\mathcal {L}}_{ij}$


$i,j=2,\dots ,n-1$


$\mathbf {f}=[l_0^2 s_1,0,\dots ,0,l_0^2 s_n]^T$


$\overline {\mathcal {H}} = 0$


\begin {equation}\mathbf {s}^* =-\left [\mathbf {I}^* + l_0^2 \boldsymbol {\mathcal {L}}^*\right ]^{-1}\mathbf {f}, \label {Xeqn19-19}\end {equation}


$\mathbf {I}^*$


$(n-2)\times (n-2)$


$z_{\max }=10$


$l_0/z_{\max }=0.05$


$n=101$


\begin {align}\nabla \cdot \boldsymbol {\sigma } &= \mathbf {f}_v, \\ (\mathcal {H}+1)s-l_0^2\dfrac {\textrm {d}^2s}{\textrm {d}z^2 } &= \mathcal {H},\end {align}


$\boldsymbol {\sigma }$


$\mathbf {f}_v$


$z$


$\mathcal {H}$


\begin {align}\int _\mathcal {E}\int _{\Omega _e} \boldsymbol {\sigma }^T \,\delta \boldsymbol {\epsilon }\; \textrm {d}\Omega \,\textrm {d}\mathcal {E} &= \int _\mathcal {E}\int _{\Omega _e} \mathbf {f}_v \,\delta \mathbf {u}\; \textrm {d}\Omega \,\textrm {d}\mathcal {E},\\ \boldsymbol {\mathcal {H}}^m\,\mathbf {s} + l^2 \boldsymbol {\mathcal {L}}\; \mathbf {s} &= \boldsymbol {\mathcal {H}}^v.\end {align}


$\Omega _e$


$\mathcal {E}$


$\Omega _e$


$\nabla s=Q$


$l_0$


$h_e\le l_0/2$


$l_0$


$h_e/l_0$


$\text {ceil}(L_e/h_e)$


$L_e$


$h_e$


$\Omega _e$


$x$


$y$


$z$


$N$


$M_x$


$x$


$T_y$


$y$


$\delta \epsilon _0$


$\delta \chi _x$


$x$


$\delta \gamma _y$


$y$


\begin {align}\int _{\mathcal {E}} (N\delta \epsilon _z+M_x\delta \chi _x+T_y\delta \gamma _y)\, \textrm {d}\mathcal {E} &= L_{\textrm {ext}},\\ \boldsymbol {\mathcal {H}}^m\,\mathbf {s} + l_0^2 \boldsymbol {\mathcal {L}}\; \mathbf {s} &= \boldsymbol {\mathcal {H}}^v,\end {align}


$L_{\textrm {ext}}$


\begin {align}\mathbf {K}\mathbf {U}&=\mathbf {F},\label {elastic}\\ \boldsymbol {\mathcal {H}}^m\,\mathbf {s} + l_0^2 \boldsymbol {\mathcal {L}}\; \mathbf {s} &= \boldsymbol {\mathcal {H}}^v,\label {phasefield}\end {align}


$\mathbf {U}=\mathbb {A}(\mathbf {U}_e)$


$\mathbf {F}=\mathbb {A}(\mathbf {F}_e)$


$\mathbf {K}=\mathbb {A}(\mathbf {K}_e)$


$\mathbf {r}_e$


$z$


\begin {align}\mathbf {U}_e &=\mathbf {r}_e\mathbf {U}^*_e,\\ \mathbf {F}_e &=\mathbf {r}_e\mathbf {F}^*_e,\\ \mathbf {K}_e &=\mathbf {r}'_e\mathbf {K}^*_e\mathbf {r}_e,\end {align}


$\mathbf {r}_e$


$\beta _e$


\begin {equation}\mathbf {r}_e= \begin {bmatrix} \cos (\beta _e) & \sin (\beta _e) & 0 & 0 & 0 & 0\\ -\sin (\beta _e) & \cos (\beta _e) & 0 & 0 & 0 & 0\\ 0 & 0 & 1 & 0 & 0 & 0\\ 0 & 0 & 0 & \cos (\beta _e) & \sin (\beta _e) & 0\\ 0 & 0 & 0 & -\sin (\beta _e) & \cos (\beta _e) & 0\\ 0 & 0 & 0 & 0 & 0 & 1 \end {bmatrix}. \label {Xeqn20-25}\end {equation}


$\mathbf {U}^*_e=(u_1,v_1,\phi _{y1},u_2,v_2,\phi _{y2})^T$


$\mathbf {F}_e=(N_1,T_{y,1},M_{x,1},N_2,T_{y,2},M_{x,2})^T$


$\mathbf {K}_e$


$s\in [0,1]$


$\mathcal {H}$


$\psi $


$s$


$s$


$\overline {s}$


$z$


$y$


$y-z$


$x$


$s(x,y)$


$y$


$s(x,y)$


$s=s(z)$


$z$


$x$


$y$


\begin {equation}E_s=E_0[(1-\overline {s})^2+k_r], \label {Xeqn21-26}\end {equation}


$E_0$


$k_r$


$\overline {s}$


\begin {align}&\int _{\Omega }\sigma _z\, \textrm {d}\Omega =N,\\ &\int _{\Omega }\sigma _z\,y\, \textrm {d}\Omega =M_x,\end {align}


\begin {align}&\int _{\Omega }E_s(\epsilon _0+\chi _x y)\, \textrm {d}\Omega =N,\\ &\int _{\Omega }E_s(\epsilon _0+\chi _x y)\,y\, \textrm {d}\Omega =M_x,\end {align}


$E_s$


$\epsilon _0$


$\chi _x$


$N$


$M_x$


$N$


$M_x$


$\overline {s}$


$\mathcal {H}$


\begin {equation}\label {H} \mathcal {H}=\dfrac {2G_c\psi }{l_0}=\dfrac {G_c}{l_0}\left (N\epsilon _0+M_x\chi _x\right )\end {equation}


$s$


$z$


$y$


$\overline {s}$


\begin {equation}E_s= \begin {cases} E_0, & \text {for}\; \epsilon _{z}\le 0\\ E_0[(1-\overline {s})^2+k_r], & \text {for}\; \epsilon _{z}> 0\\ \end {cases} \label {Xeqn23-30}\end {equation}


$E_0$


$E_s$


$\overline {s}$


$\overline {y}$


$\overline {s}$


$N$


$M_x$


$\mathbf {U}$


$\overline {y}$


$\epsilon _0$


$\chi _x$


$N$


$M_x$


$\overline {y}=-\epsilon _0/\chi _x$


$\overline {y}$


$\epsilon _0$


$\chi _x$


$\overline {y}(\overline {s})$


\begin {equation}\label {nonlineq} (M_{22}-M_{12}\,\overline {y}) N-(M_{12}-M_{11}\overline {y})M_x=0,\end {equation}


\begin {align}\label {eq32} M_{11} &=\int _{\Omega _e}E_s\,\textrm {d}\Omega ,\\ M_{12} &=\int _{\Omega _e}E_s\,y\,\textrm {d}\Omega ,\\ M_{22} &=\int _{\Omega _e}E_s\,y^2\,\textrm {d}\Omega .\end {align}


$b$


$h$


\begin {align}&M_{11} =\left \{A_0\,E_0+A_s\,[(1-\overline {s})^2+k_r]\right \},\\ &M_{12} =\left \{S_x^{A_0}\,E_0+S_x^{A_s}\,[(1-\overline {s})^2+k_r]\right \},\\ &M_{22} =\left \{I_x^{A_0}E_0+I_x^{A_s}[(1-\overline {s})^2+k_r]\right \},\\ &A_0 =\left (\dfrac {h}{2}+\overline {y}\right )b,\\ &A_s = bh-A_0,\\ &S_x^{A_0} =-S_x^{A_s}=-\left (\dfrac {h^2}{4}-\overline {y}^2\right )\dfrac {b}{2},\\ &I_x^{A_0} = b\left (\dfrac {h}{2}+\overline {y}\right )\left (\dfrac {h}{4}-\dfrac {\overline {y}}{2}\right )^2+\dfrac {b}{12}\left (\dfrac {h}{2}+\overline {y}\right )^3,\\ &I_x^{A_s} = \dfrac {bh^3}{12}-I_x^{A_0},\end {align}


