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A B S T R A C T

Understanding and simulating the evolution of fracture in cellulose-based paper materials is vital for many eco-
sustainable applications of packaging solutions. In this work, we conduct an integrated experimental-statistical
mechanics analysis to elucidate how the microstructural mechanisms govern the fracture behavior of paper.
We employ in-situ tensile tests combined with confocal microscopy to observe and analyze key microstructural
phenomena, such as fibers’ activation and recruitment, and progressive tensile failure of unnotched paper
samples under uniaxal loading. The developed stochastic mechanics critical cross-section model to treat the
cellulose fiber network is able to decouple the stochastic morphological parameters from the constitutive model
of the fibers. Notably, it robustly predicts the anisotropic properties of paper materials in the machine direction
(MD) and cross-machine direction (CD) as a direct consequence of the different statistical distribution of fibers’
orientation, for the same fiber constitutive model. The proposed approach is finally employed to get an insight
into the role of the main morphological parameters, local/non-local fibers’ strain redistribution, and finite
elasticity of fibers on the whole mechanical behavior of paper.
1. Introduction

Paper materials exhibit a complex material micro-structure, consist-
ing of fibers pressed together and interacting within a network. These
cellulose-based materials during their deformation involve phenom-
ena occurring across multiple length scales, from the nanometer-scale
interactions between cellulose fibers to the macro-scale behavior of
the entire sheet. Therefore, in order to capture the complex interac-
tions at different scales (the fiber scale, the network scale, and the
sheet scale) for the paper materials, multiscale modeling is an emerg-
ing research field (Simon, 2021). Over the years, researchers have
performed significant research on computational modeling of paper
materials. One notable approach involves finite element modeling, used
to simulate how paper behaves under different conditions (Brandberg
et al., 2022; Kloppenburg et al., 2023b; Kulachenko and Uesaka, 2012;
Shahsavari and Picu, 2013; Tojaga et al., 2021; Torgnysdotter et al.,
2007a,b). These computational models allowed researchers to explore
the mechanical properties of paper materials, but simulating and an-
alyzing a fiber network at the macroscale becomes computationally
expensive due to the inherent complexity of these random networks
composed of thousands of fibers. Consequently, researchers commonly
employ a Representative Volume Element (RVE) to capture the ma-
terial’s macrostructural behavior and reduce the computational cost.
However, the size of the RVE has emerged as a critical factor in
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accurately representing the material behavior of the macrostructure,
a subject that has been investigated in depth and discussed by Klop-
penburg et al. (2023b), Li et al. (2018), Shahsavari and Picu (2013).
Moreover, homogenization approaches cannot be invoked when strain
localization takes place, as occurs at the peak load and in the post-peak
branch of the force–displacement curve due to crack growth.

The mechanical characteristics of paper materials as fiber networks
are known to be influenced significantly by interactions between fibers
and the properties of individual fibers. These attributes, including den-
sities and distribution of fibers segment lengths and their geometrical
properties, have been shown to undergo statistical changes within
a fiber network (Alava and Niskanen, 2006; Dodson and Sampson,
1999; Yi et al., 2004). Consequently, in this work, we are going to
introduce a statistical mechanics theoretical model and its numerical
implementation designed not only for efficient computational modeling
of fiber networks at the macroscale, but also for accurate prediction
of their fracture along a critical cross-section by including all the
microscale features, without limitations on the number of fibers to be
simulated. In parallel, in-situ experimental testing is proposed by con-
ducting tensile test and observing the material evolution under loading,
examining the microscopical phenomena involved during deformation
up to fracture. Researchers have done some micromechanical tests for
vailable online 20 June 2024
020-7683/© 2024 The Author(s). Published by Elsevier Ltd. This is an open access a

https://doi.org/10.1016/j.ijsolstr.2024.112930
Received 5 April 2024; Received in revised form 21 May 2024; Accepted 11 June 2
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

024

https://www.elsevier.com/locate/ijsolstr
https://www.elsevier.com/locate/ijsolstr
mailto:mohadeseh.fallah@imtlucca.it
https://doi.org/10.1016/j.ijsolstr.2024.112930
https://doi.org/10.1016/j.ijsolstr.2024.112930
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2024.112930&domain=pdf
http://creativecommons.org/licenses/by/4.0/


International Journal of Solids and Structures 300 (2024) 112930M. Fallah et al.
Fig. 1. In-situ micro-mechanical tensile testing setup: DEBEN micro-mechanical tensile stage and the Leica DCM3D confocal microscope (left panel); photos of unnotched Al-paper
laminate (right panel, top) and notched paper (right panel, bottom) specimens that can be tested in uniaxial tension with this equipment.
the characterization of fiber properties (El-Hosseiny and Page, 1975;
Groom et al., 2002; Maraghechi et al., 2023). However, in the context
of paper materials, results regarding in-situ testing are quite scarce.
Therefore, we propose an experimental campaign by combining the
micromechanical tensile stage (DEBEN) and the confocal microscope
(Leica DCM3D) with a setup which offers a versatile way to explore
the microstructural mechanisms responsible for fracture.

This article is organized as follows. In the Methodology section,
we begin by detailing the experimental setup and highlighting key
observations made during experiments. Subsequently, we introduce a
statistical mechanics model of a critical cross-section for predicting the
fracture behavior of paper materials, encompassing both the theoretical
formulation and the algorithmic aspects. The model parameters section
provides an extensive discussion on how to determine and validate
the parameters entering the proposed model. In the sensitivity analysis
section, we employ the developed model to explore the influence of
various parameters on the mechanical response of paper materials, to
gain further insight into the micromechanical mechanisms governing
paper fracture. Lastly, main conclusions and future developments are
summarized in the Conclusion section.

2. Experimental methods: in-situ material testing setup

The equipment includes the micro-mechanical tensile stage DEBEN
placed under the confocal microscope Leica DCM3D, see Fig. 1, both
available in the MUSAM-Lab of the IMT School for Advanced Stud-
ies Lucca. This setup allows the in-situ visualization of the cellulose
fibers and also the out-of-plane deformation of the specimen surface
during the whole loading history (Johansson et al., 2022), while the
force–displacement curve is progressively recorded by the tensile stage.

A series of uniaxial tensile tests on unnotched rectangular paper
specimens with dimensions 𝐵 × 𝐿 × 𝑡 (width, span and thickness) has
been carried out. The specimens have been clamped at the extremes.
The displacement loading rate has been set equal to 0.1 mm/min,
which is sufficiently low to monitor all the micromechanical damage
phenomena with the confocal microscope and perform a single test in
a reasonable amount of time. As exemplified in Fig. 2, single cellulose
fibers that bridge a propagating crack can be clearly observed, as well
as those debonded and broken.

