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Abstract

The use of integrated MicroElectroMechanical systems (MEMS) is recently spread thanks to their
improved sensitivity, accuracy and reliability. Accurate preliminary computations born from the need of
high precision in the manufacturing process of such devices. Piezoelectric materials are broadly employed
in this field as direct converters between mechanical and electrical signals and some of these piezoelectric
materials show pyroelectric features, which involve thermo-electrical interactions. Pyroelectric bending
actuators are analyzed in the present study in plane conditions. They consists of active PZT layers with
in-plane polarization and a microstructured composite layer characterized by a periodic microstructure
where PZT fibers with an out of plane polarization are immersed in a polymeric matrix. The constitutive
law of the composite layer at the mesoscale has been determined by means of a multi-field asymptotic
homogenization technique, recently developed for thermo-piezoelectric materials. Overall constitutive
equations characterizing the behavior of the microstructured layer at the mesoscale have been derived
and the closed form of the overall constitutive tensors has been provided for the equivalent first-order
(Cauchy) homogenized continuum. Deflection of unimorph and bimorph bender actuators has been
investigated in relation to their geometrical features, exploiting the out of plane piezoelectric properties
of the composite layer, which modify the stiffness of the entire bender. An accurate description of benders
behavior at the structural length scale is of fundamental importance in order to design devices with high
performances. In this regard, the influence of the microstructure on the global response of the actuator
is investigated in the present study in order to understand how the composite material can be tailored
to meet specific design requirements.

1 Introduction

Piezoelecricity is the property of some crystalline materials to generate an electric field if mechanically de-
formed (direct effect). Such deformation of the crystalline structure, which becomes electrically polarized,
is completely reversible. The inverse piezoelectric effect on the contrary consists of experiencing mechanical
deformations in the presence of an electric field (Yang, 2004). By virtue of these two principles, piezoelectric
materials can be used to create sensors (direct effect) and actuators (inverse effect). Since the beginning of
the twentieth century, scientific research related to piezoelectric materials has grown steadily (Brand et al.,
2015; Kim et al., 2011; Anton and Sodano, 2007), fueled by the interest to fulfill industry needs, involving
numerous engineering sectors, from electronic components (transformers, frequency generators) to telecom-
munications, from the automotive field (injection systems, vibration control) to the biomedical field.

Some piezoelectric materials are also pyroelectric. Pyroelectricity involves thermo-electrical interactions, be-
ing the polarization of the crystalline material dependent in this case on temperature (Moulson and Herbert,
2003; Batra and Aggarwal, 2013). For pyroelectric materials the nature of thermal gradient modifies the
direction of the pyroelectric current and as a result of this change in temperature, the material becomes
polarized establishing an electrical potential.
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Restricting the attention on actuators, the most common piezo/pyroelectric devices are of two types: mul-
tilayer (or stack) actuators and benders. Stack actuators are created by layering multiple piezoelectric
elements, each enclosed between two electrodes, taking advantage of their combined expansion in order to
produce movement and force. Bender actuators, on the other hand, refer to two basic models: unimorph
and bimorph. Unimorph bender consists of a piezoelectric layer and a passive one. Bimorph bender is char-
acterized by a central passive layer sandwiched between two piezoelectric laminae. Electrodes are applied
on the upper and lower surfaces of each piezoelectric layer (Kang and Wang, 2010; Yan et al., 2011). For
this type of actuator, deformations induced by the electric field lead to deflection of the device which act as
a cantilever.
Piezo/pyroelectric actuators are used for example as signal sources, micro and nano-positioning systems
(Okazaki, 1990), micro-mirrors (Cheng et al., 2001), micro-grippers (Wang et al., 1999), vibration damp-
ing (Hagood and von Flotow, 1991) and noise control devices. Piezoelectric laminae are often made of
Lead Zirconate Titanate (Py(Zr;Ti1—5)03), commonly called PZT, which manifests excellent piezoelectric
properties, including rapid signal response, large electro-mechanical coupling factor, physical and chemical
stability, low energy consumption, and miniaturization potential.
Miniaturized and integrated microelectromechanical systems (MEMS) actuators and sensors are increasingly
developed thanks to the recent advances in microprocessing technologies (Saadon and Sidek, 2011; Gardner
et al., 2001). This leads to high precision manufacturing needs, with a remarkable demand of preliminary
computations (Heinonen et al., 2007) which, in many cases, become cumbersome and time consuming.
In this regard, homogenization methods can be conveniently exploited in order to describe the effects of
the microstructure on the overall behavior of the material in a rigorous and synthetic way, avoiding the
challenging need to perform a numerical computation of the whole heterogeneous medium. Homogenization
techniques therefore reveal to be an useful and convenient method to take into account the microstructural
heterogeneity, especially in the case of periodic composite media, such as the above-mentioned multi-layered
actuators.
The overall static and dynamic properties of periodic composite materials can generally be determined by
asymptotic homogenization methods (Bacigalupo et al., 2016a,b; Bakhvalov and Panasenko, 1984; Bensous-
san et al., 1978), variational-asymptotic techniques (Bacigalupo et al., 2014; Bacigalupo, 2014; Peerlings
and Fleck, 2004; Smyshlyaev and Cherednichenko, 2000), and computational homogenization techniques
(Trovalusci et al., 2017; De Bellis and Bacigalupo, 2017; Bacigalupo et al., 2017; Addessi et al., 2016, 2013;
Bacca et al., 2013a,b,c; Bigoni and Drugan, 2007; Forest and Sab, 1998; Forest and Trinh, 2011; Miehe et al.,
1999; Kouznetsova et al., 2004). Examples of asymptotic homogenization methods applied to multi-field prob-
lems can be found in (Galka et al., 1996, 1992) for thermo-electro-elastic materials and in (Sixto-Camacho
et al., 2013; Bravo-Castillero et al., 2009) for the case of thermo-magneto-electro-elastic materials. They
exclusively address first-order continuum problems. In this framework authors have recently formulated an
asymptotic homogenization procedure for periodic thermo-piezoelectric materials including the closed form
of higher order problems and the averaged field equations of infinite order obtained by means of an asymp-
totic expansion of the macro fields (Fantoni et al., 2017).
The present study aims at providing a characterization of deflection of multi-layered bending actuators, in
particular unimorh and bimorph benders. They are considered made of one or two active piezoelectric lami-
nae and a composite layer characterized by a periodic microstructure, which replaces the usual passive layer.
The multi-field asymptotic homogenization technique described in (Fantoni et al., 2017) for periodic thermo-
piezoelectric materials, is here exploited to describe the constitutive law of the microstructured composite
layer at the mesoscale. It has been here restricted to the case of first-order multi-field homogenization and
applied with the aim of investigating the optimal design of pyroelectric bending actuators. The exact closed
forms of the overall thermo-piezoelectric tensors of the composite layer are determined for plane stress and
plane strain conditions, thus avoiding the need to model the whole microstructured heterogeneous stratum.
Field equations for the homogenized first-order thermo-piezoelectric medium are derived, following the pro-
cedure developed in (Bacigalupo and Gambarotta, 2014; Smyshlyaev and Cherednichenko, 2000; Bakhvalov
and Panasenko, 1984) for composite elastic media with periodic microstructure and particularized by (Fan-
toni et al., 2017) to the case of thermo-piezoelectric materials. Analyzed benders remain heterogeneous
at the structural length scale, being composed by the piezolectric laminae and the homogenized composite
layer.