$\overline {y}$


$\overline {y}$


$\epsilon _0$


$\chi _x$


$\mathcal {H}$


$b=0.2$


$h=0.4$


$N$


$M_x=1\times 10^{7}$


$E_0=30$


$k_r=0.0001$


$\sigma _z(y)$


$(\sigma _z>0)$


$s$


$M_x>0$


$N$


$M_x$


$(y=h/2)$


$s$


$s=0$


$\overline {y}=0$


$(M_x>0)$


$s$


$y=-h/2$


$y>\overline {y}$


$E_s$


$\overline {y}$


$s$


$N=0$


$N$


$N$


$\overline {y}$


$s$


$\overline {y}/h\to -0.5$


$k_r$


$s(y,z)$


$y$


$s=0$


$1$


$L=50.8$


$b=3.18$


$h=12.7$


$z=0$


$z=L$


$F$


$E_0=1826$


$n=301$


$k_r=0.001$


$G_c=0.2$


$^{3/2}$


$l_0=4$


$G_c$


$l_0$


$z$


$s$


\begin {align}&N =0,\\ &M_x(z) = \begin {cases} Fz/2, & 0\le z\le L/2,\\ F\left (L-z\right )/2, & L/2\le z\le L, \end {cases}\\ & T_y(z) = \begin {cases} F/2, & 0\le z\le L/2,\\ -F/2, & L/2\le z\le L. \end {cases}\end {align}


$M_x$


$\psi (z)$


$F> 80$


$L_2$


$s$


$1\times 10^{-6}$


$s<1$


$s\to 1$


$\mathcal {H}_c$


$\mathcal {H}$


\begin {equation}\mathcal {H}= \begin {cases} 0, & \mathcal {H}\le \mathcal {H}_c\\ \mathcal {H}, & \mathcal {H}> \mathcal {H}_c \end {cases} \label {Xeqn25-35}\end {equation}


$\mathcal {H}_c=0.3$


$^2$


$\mathcal {H}_c$


$\mathcal {H}_c$


$\mathcal {H}_c=0.3$


$^2$


$\mathcal {H}_c=0.75$


$^2$


$z$


$s_1$


$s_2$


\begin {equation}s=N_1(z)s_1+N_2(z)s_2, \label {Xeqn26-36}\end {equation}


$N_1=(1-z/h_e)$


$N_2=z/h_e$


$z\in [0,h_e]$


$h_e$


\begin {equation}\mathbf {K}^* = \overline {E}_s \begin {bmatrix} \frac {A}{h_e} & 0 & 0 & -\frac {A}{h_e} & 0 & 0\\ 0 & \frac {12I_x}{h_e^3} & \frac {6I_x}{h_e^2} & 0 & -\frac {12I_x}{h_e^3} & \frac {6I_x}{h_e^2} \\ 0 & \frac {6I_x}{h_e^2} & \frac {4I_x}{h_e} & 0 & -\frac {6I_x}{h_e^2} & \frac {2I_x}{h_e} \\ -\frac {A}{h_e} & 0 & 0 & \frac {A}{h_e} & 0 & 0\\ -\frac {12I_x}{h_e^3} & -\frac {6I_x}{h_e^2} & 0 & \frac {12I_x}{h_e^3} & -\frac {6I_x}{h_e^2} & 0 \\ 0 & \frac {6I_x}{h_e^2} & \frac {2I_x}{h_e} & 0 & -\frac {6I_x}{h_e^2} & \frac {4I_x}{h_e} \\ \end {bmatrix} \label {Xeqn27-37}\end {equation}


$\overline {E}_s$


\begin {equation}\label {eqGP} \overline {E}_s=\dfrac {1}{h_e}\int _{0}^{h_e} E_s(z)\,\textrm {d}z=\dfrac {1}{h_e}\sum _{i=1}^2 E_0[(1-s(z^*))^2+k_r]\end {equation}


$E_0$


$z$


$s$


\begin {equation}z^*=\dfrac {h_e}{2}\left [1+(-1)^i\dfrac {\sqrt {3}}{3}\right ],\quad i=1,2. \label {Xeqn29-39}\end {equation}


$\mathcal {H}^e$


$\boldsymbol {\mathcal {H}}^m$


$\boldsymbol {\mathcal {H}}^v$


\begin {equation}\mathcal {H}^e = \frac {1}{h_e} \int _0^{h_e}\mathcal {H}\,\textrm {d}z. \label {Xeqn30-40}\end {equation}


$\mathbf {s}$


$\mathcal {H}^e$


$t$


$k\leftarrow 1$


$\triangleright $


$\mathbf {s}^{k}\leftarrow \mathbf {0}$


$E^k_e\leftarrow E_0$


$(\forall e\in \mathcal {E}_h)$


$M_x^i\leftarrow 0$


$N_x^i\leftarrow 0$


$\triangleright $


$\forall i \in \mathcal {V}_h$


$\mathbf {F}^t$


$\triangleright $


$\triangleright $


$k$


$j\leftarrow 1$


$\triangleright $


$M_x^i\leftarrow M_x^{i,k}$


$N^i\leftarrow N^{i,k}$


$\triangleright $


$\forall i \in \mathcal {V}_h$


$\triangleright $


$j$


$\overline {y}^j$


$\triangleright $


$\forall i \in \mathcal {V}_h$


$\mathbf {K}^j$


$\mathbf {s}^k$


$\overline {y}^j$


$\mathbf {U}^j=(\mathbf {K}^{j})^{-1}\mathbf {F}^t$


$N^{i,j}$


$M_x^{i,j}$


$T_y^{i,j}$


$\mathbf {R}^j=\mathbf {U}^{j}-\mathbf {U}^{j-1}$


$j\leftarrow j+1$


$N^i\leftarrow N^{i,j}$


$M_x^i\leftarrow M_x^{i,j}$


$T_y^i\leftarrow T_y^{i,j}$


$\triangleright $


$\forall i \in \mathcal {V}_h$


$\|\mathbf {R}^{j-1} \|<\textrm {tol}_1$


$\boldsymbol {\epsilon }^k$


$\psi ^k(\boldsymbol {\epsilon }^k,\mathbf {s}^k)$


$\boldsymbol {\mathcal {H}}^m=\boldsymbol {\mathcal {H}}^m(\psi ^k)$


$\boldsymbol {\mathcal {H}}^v=\boldsymbol {\mathcal {H}}^v(\psi ^k)$


$k\leftarrow k+1$


$\mathbf {s}^{k}=(\boldsymbol {\mathcal {H}}^m\, + l_0^2 \boldsymbol {\mathcal {L}})^{-1}\boldsymbol {\mathcal {H}}^v$


$\|\mathbf {s}^k-\mathbf {s}^{k-1}\|\le \rm {tol}_2$


$\overline {y}$


\begin {equation}(EI_x)_s = E_0 I_x^{A_0} + E_0 A_0 d_0^2 + E_s I_x^{A_s} + E_s A_s d_s^2, \label {Xeqn31-41}\end {equation}


\begin {align}&I_x^{A_0} = \dfrac {b}{12} \left (\dfrac {h}{2}+\overline {y}\right )^3,\\ &I_x^{A_s} = \dfrac {b}{12} \left (\dfrac {h}{2}-\overline {y}\right )^3,\\ &d_0 = \dfrac {1}{2}\left (\dfrac {h}{2}+\overline {y}\right ),\\ &d_s = \dfrac {1}{2}\left (\dfrac {h}{2}-\overline {y}\right ),\end {align}