Furthermore, the employed tensile stage allows us to determine the
overall mechanical behavior of paper -which is an emergent mechanical
response- by measuring the force–displacement curve under displace-
ment control which is of the type depicted in Fig. 4 (paper tested in
2

the cross-machine CD direction). The response is initially linear and
then it departs from linearity up to reaching a maximum load carrying
capacity. After the peak load, a sharp softening branch takes place.
This mechanical response, which can be converted into a conventional
stress–strain diagram by dividing the force by the cross-section area and
the displacement by the initial free span, has been recently interpreted
through a phase field model for fracture driven by elastoplasticity with
hardening (Marengo, 2023). However, the present authors consider this
modeling assumption quite controversial, since the observed micro-
scopical mechanisms do not always support a continuum model ruled
by elastoplastic hardening. The mechanical system is in fact composed
by a discrete set of cellulose fibers with strong adhesion between them
caused by the pressure acted during production. When subject to tensile
loading, fibers can partially move and align along the loading direction
depending on the free length of each fiber intercurring between two
subsequent fiber bonds. This leads to a phenomenon which is similar
to fiber recruitment in biological tissues (Gizzi et al., 2014; He and Lu,
2022; Li and Holzapfel, 2019).

It should be noted that fiber recruitment can occur at different
loading levels depending on the fibers network and its density. In
denser fiber networks, such as paper, we anticipate that fiber recruit-
ment happens at very low strains due to the restricted deformability of
individual fibers. Conversely, in rarefied networks, like those obtained
by electrospinning, fiber recruitment takes place at very large strains,
see Fig. 3 where a representative fiber is colored in yellow to visualize
its recruitment and realignment (tensile tests on PLLA electrospun
layers using the DEBEN microtensile stage placed within the SEM Zeiss
EVO MA15 at the MUSAM-Lab to achieve the required resolution).

The fiber inclination is therefore relevant, since the fibers initially
aligned along the loading direction mostly contribute to the load-
carrying capacity. The fiber recruitment process continues until fiber
slippage and bond failure is triggered. In some circumstances, fibers do
not only slip with respect to each other, but also individually break,
which is a catastrophic phenomenon leading to load redistribution to
the remaining active fibers. These phenomena observed in our tests
on paper are consistent with the microscopical mechanisms reported
in the literature (Borodulina et al., 2012; Kouko et al., 2020). Recent
investigations (Maraghechi et al., 2023) on single cellulose fibers tested
under uniaxial test using an equipment similar to our setup showed
that the slope of the stress–strain curves gradually decreases with in-
creasing strain as a result of the development of inelastic deformations
caused by micro-damage, up to the stage at which the fiber breaks.
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Fig. 2. Microstructural alterations within a localized specimen region after reaching a defined load threshold during tensile testing, including fiber debonding and breakage, taken
by confocal microscopy (20x magnification).
Fig. 3. SEM images of PLLA electrospun layers at different strain levels, showing fiber recruitment and realignment along the axial (horizontal) direction of loading.
Furthermore, micro-plasticity was observed in Maraghechi et al. (2023)
as a mechanism typical of polymer fibers, which inherently possess a
distinct composition as compared to cellulose fibers that mostly behave
linear elastically.

Hence, to elucidate on these fundamental modeling assumptions
and derive a model that could predict the response as a direct con-
sequence of quantifiable and observable microscopical mechanisms
involving the network of fibers, a statistical mechanics model is put
forward in the next section. As shown by Borri et al. (2016), Paggi and
Reinoso (2015) for the problem of adhesion between paper tissues, the
stochastic features of the fiber population play an essential role for a
predictive model. Here, all the model parameters related to the random
network topography will be estimated from data measurable from con-
focal images, leaving to be identified only few parameters describing
3

the single fiber mechanical response, which is the key controversial
aspect to be assessed.

3. Statistical mechanics model

In this section, we propose a model based on the network of
cellulose fibers to simulate deformation and fracture of paper subject
to uniaxial loading.

The starting point is a rectangular specimen of paper of 𝐵 × 𝐿 × 𝑡
dimensions, where 𝐵 is its width, 𝐿 its span, and 𝑡 is its thickness.
An orthogonal 𝑥 − 𝑦 − 𝑧 reference system is also introduced and an
axial displacement 𝑤 is applied along the 𝑧−direction (see the sketch
in Fig. 5).
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Fig. 4. A typical mechanical response of a paper sample under tensile loading in the cross-machine direction (CD), with fiber recruitment followed by fiber debonding and slippage
during crack growth. A video of the test is available as an electronic supplementary material.
Fig. 5. Schematic of the specimen and load orientation with respect to a global
reference system.

Under a macroscopically applied strain, 𝜖 = 𝑤∕𝐿, resulting from
the imposed displacement 𝑤, fracture may occur at a randomly located
single critical cross-section. Notably, the experimental tensile tests
performed on both short-span and long-span specimens (referenced
in Marengo (2023)) demonstrate a variation in the force–displacement
curves. These variations regard a simple linear scaling of the displace-
ment with 𝐿, while forces do not change. This supports our model
assumption that a cross-sectional model is adequate to describe the
response of paper under uniaxial tension, where fracture occurs pri-
marily at a single cross-section. Hence, under these assumptions, it is
possible to focus the attention on the behavior of fibers crossing that
representative cross-section. First, the average total number of fibers
along such a cross-section can be quantified as:

𝑁 = 𝑁𝑙𝑁𝑓 (1)

where 𝑁𝑙 denotes the number of paper layers (𝑗 = 1,…𝑁𝑙), each one
with a thickness of a fiber, and 𝑁𝑓 is the average number of fibers
along the 𝑦−direction for each layer (𝑖 = 1,…𝑁𝑓 ). Therefore, a fiber is
univocally identified by the indices 𝑖 and 𝑗.
4

At the microscale, fibers are assumed to have an average cross-
section 𝐴, a random length 𝑙𝑖,𝑗 , and a random orientation angle 𝛼𝑖,𝑗
measured from the axial direction (𝑧-axis). The centre of those fibers
is placed at 𝑥𝑖,𝑗 = 𝑗𝑡∕𝑁𝑙, 𝑦𝑖,𝑗 = 𝑖𝐵∕𝑁𝑓 , 𝑧𝑖,𝑗 = 0. The coordinates of the
external nodes defining the beginning and the end of each fiber, see
Fig. 6, are:

