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Concentration inequalities for semidefinite least
squares based on data

Filippo Fabiani and Andrea Simonetto

Abstract—We study data-driven least squares (LS) problems
with semidefinite (SD) constraints and derive finite-sample guar-
antees on the spectrum of their optimal solutions when these
constraints are relaxed. In particular, we provide a high confi-
dence bound allowing one to solve a simpler program in place
of the full SDLS problem, while ensuring that the eigenvalues
of the resulting solution are ε-close of those enforced by the SD
constraints. The developed certificate, which consistently shrinks
as the number of data increases, turns out to be easy-to-compute,
distribution-free, and only requires independent and identically
distributed samples. Moreover, when the SDLS is used to learn
an unknown quadratic function, we establish bounds on the error
between a gradient descent iterate minimizing the surrogate cost
obtained with no SD constraints and the true minimizer.

Index Terms—Data-driven modeling, Optimization, Machine
learning.

I. INTRODUCTION

LEAST squares problems are one of the workhorses of
signal processing and machine learning, as well as a

multitude of other domains. When the underlying problems are
equipped with semidefinite (SD) constraints, we often use the
term semidefinite least squares (SDLS), whose first occurrence
traces back to the 60’s [1]. The resulting constrained programs
have a number of key applications in mechanics [2]–[4], fi-
nance [5], [6], stochastic control [7], and functional estimation
[8]. Besides finding widespread application, one of the main
challenges in SDLS is the presence of the SD constraint, which
increases significantly the overall computational complexity.

In particular, throughout this letter we will be interested in
data-driven, convex SDLS of the following general form:

min
x∈X

1

N
∥Ax− b∥2 + ρ∥x∥2

s.t. Λ(F (x)) ∈ [m,L],
(1)

where a dataset consisting of N samples {z(i)}Ni=1, with
z(i) := (x(i), y(i)), x(i) ∈ Rn, and possibly noisy y(i) ∈ R,
populate matrix A ∈ RN×n and vector b ∈ RN . While the
convex set X ⊆ Rn introduce inequality and equality con-
straints, F : Rn → Sℓ maps x into a symmetric matrix relation
with spectrum Λ(F (x)) constrained within [m,L]. In particu-
lar, F (·) amounts to a (LMI), F (x) = F0+x1F1+. . .+xnFn,
for given symmetric matrices F0, F1, . . . , Fn ∈ Sℓ. Moreover,
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while the first part in the cost performs mean squared error
minimization, the second one denotes the regularization term
with ρ > 0, making the overall cost strongly convex with a
unique optimal solution.

Note that one can readily transform (1) into the associated
matrix version by the vectorization operator vec(·) stacking
the matrix columns into a vector, i.e., x = vec(X). We can
then write ∥Ax − b∥2 = ∥CX − B∥2F , where ∥ · ∥F denotes
the Frobenius norm, with b = vec(B) and, by exploiting the
Kronecker product, C = I ⊗ A. Therefore, popular instances
that can be immediately recast in the form of (1) are at least
two. The first one amounts to the projection-onto-the-cone:

min
X≽0

1

2
∥X − P∥2F ,

for a given matrix P ∈ Sℓ, which is typically solved via
singular value decomposition and eigenvalue clipping [9]. It
can be also extended to Λ(X) ∈ [m,L] straightforwardly.

A less obvious instance is the SD Procrustes problem:

min
X≽0

1

2
∥TX − P∥2F .

When T ∈ Rℓ×ℓ is full rank, the factorization X = E⊤E is
exact and can be used to remove the SD constraint [2].

