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Abstract

The chemical and physical interactions between the fiber and matrix during the processing of composites results
in the formation of a thin nano scale layer around the fiber, known as interphase, whose properties are different
from the fiber and matrix. The properties of the interlayer significantly influence the mechanics of load transfer
and hence the macroscopic behaviour of composites. Herein, we present a theoretical frame to study the micro-
mechanics of stress transfer in a curved fiber pull-out test and to analyse the stress field in the three-phase
composite system based on the shear-lag theory. Apart from the assumptions in the shear-lag theory, the
radial stresses are neglected here. Explicit expressions are derived for the normal and shear stresses in the fiber,
interphase and matrix, as well as the interfacial stresses between the fiber and interphase and the interphase and
matrix. The developed methodology has been applied to analyse the stress field in the three-phase composite
system, in a nano curved fiber pull-out test. Results from the analytical model are validated with those obtained
from a finite element analysis. Furthermore, influence of graded interphase modulus, according to linear and
power laws, on the pull-out performance is also investigated. Graded interphases are observed to influence
the reduce the interfacial shear stresses by up to 40% as compared to the ungraded interphases. Therefore,
the present study can serve as framework to investigate the pull-out characteristics of a curved fiber in nano
composites.

Keywords: Polymer nanocomposites; Stress transfer; Curved fiber pull-out performance; Fiber reinforced
three-phase composites.

1. Introduction

Load transfer from the matrix to the intact fibers in fiber-reinforced composites occurs primarily by shear.
During service, the initial defects in the matrix develop into small cracks. The bond between fiber and matrix
fails when the shear stress between the matrix and fiber reaches a threshold. The failure happens through
the initiation of a crack at the interface, which further propagates from the matrix crack surface along the
fiber, leading to debonding. The debonding is controlled by the fiber debond stress and the rate of increase of
stress along the length of debonded fiber due to friction. Some load transfer between fiber and matrix is still
possible by the interfacial or frictional forces due to matrix shrinkage onto the fiber during manufacture [1].
This frictional forces produces a non-uniform stress along the debonded fibre. Because of the variable strength
of the fiber along the length, the fiber breaks at some distance from the matrix crack-plane where the stress
is highest. After fracture, the composite typically shows a matrix crack-plane with fibers protruding from the
matrix, known as pull-out. In an infinite matrix with large number of fibers, every fiber is surrounded by similar
environment. Therefore, a single fiber pull-out test can give useful information about the micro-mechanics of
stress transfer in fiber reinforced composites.

The influence of interface/interphase on the load bearing capacity of the composites can be characterized
based on, experimental techniques, such as: fiber pull/push-out tests [2, 3, 4], drag-out test [5], energy dissipa-
tion mechanisms [6], microbond or fragmentation tests [7, 8, 9, 10] and numerical simulations like: molecular
dynamics studies [11, 12], finite element analysis [13, 14, 15]. Experimental investigations [6] on mechanisms
of energy dissipation in polymer nanocomposites indicate that at sufficiently low strains, energy dissipation in
composites with high CNT alignment is not a function of applied strain, as no interfacial slip occurs between the
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CNTs and polymer. However, at higher strains, interfacial slip also contributes to energy dissipation apart from
the significant contribution of friction between CNTs within agglomerates to energy dissipation, due to matrix
plasticity and tearing caused by misorientation of CNTs with the loading direction. Advanced techniques such
as transmission electron microscopy (TEM) helps in investigating the detailed morphology of intact interphase
and chemical compositions between carbon fiber and polymer composite [16]. Moreover, changes in chemical
bonding states of different phase regions, gradient of oxygen to carbon ratio and hence the interfacial strength
can also be estimated based on the electron energy loss spectroscopy (EELS).

However, experimental characterization of stress transfer through the interphase is an expensive and time
consuming process. Therefore, analytical models to analyze the stress transfer through the interphase were
developed by considering the homogeneous interphase [17, 18, 19, 7] and gradually extended to inhomogeneous
nature of interphase considering a stair-case variation of material properties across the thickness of the interphase
layer [20, 21, 22]. However, developing analytical solutions to understand the stress transfer across the interfaces
is hopelessly complicated, even for simple geometries. Therefore, various simplified theories have been developed
by adopting several assumptions based on the popular shear-lag effect introduced by Cox [23]. One main
assumption in the shear-lag analysis is the state of plain-strain, which helps in relating the radial and shear
stresses in the equilibrium equations. Nairn examined the suitability of shear-lag approach for stress transfer
in unidirectional composites [24], multilayered composites [25] and imperfect interfaces [26], by adopting three
more assumptions [24].

The assumptions listed in [24] are the minimum required number of assumptions, but not unique. For exam-
ple, Hsueh [27, 28] published a series of articles based on plain-strain theory neglecting the radial dependence
of axial stresses, which is only justified for sufficiently long fibers. A shear-lag model considering a cohesive
fibre-matrix interface has been developed in [29], using a bilinear cohesive damage evolution law to describe the
fibre-matrix interface behaviour. A rate-dependent interfacial bond strength has been estimated in [30] for a
quasi-static single-fiber pull-out problem. An analytic framework for the analysis of interphasial and interfacial
stresses as well as displacements in a 3D axisymmetric system considering isotropic matrix and transversely
isotropic fiber and interphase was developed in [31]. In addition, popular analytical models to characterize the
interphase stress transfer mechanics include: variational [32, 18] and energy based [33] approaches, effective
interphase model (EIM) and uniform replacement model (URM) [34] to study the effect of inhomogeneous
interphase with varying elastic properties in the radial direction on the effective elastic moduli of composites
reinforced by fibres/spheres, fiber pull-out problem considering homogeneous interphase [35, 36] and inhomo-
geneous/graded interphase [37, 38, 39, 31], to name a few. An overview of various modeling techniques and
computer implementation aspects of carbon nanotube-polymer composites is reported in [40, 41].

Biological materials such as wood and bone, possess many helicoid microstructures at microscale, which can
serve as reinforcing elements to transfer stress between crack surfaces and improve the fracture toughness. The
pull-out behavior of a helical fiber from an elastic matrix has been analyzed using the finite element method
(FEM) in [42]. The authors reported that the presence of helical fibers can provide high pull-out force and
large interface areas, resulting in high energy dissipation and hence the high toughness of biological materials.
Inclined fiber pull-out process in a fiber, matrix and the interface system has been analyzed based on a numerical
model [43], using the cohesive elements to represent bond-slip behavior, for arbitrary fiber orientations. Chen
et al., [44, 45] developed the analytical models to estimate the stress-transfer in curved fiber pull-out problem
in a two phase (fiber and matrix) system by ignoring: (i) the displacements in the radial direction and (ii) the
presence of fiber while estimating the axial strains in the matrix.

In the present work, we present a theoretical framework to study the curved fiber pull-out behaviour in a
fiber, interphase and matrix (FIM) system, called ‘three phase’ system. The study presents: (i) an analytical
model to study the influence of interphase on the stress transfer across the interfaces between curved fiber-
interphase and interphase-matrix, as compared to a fiber and matrix system and (ii) an analytical model to
estimate the influence of grading the elastic modulus of the interphase along the radial direction on the stress
transfer.

The article is structured as follows: the curved fiber pull-out problem is introduced in Section 1. Modeling
aspects and the estimation of the axial and shear stresses in the fiber, interphase and matrix are explained in
Section 2. Details of the analytical model considering the graded interphases are discussed in Section 2.3. The
results are discussed in Section 4. Major predictions of the model are summarised in Section 5.

2. Stress field in a three-phase composite with a curved-fiber

In this section, modeling aspects of the curved fiber pull-out problem in a three phase system are discussed.
Closed form expressions are derived to estimate the normal stresses along the fiber direction in fiber, interphase
and matrix and shear stresses in the interphase and matrix. The analysis is further extended to a straight fiber
pull-out problem in a three phase system.