\begin {equation}(EA)_s = E_0 A_0 + E_s A_s. \label {Xeqn32-43}\end {equation}


$E_s$


$\overline {E}_s$


$\overline {EA}$


$\overline {EI_x}$


$s$


\begin {equation}\mathbf {K}^* = \begin {bmatrix} \frac {(\overline {EA})}{h_e} & 0 & 0 & -\frac {(\overline {EA})}{h_e} & 0 & 0\\ 0 & \frac {12(\overline {EI_x})}{h_e^3} & \frac {6(\overline {EI_x})}{h_e^2} & 0 & -\frac {12(\overline {EI_x})}{h_e^3} & \frac {6(\overline {EI_x})}{h_e^2} \\ 0 & \frac {6(\overline {EI_x})}{h_e^2} & \frac {4(\overline {EI_x})}{h_e} & 0 & -\frac {6(\overline {EI_x})}{h_e^2} & \frac {2(\overline {EI_x})}{h_e} \\ -\frac {(\overline {EA})}{h_e} & 0 & 0 & \frac {(\overline {EA})}{h_e} & 0 & 0\\ -\frac {12(\overline {EI_x})}{h_e^3} & -\frac {6(\overline {EI_x})}{h_e^2} & 0 & \frac {12(\overline {EI_x})}{h_e^3} & -\frac {6(\overline {EI_x})}{h_e^2} & 0 \\ 0 & \frac {6(\overline {EI_x})}{h_e^2} & \frac {2(\overline {EI_x})}{h_e} & 0 & -\frac {6(\overline {EI_x})}{h_e^2} 0 & \frac {4(\overline {EI_x})}{h_e} \\ \end {bmatrix}. \label {Xeqn33-44}\end {equation}
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G

Fig. 1. Comparison between the topology of a conventional lattice material (left) and of a complex network material (right). The latter shows the
appearance of hubs, i.e. vertices attracting a much larger number of connections.

(d) (e)

Fig. 2. (a) collagen network (adapted from [12], with permission); (b) fibers with size distribution from 375nm to 1.1 um in electrospun scaffolds
(adapted from [7], CC 3.0); (c) electron irradiated collagen (adapted from [6], CC-BY); (d) paper morphology and (e) its surface topography showing
the cellulose fibers. Scale bars are in micrometers.

Jaspers et al. [8] developed a series of hybrid polymers by combining semi-flexible ethylene glycol-functionalized polyisocyanides
(PICs)-long polymers constrained in a relatively rigid helical conformation-with additional components such as stiff carbon nanotubes,
networks of semi-flexible fibrin fibers, or flexible PAAm polymer networks.

Biological tissues also display intricate fiber arrangements embedded within a matrix [9]. From a technological perspective,
another notable example includes cellulose fiber networks employed in the paper industry [10,11].

In all of those materials, cross-linking plays a crucial role for the mechanical response and substantially changes the response
of the overall material from that of a single fiber [13]. The mechanical stability of such networks relies on the bending resistance
of the fibers [14], in contrast to rubbers which are primarily governed by entropic stretching of polymer segments. Jansen et al.
[12] identified the local coordination number (or connectivity) as a key architectural parameter that governs the elastic response
of collagen. Sharma et al. [15] have shown a transition from a flexible to a rigid response of the network above a certain degree of
connectivity, suggesting that the transition is strain-controlled. As an alternative explanation, the phenomenon of strain stiffening of
filamentous protein networks was explored in [16] by means of a finite strain analysis of a two-dimensional network model of cross-
linked semiflexible filaments, showing that the stiffening was caused by non-affine network rearrangements that govern a transition
from a bending-dominated response at small strains to a stretching-dominated response at large strains.
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Statistical physics have devised methods to reconstruct the geometry of biopolymer networks to synthetically investigate their
mechanical response primarily in the elastic regime [17]. Shahsavari and Picu [18] proposed a computational model to study the
effect on the material stiffness of adding fibers to a cross-linked network, again in the linear elastic regime, demonstrating that
a superior stiffness can be achieved when a percolation-like threshold is overcome. van Doorn et al. [19] developed a theoretical
approach by considering triangle networks and introducing cross-links into the model by assigning different mechanical properties
to portions of triangles.

In parallel, the science of complex networks —spanning biological, social, and technological systems- has revolutionized over
the past years the understanding of connectivity, robustness, and functionality of structured systems, exploiting computational and
theoretical tools borrowed from graph theory, statistical physics and complex network science. The pioneering work in [20] has
shown that the connection topology of networks is often assumed to be either completely regular or completely random, while many
biological, technological and social networks lie somewhere in between these two extremes. Special attention has been devoted to
finding scale-free networks, which are networks where fraction of vertices with a given number of connections (the so-called degree
distribution) asymptotically follows a power law for very large values of connections [21,22]. While this is essential to describe the
topology of social networks, whose graphs do have special vertices of very high degree called hubs, their role is also fundamental for
the evolution of diffusive phenomena over the network itself. Notable examples regarded the spread of misinformation, the diffusion
of infectious diseases, or even bank financial crises, see e.g. [23,24] and citations therein given.

Very recent contributions by Barabasi and his team [25-28] have further suggested to realize new materials inspired by graphs
related to complex physical networks, potentially inspiring the design of new advanced metamaterials.

Drawing inspiration from these advances on network science and their prospective applications to materials enabled by 3D printing
technologies [29], it is timely to establish computational methods hinging on structural mechanics theories to study their mechanical
response and investigate their axial stretching and bending deformation also beyond the linear elastic response, and for polymeric
materials used for 3D printing that often experience a progressive damage evolution due to crazing.

In this regard, the elements composing the edges can be reasonably well approximated by beam theory, and there is a wide
literature for the simulation of damage and fracture in beams. Driven by research on quasi-brittle materials like concrete, nonlocal
damage models have seen a wide development since the seminal paper in 1987 by Pijaudier-Cabot and BaZant [30]. The core principle
of the method is to introduce an internal length scale into the material constitutive equations that regularizes the displacement field
near damaging points that will lead to fracture. This regularization can be introduced in different ways. One possibility is to exploit
an integral-type nonlocal formulation, where the damage at a point is determined by the weighted average of the strain field over
a finite volume surrounding the point [31]. Alternatively, explicit or implicit gradient formulation have been proposed [32], where
damage is driven not only by an equivalent strain in a point, but also by its Laplacian, which physically describes the spatial curvature
of the strain distribution, multiplied by an internal length scale parameter. In the implicit version, a Helmoltz-type partial differential
equation has to be solved to compute the regularized equivalent strain. As long as the strain distribution remains uniform (such as
in a uniaxial tensile test before localization), the equivalent strain is also uniform, its Laplacian vanishes, and the model response
is exactly the same as for the local formulation. After the onset of localization, the higher-order term is activated and prevents
localization of damage in a set of zero measure. The reader is referred to [33-35] for a wider comparison among these formulations
and computational aspects.

A more recent and powerful paradigm is the phase field approach to fracture [36,37]. This method, exploiting the Ambrosio-
Tortorelli [38] functionals, provides a robust mathematical framework for modeling complex crack phenomena, including nucleation,
propagation, branching, and merging, without the need to explicitly track the crack geometry [39-41]. It introduces a continuous
auxiliary variable, the phase field, which smoothly transitions from a value of zero in the intact material to a value of one when
the material is fully cracked. As for the nonlocal damage model, the phase field damage evolution equation assumes the form of a
Helmoltz-type partial differential equation, and indeed the methodology shares several analogies with nonlocal damage mechanics
formulated in its energy version [42]. The sharp discontinuity of a crack is thus approximated by a diffuse band, with its width
controlled by a regularization parameter linked to the material’s fracture properties. The evolution of this crack field is driven by
the minimization of a global energy functional that balances stored elastic energy and the energy required to create new crack
surface. The methodology has seen a rapid evolution for 2D and 3D continua since the fundamental work by Miehe [43], tackling the
following major challenges: (i) introduction of different crack driving terms [44-46] to build damage only in tension, avoid material
overlapping, and simulate structured deformations; (ii) acting on the crack density functional to simulate cohesive-type damage [47];
(iii) generalization to model elasto-plastic fracture [48-50]; (iv) implementation of the theory for structural elements, like shells
[51,52] or beams [53,54] made of brittle materials.