In general, however, the complexity of (1) is dominated by
the SD constraint. In this letter, we ask the question of when
we can safely remove the SD constraint and thereby transform
the semidefinite program (SDP) (1) into an easier program
frequently turning into a quadratic program (QP), according
to the shape of X . This can not be done in general if the
SD constraints are added for the purpose of regularizing the
problem. However, when A and b stack noisy samples as in
(1), the “true” optimal solution x⋆ ∈ X is the one obtained
with non-noisy unbiased (possibly infinite) data samples, and
Λ(F (x⋆)) ∈ [m,L], then one can safely relax the requirement
on the span of F (x), and analyze the distribution of the
eigenvalues of F (x⋆

N ), where the (random) quantity x⋆
N solves

(1) with no SD constraints and N noisy samples.
The question of determining in probability when certain

constraints are satisfied, which are so for the true process x⋆,
goes under the umbrella of concentration inequalities, which
offer bounds on how random variables deviate from a certain
value (typically, the expectation). Concentration inequalities,
also known as tail bounds or finite-sample certificates [10],
have a long history in statistical learning—see, e.g., [11,
Ch. 1]—and they have been recently used for data-driven
control and decision-making [12]–[15] as well as ordinary
least squares (LS) [16]. Here, we will be interested in matrix
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concentration inequalities aligned to the McDiarmid’s one as
in [17, §7]. Although other type of concentration inequalities
tailored for matrices exist, such as Bernstein [17, §6] [18] or
PAC-Bayes [19], [20], none of them captures the deviation
between the sampled value and the expected value of a matrix
function when evaluated on independent random variables.
This is a key aspect in our data-driven framework. Concentra-
tion of measures as in [21], instead, go beyond our interest.

Our contributions can then be summarized as follows:
1) We establish a distribution-free concentration bound on

the span of F (x⋆
N ), where x⋆

N minimizes (1) with no
SD constraints, and it is therefore much easier to solve;

2) Based on the previous result, when the original SDLS is
designed to learn a quadratic, yet unknown, function, we
show how to bound the error between a gradient descent
iterate minimizing the surrogate cost obtained with no
SD constraints and the true minimizer x⋆.

Finally, our theoretical results are corroborated on a numerical
example addressing a quadratic function fitting problem.

II. EXAMPLES OF SDLS PROBLEMS

To fully motivate the problem addressed in this letter, we
discuss next several applications of the SDLS problem in (1).

Example 1 (Fitting a quadratic function [8]). Given an
unknown, quadratic, positive SD function, f(x) := x⊤Qx +
c⊤x + r, Q ≽ 0, c ∈ Rn and r ∈ R, the task is
to estimate the latter parameters through (Q̂, ĉ, r̂), thereby
producing f̂(x) := x⊤Q̂x + ĉ⊤x + r̂, through measurements
y(i) = f(x(i)) + η(i) collected at x(i) ∈ Rn and affected by
noise η(i), i ∈ {1, . . . , N}. We can formulate the problem as:

min
Q̂≽0,ĉ,r̂

1

N

N∑
i=1

(f̂(x(i))− y(i))2,

which can be readily transformed into:

min
ξ∈Rn2+n+1

1

N
∥Aξ − b∥2 s.t. F (ξ) ≽ 0, (2)

for a suitable data matrix A, vector b, and LMI F . In general,
we may also want to impose Λ(F (ξ)) ∈ [m,L], for all ξ. □

Example 2 (Kernel ridge regression [22]). Akin to the above,
we now want to estimate some smooth, strongly convex
function f(x) through noisy measurements at x(i) ∈ Rn,
i ∈ {1, . . . , N}. By assuming that f belongs to a reproducing
kernel Hilbert space (RKHS) with kernel function k(·, ·) and
bounded RKHS norm, exploiting the reproducing property
makes our goal to finding coefficients α ∈ RN so that:

min
α∈RN

1

N
∥Kα− y∥2 + ρ∥α∥2

s.t. Λ([∇2κ(xs)] · α) ∈ [m,L], s ∈ S,
(3)

where K ∈ SN is the so-called Gram matrix, with entries
Ki,j = k(x(i), x(j)), and y = [f(x(1)) + η(1) · · · f(x(N)) +
η(N)]⊤ obtained by means of noisy samples. By letting
κ(x) := [k(x, x(1)) · · · k(x, x(N))]⊤, in the constraints
we then indicate with the “dot” a weighted sum over the
third tensor dimension, thereby forcing the eigenvalues of the

Hessian associated to the estimate of f(x) within [m,L] at
specific points xs ∈ Rn, s ∈ S, to be selected. □

Example 3 (Elasticity and inertia estimation [2], [4]). Given
a matrix of data containing applied forces F and one collect-
ing the resulting measured displacements X , one wishes to
reconstruct the elasticity matrix K as follows:

min
K≽0

1

2
∥KX − F∥2F .