The paper is organized as follows. Section 2 is a brief summary of the proposed approach and it is
devoted to stress the role of the asymptotic homogenization procedure in the final characterization of bender



actuators. In Section 3 the geometry of a generic periodic thermo-piezoelectric composite material is illus-
trated and the corresponding constitutive equations and balance relations are introduced. The developed
multi-field asymptotic homogenization technique is described in Section 4, based on down-scaling relations
correlating the microscopic fields to the macroscopic ones. Resolution of a series of recursive non homo-
geneous differential problems, known as cell problems, whose domain is the unit periodic cell, allows to
derive perturbation functions. They take into account the effects of the microstructural heterogeneity on the
micro-fields and on the coupling between them. In the same Section, the obtained closed form of the overall
constitutive tensors is shown for the equivalent first-order (Cauchy) homogenized medium and average field
equations of infinite order are determined for the case at hand. These results are used in Section 5 to derive
overall tensors of a composite thermo-piezoelectric material with periodic microstructure characterized by
circular or square inclusions. Deflection of unimorph and bimorph bender actuators has been numerically
investigated varying the geometric features of the benders, loaded by imposed electric potential and relative
temperature gradients. Finally, conclusions are reported in Section 6.

2 Synopsis of the proposed approach

One considers a multi-layer thermo-piezoelectric actuator as the one depicted in figure 1. Some of these
layers can be characterized by a periodic microstructure with periodic cells that are properly described
at the microstructural level. In this scenario it is possible to identify different characteristic lengths: the
structural one [;, the mesoscopic one [, and the microscopic one [,,.

Figure 1: Multi-scale description of a multi-layered thermo-piezoelectric actuator allows to identify three
different characteristic length scales: the structural one ls, the mesoscopic one Ly, and the microstructural
one l,, at which the periodic cell is properly described.

For the validity of the scales separability concept the size of the periodic cell is supposed to be much
smaller than the overall height of the single layer and the ratio between different characteristic lengths has
to be in a certain range such that [y >> [ >> [,,,. A framework of the kind depicted in figure 1 is suitable
for the formulation of a multi-scale asymptotic homogenization approach, which allows to move from the mi-
croscale to the structural length scale. The homogenization model here exploited is an asymptotic two-scales
technique, whose goal is to move from the heterogeneous biphase medium with periodic microstructure,
whose phases are described by a first order continuum model at the microstructural length scale [,,,, to an
equivalent homogeneous medium, described by a first order continuum model at the macro characteristic
length scale 5. Actuators considered in the present study are made by two (unimorph) or three (bimorph)
layers and boundary conditions at the extrados and intrados of the devices do not allow to exploit a stan-
dard homogenization procedure to move from the mesoscale to the structural length scale. Therefore, at
the macroscale the device is considered heterogeneous and made by two/three layers: one/two PZT layers
and one composite layer whose overall constitutive properties are determined by means of the asymptotic
homogenization technique introduced in (Fantoni et al., 2017) and here briefly described in Sections 3 and
4.

The aim of the present study is to investigate deflection of multi-layered bending actuators in relation to some
geometrical parameters of the benders themselves, exploiting the pyroelectric and piezolelectric properties
of the components in order to design high performance devices. After computing the overall tensors of the
composite layer, the behavior of the bending actuators has been numerically investigated. To this purpose,
numerical analyses have been performed by means of the finite element software FEAP, where an ad hoc



thermo-piezoelectric finite element has been implemented to solve the coupled thermo-electro-mechanical
problem, exploiting the isoparametric concept to approximate the element geometry. Details regarding the
formulation of such an element can be found in Appendix C of (Fantoni et al., 2017).

Alternative approaches to study the deflection of bender actuators can involve the derivation of analytical
expressions for the bending curvature along benders length. For these techniques overall constitutive proper-
ties of benders’layers at the mesoscale constitute input parameters to solve the plane problem. There exists
a vast literature devoted to the problem of determining the bending curvature of multi-layered piezoelectric
actuators, each case characterized by different simplifying assumptions related to electro-mechanical mate-
rial behavior, boundary conditions and external applied loads. From the work of Steel et al. (Steel et al.,
1978), who derived tip deflection and stretching of unimorph piezoelectric benders as functions of applied
electric voltage, to the profound analyses made by Smits et al. (Smits et al., 1991; Smits and Choi, 1991),
who investigated the performance of bimorph piezoelectric benders under quasi-static conditions deriving
the relations between applied mechanical and/or electrical loads and the response of the device in terms of
bending angle, tip deflection, volume change and electrical charge. They considered a clamped cantilever
beam condition on one side of the device and used a thermodynamical approach based on the computation
of the electrical enthalpy of the system in order to compute the electrical and mechanical parameters of
the piezoelectric device. Wang and Cross (Wang and Cross, 1999) derived analytical expression for the
bending curvature for symmetric piezolectric bimorph benders under different loading conditions. De Lit et
al. (De Lit et al., 2003) used a completely mechanical method to investigate the behavior of piezoelectric
bending devices, treating these lasts as Euler beams for mechanical simplifications. They computed curva-
ture, tip deflection, and tip angle based on equilibrium equations of forces and moments for a certain set
of imposed boundary conditions, neglecting however the influence of the external loads onto the electrical
parameters. More recently, Dunsch and Breguet (Dunsch and Breguet, 2007) investigated a static model
for piezoelectric bender actuators subjected to a generic external load, assuming the validity of the Euler
Bernoulli beam theory for the benders. They considered no slip between the different layers and computed
quantities of interest under static equilibrium conditions for the beam.

3 Multiscale modeling of periodic thermo-piezoelectric compos-
ites

Under the validity of small strains assumption, the present multiscale description deals with heterogeneous
composite media having a periodic microstructure, as the one shown in figure 2. Description of a linear
thermo-piezoelectric Cauchy continuum presented in (Mindlin, 1974) is assumed in the present note. The
medium is subject to three types of volume forces represented by body forces, free charge densities, and
temperature changes.

Vector x = x7 €1 + &2 e identifies the position of each material point in the continuum, with reference
to the orthogonal coordinates system with origin at point O and base {e1, ez} (see figure 2-(a)). Without
losing generality, the notation has been restricted to the two dimensional case, for the sake of simplicity. Two
orthogonal vectors vi = dj e; = ceq and vy = ds €9 = dc €4, with € the characteristic size of the periodic cell
A =10,¢] x [0,de], represent the periodicity vectors, as illustrated in figure 2-(b). The micro constitutive
tensors, namely micro-elasticity tensor C("%), the micro-dielectric permittivity tensor (at constant strain)
B(m=)  the micro-heat conduction tensor K (™€) the micro piezoelectric stress/charge tensor e(™)_ the
micro-thermal dilatation tensor (™), and the micro pyroelectric vector 4™ obey the following propertleb
by virtue of the A periodicity of the medlum

(x4 vi) =€), =12, Vx € A, (1)
B (x +v;) = B (x), i=1,2, Vx € A, (1b)
KM (x+v;) = KM (x), i=1,2, Vxe€ A, (1c)
™) (x +v;) = e™I(x), i=1,2, Vx€E A, (1d)
a™)(x+v;) =a™I(x), i=12 ¥xeA, (1e)
A (x4 v;) = 4™ (x), i=1,2, Vx€ A (1)

Q = [0,1] x [0,6] is the non dimensional unit cell obtained from the periodic cell A rescaled by the mis-



.

