
Contents lists available at ScienceDirect

Engineering Fracture Mechanics

journal homepage: www.elsevier.com/locate/engfracmech

A unified mean stress correction model for fatigue thresholds
prediction of metals
Yong Liua, Marco Paggib, Baoming Gonga,⁎, Caiyan Denga
aDepartment of Materials Science and Engineering, Tianjin University, Road Weijin 92, Tianjin 300072, China
b IMT School for Advanced Studies, Piazza San Francesco 19, Lucca 55100, Italy

A R T I C L E I N F O

Keywords:
Mean stress effect
Fatigue limit
Stress ratio
Strain energy
Dimensional analysis

A B S T R A C T

Two fatigue characteristic thresholds, i.e. fatigue limit Δσe and fatigue crack propagation
threshold ΔKth, have significant mean stress sensitivity. In the work, a new mean stress correction
model for the two fatigue thresholds is proposed based on the cyclic strain energy density con-
cept. Extensive experimental data in the literature is unified evenly by the proposed normalized
fatigue threshold-R curves. Besides, a comparison of the proposed model with the existing models
is carried out, which demonstrates that the present work can achieve more accurate predictions
with the advantage of being of easy use and of being independent on any material constant.

1. Introduction

In fatigue analyses and design, there are two commonly used thresholds: fatigue limit (or endurance limit) Δσe and fatigue crack
propagation threshold ΔKth, which correspond to different design philosophies. The fatigue limit is used within the frame of a safe-life
concept, whereas the fatigue crack propagation threshold is part of a damage tolerance design. These two thresholds are usually
considered as material properties. However, different from the other material properties such as yield strength and ultimate strength,
the fatigue limit and fatigue crack propagation threshold are strongly related to the applied load conditions, rather than intrinsic
material constants. It is well known that the mean stress σm or stress ratio R of the applied load has a significant effect on Δσe and ΔKth
[1,2]. In order to avoid time consuming experimental testing, various mean stress correction methods have been proposed to establish
the relationships between the fatigue thresholds and mean stress for different failure modes, materials and environments. Regarding
the mean stress effect on fatigue limit Δσe, many relations, mostly empirical, were proposed during last decades, such as the well-
known Goodman's [3], Gerber's [4], and Smith-Watson-Topper's [5] method, etc. Despite their extensive usage, there exists no
consensus on the accuracy and physical basis. Besides, these empirical relationships only give rough estimation of the fatigue limit
under different mean stresses, which sometimes deviates seriously from the actual value.

As for the fatigue crack propagation threshold, the models considering the mean stress effect can be classified in two categories.
The models in the first category are based on the crack closure theory, where crack closure is considered as a dominant mechanism
influencing the fatigue crack propagation behavior including the mean stress effect on fatigue crack propagation threshold. Based on
crack closure measurements or analytical crack closure models at different mean stress or stress ratio, an effective ΔK is calculated to
unify crack propagation data. The most well-known mean stress equation in this category was proposed by Elber [6]. A complete
historic review of the research and development of R-dependence of crack closure has been reported by Zhu et al. [7]. However, the
difficulty of this kind of model is the application of crack closure [8]. The second category hosts the equations which are directly
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fitted to crack propagation threshold at different mean stresses, such as the well-known Walker’s equation [9]. The equations used in
the second category usually have the same form as the relation between the fatigue limit and mean stress or stress ratio [10]. From
this view, if the mean stress correction model of fatigue limit is well established, it is able to reach a satisfactory mean stress
correction model of fatigue crack propagation threshold simultaneously.

In this work, a new mean stress correction model is proposed for fatigue limit prediction of metals based on the assumption that
the needed elastic strain energy leading to fatigue failure is identical under different stress ratios. A unified fatigue limit Δσe-R
correlation can be obtained, and very good correspondence is achieved between the proposed model and experimental data sets in the
literature, including steel, aluminum, titanium alloys, magnesium alloys and nickel alloys. Furthermore, a fatigue crack propagation
threshold ΔKth-R relationship is established based on the proposed Δσe-R correlation and verified by the experimental results. Finally,
a comparison of the proposed models with the existing models is carried out and it is found the present models can achieve more
accurate predictions with the advantage of being of easy use and of being independent on any material constant.