The above can be generalized to estimate the matrix of inertia
for rigid bodies, such as satellites, with angular matrix M and
torque matrix T . For a suitable matrix R, we then have:

min
J≻0

1

2
∥JM − T∥2F s.t. RJ ≥ 0. □

Example 4 (Covariance fitting [7]). Given a stochastic linear
system ẋ = Ax+Bd, with A ∈ Rn×n being a Hurwitz matrix,
and B ∈ Rn×m mapping disturbance d ∈ Rm over the state,
the LS covariance fitting problem can be formulates as:

min
X≽0,H

1

2
∥X − Σ∥2F

s.t. AX +XA⊤ = −(BH +H⊤B⊤),

where Σ = 1
N

∑N
i=1 x

(i)x(i)⊤ ≽ 0 is the sample covariance
matrix obtained through N -state measurements x(i) ∈ Rn. □

III. FINITE-SAMPLE GUARANTEES FOR SDLS
Next, we establish the main result of our paper, i.e., we

derive finite-sample guarantees on the spectrum of F (x) in
(1) when the constraints Λ(F (x)) ∈ [m,L] is relaxed. To this
end, we will consider a simplified version of (1) that does not
include any SD-type of constraints Λ(F (x)), namely:

min
x∈X

1

N
∥Ax− b∥2 + ρ∥x∥2. (4)

Let x⋆
N denote the resulting optimal solution, where the

subscript emphasizes its data-driven nature, i.e., x⋆
N =

x⋆
N (z(1), . . . , z(N)). Note that x⋆

N is inherently random ac-
cording to the unknown distribution P underlying data. Our
goal is then to establish probabilistic guarantees on how the
span of F (x⋆

N ) concentrates as N grows. To achieve our goal,
we postulate the following working assumptions:

Standing Assumption 1. The SDLS in (1), and hence (4), re-
lies on N independent and identically distributed (i.i.d.) sam-
ples {z(i)}Ni=1 drawn according to some unknown probability
distribution P, and appropriately stacked into matrix A and
vector b. The data is noisy but unbiased, and the underlying
true process x⋆, for which we collect samples {z(i)}Ni=1 and
that we want to estimate, verifies all the constraints in (1). □

Armed with these, we can therefore prove what follows:

Theorem 1. Fix δ ∈ (0, 1) and ρ > 0. Then, there exists
ε = ε(ℓ, δ,N) > 0 such that, with probability at least 1− δ,

Λ(F (x⋆
N )) ∈ [m− ε, L+ ε] . □

Proof. We use F (·) as an application mapping the N data via
x⋆
N into a symmetric matrix of dimension ℓ, i.e., F (x⋆

N ) =
F (x⋆

N (z(1), . . . , z(N))), and then apply [17, Cor. 7.5].
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To this end, we first need to prove the bounded difference
property for F (x⋆

N ) − F (x⋆
Ni) = F (x⋆

N (z(1), . . . , z(N))) −
F (x⋆

N (z(1), . . . , z(i−1), z′, z(i+1), . . . , z(N))), where z′ is
some sample drawn according to P, i.i.d. with respect to
(w.r.t.) the dataset {z(i)}Ni=1, which replaces the arbitrary i-
th one. Specifically, we have to identify matrices Ξi ∈ Sℓ
so that (F (x⋆

N ) − F (x⋆
Ni))2 ≼ Ξ2

i , which allow us to define
σ2 = ∥

∑N
i=1 Ξ

2
i ∥. By analyzing (F (x⋆

N )−F (x⋆
Ni))2 more in

detail we obtain:

(F (x⋆
N )− F (x⋆

Ni))2 =

(
(x⋆

N − x⋆
Ni)⊤ ⊗ Iℓ

)F1

...
Fn




2

(a)
=

(
(x⋆

N−x⋆
Ni)⊤⊗Iℓ

)F1

...
Fn

 [
F1 . . . Fn

]
︸ ︷︷ ︸

=:H

((x⋆
N−x⋆

Ni)⊗Iℓ)