Consider a single curved fiber embedded in a compliant matrix having an interphase between them, as shown
in Fig.1(a). Let Ef and νf represent the modulus of elasticity and Poisson’s ratio of the fiber. The modulus of
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elasticity and the Poisson’s ratio of the interphase are denoted by Ei and νi, respectively. Whereas, the elastic
modulus and the Poisson’s ratio of the matrix are indicated by Em and νm, respectively. The radii of the fiber,
interphase and matrix are denoted by r1, r2 and r3, respectively. The fiber is pulled by a force Pf at the end
s = L, as shown in Fig.1(a). A curvilinear coordinate system in s and r is considered, in which the tangential
stresses in the interphase and matrix along with the interfacial shear stresses between the fiber-interphase and
the interphase-matrix are indicated by τ irs, τ

m
rs , τi1 and τi2, respectively (see Fig.1(b)). τrs is the shear stress at

radial location r, along the s direction. Equilibrium of stresses when interfaces are intact on a differential fiber
element segment ds with included angle dθ is shown in Fig. 1(c). All the geometric parameters are normalized
by the fiber radius rf = r1, the stresses and elastic modulii are normalized by the Young’s modulus of the fiber
Ef and hence the forces are normalized by π(rf )2Ef . The normalized quantities are indicated by ‘*’ in the
superscript, for e.g., r∗1 indicates the normalized fiber radius which is equal to r1/r1 = 1 and τm∗rs = τmrs/Ef . The
following assumptions are considered in the analytical formulation: (i) The axial stress distribution is uniform
across the fiber cross-section and across the interphase thickness. (ii) The bonds between fiber-interphase and
interphase-matrix are perfect. (iii) Fiber carries only the tensile stress. The interphase carries both tensile
stresses from the fiber and the shear stresses from the matrix. Therefore, shear transfer is limited only between
matrix and interphase
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Figure 1: (a) Schematic of a curved fiber pullout having constant radius of curvature R. The curved fiber is embedded in a compliant
matrix having an interphase between them. The fiber is pulled by a force Pf at the end s = L. Radii of fiber, interphases and
matrix are r1, r2 and r3, respectively, in curvilinear coordinate system s and r. (b) Tangential stresses of a matrix segment at
section X-X. Shear stresses in the interphase and matrix along with the interfacial shear stresses between fiber-interphase and
interphase-matrix are indicated by τ irs, τmrs , τi1 and τi2, respectively. (c) Equilibrium of forces in the bonded stage on a differential
fiber element segment ds, with included angle dθ.

2.1. Interfacial shear stresses

Let τ∗rs be the normalized shear stress at r along the s direction. The interfacial shear stresses can be estimated
satisfying the equilibrium of forces along the fiber direction. According to the shear-lag theory [24], the interfacial
shear stresses are given by:

τ∗i = τ∗rsr
∗, (1)

where r∗ varies as:
r∗1 ≤ r∗ ≤ r∗2 , in the interphase. (2)

The shear strain (γrs) can be written as:

γrs =
τ∗rs
G∗

=
τ∗i
G∗r∗

, (3)

where G∗ is the normalized shear modulus. The strain-displacement relations in curvilinear co-ordinates can
be expressed as [46, 44]:

γ%rs =
R∗

R∗ − r%∗
∂u%∗r
∂s∗

+
∂u%∗s
∂r%∗

+
u%∗s

R∗ − r%∗
, (4)

where % indicates the member in the three-phase system (fiber (f), interphase (i) and matrix (m)); R is the
radius of curvature of the fiber and u∗r and u∗s denote the normalized displacement along the r and s directions,
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respectively. The variation of the radial displacement along the axial direction is negligible, therefore:

∂u%∗r
∂s∗

≈ 0. (5)

Substituting Eqs. (4) and (5) into Eq. (3) yields:

∂ui∗s
∂r∗

+
ui∗s

R∗ − r∗
=

τ∗i1
Gi∗r∗

, for interphase, r∗1 ≤ r∗ ≤ r∗2 (6a)

∂um∗s
∂r∗

+
um∗s

R∗ − r∗
=

τ∗i2
Gm∗r∗

, for matrix, r∗2 ≤ r∗ ≤ r∗3 . (6b)

where τ∗i1, τ∗i2 are the interfacial stresses between the fiber-interphase and interphase-matrix, respectively.
Equations (6) are treated as ordinary differential equations. The solutions of Eq. (6) are given by [44]:

ui∗s (r∗) = (R∗ − r∗)
[
gi(s)−

τ∗i1
Gi∗R∗

ln

(
r∗ −R∗

r∗

)]
, (7a)

um∗s (r∗) = (R∗ − r∗)
[
gm(s)− τ∗i2

Gm∗R∗
ln

(
r∗ −R∗

r∗

)]
, (7b)

where gi(s) and gm(s) are the arbitrary functions which are estimated based on the boundary conditions.
Considering the interface between the fiber and interphase, i.e., r∗ = r1/r1 = 1, ui∗s (r∗1) = ui∗s (1) and interface
between interphase and matrix r∗ = r2/r1 = r∗2 , ui∗s (r∗) = ui∗s (r∗2); the interfacial shear stresses (τ∗i1, τ∗i2) can
be obtained as:

τ∗i1 = A1

[
ui∗s (r∗)

(R∗ − r∗)
− ui∗s (1)

(R∗ − 1)

]
, (8a)

τ∗i2 = A2

[
um∗s (r∗)

(R∗ − r∗)
− um∗s (r∗2)

(R∗ − r∗2)

]
. (8b)

where A1 and A2 are given by:

A1 =
Gi∗R∗

ln
(
r∗(1−R∗)
(r∗−R∗)

) , A2 =
Gm∗R∗

ln
(
r∗(r∗2−R∗)
r∗2 (r

∗−R∗)

) . (9)

2.2. Stresses in the fiber

Consider a segment of length ds consisting of fiber, interphase and matrix as shown in Figs. 1(b) and (c).
Figure 1(c) shows the force equilibrium of the fiber segment of length ds with subtended angle dθ. The pulling
force Pf generates the normal stresses in the fiber, interphase and matrix, as well as the shear stresses in the
interphase and matrix. The normal stresses in the fiber are balanced by the interfacial stresses between the
fiber-interphase and interphase-matrix. Therefore, equilibrium of forces in the segment leads to:

(σf∗s + dσf∗s )πr∗1
2cos

(
dθ

2

)
− σf∗s πr∗1

2cos

(
dθ

2

)
+ τ∗i12πr∗1ds

∗ + τ∗i22πr∗2ds
∗ = 0. (10)

Considering small arc length of the fiber segment, as dθ → 0, Eq. (10) reduces to:

dσf∗s
ds∗

= −2[τ∗i1 + τ∗i2r
∗
2 ]. (11)

Substituting τ∗i1 and τ∗i2 from Eqs. (8) into Eq. (11) yields:

dσf∗s
ds∗

= −2A1

(
ui∗s (r∗)

(R∗ − r∗)
− ui∗s (1)

(R∗ − 1)

)
− 2A2r

∗
2

(
um∗s (r∗)

(R∗ − r∗)
− um∗s (r∗2)

(R∗ − r∗2)

)
. (12)

The strain-displacement relation reads [44]:

ε%s(r
∗) =

R∗

R∗ − r∗
∂u%∗s (r∗)

∂s∗
− u%∗r (r∗)

R∗ − r∗
. (13)

The radial displacements (u%∗r ) are assumed to be small and hence neglected. Differentiating Eq. (12) with
respect to s∗ and applying the continuity of displacement at the interfaces, ui∗s (1) = uf∗s and um∗s (r∗2) = ui∗s ,
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leads to [44, 45]:
∂2σf∗s
∂s∗2

= −2A1R[εis(r
∗)− εfs ]− 2A2Rr

∗
2 [εms (r∗)− εms (r∗2)], (14)

where A1R = A1/R∗ and A2R = A2/R∗. Since the radial displacements are assumed to be small, the strains
in the radial direction can also be neglected. In other words, we neglect the stresses due to Poisson’s effect.
Therefore, considering the stresses only along the fiber direction, εf∗s = σf∗s , εi∗s = σi∗s /E

i∗ and εm∗s = σm∗s /Em∗.
Furthermore, based on the shear-lag theory and considering the small diameter of fiber and interphase, strain in
the matrix can be estimated as if no fiber and interphase exists [44], i.e., εms (r∗3) = ε∞s (r∗3 →∞) = σf∗s /(Em∗r∗3

2).
Also, from the compatibility of strains at the interface between interphase and matrix, εis(r

∗
2) = εms (r∗ = r∗2) =

σf∗s /(Em∗r∗2
2). Therefore, Eq. (14) simplifies to:

∂2σf∗s
∂s∗2

= −2A1R

(
σi∗s
Ei∗
− σf∗s

)
− 2A2Rr

∗
2

(
σf∗s

Em∗r∗3
2 −

σf∗s
Em∗r∗2

2

)
. (15)

Equation (15) is differentiated twice to obtain the fourth order governing differential equation:

d4σf∗s
ds∗4

+ T2
d2σf∗s
ds∗2

+ T1σ
f∗
s = 0, (16)

where T1 and T2 are given by:

T1 =
2A1RB2A2Rr

∗

Ei∗

[
1

(R∗ − r∗)
1

Em∗r∗3
2 −

1

(R∗ − r∗2)

1

Em∗r∗2
2

]
, (17a)

T2 =
2A1R(B1 − Ei∗)

Ei∗
+

2A2Rr
∗
2

Em∗

(
1

r∗3
2 −

1

r∗2
2

)
. (17b)

The intermediate steps in the derivation of Eq. (16) are given in Appendix B. Solution steps of Eq. (16) to
estimate the normal stresses in fiber are derived in Section Appendix C. The relation between the pull-out
force and the displacement is estimated in Appendix D.