The present work builds upon the previous formulations of the phase field approach to simulate nonlocal damage in Euler-
Bernoulli beams [53,54], to establish a novel and efficient computational framework that directly connects the topological features
of the complex beam network to its nonlinear mechanics response, thus enabling structural analysis of complex network materials.

This is done by introducing two specific new contributions. First, the evolution of the phase field variable is determined through
the strong form of the differential problem instead of using the weak form. This leads to finite difference operators that generalize
those stemming from the simulation of diffusive phenomena over a graph in the presence of the Helmoltz equation instead of the
Laplacian equation. The operators describing damage evolution have now special features that are directly related to the network
topology, and were not observable from the weak form. Second, having a single value of phase field attributed to a point along a
beam requires making further assumptions to describe a material degradation that is also function of the point inside the beam cross-
section. In this regard, a monolateral degradation of the elastic modulus in tension is proposed, with damage within the cross-section
modelled as a step function (non-constant through the whole cross-section) between zero in compression and a value of damage
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(from 0 to 1) given by the solution of the Helmoltz equation in the whole tensile region. This is considered to be more appropriate for
polymeric materials subject to crazing than a sharp transition from zero to one as done in brittle materials [53]. Moreover, a simplified
bilateral degradation, which renders the cross-sectional problem linear, is also examined. Both formulations are also enhanced by
the introduction of a threshold value of the driving force for damage activation, which allows to better reproduce experimental
results and, for the bilateral model, can be used to establish lower and upper approximations to the mechanical response. Finally,
a preliminary case study related to the prototype experimental test on a complex network material produced by 3D printing and
recently reported in [29] is examined, to show the potential of the proposed methods.

2. Phase field damage evolution equations: From a continuum to a graph
2.1. Continuum formulation

The phase field approach to nonlocal damage for a continuum, as for instance a specimen tested under uniaxial tension, is based
on the following Helmoltz (or linear second order modified Poisson) differential equation [36,43]:
(H+1)s—lzé—H €]
0dz2 ~
where [ is the internal length scale of the model and H(z) = 2I,yw /G, is the driver for damage evolution, function of the fracture
energy G, and of the strain energy density y(e), which in general is a function of the spatial coordinate z.
Rearranging Eq. (1) to a standard form and dividing it by —l(.z) to make unity the coefficient of the highest derivative, one has:
2
s H+l _ H @

dz2 2 2
- ly s

Its complete solution is given by the sum of the solution of the corresponding homogeneous equation and its particular solution
related to the form of the term on the right-hand-side. The homogeneous equation is:

d2sh0m H+1

2 2
dz I

Shom = 0, 3)

which, in the most general case, is a second-order linear ODE with non constant coefficients. If H(z) = H = constant, then a closed-
form expression can be easily derived through the characteristic equation:

, H+1 VH +1

E =0 = r=so &

and the general solution to the homogeneous equation becomes:
shom(z)=Aexp<#z> + Bexp <—#z>, 5)
0 0

where A and B are constants determined by the imposition of the boundary conditions.
The particular solution is obtained by noting that the inhomogeneous term is a constant, so we can guess a constant particular
solution s, = c. Substituting into the inhomogeneous equation:

d%s 37 27 27 27
Loy Hel T, Hrl 7 ©
z l0 10 10 10
and solving for ¢, the particular solution reads:
H
5, = ——. 7
H+1

The general solution is therefore the sum of the homogeneous and particular solutions:

5(2) = Shom(2) +5, = Aexp <#z> + Bexp <—ﬂz> + H 8)

0 ly ﬁ+1'

For H = 0 and imposing s(z = 0) = 1 and s(z - o) = 0, one obtains the well-known solution s = exp(—|z|/I;), which corresponds to
an exponential decay of damage from the point where fracture localizes (s = 1) to zero at infinity.

2.2. Projection on a graph

To project the above differential equation on a discrete system made of vertices connected by edges, we exploit the graph Laplacian
matrix.

In a graph G = (V, £), with V vertices connected by £ edges, where the vertices are discrete points where s has to be computed
and edges represent connections between nodes over which damage diffuses, the graph Laplacian matrix £ encodes the physics of
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the diffusion process graph-specific in terms of its unique topology. The graph Laplacian matrix operator is defined as the following
difference [55]:

L=D-A, )

where A is the symmetric adjacency matrix and D is the diagonal degree matrix. The adjacency matrix .4 of a graph assembles its
edge weights into a matrix whose entries are:

I T A 10)
' 0, it (V.V} ¢é&;

where w;; is the weight associated to the edge (i, /).
The diagonal degree matrix D of the graph lists the degree of node i on the diagonal entry D;; and, for an undirected weighted
graph, it is defined as:

n
D; =) Ay an
j=1
where » is the total number of vertices. If all the edges have the same weight w;; = 1, then D;; is simply equal to the number of

neighboring vertices j connected to i by an edge &;;.
In the most general case of a weighted graph where edges contribute to damage diffusion with different weights w; ;, one has:

—Wjj ifi#j,
Eij= Zk#iwik ifi=j, k=1,...,n 12)
0 otherwise.

Based on this operator, the continuous Laplacian V? s becomes the graph Laplacian applied to s through this transformation:
VZs - —Ls, (13)

where s =[5}, 55, ...,5,]" is the vector of unknown damage values at vertices.
Therefore, the discrete version of the differential problem is obtained by replacing the continuous terms with the discrete ones:

H"s+IiLs=H" (14)
wherer:H,- (i=1,...,n) and:

Hm 1+H, if i=}, 1s)

Y 0 if i#j.

The solution of the obtained algebraic set of equations is:
s=[H"+2c] ' H (16)

along with imposed boundary conditions. Due to the sparsity of the operators involved, this can be efficiently achieved using solvers
designed for sparse matrices and parallel computations.

A physical interpretation of the formulation can be given by noting that the term H™ corresponds to a local reaction (e.g.,
source/sink at each node), the term I(Z)LZ s represents diffusion over the graph edges, and the right-hand side H" is a forcing term.

Remark: it is possible to show that the discretized form of the phase field damage evolution on a graph leads to an approximation
of the continuous solution s = exp(—|z|//) if H = H is a constant. Let’s consider a graph of n vertices distributed over a straight line
from z = 0 to z = z,,,,, with edges connecting a vertex to the two adjacent ones, except from the first and the last that are connected
to a single edge.

The matrix form of the full system reads:

1+H 0 0 s,
0 1+H 0 o |:
0 0 1+H 0
0 0 1+H][ s an
a/2 b o ... .. 0 | s;
b b 0 .. o0:
+8 . =
0 0 b a b
0 0 b a/2|s,

where a = 2w, b = —w. If the weight w associated to the links is set equal to the inverse of the square of each edge length, w = 1/h2 =
[(n — 1)/ 2z, ]?, then the graph Laplacian matrix reduces to a finite difference operator. Boundary conditions, in analogy with those of
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Fig. 3. Comparison between the numerical solution based on the phase field projected on a graph and its exact continuous analytical solution for
the monodimensional benchmark problem.

the continuous problem, are s(0) = 1 and s(z,,,,) = 0 and their imposition requires partitioning the set of equations by retaining only
the nodes from 2 to n — 1 where damage is unknown. The modified set of equations after imposing the boundary conditions reads:

s=[H™ + 2077 (v - 1), as)

where s* = [s,,...,s,_;], H"" is a diagonal matrix of size (n — 2) X (n — 2) restricted to the corresponding nodal unknowns, H"* is a
vector of size (n —2) x 1, £* is the submatrix obtained from L as L;; withi,j=2,...,n—1,and f = [1(2)51,0, ...,0, /SSn]T accounts for
the boundary conditions.

If the forcing term is zero, H = 0, then the solution reduces to:

st =—[I"+ ISE*]_If, (19)

where I* is a (n — 2) X (n — 2) identity matrix.
The discrete approximation is compared in Fig. 3 with the analytical solution for the continuous phase field problem determined

in Section 2.1, setting z,,,, = 10 m, /y/z,,.. = 0.05, and n = 101, shoving that the approximated solution and the exact analytical one
for a continuum are coincident.