𝑧(1)𝑖,𝑗 = −𝑙𝑖,𝑗∕2 cos(𝛼𝑖,𝑗 ) (2a)

𝑦(1)𝑖,𝑗 = 𝑦𝑖,𝑗 − 𝑙𝑖,𝑗∕2 sin(𝛼𝑖,𝑗 ) (2b)

𝑥(1)𝑖,𝑗 = 𝑥𝑖,𝑗 (2c)

𝑧(2)𝑖,𝑗 = 𝑙𝑖,𝑗∕2 cos(𝛼𝑖,𝑗 ) (2d)

𝑦(2)𝑖,𝑗 = 𝑦𝑖,𝑗 + 𝑙𝑖,𝑗∕2 sin(𝛼𝑖,𝑗 ) (2e)

𝑥(2)𝑖,𝑗 = 𝑥𝑖,𝑗 (2f)

Fibre lengths are usually not constant, and therefore a Gaussian
distribution is herein introduced to assign a random length 𝑙𝑖,𝑗 to each
fiber, specifying in input the mean (𝜇𝑙) and the root mean square (𝜎𝑙)
values of the distribution. Moreover, cut-off lengths (𝑙0 and 𝑙max) for the
shortest and the longest fibres are also considered.

Fiber orientation is also a crucial parameter, since it is well-known
that the macroscopic mechanical response of paper is anisotropic and
it is particularly different in the machine direction (MD) and in the
cross-machine direction (CD). Since this is primarily due to the different
alignment of fibers caused by the machining process, we expect that
the fiber orientation might strongly influence the overall mechanical
response. In the present model, we explore three possible different
distributions of fiber orientations along the cross-section: (𝑖) uniform
distribution, (𝑖𝑖) non-uniform distribution with maximum probability
in the machine direction, (𝑖𝑖𝑖) non-uniform distribution with maximum
probability in the cross-machine direction. In the case of uniform
distribution, the orientation angle 𝛼𝑖,𝑗 is assigned randomly with values
ranging from 0 to 𝜋∕2. For cases (𝑖𝑖) and (𝑖𝑖𝑖), on the other hand,
Gaussian distributions with a mean value 𝜇 , a root mean square 𝜎 ,
𝛼 𝛼
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Fig. 6. Orientation and coordinated of the extremes of the fibers along the critical
cross-section at the microscale.

and cut-off values −𝜋∕2 and +𝜋∕2 are considered. The mean value 𝜇𝛼
is set as:

𝜇𝛼 =

{

0, for the machine direction (MD)
𝜋∕2, for the cross-machine direction (CD)

(3)

It is worth mentioning that, considering the experimental findings
by Kloppenburg et al. (2023a), which indicated fiber orientation dis-
tribution in the paper plane could resemble a normal distribution but
with heavier tails, we adopt a Gaussian distribution with appropriate
standard deviation and cut-off values, ensuring that the distribution
does not approach zero probability for the tails. As a result, this
model is capable of generating a population of fibers with different
morphological characteristics, namely their lengths and orientations,
representing the statistical features of paper materials.

Fibers often retain slack or curvature due to manufacturing and
drying processes (Niskanen, 2011). Mechanically, a loaded fiber begins
to carry the load, when it overcomes this slackness and it gets straight,
which leads to a phenomenon referred to as fiber recruitment in a
fibrous network. To incorporate this phenomenon into our model,
we assume that a cellulose fiber within a loaded paper material is
recruited when the applied strain exceeds a specified activation strain.
This activation strain serves as a threshold, indicating the point at
which the external strain adequately overcomes the inherent curvature
or slackness in the fibers, facilitating their effective involvement in
the network’s load-carrying mechanism. This activation strain can be
reasonably related to the distance between two bonds along a given
fiber, i.e., the distance between two subsequent points where a fiber
is crossed by other fibers. We believe in fact that the average distance
between subsequent bonds -which is a kind of free segment length (Niska-
nen, 2011), or a mean free path between two bonds, 𝜆– is responsible
for the stiffness of the fiber.

Niskanen (2011) discussed the probability distribution of free seg-
ment lengths and remarked it can be assumed to be exponential with
its average value 𝜆𝑎𝑣𝑔 . Experimentally, the average mean free path
can be estimated from confocal miscroscopy images by dividing a
fiber length by the number of bonds observed along its length, and
averaging over a statistically representative number of fibers. Hence,
we can associate to each individual fiber a randomly assigned mean free
path, 𝜆𝑖,𝑗 , extracted from an exponential distribution in the range from
𝜆min to 𝜆max, where 𝜆max and 𝜆min signify the maximum an minimum
distance between two adjacent bonds within the network respectively,
the attributes that can be effectively observed from microscopy images.

In the strain-controlled constitutive fiber model, the activation of
fibers is determined based on their respective mean free paths. It is
anticipated that fibers with shorter mean free paths will be activated
5

earlier due to their relatively higher stiffness (less slackness). On the
other hand, longer fibers, which may not be fully straight, do require
more deformation to be engaged in the overall deformation process.
Additionally, the model takes into account the connectivity of fibers,
where multi-connected fibers are expected to be activated earlier than
isolated ones.

To quantify the activation strain for each fiber, the following for-
mulation is introduced:

𝜖𝑎𝑖,𝑗 = 𝜖act
( 𝜆𝑖,𝑗 − 𝜆min

𝜆max − 𝜆min

)

(4)

where 𝜖act represents the maximum strain required for a fiber activa-
tion, equivalent to the strain necessary to activate a fiber possessing the
maximum free path, 𝜆max.

As cited in the literature (Li et al., 2016), since the measured force
required to break the inter-fiber bond is considerably lower than the
force needed for the fiber to undergo nonlinear deformation, the fiber is
assumed to respond elastically after recruitment. In the uni-axial tensile
test on plain specimens, with all the fibers not slipping (either not yet
recruited, or recruited), the strain level 𝜖 is assumed to be dictated by
the imposed far field displacement at the boundary, i.e., 𝜖 = 𝑤∕𝐿.
This uniform condition is then perturbed when fiber slippage takes
place, and the amount of strain redistribution will be discussed later.
Hence, in the linear regime, the strain applied to each fiber along its
axial direction is computed from the applied strain 𝜖 acting on the
𝑧−direction:

𝜖𝑖,𝑗 = 𝜖 cos(𝛼𝑖,𝑗 ) (5)

Correspondingly, the elastic force supported by the fiber is:

𝑓 𝑖,𝑗 = 𝐾𝜖
𝑖,𝑗

(6)

where 𝐾 is the fiber stiffness. The fiber contribution to the uni-axial
load is retrieved by projecting 𝑓 𝑖,𝑗 back to the 𝑧−direction:

𝐹 𝑖,𝑗 = 𝐾𝜖 cos2(𝛼𝑖,𝑗 ) (7)

We remark here that the model can be enhanced by an elasto-plastic
constitutive relation instead of a linear elastic one, simply by modifying
the constitutive relation in Eq. (6). In addition, the cross-section of the
fibers (𝐴) along with Young’s modulus of a single cellulose fiber, 𝐸,
contribute to the calculation of the fibers’ stiffness 𝐾 = 𝐸𝐴.