The normal stress in the interphase (σi∗s ) is estimated using Eq. (B.13) as:

∂2σi∗s
∂s∗2

= B3σ
f∗
s + B2

∂2σf∗s
∂s∗2

. (18)

where B3 is given by:

B3 = B2A2Rr
∗
2

[
1

Em∗r∗3
2(R∗ − r∗3)

− 1

Em∗r∗2
2(R∗ − r∗2)

]
. (19)

The solution steps for the Eq. (18) and the estimation of interfacial stresses are detailed in Appendix E.

2.3. Graded interphases

The stress peaks close to the boundaries of the interfaces (at the edge of the fiber) play a major role in fiber
debonding from the matrix. The pull-out can be delayed by reducing the peak stresses. Therefore, the stress
peaks can be significantly reduced by tailoring the Young’s modulus of the interphase along the radial direction.
In this study, the Young’s modulus of the interphase is graded along the radial direction, according to: (i) power
and (ii) linear laws.

2.3.1. Power law modulus graded interphase

The modulus of interphase is assumed to vary along the radial direction according to a power law:

Ei∗(r) = Pr∗Q (20)

Based on the continuity of the Young’s modulus at the interfaces, r∗ = r∗1 and r∗ = r∗2 yields:

Q =
lnEm∗ − lnEf∗

ln r∗2 − ln r∗1
and P =

Ef∗

r∗1
Q

=
Em∗

r∗2
Q
. (21)

Expressing shear modulus of the interphase in terms of its Young’s modulus using Eq. (20):

Gi∗ =
Pr∗Q

2(1 + νi)
. (22)
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Therefore, the shear strain in Eq. (3) with power law modulus graded interphase can be rewritten using Eq.
(22) as:

γirs =
2(1 + νi)τ∗i1
Pr∗(Q+1)

, (23)

where the strain displacement relations are expressed in Eq. (4). Combining Eq. (23) with Eqs. (4) and (5):

∂ui∗s
∂r∗

+
ui∗s

R∗ − r∗
− 2(1 + νi)τ∗i1

P

1

r∗Q+1
= 0. (24)

According to Eq. (21), Q is less than zero when Em∗ < Ef∗. Therefore, considering Eq. (24) as the ordinary
derivative, the solution is estimated as:

ui∗s (r∗) = (R∗−r∗)
(

ui∗s (1)

(R∗ − 1)
+

τ∗i1
Gi∗R∗

[
1

Q
− LerchPhi

(
1

R∗
, 1, Q

)]
− τ∗i1
G∗iR

∗

[
1

Q
− LerchPhi

(
r∗

R∗
, 1, Q

)])
,

(25)
The details of derivation are given in Appendix A. The interfacial shear stress is estimated by rearranging Eq.
(25):

τ∗i1 = A4

[
ui∗s (r∗)

(R∗ − r∗)
− ui∗s (1)

(R∗ − 1)

]
, (26)

where A4 is given by:

A4 =
Gi∗R∗[

LerchPhi
(
r∗

R∗ , 1, Q
)
− LerchPhi

(
1
R∗ , 1, Q

)] . (27)

Hence, following the similar procedure outlined in section 2.2, the fourth order governing differential equation
with power law modulus graded interphase is derived as:

d4σf∗s
ds∗4

+ T4
d2σf∗s
ds∗2

+ T3σ
f∗
s = 0, (28)

where T3 and T4 are estimated as:

T3 =
2A4RB2A2Rr

∗

Ei∗

[
1

(R∗ − r∗)
1

Em∗r∗3
2 −

1

(R∗ − r∗2)

1

Em∗r∗2
2

]
, (29a)

T4 =
2A4R(B1 − Ei∗)

Ei∗
+

2A2Rr
∗
2

Em∗

(
1

r∗3
2 −

1

r∗2
2

)
. (29b)

Equation (28) is solved similar to that of Eq. (16).

2.3.2. Linearly modulus graded interphase

Considering linear variation of the modulus of interphase along the radial direction,

Ei∗(r) = a+ br∗ (30)

Based on the continuity of the Young’s modulus at the interfaces, r∗ = r∗1 and r∗ = r∗2 :

a =
r∗i

r∗i − r∗f
Ef∗ −

r∗f
r∗i − r∗m

Em∗ and b = −E
f∗ − Em∗

r∗i − r∗f
(31)

Therefore, the shear strain given by Eq. (3) with linearly modulus graded interphase can be expressed as:

γirs =
2(1 + νi)τ∗i1
(a+ br∗)r∗

. (32)

Following the similar procedure in Section 2.3.1, the interfacial shear stresses can be written as:

τ∗i1 = A5

[
ui∗s (r∗)

(R∗ − r∗)
− ui∗s (1)

(R∗ − 1)

]
. (33)
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where A5 is given by:

A5 =
1

2(1 + νi)

 tanh−1

(
(R∗b−a)√

(a−R∗b)(aR∗−b)

)
√

(a−R∗b)(aR∗−b)
−

tanh−1

(
(R∗b−a)r∗√

(a−R∗b)(aR∗r∗−br∗3)

)
√

(a−R∗b)(aR∗r∗−br∗3)

 . (34)

The normal stresses in the fiber and hence the shear stresses are estimated following the similar procedure
outlined in Section 2. The developed methodology has been extended to study the mechanics of straight fiber
pull-out in a fiber, interphase and matrix system. Detailed steps of estimating stresses in the fiber, interphase
and matrix are given in Appendix F.

3. Interfacial debonding and sliding

According to the maximum shear stress theory, debonding occurs when the interfacial shear stress is more than
the interfacial shear strength (τ∗s ), i.e., τ∗i1 ≥ τ∗s . Different stages of the fiber pull-out process are shown in Fig.
2. In the first stage (Fig. 2(a)), fiber is considered to be fully bonded to the interphase. Increasing the pulling
force (Pf ) on the fiber leads to debonding. Therefore, stage II corresponds to a partially debonded situation,
where (L-z) and z are the debonded and bonded lengths, respectively, see Fig. 2(b). Finally, the fully debonded
stage III is reached as shown in Fig. 2(c).
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Figure 2: Three different stages of the fiber pull-out: (a) Stage I, fiber perfectly bonded to the surrounding interphase and so is
the interphase with matrix. (b) Stage II, partially debonded fiber. The length of the debonded fiber is (L − z). (c) Stage III,
completely debonded fiber.

τ ic
Pf
πrf2

Pf
πrf2

db

L-zτ i1
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πrf2
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z

σ0

Bonded region                      de-bonded region

(a)                                             (b)

τ i2

Figure 3: Equilibrium of forces in the (a) bonded and (b) de-bonded regions.

Consider the force equilibrium of debonded and boned regions as shown in Fig. 3(a) and (b), respectively.
The total applied load on the fiber Pf can be expressed as Pf = πr2fσ

f
s , where σfs is the axial stress in the fiber

at s = L. Let Pdbf is the load in the fiber at s = (L−z). Therefore, Pdbf = πr2fσ
f
s
db

, where σfs
db

is the axial stress
in the fiber at s = (L− z). Let τic be the constant interfacial friction stress between the fiber and interphase,
resisting the applied load, see Fig. 3(a). The interfacial shear stresses τi1 and τi2 acts in the opposite direction
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of pull-out force as shown in Fig. 3(b). Considering the equilibrium of forces in the debonded and bonded
regions:

P∗f − Pdb∗f = 2τic(L
∗ − z∗), (35)

Therefore, the normal stress in the fiber can be estimated from

σf∗s = Pdb∗f + 2τic(s
∗ − z∗), s∗ ∈ (s∗, L∗), (36)

At the boundary between the bonded and debonded parts, i.e. at s∗ = z∗, τ∗i = τ∗s . Therefore, in the perfectly
bonded region the stress expression derived in the previous section is used. Whereas, in the debonded region
the interfacial frictional stresses (τic) resists the pull-out force [45].