3. Coupling phase field evolution with mechanics of an Euler-Bernoulli beam
3.1. Mathematical formulation

The strong form of the coupled problem consisting in the elastic equilibrium field equations and the phase field damage evolution
equation reads:

V.o=f, (20a)
2d25
(H + I)S - loﬁ =H, (20b)
V4

where o is the stress tensor and f, is the vector accounting for volumetric forces, to be complemented by Dirichlet and Neumann
boundary conditions as customary. Here, z is considered to be the axial (curvilinear) coordinate of each straight edge. The two
differential problems in Eq. (20) are coupled by the fact that damage affects the stress components through the damaged constitutive
matrix that relates the stress tensor to the strain tensor and, in turn, the stress components enter the driving parameter H through
the strain energy.

When projected onto a graph representing a network material, it is convenient to write the elastic equations in a weak form. The
strong differential form of the phase field equation has also to be replaced by its projection on a graph, Eq. (14):

// GT(Sedeé':// f, 6u dQde, (21a)
eJa, eJa,

H"s+1PLs=H". (21b)

where the above integral over the volume has been split into an integral over the edge cross-section, Q,, and an integral over the
curvilinear axis of the structure, £.

From the numerical point of view, the complex network material, whose structure is encoded into its graph composed by edges
connecting vertices, can be modeled as a frame discretized by beam finite elements, assigning geometrical properties to the edge
cross-sections €, and material properties related to the material composition, function also of damage whose value can vary along
the beam longitudinal axis.
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It is important to remark that, as a major difference from the Laplacian partial differential equation of the type Vs = O widely
used in physics of complex networks to simulate diffusion on a graph (spread of misinformation, etc.), here we have to comply with
the internal length scale /;, of the phase field approach. This requires introducing a discretization of edges into beam elements of size
h, < 1y/2. This is accomplished upon defining /, and a given user-defined 4, /I, ratio, and discretizing each edge by ceil(L,/h,) beam
elements, where L, is the beam span. As a result, the data structure will consist of a series of additional computational nodes inserted
between vertices, equi-spaced by the distance h,.

The internal stress state can be further expressed through the characteristics of internal reactions of beams, which are computed
as the integral of the stress field components over Q,. Introducing a reference frame where x and y are the coordinates in the plane
of the cross-section and z is the longitudinal coordinate, for 2D frames we have to consider the axial force N, the bending moment
M, with respect to the x-axis, and the shearing force T, with respect to the y-axis. Such internal forces make work with their dual
virtual generalized displacements d¢, (virtual axial strain), é, (virtual curvature with respect to the x-axis), and §y, (virtual shear
deformation with respect to the y-axis). Hence, the weak form associated to the mechanical field reads:

/ (NS, + M8z, +T,57,)dE = Ley, (22a)
p

H"s+[3Ls=H" (22b)

where L., is the virtual work done by the external forces.
The introduction of the finite element discretization based on Euler-Bernoulli beam finite elements [56][Ch. 5.4] leads to the
following matrix form in the global reference system uniquely defined for all the beams:

KU =F, (23a)
H"s+I3Ls=H" (23b)

where U = A(U,), F = A(F,), and K = A(K,) are the operators obtained from assembling the individual element contributions. Each
of those terms is calculated by the multiplication with a matrix r, that considers the rotation from the local reference frame aligned
with the beam axis z to the global reference frame:

U, =r,U, (24a)
F, =r,F, (24b)
K, =r'K'r,, (24c)

where the rotation matrix r, is calculated from the angle of inclination g, of the longitudinal axis of the element from the global
horizontal axis:

cos(B,) sin(f,) O 0 0 0
—sin(f,) cos(f,) O 0 0 0
0 0 1 0 0 0

e= o 0 0 cos(f,) sin(B) O (25)
0 0 0 —sin(f,) cos(f,) O
0 0 0 0 0 1

The generalized displacement vector at the element level is defined as U} = (u;, v;. ¢, 1y, 02, $,5)", where 1 and 2 refer to the extremal
nodes of the beam element. In absence of loads applied to the internal edges of the network material, the local internal force vector
at the element level reads F, = (N, T}, M, 1, N3, T} 0, M, 5)".

Here, it has to be remarked that, while the algebraic set of equations related to the elastic Eqs. (23a) stem from the weak form
of the original differential problem, the algebraic equations related to the phase field evolution (23b) have been derived from the
discretization of the corresponding strong form. In both cases, the equations are now discretized and projected at nodes. This choice
differs from what proposed in [53] or in [54], where the phase field equations have been treated using their conventional weak form

which however does not allow to explicitly identify the connection with the topological operators of the underlying network.
3.2. Coupling strategies

The coupling of the elastic equilibrium equations with those describing phase field damage evolution introduces a dependency of
the element stiffness matrix K, upon the damage variable s € [0, 1] associated to any point inside the beam element. Viceversa, the
term H entering the phase field evolution equations is connected to the elastic energy density y of the mechanical system, which is
the driving parameter for damage evolution.

A monolithic treatment of the two differential problems would lead to a nonlinear problem that has been formulated and solved
with a rigorous full Newton-Raphson incremental-iterative algorithm [52] for solid shells. Alternatively, a staggered (sequential)
solution scheme can be devised (see the detailed analysis in [40,48]) which has also the significant advantage to allow using the
standard solvers available for each individual differential problem. As discussed in [57], the use of a staggered scheme allows also
to circumvent the loss of convexity that may occur in the monolithic form, facilitating the convergence of standard solvers. Hence,
a staggered solution strategy is herein adopted, which means that each differential problem is solved in its primary unknown by
freezing the unknown of the other problem taken from the previous iteration, and iterating between the two differential problems
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until convergence in the quadratic norm of the damage variable s from two subsequent iterations. Therefore, in the iterative loop,
the mechanical problem is solved for a fixed value of s, say 5.

In the most general situation, the phase field damage for a beam subject to an axial force and a bending moment is a function
of the position along the beam axis, z, and on the coordinate y in the plane of bending y — z, while it is almost constant along the
direction x. Very recently, a mixed FE formulation based on Euler-Bernoulli beams and a 2D continuum discretization for the weak
form associated to the phase field problem for a brittle material has been proposed in [54]. While this approach certainly represents
the most accurate way to approximate a 2D continuum simulation, it retains the complexity of solving the weak form of the phase
field equations as a 2D continuum partial differential equation. The reduction of the field s(x, y) to a single scalar value was attempted
in [53], augmenting such a single scalar by introducing two ansatz variables that allow the simulation of a crack penetrating the
cross-section, under the assumption that the phase field is either zero (pristine material) or unity (fractured material) along y. From
the material viewpoint, while this approach is suitable to model a brittle material and it provides a fairly good approximation of full
2D solutions, it is less applicable to polymeric materials. Such materials in fact display large process zone sizes caused by crazing
[58], with a resulting smoother progression of damage that is far from being sharp as for brittle materials [59,60].

Therefore, keeping in mind that reducing a field s(x, y) to a single scalar value has to be done with care, two different possibilities
are herein explored specifically with the aim of modelling damage evolution in materials like polymers used for 3D printing and
subject to crazing, that represent a relevant enabling technology for the engineering realization of artificial network materials.