©
0000000

0000000
0000000
0000000
~ 0009000
0000000

L4 4 &L&LL

~
Q
-

(©

Figure 2: (a) Heterogeneous composite medium with structural characteristic size L and periodic microstruc-
ture; (b)Periodic cell A with microstructural characteristic size € and periodicity vectors vi and va; (c)
Periodic unit cell Q.

crostructural length €. Two separated scales, the macro and the micro ones, can be described respectively by
two distinct variables: the macroscopic (or slow) one x € A and the microscopic (or fast) one € = x/e € Q,
as described in (Bacigalupo, 2014; Smyshlyaev, 2009; Peerlings and Fleck, 2004; Bakhvalov and Panasenko,
1984). Constitutive tensors (1a)-(1f) can consequently be defined over the unit cell Q as dependent only on
the microscopic variable &:

CmI(x) = C™(& = x/e), B (x) =B (€ =x/e), K™ (x)=K"(&=x/e),
e (x) = e (€ =x/c), a™I(x) = a™(€=x/e), Y™ (x) = y"(€ =x/e). (2)

The micro stress o(x), the micro electric displacement D(x), and the micro heat flux q(x) are determined
respectively by the following constitutive relations (Mindlin, 1974)

o(x) = C™9) (x) e(x) + ™) (x) Vo(x) — ™) (x) 6(x), (3a)
D(x) = &' (x) e(x) — B™) (x) Vo(x) + 7™ (x) 6(x), (3b)
q(x) = — K (m:e) (x) VO(x), (3c)

where €7, = e}, and the time derivative of u(x) and 6(x) has been neglected in equation (3c) in the
hypothesis of quasi-static processes (Mindlin, 1974; Nowacki, 1986). The following local balance equations
are satisfied respectively by the stress field o (x), the electric displacement field D(x), and the heat flux q(z)

V.o(x)+b(x)=0, V-D(x)—p.(x)=0, V-gq(x)+r(x)=0, (4)

where volume forces are represented by body forces b(x), free charge densities p.(x), and heat sources r(x),
all dependent only on the slow variable x. Volume forces are assumed to be L-periodic, with vanishing
mean values on £, being £ = [0, L] x [0,6L]. £ can be contemplated as a true representative portion of the
whole body, because, for the scales separation condition, the structural length L is much greater than the
microstructural one € (L >> ¢).

Substituting constitutive equations (3a)-(3c) into balance equations (4), one obtains the following set of
partial differential equations:

v (@<m’€> (x) Vu(x)) LV (e<m’€> (x) V¢(x)> —v. (a<mv€> (x) e(x)) +b(x) =0, (52)

V- (79 (9 Vu()) =V (87 () V() + 9+ (1 () 0)) —pelx) =0, (5b)



v (K(m"f) (x) ve(x)) +r(x) = 0. (5¢)

Continuity conditions can be expressed in the following way for a perfectly bounded interface X:

[0 e = 0, [[(C () V) + ™9 (x) Vo) = o™ () 0(x)) -m]]| =0, (6a)
66N e = 0. [[ (6 () Vu(x) = B9 (x) Vo () + 7 (x)0(x)) || =0, (6b)
06 lges =0, || K" () VOG)-m][| =0, (6c)

being [[f]] = f1(X) — f/(X) the jump of the values of f at the interface ¥ between two different phases i and
j in the periodic cell A and n the outward normal to the interface itself.

By virtue of the Q-periodicity of the micro constitutive tensors (2) and the L-periodicity of volume forces,
all the micro fields result to be dependent on both the slow variable x and the fast one &, namely

u=u(xg=2), o=0(xe=2), 0=0(x¢=7).

€ € €

QO-periodicity of coefficients of equations (5a)-(5¢c), makes the solutions particularly complex to derive, both
analytically and numerically. Therefore, it is convenient to replace the heterogeneous model with an equiva-
lent homogeneous one, obtaining in this way equations whose coeflicients are not rapidly oscillating. In what
follows, the formulation of an equivalent first-order homogenized thermo-piezoelectric continuum will be
presented, as derived in (Fantoni et al., 2017), and the obtained exact expressions of the overall constitutive
tensors will be provided. In the equivalent homogenized medium, the macro fields for each material point
x are the displacement field U(x) = U, e;, the electric potential ®(x), and the relative temperature ©(x).
They are L-periodic functions dependent only on the slow variable x.

4 Asymptotic homogenization approach to thermo-piezoelectric
composites
The following down-scaling relations can be derived for the three micro-fields, representing these lasts trough

an asymptotic expansions in powers of the microstructural length scale e (Bakhvalov and Panasenko, 1984;
Bensoussan et al., 1978)

ws§) <Uix) + = (98, © 2 1 M © ) 1 5w )
a1 a1 E=x/e
2 (2) 82U (X) ~ (2) 82¢(X) ~ (2) 8@(){) 3
+¢€ ( kpqi1qz (5) 8Iqlgl‘q2 + ququ (5) aqu axqz qu1 aqu ) ex/e + 0(5) ’ (73)
o) =otx) + = (WD © G e G 4 i o))
a a E=x/e
0?®(x) - U, (x) - 00(x)
2 (2) ) (2) Z ¥p\ (2) 3
e (quqz © 014,01, T Woie: (€) aqugqu Wa @) dq, > £=x/e + O (70)
00(x) 9?0(x)
. _ (1) 2 (2) 3
0(x;€) =0(x) + ¢ (Mq1 &) 78%1 )g:x/e +e <MQ1q2 €3 7{9%1 3mq2> e + O(e)”. (7c)

Relations (7a)-(7c) have been proved in detail in (Fantoni et al., 2017). In equations (7a)-(7c), Né}lgfh, ngi,

N ,il), N ,gi)ql a2’ N ,izz a2’ N ,52 are the perturbation functions for the micro displacement field, Wéll ), Wé,}l), W),

Wq(fgz, Wﬁqu, Wq(f ) are the perturbation functions for the micro electric potential field, and finally Méll ),
Méi)h are the perturbation functions for the micro relative temperature field. They express the influence of
the fast variable & = x/e on the micro fields reflecting the effects of material inhomogeneities. It is assumed



that they have vanishing mean values over the unit cell @ in order to assure their uniqueness. Therefore
they all satisfy the following normalization condition over Q

(=5 [ e 0

Substituting down scaling relations (7a)-(7c) into field equations (5a)-(5¢c) asymptotically expanded, a series
of recursive differential problems can be obtained. Field equations of the equivalent first-order thermo-
piezoelectric continuum can be obtained considering only the e ! and €° terms of the sequence of PDEs
derived by the asymptotic procedure, according to (Fantoni et al., 2017), exploiting the property

0 pxe=Xy— (0  10f _(9f 4
‘973' (X,E—g)—(axj—Fgagj)’ _<axj+;)‘§=:

In order to obtain a set of PDEs with constant coefficients, the fluctuation functions must satisfy non homo-
geneous equations known as cell problems. Because of the structure of the obtained differential cell problems
with volume forces having vanishing mean values over Q, together with the periodicity of constitutive ten-
sors, it can be proved that perturbation functions are Q-periodic (Bakhvalov and Panasenko, 1984). It is
worth noting that a strong coupling persists between the mechanical and the electrical problems, as can be
envisaged by noting that the micro-displacement u and the micro-electric potential ¢ don’t decouple in the
microscale field equations asymptotically expanded. At the order e~ ! perturbation functions must satisfy

the set of three cell problems presented below. N,g;fh and Wé;f are the solution of
(1) ) (1)
(Czbkl Nkptn l) g ( Zbk qu1 k) g + CZqum = Mipg
1 1
(eklz Nk(:pzll l) . (ﬁ Wzng l) + epqlz i — Wpqy

with interface conditions defined at the interface ¥; between two different phases in the unit cell Q

