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A. Some technical results

In all the sequel, given (a,)n, (bn)n two sequences of real numbers with b, > 0, the notation a,, = O(b,,)

means |a,| < Cb, for a suitable constant C' > 0 and n large enough. Therefore, if we also have a,,;! = O(b, 1),

then C'b,, < |ay,| < Cb,, for suitable constants C,C’ > 0 and n large enough. Moreover, given (2,,)n, (2},)n
two sequences of complex numbers, with z/, # 0, the notation z, = o(z],) means lim, z,/z/, = 0.

A.1. Asymptotic results for sums of complex numbers

We start recalling an extension of the Toeplitz lemma (see Linero and Rosalsky (2013)) to complex numbers
provided in Aletti, Crimaldi and Ghiglietti (2017), from which we get useful technical results employed in
our proofs.

Lemma A.1. (Aletti, Crimaldi and Ghiglietti, 2017, Lemma A.2) (Generalized Toeplitz lemma)
Let {znk : 1 <k <k,} be a triangular array of complex numbers such that

i) lim, 2, = 0 for each fized k;
ii) Timy, S 2,0 = 5 € {0,1};
i) Sy [kl = O(1).

Let (wp,)n be a sequence of complex numbers with lim,, w, = w € C. Then, we have lim,, Zﬁ"zl Zn, kWE = SW.

From this lemma we can easily get the following corollary, which slightly extends the generalized version
of the Kronecker lemma provided in (Aletti, Crimaldi and Ghiglietti, 2017, Corollary A.3):

Corollary A.1. (Generalized Kronecker lemma,)
Let {vp i : 1 <k <n} and (z,)n be respectively a triangular array and a sequence of complex numbers such
that vy, 1, # 0 and

n
limvy, =0, limw,, ezists finite, Z [Un.k — U k—1] = O(1)
n n
k=1
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2 Aletti, Crimaldi and Ghiglietti

and ), zn is convergent. Then

n
lim E Up, k2K = 0.
n

k=1

Proof. Without loss of generality, we can suppose lim, v, , = s € {0,1}. Set w,, = ZZ::L z, and observe
that, since ) 2, is convergent, we have lim, w, = w = 0 and, moreover, we can write

n
D vnkze = Y Ong(Wp = wig1) = Y (Unk = Vnk-1)Wk + Vp1WI — VpnWpy1.
k=2
The second and the third term obviously converge to zero. In order to prove that the first term converges to
zero, it is enough to apply Lemma A.1 with 2z, = vp x — U k—1. O

The above corollary is useful to get the following result for complex random variables, which again slightly
extends the version provided in (Aletti, Crimaldi and Ghiglietti, 2017, Lemma A.3):

Lemma A.2. Let H = (Hn)n be a filtration and (Y,), a H-adapted sequence of complex random variables
such that E[Y,|Hn-1] = Y almost surely. Moreover, let (¢,)n be a sequence of strictly positive real numbers
such that Y, E [|Y,]?] /2 < 400 and let {vn i, 1 < k < n} be a triangular array of complex numbers such
that v, ) # 0 and

n
v
limv,, =0, limw,, exists finite, lim E ok —pec, (A1)
n n n — Cg

Z U” k| (1)7 Z |Un,l<: - 'Un,kfll = O<1) (A2)
k=1

k=1
Then > p_y vk Ye/cr =53 nY.
Proof. Let A be an event such that P(A) =1 and lim,, E[Y,|H,-1](w) =Y (w) for each w € A. Fix w € A

and set w, = E[Y,|H,n-1](w) and w = Y (w). If n # 0, applying Lemma A.1 to z, ; = vpk/(ckn), s =1 and
Wy, We obtain

[Y;
hmzvn M =Y (w).
If n =0, applying Lemma A.1 to 2z, = vmk/ck, s =0 and w,,, we obtain

i $e )

Therefore, for both cases, we have
” EYi|Hi-1] as
DL e
Ck
k=1
Now, consider the martingale (M,,),, defined by

n

Z Y, — E[Yk\’H;ﬁ_l].