2. The new mean stress correction model

2.1. R-dependence model of fatigue limit ΔσeR

Fatigue damage evolution is an irreversible thermodynamic process accompanied by energy dissipation [11]. In the high cycle
fatigue of metal materials, the dissipative energy can be divided into two parts: anelastic dissipation and inelastic dissipation,
neglecting other forms of energy dissipation such as acoustic emission, electricity and magnetism [12]. Anelastic dissipation is caused
by internal friction, which involves deformation mechanisms such as reversible movement of dislocations and grain boundaries [13].
According to the damage accumulation theory, the accumulation of microplastic deformation induced by cyclic loading results in
fatigue failure, whilst anelastic dissipation does not cause material damage. Inelastic dissipation refers to the energy dissipation due
to the formation of the microcracks and microplastic deformation, which is the main factor of fatigue fracture [14]. Fig. 1 illustrates
the variation of the dissipative energy vs. the stress range [13]. When the applied stress range is below the fatigue limit, there is no
inelastic dissipation since the mechanical behavior of material is mainly related to recoverable microstructure motions. On the

Nomenclature

E Young’s modulus
Δσe fatigue limit or endurance limit
ΔKth fatigue crack propagation threshold
σm mean stress
R stress ratio
Rref reference stress ratio
ΔσeR fatigue limit at stress ratio R
Δσe,ref fatigue limit at reference stress ratio
Δσe,-1 fatigue limit at stress ratio R = −1
Wc critical anelastic dissipative energy
V stressed material volume
W
V

c critical anelastic dissipative energy density
we elastic strain energy density by Kujawski

ΔKthR fatigue crack propagation thresholds at the stress
ratio of R

ΔKth0 fatigue crack propagation thresholds at the stress
ratio of 0

g(R) mean stress correction function for ΔKth
α material-dependent parameter in Kwofie equation
γ material-dependent parameter in Walker equation
k material-dependent parameter in Sekercioglu

equation
Y geometric factor
a crack length

Abbreviations

UTS ultimate strength stress
TTS true tensile strength
YS yield stress
RMSE root mean squared error

Fig. 1. The schematic diagram of energy dissipation as a function of applied stress range for materials.
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contrary, for the applied stress range above the fatigue limit, microplastic deformation appears and induces inelastic dissipation.
Accordingly, the fatigue limit of material corresponds to a critical value of anelastic dissipative energyWc, at which the mechanism of
energy dissipation transforms from anelastic dissipation to the combined effect of anelastic dissipation and inelastic dissipation. In
the work, the critical anelastic dissipative energy Wc is assumed to be a material constant and used as an indicator to measure the
fatigue limit.

The analyzed specimens in the present study are limited to engineering metals and to axially loaded, smooth ones. Naturally,
strain energy density can be adopted easily as a characteristic parameter to calibrate the intensity of repeated load for the considered
specimens, which is independent of the geometric reference system and represents the parameter necessary for the estimation of
fatigue limit of metallic structural components [15]. Accordingly, the critical anelastic dissipative energy Wc can be expressed as the
form of strain energy density, W

V
c , which can be easily obtained by measuring the area enclosed by stress-strain curve and the

coordinate axis as shown in Fig. 2 (V is the stressed material volume). Fig. 2 illustrates a sketch of the strain energy density per cycle
at two different stress levels (R > 0 and R < 0) in the high cycle fatigue regime.

For a stress ratio R ≥ 0, the strain energy density per cycle can be expressed as:

= = +W
V E E

R
E R2 2

(1 )
2 (1 )

c max
2

min
2 2

(1)

while for a stress ratio R < 0, the strain energy density per cycle can be expressed as:
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If the reference fatigue limit Δσe,ref is obtained by experiment at Rref ≥ 0, according to the above discussion, the following
equation for any R ≥ 0 can be derived:
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If Eq. (3a) is re-formulated, the ratio between the fatigue limit at a stress ratio R and that at the reference mean stress can be
obtained as:

= +
+

R R
R R

R R(1 )(1 )
(1 )(1 )

( 0, 0)Re

e,ref

ref

ref
ref

(3b)

where ΔσeR denotes the fatigue limit at stress ratio R.
For R < 0, the equation is given as:
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If Eq. (4a) is re-formulated, the ratio between the fatigue limit at a stress ratio R and that at the reference mean stress can be
obtained as:

Fig. 2. Schematic diagram of cyclic strain energy density at different stress ratios.
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Similarly, if the reference fatigue limit Δσe,ref is obtained by experiment at Rref < 0, then
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It should be mentioned here that a previous work by Kujawski et al. [16] also used the elastic strain energy density as an indicator
to consider the fatigue limit under different stress ratios. However, in their work, the elastic strain energy density is defined as a
constant:

=w
E2e

2

(7)

Further, a fatigue damage parameter ψe, which is assumed to be equal under different stress ratios, is defined as:

= w f R( )e e (8)

where f R( ) is a function of stress ratio. Kujawski et al. [16] used a power law form to define the stress function f R( ). In the work, the
effect of mean stress or stress ratio is naturally included in the strain energy density as shown in Eqs. (1) and (2), without introducing
extra function f R( ).

2.2. Modeling R-dependence of fatigue crack propagation threshold ΔKthR

For cracked components, the stress intensity factor range ΔK is usually used to assess the fatigue crack propagation behavior. The
fatigue crack propagation threshold ΔKth is the stress intensity factor range below which cracks do not propagate. Since crack growth
is due to the tensile portion of the cyclic stress and that compressive loads are less detrimental, the effect of R > 0 on crack growth
attracts more attention relative to R = 0.