L, =0

kpq1 gexy ’
W(l)” ’ =0

Pa | |eex, ’

(kal <5kp O1g, + ngpzz l) +egn ng‘h) ") ” ‘ =0
L £es;

::(ek“ <5k” O1q, + Nkpql l) Bit ngél l) H ‘gezl =0 (10)

and normalization conditions W
1
<Nkpq1 > <W1£;1)> (11)
as defined in (8). From the solution of the following cell problem, one can derive perturbation functions
Ny and W)

m 1 m 1 (1
<01Jkl lgqi l) y + ( Cijk W( )k) i + €ar. ”iqf

- : 12)
I m 1 (
(ekli Néqi,l) i (5 q1, l) .7 Pigiyi T wf(h)
Interface conditions for the problem at hand have the form
(@) ) _
[ llecs, =2
i), =0
'5621
1
(e 2 ] =
(1) 1) _
(58233 (5 + w2)) ], - w



while normalization conditions are .
(Vi) = (W) =o. (14)

Finally, the third electro-mechanical cell problem at the order e~! allows to derive perturbation functions
N and wO
k

(Ci?kl ngll)) . ( le W(l)) —af = ﬁgl)

(% N,g};) - (5 <1>)Z+’%,Z — e (15)
Its interface conditions are expressed as |
[ )lees, =0
[l \@ 0
(et + g -], =0
(562~ 4 )], -0, a0

and normalization conditions are A R
<N,§1>> - <W<1>> —0. (17)

Solvability condition of problems (9), (12), and (15) in the class of Q-periodic functions (Bakhvalov and
Panasenko, 1984), together with respective interface conditions (10), (13), and (16) implies that

5117;1 = < qum> 0, 71’15)}1)1 = <6$11ii> =0, NE;E = <6ZJQ1 ]>
wé}) = <_ Zl,i> =0, n 1) = < a1]7J> 0, M = <'7i,i> =0. (18)

Heat diffusion cell problem at the order e ! provides perturbation function Méll ). Tt holds

(Km MO, ) LR =mD. (19)

q1,7 iq1,t q1

Its interface conditions have the following form

[0 e, =0

m (1) _
([ (13 + 8 ) ], =0 (20
while normalization condition is
(M) =o. (21)
Due to the Q-periodicity of components K7 , one has
mi) = (K V=0 (22)

for the solvability of differential problem (19) with interface conditions (20). Once perturbation functions

involved in cell problem (9), (12), (15), and (19) at the order e~! are determined, one can solve the cell
)

problems at the order £°, derived from equations (5a)-(5c). Specifically, perturbation functions N, ,ip . and
Wéqfqz, are the solution of the suitably symmetrized cell problem which guarantees N ,Spfh e =N, ,5212 g, and



Wé?fw = nggql and that has the following form

m (2) (2) m (1) m m (1)
(OZJM kpqiqz, l) . ( €ijk WPQl q2, k) [(Owqu Nkpql) + Cuhpqz quzkrl Nkpq1  t
(1) (1) m (1) m m ( ) (1)
+ ( Cijqz WP ) zq2k W park T (Cleql Nkpqz) + Olquql Cqukl kpaad T ( Cijaq WP ) p +
e ) } — @

iqrk "' pg2,k ipq1g2°

m (2) m (2) 1 (1) m (1)
(ekli NkPQlQQJ) ; (ﬂ qu1q27l) i T3 {(ekqaz Nkptn) T Chigs Nkpql 1 epgea
m 15(1) (1) (1) (1) (1)
- ( iq2 WP%) i qzl W pq1,l + (ekl}ﬂ Nkpqz) + eklln Nkpqz (i epq1q2 ( iq1 WPQ?) +

N2
m (D) | — =2)
q1l quz,l} wPthQ

Relative interface conditions are

(2) —
kpthqz” ‘5621 =0
[ ]H —0
| P9192 cex,

hl m (2) (2) (1) m (1) m 1 1
( ijkl Nkpqlqz 1t € W pargak T 5 2 ( ks Nkprn * Clijkay Nkpqz T Cijg Wz§q1) t €ia Wzgqg)) nJ”

Il (2) 7/(2) 1 (1) 1 () 1
( ki kpgiga,l i qu1q2,l + 9 (equz Nkpql o ngz Wzng + eZ(Lhi Nkpq2 o Ztrzll WISqQ))) nl:|:|
while normalization conditions are expressed as

(N2, ) = (T2,.) =0, )

)

q9192
and qugm can be expressed in the following form symmetrized, once again, with respect to indices ¢; and

q2

The second electro-mechanical cell problem at the order €%, which provides perturbation functions N, ,E

m  n(2) (1) (1) m (1)
( ijkl qu1(I27l> . ( Cijk WQle k) -+% [( ijkqz2 thn) + zqzkl qul ( i5q2 Wy, ) t+

»J
(€] (1) (1) (1) (1)
+eZIqu2 zqgk W q1,k + (CZqul quz) . CZ;lel kqa,l + ( ;r;qu W ) + Cigaqr + equ qu k:| -
=p?
19192

2 2) 1 1) 1)
(eklz ngqzlh l) . (ﬁm Wéllh l) . + % |:(6Z;22 ngqz) + BZEQQ nglh l (B$2W( ) . tyfqz +

mo @ (o D) m ) (1) m_gm | _
—Baat Wari +( kqlsz@) + €fig Nogas — ( i Wao )i— daq qleqz,l] =
(2)

= Wq,4q;
(26)
Interface conditions for the problem at hand are
(7650, =0
780l pes, =0
(0 00 8+ 5 )]
1




(2) (2) 1 1) am (1) @) am (1)
[[{eklz Nklhqu ! i Wq1q2 t 2 (6'1“121 Nk(h 192 W( t+e kthl Nk(h) q1 W( )} ]:|
and normalization conditions have the form
v (2) _ 2 _
<Nk(hqz> - <Wq(1¢32> - Y (28)

Finally, perturbation functions N, ,giz and Wq(lz ) are provided by the solution of the third piezoelectric cell

problem at the order £°

m \ (2) m (2) m (1) m (1)
(Cz’jkl qul,l) j + ( z]k qu k) j (Czjkql ) j Cqukl Nk,l + ( 2]q1 W(l)) j +
e Wi = (e MiY) —am, = al})
’ J

q1 91

m % 2 m 2 m 1 m % 1 m
(ekli Ning l) , (5 qu )z) T+ ( kqlzN( )) i+€qu1 N}S,l) - (ﬁqu W 1)> Z"'

o (v MéP)iml—wé?