Ck

M, =
k=1

2
It is bounded in L? since Y ;_, % < 400 by assumption and so it is almost surely convergent, that
k

means Yi(w) — E[Yi|Hi-1](w)
Z Ck

< 400
k
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for w € B with P(B) = 1. Therefore, fixing w € B and setting zj, = Y’“(w)_E[}C/’;‘H’“’I](“’), by Corollary A.1,
we get

hmzvnk EYs|He-1]w) _

Ck

and so
n

Y. — E|Y; ~1] a.s.
Zvn,k k [ k‘Hk 1] — 0.

Ck
k=1
In order to conclude, it is enough to observe that
= Y - Yy, — Yk|7'lk 1] Yk|7'lk 1]
NS 3o
k=1 k=1 k=1
O
We conclude this subsection recalling the following well-known relations for a € R:
O(1) fora<0,
zn: I In(n) + O(1) fora=0, (A.3)
Pt kl-a a~tn®+0(1) for0<a<l, '
“Ipt4+ 0Oty fora > 1.
More precisely, in the case a = 0, we have
1
Z P =d+0(n™) (A.4)

where d denotes the Euler-Mascheroni constant.

A.2. Asymptotic results for products of complex numbers

Fix vy =1 and ¢ > 0, and consider a sequence (r,),, of real numbers such that 0 < r, < 1 for each n and
nr, —c = O (n7"). (A.5)

Obviously, we have r,, > 0 for n large enough and so in the sequel, without loss of generality, we will assume
0<r, <1 forall n.

Let z = ay +ib, € C and y = ay + i b, € C with as,ay > 0 and ¢(az + ay) > 1. Denote by mg > 2 an
integer such that max{a,, ay}rm, <1 for all m > mg and set:

n

DPmg—1(x) :=1, pp(z) = H (1—ary) forn>me and Fiyq,(z) =

m=mgo

pn(®)
pr(2)

formg—1<k<n-1.

We recall the following result, which has been proved in Aletti, Crimaldi and Ghiglietti (2017).
Lemma A.3. (Aletti, Crimaldi and Ghiglietti, 2017, Lemma A.4) We have that
pn(@)] = O(n™**)  and  |p,"(z)] = O(n").

Inspired by the computation done in Aletti, Crimaldi and Ghiglietti (2017); Crimaldi et al. (2019), we
can prove the following other technical result:
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4 Aletti, Crimaldi and Ghiglietti

Lemma A.4. (i) When c(ag + ay) = 1, we have

A ifb,+b,=0
li 2Ferim(@)Fopin(y) = v A6
o ln Z Tpl'k+1, ket 1,n(Y) {0 if by + by 7 0; (A.6)
while when c(az + ay) > 1, we have
n—1 C2
limn 72 Fpy1.0(2) Flog1.m = ——,
P k;no i Fk1,0(2) Frg1,n(y) (zt+y) 1
2
1 | Foiin(@) Fognly) = ——— AT
lmnkzmork Il( ) k+1, ( ) k+1, (y) (C(x+y)—1)2 ( )
2c?
| | Fri1n(z)Frt1n = —
lmnkzmo b (7) Feesn@Pona) = oy
(i) Moreover, for any u > 1, we have:
when c(ay +ay) =1
u O(In(n)/n oru=1,
Z TQUM: (In(n)/n) — f 48
o Pk (@) [“[pr (y) [ O (n™") for u > 1;
while when c(ay +ay) > 1 and e € {0,1,2}
n 1Pn (2)[“[pn ()] O(n~uelastay) In®(pn)) for uc(az + ay) < 2u—1,
n n \L n
Z e In®* (E) % = { O(n~ v I (p)) for uc(az + ay) = 2u — 1, (A.9)
k=mg Pk PRy O(n~(2u=1) for uc(ag +ay) >2u—1

(note that for w =1 only the third case is possible).

Proof. (i) First of all, let us notice that the limit (A.6) and the first of the limits (A.7) have already been
proved in (Aletti, Crimaldi and Ghiglietti, 2017, Eq. (A.11),(A.18)). Therefore, we can focus on the second
and the third limits in (A.7). To this end, let us set

n—1 2 n—1 2 n—1 21..2
T ri In(k) riln®(k)
Sip = —k Sop 1= —k S3p 1= —k__
" k;ﬂ Pi(z)pr(y) B k;(} Pr(@)Pk(y) B k,zmo Pr(@)pk(y)

so that, recalling the equality Fyi1.,(x) = pn(z)/pr(x), we can write:

n Z 2Bk 1,0 (2) Feg1,n(y) = npn (2)pn (4)S1,n,

kmo

n Z rk In ( ) Fro1,0(2) Fit1,0(y) = npn (2)pn(y) (In(n)S1,n — S2.0)

kmo

0 S e (%) Ferra(@Fiera() = npa(@)pa(y) (0 ()81, — 2In(m)Sp.0 + S3.0)

k?mo

Now, set Gy 1 := ¢ /[kpk(x)pr(y)] and recall that, as seen in (Aletti, Crimaldi and Ghiglietti, 2017, Proof of
Lemma A.5), when c¢(a; + ay) > 1 we have