3.2.1. Bilateral degradation
In this instance, the scalar phase field variable s = s(z) computed in the point z is used to degrade the Young’s modulus of the
material both in tension and in compression, regardless of x and y. In the staggered iteration we thus have:
E, = Egl(1 =5)% +k,1, (26)

where E; is the undamaged elastic modulus and k, is a residual stiffness to avoid ill-conditioning of the system matrix. Such a choice,
for a given s, leads to a linear set of algebraic equations associated to the mechanical problem. Assuming that the cross-section
remains planar after deformation, which is a common assumption in case of phase field damage [53,54], at the cross-section level
the equilibrium equations

/ 6,dQ =N, (27a)
Q

/ o, ydQ=M,, (27b)
Q

become linear:

/ E(ey+ x,y)dQ =N, (28a)
Q

/ E(ey + x,y)ydQ = M,, (28b)
Q

since E; is constant in the staggered iteration, and provide ¢, and y, as a function of N and M,. Therefore, the position of the neutral
axis depends solely on N and M, and not on 5.
The driving parameter H for the phase field equations is then computed as:
M= 2G.y G

= —<(Ney+ M, x,) (29)
ly ly

3.2.2. Monolateral degradation

In this case, damage is activated only within the portion of the cross-section subject to a tensile axial stress, while the material in
compression is kept undamaged. This implies the use of a damage function s dependent not only on z but also on y, which takes 0
for the cross-sectional points above (below) the neutral axis and s for the points below (above) it, for a positive (negative) bending
moment:

Ey, fi <0
E, = 0 - ore, 30)
Eol(1-3572+k,], fore,>0

The mechanical problem becomes nonlinear and it mathematically corresponds to finding the equilibrated internal reactions and
the related compatible axial strain for a bi-material beam whose portion in compression maintains the elastic modulus E and is fully
bonded to the portion in tension whose elastic modulus E; has been degraded by the damage variable 5. The neutral axis separates
the two portions and its position y is an unknown that depends on s and on the characteristics of internal reaction, N and M,, which
in turn depend upon the generalized solution of the elastic problem, U.

Again, under the assumption of planarity of the beam cross-section, one has to find y, ¢, and y, from the two equilibrium Eqs.
(28), for given N and M,, in addition to the formula providing the neutral axis position, ¥y = —¢;/ x,.. This set of three nonlinear
algebraic equations has to be solved iteratively.
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Fig. 4. Evolution of the neutral axis position when the elastic modulus is damaged only in tension (¢, > 0), for a given damage s and applied bending
moment M, > 0 and axial force N. The positive M, is tensioning the cross-section at its intrados (y = h/2).

After some algebraic manipulation, the above three governing equations for y, ¢,, and y, can be reduced to a single nonlinear
implicit equation in terms of y(s):

(My — M;py)N = (M5 — M )M, =0, (31)
whose terms are:
My, = / E,dQ, (32a)
M, =/ E;ydQ, (32b)
QE
My, = / E, y*dQ. (320)
QE
For a rectangular cross-section of base » and height 4, the following closed-form expressions apply:
My, = {Ag Ey+ A, [(1 =5 + k,1}, (332)
My, = {S;‘U Eo+ SM1(1-52 + k] } (33b)
My, = {I;‘OEO +IM[1 =52 + &, } (330)
h  —
A9= (5 +3)b. (33d)
A, =bh— Ay, (33e)
A A 2\ b
Sl==80==({7T-V )5 33f
x x ( 77 ) > (33f)
—_ 2 3
to (b5 (h_TY b gy
I ‘b<z+y><4 2) +i5(3+7) (33¢)
3
;‘: — ﬂ — I;‘U’ (33h)
12

where the nonlinearity of Eq. (31) becomes evident due to the dependency of the terms in Eq. (33) upon y.

Once y is found using a standard Netwon-Raphson solver to linearize the nonlinear equation, the set of algebraic Eqs. (28) is
solved to compute the converged values of ¢, and y,, which again allow to quantify the driving parameter H for the phase field
equations as in (29).

To visualize the effect of damage on the internal stress state in the mono-lateral degradation model, an exemplary problem
(rectangular cross-section with b = 0.2 m, h = 0.4 m, variable N, M, = 1 x 10’ Nm, E, = 30 GPa, k, = 0.0001) is simulated. The axial
stress distributions ¢,(y) are shown in Fig. 4a for 6 increasing values of s. For s = 0, the stress field (blue curve) has a neutral axis
y =0 and is anti-symmetric as for a homogeneous beam, with the portion of the cross-section in tension at the intrados (M, > 0). By
increasing the value of damage s, the neutral axis progressively moves towards the extrados, up to y = —h/2, to balance the reduced
contribution of the damaged material for y >y (which has a damaged elastic modulus E,), and guarantee the equilibrium with the
internal reactions. The position of the neutral axis y vs. s is shown in Fig. 4b for N = 0 (orange curve), and also for a positive (yellow)
and a negative (blue) axial force N. Negative valued N induce a superimposed compressive stress state that increases the value of y
with respect to the other cases, for the same applied s. When y/h — —0.5, the cross-section becomes a hinge with a residual stiffness k,..

3.2.3. Technical comparison between different degradation assumptions and introduction of a threshold for damage nucleation

The above degradation assumptions reduce the dependency of the damage variable s(y, z) to a constant in case of bilateral degra-
dation, or to a step-wise function of y for the monolateral degradation. In both cases, the damage field can have any intermediate
value between 0 and 1 within the cross-section, which is deemed to be suitable to describe aprogressive material degradation of
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(b)

Fig. 5. Development of crazing observed through red color via digital image correlation in tensile tests on compressed molded ABS (a) (adapted
from [59]); development of crazing (white zones) in 3D printed three-point bending tests: lateral view (b) and bird view of the intrados in tension
(c) (adapted from [60]). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article).

polymers subject to crazing. This constitutes a major difference from existing phase field models for beams [53,54] conceived for
LEFM of brittle materials, which lead to s = 0 or 1 along the cross-section depth, as for a through-depth sharp crack.

As a technical case-study to assess the potential and the limitations of the present approach, let’s consider an unnotched beam
made of ABS and subject to three-point bending as experimentally tested in [61]. The beam had a span L = 50.8 mm and constant
rectangular cross-section with base b = 3.18 mm and height # = 12.7 mm, hinged at z = 0 and simply supported at z = L, subject to a
vertical concentrated force F in the mid-span position. The Young’s modulus of ABS had been reported equal to E, = 1826 MPa. In
the numerical simulations, the beam has been discretized into n = 301 nodes, with k, = 0.001, G, = 0.2 Nm3/2, and lp = 4 mm. While
no measurements on G, were available from [61] and that model parameter should be considered as a dissipation energy associated
to crazing rather than to brittle fracture, the internal length scale /, has been set to be consistent with the wide spread of crazing in
bending as experimentally reported in [59,61], see the images and the scale bars in Fig. 5.

Since the beam is isostatic, the solution of the static problem under force control gives the characteristics of internal reactions at
any z, which are independent of the beam deformability and on s:

N =0, (34a)
M2 = {Fz/z, 0<z<L/2, 34b)
F(L-2)/2, L/2<z<L,
F/2, 0<z<L/2,
T,(2) = 34
/@) {—F/Z, L/2<z<L. (349)

Neglecting the effect of shear deformability according to the Euler-Bernoulli beam theory, the only relevant internal force component
for this benchamrk test is M,.

The force vs. mid-span deflection curves predicted by the models under force control based on a monolateral or a bilateral damage
evolution is shown in Fig. 6a, along with the experimental results from [61] (dots) and the linear elastic material response (dashed
line) as a reference baseline in absence of damage. Both models tend to overestimate the evolution of damage progression, which
takes place very soon, driven by y(z), while experiments show that the departure from the linear elastic regime takes place for F > 80
N. Moreover, as expected, monolateral damage evolution is more gradual than the bilateral one, see Fig. 6b for the same set of input
parameters and Fig. 6¢ along the beam for different loadlevels (dashed curves: monolateral damage model; solid curves bilateral
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Fig. 6. Model predictions for a three-point bending isostatic beam. Experiments from [61].

damage model). The convergence of the staggered scheme is similar in the two models in terms of number of iterations, but of course
the bilateral model is much faster since the elastic problem is linear and does not require a nested iterative solution scheme. The L,
norm of the relative error on the phase field variable s is shown in Fig. 6d for the monolateral degradation model and goes down to
1 x 1076 when s < 1, while it does not converge when s — 1 and the structure loses its elastic equilibrium due to the formation of a
kinematism.