(29)
Relative interface conditions have the following form
]| =0
L ko ces, ’
5] =
LL £ex, ’
r 2 m 1 m
i _( ijkl ngqz l + ezﬂc Wq(l )k ijkqy N( ) + 67,](11 W(l) — Mtgll)) n]}} ‘5621 = Oa
[T 2 1 m m
L _(6’““ N/ng 1= Bt q1 l + Clgui ng : iq1 w4 Vi Mq(ll)) m” ‘5621 v (30)
and normalization conditions are ” A
(N = (W) =0 (31)
One has
@ _1 (1) m i) m 1) (1)
MNipgrgs = 5 < qupqz zqzkl Nkpql,l + €igak W pq1,k + Cumnh + Cuhkl Nkpqz 1t euhk quz k> (323)
1 -
~(2) _ (1) (1) (1) (1)
1(n1)1qz D) <€ﬂqz Nkpql 1+ epq2q1 - qul szn 1t equl Nkpq2 1+ ePQle - Zlbl qug,l> ’ (32b)
e 1 1 1 1
nngqg = 5 <Czq2k:l qul l + €ig1q2 + ezqgk Wq(l )k 'qukl ngqi l + 622% + e:’glk W;Q )k> (32C)
1
2) _ (1) (1) m (1)
wl(h?lz - 5 <€ klgz qul, q1qz Bthl qu l + Ckig, quz l qzlh - Bqﬂ q2,l > ’ (32d)
~(2 1 m
nng < iq1 kl Nk ! + Cigrk W( ) £q1)> ) (328)
N 1 1
wflz) = <ekl¢h ng,l) - lhl W( ) + ’YQ1> (32f)
Heat diffusion problem at the order €' provides perturbation function Méi)h and has the form
m (2) m 1 m m (1) m 1 m m (1)
(K MQ1Q2 J) |:<K“12 M( )> i + Kq q2 + KQ2] Mth \J (Kﬂh Mq(2))7 + Kflzm + KfllJ qu J
2
m,. (33)

with interface conditions expressed as

[l =0
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ey 1 1 1
|:|:Kij <Mq1(J27j + 9 (5j42 Mz§1) + 5jq1 MéQ))> nz]]

and normalization condition

£ed

@ﬂ”>:o. (35)

9192

Term mgz}z results to be

q192 q192 q2) “q1,J q2q1 q1J “7q2,J > (36)
For the solvability conditions, the constants (32a)-(32f) and (36) are determined once again by imposing
the non homogeneous terms in equation (23), (26), (29), and (33) possess vanishing mean values over the
unit cell Q. This implies the O-periodicity of perturbation functions and guarantees the continuity and
regularity of the micro-fields uy, ¢ and 6. Once perturbation functions are known from the resolution of cell
problems, the following averaged field equations can be derived, exploiting asymptotic expansions (7a)-(7c)
and truncating these lasts at the order £°

(2) 82UP(X) ~(2) 82<D(x) ~(2) 8@(){)

Tipg1q: Ozq, 074, Tig1qs Dq, 0q, gy Dy, +bi(x) + O(e) =0 (37a)
0?U,(x) 0?®(x) 00(x)
=(2) Y ¥p\*) o (2) Z F\E A (2) _ _
PUE §r Dy, Wa1gs 914,074, Oz pe(x) +O(e) =0, (37b)
82@(x)
(2) 2 M\ _
W Oy Dy, +7(x) +0(e) =0. (37¢)
Normalization conditions
1 1 1
m . Up (X) dX = 0, W . ) (X) dX = 0, W . @ (X) dX =0. (38)

are required to be fulfilled by the L-periodic macroscopic solutions U(x), ®(x), and ©(x) of differential
problems (37).

Average field equations (37) are solved by means of an asymptotic expansion of the macro-fields in powers
of e:

+oo
Ur(x) =Y e U (%), (39a)
j=0
“+o0
o(x) =Y & ol (x), (39b)
j=0
—+o00
O(x) =Y &0l (x). (39¢)
j=0

A series of recursive differential problems in terms of Uéﬁ ), ®U) | and ©U) can be obtained substituting
expansions (39) into (37). Truncating expansions (39) at the zeroth order, the governing equations of the
equivalent first-order (Cauchy) homogenized continuum can be obtained. They can be written in terms of
the components Cig,pgs»> Barqer Kqigas Ciqiaas Yigy, and 7yg, of the overall constitutive tensors as

02U, (x) 0?®(x) 00 (x)
Cigipgs Dy Og, €igqz g g, Qigy D0, +bi(x) =0, (40a)
02U, (x) 0?®(x) 00(x)
€pq1as Dwg 02g, 1 By Dy, Yar 9rg pe(x) =0, (40b)
2
Ky 200 L —o. (40c)

q1492 amql 8$q2
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As detailed in (Fantoni et al., 2017) components of tensors n(?), w®, m®, a? and w®), as expressed
in equations (32) and (36), are related to the components of the corresponding overall constitutive tensors
C, B, K, and e, in the following manner

(2)

1 ~(2 - (2
ipg1az D) (Cpgriga + Cpgziar) » w?), = Baraz s m), = K gs9 n( ) = w( )= €iqiqz-

q192 q192 19142 19142
n?, w® and m® are symmetric and positive definite tensors, as proved in detail in (Fantoni et al., 2017).
Furthermore, components of tensors 1(?) and w(®) are proved to be identical in the above cited paper.

5 Application of asymptotic homogenization technique to
microstructured thermo-piezoelectric bender actuators

In the present Section deflection of multilayered microstructured bender actuators is investigated in relation
to some geometric parameters. In particular, unimorph and bimorph thermo-piezoelectric benders are con-
sidered (see figure 3); the first one made of an active PZT layer and a composite layer, while the second
one made of two PZT laminae and a central composite stratum sandwiched among the two active layers. In
both cases, the composite layer is characterized by a periodic microstructure, with PZT inclusions immersed
in a polymeric matrix. Electrodes are present on the upper and lower surfaces of each active PZT lamina,
as illustrated in figure 3 with a thick black line. As depicted in figure 3, benders are electrically charged by
means of an imposed voltage A® between each couple of electrodes. Furthermore, in order to exploit the
pyroelectric properties of the PZT, benders are considered subject to a relative temperature gradient A©
between the extrados of the actuators, characterized by the relative temperature ©.,;, and the intrados of
the devices, which is at relative temperature ©,,,. In Section 5.1 constitutive tensors relative to the materials
constituting the benders at the microscale are provided, together with microscopic constitutive equations
describing plane strain and plane stress conditions. Section 5.2 is devoted to perform the asymptotic ho-
mogenization, as previously described in Section 4, of the microstructured composite layer of the benders,
where inclusions with different topologies are considered. Investigated actuators remain heterogeneous at the
mesoscale and made by one/two PZT laminae and one homogenized composite layer. Perturbation functions
are determined as solutions of non homogeneous cell problems at the order e~ and the overall constitutive
tensors of the first-order (Cauchy) homogenized medium are computed for the case at hand.

Finally, in Section 5.3 deflection of unimorph and bimorph benders is numerically investigated under different
loading conditions, in order to analyze the role of the microstructure on the stiffness of the whole actuator.