AGg = (c(z +y) = DAS 1k + O (k1 AS1 1)) - (A.10)
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Using analogous arguments, we can set Ga x := ¢ In(k)/[kpx(z)pk(y)] and observe that we have:

c? In(k) In(k-1) 5 In(k) 9
e[ WD) ) )
c? In(k) 1 9 9 In(k) 9
= o) [(- 5ttt o(k )) (1= (z+y)re + rizy) + . (z+y)re — rkxy)}
= (c(z +y) — 1)ASa i + AS1 1 + Ok ASs 1))
Therefore, when c(a, + ay) > 1, we obtain
AGa i A8k 4
— — —ASy = —— 40 (k" In(k)|AS . A1l
clr+y)—1 2k c(JH—y)—l+ ( n(k)|AS1l) ( )
The relations (A.10), (A.11) and the first limit in (A.7) imply
hTannpn(x)pn (y) ( ln(n)Sl,n - SQJL)
s In(n)Gin 1
= timnpn (2)pa () (7 oy g~ S2) +O(Inmnlpa(a |k§7;0 K AS A )
GQ,n

= 1171}1 npn(x)pn(y)( ( N 82’">

c(z+y)—1

= (C(m + y) - 1)71 hrrlnnpn(x)pn(y)sl,n + O( |pn n Z k™ ! hl ‘ASI kl)

kmo

2

= (c(z +y) = 1)~ limnpy (2)pn (y)S1.n = [CCET Sk

where we have used the fact that, by Lemma A.3 and relation (A.3), we have

n—1

O(ta(mynlpa =)o)l 3 718814]) = -
mo —mo
For the last limit, we can set Gz, := ¢ In*(k)/[kpk(2)pr(y)] and, similarly as above, observe that we have:
c? In?(k) In*(k—1) In?(k)
A = — 1— 2 2
Gas = o | (P - L) (- o) + 25 (= o)
L
Pr(@)piy)
In®(k) Ik _ In®(k
K— k(2 ) +2 15(2) + O(k 31n2(kz))) (1—(z+y)re + rizy) + k( ) (z+y)re — r,%xy)}

= (c(z +y) = DAS3k + 24821 + O(k™HAS3 1))
Therefore, when c(a, + ay) > 1, we obtain

AGg,k QASQ,k

wry =1 ST o1t O(k™" In?(k)[ASy 1)) (A.12)

By means of analogous computations as above, the relations (A.10), (A.11), (A.12) and the already proved
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second limit in (A.7) imply

liinnpn(x)pn(y) (lnz(n)Sl)n —2In(n)Sa,n + 83,,1)

Aletti, Crimaldi and Ghiglietti

—n}lnnpn(x)pn(y)(m = 210(0)S2.n + S3.n ) +O( I(m)nlpn (2 |kz FAS )

= i o) 0) (o = 2n(n) S+ i)

= lim npn(x)pn(y)( EZ(Z)yG)“l - ln(nzﬁf’;)_‘?’”) +83,n)

+O(m(mnlpa(@)pn(y)| Z B (k) AS )
k=mg

= lim npy, (2)pa (1) (j;nin;fl_"l arr f?’y; — + SS,n)

= o= @) (), — S2.) +0 (nlp (e |kzmo E ()] AS 1)

- o ) (1) — ) = ((xfl)_l)
where we have used the fact that, by Lemma A.3 and relation (A.3)7 we have

O(ln (n)nlpn(z Z K |AS ) ( o +ay> I Z = caz+ay) 2))_”)'

k=myg k=mo

ii) For the second part of the proof, note that by condition (A.5) on (r,),, relation (A.3) and Lemma A.3,

when c(a; + ay) =1, we have

2u [P (2) [ |Pn (y) [ —u _uy_ JO(n(n)/n)  foru=1,
kzgo T Ipr(z) Pk(y)|“ O(n )k:Zn:LO O(k™) = {O ) foru> 1.