4. Results and discussion

The developed methodology has been used to estimate the stresses in a curved fiber pull-out problem of a three
phase system. In this section, results from the fiber pull-out studies are summarized. Results estimated from
the present analytical model are validated by comparing them with the numerical results obtained from finite
element analysis performed using ABAQUS/standard FEA. Furthermore, the influence of graded interphase on
stress transfer is studied by comparing the results from the three phase system with the results from the two
phase system (a curved fiber embedded in a matrix (FM) [44]).

A three phase system with a fiber of radius 1.5 nm, surrounded by an interphase of radius 1.7 nm, and a
matrix of dimensions 30 × 40 × 5 nm3 is analysed. The material and geometric properties used in the present
study are summarized in Table 1. For convenience, normalized quantities are used in all the calculations. Both
actual and normalized quantities are listed in Table 1.

R (nm) L (nm) rf (nm) ri (nm) Ef (Pa) Em (Pa)

20.2 32.23 1.5 1.7 1e12 1e9

σ∗0 L∗ P ∗f r∗m G∗m E∗m
1e-9 21.49 2.5e-3 20 3.7e-4 1e-3

Table 1: Material and geometric properties of the three phase system.

4.1. Axial stresses

The distribution of the normalized axial stress (σ∗f ) over normalized projected length along the fiber axis (s
direction), is plotted in Fig. 4. In each subplot of Fig. 4, specific case for which the results are extracted is
highlighted through a schematic in the inset. The stresses are extracted along the fiber length. Variation of the
normalized axial stresses for FM and FIM systems are shown in Fig. 4(a) and (b), respectively. A comparison of
axial stresses in two and three phase systems is shown in Fig. 4(c). Analytical results considering the linear and
power law variation of modulus in the interphase region, are compared to the results of the ungraded system in
Fig. 4(d).

A comparison of the normalized normal stresses in the fiber in a two phase system from the analytical [44]
and finite element models is shown in Fig. 4(a). Based on Fig. 4(a), the analytical results are observed to
satisfy the imposed traction boundary conditions at the top (z = L) and bottom (z = 0) fiber surfaces. This is
verified by noticing the value of the normalized axial stress, (i) at z = L is 2.5 × 10−3, which is equal to the
prescribed stress (σ0) on the fiber top end and (ii) at z = 0 is almost zero, satisfying the zero stress condition
at the bottom of the fiber. Similar trend is observed in the three phase system (see Fig. 4(b)) as well. A close
agreement of the analytical and numerical results of the two phase system is noticed in Fig. 4(a).

In order to validate the analytical results of the three phase system, a three dimensional (3D) finite element
model was created using the ABAQUS/standard FEA. The geometric and material properties summarized in
Table 1 are used in the FE analysis as well. A summary of the finite element analysis is presented in Fig. 5.
Figure 5(a) shows the geometry and boundary conditions of the fiber along with the interphase embedded in a
matrix. Pressure load is prescribed on the fiber cross section at the end s = L, whereas the top, bottom and left
edges of the matrix are completely constrained. The geometry is discretized using the ‘tetrahedron’ elements.
The present numerical model consists of 204669 elements, 320395 nodes and 961185 degrees of freedom in total.
The final number of elements are arrived after the mesh convergence studies conducted following [31]. The
deformed configuration at the end of the simulation is shown in Fig. 5(b). Figure 5(b) highlights the geometry
and location of the fiber in the deformed configuration.

Variation of the normalized normal stresses in the fiber along the fiber direction in a three phase system are
plotted in Fig. 4(b). Distribution of the normal stresses in the fiber estimated from the numerical analysis is
shown in Fig. 5(c). The stresses along the fiber axis from the analytical and numerical models are compared

8



0 5 10 15 20

Projected length along the x-direction

-0.5

0

0.5

1

1.5

2

2.5

3

N
or

m
al

iz
ed

 n
or

m
al

 s
tr

es
s 

in
 th

e 
fib

er
 (

f*)

10-3

Analytical
Numerical

Fiber-matrix system

r

s

θs=0

s=L

R

 P

matrix

fiber  f

FM

(a)

0 5 10 15 20

Projected length along the x-direction

-0.5

0

0.5

1

1.5

2

2.5

3

N
or

m
al

iz
ed

 n
or

m
al

 s
tr

es
s 

in
 th

e 
fib

er
 (

f* )

10-3

Analytical - curved fiber
Numerical - curved fiber
Analytical - straight fiber

Fiber, interphase and
matrix system

r

s

θ s=0

s=L

R

P

matrix

interphase

fiber
 f

FIM

(b)

0 5 10 15 20

Projected length along the x-direction

-0.5

0

0.5

1

1.5

2

2.5

3

N
or

m
al

iz
ed

 n
or

m
al

 s
tr

es
s 

in
 th

e 
fib

er
 (

f*)

10-3

Analytical curved fiber (FIM)
Numerical curved fiber (FIM)
Analytical curved fiber (FM)
Numerical curved fiber (FM)

Comparison: FIM vs FM systems

r

s

θ s=0

s=L

R

P

matrix

interphase

fiber
 f

FIM

r

s

θs=0

s=L

R

 P

matrix

fiber  f

FM

(c)

0 5 10 15 20

Projected length along the x-direction

-0.5

0

0.5

1

1.5

2

2.5

3

N
or

m
al

iz
ed

 n
or

m
al

 s
tr

es
s 

in
 th

e 
fib

er
 (

f* )

10-3

Ungraded interphase
Power graded interphase
Lineargraded interphase

Fiber, interphase and
matrix system

r

s

θ s=0

s=L

R

P

matrix

interphase

fiber
 f

FIM
graded

(d)

Figure 4: Variation of the normalized axial stresses in the fiber with the normalized length along the s-direction: (a) comparison
of analytical and numerical results for a two phase system, (b) axial stresses in the fiber in a three phase system, estimated from
the analytical models of a straight and curved fiber, compared to the numerical results, (c) comparison of analytical and numerical
results of two and three phase systems and (d) the influence of grading on fiber normal stresses in a three phase system.

in Fig. 4(b). Furthermore, Fig. 4(b) also shows the axial fiber stresses considering a straight fiber in a three
phase system. For the given system, the normalized normal stress in the curved fiber in a three phase system
is observed to be lower compared to that of the straight fiber. The modeled length of the straight fiber is equal
to length of the curved fiber along the fiber axis (s direction). The bonded area of the curved fiber is more
than the area that of the straight fiber. As a result, for a given loading, the resistance is more in a curved fiber,
leading to lower stresses than that of a straight fiber. In other words, higher forces are required to pull-out a
curved fiber from the matrix. Therefore, curved fibers are recommended to enhance the mechanical properties
of polymer nano-composites for structural applications.

Separate analysis with and without interphase is carried out to pin-point the influence of interphase in
reducing the stress peaks. The normalized axial fiber stresses in two and three phase systems from the analytical
and numerical models are compared in Fig. 4(c). Based on Fig. 4(c), the axial stresses in the two phase system
are higher compared to the three phase system. This is evident from both analytical and numerical results. The
normal stresses in the fiber are transmitted to the matrix through shear stresses in the interlayer. Distribution
of the normal stresses in the fiber, interphase and fibre-interphase interface are shown in Fig. 5(c), (e) and (g),
respectively. Similarly, distribution of the shear stresses in the fiber, interphase and fibre-interphase are shown
in Fig. 5(d), (f) and (h), respectively. Comparing the normal and shear stresses in Fig. 5(c)-(h), the point
of highest stress is observed to be located in the fiber. Therefore, fiber is the most stressed member in the
composite. Furthermore, comparing the pattern of normal stresses in the fiber and interphase in Fig. 5(c) and
(e), the normal stresses are higher towards the loading end, happening after a smooth transfer from the fiber
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 5: Results of the finite element analysis of curved fiber pull-out in a three phase system. (a) Geometry along with the loading
and boundary conditions. Pressure load is prescribed on the fiber cross section, whereas the top, bottom and left edges of the
matrix are completely constrained. (b) Deformed configuration highlighting the location and geometry of the fiber. Distribution
of the normal stress (σ11) in the (c) fiber, (e) interphase, (g) fiber and interphase, (i) matrix and (k) matrix and interphase.
Similarly, distribution of the shear stress (σ12) in the (d) fiber (f) interphase, (h) fiber and interphase, (j) matrix and (l) matrix
and interphase.
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to the interphase. This is further confirmed by the distribution of the normal stresses in fiber and interphase
together in Fig. 5(g). In the similar lines, a smooth transfer of shear stresses between the fiber and interphase
is noticed in Fig. 5(h) aswell. Therefore, the interphase aids in reducing the stress peaks and hence smooth
transfer of stresses between the fiber and matrix.