In this study, similar to the Cox model (Cox, 1952), we incorporated
the orientation of fibers to facilitate load transfer among them. While
the Cox model is traditionally applied to analyze fibrous materials
within a resin matrix, our adaptation extends its principles to fibrous
materials without a matrix. However, for such materials, the influence
of bond density becomes crucial. Hence, we accounted for this factor
in our model by considering the mean free length of fibres, recognizing
its significance in determining the strength of these materials.

The fiber linear response is limited in the model by the strain
level, when a maximum strain 𝜖max

𝑖,𝑗 is reached. After that level, the
fiber debonds and its contribution to the overall load is assumed to
be negligible. Notably, if the maximum debonding strain for each fiber,
𝜖max
𝑖,𝑗 , exceeds the fiber’s breakage strain, 𝜖f , then the fiber breaks before

experiencing debonding. In the model, the debonding strain for each
fiber is assumed to be a random field dependent upon the mean free
path of the fiber, i.e.:

𝜖max
𝑖,𝑗 = 𝜖max

(𝜆avg
𝜆𝑖,𝑗

)

(8)

which implies that 𝜖max can be estimated from the micromechanical test
of bond failure with just two fibers bonded together, as for instance
in Magnusson et al. (2013).

In our simulation, when a fiber undergoes failure, we adopt a strain
redistribution to neighboring fibers -a strategy consistent with the prin-
ciples of fiber bundle models outlined in the literature, see e.g. Pradhan
et al. (2010), Pugno et al. (2012). These models, acknowledged for their
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simplicity and effectiveness in understanding failure phenomena, detail
the successive failure of fibers and subsequent adjustments in load re-
distribution among the surviving fibers. In our model, resembling these
fiber bundle models, redistributing strain is functionally equivalent to
redistributing load, as all fibers are assumed to have the same elastic
properties. The amount of redistribution is governed in the model by
a parameter 𝑟 ranging from 0 to 1. If the 𝑖th fiber fails, its strain at
failure will be equally redistributed to the (𝑖 − 1)th and (𝑖 + 1)th fibers
as follows:

𝜖𝑖−1,𝑗 ← 𝜖𝑖−1,𝑗 + 𝑟∕2𝜖𝑖,𝑗 (9a)

𝜖𝑖+1,𝑗 ← 𝜖𝑖+1,𝑗 + 𝑟∕2𝜖𝑖,𝑗 (9b)

The mechanisms of fiber realignment has been found particularly
relevant for the Poisson effect for the papers examined, in the range of
densities. As a general trend, the lower the density, the more accurate
is this assumption. As a limit case, fibrous materials obtained by elec-
trospinning are for instance the fibrous materials where the progressive
relative displacement and realignment of the fibers along the loading
direction is giving the maximum contribution to the Poisson effect.
By increasing the paper density, other forms of deformation of the
fibers’ joints may increase their role. In this study, to account also for
the progressive alignment of the fibers along the direction of loading,
which can lead to the macroscopic Poisson restriction effect, the 𝑧
coordinates of the fiber nodes, the fiber angle and its stretched length
are updated based on the deformation level (deformed configuration):

𝑧(1)𝑖,𝑗 ← 𝑧𝑖,𝑗 − 𝑙𝑖,𝑗 cos(𝛼𝑖,𝑗 )𝜖𝑖,𝑗∕2 (10a)

𝑧(2)𝑖,𝑗 ← 𝑧𝑖,𝑗 + 𝑙𝑖,𝑗 cos(𝛼𝑖,𝑗 )𝜖𝑖,𝑗∕2 (10b)

𝛼𝑖,𝑗 ← arctan
⎛

⎜

⎜

⎝

𝑦(2)𝑖,𝑗 − 𝑦(1)𝑖,𝑗

𝑧(2)𝑖,𝑗 − 𝑧(1)𝑖,𝑗

⎞

⎟

⎟

⎠

(10c)

(𝑖, 𝑗) ←

√

(

𝑧(2)𝑖,𝑗 − 𝑧(1)𝑖,𝑗

)2
+
(

𝑦(2)𝑖,𝑗 − 𝑦(1)𝑖,𝑗

)2
(10d)

Consequently, we can assess the amount of realignment of fibers by
alculating the norm of the difference between the fibers’ orientation
uring the simulation with respect to the original (undeformed) one,
.e., 𝛼0 before loading and 𝛼 after loading as computed by Eq. (10),
ormalizing it by the total number of fibers. To quantify this effect
nd comparing it with the density of the networks, we anticipate that
his measure of realignment in the MD direction for the materials with
ower and higher densities, is equal to 1.01×10−4 (radians) for material
(the less dense paper), and 9.9×10−5 (radians) for material 3 (the more
ense paper). These results confirm that realignment is a small quantity
or paper materials, and is a decreasing function of paper density.

By summing all the forces 𝐹𝑖,𝑗 acting on the active fibers during each
oading step, the force–displacement curve of the sample can be finally
redicted.

. Algorithmic aspects and model parameters’ identification

The algorithmic aspects of the proposed model implemented in
ATLAB R2022 are presented in Alg. 1. Note that 𝙻𝚊𝚋𝚎𝚕𝑖,𝑗 stands

for the status of each fiber during loading steps and can assume four
different values: 0, for a not yet recruited fiber; 1 for a recruited fiber;
2 for a debonded fiber; and 3 for a broken fiber. Therefore, the total
number of activated, debonded and failed fibers can be estimated by
summing the fibers of each class identified by the corresponding labels.