For the case c(agy + ay) > 1, note that for u > 1 and e € {0,1,2}, we have

n—1
5w () et = & ot ()o((;
o cu u(e(as+a,)—2)

o 5w ()o((5) )

Then, for e = 0, using relation (A.3), it is easy to see that

k u(c(a, +Gy)_2)
(%) -

(note that for w = 1 only the third case is possible).

O(n—uc(am +a?/))
O(n=(»=1n(n))
O(n7(2u71))

n—1
n=2 Z (0]

ksz

for uc(ay + ay) = 2u —
for uc(ay +ay) >2u—1

k
n

)uc(aw+ay))

for uc(ay + ay) < 2u —1,

L,

Now we consider the cases e = 1 and e = 2. Note that, setting o := 2u —uc(a; +ay) € Rand f:=eu > 1,

we have that
k

PRAOL(C

) )

2014/10/16 file:

n

o) + o(/m
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where € € (0,1) has been chosen such that g(z) = z~®In”(z~') is monotone in (0,¢] and we recall that
(mo — 1) > 1. Then, we have that

. O(n*='1n’(n)) fora > 1
/ eI’ (z 1) de = { O(In®(n)) for a =1,
" O(1) for oo < 1.

Finally, we can conclude that, for the cases e = 1 and e = 2, we have

n—1 O(n—uelaztay) In (p)) for uc(ay +ay) < 2u —1,
o o (N (R (et ay)—2) o
e 3w (g)o((3) ) = 4 0l W ) for uclas +a,) = 2u— 1,

ke=mo O(n~(u=1)) for uc(ay + ay) > 2u—1

(note again that for uw = 1 only the third case is possible). O

Remark A.1. Setting v"), := (n/k)In°(n/k)Fys1,0(2) Fip1,n(y) for any e € {0,1,2} and mo — 1 < k <
n — 1, and using the relations (A.10), (A.11), (A.12) found in the proof of Lemma A.4, for c¢(a; + ay) > 1
we have:

2 [Pn(@)lPn ()] .
ok = Ukl = 1lpn (@) OUAGLH) = nlpn(2)pa()IOAS1A]) = O(nr 5 ):

o) = o) | = nlpa(@)pa()|O(I(n)AG) ), — AGa )

= npa(@)pn (1) O( (M) AS1 1 — ASp k] + [AS1 k) = O(nrf (In (k) +1) W)

08 =02 = alpa(@)pa )]0 (n)AG k — 21n(n)AGa, + AGs )
= n|pn(x)pn(y)|O (| ln2( JAS: ; — 2In(n)ASs i + ASs 1| + | In(n)ASy ; —

= O(nri(an (E) +In ( ))W)v

Moreover, setting v, = v L/ln( ) for any mp —1 < k < n —1, in the case c¢(ay + ay) = 1 we have:
[Un.k — Unk—1| = ( k/In(n )) when b, + b, # 0 since Lemma A.3 and

)

[pn () |[pn (Y)] .
|U§L°3;u§f}€ = npa(@)pn(W)|O(AG1E]) = nlpn(@)pa(y)|O(|ASL ) = O(nr%m)’

while |vy ; — U k1| = O (rz/ln(n)) when b, + b, = 0 since Lemma A.3 and

0% = ol = D DIOUAGLLD = (D (IO AS14]) = O(r2LelHPN).

A.3. Technical computations for the proofs of (Aletti, Crimaldi and Ghiglietti,
2019, Theorem 4.3 and Theorem 4.4)

In this subsection we collect some technical computations necessary for the proofs of (Aletti, Crimaldi and
Ghiglietti, 2019, Theorem 4.3 and Theorem 4.4). Therefore, the notation and the assumptions used here are
the same as those used in these theorems.
The first technical result is the following:
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8 Aletti, Crimaldi and Ghiglietti

Lemma A.5. Let the matric Apy1,, be defined as in (Aletti, Crimaldi and Ghiglietti, 2019, (4.22)) for
mog —1 <k <n-—1. Then, we have that

[Ak+1 n] = Fk-l—l,n(aj)v
(A0 = @i, = Franle ),
[A3L) 15 = (clajoiﬁ) (Frg1,n(c™Y) = Fogin(a;))), for cay; # 1,
k+1,n - :
" (1= YFepin(c)In (%) + 0™,  forca; =1.
Proof. By means of (Aletti, Crimaldi and Ghiglietti, 2019, (4.20) and (4.22)), after standard calculations,
the elements in A1, for mo—1 <k < n—1 can be written as follows: [At} , ,]j; = Firin(a;), [42%, )55 =
aii_l’n = Frt1n(c71) and
Pnly) o
A = 1 — 75 ,
[ k+1, ’I’L] ( ])pk(cil) k+17n

where

; n -1 ) _ -1
= 2 (o)X ad X = e’ )