To improve the model predictions and avoid damage accumulation from the onset of deformation, which is not consistent with
the actual evolution of the stiffness degradation measured in the experiments, a threshold value H, to the driving force term is herein
introduced. Therefore, in the enhanced formulation, the actual driving force H is computed as:

Hz{a H<H, 35
H, H>H,

Setting H, = 0.3 (N/m)?, we obtain the monolateral damage model predictions in Fig. 7 (red solid line), which are a better approx-
imation of the experimental trend. Acting on the value of H,, the bilateral damage model can also provide a technical approximation
of the monolateral one, as shown in Fig. 7, where the lower approximation (in black) has been obtained by setting #, = 0.3 (N/m)?,
and the upper approximation (in blue) corresponds to H, = 0.75 (N/m)?. Therefore, although the bilateral damage model leads to a

sharper dynamical evolution of damage towards unity, it may still be an option to be considered as a compromise between accuracy
and reduction of computational costs, since the reduced mechanical problem becomes linear.

3.3. Finite element implementation

In the FE procedure, the phase field variable along z is obtained via a linear interpolation between the elemental nodal values s,
and s,:

5= N(2)s| + Ny(2)s,, (36)

where N, = (1 -z/h,), N, = z/h,, z € [0, h,], being A, the finite element size.
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Fig. 7. Model predictions for a three-point bending isostatic beam introducing a threshold value H, for the driving force term.

The stiffness matrix depends on the assumptions on material degradation, and the above two options are herein considered. In
the bilateral degradation model, one has:
A

A
D
R )
8 i, i f
_| o - U
K'=E he he hg he 37
-4 0 o £ 0 0 (37)
12, 61, 0 12§, 61, 0
W TR woo
61 21, el 4l
L S R
being E, the effective elastic modulus of the damaged material, computed as:
- 1 1 <
E = E (z)dz = e ; Eol(1 = s(z*)? + k,] (38)

where E| is the undamaged elastic modulus and a two-points Gaussian quadrature rule, which is sufficient to integrate exactly the
integrand which is at most a quadratic function of z due to the above ansatz on the interpolation scheme for s, is used. The Gauss
points’ weights are unity and the coordinates are:
h 3
z*=—“[1+(—1)'£], i=1.2. (39)
2 3
The scalar term H¢ in the discretized setting entering H” and H" is also computed via numerical integration of the following

expression:

e LM
H¢ = h_ Hdz.
e JO

As previously outlined, in the staggered solution scheme, the vector s containing the nodal values of the phase field damage
at nodes is frozen when solving the elastic problem. Therefore, the elastic equations become linear and a standard linear solver is
used. When solving the phase field equations on a graph, H° is frozen too, and again a linear solver is employed. Therefore, in the
pseudo-algorithm 1, the computation of the neutral axis position at step 10 is done explicitly and the inner loop from step 9 to step
17 convergences in just one iteration.

(40)

In the monolateral damage degradation scheme, once y is determined, the effective bending stiffness is evaluated using the
equations of a bi-material composite beam:

(EL), = EgI{ + EgAyd] + E, I} + E,Ad2, (41)
where
3
If°=l—b2(g+i) . (422)
b(h —\°
e f(45))
1(h -
dy=5(3+7)- (420)
1(h -
.= 3(4-5).
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and, for the axial stiffness:
(EA), = EgAy+ E(A,. (43)

Once E, is computed at the element nodes, the same interpolation scheme and numerical integration used for calculating E, in
Eq. (38) is adopted to determine the effective values EA and EI, accounting for the variability of s within the element. The final
expression for the damaged stiffness matrix reads:

(EA _EA
e 0 i i 0 0
0 12(E1) 6(EI,) 0 12(EI,) 6(EI,)
n} n2 h h?
0 6EL)  4EL) 0 6EL)  AEL)
K = - h2 he s 2 h, (44)
_2EL)6(ED) 0 2EL) 6(ED) 0
n} h? 3 h?
6EL)  2AEL) _ 6L AEL)
L 0 h2 h, 0 h2 0 he |

After solving for the displacement field, step 12 in Alg. 1, the characteristics of internal reactions are updated and convergence of the
inner loop is assessed in terms of the displacement field at the step 17.

After convergence of the inner loop, the converged axial stress is calculated from the axial strain €, = ¢, + y,», where ¢, and y,
are provided by the equations of equilibrium of the composite beam where the neutral axis position now is known:

i 2L
My,  Mpy||x M,

The stress field solution is then used to compute the elastic strain energy of the element, step 20 in Alg. 1.

. (45)

In analogy with implementations for the continuum [40], convergence of the staggered scheme is enforced by the satisfaction of
the condition set in the step 23 of Alg. 1, which physically corresponds to a negligible variation of the internal damage state from an
iteration to the next. The proposed algorithm has been implemented into MATLAB R2024.

Algorithm 1 Pseudo-code for the solution of the coupled problem for a given pseudo-time step 7 of a simulation, using a staggered
scheme.

1 k<1 > Staggered scheme iteration
2: sk <0
3: EX « Ey (Ve &)
4 M, <0,N <0 >Viey,
5: set F’ > Incremental loading path
6: DO > Loop over k
7 je1 > Iteration of the nested nonlinear mech. problem
8 M.« MX¥ N« Nk >VieV,
9: DO > Loop over j

10: find >VieV,

11: compute K/ based on s* and 3

12: U = (K)~'F

13: compute updated N, M, Tyi’j

14: R/ =U/ -U/!

15: jej+1

16: N« NV, M, « M), T! < T}’ >Viey,

17:  WHILE |R/71|| < tol,

18: compute e*

19:  compute y¥(ek, s¥)

20: compute H™ = H"(y*), H' = H'(w*)
21: k< k+1

22:  solve sk = (H™ + 1(2)11)"7{”

23: WHILE ||s¥ — s¥~1|| < tol,

4. Application to a pioneering complex network material produced by 3D printing

The 3D printed complex network material recently manufactured and tested in compression in [29] is herein examined. Although
the experimental data are not fully reported, it is considered a very relevant pioneering example of a possible network material
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Fig. 8. (a) Photo of a 3D printed complex network material (taken from a video shown by [29]), and (b) its network model.
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Fig. 9. Plot of edges composing the network according to the value of their height (from the thickest (a) to the thinnest (d)).

produced by 3D printing. It is made of edges having all the same base (the out-of-plane thickness of the 3D printed model) and
variable heights and spans, see Fig. 8a. The reconstructed network model is shown in Fig. 8b.

Since the specimen size and the exact material properties are not available, a base of 200 mm and an out-of-plane thickness
b= 11.3 mm have been set, for the purpose to provide a proof-of-concept simulation. This leads to four classes of edges according
to the height of their cross-sections: the thickest edges have 7, = 4.1 mm (Fig. 9a) and are sub-vertical, connecting the upper side
of the specimen with the lower side. Edges with 4, = 2.8 mm are further partitioning the domain and are shown in Fig. 9b, aligned
sub-horizontally and one inclined. The left portion of the specimen is further partitioned by thinner straight edges with 43 = 2.1 mm
(Fig. 9¢). Finally, all the other edges of the network with the thinnest height 7, = 1.4 mm are randomly distributed in space (Fig. 9d).
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Fig. 10. Properties of the graph related to the 3D printed material in terms of distribution density functions of the eigenvalues of the adjacency
matrix (a) and of the degree matrix (b).
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Fig. 11. Deformed meshes for two different applied compressive vertical displacements on the upper side of the model, leading to (a) 3 % apparent
strain and (b) 20 % apparent strain. Simulations are qualitatively compared with experimental images from [29] in (c) and (d).

A previous investigation on the elastic interplay between randomly interconnected sub-networks with different stiffness was proposed
in [62], but it was limited to two sub-networks.

The spectra of the adjacency matrix and of the degree matrix of the undirected graph associated to the complex material network
are shown in Fig. 10. The probability density function of the eigenvalues of the adjacency matrix (Fig. 10a) are distributed according
to a bell-shaped curve, similar to other types of biological networks [27]. The largest eigenvalue in Fig. 10a corresponds to the average
degree of the network.