5.1 Microscopic constitutive tensors and in plane description

Consider a unimorph bender as the one depicted in figure 3-(a), formed by a pyroelectric layer and a
composite layer. The pyroelectric layer is made by Lead Zirconate Titanate (PZT-5H), which has marked
piezoelectric and pyroelectric properties. Such a material is considered polarized in the x5 direction and it
is characterized by the following constitutive tensors (Guo et al., 2003; Kommepalli et al., 2010; Malmonge
et al., 2003; Umemiya et al., 2006; Yang, 2004), accordingly to the notation detailed in Appendix A, where

symbol |, refers to the i** polarization direction
12.6 841 795 0 0 0
841 11.7 841 0 0 0
C | 795 841 126 0 0 0 1010E
PZT|z2 = 0 0 0 2.23 0 0 m2’
0 0 0 0 2:23 0
0 0 0 0 0 2-23
1.505 0 0 e 15 0 0 W
BpzT)es 0 1302 0 10 v Kpzr)m, 0 15 0 —
0 0 1.505 m 0 o0 15 /)™
0 0 0 +2-17 0 0 C
€pzris, = | —6.5 233 0 0 00 |—,
0 0 0 0 oo0/)™
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Figure 3: Bender actuators with height H and length L: unimorph (a) and bimorph (b). PZT laminae, with
thickness hp, are represented by grey uniform color, while composite layer, with thickness h., is depicted
with a checked background. Electrods are indicated with a thick black line. Benders are loaded by voltage AP
and relative temperature gradient AO = Ogpr — Ot

1.71
1.71 5
1.71 N 4 C
QAPZT ey = 0 10° 2R YPZTle = 5 107" K (41)
0 5
0

The composite layer has a micro-structure where PZT fibers, polarized in the x3 direction, are immersed
in a polymeric matrix. Fibers having circular or square/rectangular cross section have been considered, as
depicted in figure 4, whose constitutive tensors are (Yang, 2004)

126 7.95 841 0 0 0
795 12.6 841 0 0 0
c | 841 841 117 0 0 0 1010&
PZT|zs = 0 0 0 2:23 0 0 m2’
0 0 0 0 223 0
0 0 0 2-23
1.505
BpzT|es = 0 1078
0 1302
0 0 V217 0 C
€pPZT|es = 0 0 0 V217 0 0 | 5.
—6.5 —6.5 23.3 0 0 0

(42)

Tensors Kpz7|z,, ®pzT|z, a0d Ypz7|s, are the same as the ones detailed in equation (41).
Polymeric matrix is considered made of low density polyethylene (LDP), which has negligible piezoelectric
and pyroelectric properties (i.e. er,pp = 0 and v, pp = 0) and it is characterized by the following constitutive
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(a) (®)

Figure 4: Periodic cell A with PZT inclusions (dark grey) immersed in a low density polyethylene matrix
(light grey):(a) circular inclusion, (b) square inclusion

tensors (Peacock, 2000)

3.69 2.46 2.46 0 0 0
246 3.69 2.46 0 0 0
c | 841 246 3.69 0 0 0 s N
LbP = 0 0 0 2061 0 0 2
0 0 0 0 2.0.61 0
0 0 0 0 0 2.0.61
204 0 0 042 0 0 W
Brpp = 0 204 0 107" —, Kipp= 0 042 0 —
0 0 204 0 0 042
1.03
1.03
1.03 N
arpp = 0 10° K (43)
0
0

Bimorph bender (see figure 3-(b)) is formed by a central layer made of low density polyethylene and PZT
fibers polarized in the x3 direction whose constitutive tensors are described respectively in equations (43)
and (42). On the upper and lower surfaces of the composite layer there are two PZT layers polarized in the
x9 direction, having constitutive properties described in equation (41). Unimorph and bimorph benders as
the ones previously described have been analyzed considering plane strain and plane stress conditions. In
the case of plane strain conditions, the gradients of all cinematic variables in the x5 direction have vanishing
values, namely
€33 = €13 = €23 = 0, E3 = 0, 9’3 =0.

In such conditions, components of the stress tensors are expressed as

o1 = Chinenn + Crigecar — o116, 022 = Coooean + Canii€11 — a22b,
o33 = Chiszerr + Coazzean — az3l, o012 = 2Ch212¢€12,
013 = e€13191, 023 = €2329 2. (44)

Electric displacement D results
D1 =—Bu¢1+m0, Da=—Pards+720, Ds=eézr1e11 + €322822 + 730, (45)
while heat flux q has components
g =—Ki101, ¢q=—-Kanbs, qg3=0. (46)
If plane stress condition is considered, all fluxes in the x3 direction have vanishing values

o33 =013 =023=0, D3=0, ¢q3=0.
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In this second case, condensation of constitutive tensors leads to the following constitutive equations for the
stress o, the electric displacement D, and the heat flux g in the {z1, 22} plane

o = _01111 ~ Ci133(Chi33 + essszenns/Bss) €13 _ ensess3(Criss + 83336113/@33)] e
] C3333 + €333/ P33 B33 B33(Ca333 + €333/ 33)
[ Ca233 + €223€333/ P33 €113€203  e113€333(Caz3s + e223€333/B33)
+ |Cri22 — C1133 5 + - 5 22
i C3333 + €333/ 033 B33 B33(C3333 + €333/ B33)
— agy — Chiss(ass — esssys/Bss) _ 11373 erzesss(ass — 633373/533)} 9
C3333 + €333/ 33 B33 B33(Cs3s3 + €353/ s3) '
B Co233(Cazss + €333€223/P33) | €393 €223€333(Chzss + e333€203/P33)
o2 = |[Caaz2 — 3 + = - 3 €22
Cs333 + €333/ P33 B33 B33(C3333 + €333/ 33)
[ Chi133 + €e113€333/833  €223e113  €223€333(Ch133 + e113€333/P33)
+  |Ca211 — Ca233 5 + — 5 11
] Cs333 + €333/ 033 B33 B33(C3333 + €333/ B33)
N Chas3(as3 — €33373/F33)  €223773  €223€333(Qe33 — 633373/533)} 0
- 22 — - - ,
i C3333 + €333/ 033 B33 B33(Casss + 353/ 033)
o012 = 2C1212€12, (47a)
2
e
D, = - {511 + C131 } d1+mb,
1313
6%33
Dy = —|Ba2+ e @2+ 720, (47b)
2323
Q1 = —K119,17
@2 = —Kxbp. (47¢)

5.2 Homogenization of benders’ microstructured layer: perturbation functions
and overall constitutive tensors

Solution of cell problems (9), (12), (15), and (19) allows to derive perturbation functions relative to the order
e~ 1. Fluctuation functions consider the influence of material inhomogeneities on the micro fields and on the
coupling among them. They are exclusively dependent on the geometric and physico-mechanical features
of the material at hand. One considers periodic cells A as the ones illustrated in figures 4, characterized
respectively by a circular and a square inclusion. Figures 5 and 6 show some of the perturbation functions
derived on the unit cell @ from a numerical resolution of cell problems (9), (12), (15), and (19) at the order
£~ ! in plane strain conditions trough a finite element discretization. To this aim periodicity conditions have
been imposed for all the perturbation functions over Q. To this purpose an ad hoc thermo-piezolectric
finite element has been implemented in the finite element software FEAP. Interested readers can find details
regarding the formulation of such thermo-piezoelectric finite element framework in Appendix C of (Fantoni
et al., 2017). Ilustrated perturbation functions refer to the case of a volume fraction f = 0.25 for both the
circular inclusion (figure 5), and the square one (figure 6), where f is defined as the ratio between the area of
the inclusion and the area of the periodic cell. It is evident from figures 5 and 6 that perturbation functions
have vanishing mean values over Q by virtue of the imposed normalization condition (8).