The following input data are required: (𝑖) inputs concerning the
geometry and the boundary conditions, (𝑖𝑖) inputs related to the fiber
geometry, and (𝑖𝑖𝑖) inputs for the fiber mechanical properties. Concern-
ing the first set of inputs, in this study we used three paper samples
with different density. For these samples, we specified 𝐵 = 12.5 mm,
𝐿 = 10.0 mm and their respective thickness values are provided in
Table 1.
6

Algorithm 1 Algorithm of the statistical mechanics model
Number of random realizations, 𝑁𝑔
Inputs for geometry and BCs: 𝐿, 𝐵, 𝑡, 𝑁𝑚, 𝑤max,
isotropic/MD/CD
Inputs of the fibers’ geometry: 𝑁𝑓 , 𝑁𝑙, 𝑙0, 𝑙max, 𝑑, 𝜇𝑙, 𝜎𝑙, 𝜇𝛼 , 𝜎𝛼 ,
𝜆min, 𝜆avg
Inputs of the fibers’ mechanical properties: 𝐾, 𝜖act, 𝜖max, 𝜖f, 𝑟

1: for 𝑠 = 1,… , 𝑁𝑔 do ⊳ Loop over random realizations
2: Construct the network:

Random generation of fibers’ length, orientation, number of
bonds

Position of fibers’ coordinates 𝑥(1)𝑖,𝑗 , 𝑦(1)𝑖,𝑗 , 𝑧(1)𝑖,𝑗 , 𝑥(2)𝑖,𝑗 , 𝑦(2)𝑖,𝑗 , 𝑧(2)𝑖,𝑗
Compute 𝜖𝑎𝑖,𝑗 and 𝜖max

𝑖,𝑗 , Eqs. (4) and (8)
Set 𝐹 = 0, 𝜖𝑖,𝑗 = 0, d𝜖𝑖,𝑗 = 0, Label𝑖,𝑗 = 0, 𝑤 = 𝑤max∕𝑁𝑚

3: for 𝑚 = 1,… , 𝑁𝑚 do
4: for 𝑗 = 1,… , 𝑁𝑙 do
5: for 𝑖 = 1,… , 𝑁𝑓 do
6: 𝜖𝑖,𝑗 ← 𝜖 + d𝜖𝑖,𝑗
7: if 𝜖𝑖,𝑗 < 𝜖𝑎𝑖,𝑗 then
8: 𝑓𝑖,𝑗 ← 0 ⊳ Fiber not recruited
9: end if

10: if 𝜖𝑖,𝑗 ≥ 𝜖𝑎𝑖,𝑗 and 𝜖𝑖,𝑗 <min(𝜖max
𝑖,𝑗 , 𝜖f ) then

11: Label𝑖,𝑗 ← 1 ⊳ Active fiber
12: Compute 𝑓𝑖,𝑗 , Eq. (6)
13: Finite elasticity update, Eqs. (10)
14: end if
15: if 𝜖𝑖,𝑗 ≥min(𝜖max

𝑖,𝑗 , 𝜖f ) then
16: if min(𝜖max

𝑖,𝑗 , 𝜖f ) = 𝜖max
𝑖,𝑗 then

17: Label𝑖,𝑗 ← 2 ⊳ Debonded fiber
18: end if
19: if min(𝜖max

𝑖,𝑗 , 𝜖f ) = 𝜖f then
20: Label𝑖,𝑗 ← 3 ⊳ Broken fiber
21: end if
22: 𝑓𝑖,𝑗 ← 0
23: d𝜖𝑖,𝑗−1 ← d𝜖𝑖,𝑗−1 + 𝑟∕2𝜖𝑖,𝑗
24: d𝜖𝑖,𝑗+1 ← d𝜖𝑖,𝑗+1 + 𝑟∕2𝜖𝑖,𝑗
25: end if
26: 𝐹 ← 𝐹 + 𝑓𝑖,𝑗
27: end for
28: end for
29: 𝜖 ← 𝑚𝑤∕𝐿
30: end for
31: end for

Output: Stress-strain diagram, number of not recruited and
recruited fibers, number of bonding and breakage failures.

For the paper configuration, the uni-axial tensile test was conducted
in both the machine and the cross-machine directions of the tested
specimens, and the maximum imposed strain for each sample was
𝑤max∕𝐿, see Table 1. Hence, a uniform strain 𝜖 = 𝑤∕𝐿 has been applied
in the proposed model in 𝑁𝑚 = 100 loading steps with a linear ramp.

At the microscale, the use of the confocal microscope Leica DCM3D
llows to visualize fibers and determine the required geometrical pa-
ameters of the model, such as 𝑁𝑓 , 𝑁𝑙, 𝜆min, 𝜆avg.

Fig. 7 shows an image of a paper specimen with 𝜌 = 1230 (kg/m3)
captured using the confocal microscope with a 20× magnification,
which is 637 × 477 μm size and contains a large number of fibers.

Thereby the number of fibers crossing an exemplary cross-section,
e.g. the red line 477 μm long in Fig. 7, is counted to be 28, which gives
a density of fibers 28∕477 = 0.00587 fibers/μm and therefore a total
number 𝑁𝑓 = 0.00587 × 𝐵 = 716 of fibers in one layer for this sample.

In order to determine the number of layers within the paper speci-
men, 𝑁 , we employed a methodology that relied on the assumption
𝑙
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Table 1
Paper samples properties and their boundary conditions.
Material Paper density, 𝜌 (kg/m3) Thickness, 𝑡 (mm) Maximum imposed strain, 𝑤max∕𝐿

1 697.0 0.2 0.085
2 737.7 0.1 0.050
3 1230.0 0.2 0.100
Fig. 7. Confocal microscope image of a paper sample with 𝜌 = 1230 (kg/𝑚3) at 20× magnification, showing a random arrangement of cellulose fibers. The red line shows an
exemplary cross-section.
that 𝑁𝑙 corresponds to the count of fibers with large widths capa-
ble of fitting through the thickness of the specimen. To establish
the average of maximum fiber width, 𝑤max, present in the sample,
we employed a rigorous methodology that combined microscopy and
image-processing techniques. The analysis involved the random selec-
tion of multiple snippets from the specimen, ensuring the inclusion of
fibers with maximum widths. These snippets were carefully examined
using a microscope and high-resolution images were captured. Lever-
aging the capabilities of the ImageJ software, we accurately measured
the widths of the largest fibers in the selected snippets, accounting
for the image scaling. To ensure statistical significance, measurements
were taken for the largest fibers within each snippet. By averaging
these measurements, we determined the average value for maximum
fiber width to be 36.3 μm, for the samples of material 3, and conse-
quently, 6 layers of fibers are packed through this sample thickness.
Subsequently, the number of layers, 𝑁𝑙, and cross-sectional fibers, 𝑁𝑓 ,
for two additional samples were derived; see Table 2, by scaling their
corresponding thickness and density with the thickness and density of
sample 3, respectively.