G et pi(e;)

Setting AX/ := (X] — X/_,), notice that we have

; 1—ric? ; ric? ; rict ;
AX] = (7—1>XJ = =1 <7)X7 = i—1 (7>Xj.
! 1— 1oy i1 = (eag ) 1—roy i1 = (ea ) 1—re—1) 7t
Hence, in the case ca; # 1, we have that
( E : AX] Ca] )Si+1,n’

I=k+1

which implies

P, S 1),1(pn<c*1> B m(c*))

Stim = =
| palay)  pr(ay)
Using the above expression of Sk 41, 1n the definition of Aiﬂ_l,n, we obtain (for ca; # 1) that
1—a; pulay) /p(c™)  pr(ct) 1—o
- L2 B B (At o)),
Akl caj —1pp(c ') \ puley)  prlay) ca; — 1)\ w7 = Ferinley)

When ca; = 1, observing that Xj = 1 for any [ > 1 and using condition (A.5) we get

n

Si+1,n: Z 1_”6 1 _ o1 Z l—l Z O(p) zj;} % (;;)Zi;"‘o(kl),

I=k+1

where, for the last equality, we have used the fact that &k < n and >_,5, 1/I> = O(1/k). Then, using (A.4)
for a = 0, we have -

éizln(Z) +dy dk—ln(k>+0( Y _ ok = ln(k>+0( o)

(where the last passage follows again by the fact that k¥ < n). Finally, since Lemma A.3 we have | Fj41 ,(c™1)| =
O(k/n), we obtain (for ca; = 1) that

[AR1n)is = (1 - C_l)izgz_&(ln(n/k) + O(l/k)) =1 —c " Fup1nlc)n (k) +0(n™t).

O
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A.3.1. Computations for the almost sure limits of the elements in (Aletti, Crimaldi and Ghiglietti, 2019,
(4.27))

: n—=1 251 1 .
® a.s. — hmn nZk:mo Tk[Ak-i-l,an‘*’lAk-‘rl,n]h’j'

By using the first limit in (Aletti, Crimaldi and Ghiglietti, 2019, (4.29)), we have

n—1 n—1
n Y Bl (Al uannlAkialis = 7 D riBraalng Frann(an) Feran (o))
k?:mo ]{):mo
O (v Zu(l- Za)
— (Vi Vi) Zso (1 — Z).
clop +ag) =117

. -1

e a.s. — lim, nZZ:mO 7‘,% [AiJanBk_HAiJan]h,j:
First, note that when cay, # 1 and co; # 1, we have that nzz;ilo i B ln gl Ad 1 nlnn AR )i
has the same limit as

(=) R B (e
(cop, —1)(caj — 1) ) I kL
n—1
(1 —an)(1 - ay)
(ean Doy~ " 2 TEBerlnsFrin(@n)Firin(a;)
k:mo
n—1
(1—ap)(1—ch _
™ Tean = 1)(ca; = 1) n Z T2 [Brt1)nj Frt1.n(an) Fer1n(c™h)
J k:mo

~ o . c_l n—1
- ((clah —]1))((1caj - 1)) n Y rRBrsaln Frrin(@) Figin (€7,

k:mo

Then, when cap # 1 and coy # 1, using the first limit in (4.29) we obtain, after some standard

calculations,
n—1 -1 -1
f B a.s 1+(C_1)(ah + o )
" Z 2 [Brailn g [AL i1 nlnn[ A nlis — clan + ) — 1 = (v Vj) Zoo(1 = Zoo).
k=mo J

When caj, = ca; = 1, we have that n ZZ;}M i Biyiln (AR 1 nlnnlAf 1 )5 has the same limit as

n—1
(L= 20 S W2 n/k) Bisilng Fon(c ™)
k:mo
n—1
+2 (L—cn Y W(n/k)ri[Bisaln i i a(c™)
k=m0
n—1
+ 072 n Z va [Bk-i-l]hJFk?-&-l,n(Cil)a
k:mo

from which, using the three limits in (Aletti, Crimaldi and Ghiglietti, 2019, (4.29)), we obtain

n—1
n > i Beralng[Ab [ AR )iy S (L4 2e(c = 1)(vi v5) Zoo(1 = Zoo).
k}:mo
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10 Aletti, Crimaldi and Ghiglietti