Variation of the normalized normal stresses in the fiber in the presence of graded interphase with power
law and linear modulus tailoring is shown in Fig. 4(d). The influence of grading on the fiber normal stress is
insignificant. The Young’s modulus of the interphase is graded along the radial direction according to power
and linear laws, as mentioned in Eqs. (20) and (30). The fiber transfers the external loads through normal
stresses. The interphases are engineered to smoothly transfer the axial stresses in the fiber to the matrix, by
reducing the stress peaks at the interfaces. Therefore, axial stresses in the fiber are not influenced by the graded
interphases.

4.2. Interfacial shear stresses

Figure 6 is dedicated to the comparison of normalized first interfacial stress (τi1) between the fiber and inter-
phase. Interfacial stresses in a two phase system from the analytical [44] and numerical models are compared
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Figure 6: Variation of first interfacial shear stress (τ∗i1) with the normalized projected length along the x-direction; (a) comparison
of results of a two phase system from finite element analysis and analytical model, (b) interfacial stresses in a three phase system
estimated from analytical models of a straight and curved fiber, compared to the numerical results, (c) comparison of analytical
and numerical results of two and three phase systems and (d) influence of grading on interfacial shear stresses in a three phase
system.

in Fig. 6(a). In the analytical model, the shear stress is enforced to be ‘zero’ at the embedded end of the fiber.
Whereas, no such conditions are enforced in the finite element analysis. In analytical model, the embedded
length of the fiber is assumed to be large enough for shear dominated load transfer. For the given geometric,
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material and loading conditions, FE model should reveal zero shear stress at the embedded end if the length of
embedment is large enough. This is the reason for the difference in the amplitude of τi1 at s = 0 in Fig. 6(a). A
smooth variation of τi1 of the analytical results are observed, as compared to the numerical results. In general,
mesh size and the contact between the fiber and interface in the finite element analysis will influence the results.
However, the present results are in good agreement, particularly in the middle of the domain. Comparison of
τi1 estimated in a three phase system from analytical model with straight and curved fibers, with the results
from FE analysis are shown in Fig. 6(b). Based on Fig. 6(b), interfacial stresses in the curved fiber are higher
in the curved fiber compared to the straight fiber. This is because of the larger contact area in case of curved
fiber, compared to the straight fiber.

Distribution of the normal stresses and shear stresses in the matrix is shown in Fig. 5(i) and (j), respectively.
Similarly, Fig. 5(k) and (l) shows the distribution of the normal and shear stresses in the matrix including the
interphase. Comparing Fig. 5(i) and (k), the maximum amplitude of the normal stress is lower in the matrix
alone as compared to the matrix including the interphase. Similarly, comparing Fig. 5(j) and (l), the maximum
amplitude of the shear stress is lower in the matrix alone as compared to the matrix including the interphase.
Therefore, the stresses in matrix are the lowest when compared to the stresses in the fiber and interphase. This
indicates a complete transfer of fiber stresses to the interphase and hence to the matrix.
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Figure 7: Comparison of interfacial shear stress (τ∗i2) between the interphase and matrix in a three phase system; (a) with straight,
curved fibers and the FE results and (b) with graded and ungraded interphases.

Comparison of τi1 in two phase and three phase systems is shown in Fig. 6(c). Influence of the interphase
in three phase system can be noticed based on the lower stresses at the interphase as shown in Fig. 6(c). The
influence of grading the interphase based on the linear and power laws is shown in Fig. 6(d). From Fig. 6(d),
a linearly graded interphase shows the lowest interfacial stresses at the loaded end. On the other hand, the
influence of a power graded interphase is insignificant compared to the ungraded interphase. Interfacial stresses
between the interphase and matrix in a three phase system are shown in Fig. 7. According to Fig. 7(a),
the magnitude of τi2 in case of the curved fiber is higher compared the straight fiber. Influence of the graded
interphase according to the linear law is significant compared to ungraded and power graded interphase, as
shown in Fig. 7(b).

Results from the analytical model of a three phase system with straight fiber are plotted in Fig. 8. Com-
parison of the normalized normal stresses and interfacial stress between the fiber and interphase (τi1) with
ungraded, power law graded and linearly graded interphases are shown in Figs. 8(a) and (b), respectively. As
observed in the case of curved fiber, the normal stresses in the straight fiber are also not influenced by the
graded interphases. According to Fig. 8(b), both power and linear grading are observed to be significantly
influencing the interfacial stresses, τi1.

A parametric study has been carried out to examine the influence of various parameters on the pull-out
behaviour of curved fiber for perfectly bonded case. The parameters of interest include the fiber normalized
radius of curvature R∗, normalized fiber length L∗ and the fiber axial stress at the embedded end σ∗0 . Figures
9 and 10 summarizes the parametric studies through the variation of the pull-out force as a function of the
normalized displacements. The load displacement diagram as the fiber is pulled out from the matrix is shown
in Figure 9(a). The point of deboding is indicated by the maximum value of the pull-out force [45], see the
inset picture in Figure 9(a). The dobonding is observed to be stable until the maximum pull-out force, beyond
which the failure is catastrophic where the load transfer mechanics between fiber and interphase happens
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Figure 8: Analysis of a three phase system with straight fiber. (a) Comparison of the normalized normal stresses with ungraded,
power graded and linearly graded interphases. (b) Comparison of interfacial stress between the fiber and interphse (τi1).

predominantly through frictional forces in the debonded region [45]. Figure 9(b) shows the variation of the
pull-out force at different radius of curvature for a normalized fiber length (L∗) equal to 20. The displacements
are purely due to fiber elongation, as perfect bonding between the fiber, interphase and matrix is assumed with
no relative displacement. The considered fiber length in the analysis is smaller compared to typical nanotube
length observed in practical applications, which is of the order of hundreds of nano meters. This is because
the present focus is only on a curved segment of the nanotube. Based on Fig. 9(b) the variation is observed
to be linear and slope is increasing with the radius of curvature. The results indicate that for the given fiber
length, the pull-out force required to displace the fiber by a certain distance increases with the increase in the
radius of curvature. When only the bonded condition prevails the load-displacement curve is terminated when
the debonding starts due to interfacial stress stress reaching a critical value.

Variation of the pull-out force with the normalized displacements for different fiber lengths is shown in
Fig. 9(c). The slope of the curves is observed to be decreasing with increasing fiber length. Hence, the force
required to pull the fiber for a given displacement will be decreasing with increasing fiber length. In other
words, for a given force, the displacement increases with increase in length. Therefore, with increasing L∗ and
R∗ the debonding initiation force is decreasing. The reason being, in case of short fibers, the fibers are perfectly
anchored in the matrix and hence the bonding between the fiber and in the interphase can be ensured perfect.
As a result, the pull-out happens with small debond regions and occurs suddenly like a brittle failure, when
the pull-out force force reaches a threshold. However, in the case of long fibers the debonding happens over a
significant period of time before the fiber is pulled out of the matrix. Small forces are required to cause the
debonding of fiber from the interphase, as compare to the pull-out forces. In the limit the straight fiber requires
the lowest pull-out force to initiate the debonding. In other words, for the given pull-out force the interfacial
shear stress in the curved fiber is smaller than that of the straight fiber. Influence of σ0 on the pull-out force is
plotted in Fig. 9(d). Increasing σ0 from 1e-9 to 1e-4 , increases the end stresses, which finally leads to higher
debond initiation force. A non-zero displacement for a zero pull-out force at large end stresses is because of the
fiber elongation from residual stresses. However, from Fig. 9 both σ∗0 and R∗ has the minimum effect in the
bonded stage, whereas, the influence of L∗ is significant. Therefore, long curved fibers requires higher debond
initiation forces, leading to improved toughness of the PNC.