The spectrum of the degree matrix (Fig. 10b) consistently shows that the majority of vertices have 3 to 4 connections, but there
are also few hubs with a larger number of connections ranging from 7 to 9, which are not so common in regular lattice materials.
Bio-polymer random network models, for instance, feature a connectivity up to 4 [62,63]. To the best of author’s knowledge, no
studies explored a wider range of connectivities up to 9.
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Fig. 12. Results of the numerical simulations in terms of distribution of axial forces and bending moments in the network.
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Fig. 13. Damage spread in the network subject to compression, for two different applied nominal vertical strain levels.

Other interesting network measures are the local and the global clustering coefficients, which are connected to percolation phe-
nomena over the graph [64]. The local clustering coefficient of a vertex in a graph quantifies how close its neighbours are to being
a clique, which is a subset of vertices in a graph where every pair of distinct vertices is connected by an edge (complete graph).
The local clustering coefficient C; for a vertex V, is given by a proportion of the number of links between the vertices within its
neighborhood, divided by the maximum number of links that could possibly exist between them. For an undirected graph, it can be
expressed in terms of the adjacency matrix components as:

1
Ci=——— Y A A Ay (46)
ki(k; — 1) /z;, 7TIkTTR

where k; = 3, A;; and C; = 0 when k; is zero or one. The average value of the local clustering coefficients of the graph provides a
measure of the global clustering coefficient, which is the number of closed triplets over the total number of triplets of a graph. For
the present complex network material, the global clustering coefficient C is equal to 0.11, which denotes low clustering and a critical
percolation threshold scaling with o 1/(C — 1). This implies that diffusion-like phenomena, like damage, are expected to be relatively
difficult to spread in the present material, which suggests it is a good candidate for mechanical applications.

Since the force-displacement curve is not available to perform a rigorous model parameter identification, the material properties
were set to represent a plausible 3D printed material with an elastic modulus E, =2 GPa, a fracture energy G, = 1 N/m, and [, =
1 mm.
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The whole network consists of 515 vertices and 940 edges. For the application of the numerical method to avoid mesh dependency
issues by complying with the requirement of the phase field formulation, a mesh size h, = I/2 has been set for all the edges discretized
with beam elements. This is achieved by inserting intermediate nodes between the edge vertices, equispaced by 4,. This led to 19,366
computational nodes with three degrees of freedom each and 19,790 finite elements for the mechanical problem. The set of algebraic
equations for the mechanical problem consists of a sparse stiffness matrix of size 58098 x 58098. Accordingly, the graph Laplacian
matrix has been projected onto this set of nodes, with resulting 19,366 linear algebraic equations.

The synthetic model of the network material is tested under uniaxial compression using the bilateral damage model to qualitatively
replicate the observation made by [29]. Two imposed nominal axial deformation states of € =3 % (Figs. 11a and 11c¢) and ¢ =20%
(Figs. 11b and 11d) are examined, representative of two extreme situations with low damage and high damage, respectively. The
deformed shapes obtained by setting H, = 0 are qualitatively reproducing the deformation of the edges seen in the experiment,
considering that the local instabilities taking place in the material network have not been included in the present simulations and are
certainly important for high compressive strains.

To analyze the role played by the internal microstructures represented by edges with different orientation and height to partition
the network domain, the probability distribution functions of the axial forces N and of the bending moments M, are shown in Fig. 12
for the two values of €. In terms of normal forces, all the distribution functions of the 4 sub-networks are well grouped in a small
range of N (Fig. 12a), except few edges with the smallest height that are quite apart and are subject to very large compressive or
tensile states. This trend persists also for a higher € (Fig. 12b).

On the other hand, the role of the sub-networks is quite different in terms of bending moments: thicker edges with height A,
have a flatter distribution and are responsible for the extreme values of the internal bending moments acting on the network edges
(Fig. 12c). Therefore, those edges have an important role in shading the other components from bending moments. The trend is
further amplified for a higher € (Fig. 12d).

The value of the phase field damage at the vertices of the network is shown in Fig. 13 for € = 3% and 20 %, with the sketch of the
network material displayed in green below. For € = 3 %, damage is below 0.1 everywhere and accumulates primarily on the internal
sub-structure of beams with the thickest height 4, which shields the other components. This is due to the fact that it is the stiffer
part of the network and it absorbs the majority of the load. For € = 20 %, damage is reaching 0.8 and is much more spread over the
entire network.

The correlation between the average level of damage in the graph vertices and their degree of connection is shown in Fig. 14a,
for the two applied strain levels. The spread of data is shown with gray areas corresponding to + the standard deviation around the
curves denoting the average values. The results related to this network material suggest that damage is increasing with the number of
connections of the node. Further quantitative investigations are required to better assess the role of the sub-network properties with
respect to the degree of connectivity of the network nodes, to draw more general conclusions on the performance of these materials.
The effect of introducing a threshold H, different from zero is analyzed in Fig. 14b, where we appreciate a progressive reduction of
damage in the vertices as a function of H_, in a nonlinear way.

5. Conclusion and research perspectives

This work proposed a new theory for the simulation of nonlocal damage in a 2D lattice structure made of polymeric materials
and discretized by Euler-Bernoulli beam finite elements. Damage is modelled according to a phase field formulation that has been
suitably projected onto the discretized set of nodes and elements through the graph Laplacian matrix, which has been exploited for
the very first time to treat a Helmoltz differential equation associated to phase field damage evolution.

Coupling of phase field evolution equation with mechanics has been done according to two possible damage scenarios: the former
assumed bilateral damage applied to the Young’s modulus in tension and in compression, while the latter introduced a monolateral
damage affecting the Young’s modulus of the material only in tension. Both formulations have been compared with results from
experimental bending tests on ABS material that show damage evolution due to progressive polymer crazing. Both formulations
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allowed simulating a damage scenario where the variable damage s is comprised between zero and unity, and differed from previous
approaches for the simulation of brittle crack growth [53,54] where the phase field is either zero o unity along the cross-section
depth. Moreover, the additional enhancement of the formulations by the introduction of a threshold driving force H, allowed to
achieve a better prediction of the onset of damage, and offered a way to apply the bilateral damage formulation with different values
of H, to make lower and upper bound predictions to the mechanical response. This is particularly useful for parametric analyses,
since the bilateral damage formulation allows preserving the linearity of the mechanical problem in each staggered iteration, while
the monolateral damage does not and is therefore computationally more demanding.

According to the proposed staggered scheme, where alternate minimization of the two differential problems is carried out, the
algorithm foresees the computation of the elastic solution for a frozen damage state and the computation of a driving force to be
passed in input to the phase field evolution equations related to the elastic energy of the system in each node.

The potentiality of the new methodology has been tested in relation to a preliminar realization of a complex network material
produced by 3D printing and taken from the literature. The non availability of a complete experimental characterization did not
allow to perform quantitative comparisons, but the problem has been addressed as a proof-of-concept to show the applicability of
the proposed method to such complex materials which have topological features distinct from those of physical networks. It has been
shown that the model is able to extract quantitative information on axial and bending moments distributions in the beams composing
the network and put in connection damage to the degree of connectivity of the nodes, which are intrinsically linked in the phase field
evolution equation projected onto a graph, as demonstrated in this study. Said that, more systematic investigations are necessary
to better understand the interplay between the different sub-network stiffness and the nodal degree of connectivity, and expand the
study by considering multiple realizations of random networks.

In this regard, the proposed model enables systematic analyses that, in parallel with progresses done by theoretical and experi-
mental physicists, may lead soon to quantitative results on new types of metamaterials in a nonlinear regime, made by 3D printing
and with such complex internal structures. The 3D printed technology is opening new perspectives for manufacturing [65], and there
is a urgent need to analyze those new materials also in terms of reliability and damage [66] in addition to their wave propagation
properties, and extend the applications to random microstructures which appear to have a higher toughness as compared to periodic
ones [67].

While these open issues should be systematically investigated in dedicated follow-up articles, it is believed that the present proof-of-
concept results show that the proposed model enables performing nonlinear analyses on large scale samples, exploiting the advantage
of the bilateral damage model enhanced by suitable threshold values to speed up simulations, and eventually allow gathering results
related to multiple network realizations in an unprecedented efficient way.
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