The parameters related to the free segment length, which are 𝜆min,
and 𝜆avg were determined experimentally: the ImageJ software was
employed to calculate and compare the free distance between two
bonds in each snippet, leading to the derivation of its minimum and
the average values given in Table 2. It should be noted that determining
these free segment lengths using a 2D image from confocal microscopy
requires careful inspection of possible bonds. In this context, fibers that
are crossing each other and observable on the surface are considered
sufficiently pressed and therefore bonded when they belong to the same
focal plane. For instance, in the area A of Fig. 8, fibers are in the same
focal plane and can be considered in contact and bonded. Conversely, in
the area B, fibers appear more blurry, belong to different focal planes,
and are not sufficiently pressed to be bonded.

The other morphological parameters used for the proposed model
are collected in Table 3, which were taken from the literature (the
parameters related to the fibers’ length and cross-section area are
7

Table 2
Fibers’ geometry parameters derived from confocal microscopy.

Material 𝑁𝑙 𝑁𝑓 𝜆min (μm) 𝜆avg (μm)

1 6 406 7 48
2 3 859 6 45
3 6 716 6 37

Table 3
Fibers’ geometry parameters taken from the literature.
𝜇𝑙 ± 𝜎𝑙 (mm) 𝑙0 (mm) 𝑙max (mm) A (μm2) 𝜎𝛼
2.5 ± 0.5 0.25 5 230 𝜋∕2

based on Kouko et al. (2020), the orientation parameter is based
on Schulgasser (1985)).

The last set of input data relates to the mechanical properties of
fibers, a crucial and debatable aspect that requires a careful exami-
nation. The mechanical properties of cellulose fibers, such as Young
modulus (𝐸) and breakage strain of fibers (𝜖f), exhibit variability in a
network as reported in the literature (Maraghechi et al., 2023) based
on single fiber tests. Kouko et al. (2020)’s experimental and micro-
mechanical simulations emphasize the crucial role of fiber bonding in
determining both the strength and elongation of fiber networks. To
determine appropriate values for the mechanical parameters in our
model, given the potential changes in these parameters during the
paper-making process, we minimized the error between simulated and
experimental stress–strain curves (Fig. 9) for each material, introducing
a force redistribution factor (𝑟) equal to 0.005 for all the cases (see the
section on parametric analysis). The results of three replica for each
material showed a very good repeatability of the experimental results,
as illustrated in Fig. 9. The identified mechanical parameters for each
material and sample are collected in Table 4. The identified Young
modulus of fibers (𝐸𝑓 ) resulted in values consistent with the range
reported in recent experimental studies (Maraghechi et al., 2023). The
maximum strain for fiber activation (𝜖act) was identified to align with
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Fig. 8. Confocal microscope image of a paper sample with 𝜌 = 1230 (kg/𝑚3) at 20× magnification. Fibers in the area ‘‘A’’ are considered bonded compared to the area ‘‘B’’, where
fibers are blurry and belong to different focal planes.
Table 4
Identified properties of the model for the simulation results shown in Fig. 9.

Material Sample 𝐸𝑓 (GPa) 𝜖max (MD) 𝜖f (MD) 𝜖max (CD) 𝜖f (CD)

1 1 31 0.022 0.031 0.0080 0.045
1 2 31 0.024 0.028 0.0080 0.058
1 3 31 0.023 0.028 0.0080 0.061

2 1 22 0.012 0.030 0.0055 0.037
2 2 22 0.010 0.026 0.0048 0.037
2 3 22 0.013 0.026 0.0045 0.037

3 1 21 0.020 0.047 0.0135 0.070
3 2 21 0.017 0.039 0.0130 0.060
3 3 21 0.019 0.045 0.0130 0.070

the nonlinear part of the experimental curve in the initial linear regime
and has been set to 0.002 for all the materials. The maximum strain
for debonding, 𝜖max, and the fiber breakage strain, 𝜖f , were determined
by matching the second part of the experimental curves, where the
steepness changes until reaching the peak.

Results shown in Table 4 highlight that fiber stiffness is independent
of the specimen tested, while it depends upon the material density.
Parameters related to the failure strain, 𝜖max and 𝜖f , are dependent
not only on the specimen tested, but also on the material density. On
the other hand, variations in papermaking conditions, such as drying
process, can impact the mechanical properties of paper materials.
Notably, the mechanical properties of fibers in the machine direction
(MD) and cross-machine direction (CD) may differ due to distinct
drying conditions in those directions. Research presented by Wahlstrom
(1999) indicates that reducing shrinkage or applying stretch signifi-
cantly decreases the strain at break, potentially explaining the lower
values of 𝜖f in the MD direction as compared to those in the CD
direction. The variability in the debonding strain, 𝜖max, could be subject
to changes during the papermaking process as well.

A simple guideline on how to identify the mechanical model param-
eters from an experimental uniaxial stress–strain curve is provided in
Fig. 10. The activation strain 𝜖act has a specific role on the recruitment
of fibers and on the nonlinear response for very small strains. Then, the
fiber stiffness K influences the slope of the linear regime. The param-
eter 𝜖max is modulating the transition from linear elastic to ipoelastic
regimes, and finally 𝜖f is the strain at the peak of the diagram, at the
onset of catastrophic failure.
8

The model provides further insight into the effect of paper anisotropy
due to fiber orientation resulting from the machining process, which
leads to distinct characteristics along the machine direction (MD) and
the cross-machine direction (CD). The total number of fibers in a
cross-section of the network model comprises the sum of not-activated
fibers, activated fibers, and failed fibers (including both broken and
debonded fibers). We remark that the sum of the percentages of fibers
in different states (active, not-active, debonded and broken in Figs. 11),
for each material in a given configuration (MD or CD), always amount
to 100% at any strain level, which is the total number of fibers of the
cross-section.

Simulation results, depicted in Figs. 11(a), 11(c), and 11(e), com-
pare the percentage of fibers that become active during the test in the
MD and CD cases for material 1, 2, and 3 respectively. In the MD con-
figuration, around 70% of fibers were recruited and activated during
the loading process, for all the materials with different paper densities.
This can be explained by the fact that loading the specimen along the
machine direction, which has the majority of fibers oriented in the
same direction, accelerates reaching the activation strain required to
contribute to load transfer. In contrast, for the CD configuration, lower
percentages of fibers between 40% and 50% are recruited, since most
of the fibers are not aligned along the direction of loading. Moreover,
in the case of material 3, the difference between the percentages of
active fibers for the MD and CD directions is smaller than in the other
materials, indicating a lower degree of anisotropy for it.