Effect of graded interphases on the pull-out force are revealed in Fig. 10. Based on Fig. 10(b) the influence
of radius of curvature on the pull-out force with graded interphases is minimum. Whereas, significant increase
in the pull-out force with graded interphases for the given fiber length can be noticed in Fig. 10(c). The
stiffness of the interphase gradually increases from the fiber surface towards the matrix surface. Therefore,
graded interphases enhances the shear stress transfer and improves the strength of PNC.

5. Conclusions

An analytical model has been proposed in this paper, to study the micromechanics of stress transfer in a curved
fiber pull-out test. Closed form expressions are derived to estimate the normal and shear stresses in fiber,
interphase and matrix system, based on the shear-lag theory.
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Figure 9: Pull-out force as a function of displacement. Variation of the pull-out force as a function of (a) radius of curvature of
fiber at normalized fiber length equal to 20, (b) fiber length at normalized fiber radius equal to 20 and (c) σ0 at normalized fiber
length and radius of 20.

The developed methodology has been applied to estimate the constituent stresses in a curved fiber pull-out
test. Analytical results are validated by comparing the axial and shear stresses in the fiber and interphase with
the numerical results. A close agreement of the results from the analytical and numerical models has been
observed.

Furthermore, to drastically reduce the stress peaks across the interfaces, the modulus of the interphase is
graded along the radial direction, according to power and linear laws. Linearly graded interphases are noticed
to be efficient in reducing the stresses. The developed methodology has been extended to study the stress
transfer mechanics in a straight fiber pull-out test. Because of the availability of more area of resistance in case
of a curved fiber, the stresses in curved fiber are observed to be on the lower side, compared to the stresses in
a straight fiber. Therefore, curved fibers are recommended to enhance the mechanical properties of polymer
nano-composites for structural applications.
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Figure 10: Influence of graded interphases on the pull-out force. Pull-out force at different (a) radius of curvature and (b) fiber
lengths. Power and linear grading of the grading laws are compared to the ungraded interphase.
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Appendix A. Solution of differential equations

Consider a first order linear differential equation of the form:

dy

dx
+ p(x)y = q(x). (A.1)

Solution of Eq. (A.1) is given by:

y =
1

I(x)

∫
I(x)q(x)dx+

C

I(x)
, (A.2)

where

I(x) = exp

(∫
p(x)dx

)
. (A.3)

Therefore, the solution of Eq. (24) can be estimated by evaluating the integral below:∫
dr∗

(R∗ − r∗)r∗Q+1
=
− 1
Q + LerchPhi( r

∗

R∗ , 1, Q)

R∗r∗Q
(A.4)

where, the LerchPhi function is defined as [47]:

LerchPhi

(
r∗

R∗
, 1, Q

)
=

∞∑
n=0

(
r∗

R∗

)n
(Q+ n)1

=

∞∑
n=0

(
r∗

R∗

)n
(Q+ n)

, (A.5)
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such that, (Q+ n) 6= 0. Hence, the solution of Eq.(24) is given by:

ui∗s (r∗) = (R∗ − r∗)
(
gri(s)−

τ∗i1
Gi∗R∗

[
1

Q
− LerchPhi

(
r∗

R∗
, 1, Q

)])
. (A.6)

where gri(s) is the arbitrary function defined by the boundary conditions. Considering the interface between
the fiber and interphase, r∗ = r1/r1 = 1,

ui∗s (1) = (R∗ − 1)

[
gri(s)−

τ∗i1
Gi∗R∗

(
1

Q
− LerchPhi

(
1

R∗
, 1, Q

))]
. (A.7)

After rearranging Eq. (A.7), gri(s) is expressed as:

gri(s) =
ui∗s (r∗2)

(R∗ − 1)
+

τ∗i1
Gm∗R∗

[
1

Q
− LerchPhi

(
1

R∗
, 1, Q

)]
. (A.8)

Appendix B. Derivation of governing differential equation

Differentiating Eq. (15) twice with respect to s∗

∂4σf∗s
∂s∗4

= −2A1R

(
1

Ei∗
∂2σi∗s
∂s∗2

− ∂2σf∗s
∂s∗2

)
− 2A2Rr

∗
2

(
1

Em∗r∗3
2

∂2σf∗s
∂s∗2

− 1

Em∗r∗2
2

∂2σf∗s
∂s∗2

)
. (B.1)

Equation (B.1) can be solved for σf∗s by expressing σi∗s in terms of σf∗s . To achieve the objective, consider the
equilibrium equations along the r and s directions [46]:

∂σr
∂r

+
R

R− r
∂τrs
∂s

+
σs − σr
R− r

= 0, in r - direction (B.2a)

∂τrs
∂r

+
R

R− r
∂σs
∂s
− 2τrs
R− r

= 0. in s - direction (B.2b)

As proposed in the shear-lag theory [24], we considered the shear stress of the form:

τrs =
f0(s)r

2
+
f1(s)

r
. (B.3)

Substituting Eq. (B.3) in Eq. (B.2)(b), along the s-direction of the fiber results in:

f0(s)

2
− f1(s)

r∗1
2 +

R∗

R∗ − r∗1
∂σf∗s
∂s∗

− 2

R∗ − r∗1

(
f0(s)r∗1

2
+
f1(s)

r∗1

)
= 0. (B.4)

Solving Eq. (B.4) for f0(s):
f0(s)

2
=

(R∗ + 1)

(R∗ − 3)
f1(s)− R∗

(R∗ − 3)

∂σf∗s
∂s∗

. (B.5)

Similarly, applying the equilibrium equation along the s-direction for the interphase yields:

f0(s)

2
− f1(s)

r∗2
+

R∗

R∗ − r∗
∂σi∗s
∂s∗

− 2

R∗ − r∗

(
f0(s)r∗β

2
+
f1(s)

r∗

)
= 0. (B.6)

The interfacial shear stress between the interphase and matrix must be equal to the shear stress in the interphase
at r∗ = r∗2 . Therefore:

f0(s)r∗

2
+
f1(s)

r∗
= A2

[
um∗s (r∗)

(R∗ − r∗)
− um∗s (r∗2)

(R∗ − r∗2)

]
. (B.7)

Solving Eq. (B.7) for f1(s):

f1(s) = −f0(s)r∗2

2
+ A2r

∗
[
um∗s (r∗)

(R∗ − r∗)
− um∗s (r∗2)

(R∗ − r∗2)

]
. (B.8)

Hence, f0(s) is estimated by substituting Eq. (B.8) into Eq. (B.5). The final expression of f0(s) after the
mathematical simplifications:

f0(s) =
2(R∗ + 1)

(R∗ − 3) + (R∗ + 1)r∗2
A2r

∗
[
um∗s (r∗)

(R∗ − r∗)
− um∗s (r∗2)

(R∗ − r∗2)

]
− 2R∗

(R∗ − 3) + (R∗ + 1)r∗2
∂σf∗s
∂s∗

. (B.9)
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Therefore, f1(s) is obtained by substituting Eq. (B.9) into Eq. (B.8):

f1(s) =

(
(R∗ − 3)

(R∗ − 3) + (R∗ + 1)r∗2

)
A2r

∗
[
um∗s (r∗)

(R∗ − r∗)
− um∗s (r∗2)

(R∗ − r∗2)

]
+

R∗r∗2

(R∗ − 3) + (R∗ + 1)r∗2)

∂σf∗s
∂s∗

(B.10)

Now both f0(s) and f1(s) are expressed in terms of σf∗s in Eqs. (B.9) and (B.10), respectively. Therefore, σi∗s
can be obtained in terms of σf∗s substituting Eqs. (B.9) and (B.10) in Eq. (B.6):

∂σi∗s (r∗)

∂s∗
= B2A2Rr

∗
[
um∗s (r∗)

(R∗ − r∗)
− um∗s (r∗2)

(R∗ − r∗2)

]
+ B1

∂σf∗s
∂s∗

, (B.11)

where B1 and B2 are defined as:

B1 =
2(R∗ − r∗)

(R∗ − 3) + (R∗ + 1)r∗2
, (B.12a)

B2 =

(
(R∗ + r∗)(R∗ − 3)

r∗2[(R∗ − 3) + (R∗ + 1)r∗2]
− (R∗ − 3r∗)(R∗ + 1)

(R∗ − 3) + (R∗ + 1)r∗2

)
. (B.12b)

After differentiating Eq. (B.11) with respect to ‘s∗’ and using the constitutive laws, Eq. (B.11) becomes:

∂2σi∗s (r∗)

∂s∗2
= B2A2Rr

∗
[

1

(R∗ − r∗)
σf∗s

Em∗r∗3
2 −

1

(R∗ − r∗2)

σf∗s
Em∗r∗2

2

]
+ B1

∂2σf∗s
∂s∗2

. (B.13)

Substituting Eq. (B.13) into Eq. (B.1) leads to the below mentioned fourth order governing differential equation
in σf∗s :

d4σf∗s
ds∗4

=−
[

2A1R(B1 − Ei∗)
Ei∗

+

(
2A2Rr

∗
2

Em∗r∗3
2 −

2A2Rr
∗
2

Em∗r∗2
2

)]
d2σf∗s
ds∗2

− 2A1RB2A2Rr
∗

Ei∗

[
1

(R∗ − r∗)
1

Em∗r∗3
2 −

1

(R∗ − r∗2)

1

Em∗r∗2
2

]
σf∗s .