=K
K

g R( )Rth

th0 (9)

where ΔKthR and ΔKth0 are the fatigue crack propagation thresholds at the stress ratio of R and 0, respectively. g R( ) is the mean stress
correction function for ΔKth. According to the Kitagawa-Takahashi theory [17], the relation between fatigue crack propagation
threshold ΔKth and fatigue limit Δσe can be expressed as

=K Y ath e (10)

where Y is the geometric factor and a is the crack length. Accordingly, Eq. (9) can be re-written as

=K
K

R Rth

th0

e

e0 (11)

Further, according to Eq. (3b), the mean stress correction model of fatigue crack propagation threshold can be derived as

=
+

<K
K

R
R

R1
1

(0 1)Rth

th0 (12)

It is worth noting that the same equation is also proposed by McEvily [18] to model the R-dependence of ΔKth, but the corre-
sponding reasoning is not provided.

3. Experimental validation

3.1. Validation of the proposed ΔσeR-R model

To verify the accuracy of the proposed ΔσeR-R model, the authors are able to locate a total of 145 experimental data sets at
different mean stresses of various materials, including steels, aluminum alloys, titanium alloys, magnesium alloys and nickel alloys.
Most of the data sets are summarized in a tabular form in Ref. [19] and some are extracted from the S-N curves using the commercial
software GetData when numerical values are not available [20–30]. Besides, special attention should be paid to the experimental data
sets of aluminum alloys in Ref. [19], where most of the fatigue limits are determined at a fatigue life of more than 108 cycles,
indicating that fatigue failure occurs at the stage of the very high cycle fatigue (VHCF). It has been widely studied that there is a
significant difference in the failure mechanism between the stages of high cycle fatigue and VHCF [31,32]. In the VHCF regime, the
crack usually initiates at the interior of the specimen, which may be dominated by the internal inclusions. Therefore, the present
theory cannot be applied to study the fatigue behavior in the VHCF regime. Only the fatigue limits at 107 cycles are used in the work.
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All data are provided with more details in the Supplement material.
In all the experiments, the fatigue limit Δσe,-1 at zero mean stress is known, and thus adopted as a benchmark, i.e. Rref is chosen to

be −1.0 and Δσe,ref is equal to Δσe,-1. Because of Rref < 0, Eqs. (5) and (6) are used to predict the fatigue limit at R range from−1.0 to
1.0. The comparison between the proposed model and the experimental data sets is shown in Fig. 3 with all the fatigue limits
normalized by Δσe,-1 in ordinate axis. In order to assess the universal applicability of the proposed model to engineering metallic
materials, Fig. 3a, 3b and 3c compare the proposed model with the experimental data sets of steels, aluminum alloys and other non-
ferrous alloys (excluding aluminum alloys), respectively. It can be found that the prediction agrees with experimental results with a
satisfactory degree of accuracy. Fig. 3d shows that all data points of each material uniformly collapse into a single normalized fatigue
limit ΔσeR-R curve, and the method can describe the mean stress effect on fatigue limits successfully in a unified form.

3.2. Validation of the proposed ΔKthR-R model

R-dependence of fatigue crack propagation threshold, i.e. Eq. (12), is verified by the experimental data from Refs. [16], [33] and
[34], including steels, aluminum alloys, titanium alloys, and copper. It can be seen in Fig. 4 that the proposed model can describe the
trend of ΔKthR v.s. R successfully. Moreover, it is found the data scatter of fatigue crack propagation threshold is much slightly larger
than that in Fig. 3 due to the complexity of crack propagation rate test [35].

4. Discussions

4.1. A comparison of the proposed ΔσeR-R model with the existing models

The proposed ΔσeR-Rmodel is further compared with the well-known mean stress correction approaches in terms of simplicity and
accuracy. An overview of some existing mean stress correction models as well as their related material constant and fitting para-
meters is presented in Table 1, where UTS, TTS and YS denote the ultimate tensile strength, true tensile strength and yield strength,
respectively; α, γ and k are the related material-dependent parameters. To estimate fatigue properties for a non-zero mean stress,
fatigue limit Δσe,-1 at zero mean stress is indispensable for all the models. Only the Smith-Watson-Topper (SWT) relationship and the

Fig. 3. Validation of the proposed ΔσeR-R model by the experimental datasets taken from literature.

Y. Liu, et al. Engineering Fracture Mechanics 223 (2020) 106787

5



Fig. 4. Validation of the proposed ΔKthR-R model by the experimental datasets in the literature.

Table 1
The existing mean stress correction models.