Closed form expressions (32) and (36) allow to compute the overall constitutive tensors for the first-order
homogenized continuum for the plane stress and plane strain conditions described above. For example, at
f = 0.25 and for circular inclusion, indicated by apex ¢, overall constitutive tensors have the following
expression in plane strain conditions

2.45 1.80 0
Qeire — 1.80 2.45 0 109 5 ﬂClTC — ( 0.61 0 ) 10—9 C 7
m

0 0 2030 0 061 Vm
1.67
y 0.57 0 W N
circ __ cire _ 5
K _< 0 0.57> mK 1'067 e
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& N & Mg

Figure 5: Some of the perturbation functions obtained by means of numerical resolution of cell problems at
the order =1 over the unit cell Q with circular inclusion and f = 0.25: (a) Ng%, (b) WQ(I), (c) Nl(l), (d)
MY

; 0.19 4 C
circe
T < 0.19 ) 0 ek (48)
Considering a square inclusion, indicated by apex %9, at the same volume fraction f = 0.25 and plane strain
conditions, overall constitutive tensors result

553 296 0
C7=| 296 5.53 0 10SE B = 0-35 0 10—10£
0 0 2-086 m?’ 0 035 Vm'’
1.05
056 0 w N
sq __ sq 5_
K _< 0 0.56) mK 1'85 R
. 0.49 6 C
7= ( 0.49 ) e (49)

Figures 7 and 8 show the components of the overall constitutive tensors with respect to volume fraction f
for the case of circular and square inclusion, considering plane strain and plane stress conditions. In partic-
ular, figures 7 and 8 represent the dimensionless components of the overall tensors, obtained dividing each
component of the tensors by the averaged value of the same component relative to the inclusion computed
for the plane stress and the plane strain cases. Indicating with B the generic overall tensor, dimensionless
overall tensors are therefore defined as:

2B

B=
Bpzri., pcirain T BPZT 0y it siress

Figure 7 shows the non vanishing components of the overall constitutive tensors for the case of a circular
inclusion whose radius increases monotonically such that 0 < f < 0.75.
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Figure 6: Some of the perturbation functions obtained by means of numerical resolution of cell problems at
the order e~ over the unit cell Q with square inclusion and f = 0.25: (a) Nl(;%, (b) W2(1), (c) Nl(l), (d)
MY

As shown in figure 7, computed components for the plane strain case are greater than the corresponding
ones computed for the plane stress situation for all the overall tensors except in the case of the overall
permittivity tensor 3. Figure 8 shows the non vanishing components of the overall constitutive tensors with
respect to f for the case of a square inclusion increasing homotetically such that 0 < f < 0.25. For values of
volume fraction greater than 0.25 a rectangular inclusion has been considered, such that the length along the
xo axis is kept fixed and equal to 0.5 €, while the length along the z; axis increases such that 0.25 < f < 0.4.
As shown in figure 8, values for the plane strain situation are distinct and greater than the corresponding
ones relative to the plane stress case for tensors C, o, and . Furthermore it is evident that, for f > 0.25,
overall tensors stop to be isotropic, diversifying the behavior along the x; and zo axes.

5.3 Unimorph and bimorph bender actuators

Deflection of unimorph and bimorph benders as the ones illustrated in figure 3 has been studied in plane
strain conditions varying the volume fraction f of the PZT inclusions in the composite layer, considering in
this stratum the presence of circular and square/rectangular PZT fibers (see figure 4). Benders are considered
fixed at one end trough translational constraints. One defines the following dimensionless quantities:

71 T U, i Us o — ‘1), / 611pzT\a:3 o* @CM11PZT|ch (50)

* * * — .
951—?7 $2_ﬁa Ul =—+— U2_fa ) = .
1/01111PZT\13 L Npzr|eg

where L and H are the overall length and height of benders respectively, as depicted in figure 3. Resolution
of the coupled thermo-electro-mechanical problem has been achieved by means of finite element analyses
of bender actuators with the software FEAP, modeling the presence of two (unimorph) or three (bimorph)
layers. Details of the formulation and implementation of the adopted thermo-piezoelectric finite element
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Figure 7: Dimensionless components of the overall constitutive tensors vs volume fraction f, with 0 < f <
0.75 and circular inclusion for plane stress (continuous line) and plane strain (dashed line) conditions. (a)
01111 = 02222 (red curve), 01122 (blue CU’I"U(?), 01212 (l’tght blue C’UJ”U@), (b) 511 = 522, (C) K11 = KQQ, (d)
Q11 = Qaa, (e) 71 = 9o

procedure can be found in Appendix C of (Fantoni et al., 2017).  Figure 9 shows the deflection of the
benders with respect to volume fraction f, for three different values of the benders slenderness, namely
H/L = 1/10,1/20,1/40 and a ratio between the thickness of the composite layer and the PZT one equal
to he/hp = 2. Benders are loaded applying a voltage equal to A®* = 5.8 - 10=7) between electrodes, as
indicated in figure 3. In particular, dimensionless values of the macro displacement U, are represented in
figure 9, this last defined as the ratio between displacement U; measured at the free end of benders with
coordinates 1 = L and x2 = 0 and the corresponding value obtained at the same point for f = 0, namely
U, = Usj#/Usf—o- As shown in figures 9-(a) and 9-(c) the deflection of the unimorph bender is not influenced
by the slenderness, increasing monotonically as f raises, reaching a maximum value equal to 6.6 for circular
inclusion and equal to 3.2 for square inclusion. On the contrary, the behavior of the bimorph bender is
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Figure 8: Dimensionless components of the overall constitutive tensors vs volume fraction f, with 0 < f < 0.4
and square/rectangular inclusion for plane stress (continuous line) and plane strain (dashed line) conditions.
(a) Ciin (red curve), 02222 (yellow curve) Cli29 (blue curve), Cla1o (light blue curve), (b) 511 (red curve),
Bas (yellow curve), (¢) Kyy (red curve), Koo (yellow curve), (d) é1q (red curve), oo (yellow curve), (e) 41
(red curve), Yo (yellow curve)

strongly influenced by the slenderness, increasing the deflection as the ratio H/L increases. For the case of
the circular inclusion, values of Us reach their maximum at f = 0.5 for each value of the ratio H/L and, in
particular, for H/L = 1/40, the dimensionless displacement U, becomes less than 1 for f > 0.5, meaning that
the presence of the PZT fibers in the composite layer lowers the bender deflection with respect to the case
without fibers. For the square inclusion case, deflection of the bimorph bender increases monotonically as f
increases for H/L = 1/10 and H/L = 1/20, while reaches its maximum at f = 0.3 and decreases for f > 0.3
in the case H/L = 1/40. Except for the case of bimorph bender and H/L=1/40, values of Us for circular
inclusions are greater than the corresponding ones for square inclusions at the same value of volume fraction
f, meaning that fibers topology plays a role in characterizing the behavior of the actuator. Furthermore,
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in all cases here analyzed, values of U, for the bimorph bender are lower than the unimorph bender ones.
This means that the presence of a microstructured composite layer influences the stiffness of the unimorph
bender more than it does for the bimorph one.

Figure 10 shows the deflection of the unimorph and bimorph benders with respect to f for H/L = 1/20 and
three different values of the ratio between the thickness of the composite layer and the PZT one, namely
he/hp = 2,1,1/2. As shown in figure 10 values of U2 are greatly influenced by the parameter he/hp,
increasing as h./hp decreases. Values of dimensionless displacement U, increase monotonically in all cases
except for the case of bimorph bender with circular inclusion and h./hp = 1 and h./hp = 2 for which (72
reaches its maximum at f = 0.6. Once again, values of U, for the circular inclusion cases are greater than
the corresponding ones for square inclusion at the same f and Us values for the unimorph bender are greater
than the ones relative to the bimorph bender, reaching values almost equal to 30 for the case of unimorph
bender with circular inclusion and h./hp = 1/2.
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Figure 9: Dimensionless macro displacement Us vs volume fraction f for he/hp = 2 and three different
values of bender slenderness. Fach figure contains a sketch of the bender and inclusion topology to which it
refers.