(B.14)

The partial derivative in Eq. (B.14) is treated as ordinary derivative, which can be expressed as Eq. (16).

Appendix C. Estimation of normal stresses in fiber

Normal stresses in the fiber are estimated by solving Eq. (16). Consider a solution of the form:

σf∗s = eλs
∗
, (C.1)

Substituting Eq. (C.1) into the governing differential Eq. (16), a fourth order characteristic equation in λ is
arrived. The four eigen values λ1, λ2, λ3 and λ4 of the characteristic equation are estimated as:

λ = ±
√
−K1 and ±

√
K2 (C.2)

where,

K1 =
T2 ±

√
T2

2 − 4T1

2
, (C.3a)

K2 =
−2T1

T2 ±
√

T2
2 − 4T1

. (C.3b)

In this study, K1 and K2 are observed to be negative and positive, respectively. Hence, the eigen values
are always positive. However, considering Eqs. (C.2) and (C.3), several combinations of eigen values are
possible. The analytical results are observed to be in agreement with the results from finite element analysis
for a particular set of eigen values: λ1 = −

√
−K11, λ2 = −

√
−K12, λ3 =

√
K13 and λ4 =

√
K14, where

K11 =
T2−
√

T2
2−4T1

2 ,K12 =
T2+
√

T2
2−4T1

2 ,K13 = −2T1

T2+
√

T2
2−4T1

and K14 = −2T1

T2−
√

T2
2−4T1

. Therefore, the total

solution of the fiber normal stresses can be written as:

σf∗s = C1e
λ1s

∗
+ C2e

λ2s
∗

+ C3e
λ3s

∗
+ C4e

λ4s
∗
. (C.4)

Constants C1,C2,C3 and C4 in Eq. (C.4) are estimated based on the below mentioned boundary conditions.
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1. At s∗=0 (see Fig. 1), the fiber stress (σf∗s ) is balanced by the stress at the fiber embedded end (σ∗0).
Therefore, σf∗s (s∗ = 0) = σ∗0 .

2. At s∗=L, the stress at the pulled end is balanced by the applied stress σ∗app, estimated as the ratio of pull

out force Pf to the fiber cross section area. Hence, σf∗s (s∗ = L∗) = σ∗app.

Considering perfect stress transfer, the shear forces on either ends of the fiber will be zero. Therefore, the first
derivative of the fiber stress at either ends must be zero:

3. at s∗=0,
∂σf∗

s (s∗=0)
∂s∗ = 0 and

4. at s∗=L,
∂σf∗

s (s∗=L)
∂s∗ = 0.

Applying the above boundary conditions, the constants C1, C2, C3 and C4 are estimated as:

C1 = σ∗0 − (C2 + C3 + C4), (C.5a)

C2 =
σ∗0λ1 − C3(λ1 − λ3)− C4(λ1 − λ4)

(λ1 − λ2)
, (C.5b)

C3 =
(σ∗0λ2e

λ1L
∗ − σ∗appλ2)− C4(λ2 − λ4)(eλ2L

∗ − eλ4L
∗
)

(λ2 − λ3)(eλ2L∗ − eλ3L∗)
, (C.5c)

C4 =
(σ∗0e

λ2L
∗ − σ∗app)λ1(λ2 − λ3)− (σ∗0e

λ1L
∗ − σ∗app)λ2(λ1 − λ3)

[λ1λ4 + λ2λ3 − λ1λ3 − λ2λ4](eλ2L∗ − eλ4L∗)
. (C.5d)

Appendix D. Pull-out force vs. fiber displacement

The relation between pull-out force and fiber displacement is established by considering the strain-displacement
relation in the fiber along the ‘s’ direction, as mentioned below:

δ∗f =

∫ L∗

0

εf∗s ds
∗ =

∫ L∗

0

σf∗s ds∗, (D.1)

Substituting the expression for σf∗s from Eq. (C.4) in Eq. (D.1):

δ∗f =

∫ L∗

0

[
C1e

λ1s
∗

+ C2e
λ2s

∗
+ C3e

λ3s
∗

+ C4e
λ4s

∗
]
ds∗. (D.2)

Therefore, the fiber displacement is estimated as a function of λ and fiber length L∗ as:

δ∗f =
C1

λ1
(eλ1L

∗
− 1) +

C2

λ2
(eλ2L

∗
− 1) +

C3

λ3
(eλ3L

∗
− 1) +

C4

λ4
(eλ4L

∗
− 1). (D.3)

Note that constants C1-C4 are functions of the applied stress on the fiber, which is in turn a function of
the pull-out force. Therefore, the fiber displacements are estimated for the given pull-out force to generate a
force-displacement curve.

Appendix E. Stresses in the interphase

Substituting the expression for σf∗s from Eqs. (C.4) in Eq. (18):

∂2σi∗s
∂s∗2

= (B3 + B2λ
2
1)C1e

λ1s
∗

+ (B3 + B2λ
2
2)C2e

λ2s
∗

+ (B3 + B2λ
2
3)C3e

λ3s
∗

+ (B3 + B2λ
2
4)C4e

λ4s
∗
. (E.1)

Hence, the stresses along the s-direction in the interphase can be obtained by integrating Eq. (E.1) twice:

σi∗s =
(B3 + B2λ

2
1)C1

λ21
eλ1s

∗
+

(B3 + B2λ
2
2)C2

λ22
eλ2s

∗
+

(B3 + B2λ
2
3)C3

λ23
eλ3s

∗
+

(B3 + B2λ
2
4)

λ24
C4e

λ4s
∗

+ H1s
∗ + H2.

(E.2)
The constants H1 and H2 are estimated considering the below mentioned boundary conditions for the interphase:

1. At s∗=0 (see Fig. 1), the interphase normal stress (σi∗s ) is balanced by the specified stress at the fiber
embedded end (σ∗0). Therefore, σi∗s (s∗ = 0) = σ∗0 .
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2. Considering a perfect stress transfer, the shear forces on either ends of the interphase will be zero. There-

fore, the first derivative of the interphase normal stress at s∗ = 0 must be zero,
∂σi∗

s (s∗=0)
∂s∗ = 0.

Applying the above boundary conditions to Eq. (E.2), constants H1 and H2 are estimated as:

H1 = −
[

(B3 + B2λ
2
1)C1

λ1
+

(B3 + B2λ
2
2)C2

λ2
+

(B3 + B2λ
2
3)C3

λ3
+

(B3 + B2λ
2
4)

λ4
C4

]
, (E.3a)

H2 = σ∗0 −
[

(B3 + B2λ
2
1)C1

λ21
+

(B3 + B2λ
2
2)C2

λ22
+

(B3 + B2λ
2
3)C3

λ23
+

(B3 + B2λ
2
4)

λ24
C4

]
. (E.3b)

Differentiating Eq. (8)(b) with respect to s∗:

∂τ∗i1
∂s∗

= A2

[
1

(R∗ − r∗2)

∂ui∗s (r∗2)

∂s∗
− 1

(R∗ − 1)

∂ui∗s (1)

∂s∗

]
= A2

[
1

(R∗ − r∗2)

σf∗s
Em∗r∗2

2 −
1

(R∗ − 1)
σf∗s

]
. (E.4)

Using Eq. (C.4) in Eq. (E.4), yields:

∂τ∗i1
∂s∗

= A3[C1e
λ1s

∗
+ C2e

λ2s
∗

+ C3e
λ3s

∗
+ C4e

λ4s
∗
]. (E.5)

where A3 is given by:

A3 = A2

[
1

Em∗r∗2
2(R∗ − r∗2)

− 1

(R∗ − 1)

]
. (E.6)

Integrating Eq. (E.5)

τ∗i1 = A3

[
C1

λ1
eλ1s

∗
+

C2

λ2
eλ2s

∗
+

C3

λ3
eλ3s

∗
+

C4

λ4
eλ4s

∗
]

+ H3. (E.7)

where H3 is estimated based on the boundary condition, τ∗i1 = 0 at s∗ = 0:

H3 = −A3

[
C1

λ1
+

C2

λ2
+

C3

λ3
+

C4

λ4

]
. (E.8)

Now, the interfacial stress between the interphase and matrix is estimated using Eq. (11):

τ∗i2 = − 1

2r∗2

[
C1

(
λ1 +

2A3

λ1

)
eλ1s

∗
+ C2

(
λ2 +

2A3

λ2

)
eλ2s

∗
+ C3

(
λ3 +

2A3

λ3

)
eλ3s

∗
+ C4

(
λ4 +

2A3

λ4

)
eλ4s

∗
+ 2H3

]
(E.9)

Therefore, shear stresses in the interphase and the matrix are estimated using Eq. (1).

Appendix F. Straight fiber pull-out test

Consider a straight fiber pull-out problem in a three phase system, as shown in Fig. F.1(a). In straight fiber
pull out system, fiber, interphase and the matrix are co-axial. Therefore, the system is axi-symmetric. Let
the modulus of elasticity and Poisson’s ratio of the fiber, interphase and matrix are represented by Ef , Ei and
Em and νf , νi and νm, respectively. The radii of the fiber, coating and matrix are denoted by r1, r2 and r3,
respectively. Fiber is pulled by a force Pf . Tangential stresses in the r and x coordinate system in the interphase
and matrix along with the interfacial shear stresses between fiber, interphase and interphase and matrix are
indicated by τ irx, τmrx, τi1 and τi2, respectively, refer to Fig. F.1(c). τrx is the shear stress at point r along the
x direction. Equilibrium of stresses on a differential fiber element segment dx (see Fig. F.1(b)) yields:

(σf∗x + dσf∗x )πr∗1
2 − σf∗x πr∗1

2 + τ∗i12πr∗1dx
∗ + τ∗i22πr∗2dx

∗ = 0. (F.1)

Rearranging Eq. (F.1):
dσf∗x
dx∗

= −2[τ∗i1 + τ∗i2r
∗
2 ]. (F.2)

The strain-displacement relations in fiber, interphase and matrix can be written as:

γ%rx =
du%∗x
dr∗

+
du%∗r
dx∗

≈ du%∗x
dr∗

(F.3)
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Figure F.1: (a) Schematic of a straight fiber surrounded by an interphase material, embedded in a polymer matrix. (b) Equilibrium
of stresses in a differential fiber element segment dx. (c) Tangential stresses of a matrix segment of length dx along the radial
direction. Shear stresses in the interphase and matrix along with the interfacial shear stresses between fiber-interphase and
interphase-matrix are indicated by τ irx, τmrx, τi1 and τi2, respectively.

where u indicates the displacement. Based on the matrix equilibrium:

τ∗i2 = τm∗rx r
∗, (F.4)

and hence,
dum∗x
dr∗

=
τm∗rx
Gm∗

=
τ∗i2

Gm∗r∗
. (F.5)

Therefore, ∫ um∗
x (r∗)

um∗
x (r∗2 )

dum∗x =

∫ r∗

r∗2

τ∗i2
Gm∗

dr∗

r∗
, (F.6a)

um∗x (r∗)− um∗x (r∗2) =
τ∗i2
Gm∗

ln(r∗). (F.6b)

By rearranging Eq. (F.6)(b):

τ∗i2 =
Gm∗

ln(r∗)
[um∗x (r∗)− um∗x (r∗2)]. (F.7)

In the similar lines:

τ∗i1 =
Gi∗

ln(r∗)
[ui∗x (r∗)− uf∗x ]. (F.8)

Substituting Eq. (F.8) and (F.7) into Eq. (F.2) yields:

dσf∗x
dx∗

= −2

(
Gi∗

ln(r∗)
[ui∗x (r∗)− uf∗x ] +

Gm∗r∗2
ln(r∗)

[um∗x (r∗)− um∗x (r∗2)]

)
. (F.9)

In the similar lines of curved fiber analysis, after mathematical simplification using the stress-strain relations
and differentiation, Eq. (F.9) can be written as:

d2σf∗x
dx∗2

= −2

(
Gi∗

ln(r∗)

[
σi∗x
Ei∗
− σf∗x

]
+
Gm∗r∗2
ln(r∗)

[
σf∗x

Em∗r∗2
− σf∗x
Em∗r∗2

2

])
. (F.10)

Therefore, the governing differential equation can be derived by differentiating Eq. (F.10) twice with respect
to x∗ as given below:

d4σf∗x
dx∗4

+R1
d2σi∗x
dx∗2

+R2
d2σf∗x
dx∗2

= 0 (F.11)

where,

R1 = − 2Gi∗

Ei∗ ln(r∗)
, (F.12a)

R2 =
2Gi∗

ln(r∗)
− 2Gm∗r∗2

ln(r∗)

[
1

Em∗r∗2
− 1

Em∗r∗2
2

]
. (F.12b)
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Applying the equilibrium equations (B.2) for straight fiber after neglecting the radial stresses:

∂τrx
∂x

= 0, along the r - direction (F.13a)

∂τrx
∂r

+
∂σx
∂x

= 0. along the x - direction (F.13b)

Based on the shear-lag theory, consider the shear stress of the form [24]:

τrx =
f0(x)r

2
+
f1(x)

r
. (F.14)

Hence, after the mathematical simplifications, the governing equation in terms of the axial stresses can be
written as:

d2σi∗x
dx∗2

=
2r∗2

r∗2 − r∗2
2

Gm∗

ln(r∗)

(
1

Em∗r∗2
− 1

Em∗r∗2
2

)
σf∗x = J1σ

f∗
x , (F.15)

where,

J1 =
2r∗2

r∗2 − r∗2
2

Gm∗

ln(r∗)

(
1

Em∗r∗2
− 1

Em∗r∗2
2

)
. (F.16)

Therefore, the governing differential Eq. (F.11) can be written as

d4σf∗x
dx∗4

+ S1
d2σf∗x
dx∗2

+ S2σ
f∗
x = 0. (F.17)

where, S1 = R2 and S2 = J1R1. The solution of Eq. (F.17) can be expressed as:

σf∗x = D1e
λ1x

∗
+ D2e

λ2x
∗

+ D3e
λ3x

∗
+ D4e

λ4x
∗
. (F.18)

Therefore, Eq. (F.18) can be solved considering the boundary conditions as in the case of curved fiber, refer to
Appendix B and Appendix C.

Similarly, the interfacial stresses (τ∗i1, τ∗i2) can be estimated considering Eqs. (F.8) and(??), respectively.
The first derivative of Eq. (F.8) is given by:

dτ∗i1
dx∗

=
Gi∗

ln(r∗)

(
1

E∗mr
∗
2
2 − 1

)
σ∗f = S3σ

∗
f (F.19)

where S3 = Gi∗

ln(r∗)

(
1

E∗
mr

∗
2
2 − 1

)
. Substituting Eq. (F.18) in Eq. (F.19) and integrating:

τ∗i1 = S3

[
D1

λ1
eλ1x

∗
+

D2

λ2
eλ2x

∗
+

D3

λ3
eλ3x

∗
+

D4

λ4
eλ4x

∗
]

+R3, (F.20)

where R3 can be obtained considering the boundary condition that at x∗ = 0, τ∗i1 = 0:

R3 = −S3

[
D1

λ1
+

D2

λ2
+

D3

λ3
+

D4

λ4

]
. (F.21)

Therefore, τi2 can be estimated from Eq. (F.2):

τ∗i2 = − 1

2r∗2

[
D1λ1e

λ1s
∗

+ D2λ2e
λ2s

∗
+ D3λ3e

λ3s
∗

+ D4λ4e
λ4s

∗
+ 2τ∗i1

]
. (F.22)

Finally, the shear stresses in the interphase and the matrix are estimated from constitutive relations in Eq. (1).
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