Finally, when caj # 1 and ca; = 1, we have that nzz;;% 7 Bryiln g [AR 1 nlnnlAG 1 )5 has the
same limit as

1-c1)2 5 2 -1
7)71 Z 1n(”/k)7“k[Bk+1]h,ij+1,n(C )

(cap —1 )

c'1—c) =y 2 2 1
(ca — 1) n Z rk[Bk-i-l]h,ij-l-l,n(c )

h k:mo

1-—ap(l-c1l) =

- con—1 " > In(n/k)r} [Bisaln Frs1m(an) Feean(c™)

k):mo
i) T -1
T ean=1) " > i Brsilng Frpin(an) Frran(c™h),

k:mg

which implies, using the first two limits in (Aletti, Crimaldi and Ghiglietti, 2019, (4.29)), that

n—1 —1
as LlH+(c—1)(c+a;,")
n Y i BraalnglAL AT a)iy = o bt (Vi V) Do (1 = Zoo).-
k,‘:TI’Lo

The case cap = 1 and ca; # 1 is analogous. Therefore, we can summarize the limits in all the above
cases with the formula: . .
1+ (c—D(a,” +a;7)

C(Ozh—‘,—aj)_l (Vzvj)Zoo(l—Zoo).

e a.s.—lim,n ZZ;}% A CT IR RN
Using the first limit in (Aletti, Crimaldi and Ghiglietti, 2019, (4.29)), we have

n—1 n—1
nY R0 ) ke = (=1 ) b Py () S (e = D2 viP 2o (1 - Zoo).
k:mo k:mo

; n—=1 2141 3 .
e a.s5. — lim, nZk:mo e [AkJrl’an_HAkJrl)n]h,j.
. . —1 .
First, when ca; # 1 notice that n Y "; " 12 [Bry1]nj[Af 1 nlnn[A%, 1 ,]j,5 has the same limit as

1—cl &2 _ l—a; =
L T [Brt1lni Fen(an) Fean (™) = cai_jln > 1RBraaln i Frrim(an) Fsin(ay),
J k:mo k:mo

and hence, after standard calculations, we obtain
n—1 —1

2 1 3 as, o (c=1)+c
B i[A A p—
nk§ Tk[ k?Jrl]hy][ k+1,n]h,h[ k+1,n]],J C(Oéh ¥ Oéj) 1
=mo

(Vavi)Zoo(l = Zoo).

When caj =1, nzz;lno T3 Brialn,j[Aky 1 n)nn AR 1 ,)55 has the same limit as

n—1 n—1
(1=c™"n > W(n/k)r[Beialn i Ferim(an) Fepin(c™)+e¢n > 13 [Braln Frptn(an) Fepin(c™h),
k::m(] k:mo
and hence
n—1 —1
as ap (c—1)+c
n Y i Brpln (Al nn[Af )i > hT(V;Vj)Zoo(l —Zw).
k:mo
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Therefore we can summarize the limits of the above two cases with the formula

-1
a, (c=1)+c, +
G €T )T Ty N2 (1= Zo).
)2 (1= Z2)
. n—1
e as. —lim,n) — Tkak+1n[bk;+1Ak+1 it
Notice that

n—1 n—1

n Y rbrialilAb a0k = (€7 = D0 Y ribria]iFrgan(ag) Frpan(c

k:mo k‘:mo

which implies that

n—1
as, 1—c
n Y ribralilAb i liiai i, 2 o (Vi V) Zoo(1 = Zoo).
k=mgo J

e a.s.— lim, nZk mo Tkak+1 n[bk+1Ak+1 nlit
First, when coj # 1, notice that

ny ! o 2[bk+1]j[Az+1,n]jja%+1,n has the same limit as

(1—cH{d —ay)
QjA*I

n—1
n Y ribrraliFrarm (@) Fepan(c™)

k:mo

(1—c1)? = 2 2 1
————n Y ribrp)iFa (e,

caj —1 Pl
which implies after some calculations
s 1—c
2 3 2 a.s - T
n Z Tk[bk+1]j[Ak-&-lm]jjak-i-l,n — o (V1 Vj)Zso(1 = Zs).
k=m0 J

o n—1 9 143 2 .,
When coj =1, n) 0 ri[bryilj[Ary 050541, has the same limit as

n—1 n—1

11

-,

~ = Y /Rl F () — et = S i lbii ] FR (e,

k:mo k:mo

from which we can obtain

n—1
noy o bl ARl @i T el = (Vv Zoo(1 — Zec).
k:mg

Therefore, we can summarize the limits of the above two cases with the formula

1‘,
SV Zoo(1 = Zo).