(b)

≼ λmax(H)
(
(x⋆

N − x⋆
Ni)⊤ ⊗ Iℓ

)
((x⋆

N − x⋆
Ni)⊗ Iℓ)

(c)
= λmax(H)∥x⋆

N − x⋆
Ni∥2Iℓ,

where (a) follows from the symmetry of F (x), for all x ∈ Rn,
(b) since H ∈ Sℓn≽0 by construction, while (c) from standard
properties of the Kronecker product. To upper bound the
term ∥x⋆

N −x⋆
Ni∥, we rely on admissibility-type of arguments

from [23]. In particular, by denoting with x⋆
N−1 the optimal

solution to (4) once removed an arbitrary sample from the
N available {z(i)}Ni=1, direct application of [23, Lemma 21]
to ∥x⋆

N − x⋆
Ni∥ ≤ ∥x⋆

N − x⋆
N−1∥ + ∥x⋆

Ni − x⋆
N−1∥ leads to

∥x⋆
N−x⋆

Ni∥2 ≤ 2B2/ρ2N2. Here, B denotes some term upper
bounding both x and the data-based quantities (A, b) that one
can obtain, which happens to be finite in view of Standing As-
sumption 1. Specifically, it follows from i) the well-posedness
of the learning problem, which rules out the possibility to col-
lect possibly noisy samples that are unbounded, and ii) the fact
that (4) contains a regularization term singling out a solution
even if the underlying feasible set X may be unbounded. Thus,

we obtain σ =
√
∥
∑N

i=1
2B2λmax(H)

ρ2N2 Iℓ∥ = B
ρ

√
2λmax(H)

N .
Then, [17, Cor. 7.5] establishes the following relation:

PN {λmax(F (x⋆
N )− EP [F (x⋆

N )]) ≤ ϵ} ≥ 1−ℓe−ϵ2/8σ2

. (5)

Since we have assumed unbiasedness, from the above we
directly obtain: x⋆ = EP [x

⋆
N ] =⇒ F (x⋆) = F (EP [x

⋆
N ]) =

EP [F (x⋆
N )] in view of the linearity of F (·). With this,

λmax(F (x⋆
N )− EP [F (x⋆

N )]) ≤ ϵ

⇐⇒ λmax(F (x⋆
N )− F (x⋆)) ≤ ϵ

⇐⇒ F (x⋆
N )− F (x⋆) ≼ ϵIℓ

⇐⇒ F (x⋆
N ) ≼ ϵIℓ + F (x⋆)

=⇒ F (x⋆
N ) ≼ (ϵ+ L)Iℓ =⇒ λmax(F (x⋆

N )) ≤ ϵ+ L.
(6)

Then, by deriving ϵ from the relation δ = ℓe−ϵ2/8σ2

, we end
up with the following expression:

PN
{
λmax(F (x⋆

N )) ≤ L+ 2σ
√
2 ln (ℓ/δ)

}
≥ 1− δ, i.e.,

PN
{
λmax(F (x⋆

N )) ≤ L+ 4B
ρ
√
N

√
λmax(H) ln (ℓ/δ)

}
≥ 1−δ,

which holds true for arbitrarily high confidence δ ∈ (0, 1).
To derive the relation for the “opposite direction” involving

λmin(F (x⋆
N )), from the proof of [17, Cor. 7.5] one is able to

obtain also the following concentration bound:

PN {λmax(EP [F (x⋆
N )]− F (x⋆

N )) ≤ ϵ} ≥ 1− ℓe−ϵ2/8σ2

.

Then, we proceed as in (6), with the opposite signs to arrive
at:

PN {λmin(F (x⋆
N )) ≥ m− ϵ} ≥ 1− ℓe−ϵ2/8σ2

.

Again, by obtaining ϵ from δ = ℓe−ϵ2/8σ2

, and putting every-
thing together we finally arrive at the following expression:

PN
{
Λ(F (x⋆

N )) ∈
[
m− 4B

ρ
√
N

√
λmax(H) ln (ℓ/δ),

L+ 4B
ρ
√
N

√
λmax(H) ln (ℓ/δ)

]}
≥ 1− δ.