Furthermore, in order to analyze the influence of the pyroelectric properties of the material on the global
behavior of the bender, deflection of unimorph and bimorph benders has been studied by applying, in addition
to voltage Ad®*, a relative temperature gradient between the upper and lowers edges of the actuators equal
to AO* = 0%, — O, (see figure 3). Figure 11 shows the dimensionless displacement U, at the free end of
the benders with respect to volume fraction f for five different values of the ratio n = A®*/AO*, namely
n=1/10,1/5,1,5,10.

As shown in figure 11, U, increases as 7 increases. For values of n < 1, deflection of the benders greatly
depends on 1, while this doesn’t happen when n > 1. In fact, obtained curves for = 5 and n = 10 are almost
overlapped for all the cases represented in figure 11. Dimensionless displacement Us increases monotonically
with f, except for the case of bimorph bender and circular inclusion represented in figure 11-(b). Furthermore,
for the case of unimorph bender and circular inclusion, the heterogeneity of the material at the macroscale is
responsible of the presence of surface forces which act at the interface between the homogenized composite
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Figure 10: Dimensionless macro displacement Us vs volume fraction f for H/L = 1/20 and three different
values of h./hp. Each figure contains a sketch of the bender and inclusion topology to which it refers.

layer and the PZT one whose values are such that the bender manifests a non intuitive behavior for f < 0.125
when subject to AG©*. Such surface forces are generated by the mismatch that exists between the components
of the elastic tensor Cpz7|,, and of the thermal dilatation tensor apzr|,, relative to the PZT layer and the
corresponding ones of the homogenized composite layer. Namely, if ©}_, > ©7 ,, the bender deflects upward
if f < 0.125, contrarily to what would happen if the material was homogeneous. If one considers the not
normalized macro displacement Us, it is evident that at f = 0.125 there is an inversion of tendency of Us
curves with respect to 7.

Finally, figures 12 and 13 show the contour plots of the dimensionless macro fields Uy, U5, ®* and ©*, as
expressed in equation (50), for one of the analyzed load cases, namely n = 1, H/L = 1/20, h./hp = 2,
circular inclusion and f = 1/4 for the unimorph and bimorph benders.
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Figure 11: Dimensionless macro displacement U vs volume fraction f for fiwe different values of n =
AD*/AO*, namely n = 1/10,1/5,1,5,10.Arrows in the graphs indicate the direction of increasing n. (a)
Unimorph bender and circular inclusion, (b) bymorph bender and circular inclusion, (c) unimorph bender
and square/rectangular inclusion, (d) bimorph bender and square/rectangular inclusion.

6 Conclusions

Applications of piezoelectric and pyroelectric devices are several, especially as sensing and actuating means.
High precision required in the manufacturing process, remarkably in the case of MEMS, leads to the need of
accurate preliminary computations. In this regard, determination of proper constitutive relations character-
izing the medium at the macroscale could reveal of great importance in order to optimize the performance of
the device. The multi-field asymptotic homogenization model obtained in (Fantoni et al., 2017) is here pre-
sented as it constitutes a rigorous tool for the characterization of thermo-piezolectric materials with periodic
microstructure, avoiding the challenging computational need to model the whole heterogeneous structure.
Down-scaling relations are provided; they associate the microscopic displacement, electric potential and
relative temperature to the corresponding macroscopic fields and their coupling by means of perturbation
functions. These lasts are obtained trough the resolution of non homogeneous recursive cell problems over
the unit cell @. Such functions reflect the effect of the microstructural heterogeneity on the micro fields and
on the coupling between them. They result to be Q-periodic, with a vanishing mean value over Q for the im-
posed normalization condition. Field equations of the homogenized first-order (Cauchy) medium equivalent
to the heterogeneous thermo-piezoelectric one have been determined truncating at the zeroth order the av-
erage field equations of infinite order asymptotically expanded in powers of the microstructural size in terms
of the macroscopic fields. Exact expressions of the overall constitutive tensors have been determined for the
equivalent first-order homogenized material. The accuracy of the obtained multi-field first-order asymptotic
homogenization technique has been assessed in (Fantoni et al., 2017), where the good agreement obtained
between the homogenized solution and the numerical one relative to the heterogeneous model subject to
harmonic volume forces confirms the validity of the proposed method.

In the present study unimorph and bimorph pyroelectric bending actuators are analyzed in plane stress and
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Figure 12: Contour plots of the macro fields relative to the unimorph bender with circular fibers and f = 1/4
subject to AD®* and AO* such that n = A®*/AO* = 1. Black dashed line indicates the interface between the
PZT layer and the composite one. (a) U, (b) Uy, (c) ®*, (d) O*.

plane strain conditions. They consist of active laminae made of PZT with an in plane polarization and
a microstructured composite layer with periodic microstructure where PZT fibers, polarized in the out of
plane direction, are immersed in a polymeric passive matrix. The previously described multi-field asymptotic
technique, developed for thermo-piezoelectric materials, has been exploited to derive the constitutive law
of the composite layer at the mesoscale, considering different topologies of the PZT inclusions. Deflection
of benders has been investigated in relation to some geometrical features in order to study the influence
of the microstructure on the overall stiffness of the actuator. From the analyzed cases it resulted that in
the case of composite layer with circular inclusions the benders, loaded by an imposed voltage and/or rel-
ative temperature gradient, deflect more than for the case of square/rectangular fibers at the same values
of inclusion volume fraction, both for the unimorph and bimorph cases. Circular inclusions are therefore
preferable to square ones in order to increase device performances. Furthermore, in all the investigated cases
unimorph benders deflect more than bimorph devices do for the same inclusion topology and at the same
values of volume fraction of the inclusions, meaning that the presence of a microstructured composite layer
influences the stiffness of the unimorph actuators more than it does for the bimorph devices. In particular, in
the presence of a microstructured composite layer unimorph benders increase their performance much more
than the bimorph counterparts do with respect to the case of a passive layer without pyroelectric inclusions.
Concluding, the evaluation of the overall thermo-piezoelectric properties of pyroelectric devices through the
multi-field asymptotic homogenization approach illustrated in the paper can represent an important issue
in order to improve the efficient design and manufacturing of such systems. Proposed first-order asymptotic
homogenization model can be extended to higher orders to properly describe non local phenomena or, equiv-
alently, high gradients of stresses, deformations, electric potential, relative temperature, and volume forces.
Alternatively, in order to derive constitutive relations of equivalent higher order continua, nonlocal higher or-
der homogenization techniques involving characteristic length scale associated to the microstructural effects,
can be conveniently deployed, but these topics are out of the scope of the present note.
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Figure 13: Contour plots of the macro fields relative to the bimorph bender with circular fibers and f =1/4
subject to AD* and AO* such that n = AD®*/AO* = 1. Black dashed lines indicate the interfaces between
the PZT layers and the composite one. (a) Uy, (b) Uy, (c) ®*, (d) ©*.
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A Tensorial notation for constitutive tensors
Constitutive equations (3a)-(3c) for a linear thermo-piezoelectric medium read
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Constitutive equations (51) can be written in a tensorial fashion (Mehrabadi and Cowin, 1990) as
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