Model Equation Parameters

Smith-Watson-Topper [5]
= ( )R Re

e,-1
1

2

1
2 e,-1

Gerber [4,9]
= ( )1R me

e,-1 UTS
2 e,-1, UTS

Goodman [3] = 1R me
e,-1 UTS

e,-1, UTS

Smith [36] = +( )R m
m

e
e,-1

UTS
UTS

e,-1, UTS

Dietmann [37] = 1R me
e,-1 UTS

e,-1, UTS

Marin [38]
= ( )1R me

e,-1 UTS
2 e,-1, UTS

Soderberg [39] = 1R me
e,-1 YS

e,-1, YS

Morrow [40] = 1R me
e,-1 TTS

e,-1, TTS

Walker [9] = ( )R Re
e,-1

1
2

e,-1, γ

Kwofie [41] = ( )expR me
e,-1 UTS

e,-1, UTS, α

Sekercioglu [42]
= ( )[1-R m

k
e
e,-1 YS

2 e,-1, YS, k

Fig. 5. Comparison of the proposed ΔσeR-R model with other models.
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present model have the advantage of being independent of any material constant, while the other correction equations have to
introduce the material strength in terms of UTS, TTS or YS, which is easily available. In Walker, Kwofie and Sekercioglu models, a
material-dependent fitting parameter is additionally included. Although a reasonable fit over the entire range of the data can be
obtained, the physical meaning is ambiguous and the transferability of the fitting parameters is therefore highly questionable. Thus,
Kwofie and Sekercioglu models are excluded from the comparison among the existing models and the experimental data in this work.
It is worth noting that Walker equation regenerates into SWT if the exponent γ is equal to 0.5.

A direct comparison of the models in a single figure is not straightforward due to the types of the independent variables.
Therefore, the accuracy of the models is compared separately based on the independent parameters required by each model. The
present work is compared with the SWT model and Walker equation with the assumed exponent in terms of normalized fatigue
limit-R as shown in Fig. 5a. It can be seen that the proposed model is the most consistent with the experimental results among the
models. Fig. 5b shows the comparison of the models in terms of the normalized fatigue limit Re

e,ref
vs. the normalized mean stress

UTS
m .

Comparing Fig. 5b with Fig. 5a, it is found that when the abscissa is expressed in the form of
UTS

m , the dispersion of the data is much
larger than that expressed in the form of R. It is difficult to judge which model is more accurate as shown in Fig. 5b, since most data
points fall into the range between the prediction of Smith model and that of Marin model, and Smith model is the most conservative
in contrast to the Marin model.

To quantitatively study the accuracy of each model, an analysis of the root mean squared error (RMSE) between the prediction
results of each model and the experiment data is carried out. Defining the predicted Re

e,-1
as yiR and the experimental Re

e,-1
as yiR, the

RMSE can be obtained by:

=
=n

y yRMSE 1 ( )
i

n

iR iR
1

2

(13)

where n is the number of the data point. The result is shown in Fig. 6 and it can be clearly seen that the proposed model has the least
prediction error compared to the other models. Besides, the prediction accuracy of the Walker model with the γ value of 0.5 (SWT
model) is satisfied as well. However, compared with the proposed model, the SWT model overestimates the fatigue limits when R> 0
and underestimate the fatigue limits when R < 0 (see Fig. 5a).

4.2. A comparison of the proposed ΔKthR-R model with the existing models

Similarly, a comparison of the crack propagation threshold correction model proposed in the present work with the existing model
is carried out as well. The used crack propagation threshold correction models are given as follows: [43–45]

=K
K

R1 (Masounaye model [43])Rth

th0 (14)

=K
K

R(1 ) (Davenport model [44])Rth

th0

1 2
(15)

=K
K

R1 (Grant model [45])Rth

th0

2
(16)

Fig. 6. Error analysis of various fatigue limit correction models.
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+ ++ +( )

K
K

1.8

4
(Kujawski model [16])R

R
R

R
R

th

th0 1
1

1
1

2 1 2 1 2

(17)

Fig. 7a shows the comparison of the proposed model and the existing models with experimental data and Fig. 7b displays the
corresponding error analysis calibrated by RMSE. Still, the accuracy of the proposed model seems to be the highest.

5. Conclusion

In conclusion, a new mean stress effect correction model of high-cycle fatigue limit is proposed in the work, which is based on the
assumption that the needed elastic strain energy leading to fatigue failure is identical under different stress ratios. Based on the
proposed mean stress correction of fatigue limit, a unified mean stress correction of fatigue crack propagation threshold is further
derived. The proposed models of the two thresholds are verified with various materials, including steels, aluminum alloys and
titanium alloys, etc. All the studied materials uniformly collapse into a single normalized ΔσeR-R curve or normalized ΔKthR-R curve.
At final, the comparison with the existing models is performed and the accuracy and simplicity of the proposed model is proved.
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