Setting ε = 4B
ρ
√
N

√
λmax(H) ln (ℓ/δ) concludes the proof. ■

As a crucial consequence of Theorem 1, instead of solving
the SDLS in (1), one can then focus on the program in (4),
which is easier to solve as it frequently reduces to a QP,
according to the shape of X , and still obtain finite-sample
guarantees that the spectrum of F (x⋆

N ) will span a neigh-
borhood of the desired one, i.e., [m,L], which shrinks as N
grows. The established bound is easy-to-compute, distribution-
free, and only requires a dataset {z(i)}Ni=1 with i.i.d. samples.

IV. OPTIMIZATION OVER LEARNED FUNCTIONS

Focusing on Example 1, we now want to bound the distance
between x⋆ = argminx∈Rn f(x), where f(x) = x⊤Qx +
c⊤x + r is the unknown function we wish to learn, and the
generic iterate xk+1 of the gradient descent scheme applied to
f̂(x) = x⊤Q̂⋆

Nx+ ĉ⋆
⊤

N x+ r̂⋆N . The latter function is obtained,
instead, by solving the variant of (2) without the constraints
Λ(F (ξ)) ∈ [m,L], yielding ξ⋆N = [vec(Q̂⋆

N )⊤ ĉ⋆
⊤

N r̂⋆N ]⊤.
We note that without imposing suitable constraints on the

eigenvalues of the Hessian Q̂ ≽ 0 does not ensure the
convergence for the gradient descent scheme when applied
to minimize f̂(x). Then, let

xk+1 = xk − γ∇f̂(xk) = xk − γ(Q̂⋆
Nxk + ĉ⋆N ), (7)

denoting the generic k-th update of the gradient descent
method, for given stepsize γ > 0 and initial condition x0 ∈
Rn. We can claim the following bound based on Theorem 1:

Theorem 2. Fix δ ∈ (0, 1) and ρ > 0. Assume that x⋆

exists and is bounded. Then, there exists ε = ε(ℓ, δ,N) > 0
such that, if we select a N that guarantees m − ε > 0 with
probability 1− δ and we select γ < 2/(L+ ε), then with the
same probability, the iterations (7) converge as follows:

lim sup
k→∞

∥xk+1 − x⋆∥ = O(ε). □

Proof. By analyzing the iteration error, we readily obtain:

xk+1 − x⋆ = xk − γ(Q̂⋆
Nxk + ĉ⋆N )− x⋆

= xk − γ(Q̂⋆
Nxk + ĉ⋆N )− x⋆ + γ(Qx⋆ + c)

= (I − γQ̂⋆
N )(xk − x∗) + γ(Q− Q̂⋆

N )x⋆ + γ(c− ĉ⋆N ).
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Fig. 1. Violin plots reporting the maximum (top figure) and minimum (bottom
figure) eigenvalues of Q̂⋆

N obtained by solving (2), averaged over 20 trials
with datasets of different size N . The red downward (respectively, upward)-
pointing triangles denote the upper (resp., lower) bound in Theorem 1.

By choosing γ and N as specified, we impose that the matrix
(1 − γQ̂⋆

N ) is smaller than one in norm, with probability at
least 1−δ. Furthermore, the error terms Q−Q⋆

N and c−ĉ⋆N can
be bounded following the proof of Theorem 1. The former is
immediate leading to ∥Q−Q̂⋆

N∥ ≤ ε; the latter is also easy by
looking at the diagonal map F ′ := diag(c) and using the same
steps to obtain ∥c− ĉ⋆N∥ ≤ ε. With this, and with probability
at least 1− δ,

∥xk − x⋆∥ ≤ ∥I − γQ̂⋆
N∥k∥x0 − x⋆∥+O(ε),

and the theorem is proven. ■

The theorem ensures convergence of the sampled gradi-
ent method to an error ball of size proportional to ε ∝
1√
N

√
ln(ℓ/δ). The more the points N , the smaller the error.