@
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A.3.2. Computations for the almost sure limits of the elements in (Aletti, Crimaldi and Ghiglietti, 2019,
(4.30))
. n—1
e a.s.—lim, % Zk:mo rl%[Ak—&-l,anJrlAllf—&-l,n]hJ:
By using (Aletti, Crimaldi and Ghiglietti, 2019, (4.31)), we have

n—1 n—1
n n
] > riBrsiln [ Ak 1 nlnnlAk 10l = e > i Brgalni Frertn(an) Frpan(eg)
n(n) ) n(n) k=m0

c? if ba,, + 0o, =0,

a.s T
— V(1 — Z
(Vi V) Zoo( ){0 if ba, + ba, # 0.

. -1
¢ a.s. — hm” ln?n) ZZ:mo rl2f [Ai—s-l,anJrlAi—&-l,n]hvj:
Since c¢(ap, + ;) = 1 implies cap # 1 and coyj # 1, we have that

n—1

n
n(n) Z i Brs1ln [AR 1 alnn AR i1 nlj
k=myo
has the same limit as
n—1
(1- c—l)z n ) , B
i [Br+1ln,j Fior1n(c™)
e~ Deay 1) TGy 2 "HPestlhs Pl
n—1
1-—ap)(l—0a;) n )
B Fiiin Fiiqn(a
(cap, — 1)(caj — 1) In(n) kz T [Brt 1], Fr+1,n(an) Fiy1,n ()
=meo
n—1
(1_0%)(1 —C_l) n 5 3
(cap —1)(caj — 1) In(n) kZ Tic[Bralng Ferin(an) Fregrn(c7)
—meo

1-—o)(l—cl) n =

 (cap — 1)(ca; — 1) In(n) > rRBrln g Freat (o) Frrrn(c™),

k:mo

which is equal to

n—1
(ap — 1) (a; — 1) n 9
0(1)+< Cgahaé o kZ Te[Br1]n,j Frr1n(on) e n(ay).
—

Hence, we have that

n—1
n ) s ,
In(n) k:Zmo T Brs1ln i [Ars1 nlnn[Ak 1 nlh,j

n-Dls-D) ey Ly g
E} (V}—LFVJ)Zoo(l — Zoo) o0 1 o, T o ,
0 if Doy, + b, # 0.

. n n—1 2 2 2.
e a.s. — lim, W(n) Zk:mo T”kbk+1(ak+1,n) :

Since the calculations are analogous to those in Subsection A.3.1, we have

n—1
n 2 2 2 a.s
TN Tebk1(ay, 1, )? = 0.
In(n) k;no o
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o a.s. —lim, gy Zk =mo [Ak+1 an+1Ak+1 nlhjt
Since ¢(ap, + ;) = 1 implies co; # 1, we have that

n—1
n
> i Brsln Ak alnnlAT 10

has the same limit as

e\ n =2
( ) > i Brslng Frrn(an) Frpin(c™)

caj — 1/ In(n)

n—1

1—q; n

- (cozj —J1> In(n) kz 1% Brraln Frr1n(0h) Fig1n(ay)
—mg

=o(1) - ( ! _ & ) z_: k[ Br+1ln,j Fret1.n(an) Frian (o).

Hence, we have

n—1
n E
7 > i BrlnglAk s alnnlAf 0l
n(n) )

Cloyml) _clan) ey 4p, =0
5 (Vi Vi) Zoo(1 = Zoo) § 71 o
if ba,, + ba, # 0.

e a.s.— lim, 1n(n Zk =mo rkak+1 n[bk+1Ak+l nlit
Since the calculations are analogous to those in Subsection A.3.1, we have

n—1
n .
Z 7"%[bk+1]jai+1,n[‘411c+1,n]jj =3 0.

® a.s.— lim, s Zk =mo Tkak+1 n[bk+1Ak+1 nlit
Since the calculations are analogous to those in Subsection A.3.1, we have

n—1
n s
Z 7’%[bk+1]jaz+1,n[Ai+1,n]jj = 0.