Furthermore, the model offers predictive insights into the evolu-
tion of the percentage of failed fibers during loading, considering
both debonding and breakage. As depicted in Figs. 11(b), 11(d), and
11(f), the total number of failed fibers, encompassing both debonded
and broken fibers, is higher in the MD direction across all samples.
Significantly, the simulations show that paper fracture predominantly
occurs due to debonding in both the MD and CD configurations, with
the count of broken fibers in the CD being much lower than in the
MD. This correlates with Johansson et al. (2021) findings, indicating
internal delamination as the primary failure mode in CD-tested samples,
further supporting our observation of fewer broken fibers in the CD as
compared to the MD.

Fig. 12 illustrates the probability distribution of the mean free
length, 𝜆, and of the fiber failure strain, 𝜖𝑓 (𝜖max

𝑖,𝑗 and 𝜖f ), in the CD
direction for the three materials herein analyzed. Material 3, charac-
terized by the highest density, has a 𝜆 distribution exhibiting a lower
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Fig. 9. Simulated (solid lines) and experimental (dashed lines) stress–strain curves of
the paper materials with different densities. Each material had three repetitions of the
test.

average value, indicating denser regions near 𝜆min. This implies that
denser papers have a higher probability of having 𝜆 close to zero and
9

Fig. 10. Guideline for the identification of model parameters based on experimental
stress–strain curves.

a lower probability of having large 𝜆, resulting in reduced porosity
and enhanced strength, consistent with the maximum tensile stress
and maximum elongation at the peak point in Fig. 9. The distribution
of 𝜖𝑓 is influenced not only by the 𝜆 distribution but also by the
papermaking process. Surprisingly, materials 1 and 2, with similar
densities, show distinct 𝜖𝑓 distributions, possibly attributed to layer
effects. Conversely, materials 1 and 3, despite having significantly
different densities, exhibit similar 𝜖𝑓 distributions, likely due to their
equal thicknesses.

A crucial question arises concerning the observed changes in the
slope of the stress–strain curve in our model, given that we have
considered a linear constitutive relation for fibers, encompassing their
elastic behavior. To address this, we present the stress–strain curves
of material 1 alongside the percentage of failed fibers (the sum of
debonded and broken fibers shown in Fig. 11(b)) vs. strain in Fig. 13.
This figure clarifies that the alteration in the slope of the stress–strain
curve in both MD and CD directions is attributed to the increasing
number of failed fibers beyond certain strains. In the CD configuration,
fibers begin debonding from a strain of approximately 0.01 until the
peak point. Subsequently, the slope of failed fibers increases, signifying
a significant decrease in the number of fibers capable of bearing the
load and, consequently, leading to the observed post-peak behavior in
the stress–strain curve. Interestingly, in the MD direction, the number
of failed fibers is initially lower than in the CD configuration until
the peak load is reached. However, it significantly increases afterward,
surpassing the CD’s count, resulting in a sharp decline in the MD stress–
strain curve. This is due to the parameter 𝜖f which differs between
MD and CD directions because of variations in papermaking conditions.
These variations result in fibers being more brittle in the MD, leading
to have significantly higher percentage of broken fibers in the MD
compared to the CD.

An additional test under cyclic loading conditions with variable
strain amplitudes has been conducted to confirm some key assumptions
of the proposed model. The analysis of the cyclic stress–strain curves
provides the amount of recovered strain during unloading, see the sketch
in Fig. 14 for its computation.

Specifically, material 3 was tested both in the MD and CD directions
by applying uniaxial tensile loading to the samples until reaching
predetermined strains, incrementally increased by steps of about 20%
from zero to the strain at the peak load. Subsequently, the samples
underwent unloading to zero load, followed by reloading. The results
of these tests are shown in Fig. 15(a). Based on the proposed model, at
unloading we expect to have an amount of recovered strain associated
to the active fibers that at the unloading strain had a linear elastical
behavior. On the other hand, the amount of irreversible strain not
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Fig. 11. a, c, and e: Percentage of active and not-active fibers during a uniaxial tensile test of paper materials 1, 2, and 3 respectively. b, d, and f: Percentage of failed fibers
(debonded and broken) during loading for materials 1, 2, and 3, respectively, for both the MD and CD configurations.
recovered during unloading is caused by those fibers that achieved
debonding failure. Therefore, the expected recovered strain provided by
the model should be equal to:

𝜖𝑟 = 𝜖un

(

𝑁𝑎
𝑁𝑡

)

(11)

here 𝜖un is the strain at the point of unloading, 𝑁𝑎 is the number
f linear elastic active fibers at that point, and 𝑁𝑡 is the total number
f fibers. The comparison between the expected (model predicted)
ecovered strains and the experimentally observed recovered strains at
ifferent levels of unloading strain is shown in Fig. 15(b). Remarkably,
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the results demonstrate that the two set of data are closely aligned on
the 45◦ line shown in black, which implies that the model is accurately
predicting the amount of recovered strain measured in the experiments
and, as a consequence, it confirms the ability of the model to correctly
predict the evolution of active fibers with loading and the underlying
model assumptions.

5. Sensitivity analysis

To further assess the robustness of the developed statistical mechan-
ics model and further understand the effect of each model parameter, a
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Fig. 12. a, c, e : Probability distribution of mean free length in materials 1, 2, and 3 respectively. b, d, f : Distribution of failure strain of fibers in the cross-machine direction
in materials 1, 2, and 3 respectively.
sensitivity analysis is herein put forward. It is important to note that the
parameters employed in this analysis are specifically related to material
1, ensuring a focused examination of its sensitivity to variations in these
key factors.

The first aspect investigated is the effect of randomness of the
network for the set of parameters identified in the previous section.
As previously outlined, in fact, the proposed model involves the con-
struction of networks along the critical cross-section comprising fibers
characterized by stochastic variations in length, orientation, and mean
free path. The model is not a pure cross-sectional model, since the
parameters include also the free segment length of the fibers, which
11
is an additional information relevant for this type of networks and
includes longitudinal features of the network. This allows for a more
comprehensive analysis that acknowledges the non-affine behavior in-
troduced by phenomena like fiber recruitment and debonding failure.
To evaluate the impact of this randomness, we repeated a series of
100 simulations by extracting the parameters of the fibers from the
statistical distributions in each run. Fig. 16 presents the mean value
of these simulations (dashed line) accompanied by a shaded region
representing the standard deviation from the mean. Results show that
the underlying randomness of the network properties have a minimal
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Fig. 13. Experimental stress–strain curve of material 1, blue curves, accompanied by
the corresponding failed fibers percentage relative to strain, red ones, in the both MD
and CD directions.