V. NUMERICAL EXPERIMENTS

We now corroborate our theoretical results on a numerical
instance of Example 1. The simulations are run in MATLAB
on a laptop with an Apple M2 chip featuring an 8-core CPU
and 16 GB RAM, while Mosek [24] has been used as SDP
solver, implemented in YALMIP environment [25].

Then, we randomly generate a quadratic function f(x) that
we wish to learn. By denoting with U([a, b]) the uniform
distribution over the interval [a, b], we set Q = U⊤U ≽ 0, with
each entry Uij ∼ U([0, 1]), c ∼ U([0, 1]n), and r ∼ U([0, 1]).

First, we test how the bound established in Theorem 1
changes by considering a dataset of different size N . In
particular, the latter consists of pairs (x(i), f(x(i)) + η(i))
with each x(i) ∈ U([−10, 10]n) and η(i) ∼ N (0, 1), where
N (µ, σ2) denotes the normal distribution with mean µ and
variance σ2. Matrix A and vector b in (2) then reads as follows:

A =

 x(1)⊤⊗ x(1)⊤ x(1)⊤ 1

...
x(N)⊤⊗ x(N)⊤ x(N)⊤ 1

 , b =

 f(x(1)) + η(1)

...
f(x(N)) + η(N)

 .

Notice that ξ = [vec(Q̂)⊤ ĉ⊤ r̂]⊤ ∈ Rn2+n+1. Since we
will solve (2) by adding an extra regularization term ρ∥ξ∥2
in the cost and imposing symmetry only, i.e., simple equality

1 10 20 30 40 50 60 70 80 90

n

10!3

10!2

10!1

100

101

102

C
P
U

ti
m

e
[s
]

LS
SDLS

Fig. 2. Computational time for solving the LS in (2) and related SDLS variant,
averaged over 20 different numerical instances.

constraints Q̂ = Q̂⊤ and no SD ones, i.e., Q̂ ≽ 0 and
Q̂ ≼ λmax(Q), we are therefore primarily interested in
guaranteeing bounds λmin(Q̂

⋆
N ) ≥ − 4B

ρ
√
N

√
n ln (n/δ) and

λmax(Q̂
⋆
N ) ≤ λmax(Q) + 4B

ρ
√
N

√
n ln (n/δ) with probability

at least 1− δ, since it turns out that, in the considered setting,
ℓ = n and λmax(H) = n. To this end, Fig. 1 allows one
to contrast the theoretical bound established in Theorem 1
and the maximum/minimum eigenvalues of Q̂⋆

N obtained by
solving the QP in (2). In this case, the simulation is run by
setting ρ = 1, n = 30, δ = 0.05, and for each N averaged
over 20 different dataset {(x(i), f(x(i))+η(i))}Ni=1. While one
can observe a sort of monotonic behavior for the theoretical
bounds, the computed λmax(Q̂

⋆
N ) and λmin(Q̂

⋆
N ) instead do

not follow a specific trend, other than producing better (i.e.,
close to 240.14 = λmax(Q) and 0 = λmin(Q), respectively)
estimates with very little variance for larger datasets.

Next, we set N = 5000 and compare the computational time
required to solve the QP in (2), and the related SDLS variant
including the SD constraint 0 ≼ Q̂ ≼ λmax(Q), for different
values of n. Note that we actually solve (SD)LS from 3 up to
8191 decision variables. As illustrated in Fig. 2, solving the
LS problem only requires at least an order of magnitude less
than solving the associated SDLS.

VI. CONCLUSION

By focusing on data-driven LS problems with SD con-
straints, we have derived probabilistic guarantees holding with
high confidence on the spectrum of their optimal solutions
once these constraints are removed. Our certificate allows one
to solve a simple program, which frequently turns into a QP, in
place of the full SDLS problem, while ensuring that the span
of the resulting solution is ε-close to that enforced by the SD
constraints. Consistently, our bound shrinks as the number of
data increases, it is distribution-free and only requires i.i.d.
samples. As a consequence, when SDLS is designed to learn
an unknown function, we have shown how to bound the error
between a gradient descent iterate minimizing the surrogate
cost obtained with no SD constraints and the true minimizer.

Along the line of the results in §IV, future work will explore
the link between these bounds and data-driven optimization.
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