B. Stable convergence and its variants

This brief appendix contains some basic definitions and results concerning stable convergence and its variants.
For more details, we refer the reader to Crimaldi (2009, 2016); Crimaldi, Letta and Pratelli (2007); Hall and
Heyde (1980) and the references therein.

Let (92, A, P) be a probability space, and let S be a Polish space, endowed with its Borel o-field. A kernel
on S, or a random probability measure on S, is a collection K = {K(w) : w € } of probability measures
on the Borel o-field of S such that, for each bounded Borel real function f on S, the map

@ Kf(w) = [ f0) Kw)dz)
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14 Aletti, Crimaldi and Ghiglietti

is A-measurable. Given a sub-o-field H of A, a kernel K is said H-measurable if all the above random
variables Kf are H-measurable.

On (9, A, P), let (Y,), be a sequence of S-valued random variables, let H be a sub-o-field of A, and let
K be a H-measurable kernel on S. Then we say that Y,, converges H-stably to K, and we write Y, — K
‘H-stably, if

P(Y, €| H) "8 E(K()|H]  forall H€ H with P(H) >0,

where K(-) denotes the random variable defined, for each Borel set B of S, as w — Klp(w) = K(w)(B). In
the case when H = A, we simply say that Y;, converges stably to K and we write Y;, — K stably. Clearly,
if ¥;, — K H-stably, then Y,, converges in distribution to the probability distribution E[K(-)]. Moreover,
the H-stable convergence of Y,, to K can be stated in terms of the following convergence of conditional

expectations:
o(L', L™)
E[f(Yn)[H]  —  Kf (B.1)
for each bounded continuous real function f on S.

In Crimaldi, Letta and Pratelli (2007) the notion of H-stable convergence is firstly generalized in a natural
way replacing in (B.1) the single sub-o-field H by a collection G = (G,), (called conditioning system) of
sub-o-fields of A and then it is strengthened by substituting the convergence in o(L!, L>°) by the one in
probability (i.e. in L', since f is bounded). Hence, according to Crimaldi, Letta and Pratelli (2007), we say
that Y;, converges to K stably in the strong sense, with respect to G = (G, )n, if

E[f(Ya) |G 2 Kf (B.2)

for each bounded continuous real function f on S.

Finally, a strengthening of the stable convergence in the strong sense can be naturally obtained if in
(B.2) we replace the convergence in probability by the almost sure convergence: given a conditioning system
G = (Gn)n, we say that Y, converges to K in the sense of the almost sure conditional convergence, with
respect to G, if

Ef(Ya)|Ga] == Kf

for each bounded continuous real function f on S. The almost sure conditional convergence has been in-
troduced in Crimaldi (2009) and, subsequently, employed by others in the urn model literature (e.g. Aletti,
Ghiglietti and Vidyashankar (2018); Aletti, May and Secchi (2009); Zhang (2014)).

We now conclude this section recalling two convergence results that we need in our proofs.

From (Crimaldi and Pratelli, 2005, Proposition 3.1), we can get the following result.

Theorem B.1. Let (T k)n>1,1<k<k, e a triangular array of d-dimensional real random vectors, such
that, for each fized n, the finite sequence (T k)1<k<k, S @ martingale difference array with respect to a
given filtration (G k)k>0. Moreover, let (t,), be a sequence of real numbers and assume that the following
conditions hold:

(c1) Gn ik CGOni1k for eachn and 1 <k <k,;
(c2) Zle(tnTn,k)(tnTn,k)T =2 Z[l Tn,kTLc £, 33, where X is a random positive semidefinite matriz;

Ll
(c3) SUPq <<k, [tnTh k| — 0.

Then t, ZZ”:’l T, ;. converges stably to the Gaussian kernel N'(0,%).
The following result combines together a stable convergence and a stable convergence in the strong sense.

Theorem B.2. (Berti et al., 2011, Lemma 1) Suppose that C,, and D,, are S-valued random variables,
that M and N are kernels on S, and that G = (Gp)n is a filtration satisfying for all n

o(Cn)CGn and  o(Dn)Co (U, 9n)
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If C,, stably converges to M and D,, converges to N stably in the strong sense, with respect to G, then
(CnyDp) — M QN stably.

(Here, M ® N is the kernel on S x S such that (M ® N)(w) = M (w) ® N(w) for all w.)
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