Fig. 14. Measurement of the recovered strain from cyclic loading tests.

influence on the model outcomes due to the large size of the fibers
accounted in the model.

Previous results in the literature (Kouko et al., 2020) showed that
the macroscopic mechanical behavior of paper is strongly influenced by
the inter-fiber bond strength and fiber elongation. To gain an insight
into these effects, we conducted simulations with three distinct values
of 𝜖max: 0.01, 0.015, and 0.022. High values of this parameter can be
obtained by exerting a higher pressure during wet pressing of paper, or
by adding some chemical additives to increase bonding during the pro-
duction process. Simulation results are shown in Fig. 17(a) and clearly
demonstrate that the strength of fiber-to-fiber bonds has a profound
effect on the overall strength of paper materials, without significantly
altering the initial stiffness and the ductility of the paper specimen. This
result can be explained by the fact that fibers requiring a higher strain
to debond contribute more substantially to the load-bearing capacity of
the paper. Consequently, papers with stronger inter-fiber bonds exhibit
higher maximum forces at the point of failure.

The influence of fiber elongation at failure, on the other hand, has
been analyzed by simulating three networks with 𝜖f equal to 0.028,
0.04 and 0.06, while keeping other parameters constant. The outcomes
of these simulations shown in Fig. 17(b) pinpoint that this parameter
has a strong impact on paper ductility and also on the load-carrying
capacity.
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The mechanical properties of fibers, which eventually affect the
fibers’ stiffness 𝐾 in the present model, can be changed during paper-
making process by adding additives or in case of recycled fibers (Hubbe
et al., 2007; Kouko et al., 2019; Motamedian et al., 2019). Results
of simulations of fiber networks with different values of the Young’s
modulus equal to 11, 21, and 31 GPa are shown in Fig. 18. Stiffer fibers
result in networks with increased stiffness and also a higher peak force.
This outcome not only provides valuable insights into the underlying
mechanics of paper materials but also carries practical significance.
Specifically, it implies that according to Hubbe et al. (2007), since
recycled papers characterized by enhanced fiber stiffness compared
to the virgin one, could possess the potential for greater mechanical
robustness.

The role played by strain redistribution, which essentially means
that when one fiber of the simulated paper network fails some of its
strain is redistributed to its neighboring fibers, is herein analyzed. In
the present model, redistribution has been confined to the closest fiber
neighbors, but it could be extended to include a wider non-locality.
Fig. 19 shows three force–displacement curves, each one representing
a paper network response under tensile loading with three different
strain redistribution factors 𝑟 = 0.005, 0.08, and 0.2. Higher strain
redistribution anticipates the achievement of the peak load and, at the
same time, it flattens the curve before the softening branch.

6. Conclusion

In order to understand the micro-structural mechanisms governing
the fracture behavior of paper materials, we conducted a campaign of
in-situ tensile tests using the DEBEN micro-mechanical tensile stage
combined with the confocal microscope Leica DCM3D. This setup en-
ables the simultaneous visualization of the cellulose fibers’ deformation
during the loading process, observing microstructural mechanisms such
as fiber activation and recruitment, fiber debonding and fiber failure.
Notably, these individual mechanisms are found to be dependent on
the fiber average free length between subsequent bonds.

Inspired by our experimental findings, we proposed a stochastic
mechanics model as a valuable tool for comprehensively examining
the mechanical response of paper sheets under uniaxial loading. The
model clearly decouples the information on the topology of the fiber
network from the mechanical constitutive response of each single fiber.
Micro-geometrical data that can be identified from microscopy images
include the new morphological parameter called mean free path 𝜆
between two subsequent bonds, the mean fiber diameter, the fiber
orientation and the fiber length, in addition to the number of fibers
along the simulated critical cross-section. Fiber orientation and fiber
length are considered as random fields obeying a Gaussian distribution.
The mean free path is also modeled as a random field obeying an
exponential distribution with an average value that can be estimated
from images. Through the functional dependencies of the model, the
activation strain and the failure strain of the fibers become random
fields as well. The constitutive model of the fibers has been considered
as linear elastic. It has to be remarked that the model is not a pure
cross-sectional model, since the parameters include the free segment
length of the fibers which is an additional information relevant for this
type of networks and accounts for longitudinal features of the network.
This allows for a more comprehensive analysis that acknowledges the
non-affine behavior introduced by phenomena like fiber recruitment
and debonding failure.

The model parameters were determined based on three paper mate-
rials with different densities, aligning the simulation outcomes with the
corresponding experimental results for each sample. The simulations
emphasized the critical influence of density and the papermaking pro-
cess on the strength of paper materials, showcasing substantial changes
in mechanical properties. Furthermore, the simulations highlighted that
paper fracture predominantly arises from fiber debonding rather than
breakage, especially in the cross-machine direction (CD). The disparity
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Fig. 15. (a) Stress–strain curves from cyclic tests with variable amplitude strain conducted on Material 3 inthe MD and CD directions. (b) Expected vs. and experimentally measured
recovered strains at zero stress during unloading.
Fig. 16. Mean stress–strain diagram over 100 simulations (dashed line); the shaded area represents the envelope related to the standard variation from the mean value.
Fig. 17. Effect of (a) inter-fiber bond strength, and (b) fiber elongation at failure.
in the number of active fibers between the MD and CD configurations
contributes to the anisotropy observed in paper materials. Additionally,
an investigation into the changes in the slope of stress–strain curve was
conducted by correlating it with the percentage of failed fibers versus
strain.

The sensitivity analysis led to the observation that the inter-fiber
bond strength and the fiber elongation at failure are significantly
13
affecting the overall mechanical response. The constitutive model of
the fibers also plays an important role, in which the Young modulus
of the fibers significantly influences the paper stiffness and the peak
force. Redistribution effects, on the other hand, impact on the shape of
the stress–strain curve near the peak load, with an increased smoothing
and flattening of the curve for higher values of 𝑟.
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Fig. 18. The effect of the Young’s modulus of fibers.

Fig. 19. Stress–strain curves of a paper network under tensile loading with different
train redistribution factors (𝑟 = 0.005, 0.08, 0.2).
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